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Propagation of a Gaussian x-ray laser beam has been analyzed in collisionless thermal quantum plasma
with considering a ramped density profile. In this density profile due to the increase in the plasma density,
an earlier and stronger self-focusing effect is noticed where the beam width oscillates with higher frequency
and less amplitude. Moreover, the effect of the density profile slope and the initial plasma density on the
laser propagation has been studied. It is found that, by increasing the initial density and the ramp slope, the
laser beam focuses faster with less oscillation amplitude, smaller laser spot size and more oscillations.
Furthermore, a comparison is made among the laser self-focusing in thermal quantum plasma, cold
quantum plasma and classical plasma. It is realized that the laser self-focusing in the quantum plasma
becomes stronger in comparison with the classical regime.
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I. INTRODUCTION

The construction of compact ultraintense and ultrashort
laser pulses has become feasible by the chirped pulse
amplification technique. Propagation of such laser pulses
has been investigated in various plasma conditions [1,2].
Since the introduction of relativistic self-focusing effect by
Hora in 1975 [3], improving the laser self-focusing in
plasmas has become highly attractive due to its important
role in the recent developments of the laser-plasma inter-
action, including monoenergetic electron generation, ion
block acceleration and fast ignition of inertial confinement
fusion (ICF) [4–6]. When an intense laser beam propagates
in the plasma, due to the induced quivering motion of
electrons resulting from the laser electric field, the plasma
refractive index alters [3]. Subsequently, the plasma
behaves initially similar to a positive lens that decreases
the laser spot size [7–9]. In this process, producing
relativistic electron oscillations and increasing the dielectric
constant are desirable [3]. In order to achieve a better
laser-plasma interaction, deeper penetration of high inten-
sity beams in the plasma is favorable. In the classical
regime, the laser self-focusing effect has been studied in
homogenous and inhomogeneous plasmas by many
researchers [10–13].
Recently, the high density and low temperature plasmas

known as quantum plasmas are encountered in modern

technology [14] and many environments, i.e., metallic
nanoparticles [15], astrophysical systems [16], biophotonics
[17], neutron stars [18], laser produced plasmas [19],
fast ignition [20–25], quantum well and quantum diodes
[26,27]. The classical and the quantum models for plasma
are characterized by the thermal de Broglie wavelength,
λB ¼ ℏ=ðmekBTÞ1=2, where ℏ, me, kB and T are the
rationalized Planck’s constant, the electron mass, the
Boltzmann constant and the plasma temperature, respec-
tively [15]. λB roughly represents the spatial extension of the
particle wave function by considering the quantum uncer-
tainty. Therefore, the quantum effects are important when
the de Broglie wavelength of electron is equal to or greater
than the average interelectron distance, n−1=3e , i.e., neλ3B ≥ 1,
where ne represents the electron plasma density [15,28].
In the classical regime, the de Broglie wavelength is small
enough to relinquish overlapping of the wave functions and
quantum interferences; as a result, the particles could be
considered as points. In other words, the quantum effects are
important if the plasma temperature is equal to or less than
the electron Fermi temperature. When the quantum effects
are dominant, the relevant statistical distribution changes
from Maxwell Boltzmann to Fermi Dirac. The Fermi
temperature can be defined as follows [29]:

kBTF ¼ EF ¼ ℏ2

2me
ð3π2neÞ2=3; ð1aÞ

TF

T
¼ 1

2
ð3π2Þ2=3ðneλ3BÞ2=3; ð1bÞ

where TF and EF represent the Fermi temperature and the
Fermi energy, respectively. From Eq. (1), it is clear that the
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quantum effects in the plasma with lower temperature or
higher density would be more remarkable.
Studying the quantum plasma requires new or modified

