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Particle-in-cell simulations are widely used in most fields of physics to investigate known and new
phenomena which cannot be directly observed or measured yet. However, the computational and time
resources needed for PICs make them impractical when high resolution and long time/distance simulations
are required. In this work, we present a new PIC simulation code that takes advantage of the use of a
relativistic reference frame and consequent time dilation and length contraction. These properties make a
simulation capable of long (meter length) and high resolution simulations without the need for
supercomputers. This new code is a step forward with regard to the previous tries enabling complex
multiple body situations without additional filtering and smoothing of fields and currents. The usefulness of
the relativistic frame PIC code is displayed by simulating electron beam bunching obtained in long
undulator propagation and also the potential as a beam ”buncher” of 10 s of cm long low-density plasmas.
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I. INTRODUCTION

Essential advantage in elaboration of plasma accelerators
[1] and plasma beam optics [2,3] stimulates the developing
of other plasma elements able to reduce the size and cost of
conventional devices. One of such instruments is the
undulator [4], especially for XFEL generation [5], which
needs of 10 s of meters of it to obtain the desired radiation.
Adding plasma elements in its construction or even devel-
oping a full plasma undulator [6,7] may drastically improve
the characteristics of these radiation devices operating at far
shorter periods with the same K-number [4]. Both of these
cases require thorough numerical investigation to under-
stand the way how to develop, as the analytical approaches
[6] are surely not enough, as one needs to carefully
comprehend the intricate interactions between the electron
beam particles and everything else.
There are several numerical softwares for simulating the

characteristics of vacuum undulators [8–10]. However,

simulation of complex setups like the plasma interaction
with particle beams in the presence of an external fields can
be performed only by particle-in-cell methods.
Since its inception in the 1960s [11,12], particle-in-cell

(PIC) simulations have become an indispensable tool to
study the underlying physics of complex phenomena which
cannot be accessed in any other way. PIC permits to model
the kinetics of a grand ensemble of particles interacting
with each other and with electromagnetic fields in a self-
consistent manner. In a PIC code, a finite number of
macroparticles, i.e., groups of real particles that conserve
the mass-to-charge ratio, sample the system phase space
well enough to achieve a good results without the need of a
large number of real particles. Such codes offer a great
flexibility, thus, virtually any system could be simulated in
an “ab initio” fashion. However, two major factors limit the
applications of PIC. First, for highly complex systems, a lot
of different types of phenomena can occur at the same time
(ionization [13], collision [14,15], acceleration [16], etc.),
which requires careful planning of the code and testing to
make sure that everything occurs as expected. Regarding
the code, the different numerical methods have distinct
drawbacks (accuracy [17–19], charge conservation [20],
border conditions [21], etc.). On top of that, testing that
everything is correct needs of the creation of benchmark
cases where the result should be understood beforehand,
which, in some cases, is a challenge on itself. Second, the
sheer number of macroparticles and field points defined in a
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fine spatial grid (in order to resolve the smallest elements)
may demand huge amounts of computational resources for
a 6D phase space. In some instances, the phase space can be
reduced by just simulating a 2D geometry or taking
advantage of symmetries like with the quasi-3D cylindrical
codes [22,23]. However, such dimensional reduction can be
only used in specific problems and even then, energy
conservation, numerical heating [12], or the physics of the
problem may be affected, especially for long simulations.
So, the use of such tools requires a previous study to
ascertain if they are appropriate and to what extent. Even
using the dimensional reduction, problems that require long
propagation distances (> cm) are not practical to do due to
the usual required resolution and simulation box size. For
example, in principle, the simple propagation of a relativ-
istic electron beam along a magnetic planar undulator to
generate free electron laser (FEL) radiation [24], becomes a
difficult task as it needs meters of propagation with a spatial
resolution smaller than the electron beam radiation wave-
length. A quick estimation tells us that for a radiation
wavelength of λr ¼ 200 nm, a proper simulation will
require a spatial resolution of Δx ¼ λr

16
¼ 12.5 nm, thus,

a meter of propagation needs 8 × 107 steps; however, the
bunching and initialization of coherent radiation for FEL
[25] requires of typically ≈1–3 m, i.e., ≈8–24 × 107 steps.
Simulating such number of steps for ≈108 particles requires
of huge resources including simulation time. In addition,
the meter size simulation box cannot be calculated directly
as it will require a prohibitive amount of RAM (≈1 PB) to
be stored during the simulation. While the later issue can be
solved by using a “moving window” [21] simulation box,
the former is not trivial.
In the particular case of FEL generation, one might think

that the already existing codes, e.g., GENESIS [8],
SIMPLEX [9], ASTRA [10], are enough as they allow
to predict the experimental FEL performance even though
they are not “ab initio” and use multiple approximations.
While this is true if one only cares about such usage, they
are not enough to properly study the beam dynamics, and
most importantly, the three element interaction previously
alluded to, e.g., between the undulator field, electron beam,
and a plasma. The addition of another element like a plasma
to this process cannot be done with the aforementioned
codes and it is of great interest for the future undulators as
cm size plasmas show great promise as an electron beam
early buncher. Furthermore, even the electron beam propa-
gation inside 10 s of cm long plasmas cannot also be fully
done in a reasonable time and set of resources, and such
simulations are of capital importance for the research of
plasma optics and plasma undulators, which require both
long propagation and enough resolution for the radiation
emitted.
With the objective of understanding the use of a plasma

optic to improve the beam characteristics to increase the
efficiency of the FEL radiation generation and exploring

the real use possibilities different PIC existing solutions
were explored; however, none adapted to such research was
discovered. Consequently, this novel research required the
development of appropriate simulation tools.
In this work, an extension of the PIC code FPlaser

