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Rigorous evaluation of the edge-focusing wiggler based on the magnetic field measurement
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The edge-focusing (EF) wiggler, which produces the strong field gradient for transverse focusing
incorporated with the normal wiggler field, has been fabricated to evaluate its performance rigorously with
the magnetic field measurement. It is a five-period planar wiggler with an edge angle of 2° and a period
length of 60 mm. The magnetic field in the wiggler is measured using Hall probes at four different wiggler
gaps. It is experimentally confirmed that a high field gradient of 1.0 T/m is realized, as designed, along
the beam axis in the EF wiggler. The magnetic field gradient of the EF wiggler is derived as a function of
the magnetic gap. The field gradient decreases with increasing magnet gap more slowly than the peak
magnetic field does for the present experimental model. An analytic formula for the field gradient of the
EF wiggler is derived and it is shown that the slope of the field gradient with the magnet gap can be
changed by varying the magnet width of the EF wiggler.
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I. INTRODUCTION

Since the free-electron laser (FEL) was proposed and
experimentally demonstrated in the late 1970s, extensive
research and development have been conducted to realize
its potential advantages over conventional lasers, such as
higher power, higher efficiency, wider wavelength tunabil-
ity, and a wide range of operational wavelengths [1,2].
These features are being realized, through not necessarily
simultaneously, and one of the solutions for such problems
is self-amplified spontaneous emission abbreviated as
SASE [3,4], which can be operated in principle at any
wavelengths, because it does not use mirrors for an optical
resonator limiting the operation wavelength. SASE has
attracted attention as the fourth generation synchrotron
light source producing high-intensity coherent x rays and
not only extensive studies have been conducted but also
user facilities are being constructed [5-7].

SASE is a single-pass FEL without seed light. When a
high energy and high brightness electron beam enters a
long undulator, or sometimes called a wiggler, synchrotron
radiation emitted at the entrance by the electron beam
works as a seed and it is amplified exponentially as the
electron beam moves in the wiggler. The wiggler has to be
long enough to amplify coherent light to a power level
reaching saturation; it is as long as 100 m in the x-ray
SASE projects under construction [8,9]. The spatial den-
sity of electrons in the beam has to be high to make the gain
length shorter, which is defined as the wiggler length
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necessary for amplifying the SASE power by a factor equal
to the base of the natural logarithm e [4], so that the
electron beam has to be focused to keep the electron
beam size small all through the long wiggler.

A conventional planar wiggler of the horizontal oscil-
lation type focuses an electron beam appreciably in the
vertical direction, which is called the natural focusing, only
when its energy is sufficiently lower than 100 MeV and the
wiggler field is strong or more precisely the K-value is
large, but does not focus it in the horizontal direction in any
case. If such a beam is injected to the wiggler with the
matching condition in the vertical direction, the vertical
beam size will remain constant due to the natural focusing
as it moves along the wiggler. In the horizontal direction,
however, the beam size will increase and diverge unless the
external focusing force is provided.

In the early 1990s, a few schemes for transverse focus-
ing in the wiggler were proposed to enhance the gain of
conventional FELs [10-12], one of which presents the idea
of the edge-focusing (EF) wiggler [11]. Based on the idea,
a wiggler incorporated with the transverse field gradient
was fabricated but the evaluation of its performance was
not quantitative [13]. Subsequently since the late 1990s,
various schemes have been proposed or investigated to
provide the focusing force in both directions in the wiggler
for SASE in the short wavelength range so that the beam
size is kept small over the whole length of the very long
wiggler [14-18]. In these schemes, either pole faces are
shaped or permanent magnet blocks are added in the
wiggler gap, in order to produce the field gradient for
focusing the beam. The magnet gap of the wiggler is
sacrificed in some of these methods or the good field region
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is limited in the other methods. To meet stringent require-
ments to the wiggler for SASE, we revaluated the idea of
the EF wiggler and analyzed its performance with numeri-
cal calculation [19]. The edge-focusing (EF) wiggler made
only of permanent magnet blocks can produce the high
magnetic field gradient superimposed on the normal wig-
gler field. The EF wiggler has an advantage that the strong
field gradient can be produced with no obstacles in the
wiggler gap and the good field region is as large as that of
the normal wiggler field. As a next step of our study, we
have fabricated an experimental model of the EF wiggler.
In the fabrication process of this model wiggler, we devel-
oped a new method to make a low-error wiggler without
adjustment of the magnetic field by trial and error [20]. The
wiggler parameters of the experimental model have been
chosen to meet requirements from our SASE experiment in
the far-infrared region being conducted at the Institute of
Scientific and Industrial Research (ISIR), Osaka University
[21,22]. In this paper, we will report results of performance
evaluation of the EF wiggler based on the magnetic field
measurement.

II. EDGE-FOCUSING WIGGLER

The EF wiggler is basically a Halbach-type wiggler
made only of permanent magnet blocks, but their shapes
are not rectangular parallelepipeds. A schematic drawing
of the EF wiggler for one period is shown in Fig. 1. The
shape of the magnet blocks with vertical magnetization is
an isosceles-trapezoidal right prism with an edge angle ¢,
while that with longitudinal magnetization is a parallelepi-
ped with the same angle. The average focusing force of the
EF wiggler can be calculated using transfer matrices with a
fringing field for a simple model consisting of a series of
alternating bending magnets with the edge angle and a
drift space in between [23]. The average horizontal
and the vertical focusing forces, k, and k,, in the EF
wiggler of the horizontal oscillation type are, respectively,
given by
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FIG. 1. Schematic drawing of a period of the edge-focusing

