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Robust implicit quantum control of interacting spin chains
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Robust quantum control can achieve noise resilience of quantum systems and quantum technological devices.
While the need for noise resilience grows with the number of fluctuating quantities, and thus typically with the
number of qubits, most numerically exact optimal control techniques are limited to systems of few interacting
qubits. This paper exploits quantum control that avoids explicit reference to quantum states in exponentially large
Hilbert space. Exemplary control protocols for spin chains are discussed in terms of noise-resilient preparation

of highly entangled states.
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I. INTRODUCTION

Optimal control [1] is a crucial technique in the devel-
opment of quantum technological applications. Since robust
control [2] can make the dynamics of quantum systems in-
sensitive to fluctuations in system parameters, it can be used
to lower the requirements for calibration of a quantum de-
vice. Given that the number of potentially fluctuating system
parameters grows with increasing system size, the practical
value of robust control increases with the ability to scale up
quantum devices.

Control pulses that achieve insensitivity of single-qubit
dynamics to noise in quantities like the resonance frequency
are well established in nuclear magnetic resonance [3] and
have found applications in many other platforms, including
solid-state impurities [4], superconducting qubits [5-7], and
trapped ions [8]. Noise resilience has also been achieved with
high accuracy for two-qubit entangling gates [7,9-21] and
few-qubit gates [15,22,23], but the development of control
techniques to achieve noise resilience gets rapidly more chal-
lenging with increasing system size [24].

While robust control is often aimed at system parameters
that would be finite but noise-free in an ideal situation, an
aspect of practical importance in registers of interacting qubits
are parasitic terms in a Hamiltonian, i.e., terms that ideally
would vanish. In superconducting circuits, for example, robust
control is a method of choice to mitigate the impact of such
parasitic interactions [25,26].

Numerous algorithms have been developed for optimal
quantum control ranging from direct search [27] and gradient-
based optimization [28-31] to machine-learning-inspired
approaches [32,33]. Robustness against noise in the model’s
parameters can be achieved in these approaches by optimizing
an ensemble average over the noise distribution [34]. These
robust control techniques have been instrumental in designing
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error-resilient quantum gates and protocols [35-38], but they
are typically restricted to small-to-moderate system size.

A limiting factor in the design of control pulses that
achieve noise resilience in large quantum systems is the
required effort to simulate the controlled dynamics, with typ-
ically exponential scaling in the number of qubits. Notable
exceptions include data-driven control [39-41] with numer-
ical simulations replaced by experimental data. While such
approaches can be used to achieve resilience even against
uncharacterized noise, it can be experimentally expensive,
and the presence of drift in system parameters is a restrictive
limiting factor [42]. Counterdiabatic driving also allows for
the construction of time-dependent control Hamiltonians, but
the resultant Hamiltonians are often not practically realizable
and need to be approximated dynamically [43]. Techniques
based on tensor networks exist for many-body optimal control
[24,44,45], but they are also approximate in nature and are
subjected to Trotterization and truncation errors. It is possible
to engineer robust many-body control in spin chains by lever-
aging a system symmetry [46], but this imposes a preserved
quantity which results in limited versatility.

The goal of this paper is to develop a framework of robust
optimal control that is tractable for large systems. This frame-
work builds upon the ideas of implicit quantum control (IQC)
[47] in which a quantum state |W) is not specified explicitly,
but implicitly in terms of an operator Z to which it is an eigen-
state. This is analogous to the concept of Lewis-Riesenfeld
invariants [48] that are utilized frequently in optimal quan-
tum control [49-51]; but, while Lewis-Riesenfeld invariants
have an analytic form that makes them prohibitively difficult
to construct for most quantum systems, such as interact-
ing spin chains, IQC relies only on numerically propagated
operators Z. Crucially, there exist instances of Hamiltonians
and control problems for which numerical time evolution of
large systems is tractable. In such instances, numerically ex-
act optimal control is feasible despite the exponential effort
required for the explicit specification of the time-evolving
system state [47]. In generalizing the approach of IQC to
robust control, there are two aspects to address:

(1) Parasitic terms in the Hamiltonian may easily break the
algebraic properties that the numerical efficiency of 1QC is
based on.
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(2) The ensemble of Hamiltonians that includes all noise
realizations is exponentially large in the number of error-
prone system parameters; a robust control algorithm based on
sampling would be expected to require exponentially many
samples, which would make it intractable to extend to large
systems. To address these two aspects, the following dis-
cussion encompasses a first instance in which the numerical
efficiency of IQC is not broken by parasitic terms, followed
by a second instance in which it is broken. The first instance
allows us to demonstrate that sampling of a number of noise
realizations that is independent of the system size is suffi-
cient for the construction of robust control solutions of a
spin chain of growing length. Given the numerically exact
nonperturbative treatment in the first instance, there is no
requirement for a perturbative approach. The second instance
requires the formulation of a perturbative treatment such that
parasitic terms can be taken into account without breaking
the algebraic property that the tractability of the method re-
lies on. Among the numerous applications that benefit from
noise-resilient state preparation or gate implementation, the
usefulness of the present approach is exemplified in terms
of measurement-based quantum computation with a proto-
col for the preparation of resource states and in terms of a
Heisenberg-limited sensing protocol. Section II provides an
overview over the techniques that the present work relies on,
and Sec. III introduces the system and objective function used
to exemplify robust implicit quantum control. Explicit control
protocols are discussed in Sec. IV, and the framework to
take into account parasitic terms perturbatively is discussed
in Sec. V.

