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The computational power of quantum phases of matter with symmetry can be accessed through local measure-
ments, but what is the most efficient way of doing so? In this work we show that minimizing operational resources
in measurement-based quantum computation (MBQC) on subsystem symmetric resource states amounts to
solving a sub-Riemannian geodesic problem between the identity and the target logical unitary. This reveals
a geometric structure underlying MBQC and offers a principled route to optimize quantum processing in

computational phases.
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I. INTRODUCTION

Quantum computation is an interplay between the contin-
uous and the discrete. For example, the states of any given
number of qubits form a continuous set, but their measure-
ment yields discrete outcomes. Universality refers to the
continuous groups SU(2"), but fault tolerance only provides
discrete sets of protected encoded gates [1]. Fortunately, these
gates can be composed as circuits dense in SU(2"), as demon-
strated by the Solovay-Kitaev theorem [2].

The efficiency of quantum computation is typically based
on discrete measures, such as qubit and gate counts, and
circuit depth. Yet, a continuous notion also exists [3,4], due
to Nielsen et al., and is called geometric complexity. They
considered the optimization of execution time for unitary
gates, as generated by time-dependent Hamiltonians. Hard-
to-implement terms in the Hamiltonian, for example, terms
that correspond to many-body interactions, are eliminated as
generators of gates. The resulting control theory points to sub-
Riemannian geometry. In fact, there are numerous examples
in optimal quantum control theory where sub-Riemannian
geometries are helpful. Most prominent is the implementation
of time optimal quantum gates in specific physical scenarios
[5.6].

Measurement-based quantum computation (MBQC) [7], in
which the process of quantum computation is driven by local
measurements, appears to exist entirely on the discrete side.
For comparison, in the circuit model, continuity arises through

*Contact author: lukas.hantzko @itp.uni-hannover.de
fContact author: arnab.adhikary @itp.uni-hannover.de
*Contact author: robert.raussendorf @itp.uni-hannover.de

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2469-9926/2026/113(1)/012444(9)

012444-1

unitary evolution generated by suitable Hamiltonians. Quan-
tum gates gradually accumulate over an interaction time 7.
The MBQC simulation of such gates is enacted by projective
measurement, which is a discontinuous operation. While the
interaction time 7 of the circuit model has a counterpart in
MBQC, the angle that defines the basis of measurement, there
is no MBQC counterpart to the continuous passing of time
from O to T'. It therefore seems that the differential-geometric
notion of quantum computational efficiency has no bearing on
MBQC.

The opposite is the case, as we explain in this paper.
The differential-geometric formalism does apply, and in fact
MBQC is a strong case for it: The generators of the executable
gates are rigidly specified by symmetry action. There is nei-
ther room nor need for a judgment as to which generators of
unitaries are easy to implement and which ones are hard. Gen-
erators are either permitted or forbidden, and the permitted
ones are all equal.

The linking element between differential geometry and
MBQC is the phenomenon of computational phases of quan-
tum matter [8—12]. It signifies that, in the presence of a
suitable symmetry, the computational power of MBQC re-
source states is uniform across physical phases. Whichever
resource state is picked from a given symmetry-protected
or symmetry-enriched phase, the set of achievable quantum
algorithms is the same. This uniform power may amount to
universality or nil, or something in between, depending on the
phase in question.

While computational power is uniform, computational effi-
ciency is not. Moving away from the center of a phase towards
its boundary makes MBQC progressively harder. More qubits
of the resource state must be spent on every logical operation.
The reason for this behavior is the following. Denote by «
the angle between the measurement basis at a given site i and
the symmetry-respecting basis (the basis local to i that is el-
ementwise invariant under the symmetry). This measurement
implements a logical transformation 7;(«) which, away from
special points in the phase, is not unitary. Rather, it is a noisy
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channel. The deviation of 7;(«) from the identity operation is
O() and the deviation from unitarity is O(a?) [13]. There-
fore, the strategy to achieve a unitary rotation of finite angle
« with high accuracy is to split it into N rotations about an
angle /N each. The error resulting from this procedure is
approximately (a/N)>N = o«?/N. It can be made arbitrarily
small by increasing N, at the expense of consuming more
particles of the resource state.