(EF) wiggler with the edge angle ¢.
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where B, is the peak magnetic field, A,, the period length,
and 9B, /dx the horizontal gradient of the vertical compo-
nent of the magnetic field of the EF wiggler. Bp is the
magnetic rigidity and 7y the Lorentz factor of the electron. e
is elementary charge, m the rest mass of electron, ¢ the
speed of light, and k, the natural focusing force of the
wiggler. From Eq. (1), the field gradient is calculated as
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It is found in this study that Eq. (3) is not an appropriate
formula for calculating the field gradient in the EF wiggler,
and this problem will be discussed in Sec. V C. Anyway,
the field gradient is proportional to the edge angle and,
hence, the focusing force along the wiggler can be easily
adjusted with the edge angle ¢. Note that the sum of the
vertical and the horizontal focusing forces of the EF wig-
gler is equal to the natural focusing force, that is, ky =
k. + ky. A planer wiggler has an edge angle of ¢ = 0, so
that no horizontal focusing force works. When the hori-
zontal focusing force produced by an EF wiggler lies
between zero and the natural focusing force kj, both k,
and k), are positive, so that the electron beam is focused
simultaneously in the horizontal and the vertical directions,
which is referred to as the weak focusing. For a higher
energy electron beam or a lower magnetic field, k, sur-
passes ko, so that k,, becomes negative and accordingly the
electron beam is defocused in the vertical direction. In such
a case, a strong focusing scheme may be applied for double
focusing using the EF wiggler with edge angles of alter-
nating polarities.

Figure 2 shows a two-dimensional distribution of the
vertical component of the magnetic field B, (hereafter
referred to as the vertical magnetic field) on the median
plane of an EF wiggler with the edge angle ¢ = 5°, the
period length Ay, = 60 mm, the magnet gap 30 mm, the
magnet block width 100 mm, the block height 20 mm, and
the residual induction of permanent magnet B, = 1.32 T,
which is calculated with a three-dimensional magnetic
field calculation program (3D program) based on the mag-
netic charge method [24]. The vertical magnetic field
varies with the horizontal position linearly almost over
the wiggler width, irrespective of the longitudinal position.
Thus the field gradient producing horizontal beam focusing
is nearly constant along the wiggler axis.

III. EXPERIMENTAL MODEL

We have applied the weak focusing scheme for the
experimental model of the EF wiggler, so that all the
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FIG. 2. Vertical magnetic field B, of the EF wiggler with an
edge angle of 5° calculated for a half wiggler period. The period
length is 60 mm and maximum field strength on the beam axis is
0.37 T at the magnet gap of 30 mm. A steep negative slope may
be seen along the horizontal axis irrespective of the longitudinal
position.

magnet blocks have the same edge angle. It is a five-period
wiggler with the period length Ay, = 60 mm and the edge
angle ¢ = 2°. The main parameters of the EF wiggler are
listed in Table I. The permanent magnet is Nd-Fe-B with
the residual induction of 1.32 T, which is the average value
of measured residual induction for all the magnet blocks
used in the EF wiggler, and standard dimensions of the
magnet  blocks are  2a X 2b X 2¢ = (100 X 20 X
15) mm?. Figure 3 shows one of the magnet arrays of the
experimental model of the EF wiggler. The lines may be
seen in centers of the magnet blocks. These magnet blocks
are made of two magnet pieces glued together so that
angular errors of magnetization are canceled out in each
magnet block. A preliminary result of this study is reported
in Ref. [20]. Each magnet block is not only glued onto a

TABLE I. Main parameters of the experimental model of the
EF wiggler.
Period length 60 mm
Number of periods Five periods
Magnet gap 30-60 mm
Calculated peak magnetic By =10432T
field at gap = 30 mm
with the 3D program
Edge angle ¢ =2.0°
Averaged field gradient dB,/dx = 1.0 T/m
(¢ =2°)at
gap = 30 mm
Permanent magnet Nd-Fe-B
Residual induction of magnet B,=132T

Nominal block size (2a X 2b X 2c) (100 X 20 X 15) mm?

FIG. 3. (Color) Lower magnet array of the experimental model
of the EF wiggler. The magnet blocks with vertical magnetiza-
tion have a trapezoidal shape (rimmed with the red lines), while
those with longitudinal magnetization have a parallelogram
shape (with the blue lines).

holder but also mechanically clamped at both sides of each
block. The arrangement of the magnet blocks was deter-
mined based on measured values of the surface magnetic
field for all the magnet blocks so that effects of strength
errors of magnetization on the electron orbit are mini-
mized. The magnetic gap of the wiggler is mechanically
fixed, but it can be varied, though stepwise, by changing
planks connecting the upper and the lower magnet arrays.

The peak magnetic field of the wiggler at a magnet gap
g = 30 mm is calculated using the 3D program to be
0.43 T. The field gradient of the model wiggler averaged
over a wiggler period is approximately 1 T/m at 30 mm
gap and the edge angle of 2°. This edge angle is chosen so
that a 11.5 MeV electron beam is focused equally in the
horizontal and the vertical directions in the EF wiggler at
the gap 30 mm, which is a typical condition for our SASE
experiments in the far-infrared region.

IV. MAGNETIC FIELD MEASUREMENT

In order to evaluate performance of the model of the EF
wiggler, the magnetic field has been measured at the High
Energy Accelerator Research Organization (KEK), using a
magnetic field measurement system with two Hall probes
for simultaneous measurement of the vertical and the
horizontal magnetic fields. The Hall probes for the vertical
and the horizontal field measurements are separately
mounted on two small copper plates, the temperature of
which is controlled within a variation of *0.01°C to
reduce spurious drift of the measured magnetic field owing
to its temperature variation. They were calibrated against a
NMR sensor, so that the magnetic field can be measured
with an accuracy of 1 X 1073 T. Figure 4 shows the ex-
perimental setup for the magnetic field measurement of the
EF wiggler. Each Hall probe is attached at the tip of an arm
equipped with two tilt stages for adjusting the orientation
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FIG. 4. (Color) Schematic drawing of the magnetic field measurement system for the EF wiggler. Left is a top view and right is a side
view. Each Hall probe is installed at the tip of an arm equipped with two tilt stages and a horizontal rotation stage for adjusting the
orientation of the Hall probe. The two arms with the Hall probes are mounted on a 3-axis linear stage with two vertical linear stages for

adjustment of relative heights.

