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We demonstrate that multipoint Bayesian algorithm execution (multipointBAX) can overcome
fundamental computational challenges in storage ring design optimization. Dynamic aperture and
momentum aperture optimization is a multipoint, multiobjective design task for storage rings, ultimately
informing the flux of x-ray sources and luminosity of colliders. Current production black-box optimization
methods require extensive particle-tracking simulations for each trial configuration; the high computa-
tional cost restricts the extent of the search to ∼103 configurations and therefore limits the quality of the
final design. We remove this bottleneck using multipointBAX, which selects, simulates, and models each
trial configuration at the single-particle level. We demonstrate our approach on a design for a fourth-
generation light source, with neural-network-powered multipointBAX achieving equivalent Pareto front
results using more than 2 orders of magnitude fewer tracking computations compared to genetic
algorithms. The significant reduction in cost positions multipointBAX as a promising alternative to black-
box optimization, and we anticipate multipointBAX will be instrumental in the design of future light
sources, colliders, and large-scale scientific facilities.
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Designing modern scientific facilities—from synchro-
tron light sources to particle colliders—requires optimiz-
ing hundreds of parameters in complex, nonlinear systems,
where a single design evaluation can take hours of
computation. In storage rings, this challenge is exemplified
by dynamic aperture (DA) and momentum aperture (MA)
optimization, where maximizing the regions of particle
stability directly determines injection efficiency, beam
lifetime, and ultimately the photon flux or luminosity
achievable in next-generation facilities.
The computational bottleneck is severe: maximizing DA

and MA (DAMA) is a type of multipoint optimization,
where evaluating a single lattice design requires tracking
tens of thousands of particles for hundreds of thousands of
turns, making global optimization prohibitively expensive.
Moreover, there is a trade-off between maximizing DA and

MA area, so the standard approach is to find a Pareto front
(PF); i.e., DAMA optimization is not just multipoint but
also multiobjective. The de facto production methods, e.g.,
multiobjective genetic algorithms (MOGA) and multi-
objective particle swarm optimization (MOPSO) [1–3],
typically explore ∼103 designs, forcing compromises
between optimization scope and computational cost that
result in suboptimal performance—a limitation that has
been identified as a grand challenge for the field [4,5].
We present an approach combining multipoint Bayesian

algorithm execution (multipointBAX) [6], an extension of
Bayesian algorithm execution (BAX) to multipoint objec-
tives, with deep neural network (NN) surrogates to achieve
2 orders of magnitude speedup over widely used methods.
Our approach enables simultaneous optimization of doz-
ens of lattice parameters while tracking particles in up to
millions of potential configurations, which previously was
computationally intractable.
Applied to the SSRL-X storage ring lattice, our method

discovers Pareto-optimal solutions with < 1% of the
function evaluations needed by the de facto production
methods. This demonstration highlights how modern
machine learning (ML) can overcome fundamental com-
putational barriers in large-scale scientific facility design,
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with immediate implications for current facility upgrades
and the next generation of light sources and colliders.

Background and related work. In classical DAMA opti-
mization, for each proposed design configuration, thou-
sands of particles with different initial transverse positions
(for DA) and momenta and longitudinal positions (for
MA) are simulated for thousands to hundreds of thousands
of turns around the storage ring. For DA, particles are
typically chosen along rays of increasing distance from the
origin, and the particle with maximum radius that survives
the full number of turns defines the outer edge of the DA.
The metric is the area enclosed by those points. At the end of
the optimization, each potential solution is then reevaluated
using a random collection of “error seeds,” i.e., random
changes to the design configuration that approximate a
realistic ring’s performance. A similar process is applied
to the longitudinal positions and momentum offset for
MA [7,8]. Ultimately, our goal is to identify a Pareto front
of solutions in the two-dimensional DA and MA space.
The de facto production approaches for DAMA opti-

mization, e.g., MOGA [2,9] and MOPSO [10], are slow
for two reasons: first, they require many iterations to
converge, and second, each iteration involves simulating
thousands of particles to calculate the objectives. These are
sometimes referred to as “outer” and “inner” loop prob-
lems, respectively [11]. ML methods have been explored
as solutions to both challenges.
Outer-loop approaches reduce the number of iterations

