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Quantum computing has the potential to solve complex problems faster and more efficiently than classical
computing. It can achieve speedups by leveraging quantum phenomena like superposition, entanglement, and
tunneling. Quantum walks (QWs) form the foundation for many quantum algorithms. Unlike classical random
walks, QWs exhibit quantum interference, leading to unique behaviors such as linear spreading and localization.
These properties make QWSs valuable for various applications, including universal computation, time series
prediction, encryption, and quantum hash functions. One emerging application of QWs is decision-making.
Previous research has used QWs to model human decision processes and solve multiarmed bandit problems.
This paper extends QWs to collective decision-making, focusing on minimizing decision conflicts, cases where
multiple agents choose the same option, leading to inefficiencies like traffic congestion or overloaded servers.
Prior research using quantum interference has addressed two-player conflict avoidance but struggled with
three-player scenarios. This paper proposes a method using QWs to entirely eliminate decision conflicts in
three-player cases, demonstrating its effectiveness in collective decision-making.
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I. INTRODUCTION

The continuing increase in computational demand has di-
rected attention to new ways of computing [1]. In particular,
quantum computers utilize tunneling, entanglement, and su-
perposition and can potentially finish calculations in much
shorter times and with less energy than traditional classical
computing [2]. Exponential speedups attainable by quantum
computing can make problems solvable that are impractical
for classical ones to deal with. Various quantum algorithms
have been proposed in anticipation of future quantum com-
puter hardware. Famously, Grover’s algorithm can extract an
item from a randomly ordered list of N items with only
O(+/N) iterations [3], beating the fastest classical search al-
gorithm [4]. Other examples are the Harrow-Hassidim-Lloyd
algorithm that approximates the solution of simultaneous lin-
ear equations [5] and Shor’s algorithm factoring an integer N
in time polynomial in the number of bits in N [6].

The quantum walk (QW) is one basis for quantum al-
gorithms and can be used for walking a graph [7], finding
target vertices [8], and examining whether there is a way
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to get from node s to node ¢ by following the edges of
the graph (s-t connectivity) [9]. The QW is the quantum
version of the classical random walk. Whereas the classical
random walker selects directions stochastically at each time
step and observers can always track its location, the quan-
tum walker’s location is unknown until measurement. Due to
quantum interference with itself, the probability distribution
of a quantum walker is different from a classical random
walker and features linear spreading and localization [10].
Here linear spreading describes the effect that the standard de-
viation of the probability distribution increases in proportion
to time, i.e., it spreads faster than that of a classical random
walker, whose standard deviation only grows as the square
root of time. Conversely, via localization, a specific position
can retain a high probability no matter how long the walk
continues.

Various applications of QWs are known beyond find-
ing graph properties. The characteristic behaviors of QWs
make them useful as a modeling tool to make quantum
models of classical counterparts and design quantum au-
tomata. For example, QWs can be a tool for universal
computation [11], predicting time series [12], encrypt-
ing images [13,14], and realizing quantum hash functions
[15]. One research field to which QWs have recently
been applied is decision-making. Quantum walks have
been used to model humans’ decision-making processes
[16-19]. Furthermore, they can be used to find good options
in exploitation-exploration dilemmas of multiarmed bandit
problems [20].
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To date, QWs have been implemented in a wide variety
of physical systems, including nuclear magnetic resonance
[21], single-atom trapping [22], ion traps [23], optical cir-
cuits [24], coupled waveguide arrays [25,26], and multicore
fibers [27]. Among these, on-chip photonic integrated de-
vices are regarded as particularly promising candidates for
large-scale QW implementations, owing to their high scal-
ability and functional reconfigurability [28,29]. Moreover,
plasmonic waveguide platforms have attracted considerable
attention, as they exploit subwavelength confinement and
low-loss propagation to enable device miniaturization and
high-fidelity large-scale implementations [30-36]. In particu-
lar, long-range surface plasmon polariton waveguides, which
provide single-polarization and low-loss propagation, offer
significant potential for realizing higher-dimensional QWs
through multilayer architectures in the future [34,37-39],
which may be beneficial in physically realizing the concept
of this paper.

In this paper we apply QWs to collective decision-making,
that is, decision problems involving multiple parties. In par-
ticular, we present methods for avoiding unwanted decision
conflicts, i.e., multiple actors choosing the same option. De-
cision conflicts model real-life scenarios of lost utility, such
as when people choose the same option to others’ detriment.
Examples include when too many cars go to the same road and
cause traffic jams or when servers go down due to too many
simultaneous access requests.

There has been some previous research on utilizing quan-
tum effects for quantum computing by relying on photonics.
Amakasu et al. proposed a quantum interference system based
on photons in which two players always avoid decision con-
flicts and choose different options [40]. However, completely
avoiding decision conflicts between three or more people with
that quantum interference system has not been achieved in
that setting. In contrast, this paper applies QWs to collective
decision-making and details how to avoid decision conflicts.
By manipulating the transition probabilities of the QWs, the
system avoids decision conflicts in three-player cases.

II. QW ON A ONE-DIMENSIONAL LATTICE OR CYCLE

This section gives a brief introduction to QWs and the rel-
evant notation. We focus on discrete-time QWs, where every
node has inner states and their probability amplitudes evolve
at each step.

A. Mathematics of a discrete QW
on a one-dimensional lattice or cycle

The state of a QW on a one-dimensional (1D) lattice is
described by the superposition of states regarding the position,
which is labeled by integers in order, and the two inner states,
leftward (L) and rightward (R). Mathematically, a state ¥ of
the QW is a unit vector belonging to the compound Hilbert
space

H=H,®H,
:=span{|x) ® |J) | x € Z,J € {L, R}}, (D)

Coin (€) %..%*  Shift (5)
" ——-><-- "
—>e— x Dx D 3.

]

T T T T T T T T T
x—1 x x+1 x—-1 x x+1 x—-1 x x+

FIG. 1. Schematic of a QW on a 1D lattice. Each node has inner
states: leftward and rightward. The coin matrix is applied to inner
states and a new superposition of inner states is produced as a result
[see Eq. (5)]. The shift operator moves the leftward inner state to the
left adjacent node and the rightward inner state to the right adjacent
node [see Eq. (7)].

and thus, for any state W € 7, there exists a collection
(oty, s |x € Z, J € {L, R}) satisfying

=" Y aulel))

xeZ Je{L,R}

=Y 10 ® (@r.IL) + axrIR)), )
xeZ

with 3 7 >~ ci1r) |@es]|* = 1. Herein, the absolute square
of the probability amplitudes of |x) ® |L) and |x) ® |R) adds
up to the chance of observing a walker at node x, that is, the
probability with which the walker is found at x € Z through
measurement under the state W € H is defined as

p(x) =l s ? + |l gl 3)

The time evolution of a QW on a one-dimensional lattice
is depicted in Fig. 1. The operator of the time evolution is
composed of the shift and the coin operators. The sum of
observation probabilities at all nodes, or the total of absolute
squares of all inner states, must always equal unity, which
requires that both operators are unitary.

The coin operator C; comprises local coin operators C(x)
at node x € Z. The local coin operator C(x) converts the
superposition of inner states at node x at the current time step
to that at the subsequent step. Let vectors [1, 0] and [0, 1]7
be assigned to L and R, respectively. Herein, the superscript T
indicates the transpose. Then defining C(x) as

ac by
Cx) = [C dj, 4)

the new inner states generated by the coin are
CW)IL) = ax|L) + c«|R),
C(X)IR) = by|L) + dy|R). o)

The whole coin operator over H is defined as

Ci=) NK®CH. 6)

The shift operator S; shifts the leftward inner state at node x
to the left adjacent one x — 1 and the rightward inner state at
node x to the right adjacent one x + 1:

Sy = Z(Ix = D @ [LYL] + [x + 1) {x] @ IR)(R]). (7)

The time evolution of QWs can be realized by a matrix W, =
S - C1, combining the coin and shift, that is, the evolving
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sequence of states (W) |t =0, 1,...) is described by
p+h — qu,(l). (8)

Quantum wells on a cycle with N nodes can be set
up similarly except that the shift operator satisfies 1 — 1 =
Nand N+ 1 =1 at the end points 1 and N. In this case,
the QW state can be represented by a 2N-dimensional vec-
tor ® € C?V, which is spanned by vectors |1) ® |L), |1) ®
R),...,IN)®|L), |N) ® |R). It is the tensor product of a
vector corresponding to the nodes and that corresponding to
inner states, {|1), ..., IN)} ® {|L), |R)}.

