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We study the interactions mediated by a symmetric superconducting quantum interference device (SQUID),
their renormalizations, and the applicability of the anharmonic oscillator (bosonic) model for a coupled phase
qubit. The latter dwells in its metastable well holding a number of anharmonic energy states. The coupling
SQUID can switch between the single- and two-photon interactions in situ. We find that, in the bosonic two-
photon regime, the cross-Kerr coupling never vanishes as it dresses due to asymmetry in the qubit potential and
nonlinearity of the coupler. Our quantitative results also depend on the bosonic approximation. We approach
determining its limits by finding the minimum number of coherent energy states required for a dressing. For
that, we lay out diagrams of the dressing virtual processes that climb the qubit ladder as high as possible. Near
the two-photon resonance with a coupled resonator, we systematically calculate other relevant renormalizations
due to nonresonant interactions. We provide verifiable predictions for the coupling rates. Modified systems can
be applied for two-photon detection and for quantum-nondemolition readout of a qubit with an asymmetrical
potential.

DOI: 10.1103/znff-859f

I. INTRODUCTION

In a curious prediction of quantum theory, a real transition
may occur in two steps with an intermediate state never oc-
cupied considerably; the two legs of such a process are called
virtual transitions. In fact, one can even describe the simplest
excitation exchange due to linear interaction, as in the Jaynes-
Cummings model [1], in terms of two virtual processes: one
destroying a quantum in the first system, and the other creating
it in another system. In the respective approximation, the
combined system is never found in the intermediate state. In
a less trivial example, two nonresonant exchange interactions
with an auxiliary system mediate a real excitation exchange
between two other systems [2]; a modification [3,4] of such a
coupler powers a commercial quantum computer [5].

Virtual transitions can chain into more complex processes
as well. Combined with intrinsic nonlinearity and transitions
to the higher excited levels, linear interactions between trans-
mon qubits [6] give rise to ZZ interaction [7]. Essentially,
ZZ coupling is due to parametric processes [8] in which the
system state does not change, but the system energy acquires
dependency on the state of its parts. In the context of cav-
ity [9,10] and circuit quantum electrodynamics [11–13], an
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analogous coupling is known as dispersive. It arises due to
virtual transition of a resonator photon into the qubit and back
[12].

Two-photon coupling [14–20] allows an electromagnetic
degree of freedom to give up two photons in order to
produce a single excitation in another system. It can emerge—
perturbatively—due to intermediate virtual processes as
predicted [16,17,21–23] and measured [21] for different sys-
tems. This type of nonlinear coupling can already find some
applications. Two-photon interaction facilitates single-mode
squeezing [24]. It may be used for novel quantum informa-
tion processing protocols [19] and achieving photon-number
resolution in microwave photodetection [22,23,25]. With a
deep strong two-photon coupling, interaction-induced spectral
collapse may be observed [26].

To achieve high two-photon coupling rates, one can ei-
ther “simulate” the coupling using special driving schemes
[24], or seek a strong nonlinear interaction. In the preceding
contribution [20], we argued that a symmetrical dc supercon-
ducting quantum interference device (SQUID) can mediate
nonperturbative two-photon coupling of reasonable strength
that arises directly from the Josephson nonlinearity. Indepen-
dently, Ayyash et al. conveyed the same point in Ref. [19]
for an asymmetrical SQUID. The latter is better suited for
coupling circuits with zero static displacement of the super-
conducting condensate phase over them, such as resonator
and transmon [6] qubits. However, in both works [19,20],
only the bare two-photon coupling was calculated; i.e., the
two-photon transitions due to possible virtual processes were
not accounted for.

Moreover, neither of the works considered the cross-Kerr
coupling. It arises with a parametric process, similarly to the
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FIG. 1. A resonator and an rf SQUID in the regime where the
phase qubit interacts through the SQUID coupler. The system evolves
around the equilibrium phase differences φmin

r and φmin
a . The respec-

tive varying departures are ϕr and ϕa. Conjugate to them, dynamic
variables nr and na are the Cooper pair number at the full capac-
itances. δ = φmin

r − φmin
a is the equilibrium phase difference over

the coupler. �c and �e are the coupler and rf SQUID bias fluxes.
Cartoons show potentials and energy levels of the resonator (left)
and the phase qubit (right).

ZZ or dispersive coupling mentioned above. Typically, the
term is used for two systems each having many energy states.
With the cross-Kerr coupling, the combined energy acquires a
contribution proportional to each of the system populations.
This can be detrimental for implementing two-qubit gates
[4,27–29], applications of optomechanical systems [30], and
in traveling-wave parametric amplifiers [31]. In the absorbing
detectors of microwave photons [32–43], cross-Kerr coupling
introduces a photon-number–dependent detuning that may
complicate the absorption. On the other hand, this very type of
coupling is required for the quantum-nondemolition detection
[44–51], dispersive qubit readout [11], and other applications
for quantum computing with superconducting circuits [52,53].
The cross-Kerr coupling can be used to simulate optomechan-
ical coupling using an additional driven mode [54].

It seems that the cross-Kerr interaction can be switched off
in a Josephson coupler, as in Refs. [20,25,55,56]. The coupler
mediates interactions between the “coordinates” ϕr and ϕa via
its potential energy, proportional to cos(ϕr − ϕa + δ), where
δ is some equilibrium phase. To achieve higher values of the
bare two-photon interaction, one can set δ = π/2 to maximize
the ϕ2

r ϕa expansion term in the energy [20,55]. At the same
time, one may expect that the cross-Kerr coupling is absent.
Indeed, the bare cross-Kerr coupling only arises from the
even-order expansion terms, absent at δ = π/2.

In this work, we continue to study a resonator and a phase
qubit coupled via the SQUID coupler (see Fig. 1). Using
the bosonic approximation, we devise a systematic theory
to answer three questions: (i) Having a plethora of different
interactions and nonlinearities in that system, do they pro-
duce virtual transitions that yield a considerable correction to
the two-photon coupling? (ii) Analogously, are there sizable
corrections in the cross-Kerr coupling? Can one mitigate this
coupling, and if not, how big is it? (iii) For the virtual pro-

cesses in the corrections, how many energy levels are required
in the qubit metastable well?

The paper is organized as follows: We review the physics
and the main parameters of the circuit in Sec. II and discuss
important bare interactions in Sec. III. Then, in Sec. IV, we
present the effective two-photon Hamiltonian and outline the
approximations we use. In Sec. V, we elucidate how the two-
photon and cross-Kerr interactions are renormalized by other
couplings. We provide some involved virtual processes in the
form of diagrams. In Sec. VI, we estimate the coupling rates
for a reasonable set of circuit parameters. Section VII dis-
cusses our results and their applicability, including the bosonic
approximation. We assess some applications and discuss gen-
eralizations of the theory in Sec. VIII and conclude in Sec. IX.

We delegate technical details to the Appendixes. In Ap-
pendix A, we provide our starting Hamiltonians. Derivation
of the effective two-photon Hamiltonian that accounts for
all relevant renormalizations is in Appendix B. Appendix C
provides an alternative calculation of the main cross-Kerr cor-
rection using Wick’s theorem. We also provide further detail
on laying out the diagrams for the virtual processes involved.
In Appendix E, to show that this correction also arises in
the classical limit, we use equations of motion to obtain it.
Appendix D outlines the recipe for finding the processes that
climb the energy ladder as high as possible. Appendix F
provides expressions and interpretations for nonessential cor-
rections to the interaction rates.

II. CIRCUIT

It is convenient to describe the circuit dynamics in terms of
dimensionless variables. The number of Cooper pairs acts as a
generalized momentum while the drop of the superconducting
condensate phase acts as a generalized coordinate.

Consider the circuit in Fig. 1. For the isolated resonator, nr

is the Cooper pair number on its capacitance Cr. Analogously,
na is the number of pairs on the rf SQUID at full capacitance.
Near equilibrium, only the departures from the static values of
the condensate phases matter. ϕa represents such a departure
of the phase difference across the rf SQUID junction. ϕr is the
phase departure across the resonator contacts.

We are interested in coupling between the resonator and
the rf SQUID acting as an artificial atom. The SQUID cou-
pler mediates linear and nonlinear interactions. Its Josephson
energy

E c
J = 2E c

1J cos
π�c

�0
(1)

can be tuned by the coupler bias �c. On the other hand, it is
set by the Josephson energy of each of the coupler junctions,
E c

1J = Ic
0�0/2π , where Ic

0 is the critical current of the junction
and �0 = h/2e is the flux quantum. The Josephson coupling
energy reads −E c

J cos(ϕr − ϕa + δ), where the static phase
difference over the coupler

δ = φmin
r − φmin

a − π�c

�0
(2)

depends on its bias flux �c. We denote the resonator and atom
equilibrium phases by φmin

r and φmin
a . The equilibrium is de-

termined by the conservation of static currents as expressed in
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TABLE I. Important bare interactions in the fourth-order approximation of the Josephson energy. In the diagrams, wavy lines stand for
creation or annihilation of a resonator photon while straight lines denote the atom processes. Each line length indicates a change in the system
energy. In the two-photon regime, an atom excitation requires twice as much energy as a photonic one. Arrows indicate the start and end of
a diagram. Potential asymmetry in the atom brings processes with amplitudes of order ϕa,zpf in the atom zero-point fluctuations, as explained
in the text. As the diagram acts on a system state from right to left, it recovers the explicitly written term, while acting from left to right
yields the H.c. term. Linear coupling: Combined, the capacitive and inductive couplings with rates gc

1 and gi
1 give rise to number-preserving

and -nonpreserving exchange processes. Quadratic couplings: A two-photon interaction arises from a quadratic coupling, along with the other
ones. Cubic coupling gives rise to the cross-Kerr processes, which are always resonant.

Energy Rate Some processes

Potential asymmetry −h̄Xa (b† + b)3 Xa = μ

12 ωp
a ϕa,zpf Xabb†b + H.c. = Xa

Linear coupling Capacitive Number-preserving Number-nonpreserving

−h̄gc
1(a† − a)(b† − b) gc

1 = Ec
C
h̄ nr,zpf na,zpf g− = gc

1 − gi
1 g+ = gc

1 + gi
1

Inductive g−a†b + H.c. = g− g+ab + H.c. = g+

−h̄gi
1(a† + a)(b† + b) gi

1 = Ec
J

h̄ ϕr,zpfϕa,zpf cos δ

Quadratic couplings −h̄g2(a† + a)2(b† + b) g2 = − Ec
J

2h̄ ϕ2
r,zpfϕa,zpf sin δ two-photon: Optomechanical:

−h̄G2(a† + a)(b† + b)2 G2 = Ec
J

2h̄ ϕr,zpfϕ
2
a,zpf sin δ Two–atom-excitation: Reverse optomechanical:

Cubic coupling −h̄ K0
4 (a† + a)2(b† + b)2 K0 = Ec

J
h̄ ϕ2

r,zpfϕ
2
a,zpf cos δ Cross-Kerr: a†ab†b = 1

2

Appendix A 2. Depending on the bias �c and the equilibrium
position, the Josephson coupling produces inductive linear
interaction as well as various nonlinear processes, including
the two-photon one [20].

In addition, the coupler charging mediates linear capacitive
interaction as in Table I. Its charging energy is

E c
C = 4e2 C̃c

C′
aCr

, (3)

where the coupler capacitance C′
c is loaded by the se-

ries connection with the resonator and atom capacitances,
C̃c = (1/C′

c + 1/Cr + 1/C′
a )−1 ≈ C′

c. The latter approxima-
tion qualifies as we have C′

c � Cr,C′
a in Sec. VI, similarly

to the preceding work [20]. The full coupling capacitance
C′

c = Cc + 2Cc
1J consists of the shunt Cc and two junction

capacitances Cc
1J of the coupler.

We consider charging of the circuit capacitances to ac-
cumulate the “kinetic” energy of the circuit. We denote by
E r

C = e2/2C̃r the resonator charging energy, where C̃r = Cr +
C′

aC
′
c/(C′

a + C′
c) is the loaded resonator capacitance. That is,

Cr is loaded by the parallel connection with the atom full
capacitance C′

a, which is connected in series with the full cou-
pling capacitance C′

c. Analogously, the artificial atom charging
energy is E a

C = e2/2C̃a, where C̃a = C′
a + CrC′

c/(Cr + C′
c) and

C′
a = Ca + 2Ca

1J is the full atom capacitance. It consists of the
shunting capacitance Ca and the internal capacitances Ca

1J of
each of the atom junctions. We rely on the exact expression
for C̃a to tune the atom and resonator into the two-photon
resonance.

Quadratic potential energy of the circuit arises as it does
from linear inductances. The Josephson energy also con-
tributes. The full inductive-like energies read

Ẽ r
L = E r

L + E c
J cos δ, (4a)

Ẽ a
L = E a

L + E a
J cos φmin

a + E c
J cos δ. (4b)

Here E a
J = Ia

0 �0/2π is the atom Josephson energy. E r
L =

�2
0/4π2Lr is the resonator inductive energy, and a similar

expression holds for the atom inductive energy. According to
Eq. (4a), the resonator inductance Lr is loaded by the cou-
pler Josephson inductance, Lc = �2

0/(4π2E c
J cos δ), as L̃−1

r =
L−1

r + L−1
c . Equation (4b) expresses both the load from the

coupler and the analogous load from the atom Josephson
energy.