by learning a surrogate model of the objective. For
example, Bayesian optimization (BO) uses a surrogate
to construct an acquisition function to guide sampling. BO
has been widely adopted for accelerator applications [12],
including for DAMA optimization [13]. Similarly,
Ref. [14] uses K-means clustering (rather than a Gaussian
process and BO) to improve population fitness within
MOGA. However, there is a ceiling on the efficiency gains
of simply reducing the number of iterations—even a small
number of iterations is costly due to the expense of each
inner-loop acquisition.
Inner-loop approaches reduce the cost of each evalu-

ation. One class of methods uses fast chaos indicators—
such as frequency map analysis [15,16], forward-reversal
integration [17], and auto-differentiation-based indicators
[18]—to replace long-turn tracking with cheaper stability
proxies that require far fewer turns per particle [19–21].
However, they remain proxies: like earlier metrics such as
tune diffusion, they do not always accurately predict DA
performance. Another class uses ML surrogates to replace
calls to the physics simulation entirely. Because surrogates
can be orders of magnitude faster than physics simulations,
calls to the surrogate are effectively free. For example,
replacing the physics simulator with a NN reduces
computational expense, even when using an inefficient
optimizer (e.g., MOGA). These surrogates can either

model the DAMA objective, i.e., directly predict the
survival area of the DA and MA maps [22–25], or can
model the full maps, i.e., predict the survival time for each
individual particle simulation [26–29]. (Relatedly, NNs
can also extend DAMA estimates to large numbers of turns
beyond the limit of conventional tracking [27,28,30] and
identify outliers [27].)
For NN approaches, the assembly of the training set

often dominates the computational cost. Training on static,
preexisting datasets risks that the surrogate will be inac-
curate in the optimal region. Consequently, recent activity
has focused on active learning, i.e., continually acquiring
training data during the training and/or optimization
processes [13,22,23,25,31], typically selecting an entire
map at each iteration. Still, after amortizing the cost of the
training dataset, the overall speedup compared to these
production methods is typically modest.
This paper presents a path to DAMA optimization, using

the outer loop to maximize efficiency of the inner-loop
training dataset. The work involves the following innova-
tions: (1) We select simulations and train the surrogate at
the granularity of single particles, rather than using full
maps. (2) We use an algorithmically driven acquisition
function (i.e., multipointBAX), which selects individual
points that maximally impact the optimization outcome,
rather than just reducing model uncertainty. (3) We imple-
ment an NN-based BAX framework, avoiding the n3

scaling of the Gaussian processes used by previous BO
and BAX applications in accelerator physics. The NN
approach is critical to handle the > 100 k points modeled
in DAMA optimization.

Approach.Multipoint optimization refers to tasks in which
each iteration of the optimizer requires a scan of variables
in a secondary space. The term originated in aeronautic
design (e.g., see Refs. [32–35]) but is common in scientific
fields in general (e.g., see Refs. [36–38]), with multiple
examples in recent years for accelerators [6,39,40]. In
DAMA optimization, each acquisition in the configuration
space requires a secondary scan of particles in position and
momentum space. The expense of the secondary scan—in
DAMA, each acquisition requires thousands of particle-
tracking simulations to return a scalar objective—is the
crux of why traditional multipoint optimization is difficult.
To address the multipoint challenge, multipointBAX

trains a surrogate model to construct the full DA and MA
stability maps, i.e., the surrogate model will predict the
number of turns a particle will survive as a function of both
configuration (magnet values) and position (x and y
coordinates for DA, and s and δ coordinates for MA).
Scanning over the position coordinates then constructs the
maps, from which we can calculate the area metrics
analytically. We can optimize directly on the cheap
surrogate model, calculating the DA and MA area metrics
for each configuration, to predict the Pareto front. This
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procedure (DAMA calculation plus Pareto front finding)
is the “algorithm” in multipointBAX [41]. Finally,
multipointBAX uses the output of the surrogate model
optimization to construct an acquisition function, which
selects new points to acquire from the physics simulator.
Specifically, the acquisition function selects new simula-
tions near the predicted stability boundary, but only in
regions predicted to have optimal performance. In this
work, we use a single deterministic neural-network surro-
gate together with the greedy, mean-prediction-based
MeanBAX acquisition function [42], a published instance
of the BAX framework; fully probabilistic, information-
based variants (e.g., InfoBAX) are a direction for future
work (see Supplemental Material [43]).
We emphasize that multipointBAX never acquires a full