of the Hall probe, and a rotation stage for adjusting the
horizontal direction of the arm. The two arms are mounted
on a 3-axis linear stage with two vertical linear stages for
independent adjustment of their heights and the magnetic
field is measured simultaneously in the horizontal and the
vertical directions along the wiggler axis, which is referred
to as the z axis, at various transverse positions, designated
as the x axis in the horizontal direction and as the y axis in
the vertical direction so that the field mapping in the
wiggler is made. The origin of the coordinate system is
set at the mechanical center of the wiggler magnet system,
which is the middle point in the longitudinal and the
horizontal directions on the median plane. When the mag-
netic field measurement system is first set up, the z axis of
the EF wiggler is set parallel to the longitudinal axis or the
z axis of the 3-axis linear stage with an angular accuracy of
50 wrad. The transverse positions of the two Hall probes
are adjusted and made equal with respect to the EF wiggler
and to each other. A measured value of the horizontal
magnetic field is most affected by the orientation error of
the Hall probe introduced by a tilt around the z axis,
because the vertical component of the magnetic field is
much larger than the other components on and near the
median plane of the wiggler. The orientation of the Hall
probe for the horizontal direction is, therefore, adjusted
using the two tilting stages so that intrusions of the vertical
field component are minimized by measuring the horizon-
tal magnetic field at the centers of the vertically and the
longitudinally magnetized blocks, where the absolute
value of the vertical magnetic field becomes maximum
and zero, respectively. The orientation of the Hall probe
for the vertical direction is not critical because the vertical
magnetic field is the largest. It is adjusted so that absolute
value of the measured magnetic field becomes maximum at
centers of the vertically magnetized blocks.

In spite of these careful adjustments of the measurement
system, it turns out that the remaining small orientation
errors of the Hall probes and of the 3-axis linear stage for
them with respect to the model wiggler lead to large errors
in the magnetic field and the field gradient because the
magnetic field varies appreciably to all the three directions,
so that the measured magnetic field has to be corrected for
the measurement errors. A detailed description of error
sources and corrections against them is given in the
Appendix.

V. RESULTS AND DISCUSSIONS

A. Wiggler field and electron trajectory

Figure 5 shows magnetic fields of the EF wiggler at a
magnet gap of 30 mm measured along the beam axis or the
z axis. The solid circles in panel (a) show the vertical
magnetic field B, measured along the central axis at x =
y = 0 mm and the solid circles as well as the dotted line in
panel (b) show horizontal magnetic fields B, measured at
three different transverse positions of x =0 and y = 0,
+2 mm. The horizontal magnetic field B, on the median
plane should be zero due to the geometrical symmetry, but
B, measured on the median plane at y = 0 varies with the
longitudinal position, which is shown by the dotted line in
panel (b), owing probably to imperfections of the perma-
nent magnet blocks, though the range of the variation is
less than =1 mT. The same variation remains in the
magnetic field distributions measured at other vertical
positions, so that the magnetic field distributions at y =
*2 mm shown in panel (b) are derived by subtracting the
measured magnetic field at y = 0. Then the measured
horizontal magnetic fields shown in panel (b) are corrected
for an orientation error of the Hall probe estimated to be
0, = 0.7 mrad and ¢, = /2 with the method given in
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FIG. 5. Magnetic field of the EF wiggler at a magnet gap of
30 mm measured along the beam axis (z axis): (a) the vertical
magnetic field and (b) the horizontal magnetic field. The solid
circles and the dotted line show measured values and the solid
lines show calculated ones. The vertical magnetic field is mea-
sured along the central axis of the wiggler at x =y = 0 mm,
while the horizontal magnetic field is measured at three different
transverse positions of x = 0 and y = 0, =2 mm. The magnetic
field at y = 0 shown with the dotted line in panel (b) is the
measured values, while the magnetic fields at y = =2 mm are
derived from the measured values at y = £2 mm by subtracting
the magnetic field at y = 0.

the Appendix. Since the number of periods of the model
wiggler is only five, the end effect shows up in the distri-
bution of B, shown in panel (a), that the peak magnetic
field becomes higher toward both ends except for the last
negative peaks, where half size magnet blocks with vertical
magnetization are used to make the transverse position and
the angle of the outgoing electron beam the same as those
of the incoming electron beam.

The magnetic field distribution of the EF wiggler is
numerically calculated with the 3D program using the
parameters listed in Table I and shown by the solid lines
in Fig. 5 for comparison with the measured values. The

calculated magnetic field distributions agree quite well
with the measured ones. The peak magnetic field at the
center of the wiggler (x = y = z = 0 mm) calculated with
the 3D program is By = 0.432 T, which agrees fairly well
with a measured value of B, = 0.421 T.

As can be seen in Fig. 5, the magnetic field of the model
wiggler shows appreciable end effects because the number
of periods is small. In order to evaluate the performance of
a long wiggler, we propose a new method to make use of a
pseudowiggler made imaginarily from the measured mag-
netic field of a short model wiggler. Here we assume a
pseudowiggler of 35 periods, the magnetic field of which is
calculated by adding seven sets of the measured magnetic
field of the model wiggler after longitudinally and pro-
gressively shifting them by five periods or 300 mm
(= 60 mm/period X 5 periods) with respect to every con-
tiguous unit. The total length of the pseudowiggler is 2.1 m,
which is similar to our 1.92 m long, 32 period wiggler with
the same period length of 60 mm used for our FEL and
SASE experiments. Figure 6 shows the vertical magnetic
field of the pseudowiggler at g = 30 mm and the calcu-
lated electron trajectory in it. In the pseudowiggler, two
pairs of longitudinal magnetization blocks of appropriate
strength are added at both ends of the wiggler, as com-
monly adopted recently, so that the wiggler axis moves
back to the line extended by the incoming and outgoing
electron beam and does not move when the magnet gap is
varied. The magnetic field distribution shown in Fig. 6(a)
seems uniformly periodic. Indeed, the standard deviation
of the peak magnetic field for the inner 31 periods exclud-
ing two periods at both ends is only 0.22%. In the calcu-
lation of the second field integral in the pseudowiggler,
which is proportional to an electron trajectory, a virtual end
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FIG. 6. Vertical magnetic field distribution and its second
integral of a 35 period pseudowiggler consisting of seven sets
of the measured magnetic field distribution for the model wiggler
at the gap of 30 mm: (a) the vertical magnetic field and (b) its
second integral, which is proportional to the electron trajectory.
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correction of 2.9 X 107> T m, which is half the integrated
magnetic field of the model wiggler, is added at both ends
of each model wiggler so that the field integral becomes
equal to zero. This artificial correction is necessary in this
model because a small field integral inevitably remaining
due to the end effect produces a large second integral at the
end of the pseudowiggler, which is 1.8 m away from the
end of the farthest model wiggler, and contributions by the
seven model wigglers add up coherently. The second in-
tegral of the pseudowiggler shown in Fig. 6(b) is close to
the ideal electron trajectory in the wiggler, though a peri-
odic distortion due to small magnetic field errors of the
model wiggler shows up slightly. As a conclusion, the EF
wiggler works as a wiggler and its magnetic field is as good
as that of a normal wiggler.

