
Emittance preservation under multifaceted CSR effects in isochronous
deflection structures for multikiloampere bunches

Xiuji Chen, Si Chen ,* Duan Gu, and Haixiao Deng †

Shanghai Advanced Research Institute, Chinese Academy of Sciences, Shanghai 201210, China

(Received 17 April 2026; accepted 28 September 2026; published 27 October 2026)

In modern accelerator facilities, coherent synchrotron radiation (CSR) presents a fundamental
limitation to maintaining high-brightness electron-beam quality during deflection, with accurate modeling
of its effects remaining an outstanding challenge. This study introduces a novel optimization method using
an integral approach to suppress CSR-induced transverse emittance degradation under two representative
bunch scenarios: ultrashort bunches and high-charge long bunches. We present analytical solutions for
suppressing CSR effects in the dipoles across several quadruple-bend-achromat (QBA) layouts and
establish general conditions for mitigating CSR-induced emittance growth in the subsequent drift sections
of isochronous beamlines. Our analysis demonstrates that the QBA is the minimal configuration capable of
simultaneously suppressing transverse emittance degradation and preserving the longitudinal beam
distribution. Beam tracking results show negligible emittance growth for multikiloampere bunches at a 16°
deflection. Furthermore, multicell simulation confirms the exact scalability of this approach. While
previous designs suffer severe emittance degradation upon cascading, the QBA maintains exceptionally
preserved beam quality.

DOI: 10.1103/78p2-pp2w

I. INTRODUCTION

Particle accelerators represent indispensable infrastruc-
ture for frontier scientific research, producing high-energy
particle beams and intense radiation pulses, including
x-rays [1,2] and terahertz waves [3], that interrogate matter
on femtosecond to attosecond timescales. Particle accel-
erator applications extend from medical imaging and
cancer therapy to advanced materials engineering and
semiconductor lithography, establishing accelerators as
cornerstone technologies driving innovation, economic
growth, and societal welfare [4,5].
High-brightness electron beams, characterized by high

current and low emittance, play an increasingly critical
role in modern particle accelerator applications, particu-
larly in linear colliders [6,7], plasma wakefield acceler-
ators [8,9], and notably in x-ray free-electron lasers
(XFELs) [1,10] and recirculating linacs [11–14]. In many
of these systems, deflecting high-brightness beams is
necessary to accommodate physical layout constraints or
to enable phase-space manipulation, such as in the

multibeamline operation of XFELs and the return arcs
of energy-recovery linacs [15,16]. However, when such
beams, especially those with ultrashort-bunch length or
ultrahigh bunch charge, traverse curved trajectories, the
coherent synchrotron radiation (CSR) effects in bends and
in the subsequent drift sections can induce substantial
energy spread and emittance growth, significantly degrad-
ing beam quality.
The suppression of CSR effects in multibend beamlines,

both with and without bunch compression, has been
widely investigated. In a compressor, the objective is to
achieve simultaneous bunch compression and CSR sup-
pression [17–23]. In contrast, the longitudinal profile must
be preserved while mitigating CSR in noncompressing
deflection lines. For otherwise comparable bunch charge,
final bunch length, and total bending angle, the cumulative
CSR effect can be more pronounced in an isochronous arc
because the bunch remains short throughout the arc,
whereas in a bunch compressor, the minimum bunch
length is typically reached only near the compressor exit
[21,24]. One routine strategy for isochronous beamlines is
to incorporate a microbend within a double-bend achromat
structure to maintain isochronicity [25–29], together with a
π phase advance to enable CSR self-cancellation [25].
Another commonly employed solution is the triple-bend
achromat (TBA) structure [24,30–32]. One proposed TBA
structure provides theoretical compensation for the hori-
zontal displacement induced by steady-state CSR (ss-
CSR) [33]. However, its practicality is limited at large

*Contact author: chensi@sari.ac.cn
†Contact author: denghx@sari.ac.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to the
author(s) and the published article's title, journal citation, and
DOI.

PHYSICAL REVIEW ACCELERATORS AND BEAMS 29, 104903 (2026)

2469-9888=26=29(10)=104903(16) 104903-1 Published by the American Physical Society

https://orcid.org/0000-0002-2440-5809
https://orcid.org/0000-0003-1270-9458
https://ror.org/02br7py06
https://crossmark.crossref.org/dialog/?doi=10.1103/78p2-pp2w&domain=pdf&date_stamp=2026-10-27
https://doi.org/10.1103/78p2-pp2w
https://creativecommons.org/licenses/by/4.0/


bending angles due to pronounced defocusing effects [24].
Additional limitations will be discussed in the main text.
The CSR effect on electron bunches is usually inves-

tigated by employing a 1D projected model. Based on
this model, the R-matrix method and beam-envelope
matching through Twiss-parameter optimization have
been developed to mitigate CSR effects [34,35]. The
R-matrix method was modified into the kick-point
method to analyze horizontal displacements in one dipole
magnet [26]. The integration method provides another
approach for predicting CSR-induced emittance growth,
with the optimization remaining independent of specific
bunch parameters under the rigid-bunch approxima-
tion [33,36].
This paper is organized as follows. Section II extends

the integral method of Ref. [33] to derive conditions for
suppressing CSR effects. Section II A treats CSR in the
dipoles and derives the corresponding conditions for the
ss-CSR and transient CSR (tr-CSR) cases. Section II B
develops an approximate model for CSR in the sub-
sequent drift sections under the small-ϕ approximation
and, based on this model, establishes general conditions
for suppressing the associated CSR effects. Section III
applies these conditions to symmetric isochronous quad-
ruple-bend achromats and derives an arclike quadruple-
bend-achromat (QBA) solution, satisfying the relevant
bend-CSR condition together with the conditions for the
subsequent drift sections. Section IV validates the ana-
lytical results through single- and multicell tracking,
including the complete CSR wake and higher-order
optical corrections. Section V summarizes the conclu-
sions. Appendix A discusses the limitations of isochro-
nous TBA cells, Appendix B presents solutions for other
QBA layouts, and Appendix C collects the analytical
expressions for CSR-induced emittance growth used in
the simulations.

II. MITIGATION OF CSR EFFECTS

Based on the 1D projected model [37,38], the CSR
effect depends solely on the natural coordinate s and the
electron’s longitudinal position z. Within linear single-
particle dynamics, the transverse phase-space coordinates
of an electron at the observation point sf can be decom-
posed into three contributions: the nominal betatron
motion, the dispersive contribution associated with its
energy deviation, and the offsets generated by CSR-
induced energy changes accumulated along the beamline.
At any location s along the beamline, the CSR wake
induces a local energy variation dδcsrðz; sÞ for a single
particle. In a dispersive section, this local energy variation
couples through the downstream transfer matrix to produce
infinitesimal transverse offsets at the final position sf.
Hereafter, these CSR-induced transverse offsets are

referred to as CSR kicks and are given by:

dxcsrðzÞ ¼ dδcsrðz; sÞ · Rs→sf
16 ;

dx0csrðzÞ ¼ dδcsrðz; sÞ · Rs→sf
26 ; (1)

where R
s→sf
16 and R

s→sf
26 are the dispersion elements of the

transfer matrix from the current position s to the exit sf.
Assuming the deflection occurs only in the horizontal
plane, the total CSR-induced transverse offsets at sf can be
obtained by integrating these infinitesimal kicks along the
entire beamline. Let RrevðsÞ≡ ðRs→sfÞ−1 denote the trans-
fer matrix of the reverse beamline from sf to s. The
symplectic condition then gives R

s→sf
16 ¼ Rrev

52 ðsÞ and
R
s→sf
26 ¼ −Rrev

51 ðsÞ. Thus, based on the integration method,
the total CSR kicks xcsr and x0csr at sf can be expressed as:

xcsrðzÞ ¼
Z

s0

sf

dδcsrðz; sÞ
ds

· Rrev
52 ðsÞds;

xcsr0ðzÞ ¼ −
Z

s0

sf

dδcsrðz; sÞ
ds

· Rrev
51 ðsÞds: (2)