models that are different from the current classical
approach [15,28,30–32]. The first theoretical works have
been reported by Klimontovich et al. [33], Bohm and Pines
[34]. There are three outstanding methods for studying the
quantum plasma, including Wigner-Poisson, Schrödinger-
Poisson and quantum hydrodynamic (QHD) models. The
Wigner-Poisson and the Schrödinger-Poisson approaches
describe the kinetic and the hydrodynamic behavior of
plasma particles, respectively [30,35]. The QHD model
similar to the classical fluid model is formulated by
assuming velocity-space momentum of the Wigner equa-
tions. The QHD method is obtained by adding the Bohme
potential as a quantum correction term in the plasma fluid
model [14,31,36]. Anderson et al. presented a comparative
study about the statistical behavior of the quantum plasma
by the Wigner-Poisson approach [35]. Different phenom-
ena have been studied in the various quantum plasmas;
for instance, the nonlinear electron dynamics in thin metal
films [37], the description of quantum diode in the dense
Fermi magnetoplasma [38], breather mode in semiconduc-
tor quantum wells [39], parametric amplification character-
istics in piezoelectric semiconductors [40], the plasmon
excitation in nanowires [41], quantum ion-acoustic waves
in unmagnetized quantum plasma [36] and single-walled
carbon nanotubes [42].
The nonlinear phenomena are more noticeable in quan-

tum plasmas in comparison with classical plasmas [32,43].
During the propagation of the laser beam in the quantum
plasma, the laser spot size oscillates with higher frequency
and less amplitude resulting in stronger laser self-focusing
in comparison with the one in the classical regime [43–45].
In a quantum Fermi plasma, the feasible ranges of ne
and TF are about 1018–1023 cm−3 and 107–109 K, respec-
tively, which are similar to the amounts for the compressed
targets in the ICF scheme [46,47]. It is recognized that, by
increasing the Fermi temperature, the quantum effects
become more important [48].
The self-focusing of an intense laser beam in the classical

plasma and in the cold quantum plasma has been studied
by considering different plasma density profiles [49–52]. In
the thermal homogenous quantum plasma, the laser self-
focusing effect has been investigated by Patil et al. [48]. It
has been realized by some experiments, in the interaction of
the laser with the target, the plasma is created by the laser
prepulse. By the expansion of the plasma away from the
target-air interface, the plasma density increases from
vacuum to the solid target that this density profile is called
a ramped density [53]. Therefore, the ramped density
profile is a better approximation of real plasma. There is
much motivation to study the interaction of the relativistic
laser intensities in thermal quantum plasma with the
ramped density profile. More recently, laser self-focusing

in the warm quantum plasma is reported by Habibi et al.
[54], however, some parameters such as Fermi temperature
and plasma density dimension are ignored.
In this paper, based on the defined plasma parameters, a

ramped density profile is considered and the propagation
of a relativistic Gaussian x-ray laser beam in the thermal
collisionless quantum plasma is investigated. Using the
Wentzel-Kramers-Brillouin (WKB) and paraxial approxi-
mations through the parabolic equation, a mathematical
formulation for the beamwidth parameter in the thermal
collisionless quantum plasma is obtained from the wave
equation. Afterward, with considering the ramped density
profile, the evolution of the beamwidth parameter along
the propagation direction is presented. It is noticed that the
laser self-focusing increases in the presence of the ramped
plasma density more than the one in the uniform density.
Moreover, the effect of the plasma parameters such as the
ramp density slope and the initial plasma density on the
laser self-focusing is investigated. It is found that in denser
plasmas, the laser self-focusing occurs earlier with smaller
minimum spot size and the laser beam width oscillates with
the less amplitude and the higher frequency. Finally, the
self-focusing effect in the thermal quantum plasma, the
cold quantum plasma and the classical plasma is compared.