As the splitting number N is made large, the individual
logical channels 7;(«/N) approach the identity. This invites
the differential calculus of [4].

The technical result that forms the starting point for our
analysis, as summarized above, is Corollary 1 of [14] (in one
dimension) and Theorem 3 of [15] (in two dimensions). It says
that the error € of an N-way split rotation about an angle « is

a1l —o?

N o2

) (1

€ X

where o (|o| < 1) is an order parameter that depends on the
resource state.

In addition to its computational significance, the order
parameter o has physical meaning. In one dimension, the
physical order conducive to MBQC is string order [14], and
correspondingly o is a standard string order parameter. For
example, the one-dimensional cluster scenario has a Z, x Z;
symmetry resulting in two symmetry-protected phases: the
nontrivial cluster phase and the trivial phase around the prod-
uct state Q); [+); [11]. At the cluster point, the string order
parameter is o = 1. Hence there is no logical error at all.
Throughout the cluster phase, o > 0; hence any error € > 0
can be achieved by splitting sufficiently many times N. All
across the trivial phase, the string order parameter vanishes,
o = 0, and the technique of approximating unitaries by split-
ting breaks down. The trivial phase has no computational
power.

In two dimensions, the physical orders known to be
conducive to MBQC are subsystem symmetry-protected
topological and subsystem symmetry-enriched topological
physical order, and the corresponding computational order pa-
rameters o witness those orders. Computational universality
can arise in both scenarios (see [13,16—18] and [15], respec-
tively).

In the present work we generalize Eq. (1), the fundamental
scaling relation for computational phases of quantum matter,
from single rotations to entire quantum circuits. Under this
generalization, Eq. (1) remains intact, with the rotation angle
o replaced by the Carnot-Carathéodory distance of the uni-
tary evolution simulated (see Theorem 1 below). In this way,
the differential-geometric calculus of quantum computational
efficiency [4] is introduced to measurement-based quantum
computation.

This establishes a rigorous framework for minimizing
resource consumption in computational phases of quantum
matter. The straightforward approach, namely, the gatewise
MBQC simulation of quantum circuits, is typically unneces-
sarily costly, for two reasons.

(i) The MBQC-native gate sets often have little to do with

standard circuit model gate sets, hence simulating the
latter with the former causes overhead.

(i1) In computational phases of quantum matter, where
individual logical operations need to be close to the
identity, it may be more efficient for large gates to
bleed into another rather than being applied separately
in succession.

As an example of (i), the MBQC-native gate
set for the two-dimensional cluster phase is
exp(—in1/27Z;), exp(—iaa/2X;), exp(—io3/2Zi_1XiZit1),
exp(—ia/2 Xi1ZiXiv1),  exp(—ias/2Zi 2 Xi-1ZiXit1Zit2),
etc. [19], not a very suggestive gate set from the circuit
model perspective. Reference [20] gives a first indication
that MBQC-native gate sets can be useful for improving
computational efficiency.

An example of (ii) is the Y rotation described in Sec. IV B
(see Fig. 2 in particular).

Our main result, Theorem 1, puts the discussion of effi-
ciency in computational phases of matter on a rigorous and
versatile basis. It naturally incorporates the MBQC-native
gate sets and continuous computational paths.

The remainder of this paper is organized as follows. In
Sec. IT we review from [14] the noise model for logical opera-
tions in computational phases of quantum matter and define
sub-Riemannian geodesics. With these notions, in Sec. III
we formulate our main theorem (Theorem 1) that extends
the error bound for MBQC-implemented gates to arbitrary
unitaries. In Sec. IV we prove Theorem 1 and illustrate it
through the example of SU(2). Section V provides a summary
and an outlook for future work.