II. BACKGROUND
A. Robust quantum control

The goal of optimal quantum control is the design
of a time-dependent Hamiltonian, such that the propagator
induced by this Hamiltonian approximates desired properties
as well as possible. Commonly pursued tasks include the
realization of a targeted state starting from some initial state
or the implementation of a quantum gate.

The design of a Hamiltonian with an optimal time depen-
dence is typically an iterative process involving the evaluation
of an objective function for a given time dependence and the
construction of a modified time dependence with the prospect
of yielding a higher value of the objective function than pre-
viously tested time dependencies.

In order to achieve noise resilience, one can consider an
ensemble of Hamiltonians, such that a given system parameter
adopts a different value for each ensemble member. The goal
of the optimization is then to find one single time dependence
that applies to every ensemble member, such that the ensemble
averaged objective function is maximized. Given a sufficiently
large ensemble, the controlled system is robust against static
noise in the considered parameter for parameter values within
the interval chosen for the ensemble.

B. Implicit quantum control

Given the generally exponential scaling of the Hilbert
space with the number of qubits, it can be advantageous to

characterize quantum states |W(7)) in terms of an eigenvalue
relation

() |W(@®) =y (@), (D

formulated in terms of a unitarily time-evolving Hermitian
operator Z(t) [47].

Given a time dependence, following the von Neumann
equation

Z(t) = —i[H(t), Z(1)], 2)

any nondegenerate eigenstate of Z provides a solution to
the time-dependent Schrodinger equation [48]. This fact is
frequently employed in the field of invariant-based inverse en-
gineering, where operators Z with analytic time dependences
are used to solve Eq. (2) for H(¢). IQC does not require any
analytic parametrization and uses only numerical operators.
The approach is as follows: with an initial condition Z(0) hav-
ing a nondegenerate eigenstate |W(0)) and a control target Z
having an eigenstate |\Wr) to the same eigenvalue, an optimal
control process with an objective function that is maximized
exactly for the target Zr, such as the infidelity
Tr(ZZr)

JZ,Ir)=1 ™E) 3)
yields a time-dependent Hamiltonian that achieves the state
transfer from the initial state |W(0)) to the target state
|Wr) [47].

In order to solve the von Neumann equation numerically,
it is helpful to expand the Hamiltonian and the operator
Z(t) in terms of two sets of time-independent operators {h;}
and {a;}. With the expansions H () = Zi hj(t)h; and Z(t) =
> ;4 (¢)a; with time-dependent coefficients & () and a;(1),
and the closed commutator relations

d
b, acd = D Ay, )

=1

the von Neumann equation yields the set of differential equa-
tions

ait) =Y _Kij(t)a;(t) with Kij(t) =Y h(®)rl,  (5)
j 1

which is analogous to the case of Lie algebras used in
Refs. [52-57], although typically the commutators [b;, by]
would be used, whereas here these are replaced by [b;, ac].
The dimension of the dynamical problem to be solved is thus
given by the number of terms a; in the expansion of Z(¢) that
is required to ensure that the commutator relation Eq. (4) is
closed. While generally this can also be exponential in the
number of qubits, and even quadratic in the dimension of the
Hilbert space, there are classes of Hamiltonians and associated
operators Z(t) that show polynomial and notably quadratic
scaling with system size [47].

This approach can be placed under the umbrella of short-
cuts to adiabaticity [58], with a state vector |\W(¢)) following
the dynamics of the operator Z(¢), but no requirement to
follow the dynamics of H(¢) adiabatically. As such, it allows
the preparation of ground states of interacting models that
are challenging to realize, such as those with long-range in-
teractions or three or more body interactions, using a control
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Hamiltonian that requires only nearest-neighbor two-body in-
teractions.

III. LINEAR SPIN CHAIN

The system Hamiltonian

n—1 n
H =Y gXXin+ Y fiOZi+ Y wi®X;  (6)
Jj=1 J=1 Jje{l.n}
for a linear spin chain with nearest-neighbor interactions in
terms of the Pauli X operators and single-spin energies in
terms of the Pauli Z operators and the Pauli X operators on the
end spins of the chain is characterized by the set of operators
{h;} with the terms Z;, j € [1,n], X;X;41, j € [1,n — 1], X,
and X,,.

A good choice for efficiently evaluable time-evolving op-
erator Z(¢) is given by the set of operators {a;} that contains
all terms of the set {h;}, and all nested commutators with
terms in {h;} under the constraint that the set {a;} is linearly
independent. Since this set has only 2rn> + 3n + 1 elements
[47], Eq. (2) can be represented in the form of Eq. (5) in a
vector space of quadratic size. The explicit expression for all
the operators in the set {a;} is given in the Appendix A.