The subscripts 0 and f refer to the entrance and exit of
the beamline, respectively. The quantities Rrev

5i ðsÞ
(i ¼ 1; 2) are elements of the transfer matrix of the reverse
beamline and are abbreviated as R5i below. The δcsr is the
energy spread caused by CSR, and the δ0csrðzÞ is the
variance in CSR-induced energy for any s. The above
expressions are derived from Eqs. (3) and (4) in Ref. [33]
through a simple transformation, owing to the symplectic
condition of the transfer matrix. This formulation bypasses
the computational overhead of calculating the transfer
matrix from every emission point to the final position
(s → sf), enabling the total CSR kicks to be evaluated
directly using the reverse beamline. Accordingly, the
integration in Eq. (2) proceeds from the observation point
sf back to the beamline entrance s0.

A. CSR kicks in bends

CSR in a dipole can occur in two cases: ss-CSR and tr-
CSR. A transient angle, θT ¼ ½24σz=ð1.6ρÞ�1=3, is intro-
duced to distinguish these two cases [39], where σz is the
bunch length and ρ is the dipole bending radius. Denoting
the bending angle of a single dipole by θB, a critical bunch
length σT is defined by the condition θT ¼ θB.
For regions where θ < θT , the radiation slippage dis-

tance is significantly shorter than the bunch length. From a
single-particle dynamics perspective, the instantaneous
CSR wake force Wðz; sÞ is governed by the 1D
Liénard–Wiechert potentials, comprising the entrance
boundary terms (which subtract the upstream straight-line
space-charge field) and a truncated radiation integral:
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Wðz; sÞ ¼ 4

s
½λðz − zBÞ − λðz − 4zBÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Wbound

þ 2

ð3ρ2Þ13
Z

zB

0

1

τ
1
3

∂λðz − τÞ
∂z

dτ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl};
Wint

(3)

where s ¼ ρϕ is the path length in the bend and zB ¼
s3=ð24ρ2Þ is the slippage limit from the entrance edge. In
this early transient stage (zB ≪ σz), we can apply a first-
order Taylor expansion to the delayed longitudinal den-
sity, λðz − ΔzÞ ≈ λðzÞ − Δzλ0ðzÞ.
Under this expansion, the boundary contribution is

Wbound ≈ ð1=2Þðs2=ρ2Þλ0ðzÞ, consistent with Eq. (9) of
Ref. [39]. To obtain the complete transient wake, the
internal dipole radiation must also be included. Employing
the zero-order approximation λ0ðz − τÞ ≈ λ0ðzÞ inside the
integral gives:

Wint ≈
2λ0ðzÞ
ð3ρ2Þ1=3

�
3

2
z2=3B

�
¼ 1

4

s2

ρ2
λ0ðzÞ: (4)

Adding this integral contribution to the boundary result
of Ref. [39], the total instantaneous transient wake is
approximated by:

Wtrðz; sBÞ ≈
3

4

s2B
ρ2

λ0ðzÞ; (5)

where sB is the local path-length coordinate measured
from the entrance of each dipole. Converting the wake into
the rate of change of the relative energy deviation gives:

δ0csr;trðz; sBÞ ≈
3rc
4γρ2

s2Bλ
0ðzÞ: (6)

When the bunch-length variation is negligible, λ0ðzÞ is
independent of sB. Furthermore, the QBA cells considered
below consist of identical dipoles with the same constant
bending radius. Therefore, all factors in Eq. (6), except s2B,
can be taken outside the transport integrals in Eq. (2). For a
bunch satisfying σz ≥ σT , CSR remains in the transient
regime throughout each dipole. The corresponding CSR-
induced transverse offsets are therefore proportional to the
integrals weighted by s2B. Their suppression requires

I1ð2Þ ¼
Z

s0

sf

R51ð2Þ;BðsÞs2BðsÞds ¼ 0: (7)

For a bunch satisfying σz ≪ σT , the entrance-transient
contribution becomes negligible, and the CSR wake
approaches the steady-state regime [33]. The correspond-
ing rate of change of the relative energy deviation is

δ0csr;ssðzÞ ¼
2rc
3

1
3ρ

2
3γ

Z
z

−∞
1

ðz − z0Þ13
∂λðz0; sÞ

∂z0
dz0: (8)

When the bunch-length variation is negligible, δ0csr;ssðzÞ
is independent of the local path-length coordinate.
Substitution into Eq. (2) then gives the steady-state
suppression conditions:

I1ð2Þ ¼
Z

s0

sf

R51ð2Þ;BðsÞds ¼ 0: (9)

The subscripts B and D denote quantities evaluated in
the dipoles and subsequent drift sections, respectively.

B. CSR kicks in the subsequent drift sections

Although most previous studies have focused on ss-CSR
in the dipoles, CSR continues to affect the bunch in the
subsequent drift sections. Previous analyses considered
chicane compressors, in which these sections contain only
drifts [20,40]. More general beamlines containing quadru-
poles in the subsequent drift sections therefore require a
separate treatment. Because a closed-form analytical
solution is difficult to obtain, we start from Eq. (15) of
Ref. [41], from which the CSR-induced energy variation in
the subsequent drift sections can be written as:

δ0csr;D ¼ 4rc
γ

�
λðz − zDÞ
ρθB þ 2l

þ
Z

z

z−zD
1

ρϕþ 2l
∂λðz0Þ
∂z0

dz0
�
;

(10)

where l is the subsequent sections coordinate of the bends.
Following integration by parts, variable transformation
from z0 to ϕ0 via the Jacobian and retention of only the
zeroth-order term in the ϕ expansion, the δ0csr;D can be
approximated as:

δ0csr;DðzÞ ¼
4rc
γ

�
λðzÞ

Z
0

ϕ0

ρ

ðρϕþ 2lÞ2 dϕ − λðzÞ
2l

�
; (11)

where ϕ0 is the maximum displacement angle in the two-
particle model, and its maximum value does not exceed the
bend angle. Furthermore, for the case where the bunch
length is much smaller than l, the ϕ0 meets the condition as
follows:

σz ≈
ρϕ3

0

24

�
4lþ ρϕ0

lþ ρϕ0

�
≈
ρϕ3

0

6
: (12)

Based on Eq. (12), the δ0csr;DðzÞ for any z can be
expressed as:
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δ0csr;DðzÞ ¼
4rcλðzÞ

γð 4l2ρϕ0
þ 2lÞ : (13)

For a Gaussian distribution, the rms relative energy
spread induced by CSR in the subsequent drift sections is

δcsr;D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

p − 3

3π

s
Nrc
γσz

log
�

2l
ρϕ0

þ 1

�
: (14)

This result is analogous to Eq. (27) of Ref. [39]. Here,
the numerical prefactor is obtained analytically by evalu-
ating the rms energy spread for a Gaussian longitudinal
distribution rather than by fitting tracking results. To
benchmark Eq. (14) for subsequent drift sections contain-
ing focusing elements, we use the 1D CSRmodel in Bmad,
which includes CSR transport through sections containing
quadrupoles [42,43]. The Bmad tracking results shown in
Fig. 1 agree closely with Eq. (14) for both the bunch-length
and bunch-charge scans. In particular, the agreement is
maintained for the longer bunches considered here, con-
firming that the small-ϕ approximation remains valid over
the parameter range shown.