The resonator and atom degrees of freedom oscillate
around the equilibrium. With the nonlinearities switched off,
they oscillate with the plasma frequencies

ωp
r = 1

h̄

√
8E r

CẼ r
L, ωp

a = 1

h̄

√
8E a

CẼ a
L . (5)

Here, the loaded inductive energies Ẽ r
L and Ẽ a

L depend on the
equilibrium point as in Eqs. (4).

III. BARE INTERACTIONS

We expand the Josephson energy in the circuit to the fourth
order in the resonator and atom phase variables. We provide
the expansion in Appendix A after circuit quantization. Here,
we focus on the resulting interactions important for this work.

For the expansion of the Josephson energies to be valid,
we require that the inductive-type energies dominate over the
charging energies:

E r
L ≫ E r

C, Ẽ a
L ≫ E a

C . (6)

This ensures that the phase particles of both systems are
“heavy” and reside close to the equilibrium.

We express the system variables in terms of the bosonic
ladder operators: nr = inr,zpf (a† − a) and ϕr = ϕr,zpf (a† + a)
for the resonator variables, while na = ina,zpf (b† − b) and
ϕa = ϕa,zpf (b† + b) for the atom variables. Here, the magni-
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tudes of the resonator vacuum fluctuations read

nr,zpf = (
Ẽ r

L

/
32E r

C

)1/4
, ϕr,zpf = (

2E r
C

/
Ẽ r

L

)1/4
, (7)

and the magnitudes of the atom vacuum fluctuations are

na,zpf = (
Ẽ a

L

/
32E a

C

)1/4
, ϕa,zpf = (

2E a
C

/
Ẽ a

L

)1/4
. (8)

In Appendix A 3, we write out the resulting “second-
quantized” Hamiltonian in the fourth-order approximation of
the Josephson energy.

In Table I, we present the interactions dressing the two-
photon, cross-Kerr, and linear coupling. The energy terms in
the table yield processes with the given rates or their multi-
ples. We depict some processes with diagrams as explained
below.

The cubic nonlinearity −h̄Xa(b† + b)3 in the atom
potential arises from expansions of both the atom
−E a

J cos(φmin
a + ϕa ) and the coupling Josephson energies.

As E a
J ϕ2

a,zpf = (E a
J /2Ẽ a

L )h̄ω
p
a , the third-order atom term

−(1/3!)E a
J ϕ3

a,zpf sin φmin
a turns first order in ϕa,zpf if E a

J � Ẽ a
L .

In that case, we have

Xa = 1

12

E a
J

Ẽ a
L

ωp
a ϕa,zpf sin φmin

a − E c
J

6h̄
ϕ3

a,zpf sin δ (9)

for the strength of the nonlinearity.
In Table I, this cubic nonlinearity in the atom potential is

characterized by

μ = 12Xa

ϕa,zpf ω
p
a

≈ sin φmin
a

cos φmin
a + β−1

L

, (10)

where βL = E a
J /E a

L is the screening parameter [57] of the
atom loop. When using the expressions in the main part of
the paper, to assess only the dominant corrections, one can
neglect the coupler contribution as above.

Let us comment on some interactions in Table I. Lin-
ear coupling yields number-preserving and -nonpreserving
single-photon interactions. In the latter, both the atom and
resonator simultaneously excite or deexcite by one energy
level.

Consider one of the quadratic couplings from Table I in
detail. Expanding, using that [b, b†] = 1, and regrouping, we
have

(a† + a)2(b† + b) = (a†2b + H.c.) + (a2b + H.c.)

+ 2a†a(b† + b) + (b† + b). (11)

The first term on the right-hand side is the energy-preserving
(when the frequencies match) part of the two-photon interac-
tion, while the second term is its energy-nonpreserving part.
The third term describes a process akin to the optomechanical
one [58,59].

Here, in this optomechanical-like interaction, the atom
plays the role of an optical cavity. Its frequency is modulated
by the generalized coordinate of the microwave resonator that
plays the role of a mechanical mode. In the “reverse optome-
chanical” interaction in Table I, the atom and resonator swap
their roles as in Ref. [60].

In Table I, we illustrate some processes with diagrams.
For instance, the two-photon diagram depicts the first term on
the right-hand side of Eq. (11). The optomechanical diagram

depicts, up to a factor of 2, the third term there. Later, we
use such diagrams to illustrate the dressing and the minimal
number of energy levels it requires.

Note the signs of some energy terms in Table I. We choose
them so that the important interaction rates g2, K0 > 0 when
the two-photon coupling strength g2 attains its highest value
(see Fig. 6). That is convenient in what follows, for reading
whether the renormalization terms increase or decrease the
rate magnitudes. For the same reason, we choose Xa > 0 there,
as it appears in the rate dressing.

IV. EFFECTIVE MODEL

In this section as well as in the next one, we do not detail
the coupler regime. That is, we provide the expressions for
the coupling rates for an arbitrary coupler phase δ as given by
Eq. (2). We only require that one adjusts the artificial atom and
the resonator to the two-photon resonance ωa ≈ 2ωr. Here and
below in the main text, ωa and ωr stand for the actual, dressed
frequencies of the atom and resonator.

A. Two-photon Hamiltonian

In Appendix B, we use Schrieffer-Wolff transformations
to derive the system effective Hamiltonian close to the two-
photon resonance,

Ĥ
h̄

= ωra
†a + ωab†b − Ξa

2
b†2b2

− K0,X a†ab†b − g̃2(a†2b + b†a2). (12)

In the rest of this work, the two-photon coupling of rate g̃2, the
cross-Kerr coupling of rate K0,X , and the atom anharmonicity
Ξa are most important for us. Due to the two-photon coupling,
annihilation of two resonator photons excites the artificial
atom, and vice versa. Both rates g̃2 and K0,X are dressed by
the other interactions, as we discuss in the next sections and in
Appendix F. In contrast with the standard two-photon Jaynes-
Cummings model [61,62], we describe the artificial atom as an
oscillator of anharmonicity Ξa rather than a two-level atom.

According to our preliminary calculations, there are also
other, higher-order nonlinearities in Hamiltonian (12) that can
be important under reasonable conditions. Namely, they are
proportional to Ξ 2

a g2
−/(ωa − ωr )3. That is negligible in our

case of interest with small anharmonicity Ξa � ωr, ωa and
the linear coupling g− suppressed as in Sec. VI E. However,
these conditions do not hold in typical circuit quantum-
electrodynamic setups with linear coupling, such as, e.g., in
Refs. [63,64].

Next, we outline the approximations in the derivation of the
effective Hamiltonian. Afterward, in Sec. V, we approximate
the two-photon and cross-Kerr interaction rates in the Hamil-
tonian (12) and approximate the frequencies in Sec. VI C.

B. Approximations and the limits of validity

As explained before, we expand the coupling terms in
the Hamiltonian in the fourth order in the system phases.
In other words, we assume that the phase zero-point fluctu-
ations are small, each system holds only a relatively small
number of excitations, and the coupling energy is reasonably
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bounded from above. We require that the inductive coupling
is not in the ultrastrong regime, i.e., gi

1 � ω
p
a . We rewrite that

condition to obtain
E c

J

Ẽ a
L

� 2ϕa,zpf

ϕr,zpf
(13)

using the expression for gi
1 in Table I with Eqs. (5) and (8).

As already mentioned, we focus on the case of two-photon
resonance, ωa ≈ 2ωr. On the other hand, we assume that the
atom single-photon transition is highly nonresonant, and we
treat the linear interaction as a perturbation. The same applies
to the optomechanical-type interactions in Table I. The system
should not be driven in a way that induces transitions, e.g.,
there should be no transitions as typically used for radiative
cooling and amplification [65,66].

We mentioned for Eqs. (10) that we neglect the atom
self-nonlinearity induced by the coupler while calculating the
rate corrections. Analogously, we neglect the resonator self-
nonlinearity because it is of purely induced character (see
Appendix A 3). As a result, we neglect small resonator anhar-
monicity in the Hamiltonian (12), as discussed in Sec. VII B.
We assume that the induced nonlinearities are much weaker
than the cubic nonlinearity in the atom potential. Under the
condition E c

J � Ẽ a
L , we still expect a reasonable accuracy in

determining the coupling rates. Also, we neglect the higher-
order nonlinearities, as explained in Sec. IV A.

Finally, for calculations in Appendix B, the artificial atom
possesses an infinite number of energy levels with the same
anharmonicity. An analogous approximation is routinely used
for the transmon artificial atom [13], with normally about ten
energy levels [67] within this model. Recently, the limits of
this approximation were studied for a transmon in dispersive
readout [67]. In this paper, we make estimates for an rf SQUID
with merely seven metastable states in Sec. VI. We further
discuss the bosonic approximation in Sec. VII.

V. IMPORTANT INTERACTION DRESSING

Here we provide our analytical approximations for the
resonant two-photon and cross-Kerr interactions as given in
the Hamiltonian in Eq. (12), as well as for the nonresonant
single-photon interaction (see notations in Table II). With
diagrams, we illustrate some virtual transitions that modify
the bare interaction rates.

Unlike Feynman diagrams [68,69], our diagrams are
not intended for calculating the process amplitudes. As in
Refs. [22,70], we show the energy states the system virtually
goes through during the full interaction process. That allows
us to clearly illustrate the smallest possible number of energy
states for a given process to occur at all.

A. Cross-Kerr coupling due to potential asymmetry

We focus on an atom with asymmetric potential and non-
linear coupling. In that case, the cross-Kerr coupling in the
effective Hamiltonian (12) is mainly corrected as

K0,X = K0 + 24g2Xa

ω
p
a

(14)

= E c
J

h̄
(cos δ − μ sin δ)ϕ2

r,zpfϕ
2
a,zpf . (15)

TABLE II. Notations for interaction rates.

Linear interaction

gc
1 Bare capacitive coupling

gi
1 Bare inductive coupling

g̃i
1 Dressed inductive coupling

Nonlinear interaction

K0 Bare cross-Kerr coupling
K0,X Dressed cross-Kerr coupling
g2 Bare two-photon coupling

Bare optomechanical coupling
g̃2 Dressed two-photon coupling
G2 Bare two–atom-excitation coupling

Bare reverse optomechanical coupling
J Dressed reverse optomechanical coupling

There is no correction from the reverse optomechanical pro-
cesses of rate G2. That is the case as we neglect cubic
anharmonicity in the resonator potential.

We provide the full derivation of Eq. (14) in Appendix B 1
using a Schrieffer-Wolff transformation as in Refs. [68,71].
A simpler derivation is sketched in Appendix C, where we
rewrite the same transformation in a more convenient form.
Appendix E gives an even more straightforward calculation
based on the Heisenberg equations of motion. Following the
calculation, the atom self-dressing, due to the cubic nonlinear-
ity in its potential, spawns the cross-Kerr correction out of the
optomechanical interaction of rate g2.

In a more physical picture, the correction in Eq. (14) occurs
owing to the virtual processes. The virtual optomechanical
transitions of rate g2 chain with the transitions caused by the
atom nonlinearity. We illustrate some example processes in
Fig. 2(a).

It is important here that two-atom processes contract into
a loop. Expanding the cubic nonlinearity with energy propor-
tional to (b† + b)3, we obtain a term bb†b = b†b2 + [b, b†]b.
The last term here corresponds to the blue (2) process in
Fig. 2(a) acting from right to left on the system state. Its
Hermitian conjugate arises as the operators in the diagram act
from left to right. Hence, a loop in the diagrams represents
the use of the commutation relation [b, b†] = 1 contracting
creation and annihilation operators.

The operators from the same interaction type contract as
in Wick’s theorem discussed in Appendix C. Such a single-
colored loop only indicates the use of commutation relations
to cast a bare interaction term or a Schrieffer-Wolff exponent
into the normal-ordered form. In the normal order, an inter-
action term uses the minimal number of the energy levels
while still modeling the required coupling. Hence, the single-
colored loops do not require the existence of a higher-energy
state. We only depict them to account for the operators “miss-
ing” after the use of commutation relations.

However, the two-color loops in Figs. 2 and 3 do require a
higher-energy state. These loops arise from the bb† sequence
with the operators from different bare processes. We speculate
in Sec. VII and Appendix C that a resulting process may
not occur if the higher-energy state is not coherent enough.
Then such sequences cannot be simply normal-ordered in
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FIG. 2. Some corrections to the bare cross-Kerr and linear couplings, due to nonresonant bare processes in Table I. (a) Cross-Kerr correction
due to optomechanical coupling g2 with the energy quadratic in the resonator variables (3, green) combined with the cubic nonlinearity of the
atom potential Xa (2, blue). The optomechanical matrix element 〈nr, na|g2a†ab†|nr, na−1〉 + H.c. ∝ g2nr

√
na and the atom nonlinearity matrix

element 〈na−1|Xa[b, b†]b|na〉 ∝ √
na combine into the full process amplitude ∝nrna. The first index in a state label denotes the number of the

resonator energy level, while the second one labels the atom level. The dashed lines correspond to an alternative process path that climbs the
atom energy ladder as high as possible. (b) Inductive single-photon correction due to the combination of the interaction G2 with the energy
quadratic in the atom variables (1, red) and the atom cubic nonlinearity. The full process is chosen to excite the atom as high as possible.
Loops contract creation and annihilation, such that only vacuum parts contribute—i.e., the unity in bb† = 1 + b†b. The same-color loops do
not rely on the availability of a next energy level. Each virtual process brings a relevant factor (in corresponding colors and positions) to the
full amplitude. Other notations are as in Table I.

the bosonic approximation. Our argument in the appendix is
based on the Schrieffer-Wolff formalism.