DA or MA stability map; each acquisition returns the
number of turns for a single particle, and the algorithm
typically selects only a single-particle simulation for each
proposed configuration. Crucially, the single particle is not
used as a proxy for nonlinear performance; rather, each
single-particle acquisition is the minimal data unit from
which the NN surrogate incrementally learns the full
stability map. It is the surrogate—not any individual
particle—that serves as the model of nonlinear optics
performance. Only when we have finished the full opti-
mization will we evaluate the full DA and MA maps using
the physics simulation. Figure 1 compares multipointBAX
and BO, and Fig. 2 shows the full multipointBAX scheme.
To clarify the interaction between the two loops: in

conventional methods, the outer loop proposes a configu-
ration and the inner loop evaluates it by simulating a full
particle map (∼103 particles). In multipointBAX, the outer
and inner loops are unified through the surrogate model,

which spans both configuration space and particle-position
space simultaneously. This enables the algorithm to jointly
select which configuration and which particle position to
simulate next—acquiring only the most informative single-
particle data points rather than exhaustive maps. It is this
joint selection that enables single-particle-level acquisitions
and the resulting orders-of-magnitude efficiency gains.
Through the multipoint optimization lens, we can now

reinterpret the innovations described previously: selecting
individual points—and selecting only those that impact the
optimization outcome—improves the sampling efficiency,
while modeling individual particle outcomes improves
information efficiency. Given the large number of simu-
lations in each BO iteration, from an information and
sampling perspective, multipointBAX can be orders of
magnitude more efficient.
On the other hand, the need to model millions of points

(rather than thousands of DA areas) makes it infeasible to
use Gaussian processes as the underlying surrogate due to
the poor n3 scaling in the number of modeled data points.
Consequently, we use an NN as the surrogate model. We
have implemented a neural field [45] architecture: the
network takes as input both the accelerator configuration
and a particle position and predicts the survived turns for
that one particle. Selecting a single particle at each iteration
minimizes the total compute hours used, but given the
availability of high-performance computing clusters, as well
as the per-iteration overhead of retraining the NN and
rerunning the genetic-algorithm search on the surrogate,
to minimize the wall-clock time, we launch a batch of
50 physics simulations in parallel in each iteration.
Detailed descriptions of the algorithm, model architec-

ture, additional results, and computational analysis are
provided in Supplemental Material [43].

SSRL-X problem description. To demonstrate the method,
we apply multipointBAX to the design of the proposed
SSRL-X ring. SSRL-X is a low-emittance storage ring
lattice that is an option for a future upgrade of the Stanford

FIG. 1. Pedagogical comparison of BO and multipointBAX
methodologies. There are two key differences: First, in multi-
pointBAX, we simulate a single particle at each acquisition,
whereas BO simulates a full map of more than 1000 particles.
Second, the BO surrogate models the objective function (con-
figuration → objective), whereas the BAX surrogate models the
underlying physics function (i.e., configuration → map). Be-
cause of the increased complexity and large number of data
points to model, BAX also requires the use of an NN model,
whereas BO can use a simpler Gaussian process model.

FIG. 2. Schematic of the multipointBAX implementation for
DAMA optimization. Particle tracking is performed with the
Python build of the Accelerator Toolbox (pyAT) [46].
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Synchrotron Radiation Lightsource (SSRL). The design has
a natural emittance of 86 pm at 4 GeV [47], based on the
hybrid six-bend achromat (H6BA) lattice structure [48]. The
lattice employs several different combinations of H6BA
cells to produce long and short straight sections to host
insertion devices, superbends, or injection components, so it
lacks the multifold periodicity aimed for bymany other low-
emittance storage ring lattices. With the use of the H6BA
lattice structure and by enforcing transparency conditions,
the lattice achieves a high nonlinear-dynamics performance.
However, numerical optimization of the dynamic aperture
and momentum aperture is still necessary.
The MOPSO algorithm has been previously used to

