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We study operator scrambling in quantum circuits built from “super-Clifford” gates. For such circuits it was
established by Blake and Linden [Phys. Rev. Lett. 125, 030502 (2020)] that the time evolution of operator
entanglement for a large class of many-body operators can be efficiently simulated on a classical computer,
including for operators with volume-law entanglement. Here we extend the scope of this formalism in two key
ways. First we provide evidence that these classically simulable circuits include examples of fast scramblers,
by constructing a circuit for which operator entanglement is numerically found to saturate in a time ¢, ~ In(N)
(with N the number of qubits). Second we demonstrate that, in addition to operator entanglement, certain out-
of-time-ordered correlation functions (OTOCs) can be classically simulated within the same formalism. As a
consequence such OTOCs can be computed numerically in super-Clifford circuits with thousands of qubits and
we study several explicit examples in the aforementioned fast scrambling circuits.

DOLI: 10.1103/yx7v-m2zz

I. INTRODUCTION

A fundamental feature of chaotic many-body quan-
tum systems is the scrambling of quantum information.
One particular probe of such chaotic dynamics is oper-
ator scrambling—how an initially simple operator W (0)
becomes increasingly complex under Heisenberg time evo-
lution W (t) = U (t)W (0)U (¢), with U (¢) the time evolution
operator. Several diagnostics have been introduced to quantify
the phenomenon of operator scrambling, both in Hamiltonian
systems and in quantum circuit models. Perhaps the most
well known are the decay of out-of-time-ordered correlation
functions (OTOCs) [1-12] and the generation of operator
entanglement (see, for example, Refs. [13-23]). Although less
familiar than state entanglement, the operator entanglement of
an operator W (¢) acting on a Hilbert space H can formally
be defined by identifying W (¢) with a suitably normalized
state in a larger Hilbert space. Given a (spatial) bipartition
H = Ha ® Hj the operator entanglement then simply refers
to the entropy of the corresponding state in operator space
across the bipartition.

Our current understanding of operator scrambling in
generic systems is limited by the computational challenge of
tracking the Heisenberg time evolution of operators in a many-
body quantum system. In particular, in a system of N qubits
expanding an operator W (¢) in a basis of Pauli strings gives
rise to exponentially many (4") time-dependent amplitudes
to track. Surprisingly then [24] introduced examples of quan-
tum circuits, so-called “super-Clifford” circuits, for which the
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generation of long-range (volume-law) operator entanglement
can be efficiently simulated on a classical computer, in a time
polynomial in N. This is one of the few known numerical tech-
niques for studying operator scrambling in quantum circuits
with thousands of qubits; see [22,23,25,26] for an alternative
method based on cellular automata.

The techniques introduced in [24], which we review in
Sec. II, worked by identifying unitary gates whose action
on a subspace S of operators was analogous to the action
of Clifford gates on quantum states. For such super-Clifford
gates, the operator entanglement of operators W(¢) € S could
be extracted by tracking a linear (in N) number of “super-
stabilizers,” which provide a highly efficient representation
of the time evolved operator. Such circuits provide a new
route to exploring the scrambling of operators in large many-
body systems, which for the aforementioned reasons remains
challenging outside of certain analytically soluble models.
In this paper we continue the exploration of scrambling in
super-Clifford circuits, going beyond the results of [24] in two
key ways.

First a central question in the context of scrambling,
that was not discussed in detail in [24], is to understand
how quickly operator entanglement can be generated by
super-Clifford circuits. A key motivation for this question
is provided by the fast scrambling conjecture [27] which
hypothesized a lower bound on the “scrambling time” ¢,
of many-body quantum systems with few-body interactions.
Systems which scramble information as quickly as possible,
so-called “fast scramblers,” have scrambling time [27,28]

t, ~ In(N). (1.1)

In Sec. IIl we study the scrambling time in a particular
“parallel-processing” super-Clifford circuit, whose structure
is motivated by random unitary models that inspired the fast-
scrambling conjecture. We extract the scrambling time ¢, as
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the time taken for the operator entanglement of an initial
product operator to saturate on a macroscopic subregion.
We find strong numerical evidence that the scrambling time
scales precisely as (1.1) for large N, i.e., that the system is
a fast scrambler with regards to the generation of operator
entanglement.