In the diagrams in this work, we present such processes
that climb the atom energy ladder as high as possible. In
Appendix D, we give a detailed recipe for determining such
processes.

We only account for the cross-Kerr dressing as in Eqs. (14)
and (15). Other corrections arise from the nonresonant ex-
change interactions as for the dispersive shift in circuit
quantum electrodynamics [11–13,72,73]. Dispersive correc-
tions from the linear interaction are about Ξag2

−/(ωa −
ωr )2 or less. That can be nonnegligible, but for ωa ≈ 2ωr

they only become comparable to the main cross-Kerr cor-
rection in Eqs. (14) and (15) with high anharmonicities
|Ξa|/ωr � |g2Xa|/g2

− ≈ μωa sin2 δ/|12E c
J cos δ|. This thresh-

old value of |Ξa|/ωr is large near δ = π/2 with large
two-photon coupling g2. In addition, our preliminary cal-
culations show that, for nonlinear coupling and asymmetry
in the atom potential, there is another correction of about
μg−G2ϕa,zpf/ωr . It can also matter where the two-photon
coupling is large, although it becomes comparable to the main
cross-Kerr correction when |g−| � |Xa| for ϕa,zpf ∼ ϕr,zpf .
For the estimates in Sec. VI, both dispersive corrections are
small.

FIG. 3. Some corrections to the two-photon coupling. (a) Virtual transitions 0e ↔ 1e and 1e ↔ 2g mediated by the number-conserving
linear coupling g− (4− black) and the quadratic coupling G2 (1, red). (b) Virtual transitions 2g ↔ 1e with the number-conserving linear
coupling as well as 1e ↔ 0e with the atom cubic nonlinearity Xa (2, blue) and the number-nonconserving part of either gi

1 the linear inductive
or gc

1 the linear capacitive coupling (5, orange). (c) Virtual transitions 0e ↔ 1e and 1e ↔ 2g mediated by the two–atom-excitation coupling
G2 and the number-nonconserving linear inductive interaction g+ (4+ black). The depicted processes are chosen to excite the atom as high as
possible. Other notations as in Fig. 2 and Table I.

052601-6



TWO-PHOTON COUPLING VIA JOSEPHSON ELEMENT …. PHYSICAL REVIEW A 114, 052601 (2026)

B. Nonresonant linear interactions

While we assume that the linear interactions are strongly
nonresonant, they can become relevant if the coupler is used
with a multimode resonator or a waveguide. Here we discuss
the dressing of the linear inductive interaction as mediated by
the coupling SQUID.

According to Appendix B 2, the rate of the linear inductive
interaction renormalizes as

g̃i
1 ≈ gi

1 − 20G2Xa

ω
p
a

(16)

= E c
J

h̄

(
cos δ − 5

6
μϕ2

a,zpf sin δ

)
ϕr,zpfϕa,zpf . (17)

We provide the dominant terms for both parts proportional to
cos δ and sin δ. The first term in Eq. (16) is the rate of bare
inductive interaction due to the coupler Josephson inductance,
as given in Table I. When δ mod π = π/2, this bare coupling
vanishes. Hence the second term in Eq. (16) becomes domi-
nant close to that point. Equation (17) allows us to determine
the coupling regime with vanishing single-photon interactions
more precisely in Sec. VI E.

As follows from the calculation in Appendix B 1, the sec-
ond term in Eq. (16) arises with the dressing of the atom in
the harmonic approximation by the interactions with itself.
Namely, this occurs via its cubic nonlinearity as in Table I.
That dressing spawns the correction to the linear coupling out
of the interaction G2 in the table.

The correction to the inductive single-photon coupling in
Eqs. (16) and (17) can be understood further. It arises from
the virtual transitions as the G2 interaction chains with the
transitions due to the atom nonlinearity. We illustrate two such
processes in Fig. 2(b).

In the correction in Eq. (17), four atom processes contract
into two loops. This allows for the required

√
m coefficient

when the full sequence acts on an atom excited state ∝b†m|g〉.
Moreover, in Fig. 2(b), we put the loops one above the other.
They correspond to the vacuum part of the b2b†2 process when
reading the diagram from right to left. Note also how operators
from different interactions can contribute to a loop. In that
case, an additional energy level is required for the loop to
form, as discussed in Appendix C.

In our model, there are no corrections to the capacitive
single-photon coupling as in Table I. The reason is that both
the atom nonlinearity and the quadratic couplings in Table I
are of the inductive type alone, i.e., they depend only on the
atom phase variable ∝ (b† + b). When combined, they only
result in inductive interactions.

C. Two-photon coupling

We find that the corrections to the two-photon coupling
are typically small. We point out these corrections and argue
that the two-photon coupling in the Hamiltonian (12) can be
approximated with its bare value as g̃2 ≈ g2.

Recall that we consider bare interactions from the fourth-
order expansion of the Josephson coupling energy. The
two-photon processes contain an odd number of creation
and annihilation operators. Therefore, a correction process
involves either the G2 process or the Xa atom self-nonlinearity

process. The lowest-order process with G2 also requires a
linear interaction as in Figs. 3(a) and 3(c). The process with Xa

requires two linear interactions as in Fig. 3(b). These process
amplitudes are of the fifth order in the zero-point fluctuations.

However, these processes can be nonnegligible in our
fourth-order expansion of the coupling. The next-order ex-
pansion term adds (g2/2)(ϕ2

r,zpf + ϕ2
a,zpf ) to the bare rate.

Consider the purely inductive corrections in Fig. 3 of about
(E c

J /h̄)2ϕ2
r,zpfϕ

3
a,zpf/ωr , where the denominator takes into ac-

count the nonresonant character of the process parts. For a
stronger Josephson coupling energy E c

J , these corrections can
exceed the neglected fifth-order expansion term linear in E c

J .
That is the case when

4E c
J � h̄ωr

(
1 + ϕ2

r,zpfϕ
−2
a,zpf

)
. (18)

We explicitly provide these two-photon rate corrections and
discuss them in detail in Appendix F 2.

Still, the two-photon corrections are small compared with
the bare coupling g2 under reasonable assumptions. Ampli-
tudes of the corrections in Figs. 3(a) and 3(c) are proportional
to g±G2/ωr . However, g± � ωr as we require the coupling
strength below the ultrastrong regime. On the other hand,
G2 ∼ g2, according to Table I, once the resonator and the atom
zero-point fluctuations are of the same order of magnitude,
ϕr,zpf ∼ ϕa,zpf . In the other case with ϕr,zpf � ϕa,zpf , the cor-
rections like in Figs. 3(a) and 3(c) can be of the same order as
the bare two-photon coupling.

The correction with Xa as in Fig. 3(b) arises even in the
absence of nonlinear coupling. However, it is even smaller
than the other corrections, according to the expressions in
Appendix F 2. A similar process yields two-photon coupling
with the rate 2μg+gc

1ϕa,zpf/9ωr . It involves capacitive cou-
pling gc

1 instead of the inductive gi
1 in Fig. 3(b). In principle,

it can be arbitrarily strong; however, for arranging two-photon
coupling it makes sense to limit gc

1 ∼ gi
1 as discussed in Ap-

pendix F 2.

VI. NUMERICAL ESTIMATES

In this section, we use our analytical results to calculate
the coupling rates and their dressing. As in the preceding part
[20], we consider the artificial atom to dwell in its metastable
well initially. We tune the well to accommodate more than
enough metastable states to sustain the dressing virtual tran-
sitions in Figs. 2 and 3. At the same time, we seek the atom
anharmonicity to be much stronger than the two-photon inter-
action rate. This regime resembles the phase qubit in Ref. [74].

Also, we explain how we match the lowest two-photon
resonance, i.e., for the 0e ↔ 2g transition. We focus on the
case of strong coupling, where the two-photon coupling rate
g̃2 exceeds the damping rates. Hence, we consider the systems
to be resonant when their detuning is below g̃2, analogously
to the results of Ref. [75] for the single-photon coupling.

A. Phase qubit regime of the rf SQUID

The exact expression for the isolated rf SQUID potential
energy reads

Ua = E a
L

2

(
φa − 2π�e

�0

)2

− E a
J cos φa. (19)
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FIG. 4. (top panel) Double-well potential (thick black) of the
uncoupled rf SQUID as given by Eq. (19). Other curves show the
potential in the harmonic (dotted), cubic (thin dashed), and quartic
(thin solid) approximations. The energy origin is at the bottom of
the left well. The shaded rectangle highlights the region shown in
the other panel. (bottom panel) Metastable well hosting levels |g〉,
|e〉, | f 〉, |h〉, and three others. Solid lines indicate the energies of
metastable states and several over-the-barrier states, selected among
numerical solutions of the stationary Schrödinger equation for the
full potential. Dashed lines indicate the energy levels according to
the perturbation theory as in Eq. (20). Atom parameters: ratio of the
capacitive and inductive energies E a

C/E a
L = 3.950 × 10−4, screening

parameter βL = E a
J /E a

L = 3.3424, and external flux �e = 0.7150�0.

The potential and energy levels are shown in Fig. 4 for the
uncoupled rf SQUID. Turning on the Josephson coupling
only renormalizes the atom Josephson inductance. According
to Eq. (4b), this distorts the potential only slightly when
E c

J � E a
L + E a

J cos φmin
a . For the energy ratios and external

flux as in the Fig. 4 caption, the atom equilibrium phase is
φmin

a ≈ 0.4091π . Hence the atom Josephson energy improves
the criterion by about E a

J cos φmin
a ≈ 0.9411E a

L .
Here and in Sec. VI C, we first provide the energies and

frequencies for the isolated systems. That is, E c
J = 0 both

for determining the inductive energies in Eqs. (4) and the

equilibria in Appendix A 2, while C′
c = 0 for determining the

capacitive energies.
We choose the rf SQUID inductance La = 1.0000 nH

(E a
L/h = 163.46 GHz) and critical current Ia

0 = 1.1000 μA
(E a

J /h = 546.35 GHz) close to Ref. [34]. However, we pick a
smaller full capacitance of the artificial atom C′

a = 300.0 fF
(E a

C/h = 64.57 MHz) to increase its anharmonicity. The rf
SQUID external flux is indicated in the Fig. 4 caption. These
parameters yield the plasma frequency of the metastable well
ω

p
a = 2π × 12.80 GHz and the magnitudes of zero-point fluc-

tuations na,zpf = 3.520 and ϕa,zpf = 0.1420.
Anharmonicity in the metastable well is [(Ee − Eg) −

(E f − Ee)]/h = 391.28 MHz, where Eg, Ee, and E f are the
eigenenergies from the numerical solution of the Schrödinger
equation. On the other hand, the perturbative estimate with
Eq. (21) yields Ξa = 2π × 325.04 MHz. In the phase qubit
regime, the main contribution to the anharmonicity arises
from the cubic nonlinearity in the atom potential, as we detail
below in Sec. VI C.

Note that, for the capacitance density of 50 fF/μm2 in
a Josephson junction and its critical current density of
1.7 μA/μm2 [15,76], the self-capacitance of the atom junc-
tion is about 32 fF for our choice of the critical current Ia

0 .
Thus, to achieve the total capacitance of the rf SQUID as
above, one needs a 170 fF shunting capacitance.

Notice how the perturbative energy levels in Fig. 4 compare
with the levels calculated numerically. The perturbative results
there are according to the second-quantized Hamiltonian (B4)
in Appendix B. Discrepancies with the numerics are only
visible close to the barrier top. They occur as the potential
nonlinearities become comparable to its harmonic approxima-
tion. For the highest metastable level, the well becomes visibly
wider than the harmonic approximation. At the same time,
the barrier becomes so thin that the wave functions should
spread into it much deeper. Hence the energies are below the
perturbation theory result, as seen in the figure.

Moreover, the perturbative theory misses one metastable
level altogether. We calculate the perturbative energy levels
for the fourth-order approximation to the potential. It breaks
down vividly near the barrier top (see Fig. 4) and hence misses
one metastable level. Note that the cubic approximation hap-
pens to work better near the barrier top. However, we use the
fourth-order one, as we are more interested in predicting the
lowest transition frequency analytically.

B. Coupler parameters

We choose a moderate value of the coupler Josephson
energy. Each of its junctions with critical current Ic

0 = 30 nA
possesses the energy of E c

1J/h ≈ 14.90 GHz. With capaci-
tance C′

c = 5 fF (E c
C/h ≈ 2.70 MHz), the coupler mediates a

capacitive coupling with a rate of about 2π × 50 MHz, well-
attainable in circuit quantum electrodynamics [63,77].

We consider the coupler Josephson energy that is rela-
tively small compared with other respective energies that are
relevant for determining the transition frequencies, 2E c

1J ≈
0.1(E a

L + E a
J cos φmin

a ), 0.1E r
L. Still, variation of this coupler

energy may bring the system off-resonance. Indeed, 2E c
1J

shifts both the atom and the resonator full inductive ener-
gies as in Eqs. (4). Depending on the coupler bias �c, that
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yields a variation in the detuning ωa − 2ωr ∼ ω
p
a − 2ω

p
r of

up to about E c
1J|ωp

a /E a
J − 2ω

p
r /E r

L| ≈ 0.1ω
p
a . Under normal

circumstances, this far exceeds both the linewidths and the
two-photon coupling rate g̃2. That said, we aim for the res-
onance to occur close to the coupler bias with the highest
two-photon coupling rate g̃2.