optimize the dynamic aperture and the Touschek lifetime
with six sextupole families [47]. In Ref. [47], the strengths
of the sextupole families are varied freely within the six-
dimensional space such that optimization can change—
and optimize—the chromaticities [49]. However,
additional constraints are necessary to prevent a large
positive horizontal chromaticity and a negative vertical
chromaticity. In the current study, we use the chromaticity
response matrix of the six sextupole families to create four
knobs that do not change chromaticities, in the same
manner as found in Ref. [49]. This approach eliminates the
need to implement additional constraints on chromatici-
ties. Additionally, SSRL-X uses an off-axis injection
scheme from the −x side of the horizontal plane. We
account for this by applying a weight of 2.0 to the −x side
of the stable region in the DA objective calculation.

Evaluation of DA and MA in the previous study [47,48]
is done by tracking thousands of particles launched with
initial coordinates spanning the phase space (for DA) and
from various locations with different energy errors (for
MA) for thousands of turns. The optimization is computa-
tionally costly and time-consuming, and typically only the
performance for one error seed (for linear optics and
coupling errors) is evaluated for each sextupole solution.
Using multipointBAX can shorten the optimization cycle,
allowing more robust optimization across multiple error
seeds, and search over larger parameter spaces.

Comparison of bax and nsga-ii performance. The full
multipointBAX algorithm implemented for this study
is shown schematically in Fig. 2. We highlight that
multipointBAX focuses only on promising regions of
parameter space: once the model has determined a region
is not promising, multipointBAX does not resample those
configurations, improving the efficiency of training data
acquisition. On the other hand, multipointBAX continually
resamples in regions with high DA and MA, increasing
prediction confidence in promising regions (Fig. 3).
To assess performance against the de facto production

baseline, we require both a benchmark algorithm and
a metric. We choose the NSGA-II (a standard genetic
algorithm with similar performance to the MOPSO used in
Ref. [47]) as both the production baseline and the internal
optimizer within multipointBAX. For a metric, we select
the hypervolume enclosed by the Pareto front and a

FIG. 3. Model learning process: (a) shows the configuration input distribution projected on two dimensions (u0 and u1) using a
uniform manifold approximation and projection [50] transform fit on initial samples of BAX. Gray points show all sampled
configurations during the BAX run, blue triangles show the final PF from nondominated sorting genetic algorithm II (NSGA-II), red
squares show the final PF from BAX, and green circles show the initial PF from BAX. (b),(c) show DA maps predicted by the NN, and
(d),(e) show MA ones. The MA panels are plotted versus the index of the longitudinal position “spos” along the ring (horizontal) and
the index of the momentum offset (vertical). Panels (b),(d) show a “good” configuration predicted to lie on the Pareto front [black dot
labeled (b,d) in (a)], while panels (c),(e) show a random “bad” configuration [black dot labeled (c,e) in (a)] far from the predicted Pareto
front. For both DA and MA, from left to right in each subplot: prediction after initial training (Initial DAMA), prediction after final
training (Final DAMA), and ground truth (GT DAMA). The color scale in all panels (b)–(e) represents normalized survived turns
(white = lost on first turn, blue = survived the full number of tracked turns), and the contour marks the DA or MA boundary.
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reference point, with the comparison as a function of
simulation queries shown in Fig. 4.
For both multipointBAX and NSGA-II, we randomly

select 1 of 10 error seeds for each call to the physics
simulator, which we observe improves the performance
of both approaches. After the optimization concludes,
we evaluate every point in each final selected configura-
tion using 10 new error seeds, none of which were used
during the optimization process. For BAX, the evaluation
cost is significant relative to the small optimization cost,
so Fig. 4 shows both optimization-only and total curves.
For NSGA-II, only the optimization cost is shown, as the
evaluation cost is negligible compared to the ∼22 M
optimization simulations.
We find that multipointBAX converges with 40 times

fewer acquisitions, all-inclusive, compared to the number
of acquisitions required by NSGA-II to reach approxi-
mately the same performance (Fig. 4). However, this
undersells the efficiency of multipointBAX: only 10%
of the simulations occur during the BAX routine, with the
vast majority occurring in the final evaluation after the
optimization is complete. If we only consider the BAX
acquisitions, multipointBAX converges to an optimum
with more than 400 times fewer simulation calls compared
to NSGA-II. The high fraction of simulations in the final
evaluation is in part due to the relative simplicity of the
four-dimensional search. For harder tasks (e.g., higher
input dimensionality, more complex behavior), the final