B. Average probability distribution
The average probability distribution is defined as

1 T—1
pre) = ;;pt(x), 9)

where p,(x) is the probability of observing a walker at node x
at time ¢ [41]. The average probability distribution is known
to converge at T — oo and is used in the analysis of QWs.
This paper shows the average probability distribution up to
time 7' = 200 obtained from numerical simulations.

C. Relating QWs to decision-making

Decision-making is a subset of reinforcement learning and
describes the process by which an agent selects actions in
a (usually Markov) environment to maximize a performance
metric called the return. At each step, the agent observes its
state, chooses an action, and receives a reward and a new
state. Through repeated interactions, it refines its policy to bal-
ance exploration (testing unknown actions) with exploitation
(using known successful actions), ultimately maximizing the
expected return.

Quantum wells on a 1D lattice or cycle can be utilized to
model a player’s decision-making. Reference [20] presents
previous results of how QWs can be used, in the simplest
general framework of the so-called multiarmed bandit. Each
time the agent has to make a decision, it starts a quantum
walk from some defined initial position. It lets the quantum
walk evolve under the time-evolution operator Wy, until a pre-
defined end time [42]. Then it measures the resulting position
of the quantum walker. Each spatial position x is associated
with an action, with the observed outcome being chosen as the
action for that agent in this round. Then, for the next round, the
process repeats (after potentially adjusting the coin operators
to incorporate new knowledge about the reward environment).
Thus we can utilize the inherent uncertainty of the QW as the
basis for exploration, while fine-tuning of the coin matrices
can be used to achieve exploitation, e.g., by achieving local-
ization.

When such decision-making problems contain multiple
players, avoiding decision conflicts often becomes a vital
aspect. When resources are limited and options cannot be
shared, players need to not only explore and exploit to max-
imize their rewards, but also strive to avoid choosing the
same option at the same time. The concept of avoiding con-
flicts also appears in game theory’s anticoordination games.
An anticoordination game refers to a situation where players

gain higher payoffs by choosing different actions rather than
matching others’ actions. A classic example is the chicken
game, where each player choosing a different lane leads to
a stable equilibrium.

Quantum wells offer a novel way to implement this co-
ordination through the fundamental properties of their time
evolution. There are several ways to extend decision-making
using QWs to multiple players. Fundamentally, we will let
each player have their own quantum walker, whose measure-
ment outcome determines that player’s action. Thus, if player
1 observes position |x) and player 2 observers |y), our goal
is to minimize or ideally completely avoid the cases of x =y
in each individual round. At the same time, we would like
to preserve each player’s freedom of choice when considered
over all rounds, i.e., each player should be able to reach any
position and thus be able to choose any action in principle.

We will show how QWSs can be used to solve the coor-
dination problem of multiplayer decision-making and discuss
the advantages and disadvantages of various approaches in the
rest of this paper.

III. DECISION-MAKING OF TWO PLAYERS
ON SEPARATE 1D LATTICES

A. Entanglement of the initial state

The most straightforward way to extend decision-making
to multiple players is by simply using tensor products of QWs
on a 1D lattice. For example, two players’ decision-making
can be modeled by the tensor product of two QWs. Let player
A and player B each have their own QW on separate 1D
lattices. Their collective decision-making can be (x, y) when
player A’s quantum walker is observed at node x and player
B’s at node y. The entire system can be represented by the
tensor product of two separate QWs on 1D lattices. However,
introducing entanglement of these two QWs is necessary to
avoid conflicts. As the simplest approach, we will explore
the properties of the entanglement of the initial state and the
ability to influence collective decision-making.

Denoting the states of QWs for players A and B on the
1D lattice at time ¢ by @X) and <I>g), respectively, their time
evolution can be described by

o =w;of, o) =wioy, (10)
respectively. Here Wy and Wy are the time-evolution matrices
of QWs of players A and B, respectively, and time is repre-
sented by 7: Player A operates on spatial positions |x) and
player B on the separate 1D lattice |y). The tensor product
of these two QWs is represented by

o) = o & 0 = Wiof) o Wi
=Wy @ Wp) () ® ). (11)

The operator W4 ® Wg can be regarded as the time-evolution
matrix of the entire state.
Then consider entangling the initial state. For example, a
vector
1
—2(‘1’1 QW + W @ V) (12)

V2
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is entangled. When it is adopted as the initial state, the time
evolution of the entire state is obtained as follows:

1
Pl =Wy ® Wo) Z=(91 ® W2 + 92 © ¥)

7

1
= E(Wgwl Q Wi, + WiW, @ WiWy).  (13)
Thus, merely considering an entangled initial state enables
the connection of two QWs. In contrast, entanglement cannot
be employed in classical random walks (RWs). An alternative
method is required to synchronize two RWs to avoid conflicts.

B. Partial avoidance through a fermion

The avoidance of selection conflicts is related to a fermion-
like property of the joint probability amplitude. Let ®,; be
the probability amplitude of the joint system. If it meets the
condition of

Pan(x, y) = —Pan(y, x), (14)

then the conflict is completely avoided because &, (x, x) = 0.
Equation (14) is realized under a certain time-evolution matrix
W. The following theorem describes the condition that W
must satisfy to realize Eq. (14).

Theorem 1. Let W be the time-evolution matrix of the QW
and U, be a swap operator (U, @) (x, y) = ®y;(y, x). Then
the following holds:

w=U,wU;"', U,o =—-af

) _ ()
< ch)an =-o

all’

e, @Y (x,y)=-2% 0,0Vt >0. (15)

all

Therefore, based on this theorem, if a W satisfying
W =U,WU;",
e, (Wou)(x,y) = (U,WU, '®u)(x,y), (16)

could be found, the joint probability amplitude has fermionic
properties [see Eq. (14)], and complete conflict avoidance is
possible because of Theorem 1. However, it can be shown
that such a unitary matrix W cannot exist, as we prove in the
Appendix.

Therefore, we need to consider the fermion of nodes and
inner states, i.e., while we may not prevent both walkers from
being at the same spatial location x = y, we will at least try to
prevent them from being in the same exact location and inner
state. Let the inner states at positions x and y be represented
by n and v € {L, R}, respectively. The condition that the joint
probability amplitude is fermionic in nodes and inner states
requires that

D((x, ), (v, v)) = =P((y, v), (x, 1)), A7)

which leads to ®((x, n), (x, u)) = 0. This implies that the
probability amplitudes of the pairs of the same nodes and
inner states are zero, which is a path towards partial conflict
avoidance.

Theorem 2. When the initial state is the entangled vector

VW, —¥ W (18)

and the two operators Wy and Wp are commutative for the
tensor product Wy ® Wy = Wi ® Wy, then the state vector at
any time satisfies Eq. (17).

Proof. First, the initial state (18) satisfies Eq. (17) because

(W @ W — Wr @ Wy )((x, 1), (v, v))
= Wi(x, 1) @ Way, v) — Wax, ) @ Wi(y, v)
= —[Wa(x, ) @ Wi (y, v) — Wi (x, u) @ W2 (y, v)]
= -V @W — W @ Vi), v), (x, 1)). 19)

Second, at time ¢, because Wy @ Wp = Wp @ Wy,
Wa @ Wp)' (W) ® Wa — W) ® W))((x, 1), (3, v))

= —[WiWs(x, ) @ Wi (y, v)
— W, (x, 1) @ WiWa(y, v)]

= —[(Wa @ Wp)' (W1 @ Wy — W) @ WDI((y, 1), (x, i)).

(20)

Therefore, the state vector satisfies Eq. (17) at any time. W
For example, when ®; and &, have two elements, i.e., the
cycles have only one node, Eq. (18) becomes

ilela)-[i]els]-

This implies that the probability amplitudes of both quan-
tum walkers being at node 1 with the same inner states, i.e.,
((1,L), (1,L)) and ((1, R), (1, R)), are zero. Similarly, when
@ and @, have four elements, i.e., the cycles have two nodes,
Eq. (18) becomes

0
ad — bc

bc — ad @D
0

a C1 C] aq
b, ® di| |d ® b,
a (&) 2 a
by d d> by
= [0 a]dl — b[C] a|Cy) — anCy a1d2 - b2C1
b1C1 — a1d1 0 b1C2 — Clzdl bldz — b2d1
arcy —a|cy a2d1 — b]Cz 0 a2d2 — b2C2
b2C1 — aldz b2d1 - b1d2 b2C2 - a2d2 O]T. (22)

This means the probability amplitudes of ((1, L), (1, L)),
((1,R), (1, R)), ((2,L), (2, L)), and ((2, R), (2, R)) are zero.
Therefore, the pairs of the same node and the same inner states
have zero probability amplitudes in the vectors which have the
same form as Eq. (18).