According to Eq. (2), after considering the CSR in the
subsequent drift sections, the CSR kick of z at the exit of
the beamline can be expressed as follows:

xcsrðzÞ ¼ xcsr;BðzÞ þ xcsr;DðzÞ

¼
Z

s0

sf

dδcsr;B
ds

R52;B dsþ
Z

s0

sf

dδcsr;D
ds

R52;D ds;

x0csrðzÞ ¼ x0csr;BðzÞ þ x0csr;DðzÞ

¼ −
Z

s0

sf

dδcsr;B
ds

R51;B ds −
Z

s0

sf

dδcsr;D
ds

R51;D ds:

Based on the invariance of R5i in nonbend regions and
Eq. (13), the CSR kicks in the subsequent drift sections are

xcsrðzÞ ¼
4rcλðzÞ

γ

Xn
i¼1

R52;iωi;

x0csrðzÞ ¼ − 4rcλðzÞ
γ

Xn
i¼1

R51;iωi; (15)

where

ωi ¼
1

2
ln
�
1þ 2LD;i

ρiþ1ϕ0;iþ1

�
:

The LD;i is the total length between the i-th bend and the
ðiþ 1Þ-th bend of the reverse beamline. R5j;i is the transfer
matrix for the subsequent drift of the i-th bend. It can be
found that the CSR kick in the subsequent drift sections
can be completely canceled for any z by requiring the sums
in Eq. (15) to vanish. For any structure with negligible
variance in bunch length, the following relationship must
be satisfied for the reverse beamline:

Xn
i¼1

R51;i ln
�
1þ 2LD;i

ρiþ1ϕ0;iþ1

�
¼ 0;

Xn
i¼1

R52;i ln
�
1þ 2LD;i

ρiþ1ϕ0;iþ1

�
¼ 0: (16)

It should be noted that in the i-th term of each sum, the
parameters ρiþ1 and ϕ0;iþ1 come from the ðiþ 1Þ-th bend
of the reverse beamline.
Using the reverse beamline, we have examined CSR

kicks throughout the deflection beamline. CSR in the
dipoles is classified according to the ratio σz=σT . For
σz ≪ σT , the wake reaches steady state, and the corre-
sponding suppression condition is given by Eq. (9). For
σz ≥ σT , CSR remains transient throughout each dipole;
using the refined transient wake in Eq. (6), which includes
both the boundary and internal-radiation contributions, the
corresponding suppression condition is given by Eq. (7).

FIG. 1. Rms relative energy spread induced by CSR in the
subsequent drift sections as functions of rms bunch length (top)
and bunch charge (bottom). The solid curves are calculated from
Eq. (14), and the markers are obtained from Bmad tracking. The
bend parameters are listed in Table II, and l ¼ 3 m.
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For CSR in the subsequent drift sections, an approximate
analytical solution valid for general beamline configura-
tions is derived, leading to the general conditions in
Eq. (16). With these conditions established, the task is
to find the simplest isochronous beamline that satisfies
them simultaneously.

III. THE QBA SECTION WITH COMPLETE CSR
SUPPRESSION

As discussed in Sec. II, complete cancellation of the
CSR kicks requires (i) isochronicity and achromaticity and
(ii) satisfaction of Eq. (9) [or Eq. (7)] together with
Eq. (16). In practical applications, several additional
conditions need to be satisfied, such as the performance
of transverse focusing. The symmetric TBA is the simplest
isochronous multibend configuration, and its limitations
are analyzed in Appendix A. As follows directly from
Eq. (2), I1 and I2 govern the CSR-induced angular and
position offsets, respectively; hence, setting I1ð2Þ ¼ 0

eliminates the CSR-induced offsets in both x and x0 at
the beamline exit. Previous studies proposed m22 ¼ −1=2
to impose I1 ¼ 0 [24] orm22 ¼ −17=4 to impose I1ð2Þ ¼ 0

for exact CSR cancellation [33]. mij is the transfer matrix
of the matching sections in the TBA cells. For m22 ¼ − 1

2
,

the reverse beamline satisfies R51;1 ¼ −R51;2 and
R52;1 ¼ − 1

2
R52;2. This implies that the second condition

in Eq. (16) cannot be satisfied. Meanwhile, the nonzero I2
leaves a residual ss-CSR kick in x. When m22 ¼ − 17

4
, the

ss-CSR kicks are completely canceled on both the x and x0

axes. For m22 ¼ − 17
4
, the reverse beamline satisfies

R51;1 ¼ 13
2
R51;2 and R52;1 ¼ 33R52;2. This implies that both

conditions in Eq. (16) cannot be satisfied. The large values
of R51;2 and R52;2 lead to significant CSR-induced dis-
placements in the subsequent drift sections. Moreover, the
insufficient transverse focusing makes it difficult to
cascade multiple structures in practical applications. A
fundamental limitation of the symmetric TBA structure is
the lack of sufficient degrees of freedom to simultaneously
satisfy both transverse focusing constraints and the exact
CSR-cancellation conditions. To resolve this, we utilize a
symmetric isochronous QBA. The addition of the fourth
bend provides the exact number of free variables required

to completely decouple the CSR suppression from the
linear optics. By systematically varying the deflection
directions of these bends, four distinct symmetric QBA
configurations emerge, each tailored to specific applica-
tions. This study concentrates on the arclike QBA con-
figuration (as illustrated in Fig. 2), while alternative
bending topologies including chicane, zigzag, and dogleg
geometries are analyzed in Appendix B. Under the small-
angle approximation, the matching-section matrix ele-
ments of a QBA that completely suppresses ss-CSR kicks
according to Eq. (9) are given by:

m11;1 ¼
1

6
ð−4 − 3ρθBm21;1 þ gÞ;

m12;1 ¼ − ρθBð6þm22;1ð4þ 3ζÞÞ
6ζ

;

m11;2 ¼ − ð2þ 3ζÞð3þ 5ζ −m22;1Þ
m22;2ð−16þ 3ζ þ gÞ ;

m12;2 ¼
ρθBð2þ 3ζÞð−8þ 15ζ − 3m22;1 þ 1

2
gÞ

6m22;2ð−16þ 3ζ þ gÞ ;

m21;2 ¼ − 6m22;2ð2þ ζÞ
ρθBð2þ 3ζÞ ;

ζ ¼ 2m22;1 þm21;1ρθB;

g ¼ 12þ 8m22;1

ζ
: (17)

The mij;1 is the matching section between the first and
the second bends of the reverse beamline, and mij;2 is the
matching section between the second bends and the
midpoint of the reverse beamline. Note that there exists
a set of solutions that simultaneously satisfies both con-
ditions in Eq. (9) or (7), similar to case A in Appendix A.
This results in three free variables instead of two, provid-
ing more degrees of freedom in the design.
The comparison in Fig. 3 demonstrates that the small-

angle analytical solution agrees well with the numerical
solution for bending angles below 15°. At larger angles,
the local R56 can no longer be neglected, resulting
in degraded suppression of ss-CSR kicks. For the bunches
with σz ≥ σT , to completely suppress tr-CSR kicks, the
mij;k are