[26,27] to approach such problematic (arbitrary plasma-
beam-external field interactions) is presented and used for
our research, i.e., in the context of the interaction between a
relativistic electron beam, a planar undulator, and a plasma.
Then, the first results of the use of a plasma element in
order to quickly imprint a regular longitudinal electron
beam spatial modulation, i.e., microbunching, are obtained
using PIC.
The code is based on the use of a booster reference frame

that moves, in the electron beam propagation direction, at a
constant relativistic speed, i.e., γR > 1. In this relativistic
reference frame, following the relativity equations, the
meter (cm) size undulator (plasma) is reduced to ≈cm
(≈mm) size. On the other hand, the μm Gaussian electron
beam elongates to only mm size. These changes in distance
make suddenly possible to use PIC to calculate the electron
beam propagation even for meters without the need of
excessive computer resources. However, being in a relativ-
istic reference frame (RRF) instead of a laboratory reference
frame (LRF) raises a lot of questions about theway to do and
understand the simulation results of the complex three-way
interaction that require of careful research.
Previously, such RRF has been tried in the code WARP

and WARPX [28–32] for external injection LPA [33],
interaction between a ultrarelativistic proton beam and
simple uniform magnetic field [34]. However, multiple
instabilities related to the backscattering radiation and at the
plasma column that can end up introducing large quantities
of noise are a recurring problem. These issues limit the γR
possible for each simulation case. Nevertheless, great
efforts are being carried to filter the instabilities manually
using different methods and modified pushers [34,35], thus,
allowing in some cases high γR. In addition, a 2D FEL
simulation was tried (low current electron beam in a
periodic magnetic field) [36] in which no moving window
was used and the electron beam was selected so the space
charge was not prevalent and no interaction with the
window borders appeared. However, while nothing inher-
ently wrong was identified, the simulation could not
properly reproduce the SASE (self-amplified spontaneous
emission) phenomena and even with a prepared artificial
seed the results differed from the expected results by a
factor from 2 to 4 times. Some of the issues encountered
were due to the choice of γ. Around the same time, and
following WARP’s, the OSIRIS code [37] also imple-
mented a RRF for its PIC simulations. In this case, again, it
has been mostly oriented for self-injection, injection, and
external guiding and LPA simulations [38,39], and to
simulate electron beam radiation during betatron oscilla-
tions in a ion channel like electric field [40]. Nevertheless,
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the same instability problems are found. The simulations
are limited by the quantity of backward radiation and its
wavelength [38,39], and in applicable cases, they are
filtered. Moreover, field and plasma current smoothing
are used to avoid instabilities in growth [38].
While not reinventing the PIC methods (e.g., leap-frog

scheme, Poisson, etc.), these previous works are steps
forward in the right direction to generalize PICs methods to
phenomena that require of cm and meter sizes. However, as
shown in the different previous works, numerous problems
of the existing solution limit the utility and applicable
circumstances and are not appropriate for every situation.
This work is another step forward to expand the PIC RRF
to complex systems, including proper ion motion, trans-
formation of beam distribution from LRF to RRF, and
simulation of high charge density electron beams. And
while not applicable to all cases, the here presented code
has been conceived for the accurate simulation of the beam
dynamics.
Numerical Cherenkov radiation (NCR), which is caused

by the discretization of space and time in simulations
deriving in an inaccurate speed of light can cause insta-
bilities and nonphysical phenomena [31,35,41–44]. While
in this work a laser is not taken into account, it is important
to remark that there is an essential difference between
changing the reference frame for a particle beam (like is
being done here) and a laser pulse. The RRF of the beam at
rest (γR ¼ γB) does not exist for a laser, always moving at
the speed of light. In the LRF, the most important parameter
for the interaction between a plasma and a laser is δ ¼ Ne

Ncr
,

with Ne the plasma density and Ncr ¼ mω2

4πe2 the laser critical
density. If δ > 1 the laser cannot propagate (overdense
plasma) and if δ < 1 the laser moves through the plasma
(underdense plasma). Going to an RRF of γR, the previous
quantities are transformed as: Ne;RRF ¼ γRNe;LRF; mRRF ¼
γRmLRF; ωRRF ¼ ωLRF

2γR
. Therefore, the δ parameter becomes

δRRF ¼ 4γ2RδLRF. For LWFA, the typical density of interest
is Ne ≈ 1019 cm−3 and for a Ti-Sapphire laser pulse
Ncr ¼ 1.7 × 1021 cm−3, thus, in the RRF, the plasma
becomes overdense at γR ≈ 10. It is well known from
PIC simulations, that, even in the LRF, a laser pulse
propagation into plasma with Ne close to Ncr is unstable
resulting in filamentation and soliton formation [45,46].
Meaning that, for a laser pulse the use of a RRF with higher
gamma should result in some numerical instabilities related
to the incorrect dispersion calculation, for example, NCR.
Electron beams are free of this problem, and many insta-
bilities vanish or affect only plasma after relaxation, thus, not
the beam dynamics. This work also goes deeper about the
discussion regarding the extraction of a full picture of the
system in the LRF from RRF data, and how it is limited by
the particles own momentum and the time resolution.
Nonetheless, as in the mentioned previous works [29,33–
35,38,39], the full transformation is not done here.

In this work, first the basis for such PIC code [47] is
explained, how the RRF is created and some 2D results to
confirm the correctness of the simulation. Then, to present
the promising usefulness of such PIC code and the concept
and feasibility of the plasma element to improve the beam
parameters, thus, increasing the Pierce Parameter [48]
(figure of merit for FEL) for later FEL radiation purposes,
new results about the utilization of a low-density plasma as
a tool to bunch the electron beam in cm lengths are shown;
however, a full deep study will be made separately. In
Sec. I, the general PIC scheme used and the implications of
working in a relativistic frame will be presented. Sec. II
deepens in the problematic of understanding the results in a
RRF instead of a LRF. Then, in Sec. III, the code is tested
with a vacuum and inside undulator beam propagation
simulations and the results are compared with the expected
results. Sec. IV presents an overview of new results about
the bunching imprinted into an electron beam during its
propagation in a low-density plasma, obtained thanks to the
advantages offered by such code [47]. Before the con-
clusion, Sec. V swiftly shows the simulation of a complex
system of a beam propagating inside a plasma inside an
undulator.