Second, in Sec. IV we significantly expand the types
of probes of scrambling that can be efficiently computed
in super-Clifford circuits. In particular, we demonstrate that
certain out-of-time-ordered correlation functions (OTOCs) in-
volving W () € S can be computed using the “superstabilizer
formalism.” As a result, such OTOCs can be computed in
polynomial time and hence in super-Clifford circuits can be
numerically studied in systems of thousands of qubits. We
also provide explicit numerical results for several OTOCs in
the aforementioned parallel-processing super-Clifford circuit
and demonstrate that they exhibit the expected features of
scrambling of W (¢) in S.

II. SUPER-CLIFFORD CIRCUITS

Super-Clifford circuits, introduced in [24], are a class of
quantum circuits for which the Heisenberg time evolution of
a (subclass) of operators W (¢) can be efficiently simulated.
In particular, in a Hilbert space of N qubits, we consider the
subspace of operators spanned by strings consisting of an X
or aY at each site (with X, Y the usual Pauli operators). We
will refer to this 2V-dimensional subspace of operators as S.
The super-Clifford circuits introduced in [24] have two essen-
tial properties. First, under super-Clifford dynamics, the time
evolution of operators within the 2" -dimensional subspace S
is closed. Furthermore, the action (by conjugation) of super-
Clifford gates on operators in S is equivalent to the action
of certain Clifford gates on states. As a consequence, the
dynamics of operators W(z) € S can be studied by adapting
techniques used to simulate Clifford circuits to operator space.

In order to demonstrate the connection to Clifford dy-
namics it is convenient to introduce a statelike notation to
represent operators in S. In particular, we denote X = [0) and
Y =[1) such that the operator X;X,Y3 in a system of three
qubits is represented by the notation [001). We note that in
this notation the operator entanglement of an operator W € S
across a spatial bipartition of H is simply the entanglement
entropy of the state [W), such that for an operator W € S the
maximum amount of operator entanglement across a biparti-
tion A, A with dy < dj is Sy = logyds = Na. Here dy = 2™
is the Hilbert space dimension of A.

A simple example of a super-Clifford gate is then provided
by the familiar 7' gate. This acts on operators in S by conju-
gation as

X-Y X+Y

T'XT =", TlYT="1— 2.1)
V2 V2
and in statelike notation can be written as the action
0) —[1 0 1
[0)—>—[) D [1)—>—[>+[) 2.2)

V2 V2o
which is equivalent to that of a superoperator Hadamard H
followed by the superoperator Z (here by superoperators we
mean linear maps acting on S). A second example is the

familiar SWAP gate, interchanging the states of two qubits. The
action of SWAP on operators is entirely analogous; for instance,
we have

SWAP' X, Y,SWAP = Y, X5, 2.3)
which we can write in statelike notation as
SWAP[01) = [10). 2.4)

A more nontrivial example of a super-Clifford gate (acting on
three qubits), that is crucial to generating operator entangle-
ment, was identified in Ref. [24] as

C3 = CX21CX31CZ12TI6T26, 2.5)

whose action on the subspace S is equivalent to a product
of control gates C3 = CY,CY 3. CX, CZ, and CY denote
CONTROLLED-X, -Z, and -Y.

In summary, the time evolution of operators in S in a circuit
built from the gates 7', SWAP, C3 is equivalent to evolving the
corresponding state [W) under Clifford dynamics generated
by ZH, SWAP, C3. It was demonstrated in [24] that super-
Clifford circuits built from this gate set can lead to volume
law operator entanglement, i.e., operators W(¢) with Sy ~
N, starting from an initial (unentangled) product operator
W(0) =X, ...Xy. Furthermore, the generation of operator
entanglement could be classically simulated in polynomial
time by adapting the stabilizer formalism to the super-Clifford
setting. We will also demonstrate in Sec. IV that the super-
stabilizer formalism can be used to compute certain OTOCs
involving W (¢) in polynomial time. As such, we now review
how the stabilizer formalism [29] generalizes to the setting of
super-Clifford circuits, following [24].