C. Resonator parameters and analytics for
the resonance position

We choose the resonator parameters to hit the reso-
nance as described below. In addition, we fix the res-
onator and atom zero-point phase fluctuations to have close
amplitudes. We arrive at the resonator inductance Lr =
0.84868 nH (E r

L/h = 192.61 GHz) and capacitance Cr =
692.8 fF (E r

C/h = 27.05 MHz). For an uncoupled resonator,
this yields plasma frequency ω

p
r = 2π × 6.56 GHz and zero-

point fluctuations with amplitudes nr,zpf = 3.830 and ϕr,zpf =
0.1305.

One may expect that the two-photon coupling rate g̃2 is
close to its maximum when the inductive component of the
coupling is fully turned on with E c

J = 2E c
1J. According to

Eq. (1), the latter occurs at zero coupler bias, �c = 0. On
the other hand, the main contribution to g̃2 arises from its
bare part g2, which maximizes for δ mod π = π/2. As the
coupler static phase δ depends on �c as in Eq. (2), these
simple conditions do not necessarily coincide. However, we
rely on the rf SQUID static phase φmin

a to provide most of
the required coupler phase δ. This assumption holds relatively
well for the atom as in Sec. VI A (see also Fig. 4). Hence,
leaving �c = 0 indeed yields reasonably high values of g̃2

with such a value of φmin
a .

Therefore, we choose the resonator parameters above so
that the two-photon resonance occurs for φmin

a as in Sec. VI A
and zero coupler bias, �c = 0. Additionally, with such a
choice, our results are directly applicable for a single-junction
coupler as discussed in Sec. VI E.

In the rest of Sec. VI C, we verify the resonance condi-
tion with an analytical approximation. We approximate the
frequencies in the Hamiltonian (12) as

ωr ≈ ωp
r − K0,X

2
, ωa ≈ ωp

a − Ξa − K0,X

2
. (20)

Here we omit other interaction-induced shifts that are of order
of g2

±/ωr,a and Ξag2
±/ω2

r,a or smaller. We report in Sec. V A
that K0,X in Eqs. (20) is also the main contribution to the cross-
Kerr coupling strength. Another frequency shift is of the same
magnitude as the atom anharmonicity

Ξa = E a
C

h̄

[
5

3

(
E a

L

Ẽ a
L

)2(
φmin

a − 2π�e

�0

)2

− E a
L − Ẽ a

L

Ẽ a
L

]
. (21)

It arises from the same self-nonlinearities as the anharmonic-
ity. In the brackets in Eq. (21), the first term comes from
the cubic perturbation in the atom potential. The second one
is the quartic correction. See Appendix B for a derivation
using the Schrieffer-Wolff transformations. Note that the shift
analogous to Ξa is negligibly small in the resonator frequency,
ωr as we discuss in Sec. VII B.

According to Eqs. (20), the resonator and the atom
frequencies are ωr ≈ 2π × 6.74 GHz − K0,X /2 and

FIG. 5. Dependence of the resonator and atom frequencies on the
flux biases: the coupler bias �c in the upper panel and the atom bias
�e in the lower panel. Resonator frequency ωr according to Eq. (20);
atom frequency ωa determined numerically as described in the text.
The blue area is the region from 2ωr − g̃2 to 2ωr + g̃2, where g̃2 is the
two-photon coupling strength. Gray shade marks the minimal region
of the 0e ↔ 2g resonance, i.e., where the detuning is smaller than g̃2.
Circuit parameters are as in the text. Thin lines show the frequencies
when the atom Josephson energy E a

J departs from the required value
by the indicated fraction.

ωa ≈ 2π × 13.49 GHz − K0,X /2. It is already clear that we
hit the resonance when K0,X /2 < g̃2. In fact, calculations yield
K0,X ≈ 2π × 15.7 MHz and |ωa − 2ωr| ≈ 2π × 1.5 MHz
while g̃2 ≈ 2π × 27.0 MHz.

Note also that the quartic contribution to the anharmonicity
in Eq. (21) provides a correction of order of magnitude of
E a

C/h̄. More precisely, it is about 30 MHz with the artificial
atom parameters as in Sec. VI A. This correction exceeds
g̃2 and hence is important for us. The same holds for the
contribution of about 10% in Ξa due to the coupler Josephson
inductance.

D. Numerics for the resonance position

Furthermore, we study the resonance position numerically
in Fig. 5. It demonstrates how the system frequencies depend
on the coupler bias �c and the atom bias �e. Near the curve
intersections, the two-photon transition 0e ↔ 2g is resonant.
To determine the atom frequency in the figure, we solve the
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Schrödinger equation for the rf SQUID potential [20]

U ′
a = Ua − E c

J cos

(
φmin

r − φa − π�c

�0

)
(22)

that is perturbed by the coupler. Here the potential Ua of the
uncoupled atom is given by Eq. (19). For each value of the
bias �c, we determine φmin

r and φmin
a from the equations for

equilibrium in Appendix A 2, before solving the Schrödinger
equation.

The upper panel in Fig. 5 supports our analytical estimates.
For �c = 0, the atom frequency is ωa ≈ 2π × 13.47 GHz −
K0,X /2. That differs from the analytical prediction by about
2π × 10 MHz. Mostly, this error arises because the analytics
underestimates the atom anharmonicity (see Sec. VI A). We
have verified that, for a smaller number of metastable energy
levels, this discrepancy increases.

A more fundamental discrepancy occurs with the variation
of the atom Josephson energy E a

J . It is caused by fabrication
imperfections, primarily fluctuations of the junction area and
inhomogeneities in the insulating barrier [78–80]. Figure 5
also shows how sensitive the resonance is to the variation of
E a

J .
In any case, we expect that one can recover the resonance

by tuning the atom transition frequency. It can be varied in
a rather wide range in situ by changing the atom bias �e.
According to the lower panel of Fig. 5, a bias shift of ±0.06�0

mitigates the detuning arising from the ±10% deviation in
E a

J . Note that modern fabrication techniques [78,81] keep the
Josephson energy variations well below 10%.

A change in E a
J also shifts the resonator frequency ωr as

shown in the Fig. 5 lower panel. That occurs as the atom
equilibrium φmin

a shifts (see the equations in Appendix A 2),
which changes the coupler static phase difference δ. In turn,
this alters the magnitude of the coupler Josephson inductance
that loads the resonator [see Eq. (4a)]. A similar contribution
is present in the ωa shift. It arises due to the direct change of
E a

J in Eqs. (4b) and (5) combined with the associated change
in φmin

a .

E. Interactions

Figure 6 demonstrates how the interaction rates in Table II
depend on the coupler external flux �c. In addition to the
trivial modulation of the coupler Josephson energy, �c also
alters the symmetry of the Josephson interaction. That is, it
regulates the onset of the odd components in the coupling
energy, including the two-photon interaction. For each value
of �c in the plots, we numerically solve the equations for the
equilibrium point in Appendix A 2 to obtain φmin

r and φmin
a .

The top panel in Fig. 6 shows the full single-photon cou-
pling rate g̃− = gc

1 − g̃i
1 along with the two contributions that

constitute it: the capacitive coupling gc
1 as in Table I and

the full inductive coupling g̃i
1 as in Eq. (17). We also plot

the bare inductive coupling gi
1 as in Table I. Notice that the

capacitive coupling is virtually constant in the coupler bias.
That is to be expected, as renormalizations due to the coupler
Josephson inductance in Eqs. (4a) and (4b) are negligible for
E c

J � E r
L, E a

L .
By setting �c mod �0 = �0/2, we turn off the coupler

Josephson energy, E c
J = 0. Thus, all linear and nonlinear

FIG. 6. Dependence of the interaction rates on the coupler bias
�c, as expressed in Table I, Sec. V, and Appendix F. (Linear cou-
pling): Total inductive g̃i

1, bare inductive and capacitive gi
1 and gc

1,
total excitation-number–preserving g̃− = gc

1 − g̃i
1. The inset shows

the vicinity of �c where either gi
1 or g̃i

1 become zero (circles).
Stars mark the biases where g− vanishes. (Cross-Kerr coupling):
K0,X [Eq. (15)] with the asymmetry-induced correction, bare K0.
(Quadratic couplings): Full reverse optomechanical J , two-photon
bare g2, full two-photon g̃2. The coupling quadratic in the artificial
atom phase has the rate G2. rf SQUID regime as in Fig. 4. Dimen-
sionless axes neglect the dependence of the zero-point amplitudes of
the resonator and atom, ϕr,zpf and ϕa,zpf , on the coupler Josephson
energy as it varies with �c. The maximal magnitude of the coupler
Josephson energy is denoted by 2E1J.

inductive-type couplings vanish, leaving only the capacitive
coupling. On the other hand, the bare inductive coupling gi

1
vanishes as �c satisfies δ mod π = π/2, where δ is given by
Eq. (2).
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The full inductive coupling g̃i
1 has an additional component

due to the asymmetry in the atom potential. With the cubic
nonlinearity coefficient μ = 1.651 (for E c

J = 0 and C′
c = 0),

this component is noticeable in the plot as a difference be-
tween g̃i

1 and gi
1. As follows from Eq. (17), g̃i

1 vanishes for
the bias determined by the condition cot δ = 5

6μϕ2
a,zpf . The

zero-shifting component g̃i − gi is proportional to the bare G2

interaction (see lower panel) and sin δ. Hence, this component
is close to its maximal magnitude right near the zero of the
bare coupling gi

1. The expression for the full rate g̃− suggests
an important property: for specific values of the external flux
�c, the capacitive and inductive couplings cancel each other
out, and the single-photon coupling switches off [52,82–84].
We mark these values of �c in Fig. 6.

The middle panel in Fig. 6 demonstrates the cross-Kerr
coupling rate K0,X as in Eq. (15) that takes into account virtual
processes due to the atom cubic nonlinearity. We also plot the
bare rate K0 as in Table I; as follows from the equation, it
vanishes for �c at either δ mod π = π/2 or �c mod �0 =
�0/2, analogously to the inductive coupling gi

1.
Note that we do not tune the resonance for every �c.

According to Fig. 5, the two-photon coupling becomes off-
resonant further away from �c = 0. Hence, an additional
cross-Kerr coupling arises. However, it is as small as the other
dispersive couplings neglected in Sec. V A.

The bottom panel in Fig. 6 shows the couplings with
the energy quadratic in the atom variables, particularly the
sought-after two-photon coupling. The bare two-photon cou-
pling g2 dominates the corrections in g̃2, as provided in
Appendix F 2 and illustrated in Fig. 3. As in the cross-
Kerr coupling rate, the corrections are more pronounced with
higher linear coupling strength g±. Close to the maximal mag-
nitude of the two-photon coupling, g̃± is vanishing and the
two-photon corrections in Appendix F 2 are not even visible.

This implies that the maximal strength of the two-photon
coupling g̃2 depends roughly linearly on the coupling energy
E c

J according to Table I. On the other hand, the value of E c
J

is bounded by the condition (13). When it does not hold,
our perturbative treatment of the off-resonant single-photon
coupling breaks down.

Note that, for the unbiased coupling SQUID, when �c = 0,
the magnitude of the two-photon coupling is only about 11%
smaller than at its maximum. Hence, if that is a reasonable
trade-off, a single Josephson junction may be used instead of
a coupling SQUID, possibly reducing the amount of noise in
the system. In that case, two-photon coupling arises solely due
to a nonzero equilibrium phase of the metastable rf SQUID,
as discussed in the preceding work [20].

VII. DISCUSSION

Here we discuss the bosonic approximation, neglecting
some nonlinearities, coupling to the environment, and whether
our corrections are quantum.

A. Commutation relations for the atom operators

1. Bosonic approximation

In determining the corrections, we rely on the bosonic
approximation for the artificial atom metastable states. In

other words, we assume that the atom does not leave its
metastable well as in Fig. 4, while, at the same time, it
can be excited arbitrarily high in energy. Clearly, these
two assumptions are contradictory for a metastable po-
tential. However, we expect them to hold for the atom
phase dwelling sufficiently close to the metastable well
minimum.

More precisely, we assess the plausibility of the bosonic
approximation by looking into the virtual processes that com-
prise the corrections. We found that the main cross-Kerr
renormalization in Eq. (15) requires at least three coherent
energy states, as shown for a contributing virtual process in
Fig. 2(a). Other less important corrections require at most
four coherent energy states to be available: See Fig. 2(b) for
a single-photon (n+1)g ↔ ne correction, as in Eqs. (16) and
(17), and Fig. 3(b) for a two-photon (n+2)g ↔ ne correction,
as in Appendix F 2.

All mentioned processes occur well within the seven
metastable energy states of the rf SQUID in Sec. VI. On the
other hand, a process going beyond that occurs differently
than predicted by the bosonic approximation. Such a real pro-
cess can bring the system out of the metastable state subspace
as the rf SQUID relaxes into the right well in Fig. 4. At the
same time, a virtual process as predicted by the bosonic model
may not occur in that case—if the dissipation into the right
well is too fast.