II. THEORY

The cylindrical coordinate system is used to investigate
the propagation of a Gaussian laser beam along the z axis.
In this coordinate, the amplitude of the electric field, E,
satisfies the scalar wave equation has the following form,

∂2E
∂z2 þ 1

r
∂
∂r

�
r
∂E
∂r

�
þ ω2

c2
εðr; zÞE ¼ 0. ð2Þ

εðr; zÞ; c; r and ω represent the dielectric constant of
plasma, the speed of light in vacuum, the radial coordinate
of the cylindrical system and the incident wave frequency,
respectively. The solution of Eq. (2) is proposed by
Akhmanov et al. [55] and Sodha et al. [56] as follows:

Eðr; tÞ ¼ Aðr; zÞ exp
�
iωt − i

Zz

0

kðzÞdz
�
: ð3Þ

k ¼ ffiffiffiffiffiffi
ε0r

p
ω=c is the wave number where ε0r is the linear

part of the dielectric constant and Aðr; zÞ represents the
complex amplitude. By assuming the WKB approximation
for slowly converging or diverging beams and neglecting
∂2A=∂z2, Eq. (4) is obtained by substituting Eq. (3) into
Eq. (2),

2ikðzÞ ∂Aðr; zÞ∂z ¼ 1

r
∂
∂r

�
r
∂Aðr; zÞ

∂r
�

þ ω2

c2
½εðr; zÞ − ε0r�Aðr; zÞ: ð4Þ
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Aðr; zÞ is composed of the real amplitude function,
A0ðr; zÞ,

Aðr; zÞ ¼ A0ðr; zÞ exp½−ikðzÞSðr; zÞ�; ð5Þ
and for the collisionless plasma, the eikonal function,
Sðr; zÞ, is defined as

Sðr; zÞ ¼ S0ðzÞ þ
r2

2f
df
dz

; ð6Þ

where S0 and f are the axial phase and the dimensionless
beamwidth parameter, respectively. Substituting Aðr; zÞ
from Eq. (5) into Eq. (4) by considering Sðr; zÞ as
Eq. (6), and equating the real term of the resulted equation
to zero, Eq. (7) is obtained:

2
∂S
∂zþ

�∂S
∂r

�
2

¼ 1

k2A0

�∂2A0

∂r2 þ1

r
∂A0

∂r
�
þε−ε0r

ε0r
:

ð7Þ
For the laser beams with the Gaussian intensity distri-

bution, A0 has the following form:

A0ðr; zÞ ¼
A00

fðzÞ exp
� −r2
2r20f

2ðzÞ
�
: ð8Þ

A00 and r0 are the initial electric field amplitude and the
initial laser beam width, respectively. Considering the

quantum mechanical effect, the Fermi gas pressure and
the Bohm potential, the dielectric constant for unmagne-
tized and collisionless thermal quantum plasma takes this
form [52,57]:

ε ¼ 1 − ω2
p

γðω2 − γ−1αk4 − k2V2
FÞ

; ð9Þ

where α ¼ ℏ2=4me
2 is the electron quantum diffraction due

to the quantum correlation of density fluctuation. ωp ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πe2ne=me

p
represents the electron plasma frequency

where e is the electron charge. VF ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBTF=me

p
and

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2EE∗=ðm2

eω
2c2Þ

p
characterize the electron

Fermi speed and the relativistic factor, respectively.
Considering Eqs. (3), (5) and (8), the relativistic factor
is equal to

γ ¼
�
1þ e2

m2
eω

2c2
A2
00

f2
exp

�−r2
r20f

2

��
1=2

: ð10Þ

γ can be expanded in a power series of r2. Besides, in the
paraxial approximation, the dielectric constant of non-
absorbing plasma can be presented as