B. Field gradient

The field gradient of the model wiggler is derived from
the magnetic field measured at several transverse positions
along the longitudinal position (z axis). Figure 7 shows the
vertical magnetic field on the median plane B,(x,y =
0, z = 0) for the magnet gap ¢ = 30 mm as a function of
the horizontal position (x axis) measured at the middle of
the model wiggler z = 0, where the vertical magnetization
block is located. The vertical magnetic field varies linearly
with the horizontal position over the wiggler width and the
field gradient is derived from the slope of a straight line
fitted to the measured values as shown in Fig. 7. The
electron beam receives the strong focusing force in the
horizontal direction produced by this field gradient.
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FIG. 7. Measured magnetic field B,(x, y = 0, z = 0) as a func-
tion of the horizontal position x at the middle of the wiggler z =
0 (on vertically magnetized blocks). The solid circles are mea-
sured magnetic fields and the line is a fit of a straight line to them
for deriving the field gradient.

Figure 8 shows field gradients in the horizontal and the
vertical directions dB,/dx and dB,/dy along the central
wiggler axis on the median plane as a function of the
longitudinal position z. The solid circles in Fig. 8 show
the field gradient derived from the measured magnetic
field. In deriving the field gradients, the measured magnetic
field is corrected for measurement errors due to orientation
errors of the Hall probes and of the 3-axis linear stage using
the method given in the Appendix before calculating the
field gradients. The orientation error of the Hall probe is
estimated to be 6, = 0.7 mrad and ¢, = 7/2, and that of
the linear stage to be ¢, = 0.9 mrad and {, = 7/2. The
solid lines in Fig. 8 show transverse field gradients calcu-
lated for the model wiggler with the 3D program. The
calculated field gradients agree well with the measured
ones. The field gradients oscillate 10 times high and low
along the wiggler axis of the model wiggler, or twice in a
wiggler period. The mechanical structure and magnet
properties of the EF wiggler have reflection symmetry
with respect to the transverse plane at the center of the
magnet arrays at z = 0, which is a minimum position of
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FIG. 8. Field gradients of the EF wiggler along the wiggler
axis: (a) vertical field gradient (9B, /dx) and (b) horizontal one
(0B,/dy). The solid circles and the solid lines show the mea-
sured field gradients and the calculated ones, respectively.
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absolute value of the field gradient shown in Fig. 8, and
hence the field gradient should also be symmetric to it. The
horizontal and the vertical field gradients of the model
wiggler should be equal to each other according to
Maxwell’s equations, and they are so at a glance in
Fig. 8. Actually, the measured field gradient in the hori-
zontal direction integrated along the longitudinal axis is
only 0.3% smaller than that in the vertical direction. In
comparison between integrals of the measured and the
calculated field gradients, however, the measured values
are larger than the calculated ones by 3.2% in the horizon-
tal direction and by 3.4% in the vertical direction. The
reason for this systematic difference in the magnitudes of
the measured and calculated field gradients is not clear.
Possible sources of this discrepancy may be systematic
error of the edge angle in the fabrication of magnet blocks
and the permeability of the permanent magnet that is
assumed to be 1.0 in the 3D magnetic field calculation

though the actual value is 1.05 in the magnetization axis
and it is 1.0 in the other axes [25].

We varied the magnet gap of the EF wiggler by changing
planks connecting the upper and the lower bases for the
magnet arrays and measured the magnetic field at gaps g =
30, 40, 50, and 60 mm. Figure 9 shows measured vertical
field gradients 9B, /dx (a) and calculated ones (b) along
the axis of the model wiggler at the four wiggler gaps. The
agreement is good between measurement and calculation
with the 3D program in the amplitude and the oscillation
period. The field gradient averaged over one wiggler period
is shown in Fig. 10, together with the peak magnetic field,
as a function of the magnet gap. The solid circles and the
open circles show the measured peak magnetic field and
the averaged field gradient of the EF wiggler, respectively.
The solid and the dashed lines show the peak magnetic
field and the averaged field gradient calculated with the 3D
program, respectively. The measured values are in good
agreement with the numerical calculation as can be seen in
Fig. 10. The peak magnetic field of the wiggler decreases

1.4 | (a) Measurement | ‘ ' ‘ ' ] exponentially with increasing wiggler gap [26] and the
averaged field gradient also decreases exponentially, but
1.2 - 1 the slope of the field gradient is gentler than that of the
1l | peak magnetic field. The peak field at the gap 60 mm
= 5 [ ) decreases to one-fifth of the value at 30 mm, whereas the
= 08t V. '. ' VT . field gradient at 60 mm decreases to a half of the value at
% o6 ST 30 mm only. This behavior is favorable in the view of the
S06r A ) beam dynamics in the wiggler. The simple model based on
© 04 L Gap 4 transfer matrices fails to explain the gap dependency,
30mm because the field gradient of the EF wiggler given by
02 4 Eq. (3) is proportional to the peak magnetic field. The
0 szl AAAm~ =
-0.2 I I I I 1 | 1
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FIG. 9. Measured and calculated vertical field gradients
(9B,/dx) of the EF wiggler along the wiggler axis at wiggler
gaps of 30, 40, 50, and 60 mm.