II. RELATIVISTIC BOOSTER FRAME

The PIC code solves the electromagnetic equations via
the Maxwell equations, constituting a system enough for
the simulation:

∂E
∂t

¼ c∇ ×B − 4πðje þ jiÞ; (1)

∂B
∂t

¼ −c∇ ×E; (2)

dρe
dt

þ divje ¼ 0; (3)

dρi
dt

þ divji ¼ 0: (4)

Here ρi, ρe, and je, ji are the electron and ion charge
densities and corresponding current densities. Typically,
Eq. (4) is neglected in many problems, i.e., assuming the
plasma ions are immovable. Equation (3) is solved by
methods of current weighting [49]. In a reference frame
moving with velocity vR, the ion current density is not zero,
it becomes ji ¼ vRρi. Similarly, the electron current is also
je ¼ vRρe, and the total current is zero. However, with any
charge separation under external forces the effect of plasma
currents may become essential. One may exclude artifi-
cially vR from the electron part of the current calculation.
However, the charge separation effects in this case vanish.
The simulation of the FEL process via PIC requires of

meters of propagation, i.e., the order of magnitude for the
electron beam to achieve bunching allowing the start of
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coherent radiation amplification is of ≈1–3 m (gain
length [50]). Let’s consider a monoenergetic electron beam
of 15 μm FWHM length, γB ¼ 300 in the LRF and an
RRF S0 moving with γR ¼ 10. Following Lorentz trans-
formations [51]:

x0 ¼ γRðx − vRtÞ; (5)

t0 ¼ γR

�
t − vR

c2
x

�
; (6)

vR ¼ c

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1

γ2R

s
; (7)

with the prime denoting the RRF, vR the longitudinal frame
speed, and c the speed of light. One finds that in S0, the
undulator length is reduced by Lund

γR
(Fig. 1). However, for a

Gaussian initial electron beam, the transformation of the
electron distribution using Eqs. (5) and (6) gives the
following elongation of the beam:

e
−ðxþubtÞ2

σ2x ¼ e
−γ2

R
σ2x
ð1−ubvR

c2
Þ2½x0þt0ð1−ubvR

c2
Þ−1ðub−vRÞ�2

; (8)

with ub the beam longitudinal velocity, vR the RRF velocity,
and σx the beamsize on theLRF.Considering the distribution
as done at the initial time of the RRF (t0 ¼ 0) and the relation
Eq. (7), the beam size becomes in the RRF:

σ0x ¼ σx
γB

γBγR − ffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2B − 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2R − 1

p ; (9)

with γB the electron beam gamma. Therefore, the afore-
mentioned electron beam becomes ≈0.3 mm in such RRF.

These values permit to perform a reasonable PIC simulation
of the entire process. As it is to be expected, the changes of
lengths also affect the resolution needed. Since the beam
propagation length in plasma and/or undulator is L=γR (with
L being Lundulator or Lplasma) and plasma propagation length

through the beam is lbγR the optimal γR is
ffiffiffiffiffiffiffiffiffiffi
L=lB

p
. However,

if computer resources allow it, γR can be reduced.
Considering the FEL simulation case, the smaller feature

that has to be resolved is, in the LRF, the radiation
wavelength given by [52]:

λl ¼
λu
2γ2B

�
1þ K2

u

2

�
; (10)

with λl the radiation length, λu the undulator period, and ku
the deflection parameter of the undulator. For a 1 T peak
field and a 2 cm period undulator for our example electron
beam, one obtains λl ≈ 304 nm. However, as the simulation
is done in a RRF, the RRF λl adds a dependence in γR as
follows [53]:

λ0l ¼ λl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ βR
1 − βR

s
≈
λu
γ2B

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ βR
1 − βR

s
; (11)

βR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1

γ2R

s
: (12)

Thus, changing the required resolution on the LRF from
nm to μm for γR > 10, which is a reasonable spatial
resolution for PIC, e.g., in our example λ0l ≈ 6 μm.
While it may be tempting to increase γR as much as
possible, this will cause the electron beam to increase in
length, therefore requiring a longer simulation window and
number of cells to keep the μm resolution. A badly chosen
simulation γR can increase too much the computational
resources needed. The interplay between the different
element sizes and their implication on the resolution and
resources has to be carefully considered case by case. The
resolution requirements can be summarized with a con-
dition on the relativistic resolution factor RRF:

RRF ¼
8Lwind

Nx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − βR
1þ βR

s
< λl; (13)

with Nx the number of simulation cells in the longitudinal
(propagation) direction and Lwind the total longitudinal
window size in the RRF. Furthermore, using Eq. (10) and

simplifying ð1þ K2
u
2
Þ ≈ 1 (for undulator K2

u < 1), one can
obtain:

FIG. 1. Scheme of the space elongation of the Gaussian
electron beam (green) and contraction of the undulator (red/blue)
and plasma (orange) when going to a relativistic reference frame.
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RRF ≈
16γ2BLwind

Nx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − βR
1þ βR

s
< λu: (14)

The factor 8 of Eq. (14) comes from the fact that at least 8
points evenly distributed should be needed to properly
determine a sinusoidal wave. The relativistic resolution
factor RRF shows well the interplay of the changes on the
different components of the simulation input parameters
due to the relativistic nature of the RRF. Figure 2 presents
the changes in RRF with respect to both γB and γR.
Regarding the fields, due to the nature of the Maxwell

equations, Eqs. (1)–(4) stay the same. However, the
undulator dipolar magnetic field in the LRF is transformed
as follows:

B0
k ¼ Bk; (15)

E0
k ¼ Ek; (16)

B0⊥ ¼ γR

�
B⊥ − u

c2
×E

�
; (17)

E0⊥ ¼ γRðE⊥ þ u × BÞ; (18)

with u the relative velocity between frames, ⊥ and k the
perpendicular and parallel directions with respect to the
RRF propagation direction.
When adding a plasma, the same length contraction

occurs as with the undulator. However, in the case of the
plasma, as a consequence, the density (Ne) in the RRF is
higher:

N0
e ¼ NeγR: (19)