The easiest way to realize the commutative condition of
W, and Wp is to make them equal. Therefore, the numerical
simulation below adopts Wy = W = W.

Figures 2(a) and 2(b) show an example for partial conflict
avoidance through fermion, where the initial state is

1
)
cI>a“ = E

1M1 1 [
\IJA=|2)®E[1.], \113=|8>®EH. (23)

(W @ Vg —Vp @ W,),
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FIG. 2. Numerical simulation of partial avoidance through a
fermion of nodes. (a) Average probability distribution of inner states.
The pairs of the same node and the same inner state, such as (1L, 1L),
have zero probability amplitude by realizing the state shown in
Eq. (17). (b) Average probability distribution of nodes. The probabil-
ity of observing the walker at conflict nodes, i.e., conflict probability,
is not necessarily smaller than the uniform distribution.

Here |x) is formalized by a column vector with N elements
whose xth one is 1 and others are 0. Here e, represents a
column vector with N elements whose xth one is 1 and others
are 0. Each node on the 1D cycle has a 2 x 2 matrix coin

11 1

N
The average probability distribution for all possible combi-
nations of nodes and inner states for N = 11 is displayed
in Fig. 2(a). For x = 1,2, ..., 11, the (2x — 1)th and 2xth
rows and columns in Fig. 2(a) correspond to |x, L) and |x, R)
for players A and B, respectively. Successfully, all of the
right downward diagonal elements that correspond to the pairs
of the same node and inner state are zero. However, the
two quantum walkers can still be found in the same posi-
tion, as long as they do not share the same inner state, e.g.,
®((x, L), (x,R)) #0.

(24)

The 3D bar graph, shown in Fig. 2(b), illustrates this prob-
lem. It displays the average probability for every possible
combination of positions. This is the supposed measurement
outcome used in the decision-making of each agent. Crucially,
the probabilities at conflict nodes (1, 1), (2,2),..., (11, 11)
[shown by bars along the arrow in Fig. 2(b)] are nonzero. The
conflict nodes, on average, have a lower average probability,
indicating that conflicts are partially averted. However, in
places the average probability can reach the height of the uni-
form distribution displayed by the gray plane. Further tuning
of the coin matrices could likely improve this result, but it can
never reach full conflict avoidance, due to the impossibility
of a unitary operator W fulfilling Theorem 1 (proven in the
Appendix).

C. Partial avoidance through a fermion and mirrored state

We extend the method of the preceding section by utilizing
mirrored states.

The definition of a mirrored state is introduced first, before
the detailed explanation of its effect on the quantum-walk
probability distribution. Let a vector ® represent the QW state
on a 1D cycle with three nodes, for example. The vector ® has
six probability amplitudes because there are three nodes and
two inner states

® = [a1, by, az, by, a3, bs] " (25)
Probability amplitudes a; and b, correspond to |1, L) and
|1, R), respectively, a, and b, correspond to |2, L) and |2, R),
respectively, and a3 and b3 correspond to |3, L) and |3, R),
respectively. The mirrored state & has probability amplitudes
mirrored around a certain position x* from ®. For example, if
x* = 2, then the mirrored state is

CTDZ [b3,a3,b2,a2,b1,a1]T. (26)

The following state consisting of mirror states makes the
central position x* conflict-free:

(N )] () () ()
Q=P @D — Dy @D,
+ 0" 0 dP - oD g o1, 7)
To confirm, the inner states at position x* is

DN (x*, x*) = PA(x") ® Dp(x*) — Dp(x*) @ Pa(x*)
+ D) ® Dp(x*) — Dp(x*) ® Da(x*)

|

a

b

Jl

c

d

I

c

d

Jol

a

b

)

elafe ][] e

}z

(28)

(=N NN

Therefore, perfect conflict avoidance covering all conflict
nodes is impossible, but avoiding one position is feasible by
the initial-state entanglement.
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FIG. 3. Average probability obtained for partial avoidance
through a fermion and mirrored state. The center of the mirrored
state x* is at the position x = y = 1. The conflict probability at node
(1, 1) is resultingly zero; therefore, choice 1 is made conflict-free, as
intended [see Eq. (28)].

The simulation results are shown in Fig. 3, where x* = 1
and N = 11. The initial state is

o) = (00®b0—b0®ao+flo®f7o—l§0®&0),

1M 1 [i
a0=|2>®ﬁ|:ii|’ b0=|8)®%|:1j|1

1 [ ~ 1
&0=|N)®E|:;i|, b0=|5>®ﬁ[{|. (29)

The coin of each node on the 1D cycle is
1+i 1-—i
E[l—i 1+i] (30)

The average probability distribution for positions is shown
in Fig. 3, and the central position (1, 1) is conflict-free, as
intended. Thus, by engineering our initial state to have cer-
tain spatial symmetries, we can avoid conflicts at one spatial
position (but not all at the same time).

Overall, the entanglement-based approach for the initial
states has some advantages, i.e., it is conceptually a straight-
forward extension of 1D QW decision-making and requires
only a careful preparation of the initial state, but is otherwise
quite liberal for the choice of time-evolution operators W.
However, as we have shown, complete conflict avoidance is
impossible in this framework. To obtain conflict-free decision-
making for two and three players, we need to entangle the
time-evolution operators, i.e., the coin operators of the system.
This yields a new kind of topology for the QW and is analyzed
in the rest of this paper.

IV. DECISION-MAKING OF TWO PLAYERS
BY A QW ON A 2D LATTICE OR TORUS

The initial state’s entanglement has the potential to either
make at least one option free from conflicts or reduce the
conflict rate by engineering the probability amplitudes to be
zero for the same location and inner state. Ideally, we want to
make all options conflict-free. A natural way to move beyond
merely entangling two one-dimensional QWs is to merge the
two spatial dimensions into a single two-dimensional lattice
and treat the entire walk as one four-dimensional coin system.
In other words, rather than having separate 1D walkers whose
initial states may be entangled, we now give a single walker a
2D position space and a 4D coin space. This allows the coin
operator itself to become intrinsically entangled, no longer
decomposable into separate factors for each dimension, thus
providing a richer framework for controlling the walk and,
in our setting, enabling more powerful mechanisms to avoid
conflicts in multiplayer decision-making.

A. Theory of QWs on a 2D lattice or torus

We first introduce the general theory of QWs on a 2D
lattice. Here four inner states are taken into consideration:
IL),IL), IL),IR),. IR),IL),, and R}, IR),. The coin C(x, y) at
node (x,y) is a 4 x 4 matrix. The coin acting on the whole
state is

G =) ) Ey®CH,y), 31)

X y

The shift operator is

S2= 33 (lx— Ly —1)(x.y| ® L), IL), (LI, (LI,
x oy

+1x = Ly + D{x, yI @ [L)|R) (LI (Rl
+ x4+ 1y = D{x, yI @ [R) L) (Rl (Ll
+ e+ Ly+ D,y ® [R)[R)(R[(Rly)  (32)

and the time-evolution matrix of the QW is W, = S, - C,.

A QW on a 2D torus can be defined by adjusting the
shift at the end points appropriately, like in the 1D case.
The state vector & of the QW can be spanned by the ten-
sor product of a position vector and an inner state vector
{11, 1),11,2), ..., IN,N)} ® {|[LL), [LR), |IRL), |RR)}.

B. Relating QWs on a 2D lattice or torus to decision-making

The main aim of this paper is to present a method for
avoiding conflicts utilizing QWs. Unlike in the case of two
separate 1D walkers, we are now considering a single walker
on 2D plane. This quantum walker walks on a 2D torus,
where each node has an associated 2> x 22 = 4 x 4 unitary
matrix coin. For each decision to be made by both agents, they
collectively start one joint walker, who evolves as a 2D QW
for a certain time. Then, when the walker is observed at node
(i, j), the players A and B choose options i and j, respectively.
Our goal remains to investigate whether it is possible to avoid
decision conflicts using QWs. Because players’ decisions
correspond to nodes where the quantum walker is observed,
the conflict avoidance question now maps to the problem of
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FIG. 4. The quantum walker walks on a 2D lattice. The node
where the walker is observed is considered as the collective decision
the players make. (a) For example, players A and B choose options
3 and 2 when the walker is observed at node (3, 2). (b) The decision
conflict corresponds to cases where the walker is observed at nodes
(1,1),(2,2), ..., (N, N). The purpose of this paper is to avoid such
cases.

preventing the quantum walker from being observed at nodes
(1,1),(2,2),...,(N,N). Therefore, in the 2D lattice, we call
the nodes (1, 1), (2, 2), ..., (N, N) the conflict nodes, and the
nodes that connect to the conflict nodes in the subsequent time
step the border nodes. Figure 4 shows our basic setup for the
2D case.