The system parameters f;(t) represent the single-qubit res-
onance frequencies that may have a time dependence, e.g.,
due to a time-dependent magnetic field. The parameters w (¢)
and w, (¢) represent driving on the first and last spin of the
chain and the parameters g; represent the coupling strength
between two neighboring spins. In a practical implementa-
tion the system parameters may be subject to static noise.
While single-qubit parameters are typically characterized with
high precision, the coupling strengths between qubits often
have significant uncertainties—especially in platforms with
complex coupling schemes. In superconducting devices, for
example, two-qubit errors tend to be ten times higher than
single-qubit errors [59,60]. We thus consider the noise model

gi=8+t¢; @)

for the individual interaction strengths, where ¢; represents
the error specific to each interaction and is assumed to be dis-
tributed uniformly at random in a small interval [—Ae, A€].

Given an ensemble of Hamiltonians H;(¢) of the form of
Eq. (6), with each ensemble member adopting different values
of the systems parameters, Eq. (2) defines an ensemble of
time-evolving operators Z;(¢t). Each of these has the same
initial condition Z;(0) = Z(0), but given the different values
of the system parameters, the final values Z;(T) will generally
not be the same. The deviation of these final values from the
control target Zy can be characterized in terms of an average
infidelity

I
J= ;J(L, Ir), (8)

with the regular infidelity defined in Eq. (3) and M the number
of members in the ensemble.

IV. ROBUST IMPLICIT QUANTUM CONTROL

With an ensemble of Hamiltonians of the form Eq. (6),
the approach of IQC [47] sketched in Sec. II B allows for an
exact treatment of static parameter noise without resorting to
perturbative approximations.

With n — 1 interaction constants subject to static noise, the
ensemble average of the objective function [Eq. (8)] implies
an average in an n — 1-dimensional space. With any uniform
distribution of sampling points, this implies an exponen-
tial and thus prohibitively expensive effort. A more efficient
method is based on sampling over randomly chosen points,
similarly to stochastic gradient descent in big data machine
learning [61].

A. Cluster state preparation
Preparation of the ground state of the operator

n—2
He = 2%+ ) XiZi1 X2 + Xo1Z, ©)
j=1

is of interest because it is the cluster state, a resource state for
measurement-based quantum computation [62,63]. The initial
condition Z(0) = ), Z; and the control target Zr = Hc are
suitable choices for the task of realizing the ground state of
H¢ since the initial state of Z(0) is separable and thus typically
preparable in practice, and the target Z; can be reached with
this initial condition and the dynamics induced by the physical
Hamiltonian H (¢) [Eq. (6)] [47].

To achieve robust control, the average infidelity in Eq. (8)
is optimized using the average gradient from a sample of 60
points selected uniformly at random within the error range.
After completing the optimization, the robustness of the op-
timized pulse is validated with an averaged infidelity over
10° new random points, and verification with ensembles of
different noise levels can help to visualize the error range for
which resilience is achieved.

Figure 1(a) depicts the infidelity as obtained through vali-
dation for a chain with n = 30 spins as a function of the error
level Ae/g. The empty circles correspond to a control solution
optimized for the noiseless case. It achieves the targeted infi-
delity of 1073 for vanishing noise, but the results deteriorate
rapidly with increasing noise level. The filled circles corre-
spond to a control solution optimized for noise of up to 5%
in the coupling constants. Achieving noise resilience comes
at the price of a slightly increased infidelity for the noiseless
case, but, in turn, infidelities lower than 10~ are obtained in
the entire 5% interval.

Figure 1(b) depicts average infidelity as a function of sys-
tem size n with robustness against static noise in the coupling
constants of 1% (blue) and 5% (red). The open circles cor-
respond to pulses optimized for the noiseless case, and the
error bars depict the width of the distribution of infidelities
contributing to the average. While it is possible to obtain
infidelities on the order of 102 for systems of three spins with
pulses optimized for the noiseless case, their performance
deteriorates rapidly with increasing system size, highlighting
the need for engineered noise resilience in larger systems.
Control solutions designed to be noise resilient, on the other
hand, result in infidelities that grow very slowly with system
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FIG. 1. (a) Average infidelities for preparing a 30-qubit cluster
state, obtained with pulses optimized without robustness and with
robustness, vs increasing error levels Ae/g. (b) Average infidelity,
with error bars indicating the standard deviation of the infidelity
distribution, for preparing the cluster state with robustness (solid)
and without robustness (empty) for 1% (square) and 5% (circle) error
level in the coupling strength.