Thus, depending on the chosen γR, if the plasma is too
dense and thin a higher longitudinal resolution ΔX may be
needed. Also to make sure that the plasma effect is well

resolved for such cases, the number of macroparticles per
cell for the plasma may also be increased.
The change of the plasma density raises the question

about the plasma wavelength and wake size. Even though
the wake behavior in plasma is out of scope of FEL topic,
because the wake and its stability do not affect character-
istics of beams, it is interesting to understand possible
further plasma evolution. Since the plasma electron density
and their mass increase with γR linearly, the plasma
frequency does not depend on the reference frame.
Therefore, λp should be also constant. However, just behind
a driver, there is a wave moving with the driver group
velocity, vgr, and the density is a running wave ne ¼
nðxþvgrt

λp
Þ in LRF. After the Lorentz transformation, the

length of this wave increases γR times, λ0p ¼ λpγR in RRF.
Nevertheless, after the driver passes through plasma, the
running wave vanishes and λ0p should become independent
on γR, with a peak density distribution inside the wave
period depending on γR. In our test simulations, we
observed the increase of wake length in first periods with
γR, while the length of post density perturbation shows the
length not increasing with γR. Nevertheless, the problem,
which is not trivial, requires special consideration that is
out of the scope of this paper.
All static elements in the LRF (e.g., undulator, plasma)

move in the opposite direction to the RRF propagation with
a speed of:

V 0
element ¼ −c

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1

γ2R

s
¼ −cβR: (20)

For the particle push, the leap-frog scheme [12] is here
used, providing a second-order accuracy, a good compro-
mise between exactitude and calculation speed.
The simulation uses a moving window carefully elab-

orated to work for any γR, automatically adjusting its
movement to be well adequate to the RRF time step.
The boundaries of the problem are extremely important to
avoid any artificial interference with the undulator and
radiation fields and prevent particles from reflecting back
into the simulation domain after reaching the edge of the
grid. Regarding the fields, here an absorbing boundary
condition [21] is used, i.e., the fields are absorbed when at a
certain distance from the boundary and the absorption
strength is nonlinear and proportional to the distance to the
window edge. The integration of this boundary condition is
similar to the LRF PIC case as it is independent of the
reference frame and of the absorbed field as they still
propagate at c. While the electron beam macroparticles
become dummy particles when going beyond the bounda-
ries. For all simulations in this work, the number of
particles per cell is 4. The ion current is directly calculated
(essential for plasma in the RRF) in this code. In addition,

FIG. 2. Dependence of the relativistic resolution factor RRF on
γB and γR when considering 16Lwind

Nx
¼ 1.
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the approximation of using the electron current as an analog
of the ions motion was tried. Results of both calculations
were different, which implies that the ion current effect due
to charge separation was essential. Therefore, the proper
direct method was chosen. The particle populations (ion,
electron, beam electrons) are split. The plasma ions and
electrons use the same weighting, otherwise, the discrep-
ancies cause instabilities.
Regarding the plasma, as mentioned before, in the RRF it

moves opposite to the electron beam and window, there-
fore, it will always enter the window from one side and
disappear through the other boundary.
The code itself started as a modified version of the

extensively used FPLaser PIC code. However, the multiple
challenges to adapt it for RRFmade it clear that the changes
required were numerous enough to justify the making of
another branch of the code. FPLaser has been extensively
tested and successfully compared with experiment and
other codes for years, e.g., FBPIC [3], REMP [54], OSIRIS
[55]. This relativistic code, when using γR ¼ 1, gives the
same results as the nonrelativistic frame FPLaser (which
already agrees well with other codes), thus, proving that the
electromagnetic field calculation, current calculation, par-
ticle weighting, etc., are done correctly.

III. UNDERSTANDING THE RELATIVISTIC
REFERENCE FRAME

One of the difficulties for data treatment and compar-
isons between RRF and LRF that arise from the Lorentz
transformations [Eqs. (5) and (6)] of the particles is the time
difference. From Eqs. (5) and (6), it can be seen that as the
electron evolves in the RRF, its momentum and position
change, and therefore, the corresponding LRF t to its t0.
While straightforward for a single electron, when consid-
ering two electrons, one finds that for an instant t0, if the
electrons have different position and momentum, their
respective te1 and te2 are not necessarily equal, thus, the
instant t0 translates into a span of time (Fig. 3):

ΔTe1;e2 ¼
γR
c2

vRðx0e1 − x0e2Þ: (21)

The quantity of simultaneous electrons in a beam only
aggravates this issue. Therefore, it is difficult to judge the
exact state in the LRF of the full beam, especially during
interaction with other elements, e.g., plasma. Two solutions
present themselves to this conundrum.
For a group of particles of similar momentum in the RRF

propagation direction, one can select γR and ΔX0 so that the
ΔT after transformation to the LRF is small enough to be
negligible or at least acceptable:

ΔT ¼ γRβR
c2

ΔX0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2R − 1

p
c2

ΔX0: (22)

However, the transformation from RRF to LRF carries
always an error in the quantities of around the order of its
variation during ΔT.
Due to the time quantization inside the simulation, the

evolution of ΔT corresponding to a step in t0 depends on
both the simulation time step and the system particles
momentum in the RRF propagation direction. Therefore, if
the momentum in the RRF propagation direction for certain
particles is significantly larger than others the ΔT could
vary substantially between time steps. Furthermore, it may
be impossible to directly reconstruct a specific time in the
LRF even with full information of all time steps during the
RRF simulation. With the only direct solution being using a
huge time resolution in the RRF, which could counter the
simulation speed gains obtained over the LRF. That is why
the condition of similar momentum particles was assumed
for Eq. (22). Once each group dynamics have been trans-
formed to the LRF, the time evolution in the LRF should be
able to be reconstructed for a good resolution simulation. In
particular cases, this LRF reconstruction process can be
easier and simpler if the change in momentum is gradual
and/or periodic, e.g., undulator field. Furthermore, for two
different γR RRFs, let’s say 10 and 100, the time window
produced by an instant in their respective reference frames
will differ by a factor 10 (Fig. 3), for a same ðΔX0;Δp0

xÞ.
So, even between RRFs the comparison is not necessarily
intuitive.
The issue with the previous solution is the amount of

postprocessing necessary to do it albeit being technically
possible. The second solution is to base the analysis to only
invariants. For example, the transverse dynamics are
invariant between reference frames, radiated energy, beam
charge in vacuum.
In addition, the use of γR ¼ γB difficults the spectral

analysis as the beam is static in the RRF and the emission is
in 2π. On top of this, for such high γB beams, γR ¼ γB
reduces considerably the undulator period and increases the
FEL wavelength, thus, having a bunching saturation wave-
length much larger than an undulator period. Finally, the
beam size increases substantially and the plasma is short-
ened causing sometimes the need for too high resolution.