In the context of our super-Clifford circuits, the famil-
iar notion of a stabilizer state is replaced by a “stabilizer
operator.” Specifically, for an N qubit system, we define a
stabilizer operator as an operator in S which is fixed under
the action of N independent super-Pauli strings—the so-called
“superstabilizers.” In our statelike notation we have N super-
stabilizers O, such that O,[W) = [W). The superstabilizers
of [W) form a 2V -dimensional group under multiplication and
by independent we mean that they form a choice of generating
set for the superstabiliser group and none can be generated
from the others. A stabilizer operator is uniquely defined by
its superstabiliser group and vice versa.

A simple example of a superstabilizer operator is a product
of X’s and Y’s, i.e., a computational basis state in terms of
[0)’s and [1)’s. For such an operator the superstabilizers can

be chosen to be
0, = (-1)"Z. (2.6)

where « = 1, ..., N and 5, = 0O if there is an X at site o and
1 otherwise. In general, for a Hermitian stabilizer operator the

N superstabilizers can be decomposed as'
Oy = (—1) X " Zy"e . XNZNDY, 2.7)

with Xj, Z; super-Pauli operators (i.e., Pauli operators acting
on the space S).

"We note in [24] we used the notation vy, instead of vy,.
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We now consider starting from an initial product operator
W (0), with initial superstabilizers (2.6), and evolving with a
super-Clifford circuit U = U, ...U;—i.e., where each U; has
been selected from the gate set {7, SWAP, C3}. Under such a
circuit the operator W (r) remains a stabilizer operator with
superstabilizers given by

0.(1)=U,...U,0,U! ... U, (2.8)

with U; the superoperator describing the action of the gate
U; on S. Note the property that {T', SWAP, C3} act as Clifford
gates on S is necessary for W () to remain a stabilizer op-
erator, since it implies that under conjugation each U; maps a
super-Pauli string to a single super-Pauli string. As such under
a super-Clifford circuit the superstabilizers remain of the form
(2.7) and can be efficiently tracked simply by updating the N
binary vectors

Vo = (lev Uiz, + - -5 UNx, UNZ) (29)

and the overall sign s, of each superstabilizer under the action
of each gate.

For our super-Clifford circuit, we then need to understand
how the gates 7', SWAP, and C3 act on the superstabilizer
vectors (2.9). The gate T acting on the ith qubit acts on the
superstabilizers as

Xi — Zi, Zi e —Xi, (210)

which can be tracked by exchanging v;, and v;; in (2.9) and
updating the overall sign of the stabilizers through

Sa = Sa + [ (Vix, Viz), 2.11)

where f(vi, vi;) =1if v, =0, v, =1, and f(vi, vi;) =0
otherwise. The operator C3 acts by

X = —XiX0Z,X3Z5, X; —> Z,X,,
Zl — Zl, Z2 —> Z]Zz, Z3 — Z1Z3,

X3 — Z:Xj,
(2.12)
which updates the binary vectors v, according to
Vix = Vlx,

Viz = Uiz + Vox + U2z + V3x + V3,

U2y — Vix + U2y, V2, —> Vly + V27,

U3y = Vix + U3y, V3; —> Vix + U3z, (213)
as well as the overall signs of the stabilizers by
3
S = Sa + Vix + Y 801, Vi), (2.14)

i=2

where g(viy, viy) = 1 if vy = 1, vy = 1, and g(viy, vix) =0
otherwise. Finally, SWAP acts by exchanging the components
of v, for the two qubits on which it acts.

The operator entanglement S4(7) can be directly extracted
from the updated superstabilizer vectors (2.9) using the tech-
niques of [1]. Specifically, one considers the matrix formed
by combining the N superstabilisers into a 2N by N matrix
V=(v{",...,vw"). In terms of this matrix of superstabi-
lizers then the operator entanglement entropy (with base 2
logarithm) of a subregion A consisting of the first Ny qubits is
given by S4(t) = I4 — N4, where 14 is the rank (in arithmetic
modulo 2) of the submatrix formed by keeping the first 2Ny
rows of V.

It is interesting to note that the operator entanglement en-
tropy does not depend on the overall signs of the stabilizers
so—this is in contrast to OTOCs, which we will see in Sec. IV
can also be computed in the stabilizer formalism but are sen-
sitive to s,. An immediate consequence of this observation is
that under super-Clifford dynamics the operator entanglement
Sa(7) will be the same for any choice of computational basis
state as the initial operator W (0) [since the superstabilizers for
such operators (2.6) differ only by possible signs].