size, and even chains with n = 30 spins feature infidelities as
low as 1073,

The extent to which noise resilience can be achieved
depends on the duration of controlled dynamics and on prop-
erties such as the spectral width of the control functions f;(z)
and w;(t). For short durations of controlled dynamics, the
numerical optimization typically converges to low fidelities,
but there is typically some duration of controlled dynamics
beyond which the best achievable infidelities are limited only
by the numerical accuracy of the optimization. This duration
is typically longer for larger systems, and achieving infideli-
ties as low as in Fig. 1(b) is numerically found to require a
duration that scales linearly with the system size, T ~ ntg/4,
where 1, =27 /g is the characteristic timescale associated
with the interaction strength.

optimizations do not include a penalty for high amplitudes,
but since the evolution toward the targeted entangled state is
limited by the strength of the interactions, there is no reason
for the optimization to increase amplitudes beyond what is
necessary. The maximum amplitudes obtained are thus on the
order of g and they grow only moderately with increasing
noise level. All these features exemplified in Fig. 2 hold sim-
ilarly for all the driving functions f;(¢) and w;(t) as provided
in Ref. [64].

B. Quantum sensing

Entangled states such as the Greenberger-Horne-Zeilinger
(GHZ) state can be utilized for ultrasensitive quantum mea-
surement reaching the Heisenberg precision limit [65]. A
quantum-sensing experiment typically requires three crucial
steps: preparation of an entangled state, free phase evolution,
and measurement of the phase shift. In practice the last step
requires a manipulation of the system state, such that the
phase shift can be measured in terms of accessible single-
qubit measurements. In addition to noise resilience of the
state preparation, a noise-resilient sensing protocol thus also
requires a noise-resilient implementation of the final measure-
ment.

Given that most sensing protocols are implemented with
superpositions of Z eigenstates, the discussion in this
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FIG. 3. Average infidelity for GHZ state preparation at 5% error
level, obtained with pulses optimized without robustness (empty
circle) and with robustness (solid circle). The error bar indicates the
standard deviation of the infidelity distribution.

section is based on a Hamiltonian of the form of Eq. (6) with
am/2Y rotation, (i.e., with X replaced by —Z, and Z replaced
by X). The GHZ state

1
V2
with the single-qubit Z eigenstates |0) and |1), is the ground
state of the operator

|W6) = —=(10)®" + [1)®"), (10)

n—1

Ho=-Y ZiZi— [ X (11)
j=1 j=1

so that 7r = Hg together with the initial condition Z(0) =
>_; X; is a suitable control target.

The two states |0)®" and |1)®" are both eigenstates of the
system interaction ) ; g;Z;Z; 1 to the eigenvalue ) ; g;. The
interaction thus does not result in a relative phase in the GHZ
state so that there is no need to engineer noise resilience for
the step of the free dynamics in the sensing protocol.

Any phase shift 6 of a single qubit due to an additional field
will contribute to the overall phase shift in the state

L
V2

This phase shift can be measured in terms of the observable
0= ]—[';:1 X, and this n-qubit observable can be mapped onto
a single-qubit observable with a second interval of controlled
dynamics.

The remaining goal is thus to find a system Hamiltonian
with controlled time dependence that results in a propagator
U such that UOUT = X;. This goal can be achieved with
the control problem defined in terms of the initial condition
Z(0) = O and the control target Z; = X;.

Figure 3 shows the average infidelity achieved for prepar-
ing the GHZ state with and without robustness at a 5%
error level. As with the cluster state, the impact of noise

WG (0)) = —=(10)®" + " [1)®"). (12)

Measurement
ol ]
10 N 5 T 2 Py
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= 4
A
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A
>
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108 - : - * * *
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System size (n)

FIG. 4. Average infidelity for the mapping from the collective
operator O = [| ; Xj to the single-qubit operator X; at 5% error level
for the pulses optimized without robustness (empty triangle) and with
robustness (solid triangle).

is pronounced for the pulses optimized without robustness.
However, with robust control, an improvement of four orders
of magnitude in average infidelity is achieved. The duration of
the optimized pulses is T ~ nt,/4, which is consistent with
the time required to generate the long-range correlation in the
GHZ state with local interaction. Figure 4 shows the average
infidelity achieved for the transformation required for the
measurement step, evaluated with pulses optimized with and
without robustness at a 5% error level. Robust control again
delivers a drastic improvement, reducing average infidelity by
at least three orders of magnitude. Here, a duration T’ ~ nt,/2
seems to be required to reach 99.9% fidelity, which is a factor
of two longer than for the state preparation.

V. ROBUSTNESS AGAINST ERRORS
OUTSIDE THE CLOSED SET

In addition to control terms in the Hamiltonian, there might
also be parasitic terms due to experimental imperfection. A
well-known example of this in superconducting platforms is
the parasitic ZZ interaction [66] as an extra term to the system
Hamiltonian [Eq. (6)]. As long as the commutator relation in
Eq. (4) is satisfied for all the terms h; including the parasitic
terms in the system Hamiltonian, the present approach can be
used to design robust control as exemplified above. Generi-
cally, however, Eq. (4) is not satisfied for all parasitic terms
in the Hamiltonian, and an extension of the set of operators
{a;} results in unfavorable scaling. Adding the parasitic terms
ZiZi11,1 < j < n to the control Hamiltonian Eq. (2), for
example, leads to an exponentially large set.