ε ¼ ε0r þ ε2rr2; ð11Þ

where ε0r and ε2r are represented as functions of z,

ε0r ¼ 1 − ω2
p

ω2

�
1þ e2

m2
eω

2c2
A2
00

f2

�−1=2�
1 − αk4

ω2

�
1þ e2

m2
eω

2c2
A2
00

f2

�−1=2
− k2V2

F

ω2

�−1
; ð12aÞ

ε2r ¼ −ω2
p

ω2

e2

2m2
eω

2c2
A2
00

r20f
4

�
1þ e2

m2
eω

2c2
A2
00

f2

�−3=2�
1 − αk4

ω2

�
1þ e2

m2
eω

2c2
A2
00

f2

�−1=2
− k2V2

F

ω2

�

− 1

0
BBB@1þ

αk4
�
1þ e2

m2
eω

2c2
A2
00

f2

�−1=2

ω2 − αk4
�
1þ e2

m2
eω

2c2
A2
00

f2

�−1=2 − k2V2
F

1
CCCA: ð12bÞ

By substituting Eqs. (6), (8) and (12) into Eq. (7) and equating the coefficient of r2 to zero, the following equation is
obtained:

1

f
d2f
dz2

¼ 1

k2f4r40
− p0ω

2
p

2ε0rr20f
4

�
1þ p0

f2

�−3=2

ω2 − αk4
�
1þ p0

f2

�−1=2 − k2V2
F

0
B@1þ

αk4
�
1þ p0

f2

�−1=2

ω2 − αk4
�
1þ p0

f2

�−1=2 − k2V2
F

1
CA: ð13Þ

e2A2
00=ðm2

eω
2c2Þ ¼ p0 is the dimensionless quantity proportional to the laser beam power. It is better to express Eq. (13) in

terms of the following dimensionless variables, ξ and ρ0:

ξ ¼ z=ðr20kÞ ¼ z=ð2RdÞ; ρ0 ¼ r0ωp=c: ð14Þ
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ξ represents the dimensionless distance where Rd is
Rayleigh length. Assuming a Gaussian intensity distribu-
tion and an initial plane wave front, the boundary con-
ditions are

f ¼ 1; df=dξ ¼ 0 at ξ ¼ 0: ð15Þ

The dimensionless quantities of ξ and ρ0 from Eq. (14) are
substituted into Eq. (13), and then Eq. (16) is the result:

d2f
dξ2

¼ 1

f3
− p0ρ

2
0ω

2

2f3
ð1þ p0

f2Þ−3=2
ω2 − αk4ð1þ p0

f2Þ−1=2 − k2V2
F

×

0
B@1þ

αk4
�
1þ p0

f2

�−1=2

ω2 − αk4
�
1þ p0

f2

�−1=2 − k2V2
F

1
CA: ð16Þ

The first term on the right-hand side of Eq. (16) explains
the diffraction effect of the laser beam and the second
nonlinear term shows the laser relativistic self-focusing.
When ðd2f=dξ2Þξ¼0 is negative or positive values, the
beam width will decrease (converge) or increase (diverge),
respectively; and if ðd2f=dξ2Þξ¼0is equal to zero, the
beamwidth parameter would be constant through the
propagation direction [58]. While from Eq. (16), for
ðd2f=dξ2Þξ¼0 ¼ 0, the critical condition could be
obtained as

ρ20 ¼
2ð1þ p0Þ3=2

p0

�
1 − αk4ð1þ p0Þ−1=2

ω2
− k2V2

F

ω2

�

×

�
1þ αk4ð1þ p0Þ−1=2

2ðω2 − αk4ð1þ p0Þ−1=2 − k2V2
FÞ
�−1

:

ð17Þ

If the initial conditions of p0 and ρ0 satisfy Eq. (17),
the induced self-focusing effect compensates the spatial
diffraction; consequently, the laser beam propagates with
constant beam width. If the initial value of ρ0 is higher or
lower than the amount obtained by Eq. (17) for a defined
laser power, p0, the laser beam will be converged or
diverged, respectively.