C. Entanglement of the coins: Reflection

We will now employ the additional freedom of entangled
coins for conflict avoidance. Thus, we need to assign to each
node (x, y) its 4 x 4 coin matrix, where x and y denote both
the position on the 2D lattice and the actions later chosen by
players A and B, respectively. Since these coins no longer
need to consist of tensor products of 2 x 2 coins, the term
“entanglement” is employed, and the entire system cannot be
easily decomposed into a tensor product of two QWs on 1D
lattices.

Complete conflict avoidance is possible in this case. The
main idea needed is to reflect the quantum walker at border
nodes so that it can never reach conflict nodes in the first place.

We visually represent how to solve the conflict avoidance
problem in Fig. 5(a). Here the coin operators are represented
as 4 x 4 matrices, where elements marked with an asterisk
may take arbitrary values, under the constraint that C(x, y)
remains unitary. Figure 5(a) shows the coin matrices on the
border nodes (i, j) with j = i &= 2. Note that due to the walker
having to move in both dimensions at every step, nodes at
(i, j) with j =i=£ 1 are not directly connected to conflict
nodes.

The coins change the inner states incoming from noncon-
flict nodes [shown by black arrows in Fig. 5(a)] and direct
them back toward the nonconflict nodes. This procedure pre-
vents a quantum random walker on this 2D grid from ever
reaching a conflict node, as long as the initial state was not a
conflict node. To meet the coin’s unitary constraint, the inner
states coming from conflict nodes [shown by red arrows in
Fig. 5(a)] must be reflected back to those going to conflict
nodes. This also suggests that the walker is always observed
at conflict nodes if it starts at conflict nodes. In essence, by

(a) Coin matrix at border nodes How these coin matrices work

above conflict nodes

Incoming QO O0O—0O—0O
000 T LN
o — — I~
=+ =R 2 INLs T
x x x 0 M= A B
o LAINT ]
*x x % 0 X — —O0—)—@-
\ [ \ [ T
Coin matrix at border nodes
below conflict nodes ‘ ‘ ‘V ‘ ‘
Incoming -O— —(O— —r
A L R A
0 % * * i T e [ w]
o OO0 —C
0 » * K2 YR I
D NE el L
* 0 0N ,("35 3 - N
T \ o
(b) x1072
2:5
2

OO0

0

—

Average probability

E<
"“

Conflicts

FIG. 5. (a) Sketch of the coin operators [see Eq. (31)] to avoid
decision conflicts for two-player decision-making. Coin operators
C(x,y) are represented as a 4 x 4 matrix. Each node (x, y) has four
inner states, shown by arrows indicating incoming and outgoing
probability amplitudes. Coins at border nodes are entangled in such
a way that probability amplitude flows from conflict nodes are iso-
lated and reflected. (b) Average probability distribution when border
nodes have the entangled coins shown in (a). The conflict nodes are
never reached by the walker as intended. Concrete coins used in the
simulation are shown in Egs. (33)-(35).

choosing the coin operators in this way, we are decomposing
the graph into subgraphs from which a walker can never
escape. This fact will become more relevant and important to
study in the case of three players discussed in Sec. V.

We numerically simulated this case. The initial state of
the simulation is |2, 8) ® %[i, 1,—1,i]", indicating that the
walker starts from a position (2, 8) with the initial inner state
1GILL) + |LR) — |RL) + i|RR)). Note that this initial posi-
tion can be arbitrary as long as it is not a conflict node.

For N = 11 options and two players, the simulated av-
erage probability distribution of each node is displayed in
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Fig. 5(b). In this numerical simulation, the coin matrix of the
border nodes above conflict nodes (displayed by blue nodes in
Fig.5) is

0 0 0o 1
i 1 i
i1
TR S (33)
> T2 2
0 & & 0

The coin matrix of the border nodes below conflict nodes
(displayed by green nodes in Fig. 5) is

0 -5

o AL i 1

o T 4 o4
V22

1 0 0 0

The coin matrix of the other nodes is

1L[1 1 11 1

A el ) e
The conflict nodes on the line indicated by the arrow in Fig. 5
have average probability of zero, showing that conflicts are
completely avoided. Because any walker that starts at a non-
conflict node never goes to conflict nodes, we do not need to
give conflict nodes special coins. Similarly, the choice of coins
inside the bulk of nonborder and nonconflict nodes can be
engineered to suit the needs of the decision-making problem,
while remaining conflict-free. We have therefore shown, via
this example, that it is possible to use 2D quantum walks for
avoiding decision conflicts.

To conclude this section, we contrast our method with
classical RWs. Classical walks lack the notion of a coin or
entanglement; conflict nodes can only be avoided through
network design. One option is to remove conflict nodes and
reconnect the remaining ones, either by linking their neigh-
bors directly or by forming an all-to-all network. In the former
case, diffusion may be slow for classical walks, while QWs
can spread linearly and thus more rapidly. Quantum walks
also exhibit localization, whose role is not examined here but
may provide further advantages over classical walks.

V. DECISION-MAKING OF THREE PLAYERS BY A QW
ON A 3D LATTICE OR TORUS

A. First simulation for three players and its problem

While the method introduced in the previous section can
work for two players, there are additional complexities that
only arise for larger player numbers. In the following, we
generalize the method based on entangled coins introduced
in Sec. IV C to three-player cases. Now players A, B, and
C choose options i, j, and k, respectively, derived from the
measurement of a quantum walker moving on a 3D torus ob-
served at node (i, j, k). Importantly, in the three-player case,
the nature and amount of conflict nodes change. The decision
conflict occurs when the walker is observed not only at nodes
(i,i,i)fori=1,2,...,N but also at nodes (i, i, j) with per-
mutation fori # jandi, j = 1,2, ..., N. Therefore, avoiding
decision conflicts in three-player cases is more difficult than
in two-player cases.

In three-player cases, the coin of each node is a 2° x 23 =
8 x 8 matrix. The notation of the coin’s rows and columns is
LLL, LLR, LRL, LRR, RLL, RLR, RRL, and RRR.

As in Sec. IV C, the quantum walker should be stopped at
border nodes so that it cannot reach conflict nodes. This is
realized by correctly redirecting the walker.

As an example, let the number of options N, i.e., the
number of nodes on the cycle, be 5. Then the border node at
(1,2, 3) is a border node, as the quantum walker can reach at
least one conflict node within one step of the time evolution. In
particular, it can reach the conflict node at (2, j, 2). To avoid
conflicts, we assign the coin matrix

) (36)

O % O % OO0
O % O % OO0

* O % O % ¥ ¥ ¥
* O % O % ¥ ¥ ¥
* O % O *% X ¥ ¥
* O % O % % ¥* ¥
* O % O % % ¥ *
* O % O % % ¥ ¥

where an asterisk means any complex number as long as the
coin is unitary.

We illustrate the basic behavior in Fig. 6, now for the
3D case. Inner states from nonconflict nodes [blue arrows
in Fig. 6(a)] are converted to inner states, which will go
to nonconflict nodes in the following step [blue arrows in
Fig. 6(b)]. Similarly, inner states from conflict nodes [red ar-
rows in Fig. 6(a)] are turned into inner states to conflict nodes
[red arrows in Fig. 6(b)], that is, the inputs to border nodes
from nonconflict nodes are reflected to nonconflict nodes so
that the walker cannot reach conflict nodes.

This coin matrix can be modified to have two diagonal
blocks by permutation of rows and columns

(37

SO OO OO % *
OO OO OO * ¥
* ¥ X X ¥ ¥ OO
* K ¥k ¥ X ¥ OO
* ¥ X X ¥ ¥ OO
* ¥ ¥ ¥ X ¥ OO
* ¥ ¥ X ¥ ¥ OO
* X ¥ * ¥ ¥ OO

Therefore, the two blocks should be unitary submatrices for
the coin in Eq. (36) to be unitary. The size of blocks differs
according to the number of adjacent conflict nodes. This is
different from the two-player case, where the number of ad-
jacent conflict nodes was always 0 or 1. With three players,
some nodes have more than one adjacent conflict node. The
possible sizes of blocks are 2, 4, 6, and 8.