FIG. 2. Schematic of the symmetric QBA cell for exact CSR cancellation. The beam propagates along the s axis through four dipoles,
with each matching section containing three quadrupole magnets for transverse focusing and optical matching. The upstream optical
matrices (M1,M2) and drift lengths are perfectly mirrored by their reversed counterparts (M2;rev,M1;rev), with LD;3 ¼ LD;1 downstream.
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m11;2 ¼ − ð2þ 3ζÞð20þ 33ζ − 6m22;1Þ
2m22;2ð−56þ 9ζ þ 3gÞ ;

m12;2 ¼
ρθBð2þ 3ζÞð−18þ 33ζ − 6m22;1 þ gÞ

4m22;2ð−56þ 9ζ þ 3gÞ :
(18)

Other elements are identical to the QBA solution shown
in Eq. (17). The analytical solutions show excellent
agreement with numerical solutions (not shown).
Furthermore, within a specific range of ρθBm21;1 and
m22;1 in Fig. 4, the solutions of Eqs. (9) and (7) exhibit
a deviation of less than 5%. This implies that for operating
points within this range, the beamline can simultaneously
mitigate CSR kicks in bends under both approximations.
There are three degrees of freedom remaining to fulfill

additional constraints. For instance, jM11 þM22j can be

expressed as follows:

jM11 þM22j ¼
����2
�
− 1

3
þ g

− 4ð49þ 27m22;1 − 1
2
gð41þ 3m22;1ÞÞ

−48þ 9ζ þ 3g

�����:
Mij the transfer matrix of total beamline. An effective

design approach is to adjust jM11 þM22j by modifying
m21;1 and m22;1. Subsequently, m22;2 is tuned to regulate
the values of mij;k, preventing localized overfocusing or
defocusing in the structure.
The conditions in Eq. (16) can be achieved by adjusting

the length of the matching section. In the symmetric QBA
structures, we have LD;1 ¼ LD;3. For the QBA that meets
the conditions in Eq. (17), the LD;2 meets

LD;2 ¼
ρϕ0

2

��
1þ 2LD;1

ρϕ0

�−3ζþg−16
ζð6þζÞ − 1

�
: (19)

Similar solutions for other QBA configurations can be
obtained by substituting the corresponding parameters g
and ζ given in Appendix B.
Moreover, for the QBA in Eqs. (17) and (18), we have

I2 ¼ − ρθBð6þζÞ
2ð6þ6m22;1þρθBm21;1Þ I1. The emittance growth induced

by CSR in the dipoles, as described by Eq. (C1) in
Appendix C, therefore depends only on I1. Thus, tuning
I1 dictates the evolution of the final emittance. To justify
the ss-CSR approximation in the dipoles, the ultrashort
case in Table I, with σz ¼ 20 fs, is used in the simulations,
while the Twiss parameters at the QBA exit are constrained
to remain constant. Figure 5 presents the analytical
predictions from Eq. (C1) alongside the numerical tracking
results. For the case considered here, the emittance dilution
becomes negligible once jI1j < 10−2, in agreement with
the theoretical prediction. Moreover, when the CSR effect
within the subsequent drift sections is evaluated independ-
ently, the analytical model presented in Eq. (C8) likewise
exhibits excellent agreement with the simulation results, as
depicted in Fig. 5. Given that the drift lengths LD;i are held
constant throughout the study, the CSR-induced emittance

FIG. 3. Comparison between the matrix elements mij;k ob-
tained from Eq. (17) (lines) and the numerical solutions without
the small-angle approximation (dots), for ρ ¼ 4 m,m21;1 ¼ 0.72,
m22;1 ¼ −1.3, and m22;2 ¼ −1.1.

FIG. 4. Ratios of the matching-section matrix elements calcu-
lated from Eqs. (17) and (18). Left: The ratio of m11;2 calculated
using Eq. (17) to that calculated using Eq. (18). Right: The
corresponding ratio for m12;2. In each case, the common factor
1=m22;2 cancels exactly; hence, both ratios are independent of
m22;2. Ratios close to 1 identify the parameter region in which the
two CSR-suppression solutions are similar.

TABLE I. Beam parameters used in the single-cell studies.

Ultrashort
case

Fixed-current
scan Unit

Bunch charge 50–300 2500–12500 pC
Rms bunch length 20 100–500 fs
Peak current 1.0–6.0 10.0 kA
Beam energy 2.0 1.0 GeV
Energy spread 0.06 0.06 %
Normalized
emittance

1.00 1.00 mmmrad
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dilution in these subsequent drift sections is also predomi-
nantly determined by I1.
Overall, a localized parameter scan of I1 did not yield

further optimization. While the theoretical models in
Eqs. (C1) and (C8) predict a slight fluctuation in emittance
near I1 ≈ 0, this minor variation is entirely dwarfed by the
significant emittance degradation resulting from the break-
down of the constant bunch-length assumption along the
beamline. Concurrently, when the distinct CSR cases are
evaluated independently, a substantial increase in emit-
tance is observed, as I1 deviates from zero. Accordingly,
all subsequent simulations use the nominal QBA design
specified by Eqs. (17) and (19).

IV. SIMULATIONS INCLUDING
ALL CSR EFFECTS

A. CSR in a single QBA cell

Two single-cell scans are performed using the beam
parameters in Table I. In the ultrashort-bunch scan, σz ¼
20 fs is fixed while the bunch charge is varied from 50 to
300 pC, corresponding to a Gaussian peak current of
approximately 1–6 kA. Since σz ≪ σT , the wake reaches
the ss-CSR case within each dipole, and the QBA is
configured according to the ss-CSR suppression condition.
For comparison, two previously proposed symmetric

TBA beamlines are tracked under the same conditions.
TBA#1 imposes I1 ¼ 0 while retaining a nonzero I2 [24],
whereas TBA#2 minimizes the Twiss-weighted emittance
dilution in Eq. (C1) without requiring both integrals to
vanish [44]. Neither TBA simultaneously fulfills I1ð2Þ ¼ 0

and the two conditions for the subsequent drift sections
in Eq. (16).
In the second scan, the Gaussian peak current is fixed at

10 kA, while σz is varied from 100 to 500 fs and the bunch

charge changes accordingly from 2.51 to 12.53 nC. This
range covers both σz < σT and the pure tr-CSR case
with σz ≥ σT .
The values of LD;2 in Table II are derived from Eq. (19).

The operating point is selected from the region in Fig. 4,
where the values of m11;2 and m12;2 obtained from
Eqs. (18) and (17) differ by less than 5%. All results in
Fig. 6 are obtained with Bmad tracking.

FIG. 5. Normalized horizontal emittance at the exit of the
arclike QBA as a function of I1. The beam parameters corre-
spond to the ultrashort-bunch case with Q ¼ 100 pC listed in
Table I. The solid curves show the analytical predictions obtained
by considering ss-CSR and CSR in the subsequent drift sections
separately, and the colored markers show the corresponding
Bmad simulation results.