2. Quasispin approximation as an alternative

Another approach is to cut the Hilbert space to the
metastable states early [22,23]. In this model, processes that
excite the atom to the over-the-barrier energy states are
not allowed; algebraically, for example, that corresponds to
σ+|u〉 = 0 for a system with the highest energy state |u〉,
where the raising operator acts as σ+|g〉 = |e〉, etc. This model
predicts that a real process going above the metastable lev-
els does not occur, although in reality the system can leave
the metastable subspace in that case. However, for the cal-
culation of renormalizations due to virtual processes, the
quasispin approximation may be a better model because it
takes into account only the processes within the quasispin
subspace. This restriction from above is encoded into the
commutation relations [σ+, σ−] = Z . Here σ+ = (X + Y )/2
and σ− = (X − Y )/2 are the raising and lowering operators,
where h̄X/2, h̄Y/2, and h̄Z/2 are the quasispin projection
operators for the respective axes. In other words, in σ−σ+ =
σ+σ− − Z , the state-dependent addition Z on the right-hand
side ensures that it vanishes when acting on the highest excited
state |u〉.

We only mention here that our Schrieffer-Wolff calcu-
lations in Appendix B would be even more tedious in the
quasispin approximation, where the commutator of the lad-
der operators is operator-valued. As for determining the best
model to describe the metastable energy states, we leave that
for future work. A similar question arises for modeling trans-
mons that can “ionize” due to energetic driving [67,85]. Even
putting the ionization aside, transmons are typically modeled
analytically as anharmonic oscillators [4,6,13], and numeri-
cally as three-level systems [29].

052601-11



STOLYAROV, ANDRIICHUK, AND SOKOLOV PHYSICAL REVIEW A 114, 052601 (2026)

3. Seminumerical estimate for the cross-Kerr rate

As a confirmation of the analytical description with
bosonic operators, we perform a seminumerical estimate.
Consider the atom in the first-excited state |e〉 in the
metastable well. We approximate the cross-Kerr coupling rate
in the effective Hamiltonian (12) as

K0,X ≈ 1
2 K0ϕ

−2
a,zpf

(〈e|ϕ2
a |e〉 − 〈g|ϕ2

a |g〉
)

+ 2g2ϕ
−1
a,zpf (〈e|ϕa|e〉 − 〈g|ϕa|g〉), (23)

which follows from the expansion of the coupling energy to
the fourth order and finding the diagonal matrix elements of
the atom. The second term here is nonzero when the atom
potential is asymmetrical, and hence its wave functions are
not even or odd in the phase. On the other hand, the first term
equals K0 for the purely linear oscillator. In this approach, the
atom anharmonicity is accounted for via its matrix elements
and wave functions.

Using the numerical solution of the Schrödinger equa-
tion for the atom to calculate the matrix elements in Eq. (23),
we estimate K0,X ≈ 2π × 17.0 MHz for �c = 0 and other
parameters as in Sec. VI. According to our analytical estimate,
K0,X ≈ 2π × 15.7 MHz as in Fig. 6. Note that the deviation
between the first term in Eq. (23) and K0 is 2π × 338 kHz.
We have verified that the overall difference with the analytical
K0,X drops to about 2% for a configuration with 32 metastable
states.

4. Two-photon coupling

As argued in Sec. V C, the main part of the two-photon
coupling rate g̃2 typically comes from the bare interaction
g2. That is the case for reasonable linear coupling rates and
comparable zero-point fluctuations of the atom and resonator.
We have also demonstrated that in the estimates of Sec. VI.
That confirms our assumption in the preceding work [20],
where we claimed it is enough to assess the bare two-photon
coupling. Moreover, that suggests that our estimate for attain-
able magnitudes of the two-photon coupling does not rely on
the bosonic approximation.

B. Neglected resonator anharmonicity

In tuning the resonance in Secs. VI C and VI D, we ne-
glect the shift Ξr in the resonator frequency, which is of
the same magnitude as the induced resonator anharmonicity
with the energy (−Ξr/2)a†2a2. This resonator anharmonicity
(self-Kerr nonlinearity) arises due to the coupler nonlinear
Josephson inductance parallel to the resonator inductance.
Note that the resonator anharmonicity also dresses owing to
the nonlinear interactions. Since this part does not enter the
population-independent frequency shift, we are not interested
in it in this work.

First, let us assess the anharmonicity magnitude for �c =
0, i.e., close to the maximal values of the two-photon
coupling. According to Appendix B 1, the bare part of
the resonator anharmonicity is Ξr ≈ Ξr3 + Ξr4 with Ξr3 =
60X 2

r /ω
p
r and Ξr4 = 12Yr. The latter denote the contributions

from the cubic and the quartic parts of the resonator po-
tential. The potential is written in Appendix A. Using the
expressions therein, we calculate Xr/(cos π�c

�0
sin δ) ≈ 2π ×

11 MHz and Yr/(cos π�c
�0

cos δ) ≈ 2π × 0.36 MHz with the
parameters from Sec. VI. Then, approximating δ ≈ −φmin

a −
π�c/�0, we obtain Ξr3 ≈ 2π × 1.0 MHz and Ξr4 ≈ 2π ×
1.2 MHz for �c = 0.

In fact, we find that the condition Ξr < g2 qualifies when

(g2)δ=π/2 < 3ωa
20 sin δ

(
ϕ2

a,zpf

ϕ2
r,zpf

+ ϕa,zpf cot δ). Hence, we expect the

two-photon resonance to be unaffected by the induced res-
onator anharmonicity under normal conditions. Namely, that
is the case below the ultrastrong coupling threshold, as in
Eq. (13), as long as ϕ2

a,zpf/ϕ
2
r,zpf � 1.

C. Other effects of the coupling SQUID

At first glance, the Josephson energy E c
J of the coupler only

gives rise to inductive interactions with strengths proportional
to E c

J . Unlike the preceding part of this work [20], we take
into account how E c

J influences other system parameters.
First of all, the coupler Josephson inductance loads the

inductances of the resonator and atom. That shifts the tran-
sition frequencies as in Secs. VI B and VI C. It also alters the
anharmonicities as in Secs. VI C and VII B.

The coupling rates also depend on E c
J via the magnitudes of

the zero-point fluctuations. For 10E c
J ∼ E r

L, E a
L, E a

J , the varia-
tion in a coupling of order n in the zero-point fluctuations can
be up to (n/4) × 10% according to Eqs. (7), (8), and (17).

This also shifts the maximum of the two-photon coupling
in Fig. 6. In addition, the maximum is influenced by the
related shift of the equilibrium point. As follows from the
equilibrium equations in Appendix A 2, an additional current
through the coupler shifts its static phase δ depending on the
bias �c. We calculate (results not presented) that this variation
in δ is about 0.1π for the parameters as in Sec. VI. That
may be further analyzed in future work, along the lines of
Refs. [86,87].

D. Expansion of the Josephson coupling energy

It is possible to find the coefficients for the Hamiltonian
terms as in Appendix A 3 and higher in all orders of the
coupling energy expansion [88–90]. However, we resort to
the fourth-order expansion in our starting Hamiltonian. The
reason is that we work with a relatively strong Josephson
coupling to boost the two-photon processes. Consider the
perturbative two-photon corrections in Appendix F 2. They
are of the same order in the small zero-point fluctuations as the
neglected higher-order expansion terms in the coupler energy.
However, with stronger Josephson coupling, these corrections
exceed the higher-order expansion terms and should be ac-
counted for. With the relatively strong Josephson coupling,
we need to tackle even higher perturbative corrections as we
include the higher expansion terms. That is beyond the scope
of this work.

E. Coupling to environment

If both the resonator and the artificial atom couple to
the same or correlated heat baths, an additional linear cou-
pling arises [91,92]. That influences the small two-photon rate
dressing. Indeed, the latter depends on the linear coupling
rate, as shown in Fig. 3 and Appendix F 2. However, such
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contributions are small in the strong-coupling regime, where
the interactions are faster than the dissipation.

F. Quantumness

Mathematically, the loops in Figs. 2 and 3 arise from the
commutation relations between the operators. Therefore, it
may seem that every correction there is a quantum effect—
since each of them contains a loop.

However, that is not the case for the corrections with a
single loop. We demonstrate this for the main cross-Kerr
correction by obtaining it from the dynamical equations in
Appendix E. This derivation is valid in the classical limit with
the complex phasors [93,94] instead of the operators a and
b. Hence, our single-loop corrections are also present in the
classical systems.

Roughly speaking, one loop in the diagrams and the
corresponding commutator arise as the Schrieffer-Wolff trans-
formation takes into account a part of the system dynamics.
Similarly to the commutators we use to obtain the Heisenberg
equations of motion from a Hamiltonian, the corresponding
commutators do not signify a quantum effect.

VIII. USES OF THE PROPOSED CIRCUIT
AND ITS GENERALIZATIONS

A. Two-photon detection

A phase qubit with a two-well potential, similar to Fig. 4,
can act as a Josephson photomultiplier [34–37]. After such a
device absorbs the resonator photon(s), it switches to the true
ground state, which indicates the presence of photon(s). One
may use two-photon absorption to detect photon pairs.

Consider a device where the excited metastable state tun-
nels, immediately on absorption, to the deeper well [22,32,
33,95]. To achieve fast and incoherent tunneling, the excited
state may lie close to the barrier top while the states above and
on the other side of the barrier are extremely dissipative. With
only two relatively coherent metastable states, our bosonic
approximation may break as discussed in Sec. VII. The theory
as in Refs. [22,23] may be more appropriate in that case.

Still, we expect that the two-photon coupling rate is g̃2 ≈
g2 ≈ 2π × 30 MHz, approximately as in Fig. 6. This approx-
imate equality is valid even if the small dressing as predicted
by the bosonic theory vanishes. As the rate g2 is below the typ-
ical tunneling rates of 50–100 MHz, it limits the detection of a
photon pair. Hence, the detection time is about 1/g2 ≈ 10 ns,
comparable to the related device proposed in Ref. [25] with
one of the authors.

B. Quantum-nondemolition qubit readout

We can suppress the single-photon coupling g̃− while re-
taining the cross-Kerr one. With purely inductive g− = gi

1,
the bare cross-Kerr K0 vanishes for the same bias as the bare
linear coupling g−, i.e., at δ mod π = π/2. To retain the
cross-Kerr interaction while switching off the linear coupling,
in Ref. [82] the capacitive coupling shifts the zero of the linear
coupling rate, as we illustrate in Fig. 6. In our case, near the
zero of g̃−, the cross-Kerr interaction arises due to asymmetry
of the atom potential, even without the capacitive coupling.

As a result, it can be used for qubit readout, similarly to
Refs. [96–99]. In Fig. 6, the cross-Kerr coupling rate is about
14 MHz near the point where the linear coupling vanishes. We
also need to avoid two-photon exchange. Consider a detuning
of ωa − 2ωr = 2π × 2 GHz from the two-photon resonance
for the two-photon coupling g2 = 2π × 30 MHz. In that
case, the readout is approximately quantum-nondemolition
[9,13,100,101], as the cross-Kerr coupling term in the Hamil-
tonian (12) commutes with the qubit part. In our estimate,
we neglect the contribution of g2

2/(ωa − 2ωr ) ≈ 2π × 1 MHz
to the cross-Kerr rate stemming from the nonresonant two-
photon interaction.

Consider using a protocol in Ref. [97] with the resulting
cross-Kerr coupling of K0,X ≈ 2π × 16 MHz. To estimate the
readout fidelity F , we assume that the qubit lifetime T1 is
much longer than the measurement time τm. Then, accord-
ing to Refs. [102–104], F ≈ 1

2 [1 + e−τm/2T1 erf (SNR/
√

8)],
where erf is the error function. The signal-to-noise ratio
(SNR) of the integrated output signal is [13,105,106]

SNR =
√

4ηn̄mτm
r
K2

0,X


2
r + K2

0,X

. (24)

Let us assume there is, on average, n̄m = 30 photons in the
probe impulse. To maximize the SNR, we choose the res-
onator linewidth 
r = K0,X . Consider the quantum efficiency
of the readout chain η = 30%, which is accessible using near-
quantum-limited amplifiers. With the cross-Kerr coupling
K0,X as above, the phase qubit in Sec. VI with lifetime T1 =
1.6 μs reported in Ref. [107] can be read out in τm ≈ 30 ns
with over 99.5% fidelity. For a low efficiency η = 5%, on
par with a setup with no quantum limited-amplifier [98], the
fidelity attains its maximum of 97.98% in τm ≈ 105 ns.

Should the phase qubit as in Sec. VI reach the limit T1 ≫
τm of long lifetimes, it is read out in τm ≈ 30 ns with over
99.9% fidelity assuming η = 30%. Note that T1 � 100 μs has
been reported for other superconducting qubits, such as the
transmon [108–111] and fluxonium [112–114] qubits.

Besides the phase qubit, the described readout should work
for other qubits with an asymmetrical potential. Our theory
can also be useful for assessing other [52,82] applications of
the cross-Kerr coupling.

IX. CONCLUSIONS

We have calculated dressing of the resonant two-photon
and cross-Kerr couplings mediated by a symmetrical SQUID.
In a systematic approach, we expand the nonlinear Joseph-
son coupling to the fourth order and account for the leading
second-order perturbative corrections. With diagrams, we il-
lustrate some correction processes and elucidate the minimum
number of metastable energy states required for our quantita-
tive results to hold.