II. PRELIMINARIES

In computational phases of quantum matter, nontrivial
gates are implemented via measurements in a rotated basis
away from the symmetry-respecting axis. In the case of an
ideal resource state, i.e., a central state in the computational
phase considered, each of these nontrivial measurements M;
(i=1,...,N) implements a local target unitary U;(e;) =
e\ with g; C G; the set of locally executable generators
and o; the rotation angle. The set G = | JY, G; of executable
generators is given by all locally executable generators. The
target unitary is implemented as a sequence of rotations U; =
e'®¢ with angles o;, generators g;, and resulting unitary gate
U= vazl U.

Away from the perfect resource states, deeper into the
phase, the effect of the local measurements remains a prod-
uct of quantum channels C = ]_[fv=1 C;, under the additional
assumption that the symmetry-breaking measurements are far
enough apart (longer than the correlation length ¢ of the
resource state). The individual logical channels then take the
form (see [14], p. 23)

l1+o
2

Here [U] denotes the map (superoperator) p +— U pU T. For
simplicity, we assume that the computational order parameter
o is uniform across all sites.

The leading effect of the nonmaximal order parameter o is
to reduce the rotation angle « of the operation by a factor of
o, a; = o f;, and we have to adjust the measurement angle §;
accordingly. The resulting operation is not exactly unitary and

Gi(Bi) =

1—0o
(Ui(B)] + T[Ui(—ﬁi)]. (2
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the resulting error is

€ = [|Gi(Bi) — [Uila)]llo.

The channels C;(B;) form the sequence of implemented log-
ical operations. The total error of this implementation is the
difference £ = ]_[fv=1 Ci(B) — ]_[ﬁ\lzl[U,-(oci)]. We measure the
errors by their diamond norm and refer to it as the error

€ =€l

In the present setting, we use sub-Riemannian geometry in
contrast to Riemannian geometry, because only a small and
fixed set of generators is available for the computation. The
set of generators is restricted by the computational phase and
its symmetries.

If the Lie algebra generated by G is su(2"), we know
that we can execute all unitaries U € SU(2"). This is due to
Chow’s theorem [21], a result from sub-Riemannian geometry
applied to the special unitary group SU(2"). If G is not bracket
generating, it generates a Lie subalgebra. The resulting cir-
cuits then form some closed Lie subgroup of SU(2").

In the following we want to find an error bound with the
help of sub-Riemannian geodesics. Those are defined via the
following properties.

Definition 1 (sub-Riemannian geodesics, distance). Let G
be a set of n-qubit Pauli operators. Let A be the Lie hull of the
executable generators G and G the corresponding closed Lie
subgroup. Then a horizontal curve is a curve C : [0, 1] = G
in the unitary group with

C@t) =C@t)c(t), c(t) € span(iG),

where the control ¢(¢) is a linear combination

c(t) =1 cylt)g

geg

of executable generators. The functions ¢, are called control

functions for the generator g € G and form a vector ¢(¢) =

(cg)geg. Given U € G a target unitary, then a connecting hor-

izontal curve additionally satisfies the boundary conditions
CO)=e C(1)=U.

A connecting horizontal curve C is called a geodesic if its

length (sub-Riemannian arclength)

1 1
L(C):f |E(t)|dt=/ /ch(t)dt
0 0 ¢€G

is locally minimal. If it is globally minimal, it is called a
minimizing curve. Alternatively, one can interpret the length
as runtime.

For a minimizing curve C, the sub-Riemannian arclength
L(C) is the sub-Riemannian (Carnot-Carathéodory) distance
dcc(e,U)of eand U.

With these assumptions, minimizing curves exist for all U,
since horizontal connecting curves exist. In general, they are
not unique, which can also be seen in the simple example in
Sec. IVB.

III. RESULT

In the following theorem, we generalize the result of [22],
Theorem 1. Whereas the existing theorem refers only to uni-
taries generated by a fixed Pauli operator, the present result
refers to all unitaries reachable.