FIG. 6. Bmad-tracked normalized horizontal emittance with
the dispersive contribution removed at the single-cell exits. Top:
All-CSR bunch-charge scan at σz ¼ 20 fs for the QBA, TBA#1,
and TBA#2. Bottom: QBA bunch-length scan at a fixed Gaussian
peak current of 10 kA, where bend-CSR, dr-CSR, and all-CSR
denote CSR included only in the dipoles, only in the subsequent
drift sections, and in both regions, respectively. The upper axes
show the corresponding peak current (top) and bunch charge
(bottom); the vertical dashed line marks σT ¼ 302.7 fs.

TABLE II. The optimized beamline parameters of the QBA.

Parameter Design value Units

θB 4 ∘
ρ 4 m
m21;1 0.724 m−1
m22;1 −1.311
m22;2 −1.100
LD;1ð3Þ 3.3 m
LD;2 (ultrashort case) 2−2.14 m
LD;2 (fixed-current case) 2.3 m
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The upper panel of Fig. 6 shows that the QBA preserves
the emittance substantially better than the two TBA beam-
lines, as the bunch charge increases. At Q ¼ 300 pC,
corresponding to a peak current of approximately 6 kA,
the normalized horizontal emittances of the QBA, TBA#1,
and TBA#2 are 1.070, 3.20, and 1.40 mmmrad, respec-
tively. This difference is consistent with the suppression
conditions above: residual CSR kicks remain in the two
TBA beamlines, whereas the QBA satisfies I1ð2Þ ¼ 0

together with Eq. (16).
For the dipole parameters in Table II, σT ¼ 302.7 fs.

At σz ¼ 100 fs, the bend-CSR and dr-CSR cases
produce emittance growths of 0.0123 mm · mrad and
0:0266 mm · mrad, respectively, whereas the all-CSR emit-
tance growth reaches 0:0667 mm · mrad. The all-CSR
emittance growth is therefore larger than that expected from
a linear superposition of the bend-CSR and dr-CSR kicks
obtained in the separate simulations, indicating that the rigid-
bunch approximation is no longer valid when both CSR
contributions are included simultaneously. The emittance
growth then decreases as σz approaches σT from below. For
the sampled pure tr-CSR cases with σz ≥ 350 fs, the bend-
CSR emittance remains within 0.0004 mm ·mrad of its
initial value, while the all-CSR emittance remains within
0:002 mm · mrad. These results confirm the effectiveness
of the tr-CSR and subsequent drift suppression conditions
and show that preventing thewake from reaching steady state
improves single-cell emittance preservation at a fixed peak
current. On the other hand, the above tracking results rely on
the 1D CSR approximation, whose applicability is assessed
using the Derbenev criterion D ¼ σx=ðjρjσ2zÞ1=3 ≪ 1 [45],
where σx is the local rms horizontal beam size, including the
dispersive contribution. For the 20 fs case, the estimated
values within the dipoles satisfyD < 0.035,D < 0.131, and
D < 0.056 for the QBA, TBA#1, and TBA#2, respectively.
Related 2D and 3D CSR studies have reported good agree-
ment with the 1Dmodel even for cases with larger values of
D [38,46,47], which supports the use of the 1D model over
the range of D considered here.

B. CSR in cascaded QBA cells

As established in Sec. III, stable periodic QBA optics
allow identical cells to be cascaded for large total
deflection angles. Within the first-order rigid-bunch
approximation, the accumulated CSR-induced phase-
space displacement after n cells is

ΔXn ¼
Xn−1
k¼0

MkΔX1 ¼ ðI −MÞ−1ðI −MnÞΔX1; (20)

where ΔX1 ¼ ðΔx;Δx0ÞT is the residual CSR kick at the
exit of one cell, M is the single-cell transfer matrix, and I
is the identity matrix. This expression requires M ≠ I.
Throughout this derivation, the rigid-bunch approximation

is adopted, so each cell is assumed to generate the same
ΔX1. A small emittance variation after one cell does not
necessarily imply ΔX1 ¼ 0, because the exit Twiss param-
eters can reduce the projected contribution of a residual
kick. WhenΔX1 ≠ 0, Eq. (20) shows that the residual kick
is transported through the downstream cells and generally
accumulates. By contrast, when I1ð2Þ ¼ 0 and the two
conditions in Eq. (16) are satisfied, the first-order residual
kick vanishes, and Eq. (20) gives ΔXn ¼ 0 for any n.
However, Eq. (20) describes only first-order transport,

which was also used in the preceding single-cell study to
isolate the CSR-cancellation mechanism. Although
higher-order effects are small over one cell, they can
accumulate in a cascaded beamline. In particular, T166 and
T266 generate energy-dependent transverse offsets that
contribute to projected emittance growth, whereas T566

and U5666 distort the longitudinal phase space and local
current profile [48,49].
To control accumulated higher-order aberrations, two

sextupole families were introduced at mirror-symmetric
locations in the QBA. The sextupole strengths were
first adjusted to suppress the transverse second-order
dispersion by imposing

T266;mid ¼ 0; (21)

where the subscript mid denotes the midpoint of the QBA
cell. For a mirror-symmetric beamline structure with sym-
metrically arranged sextupoles and vanishing second-order
dispersion at the entrance, the condition in Eq. (21) makes
the second-order dispersion trajectory symmetric about the
cell midpoint. Consequently, both T166 and T266 ideally
return to zero at the QBA exit, consistent with a symmetry-
corrected second-order achromat [50]. The third-order
transverse terms U1666 and U2666 remain sufficiently small
over the energy range considered and are therefore not
independently optimized.
For the multicell analysis, the cell numbers were chosen

to give the three beamlines comparable total deflection
angles and lengths. TBA#1 and TBA#2 comprise 15 and
12 cells, respectively, and each provides a total deflection
of 180°, whereas the 12-cell QBA provides 192°. Their
corresponding beamline lengths are approximately 149.5,
143.7, and 136.5 m.
After imposing the midpoint constraint on T266, the

remaining sextupole degree of freedom was used to adjust
the longitudinal second-order dispersion. To preserve the
first-order conditions in Eq. (17), the first-order optics
were kept unchanged while the single-cell T566 was
scanned under the constraint T266;mid ¼ 0. The nonlin-
ear-optics optimization was performed with Bmad while
retaining all CSR effects in the tracking. The beam
parameters in Table III lie within the typical range for
compressed ERL bunches [16,19]. A preliminary coarse
scan over a broader range of the single-cell T566 (not
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shown) was first performed to identify the refined range
presented in Fig. 7. Within this range, the exit rms bunch
length varies from 38.86 to 41.44 fs, corresponding to a
maximum deviation of approximately 3.6% from the
nominal value of 40 fs, whereas the peak current varies
from 0.973 to 1.519 kA, a span equal to approximately
55% of its nominal value. Because nonlinear longitudinal
transport has a much stronger influence on the local
current profile than on the overall rms bunch length,
preservation of the peak current was adopted as the
primary criterion for selecting the working point
at T566 ¼ 3.0 × 10−3 m.
After the working point was selected, multicell tracking

was performed using the parameters in Table III. The two
cascaded TBA beamlines were not subjected to dedicated
higher-order optimization. Retaining their uncompensated
higher-order transverse and longitudinal dispersion would
introduce additional nonlinear aberrations and longitudinal
density modulation, thereby obscuring the comparison of
their first-order CSR-cancellation performance. To provide
a controlled comparison, first-order tracking of TBA#1,
TBA#2, and the QBA was performed with Elegant [51],

with CSR in both the dipoles and subsequent drift sections
included. The QBA was then tracked in Bmad with the
corrected third-order optics.
Figure 8 summarizes the beamline optics and the