We will now use a simple numerical simulation to explore
the dynamics of the conflict-avoiding QW with three players
as modeled by a QW on a 3-torus with N = 5. In our numeri-
cal simulations we will use the four following submatrices for
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(1,2,3)

FIG. 6. Inner states (a) before and (b) after being converted by
the coin of node (1, 2, 3). Blue arrows (inner states) are from or to
nonconflict nodes and red arrows are from or to conflict nodes. Blue
arrows are converted to blue arrows and red arrows are converted to
red arrows. This design makes conflict nodes have zero input when
the walker starts at nonconflict nodes and is realized by placing zeros
properly in the coin [see Eq. (36)].

the unitary submatrices of the coin operators:

U= L1 (38)
Z—ﬁl _11

1 1 1 1
{1 -1 1 -1
1 -1 -1 1

Us =

- ; ®l[1 1] (40)
0 V2 =2 valt -l

1 1 1
-1 1 -1

1 1 1]
—1 1 -1
I -1 -1
-1 -1 1 I -1 -1 1
1 -1 -1 -1 -1
—1 1 -1 -1 1 -1 1
1 -1 -1 -1 -1 1 1
-1 -1 I -1 1 I —1]

(41)

—_ = =

[\}
&
— b b e e e
—_
—_

Figure 7(a) shows the resultant average probability distri-
bution when the quantum walker starts at node (1, 2, 3). Here
we represent the positions (x, y, z) as five separate 2D slices,
with the obtained average probability distribution indicated in
red.

We can see that the method as generalized to the three-
player case does indeed work. All conflict nodes such as
(1,1, 1) or (1, 1, 2) have zero probability, because the walker
never reaches the conflict nodes.

However, an additional problem becomes immediately ob-
vious: There are 5 x 4 x 3 = 60 nonconflict nodes, whereas
only 30 nodes have nonzero average probability in Fig. 7(a).
Conversely, when the walker starts at node (3,2, 1), the
other half of nonconflict nodes have nonzero probability [see
Fig. 7(b)]. Nodes possessing nonzero probability in Fig. 7(a)
have zero probability in Fig. 7(b) and vice versa.

This problem arises due to the effective network structure
of the quantum walk. The walker can move from nonconflict
nodes to nonconflict nodes and from conflict nodes to conflict
nodes. However, it cannot move from nonconflict nodes to
conflict nodes nor from conflict nodes to nonconflict nodes.
When the number of players is 3, the probability of the conflict
nodes is much higher compared to the case of two players. As
a result, the network decomposes into several subnetworks.
While this result does indeed avoid conflicts, it also violates
the requirements for decision-making with multiple parties. In
particular, each player should have the possibility to choose
the same options, at least in theory. Moreover, all collective
choices that are nonconflict should be allowed. We do not
achieve this in this case.

A way to overcome this problem is to make the starting
position of the quantum walk distributed over several nodes.
In practice, we would like to avoid requiring a complex
procedure and limit ourselves to as few starting positions
as possible. In order to understand how to implement the
decision-making effectively, we need to understand the struc-
ture of the subnetworks that the system decomposes into,
which we will be studying in the following.

B. Network decomposition

The network of the quantum walker for three players and
N options moves on the surface of a 3-torus. When the coins
are chosen such that a walker starting on a nonconflict node
cannot reach conflict nodes, this automatically decomposes
the network into subnetworks. The number and size of these
subnetworks depend on the number of options N.

To deduce the sizes of the subnetworks, we reduce the
dimension of the problem by one, through a conversion
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FIG. 7. Average probability distribution after 200 steps when the
initial position is (a) (1, 2, 3) and (b) (3, 2, 1) when inner states are
reflected at border nodes, as shown in Fig. 6. These colormaps are
cross sections with z fixed and show probabilities at all nodes. Only
half of the nonconflict nodes have nonzero average probabilities in
(a) and (b) because nodes are divided into subnetworks. (c) Average
probability distribution after 200 steps when nodes (1,2, 3) and
(3, 2, 1) have a probability amplitude of 1/+/2. All nonconflict nodes
can be approached in this case due to the subnetwork analysis.

from nodes (i, j, k) to so-called difference groups. Let dif-
ference group (I, m) be the set of all nodes (i, j, k) with [ =
(j—i)modN and m = (k — j)mod N. For example, nodes
(1,2,3),(2,3,4),..., (N, 1, 2)all belong to difference group
(1,1) and nodes (1,2,4),(2,3,5),...,(,1,3)belong to
difference group (1, 2).

(a)
Difference group

— Conflict group —— Nonconflict group -
(0,1) (1,0) (1,N—1) (1,1) (1,2)
0,2) (2,0) (2, N —2)

(b)

Difference group

—  Conflict group — Nonconflict group -
(1,2)  (1,0) (1,1) (2,2)
(2,1)  (2,0)
(0,1)  (0,2)  (0,0)

FIG. 8. Examples of conflict and nonconflict groups for (a) gen-
eral N and (b) N = 3. Each difference group is either a conflict group
or a nonconflict group. The difference group is a means of efficiently
classifying nodes. The difference group (/, m) is the set of all nodes
(i, j, k) with = (j —i)mod N and .

Theorem 3. Nodes inside a difference group are either all
conflict or all nonconflict. A difference group (/, m) is a con-
flict group exactly when/ = N,m = N,orl +m = N.

Proof. This trivially follows from the definition of conflict
nodes and difference groups. ]

We can therefore divide the difference groups into conflict
groups and nonconflict groups (Fig. 8). For example, the dif-
ference group (N, 1) is a conflict group because it has nodes
(1,1,2),..., (N, N, 1) which are conflict nodes since the first
and second elements are identical.

Even though we have reduced the dimensionality of the
problem, the transitions between conflict and nonconflict
groups reflect the original transitions between conflict and
nonconflict nodes. We must therefore study the shifts between
the original nodes on the 3-torus, where the walker has to walk
either right (+1) or left (—1) in every dimension. Each of the
23 = 8 possible directions on the 3-torus can be translated to a
unique transition between difference groups. Figure 9 lists all
possible shifts between nodes and their corresponding shifts
between difference groups.

We can represent the difference groups as a separate 2D
grid. Importantly, this is not the grid on which the quantum
walker walks, as each point represents a group of nodes and
not just a single spatial position. The transition between these
groups is also different than the original movement on the
3-torus. In particular, as seen in Fig. 9(a), the walker can
remain in the same difference group for multiple time steps.
This is due to the fact that it is possible to walk from one
node in the same difference group to another, e.g., the walker
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FIG. 9. (a) Possible shifts between nodes and corresponding
shifts between difference groups. There are 23 = 8 shifts between
nodes in total. They are mapped to seven possible shifts between
difference groups. (b) Example of shifts between nodes and differ-
ence groups. (c) Example of possible shifts from the difference group
(3, 1) when N = 7. We need to consider six directions.

may move from (1, 2, 3) to (2, 3, 4), remaining in the (1, 1)
difference group. As Fig. 9(c) visually shows, each difference
group in general has six ways of transitions on the 2D grid:
up, down, left, right, left up, and right down. Additionally, it
may remain at its current position. Going down left or right
up, however, is forbidden, as this would correspond to jumps
between non-neighboring nodes in the underlying quantum
walk. These transitions between difference group are further
modified by our choice of coin operator C(x, y, z). Transitions

from conflict nodes to nonconflict groups and vice versa are
disallowed.

Theorem 4. Nodes in the same difference group belong to
the same subnetwork.

Proof. Transitions from the spatial nodes (i, j, k) to (i +
I,j+1,k+1Dor(i—1,j—1,k—1)donot change the dif-
ference group. Since nodes inside the same difference group
are either all conflict or all nonconflict nodes, this transition
is not a transition between conflict and nonconflict nodes
and is therefore allowed by the coin operators C(x, y, z). By
repeatedly applying this transition, it is easy to see that we
can reach all nodes within the same difference group. All
nodes within a difference group are therefore part of the same
subnetwork. ]

Because of Theorem 4, considering the transition between
difference groups is sufficient to analyze subnetworks.

First, the case where N is odd in Table I is proven.

Theorem 5. When N is odd, there are three subnet-
works. Two subnetworks have N(N — 1)(N — 2)/2 noncon-
flict nodes and the other one has 3N? — 2N conflict nodes.