Theorem 1 (implemented error). Consider a resource state
with a translationally invariant computational order parameter
o and executable generators G. Let A be the Lie hull of the
executable generators G and G be the corresponding closed
Lie subgroup. Let N be the number of sites with nontrivial
measurement bases, i.e., the splitting number. Further assume
that the distance between symmetry-breaking measurements
is much larger than the correlation length, such that their
effects are uncorrelated.

Then the unitary U € G can be executed on that resource
state with the error bound

1 1 2 -2
e < 5l =z~ 1)decte. Uy + o), 3

where dcc(e, U) is the sub-Riemannian distance (Definition
1) of U to the identity e.

This theorem gives an asymptotic error bound for MBQC
on resource states in computational phases of quantum matter.
We give an implementation of U on that resource state, taking
a sub-Riemannian minimizing curve C and approximating it,
using the Lie-Trotter-Suzuki formula. From this perspective,
finding the implementation with minimal error is a geometric
problem.

The leading order in the 1/N expansion of the error bound
€ has a simple structure; it is the product of three factors.
The first factor 1/N describes the measurement procedure.
Enlarging N can make the error € arbitrarily small, at the
cost of spending computational resources of order N. The
second factor describes the resource state used. Its quality
only depends on a single quantity, the order parameter o. The
closer o is to its maximum value of one, the smaller the logical
error is. The third factor describes the target unitary. It enters
through its Carnot-Carathéodory distance from the identity.

The higher-order terms O(N ~2) also include the error made
by approximating the geodesic with finite rotations.

Outline of the proof. The critical ingredient in the proof
is the connection between error and arc length, provided in
Lemma 2. The proof consists of three steps. First, we bound
the error of an arbitrary rotation sequence using the triangle
inequality (Lemma 1)

1
e<) &= (; - 1) > lail® + 0(@?).

Second, the error bound is related to the sub-Riemannian
distance, as rotation sequences are a special case of horizontal
curves (Remark 3). As a third step, we take the Lie-Trotter-
Suzuki formula (Definition 2) to get a rotation sequence for
a minimizing sub-Riemannian geodesic C connecting e¢ and
U. Finally, we join the three pieces together to get the error
bound.

IV. METHODS

To prove the theorem, we start by calculating the local
error. This is the contribution to the error coming from a single
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measurement. Because the channels are multiplicative, we can
use the triangle inequality to get the total error from the local
ones.

Remark 1 (local error). The local error €; is minimized by
implementing B; = 7 assuming that angles o; are small. The
local error is quadratic in the angle and gets smaller as o
approaches one,

1 2 3
€ = (; — 1>ai + O(ai).
Proof. We look at the error, that is, the difference
14+o 1—0o
T[Ui(ﬂi)] + T[Ui(—ﬂi)] — [Ui(a)].

Therefore, we can expand the superoperators [e'*$] in orders
of @ = o, B, to get
L +ialgi, 1+ 30°[gi, 1 + O(e),

where [g;, -] maps matrices p +— [g;, o] to the commutator
with g;. Taking the difference, with 8; = %, o7 is the leading

term, with
1/1
5(; - 1)%-2”[81', Plo-

The result follows universally for the diamond norm, because
IIlg:, 12 llo = 1. For other operator norms, like the trace norm,
this constant can depend on the number of qubits. ]
These local error bounds add up via the triangle inequality
to get an approximate error bound.
Lemma 1 (error bounds for rotation sequences). The total
error can be bounded by the sum of the local errors

€ < Ze,-: (%— 1)20{,-24-0(013).