Since parasitic terms are expected to be weak as compared
to the desired terms in the Hamiltonian, it is a viable perspec-
tive to take them into account perturbatively. To this end, it
is helpful to express the full Hamiltonian as H(¢) = Hy(t) +
Hp, where Hy(t) is comprised only of terms that satisfy the
commutator relation Eq. (4) with a sufficiently small set {a;},
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and Hp contains the parasitic terms to be treated perturba-
tively.

With an operator Z(¢) satisfying Eq. (2) and the propagator
Uy(t, 0) induced by Hy(?), the operator

Ti(t) = Uy (t, 0)Z(t)Up(t, 0) (13)
satisfies the equation of motion
L, (t) = —ilHp(t). Ty (1)1, (14)

with Hp(t) = UoT(t, 0)HpUy(t, 0). This can be taken as a start-
ing point for a perturbative solution in terms of a Dyson series,
but an explicit construction of Hp(t) is required for that.

Since the situations of interest are such that the propagator
Uy(t,0) is a too-high-dimensional object to be constructed
explicitly, it is essential that the operator Hp(t) is not con-
structed via matrix multiplication, but that it is constructed via
integration of an equation of motion. The equation of motion
that Hp(¢) satisfies reads

Hp(t) = i[UJ (t, 0)Ho()Uo(t, 0), Hp()].  (15)

Explicit construction of the operator Ug'(t, 0)Hy(t)Uy(z, 0)
seems infeasible because Hy(#;) and Hy(#;) do not generally
commute, so that direct integration of this equation of motion
is not a good way forward.

The operator

O(t) = Uj(t,t — DHpUY(t,t — T), (16)

however, has an equation of motion that can be integrated in
practice, and it reads

0(7)
ot

Since the equality Hp(t) = Q(t) holds, one can thus integrate
Eq. (17) for any value of t with 7 starting at 7 = 0 and ending
at T =t to obtain Hp(t).

The effort required for the integration of Eq. (17) depends
on the initial condition Q(0) = Hp. Integration is certainly
efficient if Hp can be expanded into a set of operators with the
closed commutator relationship in Eq. (4), such as the set {a;}.
This condition, however, is only sufficient and not necessary.
Since any solution R(t) of Eq. (17) is of the form R(7) =
UJ (t,t — T)R(0)Uy(t,t — 1), the product of several solutions
Ri(t) = Ug(t,t —T)R;(0)Uy(t,t — 1) is also a solutign of
Eq. (17). It can thus be practically possible to construct Hp(?),
even if Hp cannot be expanded into a small set of operators
that satisfy Eq. (4).

Given an explicit construction of Hp(1), the perturbative
solution to Eq. (14) reads

= i[Ho(r — 1), Q(7)]. a7

Il(t)=11(0)—i/ dt[Hp(7), T1(0)], (18)
0

with Z;(0) = Z(0), and this perturbative impact of the para-
sitic terms in Hp is the basis of the subsequent analysis.

A. Perturbative correction

With Hp expanded in a set of operators

Hp =) 2;t;(0), (19)
J

where the strength parameter A; might be unknown as in
the cases of parasitic interaction, the time-evolved perturbing
Hamiltonian can be written as

Ap(t) =) 1;8;(0), (20)
J

where
£;(t) = U (1, 0)¢;(0)Up(t, 0). (21)

Provided that the time-dependent operators €;() can be
constructed, they can be expanded in some basis set of
operators {f,},

G =Y (1)K, (22)
P

The explicit time dependence of Hp(t) then reads

Ap(t) =Y 10,18y (23)
ip

With Z(0) expanded in the small set as Z(0) = ), a;a;, the
operator-valued part of the integral f dt [Hp(t), Z(0)] that
determines the impact of parasitic Hamiltonian terms is given
by the commutators [, a;]. Since the set of all these com-
mutators is not necessarily linearly independent, it is helpful
to expand them as

[Rp,ail=i) nlby, (24)
q

where b, are linearly independent operators.
The first-order impact of the parasitic Hamiltonian terms at
time 7 then reads

T T
fdt [ﬁp(t),I(O)]zzaququjf dtv,(t). (25)
0 Jjprlq 0

This impact vanishes for all A; if each of the terms

T
> ol / dt (1) (26)
Ip 0

vanishes. This is guaranteed if the sum
2

T
c=> D f dt v;,(1) 27)
ja | Ip 0
vanishes. The effect of the perturbation is then eliminated to
first order for any value of X; as long as they are sufficiently
small for the perturbative treatment to remain valid. This is
crucial for robustness of the dynamics against shifts in A ;.