FIG. 10. Peak magnetic field and the field gradient of the EF
wiggler as a function of the wiggler gap. The solid circles and the
open circles show the measured peak magnetic field and the
average field gradient over a wiggler period, respectively. The
solid and the dashed lines show calculation using the 3D pro-
gram.
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magnet gap dependency of the field gradient of the EF
wiggler may be, however, understood as follows.

C. Formula for field gradient

The magnet structure of the EF wiggler may be ex-
pressed as four rows of triangular prisms of permanent
magnet blocks in the z direction superimposed to that
of a normal planar wiggler as shown schematically in
Fig. 11(a). The quadrupole field for beam focusing is
produced by these magnet blocks and may be derived
from the magnetic field in the EF wiggler calculated with
the 3D program by subtracting the normal wiggler field.
Figure 11(b) shows a result of such calculation for By, in the
present model wiggler with the magnet gap of 30 mm. The
transverse gradient 9B, /dx is clearly seen though it varies

(b)

FIG. 11. (Color) Magnet structure and the magnetic field dedi-
cated to producing the field gradient in the experimental model
of the EF wiggler. (a) Magnet structure producing the field
gradient. The EF wiggler consists of four rows of triangular
prisms in the z direction superimposed to the magnet structure of
a conventional planar wiggler. Although each prism has magne-
tization in the y direction and the z direction, the y magnetization
mainly contributes to the field gradient. All the prisms in the
upper and lower rows in the positive x side have the downward
magnetization and those in the negative x side have upward
magnetization. (b) The magnetic field B, on the median plane
produced only by the four rows of the triangular prisms. The
magnetic field is derived from that of the EF wiggler calculated
with the 3D program by subtracting the magnetic field of the
conventional planar wiggler. The magnetic field distribution
shows a one-cycle oscillation in the x direction with a linear
field gradient near the origin.

periodically in the z direction as can be seen also in Figs. 8
and 9. The magnetic field distribution in the x direction
shows one-cycle oscillation and seems similar to that of the
normal wiggler with a single period if the relatively small
periodical variation in the z direction is neglected. The
magnetization of the triangular shaped prisms shown in
Fig. 11 is twofold; one is the longitudinal magnetization in
the z direction and the other is the vertical one in the y
direction. Because the edge angle is small and, hence, the
length along the z direction is short, the magnetomotive
force in the z magnetization is small compared with that in
the y magnetization. Furthermore, directions of the z mag-
netization are opposite to each other in the adjacent prisms
in the same row in the z direction, so that the integrated
value of the magnetic field in the median plane produced
by the z magnetization may be negligibly small due to
cancellation. The magnetic field shown in Fig. 11(b) is
produced mainly by the y magnetization of the triangular
prisms. The triangular prisms in the upper and the lower
rows in the z direction have the same direction of magne-
tization on one side and those on the other side have the
opposite direction. Based on the magnetic field distribution
and the magnetic structure shown in Fig. 11, the magnetic
field B,(x) produced by the triangular prisms may be
approximated with a normal wiggler with a single period
for the x direction and may be given [26] as

B,(x) = 2B,,, - exp(—=mg/Ar) - (%)

2
{1 — exp(=27h/Ap)} - sin(A—qT . x), 4)
T
where B,,, is an effective residual induction of the magnet,
g the magnet gap, Ay the effective period length of the
magnetic field in the x direction, M the number of different
directions of magnetization in a wiggler period, and / the

block height. The transverse field gradient is calculated to
be

dB,(x) 4 _ B _ sin(7r/M)
F /\_TBrm exp(—7g/Ar) (77'/—M)
{1 —exp(—=27h/Ap)} - cos(i—j . x)
_4m B,-tang B _(sin(7/2)
=T o exp(=me/ar) - (M55
2T
{1 —exp(=27h/Ap)} - cos(/\—T . x). 5)

The effective residual induction may be calculated as
the mean magnetization of a half of the magnet blocks
in the x direction to be B,,, = B,(a - tan¢/4c ) = B,(2a
tan¢ /Ay ) using the sizes of the magnet block (2a X 2b X
2¢), the period length of wiggler (Ay,), the edge angle (¢),
and the residual induction of magnet (B,). As can be seen
in Fig. 11, the triangular prisms have two opposite direc-
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FIG. 12. (Color) Magnetic field distributions of the EF wiggler
dedicated to beam focusing. The black solid line shows the
magnetic field calculated with the 3D program, the black dotted
line shows that calculated with Eq. (4) for Ay = 2a, the hori-
zontal width of the EF wiggler, and the red dotted line shows that
calculated with Ay = 1.8 X (2a).

tions of magnetization so that we may set M = 2. The
block height is given by & = 2b. Figure 12 shows magnetic
fields calculated with Eq. (4) and with the 3D program as a
function of the horizontal position x. The black solid line
shows the magnetic field calculated with the 3D program
and averaged in the central one period of the EF wiggler. Its
distribution shows a quasisinusoidal shape but it is appre-
ciably distorted so that the linear dependence on the x
direction is extended. The black dotted line shows the
magnetic field distribution calculated with Eq. (4) for A; =
2a, which is the magnet width of the EF wiggler. Its field
gradient near the origin is higher than that calculated with
the 3D program and Egs. (4) and (5) fail to reproduce the
field gradient. This is because the magnetization of the
triangular prisms integrated in the z direction increases
linearly with the distance from the origin in the x direction
while the uniform magnetization in the magnet block is
assumed for the effective residual induction B,,, in Egs. (4)
and (5). This effect of nonuniform magnetization may be
taken into account by using an effective period length in
the x direction. The magnetic field distribution denoted by
Ay = 1.8 X (2a) and plotted with the red dotted line is a
result of the fit reproducing the field gradient near the
origin, which means that the transverse period should be
1.8 times longer than the magnet width 2a. It is confirmed
with the 3D calculation that the scale factor 1.8 is appli-
cable over the wide range of magnet sizes of the EF
wiggler. Figure 13 shows the field gradient as a function
of the wiggler gap for EF wigglers with the same edge
angle 2° but with different wiggler periods and magnet
widths. The circles and the squares indicate field gradients
calculated with the 3D program and averaged over a wig-
gler period. The solid and the dashed lines show field