Proof. We use induction, triangle inequality, and product
or composition inequality to get

N
€ < E €;.
i=1

ForN =1,¢e =¢;.FromNtoN + 1,

N N
€W +1) = |Cyo[[G—Unnle [ iU
i=1 i=1
N N
< |[Chsr 0 l_[Ci —Cny10 H[Ui]
i=1 i=1
N N
+ [Cvir o [ JIU = [Ungal o [ J1UI
i=1 i=1
N N
<leval|[]e - Twa
i=1 i=1
N
+ lICx 41 — Wyl ] J1UA
i=1
< eN) + enyi. “)

Gate Error €

0 | | | I
3 2 1 0 1 2

Angle « of Rotation in x Direction

. Bound . Numerical Error ¢

FIG. 1. Numerical example for confirmation of the error scaling
for a Pauli X rotation. We compute the error numerically (purple)
and using our bound (Lemma 1) (green). As mentioned in the text,
the bound is tight for all numerical experiments using also different
executable generators. Using the Frobenius or the trace norm instead,
the bound is not tight for combinations of different generators. The
parameters are 0 = 0.9 and N = 500.

This estimation is independent of the chosen norm ex-
cept for the last step, where we impose a normalization
IC;: Il = IILU:]Il = 1. Finally, the local error (Remark 1) can be
inserted. |

We also numerically confirmed the error scaling for low-
dimensional examples.

Remark 2 (numerical observation). Without a  lower
bound on the implementation error, we cannot conclude
that implementation of the geodesic gives the optimal error
scaling. In numerical experiments for the diamond norm,
we see that this bound is tight (for example, Fig. 1). We
were however unable to prove that the same expression
asymptotically is also a lower bound for the diamond norm of
the total error.

To find a rotation sequence that has a low error, we make
use of a minimizing horizontal curve in the special unitary
group SU(2") which starts at the identity, ends at the desired
unitary, and satisfies an additional constraint on the instanta-
neous rotation axis. We first show that rotation sequences can
be interpreted as such curves.

The contribution of the rotation sequence in the total error
Zf’: ,@? can be seen as a discrete version of the integral
fol > ¢ Cell )>dt, which resembles the sub-Riemannian energy
(Lemma 2).

Remark 3 (curves and error). The executed gate U from
the rotation sequence «;, g;,

N
U = 1_[ eligi
i=1

is the endpoint of a piecewise-one-parameter curve C :
[0, N] — SU(2"). So for every rotation, we get a piece of the
curvet € (i — 1,i]:

C([) — 1_[ eiajgjei(z‘fiJrl)a,'gi.
l<j<i
Moreover, the piecewise-constant control

c(t) =iwigi, te(@—1,1]

012444-4



SUB-RIEMANNIAN GEOMETRY OF MEASUREMENT-BASED ...

PHYSICAL REVIEW A 113, 012444 (2026)

directly gives rise to the relation (substituting 1 — tN)
€~ Za? _ ! /1 lc(rN)*dr + O(N7?)
- N ‘

Therefore, we conclude that in order to have a good upper
bound for the error, a small constant for the 1lv term is nec-
essary. Since N will be sufficiently large, only the first-order

coefficient is influenced by the choice of rotation sequence

. 1 :
Jlim Ne(N) = <; - 1) /0 le(0)[?dr.

By the following lemma we know that minimizing this
scaling factor is equivalent to minimizing the sub-Riemannian
arclength.

Lemma 2 (error and energy). Sub-Riemannian geodesics
minimize the energy functional (see [23], p. 262)

1
EC)= / ()] ?dt. 5
0

The minimum is given by E = T2 for T = L(C) the length
of C.

This step directly relates the sub-Riemannian problem of
minimizing some functional to the physical problem of min-
imizing the error of a MBQC scheme. If the rotation angles
could be chosen continuously, a curve minimizing the ar-
clength would be the desired rotation sequence. If we were
further able to prove a lower bound for the error, this would
imply that the minimization problems are equivalent.

Proof. Reparametrize |c(t)| = 1 by arclength. Since E is
finite, |c| is square integrable,

T T
T? = (/ |c(t)|dt> = T/ le()]?dt.
0 0

Here we applied the Cauchy-Schwarz inequality with g(z) =
1. Moreover, since |c(t)| is constant, equality holds. There-
fore, minimizing the arclength (the square 7?) is equivalent to
minimizing the leading zlv coefficient of the error bound. W

Since the control cannot be applied continuosly, we ap-
proximate the geodesics for a good error scaling using a
Trotter-like product formula for the pieces of the geodesic.
These need to vanish faster in terms of N, so they can be
neglected compared to the implementation error.