III. FAST SCRAMBLING OF OPERATORS

The previous work [24] performed initial studies of oper-
ator entanglement in super-Clifford circuits and in particular
demonstrated that super-Clifford circuits were capable of gen-
erating a large amount of operator entanglement starting from
an initial product operator W (0) = X ... Xy. We note that this
implies that the physics of such circuits is qualitatively dis-
tinct from conventional Clifford circuits. In particular, while
Clifford circuits are capable of generating state entanglement
from an initial product state, they are not capable of generating
operator entanglement starting from a single Pauli string.

A central question in the context of scrambling, that was
not discussed in detail in [24], is to understand how quickly
operator entanglement can be generated by super-Clifford cir-
cuits. A key motivation for this question is provided by the
fast scrambling conjecture [27], which hypothesized a lower
bound on the “scrambling time” #, of many-body quantum
systems—that is the time taken for the system to scramble
initially local quantum information across many degrees of
freedom. Specifically, in a system of N qubits, Ref. [27] intro-
duced the concept of a “fast scrambler,” i.e., a system which
scrambles in a time

1, ~ In(N) (3.1)

in the limit N — oo. Further (3.1) was conjectured to rep-
resent a lower on bound on the scrambling time of generic
many-body quantum systems with few-body interactions
[27]. Examples of fast-scrambling systems include certain
“parallel-processing” random unitary circuits, holographic
quantum field theories, and the SYK model [8-10,27,28].

In this section we study the scrambling time of a particular
parallel-processing super-Clifford circuit, whose structure is
inspired by random unitary models [27,28,30,31] that moti-
vated the fast scrambling conjecture. We define the scrambling
time 7, as the time taken for the operator entanglement of
an initial product operator to saturate. We will provide com-
pelling numerical evidence that at large N the scrambling time
scales as t, ~ In(N)—i.e., that this super-Clifford circuit is
a fast scrambler with regards to the generation of operator
entanglement.

A. Scrambling time from operator entanglement

To proceed further it is necessary to give a precise def-
inition of how we extract a scrambling time from operator
entanglement. To do this, we generalize a natural definition
introduced in [32] in the context of state entanglement. In
this setting, the authors of [32] considered the entanglement
entropy of an initial product state evolved under chaotic
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quantum dynamics. The scrambling time was then defined as
the time taken for the entanglement entropy of a macroscopic
subregion A to (almost) saturate. A particularly appealing
aspect of this definition of ¢, is that in this setting one can
give a rigorous proof of the fast scrambling conjecture in
Hamiltonian systems with exponentially decaying two-point
functions [32].

In our context we can then define a scrambling time as-
sociated to the generation of operator entanglement by a
super-Clifford circuit, in analogy to [32]. Specifically, we
consider starting from an initial computational basis (product)
operator W(0) € S and evolve in time under a super-Clifford
circuit. We take A to be an arbitrary fixed fraction m < 1/2
of the qubits (such that Ny = mN) and consider the opera-
tor entanglement entropy S, (¢) of the operator W (¢) on the
subregion A. At late times, under a suitably chaotic circuit,
the operator entanglement entropy will approach that of a
maximally mixed operator in A, such that S,,(f) = S = mN.
We then define the scrambling time 7, as the time taken for
operator entanglement entropy S,,(t) to be within a fixed (N-
independent) amount of the saturation value, i.e., the smallest
time ¢ such that

Su(t) = S, — €,

m

(3.2)

with € > 0 a fixed constant independent of N. This definition
of scrambling time is entirely analogous to that used in [32]
for state entanglement.2

B. Fast scrambling super-Clifford circuit

We now wish to describe the particular super-Clifford cir-
cuit we will study in this paper, motivated by random circuit
models which inspired the fast scrambling conjecture. It is
instructive to first recall a family of random super-Clifford
circuits studied in [24]. There, one considered evolving the
operator X; X, ...Xy =[00...0) by acting with a two step
circuit. First, one acts on a randomly drawn qubit with the T
gate. Second, one randomly draws a qubit j e 1,...,N —2
and acts with the gate C3 on qubits j, j + 1, j + 2, randomiz-
ing which of these will act as control. This whole operation
counts as a single time step and led to a circuit for which
operator entanglement saturated in a time of order O(N?).