2 T T T T T
— 1t i
S
E, 0.9
< 0.8
Ke]
S 0.7
m
T 06 .
0.5 E\Model wiggler
' A_=60mm
A_=80mm w
04 w 2a=100
0.3 1 1 1 1 1

10 20 30 40 50 60 70
Gap [mm]

FIG. 13. (Color) Vertical field gradient as a function of the
wiggler gap for EF wigglers with the same edge angle 2° but
with different wiggler periods and magnet widths. The circles
and the squares indicate field gradients calculated with the 3D
program and averaged over a wiggler period. The solid and the
dashed lines show field gradients calculated with Eq. (5). See
text for details.

gradients calculated with Eq. (5). These field gradients
are calculated for three different wiggler periods of 40,
60, and 80 mm and for three different magnet widths of 80,
100, and 140 mm, yet results of calculation with Eq. (5)
agree quite well with those with the 3D program. The
following two points should be noted; the slope of the field
gradient does not change with the wiggler period provided
that the magnet width is kept constant and the slope can be
varied for the constant wiggler period by changing the
magnet width of the EF wiggler, as can be clearly seen in
Eq. (5). Thus, the field gradient and its magnet gap depen-
dence of the EF wiggler are quantitatively explained with
Eq. (5) and it can be used for design of the EF wiggler.

Although the formula for the field gradient of the EF
wiggler given by Eq. (5) seems quite different from that
given by Eq. (3), it can be transformed to a simple ex-
pression similar to Eq. (3) as

9B, Bro
Z ~35-1¢, 6
P o ¢ (6)

where By is given by

Brg = 2B, - exp(—mg/Ar) - (%)

Al = exp(=27h/ A7)}, @)

which is the peak magnetic field of a wiggler with the
period length of Ay and M = 2. Differences between
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Egs. (3) and (6) are the peak magnetic fields, B, and By,
and the coefficients, 4 and 3.5. For the experimental model
of the EF wiggler with the magnet gap of 30 mm, B, =
0.432 T and Byo = 0.5 T but the field gradient calculated
by Eq. (3), 1.0 T/m, is close to a value calculated by
Eq. (6), 1.02 T/m. This agreement of the field gradients
is accidental because magnet gap dependencies of B and
By are different for the experimental model. When Ay, is
equal to Az, the gap dependency of field gradient derived
from Eq. (3) and (5) is the same but their absolute values
are different by a factor of 1.6. Equation (3) derived with an
alternating dipole model may be applicable to a long-
period and small-gap wiggler made of electromagnets
with iron poles, in which the magnetic field distribution
is rectangular and uniform on the top, but it should not be
used for the EF wiggler.

VI. CONCLUSION

In order to advance development of the EF wiggler, we
fabricated the experimental model of the EF wiggler. The
magnetic field in the wiggler was precisely measured using
Hall probes at four wiggler gaps. It has been experimen-
tally confirmed that a high field gradient of about 1.0 T/m
is realized, as expected, along the beam axis in the EF
wiggler, which is superimposed on the normal wiggler
field. We obtained the relation between the magnetic field
gradient and the magnetic gap of the EF wiggler. The field
gradient exponentially decreases with increasing magnet
gap more slowly than the peak magnetic field does for the
experimental model, which is favorable in view of the
beam focusing in the wiggler. We thus evaluated the per-
formance of the EF wiggler experimentally with the mag-
netic field measurement. We then derived an analytic
formula for the field gradient of the EF wiggler. It is found
that the change of the field gradient with the magnet gap
can be varied by the magnet width of the EF wiggler.
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APPENDIX A

The vertical and the horizontal magnetic fields in the EF
wiggler are measured with two Hall probes mounted on a

3-axis linear stage, and the vertical and the horizontal
gradients are derived from the measured magnetic fields.
If the Hall probes and the linear stage for them have
orientation errors, the measured magnetic field has an error
in strength and even a small orientation error may result in
a large error in the field gradient as well as the field
strength for the EF wiggler. The orientation error of a
Hall probe results in intrusion of the other components
and the orientation error of the linear stage presents the
magnetic field at a different point, both of which produce
both field errors and gradient errors or either of them.
The orientation error of a Hall probe may be defined as
shown schematically in Fig. 14. A Hall probe measures a
component of the magnetic field normal to its plane and it
is insensitive to its rotation around the normal axis, so that
the orientation error may be defined by the polar angle and
the azimuthal angle (6, ¢) as shown in Fig. 14. The white
circle with black outline represents a Hall probe with its
normal axis a; ideally aligned to one of the axes defined for
the wiggler, X, Y, or Z, and the gray circle with red outline
represents a Hall probe with an orientation error. Two Hall
probes are used for measurement of the horizontal and the
vertical magnetic fields, and their orientation errors may be
specified by (6., ¢,) and (6,, ¢,), respectively. The orien-
tation errors of the 3-axis linear stage on which the Hall
probes are mounted may be defined similarly as shown in
Fig. 15. The axis s3 denotes the ideal direction of motion
and the orientation error is defined by the polar angle ¢4
and the azimuthal angle 5. Three linear stages comprising
the 3-axis linear stage may have independent and different
orientation errors, so that they are denoted by (¢, {,),
(4, {,), and (¢, £,). The origin of the coordinate system

as [X/Y/Z]
n
o/ |
i az
o N\ [Z/X/Y]
ai
[Y/Z/X]