We argue that the two-photon coupling normally acquires
only small corrections, even for higher energies of the
Josephson coupling. On the other hand, the cross-Kerr
coupling can obtain the most significant renormalization. It
arises due to nonlinear coupling and asymmetry in one of
the coupled system potentials. For a single-mode resonator
coupled to a phase qubit, this correction can reach 15 MHz as
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estimated in Sec. VI. While the bare cross-Kerr coupling can
be avoided with a proper coupler bias, this dressing part only
vanishes with the bias switching off all Josephson-mediated
interactions.

We have discussed the validity of our theory in Sec. VII.
Most importantly, we have used the bosonic approximation,
i.e., we model the artificial atom as an anharmonic oscillator
near its metastable minimum. Our quantitative results on the
renormalizations depend on that model validity. In Sec. VI,
we have provided estimates for an example system. They can
be verified with further numerical or experimental studies.

However, we have verified that the virtual processes in the
important corrections excite the atom at most to the third
excited metastable state. Hence, we expect that our theory
should hold reasonably well for a phase qubit with seven
coherent metastable states. To count the required number of
energy states, we analyze the Schrieffer-Wolff transforma-
tions used. This approach may also be used for transmons,
whose excitations are bosonic only within a limited number
of energy states.

With modifications, the considered circuit can be applied
for two-photon detection and qubit readout. If relatively high
rates of the cross-Kerr coupling are tolerable or required, our
nonlinear coupler may be more favorable than more complex
ones, such as a superconducting nonlinear asymmetric induc-
tive element (SNAIL) [68,115], by the fact that it requires
fewer junctions. That is especially true when it can be simpli-
fied further into a single junction, as discussed in Sec. VI E.
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APPENDIX A: CIRCUIT HAMILTONIAN

In this Appendix, we provide our starting model Hamil-
tonians for the circuit in Fig. 1. We also write equations to
determine the system equilibrium.

1. Fourth-order expansion of Josephson energy

We derived the general circuit Hamiltonian in the preced-
ing work [20], where the resulting expressions are given in
Eqs. (1) and (4)–(6). Now we expand it around equilibrium,
up to the fourth order in ϕr and ϕa. Then, we arrive at the
quantized Hamiltonian

Ĥ = Ĥr + Ĥa + Ĥc (A1)

by imposing the usual commutation relation [ϕr, nr] = i for
the resonator variables and the analogous one for the rf
SQUID. In the Hamiltonian in Eq. (A1), the resonator, atom,
and the coupling parts read

Ĥr ≈ 4E r
Cn2

r + 1
2 Ẽ r

Lϕ2
r − 1

6 E c
J ϕ3

r sin δ − 1
24 E c

J ϕ4
r cos δ, (A2)

Ĥa ≈ 4E a
Cn2

a + 1
2 Ẽ a

Lϕ2
a − 1

6

(
E a

J sin φmin
a − E c

J sin δ
)
ϕ3

a

− 1
24

(
E a

J cos φmin
a + E c

J cos δ
)
ϕ4

a , (A3)

Ĥc ≈ E c
Cnanr − E c

J ϕrϕa cos δ + 1
2 E c

J

(
ϕ2

r ϕa − ϕrϕ
2
a

)
sin δ

− 1
4 E c

J ϕ2
r ϕ

2
a cos δ + 1

6 E c
J

(
ϕ3

r ϕa + ϕrϕ
3
a

)
cos δ. (A4)

Each part consists of the “kinetic” energy contribution
quadratic in nr and na, the potential-energy terms quadratic
in ϕr and ϕa, and the higher-order terms that give rise to
self-nonlinearities and nonlinear interactions.

Compared with the preceding work [20], we rearrange
the terms in the Hamiltonians in Eqs. (A2)–(A4). Here the
resonator and the atom Hamiltonians accommodate the self-
nonlinearities induced by the coupling SQUID.

2. Equilibrium point

Formally, one can find the equations for the equilibrium
point from the full dynamical equations. The full Hamilto-
nian, as provided in the preceding work [20], generates such
full equations. Then, setting the derivatives of the phase and
charge variables to zero, one obtains

E r
Lφmin

r + E c
J sin δ = 0, (A5a)

E a
L

(
φmin

a − 2π�e

�0

)
+ E a

J sin φmin
a − E c

J sin δ = 0, (A5b)

where �e is the rf SQUID bias flux and the static phase
difference δ is defined in Eq. (2). As discussed in Ref. [20],
the equations express the conservation of static currents. Al-
ternatively, Eq. (A5a) can be obtained by finding the screening
current induced by the external magnetic field.

3. Hamiltonian with ladder operators

We rewrite the Hamiltonian in Eqs. (A1)–(A4) in terms of
the ladder operators introduced in the main text. Hamiltonians
of the resonator and artificial atom read

Ĥr

h̄
= ωp

r

(
a†a + 1

2

)
− Xr (a

† + a)3 − Yr (a
† + a)4, (A6)

Ĥa

h̄
= ωp

a

(
b†b + 1

2

)
− Xa(b† + b)3 − Ya(b† + b)4. (A7)

The coupling Hamiltonian in Eq. (A1) becomes

Ĥc

h̄
= − gc

1(a† − a)(b† − b) − gi
1(a† + a)(b† + b)

− K0

4
(a† + a)2(b† + b)2

−
∑

n=2,3

gn(a† + a)n(b† + b)

−
∑

n=2,3

Gn(a† + a)(b† + b)n. (A8)
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Apart from the bare interactions in Table I, the Hamiltonian
describes the three-photon and three–atom-excitation interac-
tions with rates

g3 = −E c
J

6h̄
ϕ3

r,zpfϕa,zpf cos δ, (A9)

G3 = −E c
J

6h̄
ϕr,zpfϕ

3
a,zpf cos δ. (A10)

They take part in much smaller renormalizations, as derived
in Appendix B 2 and discussed in Appendix F.

In addition to the cubic nonlinearity in the atom potential as
in Table I in the main text, we provide other self-nonlinearities
in the Hamiltonians (A6) and (A7). The quartic term in the
atom potential with strength

Ya = E a
J cos φmin

a + E c
J cos δ

24h̄
ϕ4

a,zpf (A11)

can influence its transition frequency and anharmonicity as
estimated in Sec. VI. Similarly to Xa in Eq. (9), one can rewrite
it as

Ya = η

48
ωp

a ϕ
2
a,zpf , (A12)

with η = (Ẽ a
L − E a

L )/Ẽ a
L ≈ cos φmin

a /(cos φmin
a + β−1

L ). The
resonator self-nonlinearities

Xr = E c
J

6h̄
ϕ3

r,zpf sin δ, Yr = E c
J

24h̄
ϕ4

r,zpf cos δ (A13)

arise solely due to the coupling SQUID nonlinearity. They
give rise to the resonator anharmonicity, as estimated in
Sec. VII B.

APPENDIX B: DERIVATION OF THE RENORMALIZED
TWO-PHOTON HAMILTONIAN

In this Appendix, we reduce the approximate circuit
Hamiltonian in Appendix A to a variation of the two-photon
Jaynes-Cummings model where the artificial atom is modeled
as an anharmonic oscillator. First, we show how the nonlinear
character of the atom potential gives rise to the cross-Kerr
interaction. Then, we calculate renormalizations in the an-
harmonicities and two-photon coupling, originating from the
nonresonant interactions.

1. Eliminating the cubic perturbation

We start by treating the cubic self-nonlinearities in the
Hamiltonian from Appendix A 3 as a perturbation. We
eliminate them from the Hamiltonian (A7) with a Schrieffer-
Wolff transformation [11,69,117,118], Ĥa → e−�aSaĤae�aSa ,
where

�a = Xa

ω
p
a
. (B1)

The anti-Hermitian operator Sa is given by [68,71]

Sa = 1
3 (b†3 − b3) + 3(b†2b − b†b2) + 3(b† − b). (B2)

For manual calculations, one may rewrite Sa in terms of
b† ± b as given in Appendix C. Here, we use the form as
in Eq. (B2) and perform the tedious calculations with the
computer algebra package QUANTUMALGEBRA.JL [119]. The
Jupyter notebook is available from Ref. [116].

Using the Baker-Campbell-Hausdorff (BCH) formula up to
the second commutator,

e−�aSaĤae�aSa ≈ Ĥa + �a[Ĥa,Sa] + �2
a

2
[[Ĥa,Sa],Sa],

(B3)

we arrive at the Hamiltonian of a quantum anharmonic oscil-
lator,

Ĥa

h̄
≈ ωp

a b†b − Ξab†b − Ξa

2
b†2b2 + ωzpf

a + V ′
a3 + Va4,

(B4)

up to the first order in �a. Here,

Ξa = 60�aXa + 12Ya (B5)

denotes anharmonicity in the artificial atom energy levels
and ω

zpf
a = ω

p
a /2 − 11X 2

a /ω
p
a − 3Ya is its zero-point energy in

frequency units. The first term in Eq. (B5) comes from the
cubic perturbation in the atom Hamiltonian. With Eq. (B5)
for the anharmonicity, Hamiltonian (B4) predicts the same
corrections to the energy levels as the textbook calculation in
Ref. [120].

On several substitutions, we obtain the atom anharmonicity
in terms of the circuit energies,

Ξa = E a
C

h̄

[
5

3

(
E a

L

Ẽ a
L

)2(
φmin

a − 2π�e

�0

)2

+ Ẽ a
L − E a

L

Ẽ a
L

]
. (B6)

We have used Eqs. (9) and (A11) for Xa and Ya, the atom
plasma frequency in Eqs. (5), its full inductive energy in
Eq. (4b), zero-point fluctuations in Eq. (8), and the equa-
tion on equilibrium (A5b).

For deriving Eq. (B4), we have assumed that the cubic non-
linearity in the artificial atom is relatively weak with |�a| �
1. Apart from its definition (B1), another way to express this
small parameter is

�a = μ

12
ϕa,zpf , (B7)

where |μ| � 2E a
J /Ẽ a

L is given by Eq. (10) for E c
J � E a

J . With
that, Eq. (B5) becomes

Ξa = 1
4

(
5
3μ2 + η

)
ωp

a ϕ
2
a,zpf , (B8)

where we have also used Eqs. (9) and (A12).
In the atom Hamiltonian (B4), we collect the off-diagonal

terms in the last two terms. The penultimate term reads

V ′
a3 = − 18�aXa(b†2 + b2) − 12�aXa(b†3b + b†b3)

+ 3�aXa(b†4 + b4) − 136�aYa(b† + b)

− 48�aYa(b†3 + b3) − 336�aYa(b†2b + b†b2)

+ 8�aYa(b†5 + b5) − 112�aYa(b†3b2 + b†2b3)

− 24�aYa(b†4b + b†b4) (B9)

and aggregates the terms arising upon transformation of the
atom bare Hamiltonian (A7). The last term in Eq. (B4) is the
off-diagonal part of the atom quartic self-nonlinearity,

Va4 = −6Ya(b†2 + b2) − 4Ya(b†3b + b†b3) − Ya(b†4 + b4).

(B10)
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Just as for the atom, we apply a Schrieffer-Wolff transfor-
mation to the resonator Hamiltonian: Ĥr → e−�rSrĤre�rSr ,
where �r reads

�r = Xr

ω
p
r
. (B11)

Note that |�r| � 1: the resonator cubic nonlinearity is van-
ishingly small, as its only source is the SQUID coupler. The
operator Sr is obtained by replacing the atom operators with
the resonator ones in Eq. (B2). With the same approximations
as in Eq. (B4), we arrive at

Ĥr

h̄
≈ ωp

r a†a − Ξra
†a − Ξr

2
a†2a2 + ωzpf

r + V ′
r3 + Vr4,

(B12)

where Ξr = 60�rXr + 12Yr is the resonator anharmonicity
and ω

zpf
r = ω

p
r /2 − 11X 2

r /ω
p
r − 3Yr is its zero-point energy in

the frequency units. We further transform the anharmonicity
as

Ξr = E r
C

h̄

[
5

3

(
E r

L

Ẽ r
L

φmin
r

)2

+ Ẽ r
L − E r

L

Ẽ r
L

]
, (B13)

analogously to Eq. (B6). For a small E c
J /E r

L, we use φmin
r ∼

E c
J /E r

L according to Eq. (A5a). That allows us to obtain the
leading terms in Eq. (B13),

Ξr ≈ E r
C

h̄

[
5

3

(
E c

J

E r
L

)2

sin2 δ + E c
J

E r
L

cos δ

]
, (B14)

where we have also used Eq. (4a).
In the Hamiltonian (B12), V ′

r3 and Vr4 are the off-diagonal
terms analogous to those in the atom Hamiltonian (B4). They
are obtained by changing the atom notations to the resonator
ones in Eqs. (B9) and (B10).