III. RESULTS

The quantum plasma condition in Eq. (9) is fulfilled
when αk4=ω2 ≫ 1 i.e., ω should be large enough to satisfy
this condition, accordingly, the laser wavelength is chosen
in x-ray range [48]. To overcome the pulse diffraction and
the extra consecutive amplitude oscillation of the spot size,
the laser beam propagation is studied by considering a
ramped plasma density. The inhomogeneous ramped den-
sity profile in one dimension is defined by gðξÞ function
while B is a constant parameter [59],

gðξÞ ¼ ω2
p=ω2

0p; ð18aÞ

neðξÞ ¼ n0egðξÞ; ð18bÞ

gðξÞ ¼ 1þ ðBξÞ2: ð18cÞ

ω0p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πe2n0e=me

p
represents the initial electron plasma

frequency where n0e is the initial plasma density. From
Eq. (18), it is deduced that with considering B ¼ 2, the
electron density is 5 times higher than the initial electron
density for ξ ¼ 1, i.e., ne ¼ 5n0e. Equation (16) is numeri-
cally solved by employing the fourth order Runge-Kutta
method under the boundary conditions given by Eq. (15).
To solve Eq. (16), the plasma and the laser parameters are
considered as follows: TF ¼ 109K, n0e ¼ 4 × 1019 cm−3,
B ¼ 2, ω ¼ 1.778 × 1020 s−1, r0 ¼ 20 μm and p0 ¼ 0.5
[46,48]. For p0 ¼ 0.5, the laser intensity equals
6.16 × 1027 Wcm−2, which presently is far beyond the
accessible laser facilities that are required more techno-
logical advancement to be feasible in the future.
When the laser beam propagates in the collisionless

plasma, the beam width steadily decreases because of
the dominant relativistic self-focusing over the defocusing
effect caused by the spatial diffraction. Moreover, due to
the laser focusing into the plasma, the diffraction effect
grows to become predominant and the beam width
increases again. As a result, the laser spot size shows an
oscillatory behavior.
Figure 1 denotes a comparison for the self-focusing

effect in different plasma density profiles, the uniform
density (solid curve) and the ramped density (dash curve).
It is observed that initially the beamwidth parameter shows
the similar oscillatory behavior for both density profiles
along the propagation direction. With considering the
ramped density profile, due to the plasma density enhance-
ment, the laser self-focusing becomes stronger where
the self-focusing length and the minimum laser spot size

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

ξ

f

 

 

FIG. 1. Variation of the beamwidth parameter, f, with the
dimensionlessdistanceofpropagation,ξ ¼ z=ð2RdÞ, for the ramped
density profile withB ¼ 2 (dashed) and the uniform density B ¼ 0

(solid) at TF ¼ 109 K, n0e ¼ 4 × 1019 cm−3, p0 ¼ 0.5, r0 ¼
20 μm and ω ¼ 1.778 × 1020 s−1. The laser propagation length
at ξ ¼ 1 is equal to twice the Rayleigh length.
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decrease. It is noticed at ξ ¼ 1, the laser spot size becomes
less than half of the initial spot size, and as a result, the
beam intensity in the plasma increases. At relativistic
intensities, with increasing the plasma density, the electron
beam with more relativistic electrons moves with the laser
pulse. The higher electron current generates the higher
quasistationery magnetic field; consequently, the pinching
effect of the magnetic field becomes stronger, which further
enhances the laser self-focusing. This prediction is reported
by Pukhov et al. [60]. Also, the same results are presented
for a ramped plasma density in the classical regime [51].
The dependence of the beamwidth parameter on the

propagation distance for various ramped plasma density
slopes, B ¼ 1 (dotted curve), B ¼ 2 (dash-dotted curve)
and B ¼ 5 (solid curve) is shown in Fig. 2. For larger
slopes, because of the plasma density enhancement, the
beam width and the self-focusing length reduce along the
propagation direction. Furthermore, the spot size decreases
with a higher rate. In addition, it is shown that for the
largest density slope (B ¼ 5), the laser spot size becomes
roughly smaller than 65% of its initial amount.