FIG. 14. (Color) Coordinate system for defining the orientation
error of a Hall probe. The white circle with black outline shows a
Hall probe with no orientation error and (aj, a,, az) is the
coordinate system attached to it, which may be related to the
coordinate system for the wiggler (X, Y, Z). The gray circle with
the red outline shows a Hall probe with an orientation error
defined by the azimuthal angle ¢ and the polar angle 6. The
vector n is a unit vector normal to the Hall probe with the
orientation error.
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Ss3
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FIG. 15. Coordinate system for defining the orientation error
of a linear stage and the position of the Hall probe. The
coordinate system (s, 55, s3) is defined for a linear stage with
no orientation error and s3 is its moving axis. The orientation
error of the moving axis is defined by the angles (i3, {3). The
vectors py and p show positions of the Hall probe without and
with the angular error, respectively.

is calibrated to be the magnetic center of the EF wiggler
and the (s, 54, s3) stands for one of the cyclic permutations
of (X, Y, Z) defined for the magnetic field measurement.

In order to analyze the orientation errors of the mea-
surement system and to correct the measured magnetic
field or field gradient, we need a model magnetic field of
the EF wiggler B™%! and it is assumed as follows:

Binodel — Gy B;nodel = BO Cosh(ky) COS(kZ) + Gx

Brznodel = —B, Sinh(ky) sin(kz), (AD)

where B, is the peak magnetic field of the ideal planar
wiggler, k = 271/ \,,, and G is the field gradient. The field
gradient has a small z dependence with a period of A,,/2
determined by the mechanical structure of the EF wiggler.

1. Magnetic field

We first consider correction for the measured magnetic
field against the orientation errors. The horizontal and the
vertical magnetic fields B, and B, measured with the
Hall probes with the orientation errors may be given by

BY*S = B, sinf, cos¢, + B, sinf, sing, + B, cos,

=B, * B0, (A2a)
BY'** = B_sinf, cos¢p, + B, sinf, singp, + B, cost, = B,,
(A2b)

T T T

T
No error
""""""" With angle error

Calcuiation ‘
Bx (x=0, y=2mm)

31 i I i A 1

Horizontal magnetic field Bx [mT]

-200 -150 -100 -50 0 50 100 150 200
z [mm]

FIG. 16. Horizontal magnetic fields (B,) atx = 0 mmand y =
2 mm calculated along the wiggler axis z with no orientation
error (solid lines) and with an orientation error (6, =
5.0 mrad, ¢, = —m/2) of the Hall probe (dashed lines).

where B = (B,, B, B;) is the magnetic field in the EF
wiggler. When the horizontal magnetic field B, is mea-
sured, the orientation of the Hall probe is adjusted at a
position of the highest B, on the median plane, where B,
and B, are zero owing to the structural symmetry, so that
intrusion of B, becomes minimum and B,™* becomes
zero. Because this adjustment makes ¢, = *77/2 but 0,
is indefinite, B, mingles in the measured field B,™.
Figure 16 shows a result of simulated measurement of
the horizontal magnetic fields with and without the orien-
tation error. The horizontal magnetic fields of the EF
wiggler are calculated off the median plane at x = 0 and
y = 2 mm along the longitudinal position and an orienta-
tion error of the Hall probe (0, = 5 mrad, ¢, = 7/2) is
assumed. The horizontal magnetic field without the error,
which is plotted with the solid line, shows an oscillation
with the period A,,/2, while the peaks of the magnetic field
with the error, plotted with the dotted line, becomes alter-
natively high and low because of the mixing of the longi-
tudinal magnetic field B, which changes its direction with
the period A,, as can be seen in Eq. (A2a). The polar angle
of the orientation error 8, may be estimated with Eq. (A2a)
and B,™%! given in Eq. (Al) so that this alternative
variation is diminished.

For measurement of the vertical magnetic field, the
orientation error of the Hall probe is corrected at a position
on the median plane where the vertical magnetic field is the
highest, as in the case of the horizontal magnetic field.
Since B, and B, are zero on the median plane and accord-
ingly the first and the second terms of the center of
Eg. (A2b) become zero, the polar angle 6, may be uniquely
set to be zero by maximizing the measured magnetic field,
so that the vertical magnetic field can be measured without
the orientation error.
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The horizontal magnetic fields shown in Fig. 5(b) are
those corrected for the orientation error of §, = 0.7 mrad
and ¢, = 7/2 estimated by the method. Because it is not
possible to estimate the azimuthal angle ¢, uniquely by
this method, it is assumed to be ¢, = /2, which gives the
minimum value of 6,.

The orientation error of the 3-axis linear stage may
affect the measured magnetic field. Let (a, b, ¢) be the
spurious position measured with linear scales attached to
the linear stages and (x, y, z) be the actual position, then
they are related as

x=a+ 6x, + éx, + ox,
= acosi, + bsingsinf, + csiny, cosd;
y=>b+ 8y, + oy, + 8y,
s (A3)
= asiny, cos{, + bcosi, + csing, sind;
z=c+ 6z, + 6z, + 8z,

= asiny, sind, + bsinyr, cosl, + ccosiy.

The horizontal and the vertical magnetic fields are given,
respectively, by

dB.(a, b, . . .
B.(x,y,z) = B™5(a, b, c) + %[a(comﬂx — 1) + bsingsing, + csings, cosf,]
X )
dB,(a, b, . . .
+ %[a sing cos{, + b(cosyp, — 1) + csiny sinf, ]
y
dB.(a, b, . . .
+ %[a sing sing, + bsing, cos{, + c(cosyy, — 1)] (Ada)
Z
and
~ pmes aBy(a’ b’ C) - . .
By(x,y,z) = BYy*(a,b,c) + T[a(ooswx — 1) + bsing sing, + csiny, cosZ, ]
dB,(a, b,c) . . .
+ ’T[a singy, cos{, + b(cosh, — 1) + csiny, sinf, ]
y
dB,(a, b, c) . . . .
+ a—z[a sing sind, + bsinys, cos{, + c(cosyy, — 1)]. (A4b)
|
The magnetic fields are measured along the central axis of OBy 9B, | B, . .
the EF wiggler, so that we may set a = b = 0. If the partial ay  dy sinf cos¢by + Ay sinf, sind,
derivatives of the model magnetic field are substituted to oB oB
Egs. (Ada) and (A4b), then the magnetic fields are given by + yx cosf, = ayx * v 0,sing, (Aba)
dBs JoB
8y = a—z sinf, cos¢,, + a—x sinf, sing,,
B,(0,0,z) = B™5(0,0, ¢) + Gcir, sind, (A5a) * Xa B B *
y =20
B,(0,0,z) = BM(0,0, c) + Geipr, coss,. (ASb) + o cosf, = P (A6b)