resulting beam evolution. The left panel presents the ideal
linear-optics evolution along the cascaded QBA. The
periodic behavior of the β functions and horizontal
dispersion illustrates the matched transverse optics used
in the multicell tracking.
The middle panel compares the normalized horizontal

emittance with dispersive contributions removed. At the
beamline exits, the absolute emittance growths are approx-
imately 4.596, 2.072, and 0:0056 mm · mrad for TBA#1,
TBA#2, and the first-order QBA, respectively. The much
larger increases in the two TBA beamlines are consistent
with Eq. (20): the residual single-cell CSR kicks identified
in the previous subsection are transported through the
downstream cells and accumulate. CSR in the subsequent
drift sections, which is not fully suppressed in either TBA
beamline, provides an additional cumulative contribution.
In contrast, the 0:0056 mm · rad QBA result confirms that
its first-order CSR-cancellation conditions remain effec-
tive after cascading. With the corrected third-order optics
included, the QBA emittance growth increases to approx-
imately 0:0443 mm · rad, which is 0:0387 mm· rad above
the first-order result. The remaining increase arises
because the sextupole optimization constrains only
selected higher-order dispersion terms and does not
explicitly minimize the local coupling between higher-
order dispersion and CSR-induced energy deviations along
the beamline. Consequently, the higher-order components
of the CSR kicks are not fully canceled.
The right panel compares the exit current profile and

normalized horizontal slice emittance obtained with the
first- and third-order QBA models. At the selected working
point, the two current profiles remain similar, and no
pronounced current spike is generated by the higher-order
longitudinal transport. The exit rms bunch lengths are
39.970 and 40.034 fs, corresponding to deviations of
approximately 0.07% and 0.09%, respectively, from the
nominal value of 40 fs. The corresponding peak currents
extracted from the current profiles are 1.021 and 1.063 kA,
representing variations of approximately 2.1% and 6.3%
from the nominal value of 1.0 kA. These results indicate
that the higher-order longitudinal effects are effectively
controlled at the selected working point. The normalized
horizontal slice emittance remains close to its initial value of
1 mm · mrad throughout the high-current core. Its preser-
vation indicates that the modest increase in projected
emittance after including third-order optics arises primarily
from residual correlations between slices rather than sub-
stantial degradation within individual slices. Overall, the
selected working point limits nonlinear longitudinal-profile
distortion while preserving the transverse slice quality;
furthermore, compared with compressor beamlines having

FIG. 7. Exit rms bunch length (left axis) and peak current (right
axis) as functions of the single-cell T566 for the 12-cell cascaded
QBA. The constraint T266;mid ¼ 0 is maintained, and the peak
current is estimated by averaging the three largest values in each
longitudinal histogram. The vertical dashed line marks the
selected working point at T566 ¼ 3.0 × 10−3 m.

TABLE III. Representative parameters of a compressed bunch
in an energy-recovery linac (ERL).

Parameter Value Unit

Bunch charge 100 pC
Rms bunch length 40 fs
Peak current 1.0 kA
Beam energy 1000 MeV
Rms relative energy spread 0.06 %
Normalized emittance 1.00 mmmrad

EMITTANCE PRESERVATION UNDER … PHYS. REV. ACCEL. BEAMS 29, 104903 (2026)

104903-9



comparable total deflection angles and final bunch param-
eters [17–19], the QBA exhibits low emittance growth
despite the accumulation of CSR effects over multiple
cascaded cells [52].

V. CONCLUSION

In summary, we have extended the first-order integral
method to derive conditions for suppressing CSR-induced
transverse kicks in isochronous deflection beamlines.
Separate suppression conditions for CSR in bends are
derived for the ss-CSR-dominated case, σz ≪ σT , and the
pure tr-CSR case, σz ≥ σT , together with general condi-
tions for suppressing CSR in the subsequent drift sections.
Within the adopted symmetric isochronous model, the
QBA is identified as the minimal multibend configuration
providing sufficient degrees of freedom to satisfy these
conditions while maintaining stable periodic optics. The
QBA solutions obtained for the ss-CSR and tr-CSR cases
remain close over a broad range of optical parameters.
Therefore, the same QBA structure can be applied in either
limiting case, with the corresponding suppression con-
dition for CSR in bends imposed separately.
Single-cell tracking with all CSR effects included

confirms the effectiveness of these conditions. In the
ultrashort-bunch-charge scan, the QBA exhibits substan-
tially smaller emittance growth than the two reference
TBA beamlines. In the fixed-10 kA scan, the emittance
growth decreases as σz approaches σT and remains
negligible for the sampled pure tr-CSR cases with
σz > σT . These results demonstrate that preventing the
wake from reaching steady state can substantially improve
single-cell emittance preservation at a fixed peak current.
Multicell tracking further demonstrates the scalability of

the QBA suppression conditions over large total deflection
angles. With first-order transport, the normalized horizon-
tal emittance increases by approximately 4.596, 2.072, and

0:0056 mm · mrad for TBA#1, TBA#2, and the QBA,
respectively. After the corrected third-order optics are
included, the QBA emittance growth remains limited to
approximately 0:0443 mm · mrad. At the selected sextu-
pole working point, the rms bunch length remains within
0.1% of its nominal value, the peak-current variation
remains below 6.4%, and the normalized horizontal slice
emittance is preserved throughout the high-current core.
Although the present results demonstrate effective CSR

suppression, their applicability is limited to the range of
validity of the 1D CSR model. For even shorter or strongly
chirped bunches, local compression, dispersion-induced
transverse expansion, and bunch tilt can weaken this
approximation, making multidimensional CSR corrections
significant [38,53]. The robustness of the present CSR-
suppression conditions under these more extreme beam
conditions therefore requires further assessment with 2D
or 3D CSR models. In addition, future work will consider
profile-dependent coupling in cases where tr-CSR and ss-
CSR coexist, practical magnet constraints, and additional
collective effects such as longitudinal space charge.
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FIG. 8. Optical and beam evolution for the bunch in Table III. (Left) Horizontal and vertical β functions and the scaled horizontal
dispersion 100ηx along the cascaded QBA. (Middle) Normalized horizontal emittance with the dispersive contribution removed for
TBA#1, TBA#2, and the QBA. The first-order results are obtained with Elegant, whereas the corrected third-order QBA result is
obtained with Bmad. The inset magnifies the QBA exit region. (Right) Normalized horizontal slice emittance (left axis) and current
profile (right axis) at the QBA exit, comparing the first-order Elegant result with the third-order Bmad result. CSR in the dipoles and
subsequent drift sections is included throughout.