To arrive at the full system Hamiltonian, one also applies
the above Schrieffer-Wolff transformations to the coupling
part of the circuit Hamiltonian in Appendix A 3. After rear-
rangement, we write out the full Hamiltonian

Ĥ
h̄

≈ ωra
†a − Ξr

2
a†2a2 + V ′

a3 + Va4

+ ωab†b − Ξa

2
b†2b2 + V ′

r3 + Vr4 + ĤI

h̄
(B15)

up to the zero-point energy. Here, ωr = ω
p
r − Ξr − K0,X /2

and ωa = ω
p
a − Ξa − K0,X /2 denote the resonator and the

atom frequencies with

K0,X ≈ K0 + 24�ag2 + 24�rG2. (B16)

We obtain Eq. (14) in Sec. V A by using Eq. (B1) and
neglecting the last term in the above expression. That is al-
ways possible when the resonator cubic nonlinearity is much
weaker than in the atom, i.e., when |�r| � |�a|; and when, at
the same time, |g2| ∼ |G2|. The latter is true when the vacuum
fluctuations in the resonator and the artificial atom ϕr,zpf ∼
ϕa,zpf are comparable. A more general criterion for the ap-
proximation in Eq. (14) to hold, (E a

L/E a
J + cot φmin

a ) sin δ � 1,
is obtained by taking into account the condition (13) of no
ultrastrong coupling. Using the definition of �a in Eq. (B1)
along with the expressions for Xa and g2 from Table I in the
above expression for K0,X , one obtains Eq. (15) in Sec. V A.

In Eq. (B15), the Hamiltonian ĤI aggregates all interac-
tion terms; as it is cumbersome, we do not present its full
form. However, by proper adjustment of the resonator and
the atom frequencies, one can make their two-photon coupling
dominant. Most other couplings then act as perturbations and
renormalize the resonant interactions. We treat them in what
follows.

2. Two-photon regime

With ωa ≈ 2ωr, close to the two-photon resonance, the
interaction Hamiltonian becomes

ĤI

h̄
= −g2(a†2b + b†a2) − K0,X a†a b†b + δĤI

h̄
. (B17)

The first two terms here correspond to the resonant interac-
tions: the bare two-photon coupling of strength g2 and the
cross-Kerr coupling of strength K0,X as given by Eq. (B16).
Below, we calculate the essential renormalizations to these
couplings.

We collect the nonresonant terms that produce nonnegligi-
ble renormalizations into

δĤI

h̄
≈ g̃−(a†b + b†a) − g̃+(a†b† + ba)

− 3g3(b†a†a2 + a†2ab) − 3g3(b†a†2a + a†a2b)

− F (a†b†b2 + b†2ba) − F (a†b†2b + b†b2a)

− g2(2a†a + 1)(b† + b) − J (2b†b + 1)(a† + a)

− g2(a†2b† + a2b) − G̃−
2 (a†b2 + b†2a)

− G̃+
2 (a†b†2 + b2a). (B18)

We treat δĤI as a perturbation in Appendix B 2 c. We discuss
the terms neglected in δĤI in Appendixes B 2 a and B 2 b.

The first two terms in the perturbation Hamiltonian
(B18) correspond to the number-conserving and number-
nonconserving parts of the linear interaction as described in
Table I. Their coupling rates g̃± = gc

1 ± g̃i
1 include contribu-

tions from both capacitive and inductive couplings. The latter
coupling strength renormalizes as

g̃i
1 ≈ gi

1 + 20�aG2, (B19)

where we neglect a contribution of 3(g3 + G3) from the
fourth-order expansion term in the coupler Josephson energy.
Indeed, when E r

C ≪ Ẽ r
L and E a

C ≪ Ẽ a
L , the relevant vacuum

fluctuations are small with ϕ2
r,zpf , ϕ

2
a,zpf � 1. Thus, 3|g3 +

G3| � |gi
1| as follows from the definition of gi

1 in Table I
and g3 with G3 in Appendix A 3. As for the second term in
Eq. (B19), it matters near the points δ mod π = π/2 where
the bare inductive coupling gi

1 vanishes.
Away from there, the entire renormalization of the linear

coupling gi
1 often can be negligible. The coupling strength

G2 is of higher order in the vacuum fluctuations com-
pared with gi

1. Thus, we have that 20�a|G2| � |gi
1| as far

as μϕ2
a,zpf | tan δ| � 1. In that case, g̃i

1 ≈ gi
1 according to

Eq. (B19).
The second and third lines in Eq. (B18) describe nonlinear

interactions that result in the same transitions as the linear
coupling. The number-conserving part of such interactions
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is known as a nonlinear Jaynes-Cummings interaction (see
Ref. [121] and the references therein). Unlike the regular
linear interactions, excitation and deexcitation of the atom
occur in two steps here. Consider the second line in Eq. (B18)
describing couplings of rate 3g3, whose energies are cubic
in the resonator variables. Here, during the excitation, the
resonator first goes two energy levels up and then one level
down. Up to the order of creation and annihilation processes,
this interaction is a linear coupling with its strength modulated
by the photon number a†a. The third line in Eq. (B18) contains
analogous terms with the roles of the atom and resonator
reversed. However, the rate of these couplings renormalizes
as

F = 3G3 + 20�aG2, (B20)

similarly to the linear inductive coupling in Eq. (B19) and as
described in Sec. V B of the main text.

The fourth line in Eq. (B18) describes the couplings of op-
tomechanical type. One of them has its strength renormalized
as

J = G2 + 6�agi
1. (B21)

Plugging gi
1 and G2 from Table I along with Eqs. (B1) and

(B7) for �a yields the expression in Appendix F 1.
The penultimate line in Eq. (B18) describes the energy-

nonconserving two-photon coupling. With rate g2, it simulta-
neously excites or deexcites the resonator by one energy level
and the atom by two energy levels. The last line in Eq. (B18)
describes two–atom-excitation interactions illustrated in Ta-
ble I. They are dressed as

G̃±
2 = G2 − 2�a

(
gi

1 ± 2gc
1

)
. (B22)

The second term arises from the capacitive and inductive
couplings as the atom dresses by its cubic nonlinearity.

a. Further approximations in treating self-nonlinearities

In Appendix B 1, we restrict the perturbation theory to
second order in the cubic perturbation. We need further sim-
plifications to arrive at the Hamiltonian in Eqs. (B17) and
(B18).

First, consider the off-diagonal noncoupling terms in
Eqs. (B9) and (B10). Recall that V ′

a3 arises upon transform-
ing the atom bare Hamiltonian in Eq. (A7), while Va4 is the
off-diagonal part of its quartic nonlinearity. The coefficients
in V ′

a3 and Va4 are roughly as the atom anharmonicity Ξa in
the magnitude. In the second-order perturbation theory, this
brings different energy terms of about h̄Ξ 2

a /ωa. They are small
for small anharmonicity

Ξa � ωa. (B23)

We provide specific criteria to neglect such terms in the
frequencies, as well as in the single-photon and two-photon
coupling rates. Note that V ′

r3 and Vr4 give rise to even smaller
contributions as the induced resonator anharmonicity is small
with |Ξr| � |Ξa|.

Similarly to the cubic terms in Appendix B 1, one can
approximately eliminate V ′

a3 and Va4 with a Schrieffer-Wolff

transformation exp(S ′
a ) with

S ′
a =

(
3�aXa − Ya

4ωa
b†4 + 12�aXa + 4Ya

2ωa
b†3b

+ 18�aXa + 6Ya

2ωa
b†2 + 8�aYa

5ωa
b†5 − 24�aYa

3ωa
b†4b

− 112�aYa

ωa
b†3b2 − 48�aYa

3ωa
b†3 − 336�aYa

ωa
b†2b

− 136�aYa

ωa
b†

)
− H.c.

Applying it to the Hamiltonian (B4) renormalizes the atom
frequency by about −(ωa/12)(μ2 + η)2ϕ4

a,zpf . Under nor-
mal conditions, this dressing is smaller than the two-photon
coupling strength and hence does not affect the resonance.
Roughly, that is the case for |g2| > Ξ 2

a /ωa. Note that, upon
transformation, the atom anharmonicity also acquires a dress-
ing; it is small when Eq. (B23) holds.

Elimination of the off-diagonal terms in Eq. (B4) dresses
the interactions in Eq. (B18) as well. Particularly, that adds
(μ2 + η)ϕ2

a,zpf g
i
1/8 into the inductive coupling rate gi. How-

ever, this correction is smaller than 3(g3 + G3) neglected in
Eq. (B19) since (μ2 + η)/8 < 1 for μ � 2. The two-photon
coupling also gets dressed by the terms in Eq. (B9). It ac-
quires a correction of (μ2 + η)ϕ2

a,zpf g2/8. However, it is of
the fifth order in the zero-point fluctuations and of the first
order in the coupler energy E c

J . Hence it exceeds the accuracy
of our approximation in the Hamiltonian (A8) regardless of
E c

J magnitude. From the other point of view, one mentions
that both corrections are small with a relatively small atom
anharmonicity as in Eq. (B23).

b. Approximations in coupling dressed by the cubic perturbation

In Hamiltonian (B17), we group the “new” perturbations
into δĤI in Eq. (B18). There, we retain only the terms that pro-
vide essential renormalizations. Dressing the coupling terms
in the bare Hamiltonian (A8) of Appendix A 3 not only renor-
malizes them but also creates new couplings different from
those in the bare interaction Hamiltonian (A8). However, they
are of magnitudes comparable to the same-type terms that we
neglect in the cosine expansion [20] of the coupler energy
in Eq. (A8). In other words, they are of the same order in
the zero-point fluctuations ϕr,zpf and ϕa,zpf and the Joseph-
son energy of the coupler E c

J . Therefore, we omit these new
couplings in Eq. (B18) as they exceed the accuracy of our
approximation in the Hamiltonian (A8).

In addition to the negligible new couplings, small coupling
terms of the same type as in the Hamiltonian (A8) also arise
in Eq. (B17). They read

δĥI

h̄
= − G̃3(a† + a)(b†3 + b3)

− g3(a†3 + a3)(b† + b)

− K̃0

4
(a† + a)2(b†2 + b2)

− K0,X

4
(2b†b + 1)(a†2 + a2), (B24)
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with G̃3 = G3 − 4�aG2 and K̃0 = K0 − 8�ag2. These terms
yield only negligible corrections to the frequencies and to the
cross-Kerr and two-photon interaction rates. We have verified
that such corrections appear at least in the seventh order in the
zero-point fluctuations ϕr,zpf and ϕa,zpf . Hence they are beyond
the accuracy of our expressions.

In Eqs. (B18) and (B24), we account for the corrections
proportional to �a in the coupling rates. At the same time, we
neglect the other corrections with �r, since |�r| � |�a|.

c. Elimination of nonresonant linear and
optomechanical interactions

Here we calculate corrections in the two-photon coupling
and the effective resonator anharmonicity.

The perturbation δĤI can be approximately eliminated via
the Schrieffer-Wolff transformation Ĥ → e−WĤeW , where
the anti-Hermitian operator W reads

W = λ−(a†b − b†a) + λ+(a†b† − ba)

+ ζ−(b†2ba − a†b†b2) + ζ+(a†b†2b − b†b2a)

+ ϑ−(b†a†a2 − a†2ab) + ϑ+(b†a†2a − a†a2b)

+ λr
(
a†a + 1

2

)
(b − b†) + λa

(
b†b + 1

2

)
(a − a†)

+ λ2(a†2b† − ba2) + η+(a†b†2 − b2a)

+ η−(b†2a − a†b2). (B25)

The small parameters λ±, λr, λa, λ2, ζ±, ϑ±, η± � 1 read

λ± = g̃±
ωa ± ωr

, ζ± = F

ωa ± ωr − Ξa
, ϑ± = 3g3

ωa ± ωr
,

λr = −2g2

ωa
, λa = −2J

ωr
, λ2 = g2

ωa + 2ωr
, (B26)

η± = G̃±
2

2ωa ± ωr − Ξa
.

Now we use the approximate BCH formula as for Eqs. (B4)
and (B12). With the operator W and the Hamiltonian in
Eqs. (B15), (B17), and (B18), we obtain

Ĥ
h̄

≈ ωra
†a − Ξ ′

r

2
a†2a2 + ωab†b − Ξ ′

a

2
b†2b2

− K0,X a†ab†b − g̃2(a†2b + b†a2). (B27)

Here, we have omitted the higher-order nonlinearities exceed-
ing the accuracy of the approximation in Eqs. (A6) and (A7).

In this contribution, we omit further dressing of the tran-
sition frequencies ωr and ωa. They are of the second order
in the small parameters in Eqs. (B26). We assume that the
two-photon coupling rate is much larger than these corrections
and hence they do not influence the resonance condition. We
also omit the anharmonicity dressing, as well as the further
dressing in the cross-Kerr coupling as discussed in Sec. V A.
Note that calculation of the cross-Kerr dressing by other inter-
actions requires taking into account V ′

a3 and Va4 in Eqs. (B9)
and (B10). We leave derivation and analysis of these correc-
tions for future work.

Here we only calculate the renormalized two-photon cou-
pling strength,

g̃2 = g2 + λa

2
g− − λ−J

+ η−g+ + λ+G̃−
2 + 2λ+η−Ξa. (B28)

We have dropped the corrections ζ+G̃−
2 + η−F + 3

2 (ϑ−J −
3
2λag3) + 2η−ζ+Ξa as they are of the seventh order in the
zero-point fluctuations ϕr,zpf and ϕa,zpf and hence beyond the
accuracy of the Hamiltonian in Eq. (A8). We leave the terms
of the fifth order in ϕr,zpf and ϕa,zpf . They can be relevant as
explained in Sec. V C.