There are some choices for higher-order Trotter like
product formulas, which also include the commutator and
higher-order error (see [24], p. 5). One can also use [25]
for the time-ordered exponential, or other splitting techniques
[26].

We adapt a scheme from [27] to get a local approximation
of third order. This results in a global approximation error
of second order, which is sufficient, because the error in the
implementation is of first order, so it is dominant. We recall
from [27] (p. 5) the following definition.

Definition 2 (first order Lie-Trotter-Suzuki product for-
mula). Let ¢ be a time-dependent control

c(t) = iZ c(t)g.

geg

2

We label the generators g; € G with i = 1, ..., m. Then its
first-order Lie-Trotter-Suzuki formula is

Ut + A )= Hexp [ici<t + %)%}

i=1

1
X Hexp |:ic,~<t + %)%} (6)

i=m

In Fig. 2 we compare the resulting curve for the rotation
sequence generated by the Lie-Trotter-Suzuki formula to the
original geodesic. The local approximation order (Lemma 3)
is also given in [27] (p. 9).

Lemma 3 (local approximation order). Let U=9
exp[ f dz c(t)] be the unitary generated by the continuous
time-dependent control c¢(¢). The first-order Lie-Trotter-
Suzuki product formula (6) has a local error of third order,
ie., |[U—Ui| € O(A®).

This lemma is important to argue that going to the domain
of continuous curves and approximating them does not dras-
tically change the metric of interest, which is of first order in
N~L

Proof. We start Taylor expanding both parts, the exact
rotation using (see [27], Lemmas 1 and 7)

Ut + A1) =14 ct)A + [c2(1) + ()]A? /2 + O(A?)
(7)
and the approximation by c(t) = c(t + A/2)A. There, using
the expansion of c(t + A/2) = ¢(t) + ¢'(t)A /2,
explc(t + A/2)A]
L+t + AJ2)A + 3@ + AJ2)A? /2 + O(A?)
L+ A+ 1)+ OIA* 2+ 0(AY). ()

The Lie-Trotter-Suzuki product formula gives rise to the same
in second order

U+ A1) =14clt+ A/2)A+ P+ AJ2)A?)2
+ 0(AY). 9)

So for any operator norm, due to homogeneity and triangle
inequality, [|U; — U|| € O(A?). |

We summarize this, stating how a unitary U is imple-
mented on a resource state with N A qubits.

Definition 3 (curve implementation). Let U € SU(2") be
the target unitary and let C(¢) be a minimizing geodesic with
control c(z) such that C(T') = U. Split the geodesic into M
pieces with M = LZWILV—_lj. Then we get a rotation sequence
containing less than N individual rotations with angles of
order N~!, according to Eq. (6).

Using this definition, we can prove our main theorem
(Theorem 1).

Proof of Theorem 1. All the generators in the rotation se-
quence are executable c,(#;)g, because we use a horizontal
curve c(t) € i span G (see Fig. 3).
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Geodesic and Lie-Trotter-Suzuki Product Formula

. Geodesic

a
@) Z . Product Formula

X

(b) Controls of the Geodesic
0.005 |
0.004
0.003
= 0.002 |
& 0.001
3 0
£ —0.001 -
S —0.002 -
—0.003
—0.004 |-
| |

—0.005

Time t

FIG. 2. (a) Sub-Riemannian geodesic (Example 1) for a rotation in the y direction (purple). For that curve we compare the Lie-Trotter-
Suzuki product formula (green), which is a curve with piecewise constant control. (b) Control functions c,(¢) (purple) and c,(¢) (green).

The total error is bounded by the implementation error and
the approximation error

N N N N
[]c—1w| <|[]c-[Twa|+|]Jwi-u
i=1 i=1 i=1 i=1

The approximation error is of order N2 (using triangle in-
equality):

< +

'1_[ eiOtigi —_ U

For the implementation error we have, similar to numerical
integration up to second order N2,

<Y _ONT) e ON).