A time-dependent Hamiltonian such that the control target
is reached in the absence of parasitic Hamiltonian terms, and
such that C vanishes, thus ensures that the control target is
reached in a noise-resilient fashion, i.e., there is no first-order
impact of parasitic Hamiltonian terms to the system dynamics.
Hamiltonians with such a time dependence can be found with
an optimization using an objective function that includes a
contribution depending on C or with an objective function
evaluated in the absence of parasitic Hamiltonian terms and
an additional constraint that C is smaller than some tolerable
maximum values.
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B. Parasitic ZZ interaction

The perturbative correction described above is now utilized
for mitigating the effects of the parasitic ZZ interaction, which
is commonly encountered in superconducting qubits. The un-
perturbed control Hamiltonian Hy(¢) is given by Eq. (6), while
the parasitic term is

n—1

Hp =Y " MZiZj, (28)
j=1

where A is the small, but unknown, strength of the parasitic
interaction. Our goal is to find an optimal control solution for
realizing the cluster state that remains robust against this par-
asitic interaction. The initial condition is set as Z(0) = > iZj
and the control target is Zr = H¢ [Eq. (9)].

The set {Z;Z;} is not part of the quadratic set {a;}, which
satisfies the closed commutator relations in Eq. (4). Including
{Z;Z;1} in {b;} leads to an exponentially large set. The set
{Z;}, however, is in the small set {a;}, allowing {Z;Z;,} to
be propagated as a product of efficiently propagated operators.
Specifically, UOT (t,0)Z;Uo(t, 0) can be obtained efficiently by
integrating the differential equation Eq. (5) with the initial
condition Q(0) = Z;. This can be expressed as ), zx(f)ay,
where z;(t) are the expansion coefficients. The time-evolved
parasitic Hamiltonian is then

Hp(t) = Z Xz (E)zj41,0 ) agay, (29)
Jkl

which has the same structure as the expansion in Eq. (23)
with {&,} = {a;a;}. The linearly independent set {b,} for ex-
panding the commutator relation in Eq. (24) is then obtained,
from which the constraint C in Eq. (27) can be evaluated.
For achieving high-fidelity state preparation which is robust
against the parasitic interaction, the infidelity J from Eq. (3),
calculated for the dynamics of the unperturbed Hamiltonian
Hy(t) in Eq. (6), and the constraint C must be minimized
together. This is done by minimizing the objective func-
tion J +wC, where w is a properly chosen weight (see
Appendix C).

The robustness of the optimal pulses obtained with pertur-
bative correction can be verified for small system sizes by
calculating the average infidelity within the error hypercube
using the exact Lanczos propagator. In this calculation, Hp
is included in the control Hamiltonian, and the uncertain pa-
rameters A; are allowed to vary within the range [—AAX, AA],
where A is the error level. The von Neumann equation is
propagated exactly, and the infidelity distribution is obtained
from a sample of 10 random points within the hypercube (see
Sec. IV). This exact computation is done in the full, exponen-
tially large, Hilbert space, and is thus limited to system size
of n < 10. For larger system size, robustness can be inferred
from the magnitude of the constraint C as it is a measure of
the perturbation’s effect.

Figure 5 illustrates the average infidelity for the cluster
state preparation at the error level AX/g = 5%, where g is the
interaction strength. The blue solid circles show infidelities for
time-dependent Hamiltonians optimized to achieve resilience
against parasitic ZZ interactions, whereas the blue empty
circles correspond to Hamiltonians that are optimized for the

100 ; ; . ;
o o
o O
© o0
102 ¢ . 3
= n
[ ] ]
[ ]
4 @ e " ]
107 ¢ ] s n " 5 o o E
[}
o = o
m] O o
10° ¢ 3
5 10 15 20

System size (n)

o Avergage infidelity (w/o correction) o
e Average infidelity (with correction) =

Infidelity
Constraint ratio

FIG. 5. Average infidelity of the cluster state preparation, at the
error level AL/g = 5%, for time dependence optimized without
perturbative correction (empty blue circle) and with perturbative
correction (solid blue circle). These are calculated with exact prop-
agation in the exponentially large Hilbert space for n < 10. Also
shown for larger system size is the infidelity obtained for the
unperturbed dynamics with the time dependence optimized with per-
turbative correction (empty red square) and the ratio C; /Cy (solid red
squares), where C; is the constraint obtained for the time dependence
optimized with perturbative correction and C, the constraint obtained
for the time dependence optimized without perturbative correction.

state preparation only in the absence of parasitic interactions.
The reduction of infidelity by about two orders of magnitude
underpins the resilience that can be achieved with suitably
optimized time dependence. Given the exponential growth
of the Hilbert space, it becomes prohibitively expensive to
evaluate exact state infidelities for systems with more than
ten spins. The infidelities [Eq. (3)] in the absence of parasitic
interactions and the constraint C, however, can be evaluated
also for larger systems. This infidelity is shown by the empty
red squares in Fig. 5. To illustrate the suppression of par-
asitic interaction achieved with perturbative correction, the
ratio C; /Cy between the constraint C;, obtained for the time
dependence optimized with perturbative correction, and the
constraint Cp, obtained for the time dependence optimized
without perturbative correction, is shown by the solid red
squares. Despite the rapid growths of the Hilbert space with
n and the increasing number of parasitic interactions, there
is only a moderate increase in both the infidelity and the
constraint ratio. This indicates that state preparation can be
achieved with high accuracy and robustness also in the longer
spin chains.