In order to build circuits that scramble operators more
efficiently we modify the circuit discussed in [24] in two
ways, inspired by parallel-processing quantum circuit models
discussed in [27,28,31] that motivated the original fast-
scrambling conjecture. First, we now act in each time step
with both O(N) T and O(N) C3 gates (on distinct qubits).
Second, we consider a model with all-to-all rather than
nearest-neighbor interactions—that is, the three sites the
multiqubit gate C3 acts on are now chosen randomly (but
distinctly).

2We note that it is also common to define a scrambling time in terms
of OTOC:s of local operators, e.g. as in [33,34]. We are not aware of
a direct relationship between these alternative definitions and those
based on entanglement entropy as used here or in [32].

300 4

S(t)

200 A

100 A

0 20 40 60 80 100 120

FIG. 1. Operator entanglement entropy S, (¢) (with base 2
logarithm) of a quarter of the qubits for a parallel-processing
super-Clifford circuit, averaged over 500 iterations of the circuit.
The different plots correspond to different numbers of qubits N. The
dotted lines indicate the extraction of the scrambling time using the
definition (3.2).

To be concrete, the simulations presented in this paper
were performed for the following circuit, which is defined for
system sizes N which are divisible by 40.

(1) Start with X; X5 ... Xy = [00...0).

(2) Randomly draw asetI" C {1, ..., N} with [['| = N/10.

(3) Randomly draw 3|T"|/4 of the qubit labels in I" and act
with C3 on these qubits (in randomly chosen groups of three
qubits).

(4) Act with T on the remaining qubits in I".

(5) Steps (2)—(4) count as a single time step. Repeat, over
many time steps denoted by ¢.

The time evolution of stabilizers under this circuit can be
tracked directly using the results in Sec. II or by making use of
existing software packages for simulating Clifford dynamics.
For the explicit numerical results presented in this paper we
have used the Clifford simulation software Stim [35]. We
have checked that similar numerical results are obtained in
other random circuits that apply 7' gates and C3 gates in a
qualitatively similar manner.

C. Operator entanglement entropy

Here we present numerical results for the operator en-
tanglement entropy in the random circuit model introduced
in Sec. III B, with the goal of understanding the scaling of
the scrambling time for large N. In order to smooth out
circuit-to-circuit fluctuations the results displayed in the main
text are for the entanglement entropy S,,(#) averaged over
many realizations of our random circuit. The scrambling time
is then extracted from S,,(¢) using the definition (3.2). We
demonstrate in Appendix A that similar results are obtained
if one instead averages the scrambling times computed for
individual realizations of the circuit.

For illustrative purposes, numerical plots of the averaged
operator entanglement entropy of a quarter of the system,
m = 1/4, are shown in Fig. 1. The dotted lines in Fig. 1
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FIG. 2. (Left) In[A(S)/4(¢))] for a range of system sizes N > 720 averaged over 500 iterations of a parallel-processing super-Clifford
circuit. At an N independent timescale (shown by the red dotted line) the data is approximately described by a straight line with N independent
parameters. (Right) The same data but only for times ¢ > 50, including a straight line fit (black line) on the data obtained for N = 3000. The
straight line with independent parameters observed here is consistent with the scaling form (3.3) implying the system is fast scrambling.

show the scrambling time extracted by the definition (3.2),
which can be seen to be an increasing function of N. We
can now extract the large-N scaling of the scrambling time in
two distinct ways. First, we demonstrate numerically that for
large N the near-saturation behavior of the averaged operator
entanglement entropy is well described by a simple scaling
form

Sp(t) =S —aNe™, (3.3)

where Sf,f‘ = mN and o, A are N independent constants that
in principle can depend on the fraction m of the subsystem we
are studying. It immediately follows from the functional form
(3.3) and the definition (3.2) that the scrambling time scales
as (3.1). In particular, letting ¢, denote the scrambling time
according to (3.2) then the scaling form (3.3) implies

In(N
=1, = n@v)

aNe ™ =¢ + O(NY). (3.4)

As well as fitting to the functional form (3.3) we will also
provide evidence for the scaling (3.1) by directly extracting
the scrambling time from our numerical results for S,,(¢) using
the definition (3.2). We will demonstrate a strong numerical
functional fit to the scaling ¢, ~ In(N).