CHEN, CHEN, GU, and DENG PHYS. REV. ACCEL. BEAMS 29, 104903 (2026)

104903-10



APPENDIX A: ANALYTICAL SOLUTION FOR
ISOCHRONOUS TBA CELLS WITH COMPLETE

SUPPRESSION OF SS-CSR EFFECTS

For a symmetric TBA composed of three identical
dipoles, no solution can simultaneously satisfy all the
conditions required for complete ss-CSR-kick suppression
because the number of constraints exceeds the available

degrees of freedom. We therefore introduce an additional
degree of freedom through the ratio k between the bending
angles of the middle and side dipoles, while assuming that
all dipoles have the same bending radius. Under the small-
angle approximation, I1 and I2 for a symmetric TBA cell
are given by:

36I1k2

θ21ρ
¼ ðkþ 2m22Þð28kþ 12k2 þ 8k4 þ 3k5 þ 8m22 þ 4k3m22Þ; (A1)

36I2k2

θ31ρ
2

¼ ðkþm22Þð28kþ 12k2 þ 8k4 þ 3k5 þ 8m22 þ 4k3m22Þ: (A2)

θ1 is the angle of the side bends of symmetric TBA cells.
k is the ratio between the middle bend and the side bends.
mij are the elements of the transfer matrix from the first
bend to the second bend. To ensure that either I1 or I2
equals zero, the value of m22 must satisfy the following
conditions:

I1 ¼ 0 →
	m22 ¼ − k

2

m22 ¼ − 28kþ12k2þ8k4þ3k5

4ð2þk3Þ :
(A3)

I2 ¼ 0 →
	m22 ¼ −k
m22 ¼ − 28kþ12k2þ8k4þ3k5

4ð2þk3Þ : (A4)

The second conditions in Eqs. (A3) and (A4) are
identical. Therefore, both I1 and I2 will equal zero when
m22 meets this specific condition. This solution has been
extensively discussed when k ¼ 1 in Ref. [33]. However,
TBA cells satisfying this condition exhibit excessive
defocusing in the x plane, preventing them from being
cascaded to achieve large deflection angles. As shown in
Fig. 9, reducing k mitigates the excessive defocusing of
the TBA cell; however, M11 þM22 remains substantially
greater than 2. It seems impossible to obtain a periodic

solution for the TBA in this case by varying the value of k.
We therefore consider the remaining solutions in Eqs. (A3)
and (A4). Although these solutions cannot make CSR kicks
simultaneously zero in both the x and x0 directions, the
growth in emittance caused by ss-CSR can be suppressed
completely according to Eq. (C1). Thevalues ofM11 þM22

for these respective cases are 2 (m22 ¼ −k) and −2
(m22 ¼ −k=2). Although there are no periodic solutions
for the beamline in these specific cases, the asymptotic
solution in the vicinity of these scenarios presents a viable
solution approach. Related work can be found in Ref. [24].
The asymmetric TBA with three identical bends was

considered. The elements of the transfer matrices for the
matching sections between the first and second bends of
the reverse beamline were represented asmij;1. The second
matching sections of the reverse beamline were denoted as
mij;2. M denotes the transfer matrix of the complete TBA
cell. There are six degrees of freedom and six constraints
for the asymmetric TBA cells. The conditions derived
above yield two sets of solutions:
Case A:

m11;1 ¼ −5


5þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 −m22;2

p �
þm22;2

m12;1 ¼
1

2
LB



27þ 11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 −m22;2

p −m22;2

�
m21;1 ¼

66þ 22
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 −m22;2

p − 2m22;2

LB

m22;1 ¼ −12


3þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8 −m22;2

p �
þm22;2

m11;2 ¼ −1þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 −m22;2

p þm22;2

m12;2 ¼ − 1

2
LB



3þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8 −m22;2

p þm22;2

�

m21;2 ¼
2


−3þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8 −m22;2
p þm22;2

�
LB

:
(A5)FIG. 9. The transverse focusing parameter M11 þM22 as a

function of k, with a singularity at k ¼ 0.
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Case B:

m11;1 ¼ −5ð5 − 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 −m22;2

p Þ þm22;2

m12;1 ¼
1

2
LBð27 − 11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 −m22;2

p þm22;2Þ

m21;1 ¼
66 − 22

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 −m22;2

p − 2m22;2

LB

m22;1 ¼ 12ð−3þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 −m22;2

p Þ þm22;2

m11;2 ¼ −1 − 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 −m22;2

p þm22;2

m12;2 ¼ − 1

2
LBð3 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 −m22;2

p þm22;2Þ

m21;2 ¼
2ð3þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8 −m22;2
p −m22;2Þ

LB
: (A6)

LB was the total length of the bends. Then the LB was set
to 0.35 m (the angle of the bends: 5°, the radii: 4 m).
Furthermore, the M11 þM22 of the two TBA cases can be
altered by adjusting the dimensionless quantity m22;2. The
range of m22;2 is restricted to −5 ≤ m22;2 ≤ 5 to avoid
excessive focusing or defocusing. The relationship
between M11 þM22 and m22;2 is shown in Fig. 10.
There are no periodic solutions for the TBA of case B
within the specified range. Additionally, the defocusing is
more severe than that predicted by the analytical

symmetric TBA solution. For case A, periodic TBA
solutions exist for −4.1 ≤ m22;2 ≤ −3. However, as shown
in Fig. 11, the remaining matching-section matrix ele-
ments have large absolute values throughout this range.
This could lead to additional beam loss. Therefore,
asymmetric isochronous TBA cells with identical bends
do not provide a practical solution for complete cancella-
tion of ss-CSR kicks.

APPENDIX B: SOLUTIONS FOR FOUR QBA
STRUCTURES WITH COMPLETE SUPPRESSION

OF CSR KICKS IN BENDS

In this section, we present four QBA configurations that
can completely suppress both ss-CSR and tr-CSR kicks.
As in the arclike QBA discussed in the main text, only two
elements, m11;2 and m12;2, differ between the solutions of
Eqs. (9) and (7).
The matching-section matrices for the four isochronous

QBA structures that completely suppress ss-CSR kicks are
given below, where ζ ¼ 2m22;1 þm21;1LB:
Arclike type:

m11;1 ¼
1

6
ð−4 − 3LBm21;1 þ gaÞ;

m12;1 ¼ −LBð6þm22;1ð4þ 3ζÞÞ
6ζ

;

m11;2 ¼ − ð2þ 3ζÞð3þ 5ζ −m22;1Þ
m22;2ð−16þ 3ζ þ gaÞ

;

m12;2 ¼
LBð2þ 3ζÞð−8þ 15ζ − 3m22;1 þ 1

2
gaÞ

6m22;2ð−16þ 3ζ þ gaÞ
;

m21;2 ¼ − 6m22;2ð2þ ζÞ
LBð2þ 3ζÞ ;

ga ¼
12þ 8m22;1

ζ
: (B1)FIG. 10. The relationship betweenM11 þM22 and m22;2. (Top)

the case A; (bottom) the case B.

FIG. 11. Transfer-matrix elements of the two matching sec-
tions for the case-A asymmetric TBA solution in Eq. (A5),
plotted as functions of the free parameterm22;2 over the periodic-
solution range −4.1 ≤ m22;2 ≤ −3, with LB ¼ 0.35 m. The large
absolute values of the elements indicate strong local focusing or
defocusing within this range.