Proof. When the walker starts from nonconflict nodes
(groups), it cannot go to conflict nodes (groups), and vice
versa. This is why there are separate subnetworks. Fig-
ure 13(a) in the Appendix depicts the transition between
difference groups where N = 7.

For general odd N, Fig. 10 shows all N? difference groups
and all possible transitions. We will use this general graphical
layout as the basis of our proof. Note that the system is
unfolded in a way where the difference group (1, 1) is not
next to (1, 2), as these difference groups are not connected
by transitions. First, we consider the movement limit from
a difference group (1, 1), which is a nonconflict group. It is
necessary to consider movement in six different directions,
shown in Fig. 9. Regarding upward movement from (I, 1),
it is only possible to move up to (N — 2, 1) because the next
position (0, 1) is a conflict group. Downward movement is not
allowed because the position below, (N — 1, 1), is a conflict
group. Leftward movement is also not allowed because the
left adjacent difference group is the conflict group (1, N — 1).
Regarding the movement to the right, it is only possible to

TABLE I. Number of nodes in each subnetwork (SN). Some sizes are only conjectured based on the simulations in Fig. 12 in the Appendix,
while for some cases the sizes are strictly proven in Theorems 5 and 6. Nodes are decomposed into multiple subnetworks when inner states are

reflected, as shown in Fig. 6.

No. of nodes When N is odd When N is even
Total N3 N3
Parity N3 N3/4

Total of nonconflict
In each subnetwork

NN — 1)(N —2)
SNI: N(N — 1)(N —2)/2
SN2: N(N — 1)(N —2)/2

N(N — 1)(N —2)

SNI: N(N — 2)(N — 4)/8

SN2: N(N — 2)(N — 4)/8
SN3: N3/4 — N?/2
SN4: N3/4 — N2 /2
SN5: N3/4 — N2/2

Total of conflict 3N? —2N 3N? —2N

In each subnetwork SN3:3N? — 2N SN6: 3N2/2 — 2N
SN7: N?/2
SN8: N?2/2
SNO: N2/2
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FIG. 10. Transition between difference groups when N is an any odd number. Note that the 2D grid is ordered in a way where the difference
group (1, 1) is not next to (1, 2), as these difference groups are not connected by transitions.

move up to (1, N — 2) because the position on the right, (1, 0),
is a conflict group. Regarding the diagonal upward movement
to the left, it is only possible to move up to (N — 2, 4) because
the position at the upper left, (0, 2), is a conflict group. With
respect to diagonal downward movement to the right, it is
only possible to move up to (4, N — 2) because the position
on the lower right, (2, 0), is a conflict group. For the above
reasons, the difference group that can be moved to from (1, 1)
is limited to the region shown in Fig. 10 as SN1, which is a
right-angled triangular area with the hypotenuse on the lower
left. The number of its difference groups is

N -DWN -2)
—

Similarly, the range of movement from (N — I, N — 1) is
limited to a right-angled triangular area with the hypotenuse
pointing to the upper right. This forms subnetwork 2, and the
number of difference groups is (N — 1)(N — 2)/2 too.

All other conflict groups belong to subnetwork 3 because
there exists a route that connects all of the conflict groups. The
number of difference group belonging to subnetwork 3 is

N -DHW -2)
- X
2

The number of nodes in each subnetwork is N times greater
than the number of difference groups because each different
groups has N nodes due to Theorem 4. |

Second, the case where N is even in Table I is proven.

Theorem 6. When N is even, there are nine subnet-
works. Nonconflict nodes are divided into two subnetworks
with N(N — 2)(N — 4)/8 nodes and three subnetworks with

SN =24 DN =) = (42)

N? 2=3N—-2. (43)

062439

N3/4 — N?/2 nodes. Conflict nodes are divided into one sub-
network with 3N2/2 — 2N nodes and three subnetworks with
N?/2 nodes.

Proof. When N is even, parity plays an important role. For
a difference group (m, n), we call (m + n)mod 2 its parity.
When N is even, difference groups cannot transition to other
difference groups with different parity, as transitions between
difference group always change m and n by even amounts.
Therefore, all difference groups are divided into four quad-
rants evenly: the odd-odd quadrant consisting of difference
groups whose elements are both odd, the odd-even quadrant
consisting of difference groups whose first element is even
and second element is odd, the even-odd quadrant consisting
of difference groups whose first element is even and second
element is odd, and the even-even quadrant consisting of
difference groups whose elements are both even. The walker
cannot leave the quadrant it is starting in.

For general even N, Fig. 14 in the Appendix shows all
N? difference groups and all possible transitions. Difference
groups are divided into four quadrants with N2 /4 difference
groups each. The full deduction of the size and number of
subnetworks is shown in the Appendix. |

Table I summarizes the sizes of the subnetworks. This
network structure analysis allows us to set appropriate con-
dition for the initial state so that all nonconflict nodes will
have nonzero observation probabilities. A particularly parsi-
monious choice here is to choose one node per nonconflict
subnetwork and let the initial state be a superposition of these
nodes. This will lead to all nonconflict nodes showing nonzero
probability. By choosing the proper starting amplitude, we
can also influence the relative probabilities of different nodes
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and subnetworks. This crucial aspect allows controlling the
time evolution and thus controlling the relative selection rates
of the options in the collective decision-making problem. A
systematic analysis thereof is beyond the scope of the current
paper, but is a necessary step for future uses of quantum walks
for multiplayer decision-making.

The subnetwork analysis reveals an appropriate initial
state. In other words, the initial state needs to have prob-
ability amplitudes in all the disconnected subnetworks for
all nonconflict nodes to be accessible. As previously men-
tioned, there are two separate subnetworks for the case of
N = 5. By chosing a probability amplitude of 1/+/2 for nodes
(1,2,3) and (3, 2, 1) as the intial state, we are seeding both
subnetworks. The results of our numerical simulations are
shown in Fig. 7(c). It succesfully demonstrates that all non-
conflict nodes have nonzero probability for the case of N = 5.
Naturally, one could have explored the size and number of
subnetworks purely numerically, e.g., the structure for N = 5
was already apparent from our previous simulations shown
in Figs. 7(a) and 7(b). However, systematically analyzing the
topology of the resulting graphs makes it possible to treat the
case of an arbitrary number of arms N, i.e., decision problems
with an arbitrary number of options.

So far, we have covered cases with up to three players. Now
we will discuss the expansion for four or more players. Simi-
larly to the case with three players, for M players, we consider
QWs on an M-dimensional torus. Each node (ij, is, ..., iy)
for iy, in, ..., 0y € {1,2,..., M} has a 2 x 2™ matrix coin
and has 2™ neighbors because there are 2¥ possible move-
ment patterns (ji, ja, ..., ju) for ji, jo, ..., ju € {L, R}. By
setting coins so that movement between nodes is permitted
only when both nodes are conflict nodes or both are noncon-
flict nodes, subnetworks can be constructed. Future research
will need to determine the size of each subnetwork, but our
proposed method for QWs remains possible by assigning ini-
tial states to the fragmented subnetworks. As the number of
players increases, the number of conflict nodes is expected
to grow, potentially leading to an increase in the number of
fragmented subnetworks.

VI. CONCLUSION

The purpose of this paper was to develop the framework
for using quantum walks as tools in solving decision-making
problems, in particular, by avoiding decision conflicts when
multiple agents choose the same options. First, we showed
that a simple tensor product of two 1D quantum walks cannot
avoid conflicts, even when considering entangled initial states.
However, when we allowed the coin operator to be entan-
gled, i.e., when the process was better described by a single
quantum walker on a 2D torus, perfect conflict avoidance was
possible by correctly choosing the coins.

The generalization of this concept to the three-player case
required additional considerations. We showed the result of
a naive way to generalize via numerical simulation. While
decision conflicts could be completely avoided, only half of
the nonconflict nodes had nonzero observation probabilities.
This is due to the fact that the restrictions imposed on the QW
via conflict avoidance cause the network to decompose into
several subnetworks that remain functionally separate. We

derived the size and attributes of the subnetworks by reducing
the problem to that of difference groups in the three-player
case. Numerical simulations showed that, when considering
these subnetworks, it is possible to arrive at probability distri-
butions suitable for decision-making.

Our theory indicates a clear path towards further gener-
alization for more players. However, the relative number of
conflict nodes increases with the number of players and as
such the topological structure of the subnetworks will become
even more intricate.
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APPENDIX

1. Fermionic initial states for decision-making of two players

The following provides the proof of Theorem 1 and ex-
plains why it is impossible to find a unitary matrix W
satisfying Eq. (16).