Figure 3 illustrates the beam width oscillation for
various initial plasma densities of n0e ¼ 4 × 1018 cm−3
(solid curve), n0e ¼ 4 × 1019 cm−3 (dashed curve) and
n0e ¼ 4 × 1020 cm−3 (dotted curve) with B ¼ 2. It is
noticed that for denser plasmas, the oscillation amplitude
and the minimum spot size decrease; therefore, the earlier
and the faster laser self-focusing could be concluded; these
results have been confirmed experimentally [61].
When the Fermi temperature is equated to zero, the

thermal quantum plasma turns into the cold quantum
plasma. In addition, if the Planck’s constant is assumed
to be zero, it is the same as ignoring quantum effects and
switching from the quantum to the classical regimes. In
Fig. 4, the laser self-focusing effect is compared for the
thermal quantum plasma (dotted curve), the cold quantum
plasma (dashed curve) and the classical case (solid curve).
The quantum effects present the stronger pinching effect
and consequently, the laser self-focusing in the quantum
plasma becomes stronger. It is observed that in comparison
with the classical plasma, for the thermal and cold quantum
plasmas, the self-focusing length decreases about 66%
and 40%, respectively; also the minimum laser spot sizes
are reduced by 54% and 23%, respectively, in the first

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

0.2

0.4

0.6

0.8

1

ξ

f

 

 

FIG. 2. Comparing the dimensionless beamwidth parameter
for the propagation distance equal to one Rayleigh length, i.e.,
ξ ¼ 0.5 and in conditions of Fig. 1 for different density profile
slopes, B ¼ 1 (dotted), B ¼ 2 (dash dotted) and B ¼ 5 (solid).

0 0.05 0.1 0.15 0.2 0.25 0.3
0

0.2

0.4

0.6

0.8

1
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ξ

FIG. 3. Dependence of the beamwidth parameter on the dimen-
sionless propagation distance and in conditions of Fig. 1 for
different initial plasma densities of n0e ¼ 4 × 1018 cm−3 (solid),
n0e ¼ 4 × 1019 cm−3 (dashed) and n0e ¼ 4 × 1020 cm−3 (dotted),
with B ¼ 2.
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f

ξ

FIG. 4. Comparing the dimensionless beamwidth parameter
with the dimensionless propagation distance for one Rayleigh
length and in conditions of Fig. 1 for the thermal quantum plasma
(dotted), the cold quantum plasma (dashed) and the classical
plasma (solid), with B ¼ 2.

TABLE I. The minimum dimensionless beamwidth parameter
and the first self-focusing length obtained by considering the
thermal and cold quantum models are compared with the ones
given by the classical method in Fig. 4.

Method

Minimum
dimensionless
beam-width

Parameter (fmin)
Improving

rate

The first
self-

focusing
length

Improving
rate

Classic 0.0505 0.1350
Cold
quantum

0.0386 23% 0.0837 46%

Thermal
quantum

0.0238 54% 0.0458 66%
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cycle; refer to Table I, resulting from Fig. 4. Moreover, in
the quantum model, the oscillation amplitude of the laser
beam width is slightly larger than the classical case; this is
due to the diffraction effect in the quantum plasma regime
and disregarding some instability effects in the classical
plasma model.

IV. CONCLUSION

The propagation of the laser beam is studied based on the
obtained differential equation for the beamwidth parameter.
The ramped density profile is introduced for the laser self-
focusing improvement in the relativistic thermal quantum
plasma. For the ramped plasma density, the stronger laser
self-focusing with the shorter focusing length is obtained in
comparison with the uniform plasma density. In addition, it
is noticed that, for the higher initial density and the larger
ramp slope, earlier and faster self-focusing effect with
smaller spot size could be achieved. Besides, the laser self-
focusing in the thermal quantum plasma is compared with
the one for the cold quantum and the classical plasma
regimes. It is observed that in the quantum regime, the self-
focusing length and the minimum beam width significantly
decrease compared to the classical case.
The presented results could be useful in understanding

the physics of high power laser driven fusion and clarifying
the mechanism of the laser propagation in the quantum
plasma that is important in the fast ignition of modern
ICF experiments, where deuterium-tritium plasma is com-
pressed by intense laser pulses and the quantum effects are
dominant [62–64].
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