VI. CONCLUSIONS AND OUTLOOK

The necessity to devise an accurate model is a decisive lim-
iting factor in open-loop optimal control methods for quantum
systems with more than a few qubits. While noise resilience
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is of practical importance for few-qubit systems, it thus ap-
pears to be even of fundamental importance for larger qubit
registers.

While it seems plausible that an average over an ensemble
of moderate size can be used for robust control of small
systems with a small number of fluctuating parameters, the
present work provides evidence that systems with a substantial
number of fluctuating parameters also do not require exces-
sively large ensembles in order to achieve a degree of noise
resilience that is helpful in practice.

The examples of state preparation and measurement dis-
cussed here can only exemplify the use of robust IQC, but
they cannot describe its use exhaustively. Typical applica-
tions would include quantum simulations, that require—in
addition to the realization of the to-be-simulated dynamics—
also initialization in an entangled quantum state.Beyond that,
also syndrome measurements in quantum error correction are
typically complicated many-body observables that need to
be mapped onto single-qubit observables in practice. Since
any imperfection in such operations requires further layers of
quantum error correction, any noise-resilient implementation
of such mappings is highly desirable.

While the original goal of IQC is control of systems com-
prised of many qubits, it can also be beneficial for control of
small systems interacting with an environment. In this case, it
is not essential to reduce the description of the system dynam-
ics as it is in the case of a system with an exponentially large
Hilbert space. The interaction with an environment, however,
requires an efficient treatment, and common techniques such
as Markovian master equations have limited use for the design
of optimal control protocols. The present framework, in turn,
can help to include the most relevant environmental degrees of
freedom with tolerable computational overhead, and to design
optimal control protocols that achieve the desired goal while
also decoupling the system from detrimental environmental
influence.

Given the growing relevance of optimally controlled co-
herent dynamics, there is a broad range of techniques that was
developed over several decades for quantum dynamics in term
of time-evolving state vectors of propagators. While many
early approaches are based on optimizations in terms of ge-
netic algorithms [67,68], subsequently developed techniques
to evaluate gradients with respect to control parameters helped
to increase numerical efficiency [28] and recent autodiffer-
entiation techniques permit to obtain such gradients largely
independent of pulse parametrization [30,69-72]. While the
static noise considered here is a crucial limitation of many
quantum technological platforms, also resilience to time-
dependent noise can be achieved with suitable techniques,
such as filter functions [73]. This full spectrum of techniques
was originally developed for optimal control based on the
Schrddinger equation, but since the von Neumann equation is
also a linear differential equation, the present approach can
also be combined with all these earlier techniques.

Given the experimental advances in coherent control over
systems of increasing size, and the correspondingly growing
demand for suitable control protocols, the ability to devise
robust control for systems beyond the two-qubit paradigm can
thus provide valuable support for a broad range of experiments
and quantum technological platforms.
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APPENDIX A: SUBALGEBRA OF THE PROBLEM

The subalgebra is the set of operators generated by
nested commutators of {h;} with {a;}. If we start with
{a;} = {Z;}, which is enough to express Z(0), and {h;} =
{Z;, X;X;1+1, X1, X,}, which is the basis used to express the
control Hamiltonian and compute nested commutators

d
b, al =Y A, (A1)

=1

then extend the set {a;} so that it is closed under this relation,
the resulting set is shown to be [47]

Z; (A2)
fori € [1, n],

XiZjkXjtis1 (A3)
YiZjiYj kv (A4)
X;ZikY k41 (AS)
Y;ZjXjit1 (A6)

forje[l,n—k—1],
Zpi Xt (A7)
ZyjYj4 (AB)
Xo—iZon-j)j (A9)
Yoo jZin-j)ij (A10)

with j € [0, n — 1], and finally,

li[Zi»
i1

(A1)
where ij = Hf:l Zl'Jrj.
This turns out to be the same set as the Lie algebra gener-

ated by nested commutators of the control Hamiltonian with
itself.

APPENDIX B: MINIMIZATION OF INFIDELITY

In this section we will detail the minimization of the in-
fidelity. In order to have a numerical implementation with
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polynomial complexity, we represent our operators as coeffi-
cient vectors in a space spanned by the set {a;}. For example,
the numerical invariant Z(T) = Y ja ;(T)a; only requires a
polynomial size vector a(¢) and the equation of motion can be
written as in Eq. (5):

a(t) = —iK(t)a(t), B
where K is the adjoint action of the Hamiltonian Ka = [H, Z].
The infidelity can be written as

Tr(ZZr) - ar -a(T)

T,.7r)=1-— =
J&1r) T2 E

) (B2)

where ar is the target. The solution for the numerical invariant
is given by Z(t) = U(¢)ZU (), and for our specific imple-
mentation we use piecewise constant control pulses and split
up the propagator into a product of propagators such that each
propagator corresponds to an interval in which the pulse is
constant,