The linear stage for the z direction can be precisely aligned
to the EF wiggler with an orientation error of the polar
angle ¢, less than 50 urad, so that the second terms of the
right side in Egs. (A5a) and (A5b) can be eliminated. Thus,
the orientation errors of the 3-axis linear stage do not affect
the measured magnetic field under the present experimen-
tal conditions.

2. Field gradient

The horizontal and the vertical field gradients with the
orientation errors of the Hall probes are given by

By the adjustment of the Hall probes in the way described
in Appendix A 1, the orientation errors may be reduced to
be ¢, = *7/2 and 0, = 0, so that the field gradients are
approximately given by the right sides of Eqgs. (A6a) and
(A6b). There is no orientation error in the vertical field
gradient (9B, /dx), while the polar angle 6, remains in the
horizontal field gradient (0B,./dy). Figure 17 shows results
of simulated measurement of the horizontal field gradient
with and without an orientation error of the Hall probe
(6, = 5 mrad, ¢, = —7/2). The field gradients with and
without the orientation error shown in Fig. 17 are exactly
similar to the horizontal magnetic fields in Fig. 16. If
the partial derivative of the model field is substituted to
Eq. (A6a), the horizontal gradient along the central axis is
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given by

dB™s(0, 0, dB,(0, 0, z) _ . .
i 2) = ( 2 ¥ Byksin(kz)6, sing,.
ay dy

(AT)

The orientation error 6, may be easily estimated with the
horizontal field gradient derived from the measured mag-
netic field and the model magnetic field in the same way as
it is used for the horizontal magnetic field. The orientation
errors derived from the horizontal magnetic field and the
horizontal gradient should be equal to each other.

The horizontal field gradient shown with the solid circles
in Fig. 8(b) is corrected for the orientation error of 6, =
0.7 mrad and ¢, = /2 estimated by the method. This
orientation error of the Hall probe estimated from the
horizontal gradient is used for correction of the horizontal
magnetic fields shown in Fig. 5(b).

The field gradients produced by the orientation errors of
the 3-axis linear stage may be given by

0B, (x, v, 0B, (x,y,
6y, 2) cosy, (6, 2)
dy ’ ab
__9BY™(a,b,c)  dB,(a,b,c) )
=_2 Py + = o i, sing,
dB . (a, b, ¢) dB™5(a, b, ¢)
e
(A8a)
dB,(x, v, 0B, (x, y,
N yZ)ECOS% vy, 2)
0x da
dB™S(a, b,c) 9B,(a, b, c)
da dy
dB,(a, b, . dBY(a, b,
+ 9By, b, ) osinf, =—2 """~ (@5, ¢)
0z da

— Bk sinh(kb) cos(kc) i, cosZ,

— Byk cosh(kb) sin(kc) i, sing,, (A8b)
where the partial derivatives of the model magnetic fields
are substituted in Egs. (A8a) and (A8b). The horizontal
field gradient is not affected by the orientation error of the
linear stage, while the vertical field gradient is. Figure 18
shows results of simulation for vertical field gradients with
and without the orientation error of the linear stage. The
vertical field gradient in the EF wiggler is calculated along
the central axis at x = 0 and y = 0 mm and an orientation
error of the Hall probe (6, =5 mrad, ¢, = —7/2) is
assumed. The vertical field gradient with the error varies
with the longitudinal position exactly the same as the
horizontal field gradient with the orientation error of the
Hall probe shown in Fig. 17. The orientation error of the
horizontal linear stage mixes (9B, /9z) in the vertical field
gradient, while the orientation error of the Hall probe for
the horizontal direction mixes (9B./dy) in the horizontal

2.5 T T
Calculation (0Bx/dy)

T T T

T
No error
............. With angle error

Horizontal field gradient dBx/dy [T/m]

1 1 1

200 -150 -100 -50 0 50 100 150 200

z [mm]

FIG. 17. Horizontal field gradients (9B,/dy) at x = 0 calcu-
lated along the wiggler axis z with no orientation error (solid
lines) and with an orientation error (6, = 5.0 mrad, ¢, =
—/2) of the Hall probe (dashed lines).

field gradient. The polar angle of the orientation error ¢,
for £, = * /2 may be estimated from the measured hori-
zontal gradient along the central axis of the EF wiggler at
a = b = 0 using

¥ Boksin(ke) i,

dBY*(0, 0,
98,(0,0,2) _ 9By(0.0,0) (A9)
a

dx ad

and (aBymodel/ dz) or the partial derivative calculated from
the measured vertical magnetic field B, so that this alter-
native variation is diminished. The measured vertical field
gradients shown in Figs. 8(a) and 9(a) are corrected against
an orientation error of the linear stage of ¢, = 0.9 mrad
and /, = /2 so that the symmetry is restored.

n
o

T T T

T
No error
-~ \\/ith angle error

Calculation (dBy/ox)

N
T

—_
o1

—_

I
o

o

Vertical field gradient 0By/ox [T/m]

L 1 1

-0.5 1 1 1 1
-200 -150 -100 -50 0 50 100 150 200

z [mm]

FIG. 18. Vertical field gradients (9 By/dx) calculated along the
wiggler axis with no error (solid line) and with an orientation
error of ¢, = 5.0 mrad and , = 77/2 in the linear stage for the
horizontal direction x.
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