APPENDIX C: CALCULATION OF THE MAIN
CROSS-KERR CORRECTION WITH WICK’S THEOREM

On the transformations in Appendix B, the interactions we
are interested in pick up corrections. Each transformation is
designed to compensate for the direct action of a nonreso-
nant coupling in the resulting frame. A nonlinear nonresonant
coupling requires a polynomial of the same order in the trans-
formation exponent. When a transformation is complicated,
such as in Eq. (B2), it becomes nontrivial to trace the origin
of the interaction renormalizations.

That is especially concerning for a phase qubit as in
Sec. VI. Its metastable well holds a finite number of energy
states; hence a virtual process climbing too high does not
occur as predicted by our anharmonic oscillator model. It is
then of interest to determine how far up the processes in each
correction do climb.

In this Appendix, we demonstrate how to use Wick’s the-
orem [122,123] to calculate the coupling corrections. That
provides some grounding for laying out the virtual processes
in the diagrams in Figs. 2 and 3. For the phase qubit as in
Sec. VI, the most vivid correction due to the virtual processes
appears in the cross-Kerr coupling strength. We, therefore,
focus on the cross-Kerr correction here.

1. Calculation

Beforehand, it is convenient to rewrite Eq. (B2) that we use
in Appendix B as

Sa = − 2
3 (b† − b)3 + (b† + b)2(b† − b) − 2(b† + b). (C1)

We verify [116] this form with PYBOLANO [124], which
is based on Refs. [125,126]. With Eq. (C1), the commuta-
tors in the BCH formula (B3) are easy to calculate, as our
bare coupling Hamiltonian (A8) in Appendix A 3 depends on
the dimensionless canonical coordinates b† + b and i(b† − b).
Note that Refs. [127,128] provide their starting Hamiltonians
in such form.

Below, we show that dressing of the coupling energy

I20 = h̄g2(a + a†)2(b + b†) (C2)

quadratic in the resonator operators [see Eq. (A8)] gives rise
to the cross-Kerr coupling. More precisely, the cross-Kerr
correction in Eqs. (14) and (15) arises from expanding the
transformation exponent to the first order in �a,

I20 → e−�aSa I20e�aSa ≈ I20 + �a(I20Sa − SaI20). (C3)

Here �a = Xa/ω
p
a , as defined in Eq. (B1).
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While it is trivial to calculate our commutator in Eq. (C3),
the calculation can become more involved for higher nonlin-
earities. We use Wick’s theorem because it makes the manual
treatment tractable for more complex cases. Additionally, it
yields the result in normal order.

Thus, we use it to calculate the correction, i.e., the last term
on the right-hand side of Eq. (C3). We denote

P = b† + b, M = b† − b. (C4)

Then, noting that only single contractions bring the terms with
b†b, we write them out for

(b† + b)S = − 2 × 3

3
: PMMM : −2

3
C2

3 : PMMM :

+ 3 : PP

]

PM: −C2
3 :

]

PP PM : + · · · (C5)

and

S (b† + b) = 2 : P

]

PM P : − : P

]

PM P : + · · · , (C6)

where Ck
n = n!/[k!(n − k)!] denotes a binomial coefficient,

: O : denotes the operation of normal ordering applied to an

operator O, and contraction is defined as

]

AB= AB− : AB :.
In Eq. (C5), the first two terms are the contractions with the

first term −2M3/3 in Eq. (C1). The other two are the contrac-
tions with the second term P2M there. In Eq. (C6), both terms
are due to the second term P2M in Eq. (C1). Each contraction
coefficient includes a factor that counts the contractions alike,

such as :

]

PM MM :, : PMMM :, and : PMMM : for the first
term in Eq. (C5).

We note that

]

PP= 1,

]

MM= −1, and

]

PM= 1. Then using
Eqs. (C5) and (C6), one can check that the cross-Kerr term
proportional to a†a b†b comes with a coefficient of 24g2�a in
Eq. (C3). That is the same coefficient as in Eqs. (14) and (B16)
according to the calculation of the correction in Appendix B.

2. Diagrams and the number of energy levels

The atom part of the diagram in Fig. 2(a) shows the process

as described, among others, by the term : P

]

MM M : similar
to the second term in Eq. (C5). A contraction in a term corre-
sponds to a loop in the diagram. Note that, when only taking
into account the first BCH commutator as in Eq. (C3), the
processes from different interactions do not mix.

The normal-ordered products as in Eqs. (C5) and (C6)
directly provide the cross-Kerr coupling Hamiltonian in a
convenient form. Wick’s theorem automatically takes into
account that the bb† products in Eq. (C3) yield the normally
ordered b†b. The associated use of commutation relations—
bosonic in our case—is exact within the model; however, with
it we lose the information on how far up in the energy ladder
a process goes.

Based on the structure of the normally ordered terms in
Eqs. (C5) and (C6), we can recover that from Eq. (C3). In
the case of the cross-Kerr correction, we simply notice that
some of the b†b processes actually arise from the bb† ones that
bring the atom higher in its energy levels. One such sequence
is depicted in Fig. 2(a) with dashed lines.

Note that, for determining the number of energy states
required, one can consider normally ordered I20 and Sa in

Eq. (C3). In this form, each describes processes that excite
the atom as little as possible while still providing the required
results. For example, consider the case when the next higher-
energy state decays faster than the interaction can occur, due
to reasons beyond our simple anharmonic oscillator model. In
that case, the coupling energy I20 cast in the normally ordered
form clearly describes the interactions in the same way. The
same applies to Sa, which is responsible in Eq. (C3) for an
approximate unitary transformation.

That is not the case for further normal ordering in the
equation. In Eq. (C3), bb† and b†b + 1 can differ as the
bosonic approximation breaks. If the excitations in Sa or
I20 bring the atom into, e.g., a rapidly decaying state, the
respective processes yield different states. Our approximate
unitary transformation does not work as intended, as the corre-
sponding (virtual) processes occur differently. However, these
very processes are supposed to yield the interactions in the
transformed picture. Therefore, if we further normal-order
Eq. (C3), this can hide such an issue and may predict in-
teraction terms in the Hamiltonian with remarkably incorrect
amplitudes or even structure.

APPENDIX D: HIGHEST-CLIMBING PROCESSES

In Figs. 2 and 3, the correction processes climb the atom
energy ladder as high as possible. We provide a recipe to
determine such processes:

(1) Determine a Schrieffer-Wolff transformation to take
into account nonresonant interactions perturbatively. For
several transformations, the recipe applies recursively. For
example, see Fig. 3(b) explained in Appendix F 2.

(2) Take one operator sequence from an interaction term
in the Hamiltonian and another one from the transformation
exponent. It is convenient to assign a color to each sequence.
The available operators should accomplish the required in-
teraction. One can vary the order of sequences but cannot
intermix operators of different colors. One may contract pairs
of creation and annihilation operators into unity.

(3) Show a loop heading upward when contracting bb† and
a loop downward when contracting b†b.

(4) Only two-color loops require the next energy level to
be available. Hence, no energy levels on top of the single-color
loops in Figs. 2 and 3.

(5) Consider a sequence that increases the energy more
than the other ones, possibly between other sequences. Then
place it next to the highest of the two energy levels at the ends
of the interaction to be realized.

Let us comment on some of the rules. Consider rule 2. The
sequence order can be changed, as formally the whole of each
correction stems from a commutator (see Appendix C), where
the sequences occur in both orders. Contractions in rules 2 and
3 are discussed in Appendix C and in the caption of Fig. 2. For
the motivation of rule (4), refer to Appendix C.

APPENDIX E: CALCULATION OF THE MAIN
CROSS-KERR CORRECTION USING

DYNAMICAL EQUATIONS

Consider for simplicity the Hamiltonian H/h̄ = ωra†a +
ωab†b − g2(a† + a)2(b† + b) − Xa(b† + b)3. It contains the
necessary terms to obtain the cross-Kerr correction due to the
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potential asymmetry and nonlinear coupling. Here we obtain
this cross-Kerr rate by analyzing the dynamical equations and
their formal solutions, following from the Hamiltonian.

The Heisenberg equation of motion for the atom lowering
operator is obtained as ḃ = 1

ih̄ [b, H] and reads

ḃ = −iωab + 3iXa(b† + b)2 + ig2(a† + a)2. (E1)

A formal solution of this equation is

b(t ) = b(0)e−iωat + 3iXa

∫ t

0
dt ′e−iωa (t−t ′ )(b† + b)2

t ′

+ ig2

∫ t

0
dt ′e−iωa (t−t ′ )(a† + a)2

t ′ . (E2)

We assume that a†a changes slowly on the timescales of
the observation time t . Integrating the last term yields
(g2/ωa )(2a†a + 1) and some oscillating terms. We plug that
back into the dynamical Eq. (E1) to obtain

ḃ ≈ − i

(
ωa − 12g2Xa

ωa

)
b + 24ig2Xa

ωa
ba†a + ig2(a† + a)2

+ anharmonicity terms. (E3)

Here we neglect the nonresonant contribution in the sec-
ond term on the right-hand side. The resulting term is
approximately as obtained from the Hamiltonian with the
cross-Kerr correction in Eq. (14) from Sec. V A.

The atom frequency in Eq. (E3) coincides with Eqs. (20)
and (14) with K0 = 0. Existence of the population-
independent frequency shift 12g2Xa/ωa relies on commuting
a and a† in Eq. (E2). Hence, unlike the cross-Kerr term, it
vanishes in the classical limit.

APPENDIX F: OTHER INTERACTION DRESSING

In this Appendix, we explain other small renormaliza-
tions in the resonant two-photon and in the nonresonant
optomechanical-like couplings. We often call the coupling
types by their bare rates here. For details, refer to Table I
in the main text and the bare coupling Hamiltonian (A8) in
Appendix A 3.

1. Nonresonant optomechanical interactions

As pointed out in Table I, the coupling term with G2

yields a reverse optomechanical-like interaction. Owing to
a combination of inductive interactions with the atom cubic
nonlinearity, this optomechanical coupling renormalizes as
G2 → J , with the full coupling rate

J = G2 + 6gi
1Xa

ω
p
a

(F1)

≈ E c
J

2h̄
(sin δ − μ cos δ) ϕr,zpfϕ

2
a,zpf . (F2)

This correction to the G2 interaction can be interpreted simi-
larly to Eq. (16) of the main text.

Within our assumptions, the optomechanical g2 interaction
retains its bare magnitude as in Table I. This asymmetry, as

seen from Table I and Eq. (F2), is due to the cubic nonlinearity
in the potential of the atom that is negligible in the resonator.

2. Details of two-photon corrections

Here we provide and interpret expressions for the two-
photon corrections for reasonably strong Josephson coupling.
Assuming a relatively small atom anharmonicity, |Ξa| � ωa,
we obtain from the results of Appendix B 2 that

g̃2 ≈ g2 − 2g−J

ωr
+ 2g+G2

3ωr
− μg+

(
gi

1 − 2gc
1

)
ϕa,zpf

9ωr
(F3)

for the two-photon coupling rate in the Hamiltonian (12). The
last three terms are due to various perturbative corrections.
As pointed out in Sec. V C, they are nonnegligible for higher
coupling energies as in Eq. (18). We discuss these corrections
below.

Consider the correction in the second term in Eq. (F3). This
correction is due to chaining of the single-photon and optome-
chanical virtual processes. We depict one such sequence with
a bare optomechanical process in Fig. 3(a). Another one arises
through its dressed part in Eq. (F1). In other words, linear
inductive interaction chains with the full number-conserving
one and the atom cubic nonlinearity. We depict one such
sequence with a number-nonconserving part of the inductive
interaction in Fig. 3(b).

The correction as in the third term in Eq. (F3) can be
depicted similarly to the second term; see Fig. 3(c). Here,
however, a G2 interaction that doubly (de)excites the atom
chains with the number-nonconserving linear interaction. As
before, in Fig. 3(c) we choose the particular processes so that
the other similar ones do not excite the atom higher.

Now consider the two-photon correction in the last term in
Eq. (F3). It arises, among others, owing to a process similar to
that in Fig. 3(b) and uses four energy states of the atom. This
term is considerably smaller than the other corrections, owing
to the coefficient of μ/9. Still, the term can be significant
with even smaller zero-point fluctuations or when the capac-
itive coupling is much stronger than the inductive one with
gc

1 � gi
1.

The latter case is unlikely when one aims at stronger two-
photon coupling. We expect gc

1 to be of the same order or
smaller than the maximal value of the inductive coupling rate
(gi

1)max. Both couplings are limited by the criterion g− =
gc

1 − gi
1 � ωr, ωa, disallowing ultrastrong coupling. Practi-

cally, one raises the coupler Josephson energy E c
J to reach

higher two-photon coupling strength g2 ∝ E c
J /h̄; that raises

gi
1 ∝ E c

J /h̄ proportionally. Therefore, for such an application,
it is unlikely that gc

1 � (gi
1)max, as that severely limits the

magnitudes of (gi
1)max and hence g2.

In the derivation of Eq. (F3) in Appendix B 2, we neglect
perturbative corrections of seventh order in the zero-point
fluctuations ϕa,zpf and ϕr,zpf . In principle, they can exceed the
fifth-order terms in the expansion of the Josephson coupling
energy. However, that occurs with even higher coupling en-
ergies E c

J as in ϕ2
zpf E

c
J � h̄ωr assuming ϕzpf ∼ ϕa,zpf ∼ ϕr,zpf .

For similar reasons, in Eq. (F3), we use the bare value of the
linear coupling rates g± as in Table I.
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