FIG. 3. Visual representation of the Lorentz transformation
toward the LRF of a group of electrons with different px and x at
an instant tRRF;γ10 (tRRF;γ100) in a RRF of γR ¼ 10 (γR ¼ 100).
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Therefore, for such studies γR ¼ γB does not seem to be
appropriate.
These differences between reference frames also affect

the understanding of the wakes generated by a driver in an
RRF as already alluded previously. For a fixed time in the
RRF the plasma particles are distributed in a ΔtLRF. So,
when observing a wake in the RRF, one has to keep in mind
that it does not correspond to any particular wake that may
appear in the LRF, thus, being a different object, a wake in
space time and not only space. Again, such counterintuitive
subtleties make even more important the need for a careful
postprocessing of the data.
Even though the RRF can allow for fast long simula-

tions, each problematic, should have an “appropriate γR
range” where the lower end offers speed ups and easier
comparison with LRF and at higher ends, make possible
quite long distances without still outweighing the computa-
tional gains by the need of a huge window and resolution,
e.g., like in our case due to the beam becoming too large or
the plasma too short and dense.

IV. ELECTRON PROPAGATION IN VACUUM AND
UNDER EXTERNAL FIELD

Our main motivation for the development of the RRF
PIC code is to be able to simulate the electron beam
dynamics during propagation inside long plasmas (10s of
cms) for their use as prebuncher, optics, and also for the
research of plasma undulators. Therefore, the most appro-
priate benchmarks are the propagation of electron beams in
vacuum, in an external field (e.g., undulator) and inside a
long plasma. All simulations are done in 2D as the main
phenomena that need to be observed (i.e., plasma and
planar undulator) would not meaningfully change from a
3D simulation.
The simulations parameters are presented in Table I. In

all cases a beam of 30 pC, 40 μm transverse diameter and
15 μm length in the LRF has been used. After definition in
the LRF the code itself calculates the equivalence to the

RRF with the chosen γR following the prior equations. As
previously mentioned, the electron beam length is
increased [Eq. (9)]; however, the same total charge is kept
constant, thus, making the charge density lower in the RRF.
For all simulations, an initial transverse momentum has
been applied to the beam. The time and space are
normalized by ω and c=ω, respectively, with c the speed

of light, and ω ¼ ωplasma;cgs ¼ 2e
ffiffiffiffiffiffiffiffiffiffi
πNeγR
me

q
(with me the

electron mass and e the electron charge), except in the
case where ωplasma;cgs is lower than 2πγRc

λu
, in that case the

latter is used instead for convenience.
In vacuum the only forces on the electron beam are those

created by its own electrons electric field and current. In
order to avoid any nonphysical currents due to the sudden
calculation of the relativistic electron beam movement in
vacuum during the first steps, an initial background of
artificial ions perfectly compensating the electron beam
charge is used. During a time T ion, the charge of these ions
will be damped linearly until their total disappearance. This
allows for a better initialization of the fields generated by
the electron beam currents. T ion is here set as ≈0.1 ps in the
RRF. In addition, a very small transverse divergence (much
smaller than that in realistic cases) is added to simulate a
realistic case and also to avoid any nonphysical self-
focusing of the electron beam due to Cherenkov instabil-
ities [41]. The introduction of a transverse momentum
reduces the normalized momentum, i.e., px

ptotal
, thus, avoiding

the numerical error that may allow electrons to go above the
speed of light. Figure 4 shows the propagation of an
electron beam with initial σ0y;rms ¼ 0.5 mrad (root mean
squared) transverse divergence in vacuum during ≈35.5 ps,
which corresponds to ≈0.55 m in the LRF, with the
simulation parameters in Table I (V.). Figures 4(a) and 4(b)
presents the initial beamdensity distribution and after 30.5 ps
RRF of propagation and Fig. 4(c) the transverse density
projection evolution at each time step. It is seen that the beam
properly diverges as expected. After ≈0.55 m the beam
size grows up to σy ¼ 364 μm, which corresponds to the

TABLE I. Simulation parameters for the vacuum (V.), beam inside undulator (Und.), beam inside plasma (Pl.), the LRF and RRF
comparison (RRFcomp, LRFcomp), and beamþ plasmaþ undulator ðPl:þ Und:Þ cases. dXRRF (dYRRF) resolution in the propagation
(transverse) direction, Dplasma;LRF plasma density in the LRF, Lplasma;LRF (Lplasma;RRF) plasma length in the LRF (RRF), λu;LRF (λu;RRF)
undulator period in the LRF (RRF), Bpeak undulator peak field.

Lwind;X Lwind;Y dXRRF dYRRF Dplasma;LRF Lplasma;LRF Lplasma;RRF λu;LRF λu;RRF Bpeak

Case γr γb (mm) (mm) (μm) (μm) (cm−3) (cm) (mm) (cm) (mm) (T)

V. 50 300 7 2 0.5 0.65 … … … … … …
Und. 50 300 7 2 0.5 0.6 … … … 2 0.4 1
Pl. 10 300 1.4 0.7 0.107 0.359 3 × 1015 20 20 … … …
RRFcomp 3 300 3 1.2 0.094 0.52 1 × 1017 40 40 … … …
LRFcomp 1 300 1.1 0.9 0.183 0.78 1 × 1017 40 40 … … …
Pl.2 25 1200 7.5 1.4 0.21 0.9 3 × 1016 20 8 … … …
Pl:þ Und: 10 300 1.4 0.7 0.11 0.36 3 × 1015 20 20 2 2 1
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σy ¼ 315 μm due to initial divergence plus the effect of the
beam space charge which increases slightly the divergence
specially during the start of the simulation (highest charge
density), approaching σ0y;rms ≈ 0.75 mrad at 0.55 m. While
an exact space charge calculationwould require of 3D, due to
the relatively low beam charge density of the beams here
used, the differences between 2D and 3D are of no impor-
tance. Still this shows that a high resolution and accurate
simulation of vacuum propagation along ≈0.55 m taking
into account the intrabeam forces, can be done in just 14 real
time hours and 220 cores, which is already not possible in
normal PIC codes.
Figure 5 presents a ≈1 m propagation of the electron