By using tensor products of QWs on 1D lattices, it is possi-
ble to create a two-player decision-making system. However,
a certain condition for the time-evolution matrix W needs to
be fulfilled to allow such a system to avoid conflicts, i.e., to
satisfy

Pan(x, y) = —Pan(y, x). (AL)
Theorem 1 says if a W satisfying
W =UWU",
ie, (Woa)x,y) = UWU; @ar)x,y),  (A2)

could be found, the joint probability amplitude has fermionic
properties and complete conflict avoidance is possible.

First, the proof of Theorem 1 follows.

Proof. Suppose U, d")) = —®%) holds for any 7 > 0. At
some time 7T,

Uy @y = — oy (A3)
holds. At the subsequent time 7 + 1,
U,wol) = -wol) =w(U,o)). (A4)
Therefore,
U,W=WU, & W =U,WU, ". (A5)
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Next suppose W = U,WU; " and U, ®9 = —d hold
and U, @) = -} at time 7. If U,W® = -Wo)
holds, then the proof is done by mathematical induction.
Actually,

U,wo') = u,w(U,;'U,) e (A6)
= (U,WU,; ") (U, @) (A7)
=-wo|). (A8)

Therefore, U, <1>$+1) = —CDfiﬁH) also holds. In other words,
@ (x, y) = —®!(y, x) holds for any 7 > 0. |

However, it will be shown in the following that such a W
cannot exist. The left-hand side of Eq. (16) is a vector with
four elements that are probability amplitudes of inner states of
node (x, y) at time ¢ 4 1. Its first, second, third, and fourth el-
ements are probability amplitudes of inner states LL, LR, RL,
and RR, respectively. The inner states LL, LR, RL, and RR at
node (x,y) come from nodes (x + 1,y + 1), (x+ 1,y — 1),
(x—1,y+1), and (x — 1,y — 1), respectively. Therefore,
the left-hand side of Eq. (16) is

Wol(r,y) = E__(x+1y+ DO+ 1,y+1)
FE (4 1Ly—DOGG+1y—1)
+E(x—1,y+ 1D x—1,y+1)
+E(x—1,y—1D%x—1,y - 1).

(A9)
Here
1 0 0 O]
0 0 0 O
E_x=|0g o0 o0 o|C&®» (A10)
0 0 0 0
[0 0 0 O]
01 0 0
E7+(X,y): 0 0 0 O C(X»y)» (All)
0 0 0 0
[0 0 0 0]
0 0 0 0
E—+(X,y)= 0 0 1 0 C(X,Y), (Alz)
0 0 0 0
[0 0 0 O]
0 0 0 0
E_x0=|0 o o o0|C&x»: (A13)
0 0 0 1

Similarly, the right-hand side of Eq. (16) is
(U WU @) x, )

= (WU; o4 0n)

=E _(+1,x+ DU, @%@+ 1, x+1)
+E (y+1L,x— DU, N+ 1,x—1)
+E_(y— Lx+ DU, ®H(p—1Lx+1)
+E (= 1Lx— DU, @ —1,x—1)

—E _(+1,x+DoYx+1,y+1)

+E LG+ Lx—1oOHx—1,y+1)
+E (- 1Lx+ )oY +1,y—1)

+EL(—1Lx—1o0x—1,y—1). (Al4)

To satisfy Eq. (16), the equations below should hold for any x
and y:

E__(x,y)=E__(y,x),

Eii(x,y)=E; i (y,x); (A15)
E_i(x,y)=E;_(y,x),
E,_(x,y) = E_.(y.x). (A16)
However, Eq. (A16) becomes
E7+(07 O) = E+7(O, 0)1
0O 0 0 O 0 0 0 O
. 0 0 0 O 0O 1 0 O
Les 1y 0 1 o C(0,0) = 00 0 0 C(0,0),
0 0 0 O 0 0 0 O
(A17)

when x =y = 0. This means that the coin at node (0, 0),
C(0, 0), is not unitary because the second and third rows are
the same. As a result, no unitary time-evolution matrices can
meet Eq. (16) and fulfill Theorem 1.

2. If coins at conflict nodes are entangled

The main text discussed how changing the coins at the
border nodes can influence the transitions of the quantum
walker on a 2D grid. Here we want to discuss the related
idea of changing the coins at the conflict nodes as shown in
Fig. 11 (red nodes, top right). Naively, this may seem the
more natural approach, but as we show below it will turn
out to be insufficient for conflict avoidance. For this approach
in particular, we want the walker to transition to nonconflict
nodes at the following time step if it is at conflict nodes at
the current time step. Thus, we need to choose the coin matrix
such that the inner states coming from border nodes toward the
conflict node are transformed into inner states which will go
back toward border nodes in the next step. These inner states
are represented by black arrows in Fig. 11(a). The walker
entering a conflict node thus always goes back to border
nodes at the subsequent time step. In other words, we disallow
walkers to “stay” on conflict nodes, or to transition from one
conflict node to the next. Due to the constraint that coins need
to be unitary, this in turn also implies that the inner states
connecting between conflict nodes [red arrows in Fig. 11(a)]
will also be turned into inner states that go back to conflict
nodes. As a result, the walker will continue onward to the next
conflict node if it came from another conflict node. However,
as long as the walker does not start on any conflict node, it
will never access this subnetwork of connected inner states on
the conflict nodes. It is therefore important to avoid a wrong
initial state.
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(a) Coin matrix How these coin matrices work

at conflict nodes

Incoming !
NN IBNV2
*x 0 0 x o @ -
o [ 71N
0 * *x 0 KOEQ, O0——0O-
0 * x 0 M & ‘ | [
[0}
* * N
D 4
AL
LK)
C2RIN
T/ ‘ ‘\T/‘ 102
510~
(®) 25
2
z
£ 12
= op
= 1
z
0.5

Conflicts

FIG. 11. Sketch of required choice of coin operators [see
Eq. (31)] to avoid decision conflicts for two-player decision-making.
Coin operators C(x, y) are represented as a 4 x 4 matrix. Each node
(x,y) has four inner states, shown by arrows indicating incoming
and outgoing probability amplitudes. (a) The coin matrices at conflict
nodes (i, i) are entangled. Red color indicates inner states from and to
other conflict nodes. Matrix elements shown by an asterisk may take
any allowable value under the constraint that the coin matrix must be
unitary. (b) Average probability density of a simulated quantum walk
for N = 11 using special coins at conflict nodes. Note that conflict,
while reduced in amplitude, is not perfectly avoided.

For N = 11, the simulated average probability distribution
of nodes is displayed in Fig. 11. Conflict nodes had the coin

1 0 O 1
110 1 1 0
o1 -1 o (A18)
1 0 0 -1
and other nodes had the coin
1 [1 1 11 1
EA N P

These coins are unitary. The average probability distribution
of conflict nodes along the main diagonal [see the arrow in

Fig. 11(b)] is less than the gray plane of the uniform distri-
bution, suggesting that the conflict probability is suppressed
but not eliminated. Thus, while this approach overall requires
fewer modified coins, it also does not eliminate decision con-
flicts, i.e., the probability to observe the quantum walker at
nodes associated with both players choosing the same option
is nonzero.

3. Supplement to Sec. V
a. Analysis of the network structure

This section describes how we have conjectured from the
simulation results those elements of Table I that we cannot
prove formally.

At the beginning, it is only clear that nodes are divided
into some subnetworks from the results displayed in Fig. 7.
To deduce the network structure for general N, the network
structure for N = 5, 6, 8, 9 is examined in simulations. First,
to consider the network structure for general odd N, numerical
simulations for N =5 and 9 are done [Fig. 12(a)]. In both
cases, nodes are divided into three subnetworks. All conflict
nodes belong to one subnetwork and nonconflict nodes are
divided evenly into two subnetworks. Since connectivity in
general increases with N, not decreases, one can conjecture
that there are exactly three subnetworks when N is odd.
One subnetwork has all conflict nodes, whose number is
3N? — 2N, and nonconflict nodes, whose number is N(N —
1)(N — 2), divided equally into the other two subnetworks
(Table I; see also Fig. 10 for the general case and Fig. 13(a)
for the concrete example).