We first present numerical evidence that the near-saturation
behavior of the averaged operator entanglement entropy is
well described by (3.3). It is convenient to define

Ssat _ g (¢
ASy(t) = F—— ¢ ),
N

which describes the (normalized) deviation of the operator
entanglement entropy from its saturation value. In Fig. 2 we
plot In(ASy,4)(¢) for a range of N > 1560, with Sy/4(¢) av-
eraged over 500 iterations of the random circuit (recall our
circuit is defined for N divisible by 40). For the functional
form (3.3), then In[AS;,4(z)] is given by a straight line with
an N independent slope and intercept. The results in Fig. 2 are
clearly remarkably well described by such behavior. We can

(3.5)

quantify this by considering a straight-line fit to In(AS)/4)(¢)
for N = 3000, which is the black line in Fig. 2. We find that
this straight line is a remarkably good fit, not only for the
data corresponding to N = 3000 but also for all values of N
in Fig. 2, with R?> goodness of fit in excess of 0.998 for all
such N. As explained above, the fact that the entropy is well
described by the functional form (3.3) implies that it exhibits
fast scrambling.

While the data illustrated above was computed for the
case m = 1/4 the functional form (3.3) also well describes
other subregions (i.e., choices of m) for large N. We find
that the parameter « appearing in the functional form is a
nontrivial function of m. Interestingly, however, the parameter
A is approximately independent of m—for instance, repeating
the analysis above with m taking on values 1/3, 1/4, and 1/5
we find that A takes values 0.0636, 0.0614, and 0.0630. As a
result the leading behavior of the scrambling time at large N
given by (3.4) appears independent of the subregion used to
compute the operator entanglement.

The scaling form (3.3) is highly instructive in understand-
ing the near-saturation behavior of the averaged operator
entanglement entropy for large N. However, it is interesting to
also perform a direct extraction of the scrambling time from
our numerical results. That is, after averaging the operator
entanglement entropy S,,(¢) over 500 iterations of the circuit
we can extract the scrambling time directly from (3.2). Doing
so requires a choice of the arbitrary cutoff e—for the results
presented here we take € = 10 (although we see broadly
similar behavior for other choices of €). In Fig. 3 we plot
t. extracted using this method for a range of system sizes
between 500 and 3000 qubits. These data points are then fitted
using a two parameter nonlinear fit with a logarithmic ansatz:

t.(N) = aln(N) + b. (3.6)

We find this ansatz provides a good fit for the data with
optimal parameters when a = 15.61 and b = —24.18. The
corresponding R*> goodness of fit is 0.9989, which provides
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FIG. 3. Scrambling time #, of a parallel processing super-Clifford
circuit for different system sizes N. The purple triangles correspond
to the scrambling time extracted directly from numerical data for the
averaged operator entanglement entropy S;,4(¢) and (3.2) with € =
10. The green line is the line of best fit to the ansatzt, = a In(N) + b.

strong evidence the circuit introduced in Sec. IIIB is a fast
scrambler.

To conclude this section, it is instructive to clarify the ori-
gin of the fast scrambling behavior ¢, ~ In(N) in the operator
entanglement of these circuits. It was argued in [32], in the
context of state entanglement, that a fast scrambling bound
on state entanglement arises due to a slowdown in the rate of
entropy production at late times. Specifically, it was argued
that the entropy of macroscopic subregions is governed by
(at best) a slow exponential decay towards maximal entan-
glement. The numerical results in this paper, specifically the
fit to the functional form (3.3), can be viewed as an explicit
realization of this behavior in the context of the (averaged) op-
erator entanglement of this parallel-processing super-Clifford
circuits.

IV. OUT-OF-TIME-ORDERED CORRELATORS

In addition to operator entanglement, another important
diagnostic of the scrambling of operators is provided by the
out-of-time-ordered correlator (OTOC) [6,12]. In particular,
the scrambling of an operator W (¢) can be seen by computing
the quantity

F(t) = 2LNTr[W(t)TV(O)TW(t)V(O)], 4.1)
with W) = U)W (U (¢) the Heisenberg time evolution
of W(0) and V (0) a distinct chosen operator. In the majority
of studies in the literature, OTOCs are studied for traceless
few-body operators W (0), V(0). In sufficiently chaotic sys-
tems with large total Hilbert space dimension such OTOCs
then decay to zero at late times, which is the hallmark of
scrambling [6,8,36-38].