1 [! 1
Dol < / le)*dr = —dec(e, U),
i 0

Comparison of Numerical Error for y Rotations

|

o

e
— b

I

|

Gate Error €

0.8
0.6 /r
0.4
0.2 /M
0 L | |

0 1 2 3

Arclength for Rotation in y Direction

. Bound . Numerical Error e

FIG. 3. Comparison of the error norm ¢ for our implementation
of a y rotation (purple) to the theoretical upper limit (green) given by
Theorem 1. We see that the error satisfies the bound. The parameters
are o = 0.9 and N = 500.

with the last equality holding for a minimizing curve.
UL = Ull € O(AY). [

A. Scaling

Since computing the sub-Riemannian distance relies on
finding the shortest geodesics, the computation of the distance
and some optimal control is hard. The advantage of the fol-
lowing oo distance in comparison to the Carnot-Carathéodory
distance is that it can be calculated more easily for arbitrary
unitaries. Basically, only the degree of the used generators is
of importance. Let X; an orthonormal basis of the Lie algebra.
The degree degX; of X;, i.e., the number of commutators
needed to generate X; from G,

y = exp (Zy,-X,-).

Then the oo distance to the identity is

do(e,y) = max (|y]'/ %),
i=1,..,N
The box-ball theorem says that sub-Riemannian metrics
are bi-Lipschitz equivalent (see [28], p. 126) in the following
way: There are constants 0 < C; < G < oo such that for all

U egG,
Cids(e,U) < decle, U) < Cadoo(e, U).

So for the scaling of the sub-Riemannian distance we only
need to know the scaling of the oo metric. The inequality
for the scaling dcc < Cly;|'/V can be shown using the Baker-
Campbell-Hausdorff formula and is sometimes stated as a
consequence or a by-product of Chow’s theorem for reach-
ability (see [21], p. 28).

The downside of the result is that the constants C; and C,
need not be easy to determine or even small. Moreover, they
will also depend on the dimension of the Lie group and the
executable generators. However, for small angles the bound
gets more and more tight. For prominent sub-Riemannian
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Bounds of the sub-Riemannian dc¢ Distance

N

Distance and Bounds
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[\)
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Arclength for Rotation in y Direction
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FIG. 4. Comparison of the different bounds for a Y rotation in
SU(2) with X and Z as horizontal directions. The Riemannian dis-
tance or arclength and scaling for the Euler angles are shown in blue,
the sub-Riemannian distance that is important to our error bound
is shown in black, and the bounds with d., given by the box-ball
theorem are shown in red.

geometries such as the Heisenberg group, explicit constants
can be given [29].

Another way to think about upper bounds is by
constructing other curves that implement unitaries with
the same restriction. One could implement arbitrary unitaries
using a generalization of Euler angles. In [30] they find
rotation sequences for exponentials of single Pauli operators
with length ¢ + (degX; — 1)x. They also use that in MBQC
7 rotations by Pauli operators can be done by classical post-
processing:e!T/2P1 . .. gi(T/2Pio1 gitPLe=i(T/DPLor . g=iCT/2P
Implementing that sequence gives long sequences of a single
type of rotation and introduces an additive overhead to
implement that sequence for every single Pauli generator
appearing in the unitary. That means that especially for
unitaries close to the identity, the scaling argues in favor of
the sub-Riemannian minimizing curves. In Fig. 4 we see as
an example that even for a single generator the Euler angles
are inefficient compared to using geodesics. With regard to
the executable generators, we come to the same conclusion
as in [30]: Optimal generation of the Lie algebra using
commutators is beneficial for optimal generation of unitaries
using only executable generators. This is due to the scaling of
the length of both measures with the degree of the generators.

B. Simplest example

In general, the problem of finding sub-Riemannian
geodesics is not easy to solve. For the case of SU(2), there
is an example problem that is given in [23] (p. 263) with the
following curves.