Second, simulations for N = 6 and 8 are conducted to
deduce the network structure for general even N [Fig. 12(b)].
When N is even, the parity divides nodes into four groups first
because each element changes from even to odd or from odd
to even at every time step. The four groups are (EEE,000),
(EOO,OO0E), (EEO,0OO0E), and (EOE,OEQ), where E and O
denote even and odd, respectively, and patterns written in the
same set of parentheses can transition into each other, while
others cannot. For example, suppose the walker starts at node
(1,2, 3). The start node belongs to OEO nodes because 1 is
odd, 2 is even, and 3 is odd. The walker will be at node EOE
at the first time step, at OFEO node at the second time step,
and so on. However, no matter what, the walker cannot arrive
at any node that does not fit either the EOE (even-odd-even)
or OEO (odd-even-odd) pattern. Figure 12(b) indicates there
are nine subnetworks in both cases. The groups (EOO,0O0E),
(EEO,OO0E), and (EOE,OEQ) are divided into two subnet-
works, respectively, and the group (EEE,000) is divided into
three subnetworks. We do not have a formal proof for why
some of the groups split further into two subnetworks, but
as we can see visually from Figs. 13(b) and 14, the reason
for that is that these quadrants contain conflict nodes, which
are inaccessible due to our choice of coin operators. As a
result, the number of nodes belonging to each subnetwork is
summarized in Table L.

b. Proof for the number of subnetworks for even N

This section provides the full proof of Theorem 6. It proves
the sizes and types of some of the subnetworks.
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65 nodes 30 nodes
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(conflict) |
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(conflict) |
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(confliet) |
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= | (conflict)
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(conflict)
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(conflict) 4

32 nodes
(conflict)

(conflict)

FIG. 12. Examples of subnetwork structures when (a) N is odd (N = 5, 9) and (b) N is even (N = 6, 8).

Proof. As stated in the main text, the analysis of the num-
ber and size of the subnetworks for an even number of options
N strongly depends on the parity of the nodes.

First, we focus on the odd-even quadrant. The range of
movement from (1, 2), which is a nonconflict group, is defined
as subnetwork 1. Movement to the left is not possible because

the left adjacent group (1, 0) is a conflict group. Moving to the
right leads to a dead end at (1, N — 2), since the next group
to the right, (1, 0), is also a conflict group. Moving either up
or down passes only through nonconflict groups, eventually
circling back to (1, 2). Therefore, the range of movement
from (1, 2) is limited to the rectangular area shown as SN1 in
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FIG. 13. Transition between difference groups when (a) N = 7 and (b) N = 8. The brackets indicate that difference groups are omitted in
this figure.

Fig. 14. It has N/2(N/2 — 1) difference groups and therefore
N*(N — 2)/4 nodes.

The range of movement from (1, 0), which is a conflict
group, is defined as subnetwork 2. Movement in the left and
right directions is not possible because the adjacent groups
(I, N —2) and (1, 2) are nonconflict groups. Similarly, diag-
onal movement is also not possible, as the upper left diagonal

group (3, N —2) and the lower right diagonal group (N —
1,2) are nonconflict groups. Therefore, we consider only
vertical movement, eventually looping back to (1, 0). This is
shown as SN2 in Fig. 14. It has N/2 conflict groups and N?/2
nodes.

Second, we focus on the odd-odd quadrant. The range
of movement from (1, N — 1), which is a conflict group, is
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FIG. 14. Transitions between difference group when N is any even number. Note that the 2D grid is ordered in such a way that the difference
group (1, 1) is not next to (1, 2), as these difference groups are not connected by transitions.

defined as subnetwork 3. Vertical movement is not possi-
ble because the groups above, (3, N — 1), and below, (N —
1, N — 1), are nonconflict groups. Similarly, horizontal move-
ment is also not possible because the positions to the left,
(I, N — 3), and to the right, (1, 1), are nonconflict groups.
Therefore, considering only diagonal movement, one eventu-
ally loops back to (1, N — 1). This is shown as SN3 in Fig. 14.
It has N/2 conflict groups, and N2 /2 nodes.

The range of movement from (1, 1) is defined as subnet-
work 4. Since the group below, (N — 1, 1), is a conflict group,
downward movement is not possible. Moving upward leads to
a dead end at (N — 3, 1) for the same reason. Since the group
to the left, (1, N — 1), is a conflict group, leftward movement
is not possible. Moving to the right leads to a dead end at
(1, N — 3) for the same reason. Moving diagonally to the
upper left connects to (N — 1, N — 1). From (N — 1, N — 1),
moving left leads to a dead end at (N — 1, 3), and moving
downward leads to a dead end at (3, N — 1). Therefore, the
range of movement from (1, 1) is limited to the area shown as
SN4 in Fig. 14. The subnetwork 4 has N/2(N/2 — 1) noncon-
flict groups and therefore N>(N — 2)/4 nodes.

Next, we focus on the even-even quadrant. The range of
movement from (2, 2), which is a nonconflict group, is defined
as subnetwork 5. Regarding upward movement from (2, 2),
it is only possible to move up to (N —4,2) because the
next position (N — 2, 2) is a conflict group. The downward

movement is not allowed because the position below, (0, 2),
is a conflict group. Leftward movement is also not allowed
because the position to the left, (2, 0), is a conflict group.
Regarding rightward movement, it is only possible to move
up to (2, N — 4) because the position to the right, (2, N — 2},
is a conflict group. For the above reasons, the difference group
that can be moved to from (2, 2) is limited to the region shown
in Fig. 14 as SN5.

Similarly, the range of movement from (N —2, N — 2)
is limited to a right-angled triangular area shown as SNG6.
Subnetworks 5 and 6 have (N/2 — 1)(N/2 —2)/2=(N —
2)(N —4)/8 nonconflict groups and N(N —2)(N —4)/8
nodes.

The other conflict groups in the even-even quadrant belong
to subnetwork 7 because there exists a route that connects all
of the conflict groups. It has N?/4 — (N/2 — 1)(N/2 —2) =
(BN — 4)/2 conflict nodes and the number of its nodes is
N@BN —4)/2.

Finally, we focus on the even-odd quadrant. The range of
movement from (2, 1), which is a nonconflict group, is defined
as subnetwork 8. Since the position below, (0, 1), is a conflict
group, downward movement is not possible. Moving upward
leads to a dead end at (N — 2, 1) for the same reason. When
moving left or right, all positions are nonconflict groups,
eventually circling back to (2, 1). Therefore, the range of
movement from (2, 1) is limited to the rectangular area shown
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© The node focused on
Nodes inapproachable at the next step

© Nonconflict nodes approacheble at the next step
© Conflict nodes approachable at the next step

FIG. 15. Twelve coin groups.

as SN8 in Fig. 14. Ithas N/2(N/2 — 1) nonconflict groups and
therefore N2(N — 2) /4 nodes.

The range of movement from (0, 1), which is a conflict
group, is defined as subnetwork 9. Vertical movement is not
possible because the positions above, (2, 1), and below, (N —
2, 1), are nonconflict groups. Similarly, diagonal movement
is also not possible because the upper left position (2, N — 1)
and the lower right position (N — 2, 1) are nonconflict groups.
Therefore, considering only horizontal movement, one even-
tually loops back to (0, 1). This is shown as SN9 in Fig. 14. It
has N/2 conflict groups and N?/2 nodes. ]

4. Coin group

This section introduces a notion omitted from the main
text, which is the coin group.

We refer to a group of nodes with the same coin pattern,
i.e., the same location relative to the conflict node, as a coin
group. There are 12 coin groups shown in Fig. 15.

The coin group encompasses the difference group because
of the following theorem.

Theorem Al. Nodes in the same difference group belong
to the same coin group.

Proof. In the following, recall that 1 — 1 and N 4 1 are
treated as N and 1, respectively, as introduced for cycles
in Sec. IT A. The difference group of node (x, y, z) has also
nodes(x+ 1,y+1,z+1),...,x+N,y+N,z+ N). Con-
sider the coin matrix of node (x, y, z). Each row and column
correspond to node (x+i,y+ j,z+ k), where i, j, k €
{+1, —1}. When node (x + i,y + j, z + k) is a conflict (non-
conflict) node, node (x +i+2,y+ j+2,z+ k + 2) is also
a conflict (nonconflict) node. A coin matrix of nodes (x, y, z)
and (x + 1,y + 1, z 4+ 1) has zero elements in the same posi-
tions since elements of the coin matrix are nonzero only when
both node (x, y, z) and node (x + i,y + j, z + k) are conflict
or nonconflict nodes. Therefore, nodes (x,y,z), (x + 1,y +
I,z+1),....,(x+ N,y + N, z+ N) belong to the same coin
group. ]
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