CHEN, CHEN, GU, and DENG PHYS. REV. ACCEL. BEAMS 29, 104903 (2026)

104903-12



Chicane type:

m11;1 ¼
1

6ζ
ð12þ LBm21;1ð4 − 3ζÞÞ;

m12;1 ¼
LBð6þm22;1ð3ζ − 4ÞÞ

6ζ
;

m11;2 ¼ − ð3ζ − 2Þð5ζ −m22;1 − 3Þ
m22;2ð16þ 3ζ þ gcÞ

;

m12;2 ¼
LBð3ζ − 2Þð8þ 15ζ − 3m22;1 þ 1

2
gcÞ

6m22;2ð16þ 3ζ þ gcÞ
;

m21;2 ¼ − 6m22;2ðζ − 2Þ
LBð3ζ − 2Þ ;

gc ¼
12 − 8m22;1

ζ
: (B2)

Zigzag type:

m11;1 ¼
1

6ζ
ð12þ LBm21;1ð4 − 3ζÞÞ;

m12;1 ¼ −LBð6þm22;1ð3ζ − 4ÞÞ
6ζ

;

m11;2 ¼ − ðζ − 2Þð8 − 3m22;1 þ 15ζ þ gz
2
Þ

m22;2ð16þ 3ζ þ gzÞ
;

m12;2 ¼
LBð3ζ − 2Þð8 − 3m22;1 þ 15ζ þ gz

2
Þ

6m22;2ð16þ 3ζ þ gzÞ
;

m21;2 ¼ − 6m22;2ζð5ζ −m22;1 − 3Þ
LBð8 − 3m22;1 þ 15ζ þ gz

2
Þ ;

gz ¼
12 − 8m22;1

ζ
: (B3)

Dogleg type:

m11;1 ¼
1

6
ð−4 − 3LBm21;1 þ gdÞ;

m12;1 ¼ −LBð6þm22;1ð4þ 3ζÞÞ
6ζ

;

m11;2 ¼ − ð2þ 3ζÞð3þ 5ζ −m22;1Þ
m22;2ð−16þ 3ζ þ gdÞ

;

m12;2 ¼
LBð2þ 3ζÞð−8þ 15ζ − 3m22;1 þ 1

2
gdÞ

6m22;2ð−16þ 3ζ þ gdÞ
;

m21;2 ¼ − 6m22;2ζð5ζ þ 3 −m22;1Þ
LBð15ζ − 8 − 3m22;1 þ gd

2
Þ ;

gd ¼ 12þ 8m22;1

ζ
: (B4)

The corresponding matching-section elements for com-
plete suppression of tr-CSR kicks are given below:

Arclike type:

m11;2 ¼ − ð2þ 3ζÞð20þ 33ζ − 6m22;1Þ
2m22;2ð−56þ 9ζ þ 3gaÞ

;

m12;2 ¼
LBð2þ 3ζÞð−18þ 33ζ − 6m22;1 þ gaÞ

4m22;2ð−56þ 9ζ þ 3gaÞ
: (B5)

Chicane type:

m11;2 ¼
ζð3ζ − 2Þð33ζ − 6m22;1 − 20Þ

2m22;2ð56þ 9ζ þ 3gcÞ
;

m12;2 ¼
LBð3ζ − 2Þð33ζ − 6m22;1 þ 18þ gcÞ

4m22;2ð56þ 9ζ þ 3gcÞ
: (B6)

Zigzag type:

m11;2 ¼
3ð3ζ − 2Þð33ζ − 6m22;1 þ 18þ gzÞ

2m22;2ð56þ 9ζ þ 3gzÞ
;

m12;2 ¼
LBð3ζ − 2Þð33ζ − 6m22;1 þ 18þ gzÞ

4m22;2ð56þ 9ζ þ 3gzÞ
: (B7)

Dogleg type:

m11;2 ¼
3ð3ζ þ 2Þð33ζ − 6m22;1 − 18þ gdÞ

2m22;2ð−56þ 9ζ þ 3gdÞ
;

m12;2 ¼
LBð3ζ þ 2Þð33ζ − 6m22;1 − 18þ gdÞ

4m22;2ð−56þ 9ζ þ 3gdÞ
: (B8)

For each QBA topology, a parameter range exists in
which the ss-CSR and tr-CSR suppression solutions are
similar, analogous to that shown for the arclike QBA
in Fig. 4.

APPENDIX C: ANALYSIS OF EMITTANCE
GROWTH INDUCED BY CSR KICKS IN THE

SUBSEQUENT DRIFT SECTIONS

When only CSR in the bends is considered, and the
entrance and exit Twiss parameters are matched to the
periodic solution, the horizontal emittance at the beamline
exit can be expressed as [33]:

ϵ2x ¼ ϵ2x0 þ ϵx0ðβxI21 þ γxI22 þ 2αxI1I2ÞI2csr: (C1)

Here, ϵx0 and ϵx are the geometric emittances at the
entrance and exit of the beamline, respectively; βx, αx, and
γx are the horizontal Twiss parameters; and Icsr is the rms
energy spread caused by ss-CSR or tr-CSR.
Furthermore, CSR in the subsequent drift sections was

taken into consideration. The additional energy spread in
this case is related to s, as shown in Eqs. (13)–(15). The
rms of the CSR kick cannot be expressed in the simplified
form presented in Eqs. (8)–(10) of Ref. [33]. It is also
challenging to solve the coupling of CSR kicks
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analytically in the two cases. In this study, we focus solely
on QBA cases that satisfy the conditions in Eq. (17). As a
result, the rms of the ss-CSR kick is close to zero, and the
coupling between the two types of CSR kicks is negligible.
The variance of the CSR kick in the x direction can
therefore be expressed as:

hðx− hxiÞ2i¼ hððx1− hx1iÞþðx2− hx2iÞþðx3− hx3iÞÞ2i

xi ¼
4rcλðzÞR52;iωi

γ
; x0i ¼−4rcλðzÞR51;iωi

γ
:

(C2)

The kick variances in the other directions follow
analogous expressions. Then for any z of the bunch, the
CSR kicks satisfy

xiðzÞ
xjðzÞ

¼ R52;iωi

R52;jωj
;

xiðzÞ
x0jðzÞ

¼ − R52;iωi

R51;jωj
: (C3)

Because all xiðzÞ and x0iðzÞ are proportional to the same
longitudinal function λðzÞ, the absolute value of each
pairwise correlation coefficient is unity, while its sign is
determined by the corresponding kick coefficients.
Defining x̃i ¼ xi − hxii, x̃0i ¼ x0i − hx0ii, Ci ¼ R52;iωi,
and C0

i ¼ −R51;iωi, the covariance terms satisfy

hx̃ix̃ji ¼ sgnðCiCjÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx̃2i ihx̃2ji

q
;

hx̃ix̃0ji ¼ sgnðCiC0
jÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx̃2i ihx̃02j i

q
: (C4)

The corresponding variances and covariance of the CSR
kicks in the subsequent drift sections are

hðx − hxiÞ2i ¼
0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

p − 3

3π

s
Nrc
γσz

1
A2X

i;j

R52;iR52;jωiωj;

(C5)

hðx0 − hx0iÞ2i ¼
0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

p − 3

3π

s
Nrc
γσz

1
A2X

i;j

R51;iR51;jωiωj;

(C6)

hðx − hxiÞðx0 − hx0iÞi ¼ −
0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

p − 3

3π

s
Nrc
γσz

1
A2

×
X
i;j

R52;iR51;jωiωj: (C7)

For the symmetric QBA considered here, the cell
boundary is chosen at a symmetry point of the periodic

beta function, so that αx ¼ 0. At this point, βx ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

12=ð1 −M2
11Þ

q
and γx ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 −M2

11Þ=M2
12

q
. Con-

sequently, the covariance term in Eq. (C7) does not
contribute to the projected emittance. After including
CSR in the subsequent drift sections, the emittance at
the beamline exit is therefore,

ϵ2x ¼ ϵ2x0 þ ϵx0

0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

p − 3

3π

s
Nrc
γσz

1
A2

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2
12

1 −M2
11

s X
i;j

R51;iR51;jωiωj þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −M2

11

M2
12

s X
i;j

R52;iR52;jωiωj

1
A: (C8)
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