beam inside an undulator [parameters at Table I (Und.)].
Special care has to be taken with the start of the undulator
field in the simulation. The field cannot start suddenly as
the electrons would jump from a zone without field to one
with a strong enough field in a single step, causing a kick in
the transverse direction. To solve it, a gentle slope is used,
which has been found to erase this effect. The limitation
comes from the leap frog scheme accuracy. This quick
solution allows to prevent the nonphysical kick with mini-
mum effect on the beam dynamics and avoiding the need of
unnecessary high resolution. Inside a periodic undulator field
the electron beam starts to oscillate [Fig. 5(a)] and eventually,
due to its own charge and emitted radiation the density starts
to acquire a longitudinal modulation [Fig. 5(b)] [56].
Following the evolution of the transversely integrated beam

density [Fig. 5(c)], the slow apparition of the density bunches
can be clearly seen. Initially, the electron beam starts its
oscillation creating a density wave of wavelength 400 μm,
i.e., equal to the undulator λ0u (RRF). After around 8 ps in the
RRF, the bunches start to appear [Fig. 5(d)], with an
interbunch (i.e., distance between the distribution peaks of
two consecutive bunches) distance of 200 μmcorresponding
to λ0u=2. Following the 3D phenomenological equations for
FEL obtained by Xie [57], for a self-amplified-spontaneous-
emission (SASE [58]) FEL, the gain (Lg;3D) and saturation
lengths (Ls;3D) for our configuration are ≈6.7 cm (≈6 ps in
RRF) and ≈1.22 m (≈80 ps in RRF), respectively. In the
simulation, the beam starts to show clear differentiable
bunches after ≈8 ps, which agrees with the equations
prediction (Lg;3D ≈ 6.7 cm or 6 ps in RRF). By the end of
the simulation, i.e., ≈63 ps, the mean bunch size (i.e.,
longitudinal size of single bunch inside the electron beam)
starts to saturate, thus, it is close enough to the Ming Xie
equations results for saturation (≈80 ps in RRF). The
saturation mean bunch size is of around σx;bunch ¼
60 μm rms [Fig. 5(d)]. The slight differences are easily
explained by the phenomenological character of the equa-
tions and the simulation being done in 2D. A proper
longitudinal densitymodulation can be observed in Fig. 5(c).
With time, due to the periodical change of longitudinal

momentum of the electrons during their transverse

(a) (b)

(c)

(d)

FIG. 4. Electron beam density distribution (after a transverse
smoothing of 5 px) at (a) the start of the simulation and (b) after
30.5 ps RRF (≈0.45 m in LRF) [Table I (V.)]. (c) Evolution in
time of the sum along the longitudinal axis of the beam density
distribution. (d) Transverse size rms evolution. Propagation
direction to the left.

(d)

(a) (b)

(c)

FIG. 5. Electron beam density distribution (after a transverse
smoothing of 5 px) at times (a) 28.2 ps (≈0.42 m in LRF). (b)
49.3 ps (≈0.74 m in LRF) in RRF [Table I (Und.)]. (c) Evolution
in time of the density distribution sum along the transverse axis.
Electron beam (d) interbunch distance and bunch rms size mean
(solid line), std (error bar), maximum and minimum (dotted line).
Propagation direction to the left.
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oscillation, the beam propagates slightly slower than the
simulation window causing its drift to the back of the
window [Figs. 5(b) and 5(c)]. However, this can be easily
solved by tweaking the window velocity.
Additional simulations were done with the individual

elements (plasma, external field, beam) and their combi-
nations for long distances and no numerical instabilities
were observed.

V. BEAM BUNCHING INSIDE
LOW-DENSITY PLASMA

As previously mentioned, the propagation of an electron
beam inside a cm size plasma can be quite useful for its
optics properties [3,59] and also as a prebuncher. In Fig. 6,
the results of an 80 ps, in RRF (≈24 cm in LRF),
simulation of a beam propagation through a low density
20 cm plasma [Table I (Pl.)] are displayed. Once inside the
plasma, the head of the Gaussian beam generates a wake-
field strong enough to cause a localized focusing on the
back of the beam (bunch 1). At the same time, bunch 1
interacts with the wakefield and propagates through the
beam toward the head [Fig. 6(c)] as the front part slightly
defocuses, i.e., diverges [Figs. 6(a) and 6(b)]. Concurrently,
when the bunch 1 achieves enough local density [Fig. 6(c)],
it creates a wakefield that focuses a posterior part of the
beam (bunch 2) while diverging in a half-moon shape. This
bunching process due to the plasma that continues during
the entire propagation is well illustrated in Fig. 6(c). The
time between the apparition of a bunch and the creation of
the next one takes ≈7.7 ps (std ¼ 0.7 ps), which is ≈2 cm
in the LRF. By the end of the 20 cm of plasma, a total of
11 bunches separated by 47.7� 12.5 μm can be observed
inside the beam [Figs. 6(a) and 6(c)], i.e., the back bunches
are closer together than the front ones. In addition, even
though a fishbone structure appears, transversely, the beam
is focused inside the plasma by more than 1.4 times its
initial density [Fig. 6(d)]. Once outside the plasma, the
beam starts to diverge while keeping its structure.
Same parameter simulations have been carried with

different γR, and all of them show the fishbone structure
due to the plasma.
The observed beam evolution in RRF is quite clear but to

make sure the physics are correct, as it has not been done
before, a simulation in the RRF γR ¼ 3 and its equivalent in
FPlaser, i.e., γR ¼ 1, were carried [Table I (RRFcomp and
LRFcomp)]. Regarding the time difference between calcu-
lations, the γR ¼ 1 case needed close to 48 h to achieve the
result shown at Fig. 7, while the γR ¼ 3 (Fig. 7) case arrived
to a similar time position in only around 30 h but with ≈3
times more resolution and a window 3 and 1.3 times bigger
in the longitudinal and transverse directions, respectively.
Both cases were performed in the same workstation of 128
cores. Due to the long time required to achieve some mm
propagation in the LRF with just enough resolution, the
simulation of 10 s of cm of plasma was not performed in

(a) (c)

(b)

(d)

FIG. 6. Electron beam density distribution (after a transverse
smoothing of 5 px) at times (a) 65.2 ps (≈20 cm in LRF). (b)
30.2 ps (≈9 cm in LRF) in RRF [Table I (Pl.)]. (c) Evolution in
time of the density distribution sum along the transverse axis with
the distributions times marked with blue dotted lines. (d)
Evolution in time of the density distribution sum along the
longitudinal axis with the maximum density evolution (green
dotted line). Propagation direction to the left.