Example 1 (sub-Riemannian geodesics). Compare [23],
pp. 263-265. Consider V as the span of (i/20,,1/20;) and the

control parametrized as c(t) = i/2[c,(¢t)oy + c;(t)o,]. The
sub-Riemannian geodesics have time-dependent coefficients
c(t) of the form

c:[0,T] — R?,
s o cOsgg sin ¢y \ { cos Bt
) = <— singy cos ¢0> (sin /3t>
_[cos Bt + ¢
- (sinﬂt—i—d)o)’ (10)

with ¢y, B, and T constants to be determined by setting the
curve at time 7' equal to the target unitary U,

U =)

= exp (%T(cos P00y + sin poo, + ,30,)) exp (—%T,Boy).
(11)

Given the rotation to implement, the parameters of the
geodesic can be found. For most cases, this involves solving
a nonlinear equation for §. In Fig. 2 there are examples of a
geodesic with a unitary e®/2%

Finally, we give examples of the bounds on the sub-
Riemannian distance on SU(2) for the comparison of the
different implementations (Fig. 4). We see that the decom-
position into Euler angles gives a larger arclength than the
sub-Riemannian geodesics. Moreover, we see that the /o
scaling from the ball-box theorem gives good bounds.

V. CONCLUSION AND OUTLOOK

This work establishes that sub-Riemannian minimizing
curves provide a principled and effective method for realizing
quantum algorithms with rigorously bounded logical error
in measurement-based quantum computation, specifically in
the regime of computational phases of quantum matter. By
relating computational efficiency directly to the geometry of
the executable generators, we uncover a profound structural
connection between symmetry-constrained quantum opera-
tions and differential geometry. The resulting error scaling
outperforms traditional strategies such as Euler angle decom-
positions.

The presented methodology applies naturally to more com-
plex Lie groups and richer MBQC architectures. In particular,
it applies to multigenerator gate sets governed by subsystem
symmetries in two-dimensional and higher-dimensional sys-
tems. This contains the 2600 computational phases identified
in [31]. These examples, with many more to be enumerated
and analyzed and perhaps even fully classified, form a rich
and varied phenomenology to which a future geometric theory
of computational efficiency in quantum phases of matter can
refer.

Numerical methods play a complementary role in ex-
ploring this broader landscape. For initial-value problems,
geodesics can be obtained by solving Hamilton’s equations.
For boundary-value formulations, one may use Monte Carlo
sampling [32] or the Krotov method [33], though both are
computationally demanding. A more scalable alternative is
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the fast marching algorithm [34,35], which offers efficient ap-
proximations to minimal curves and could serve as a practical
tool for large-scale optimization in MBQC contexts.

Several questions remain open. First, can an analogous
error minimization framework be developed for the corre-
lated regime of MBQC [22,36], where operations are not
independent and intersite correlations play a critical role?
Reference [14] provided the first scaling relation of the type
of Eq. (3), but under the limitations of applicability (a) to
only the uncorrelated regime and (b) to only single generators.
Reference [22] lifted restriction (a), and the present work lifts
restriction (b). It is desirable to have a scaling result that lifts
both restrictions simultaneously.

Second, in all scenarios we analyzed numerically, in the
large-N limit, our error bound (3) not only bounds but
equals the actual error. This prompts the question whether a
lower bound on € can be established that matches the upper
bound at leading order 1/N. This would establish the asymp-
totic optimality of the geodesic construction. Proving such a
bound would formally equate the sub-Riemannian minimiza-
tion problem with the most efficient possible protocol under
physical constraints.

The broadest and arguably richest question in the present
context is after the geometric theory of computational effi-
ciency of MBQC. It would answer questions such as which
resource states lead to the most efficient MBQC imple-
mentations of quantum algorithms and for which quantum
algorithms and subroutines do the MBQC-native gate sets pro-
vide an advantage. Reference [37] hinted that significant gains
can be encountered. The present work provides a foundation
for an efficiency analysis of MBQC, for the continuous case
of computational phases of quantum matter.
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