evaluation will be a smaller fraction of the computational
cost, and the all-inclusive gain will increase.
We implement an early-stopping procedure based on

convergence of the model’s predictions [6], resulting in
the black stars on the BAX curves in Fig. 4. We also note
that Fig. 4 compares the computational cost based on the
number of simulations acquired, ignoring the varying run-
time of individual particles. Because multipointBAX
preferentially samples near the stability boundary where
particles survive longer, its average per-simulation cost is
higher, but the difference is relatively modest (∼2.6 s
for multipointBAX vs ∼1.9 s for NSGA-II) and does not
affect the conclusions. See Supplemental Material [43]
for details. In total, the BAX optimization required
∼100 CPU core-hours (∼1 k including final evaluation),
compared to ∼38 k core-hours for NSGA-II. We further
assess the robustness of these results to the choice of
DAMA objective weighting and to run-to-run variation in
Supplemental Material [43].
Beyond the efficiency gains, multipointBAX has an

additional advantage of greater interpretability compared
to the production baseline methods. MOGA and MOPSO
provide no information about configurations beyond those
sampled during the optimization, and each new query
requires an expensive physics simulation. Classical BO
algorithms produce a surrogate model of the objective
function only. By contrast, the multipointBAX routine
produces an NN surrogate of the full DA and MA maps,
enabling subsequent exploration of new sextupole settings
by hand. The NN surrogate provides physicists with
intuition about the optimization, for example, revealing
how the predicted DAMA maps change as a function of
sextupole knobs or suggesting how to promote the growth
of DA in desirable areas.

Conclusion. We have presented an application of
multipointBAX to DAMA optimization, highlighting
the benefit of acquiring and modeling simulations at the
individual particle level. We observe 40–90× speedups for
the proposed SSRL-X lattice while achieving equivalent
performance. We anticipate gains could be even higher
when applied to more complex optimization tasks, e.g., for
the Future Circular Collider [51], where the optimization is
expected to take longer, and the final evaluation will be a
negligible fraction of compute cost: during the optimiza-
tion procedure, we observe a speedup factor of more than
400 compared to NSGA-II.
The implications extend far beyond DAMA. Any multi-

point optimization—from beam diagnostics and machine
protection at accelerators, to scientific facilities broadly—
can benefit from this approach. Several advances could
amplify these gains further: probabilistic models to quan-
tify uncertainty, improved batch sampling strategies,
pretraining on existing simulation databases, and combin-
ing multipointBAX with fast chaos indicators [17–19] that

FIG. 4. BAX vs NSGA-II performance as a function of the
number of particle-tracking simulations using hypervolume. We
run both BAX and NSGA-II twice and show both individual run
curves (thin, light lines), as well as the mean of the two (thick
lines). For BAX, solid lines show optimization cost only, and
dashed lines include the final evaluation (20 configurations); for
NSGA-II, only the optimization cost is shown, as the evaluation
cost (∼720 k simulations) is negligible relative to the ∼22 M
optimization simulations. Black stars mark BAX’s early-
stopping point on the optimization-only (25k simulations) and
total-cost (265k simulations) curves, and the point at which
NSGA-II reaches comparable performance (11M simulations);
the dotted line indicates that hypervolume level.
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reduce the per-simulation cost. Most significantly, the
ability to simultaneously optimize performance and
robustness opens new design paradigms where reliability
is built into the optimization process rather than verified
post hoc.
Finally, the ability to model a physics function, rather

than an objective function, provides multiple benefits that
future work could explore. For example, the trained
surrogate could support optimization with new objective
functions without the need for additional simulations. The
physical surrogate could even support joint optimization of
entirely different design tasks simultaneously. For exam-
ple, diagnostics and machine protection systems also
require detailed tracking and could build off the same
set of simulations and even the same surrogate model
developed during a multipointBAX DAMA optimization.
Joint optimization across an entire facility design would
provide further improvements in efficiency.
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