(a)

(b)

FIG. 7. (a) Electron beam spatial distribution comparison
between the LRF (upper half) and RRF (bottom half) results
after longitudinal window transformation. LRF after 18.94 ps
propagation and in the RRF with γR ¼ 3 after 4.69 ps in the same
plasma element. For better visibility in the comparison, each
image colorbar has been normalized to 1. (b) 1D central density
line comparison between the LRF (blue) and the RRF trans-
formed to LRF (red).
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LRF. Figure 7 presents the results of γR ¼ 3 and γR ¼ 1 at
an approximately same LRF time of ≈18 ps. It can be
clearly seen that the previously described physical phe-
nomena occurs in a similar fashion in the γR ¼ 1 simu-
lation, exhibiting the focused node with an arc spawning
from it forming the start of the fishbone structure. One can
also see the back part starting to focus again which with
time will become a third microbunch. Figure 7(a) displays
the RRF result by transforming the longitudinal positions to
the LRF compared to the γR ¼ 1 result. Due to the different
longitudinal positions at the RRF, such direct transforma-
tion does not correspond to an exact TLRF but as the beam is
short enough and γR low enough, it can be used for a
comparison. Despite the difference in resolution and refer-
ence frame, a good agreement is found between both
simulations, and as expected, the transverse evolution is
equal even quantitatively between reference frames. A 1D
density distribution of the central vertical position of both
cases can be seen at Fig. 7(b). Both are quite similar, with
some minor differences in the peak density value and rise
edge. However, this can easily be due to the difference in
resolution (the RRF higher resolution show smaller features)
and the slight time difference of the RRF data (Fig. 3).
The code is also capable of higher energies and densities.

Figure 8 presents the case of a 600 MeV beam in a 3 ×
1016 cm−3 plasma [Table I (Pl.2)]. The initial Gaussian
beam [Fig. 8(a)] enters the plasma and as in Fig. 6 starts to
be focused but in this case the focusing is strong enough to
expel electrons of the wake creating a plasma modulation
[Fig. 8(b)]. Once out of the plasma, only the front half of
the electron beam continues to propagate with a partial
longitudinal density modulation while the rest stays trapped
in the strongly modulated plasma [Fig. 8(c)]. For a
previously prepared electron beam (longitudinally energy

sorted beam, e.g., magnetic chicane [60]), this effect could
be used as a low or high energies filter, reducing the beam
energy spread.
The full high resolution simulation shown in Fig. 6

(Fig. 8) was made in only 50 (30) h with 150 (210) cores
and less than 200 GB of RAM, e.g., a single work station,
allowing the research of 10 s of cm simulation with a
plasma. These simulation already present a great potential
for the swift beam bunching using a plasma; however, an in
depth exploration to properly understand the use of plasma
as prebuncher using this code [47] is in progress and will be
presented in another work as it is out of the scope of this
article.

VI. THREE ELEMENTS LONG DISTANCE
SIMULATION

As a last demonstration of the capabilities of the code
and future plasma prebuncher use case, Fig. 9 presents the
case of an electron beam propagating inside a 20 cm
plasma, which is at the same time inside a 1 T and 2 cm
period undulator [Table I (Pl:þ Und:)]. The electron beam
enters the undulator field slightly earlier than the plasma,
thus, starting its oscillation [Fig. 9(a)]. Once inside the
plasma [Fig. 9(b)], its modulation due to the wakefield
starts as in Fig. 6. However, due to the oscillation, the
wakefield does move in the transverse direction, which
imprints a shift in the plasma wakefield induced bunches
[Fig. 9(c)]. Again, an in-depth study of this phenomena is
under progress.

VII. DISCUSSION AND CONCLUSION

In this work, a new PIC code that uses the advantages of
space time dilation to allow the simulation of complex

(a2)

(b1)(a1)

(b2)

(c1)

(c2)

FIG. 8. a1, b1, c1: electron beam density distribution (after a transverse smoothing of 5 px) and a2, b2, c2: plasma density distribution
after (a1–2) 3.3 ps (≈2.5 cm in LRF), (b1–2) 10 ps (≈7.5 cm in LRF), and (c1–2) 23.3 ps (≈17 cm in LRF) of propagation [Table I
(Pl.2)]. Propagation direction to the left.
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physical systems for long distances (up to meters) in
Cartesian PIC using even a single work station has been
presented. Then, using this tool the first steps toward the
use of plasma elements to swiftly imprint a longitudinal
microbunching to an electron beam for later use on an FEL
has been achieved. The nonintuitive aspects of working in a
relativistic reference frame (e.g., Gaussian beam elongation,
fields transformation, relativistic Doppler) have been dis-
cussed. Due to the intrinsic features of the Lorentz trans-
formation [Eqs. (5) and (6)], an instant t0 in theRRFcan result
in a time window of Δt in the LRF, therefore, making the
interpretation of the code raw results nontrivial in several
instances. Nevertheless, multiple solutions for the results
postprocessing have been discussed; however, the appro-
priated steps to follow can heavily depend on the explored
physics and cannot be all elucidated beforehand. Thanks to
the code capacities, we have shown the simulation of an
electron beam inside an undulator, with its longitudinal
bunching agreeing with the widely used phenomenological
FEL equations [57]. It also has been shown that the code is an