Z(t) = Uty twei) ... U(t1, 10)ZU (11, t0) . . . U (1, tm—1).
(B3)

Since the Hamiltonian is constant in each interval, each
propagator can be written as U; = e~"#/'. If the numerical
invariant is given in terms of an expansion over the set {a;},
) => jaj (), then the solution in terms of the vector of
time-dependent coefficients can be written as

1
a(t) = [ [ e *a(0),

=M

(B4)

where K; is the adjoint action of the Hamiltonian in the
time interval [, Kja = [H;,Z], which is also defined in
Eq. (5). The operator K; can be numerically constructed via
the structure constants, as given by Eq. (5), so no reference to
the full Hilbert space is needed. The gradient of Z(¢) can be
approximated as

. —1 . 1
da(r) U deiKiAt .
a7 = l_[e K At —qu 1_[ e iKiA a(0)
P I=m P I=g+1
(BS)
§e—iKedt Ar2 A
T (Ath - T[Kq,K,,])e KA (B6)

where K|, is the adjoint form of the Hamiltonian in time bin ¢
and K, is the part of K, corresponding to the driving f;/. Using
this explicit dependence of the infidelity on the control pulses,
the MATLAB function fmincon can perform the minimization.
10n time bins are used for the pulses and an initial guess for
the duration of “F, and At is given by the duration divided
by the number of bins. We also include the duration as an
optimization parameter with a gradient computed by finite
differences.

For robustness the same technique is used except the fi-
delity is averaged over an ensemble of numerical invariants

04 T T T T T
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FIG. 6. Infidelity distribution is consistent for averages over 100
and 1000 samples.

7Z; where each has a slightly different trajectory and final
solution Z;(T') due to the small deviations in H;. For every
50 iterations in the optimization, a new set of errors is chosen
(although this was found to be redundant) so that overfitting
to a specific sample can be avoided, and the control pulses
achieve robustness against any error within the error hyper-
cube [5%, —5%]"~'. Every 50 iterations the average infidelity
is verified with a sample of 100 points; Fig. 6 shows the
typical distribution of fidelities for 100 and 1000 points to
demonstrate that 100 is a large enough sample to measure the
mean.

APPENDIX C: MINIMIZATION OF PERTURBATIVE
CORRECTION

To minimize the perturbative correction we minimize the
sum J + W Crobust, Where J is defined as the nonrobust
infidelity used in Sec. IV, Ciopyse is the correction for the
solution that is subject to optimization, and w = (Cronrobust) ™
is a weight calculated from the correction (27) for a nonro-
bust solution to the problem. For the ZZ error, the explicit
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perturbative correction is

Li(1) = 11(0) — ifo [Ap(11), Z1(0)1d (ChH

t
:L(O)—in,/ W'z,uU'z;,U, T,(0)1dn,
. 0
J

(€2)
=Lmr4%?ﬁwwLmnﬁQﬂm@umwu
j (C3)
= T,(0) — zZ A0, ; n /Ot 2(t1)zj 10 (t)dty.
ﬂ (&2))

Here, the coefficient vector UTZ;U = Y, z;x(t)ax can be
written as an expansion over the polynomially scaling set {a},
and the commutator [axa;, Z;(0)] =), 7]};10,' has also been
written as an expansion over another set {o;}, which is not
necessarily the same as {a;}. The n}'d is not a structure con-
stant; although it looks similar, it only needs to be computed
once at the start of the optimization via parallelized symbolic
software. It represents the relative phases of every commutator
[ara;, Z1(0)], since many of them give the same operator but
with distinct phases. A separate MATHEMATICA code is used
for computation of 7},. This is done by enumerating every per-
mutation of terms in the commutator [aza;, Z;(0)] = ), n,il 0;,
and an array is produced so that the numerical minimization
code can quickly read n}, without having to compute each

commutator. The objective function does not include the oper-
ators o; but rather groups and sums up all nonzero coefficients
of those operators:

253

Ji

2
(C5)

T
Z%fqmmmmw
ki 0

Grouping them up like this instead of minimizing each
integral f(; Zjk(t1)zj+1,1(t1)dt; makes the approach much less
restrictive for the control pulses in H. The coefficient vector
Z;x(t) is constructed similar to the previous work [47], where
piecewise constant driving is used, so H is constant in each
interval and the vector is expressed with a given interval as

n

zj(ta) = [ [ ¢%'z(0), (C6)

=1

where K; is the adjoint action of the Hamiltonian H; in the
time interval / and z is again the vector of coefficients of
Uz ;U expanded over {a;} just as in Eq. (22). This solution
is exact because the Hamiltonian is constant within each in-
terval, and the total propagator is split up as a product of
propagators where each corresponds to a time bin (40 bins)
and At is just the total duration divided by the number of
bins. The total duration is initialized as %~ and the respective
gradient is calculated via finite differences, so the duration can

change during the optimization. The gradient % with re-
H

spect to driving p in time bin ¢ can be calculated analytically,

but owing to the high dimensionality it is more efficient to use

finite differences over a large number of parallel processors.
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