appropriate tool for the study of plasma optics and pre-
buncher with excellent results, which needs of 10 s of cm of
beam plasma interaction. The creation of bunches inside the
electron beam due to the plasma wakefield generated by the
beam itself shows a promising future for such device for uses
in FEL and more. The insights about this problematic
achieved by this code are quite useful and unique and will
be properly explored in future works. Finally, the propaga-
tion of a beam inside a plasma and undulator has been
simulated showing interesting features on the plasma gen-
erated bunches, e.g., the bunches shift in the oscillation
direction. The usefulness of this PIC tool and capacity to
unravel the new physics behind such plasma prebuncher by
taking advantage of the relativistic reference frame inPIChas
been demonstrated and plenty of new results will be obtained
with it in the future allowing for an eventual experimental
plasma prebuncher design and more. In addition, a 3D
version is ready, extending the relativistic reference frame
advantages of this code to simulations for 3D phenomena.
We have to note that all these advantages are applicable only
for charge particle beams. Simulations for laser pulses or
other radiation sources requires special consideration to be
done in general, specially its interaction with overdense
plasma. In some other cases, the use of RRFmay not even be
suitable due to the resolution needs or too difficult under-
standing of the RRF with respect to the LRF.
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physique mathématique, Acta Math. 38, 293 (1915).

[52] C. Pellegrini and S. Reiche, Lasers, free-electron, in The
Optics Encyclopedia, 1st ed. (Wiley-VCH, Germany,
2007), 10.1002/9783527600441.

[53] C. J. Doppler, Ueber das farbige Licht der Doppelsterne
und einiger anderer Gestirne des Himmels [About the
coloured light of the binary stars and some other stars of the
heavens], in Abhandlungen der Königl. Böhm. Gesell-
schaft der Wissenschaften [Proceedings of the Royal
Bohemian Society of Sciences. Part V] (Prague, 1842),
Vol. 2, pp. 465–482.

[54] T. Ohkubo, S. Bulanov, A. Zhidkov, T. Esirkepov, J.
Koga, M. Uesaka, and T. Tajima, Wave-breaking injection
of electrons to a laser wake field in plasma channels
at the strong focusing regime, Phys. Plasmas 13, 103101
(2006).

[55] T. Ohkubo, A. Zhidkov, T. Hosokai, K. Kinoshita, and M.
Uesaka, Effects of density gradient on short-bunch injec-
tion by wave breaking in the laser wake field acceleration,
Phys. Plasmas 13, 033110 (2006).

[56] R. Bonifacio, L. De Salvo, and P. Pierini, Large harmonic
bunching in a high-gain free-electron laser, Nucl. Instrum.
Methods Phys. Res., Sect. A 293, 627 (1990).

[57] M. Xie, Design optimization for an x-ray free electron laser
driven by slac linac, in Proceedings Particle Accelerator
Conference (IEEE, New York, NY, 1995), Vol. 1, pp. 183–
185, 10.1109/PAC.1995.504603.

[58] K.-J. Kim, An analysis of self-amplified spontaneous
emission, Nucl. Instrum. Methods Phys. Res., Sect. A
250, 396 (1986).

[59] J. Rosenzweig and P. Chen, Beam optics of a self-focusing
plasma lens, Phys. Rev. D 39, 2039 (1989).

[60] A. Loulergue, M. Labat, C. Evain, C. Benabderrahmane, V.
Malka, and M. Couprie, Beam manipulation for compact
laser wakefield accelerator based free-electron lasers, New
J. Phys. 17, 023028 (2015).

FIRST STEPS ON PLASMA BEAM PREBUNCHER … PHYS. REV. ACCEL. BEAMS 28, 060702 (2025)

060702-13

https://www.osti.gov/biblio/991033
https://www.osti.gov/biblio/991033
https://www.osti.gov/biblio/991033
https://www.osti.gov/biblio/991033
https://doi.org/10.1038/nphys1538
https://doi.org/10.1016/j.cpc.2009.12.023
https://doi.org/10.1016/j.cpc.2009.12.023
https://doi.org/10.1017/S0022377818000429
https://doi.org/10.1016/j.jcp.2020.109622
https://doi.org/10.1016/j.jcp.2020.109622
https://doi.org/10.1016/j.jcp.2014.02.022
https://doi.org/10.1016/j.jcp.2014.02.022
https://doi.org/10.1016/0021-9991(90)90168-Z
https://doi.org/10.1016/j.cpc.2015.06.008
https://doi.org/10.1103/PhysRevE.76.016401
https://doi.org/10.1103/PhysRevE.76.016401
https://doi.org/10.1103/PhysRevLett.83.3434
https://doi.org/10.1016/0030-4018(84)90105-6
https://doi.org/10.1016/0010-4655(92)90169-Y
https://doi.org/10.1016/0010-4655(92)90169-Y
https://doi.org/10.1007/BF02392073
https://doi.org/10.1002/9783527600441
https://doi.org/10.1063/1.2357594
https://doi.org/10.1063/1.2357594
https://doi.org/10.1063/1.2181434
https://doi.org/10.1016/0168-9002(90)90334-3
https://doi.org/10.1016/0168-9002(90)90334-3
https://doi.org/10.1109/PAC.1995.504603
https://doi.org/10.1016/0168-9002(86)90916-2
https://doi.org/10.1016/0168-9002(86)90916-2
https://doi.org/10.1103/PhysRevD.39.2039
https://doi.org/10.1088/1367-2630/17/2/023028
https://doi.org/10.1088/1367-2630/17/2/023028

	First steps on plasma beam prebuncher for free electron lasers through more suitable relativistic reference-frame-based particle-in-cell tools
	I. INTRODUCTION
	II. RELATIVISTIC BOOSTER FRAME
	III. UNDERSTANDING THE RELATIVISTIC REFERENCE FRAME
	IV. ELECTRON PROPAGATION IN VACUUM AND UNDER EXTERNAL FIELD
	V. BEAM BUNCHING INSIDE LOW-DENSITY PLASMA
	VI. THREE ELEMENTS LONG DISTANCE SIMULATION
	VII. DISCUSSION AND CONCLUSION
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	References