In this section we will demonstrate that in super-Clifford
circuits we are able to compute certain OTOCs that probe the
scrambling of operators W (t) € S using the superstabilizer

formalism reviewed in Sec. II. Furthermore, such OTOCs can
be computed in polynomial time and hence in super-Clifford
circuits can be numerically studied in systems of thousands of
qubits. We illustrate this by numerically computing OTOCs
for the parallel-processing super-Clifford circuit introduced in
Sec. I B. In all cases we find that the late time behavior of the
OTOC approaches a value indicating that W (¢) is scrambled
inS.

A. OTOC:s in the super-Clifford formalism

We begin by demonstrating that certain OTOCs of the form
(4.1) can be computed in polynomial time in super-Clifford
circuits using the superstabilizer formalism. In particular, we
consider OTOCs where (1) W (¢) is an operator in S gener-
ated by evolving a computational basis operator in S (e.g.,
X ...Xy) with a super-Clifford circuit and (2) V(0) is any
super-Clifford operator (or arbitrary product of them).

In our explicit numerical simulations in Sec. IV C we will
choose V(0) to be a few-body operator, i.e., acting on only
a small number of qubits. However, we note that one could
also use the superstabilizer formalism to efficiently compute
OTOCs with V(0) a many-body super-Clifford operator with
support on O(N) qubits.

The above assumptions have two crucial implications.
First, we have that these conditions, the operators W (¢) and
VIW )V, are both operators in S. The OTOC can therefore
be expressed as

Ft)= ZLNTr[W(t)TV(O)*W(t)V(O)]

= (WOIVIW@)V), 4.2)

where

1 .
(QilQ2) = 2—NTr(Q{Q2)

is the conventional inner product between operators in
01,0, € S. Second, with the above assumptions we have
that not only are W(¢) and VW (¢)V both operators in S,
but further that they are stabilizer operators. The OTOC (4.2)
therefore reduces to computing the inner product of two sta-
bilizer states (W(t)|V W(z)V). This can be achieved using
the techniques of [29], which introduced a standard algorithm
for computing such inner products in terms of the stabilizer
formalism.

In particular, given two stabilizer operators [Qq), [Q2)
the inner product will be zero if the (super)stabilizer groups
G, G, share a generator that differs only by an overall sign.
Otherwise, the inner product will be given by 27%/2, where
k is the minimum over all sets of generators of G, G, of
the number of distinct generators [29]. In our context, taking
W(0) =X ...Xy, the inner product is computed by reex-
pressing the OTOC as

F(t) = (00...0]1Qx(1)),

with [Qa(7)) the state corresponding to the operator Q,(t) =
UHVTU®'X, ... XyU@)VU (). One then compares the
(super)stabilizer group of [Q,(7)) to that of [00...0) as de-
scribed above. In practice, this is achieved by combining the
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superstabilizers of [Qz(t)) into a suitable superstabilizer ma-
trix and then performing Gaussian elimination to determine
the minimum number of superstabilizers that are distinct from
those of [00...0) [29].

The details of performing this Gaussian elimination and
generalization to other choices of W(0) are discussed in
Appendix B. For the purposes of the main text the essential
point is that, given the conditions (1) and (2) above, the
OTOC computation amounts to determining the superstabi-
lizers of the operator [Q.(1)) fora given super-Clifford circuit
U (t), before performing Gaussian elimination on the resulting
tableaux. As a result for super-Clifford circuits we have that
such OTOCs can be computed in polynomial (in N) time.

B. Scrambling in a subspace of operators

Before presenting numerical results for OTOCs in the
super-Clifford circuit introduced in Sec. IIIB, we wish to
discuss the expected late-time behavior of (4.1) for operators
W(t) € S. In particular, as we have emphasized, for super-
Clifford circuits the scrambling of operators W () takes places
within a subspace S of the full Hilbert space of operators. We
therefore wish to ask what value of the OTOC (4.1) indicates
that an operator W (¢) is scrambled within this subspace of
operators.

We first recall standard results for understanding the late
time behavior of the OTOC, for the case where the scrambling
of W (t) is unconstrained—i.e., takes place in the full Hilbert
space of operators. In this case, the late time behavior is
expected to be given by replacing W(¢) in (4.1) by a Haar
random operator W(U) = UTWU. After averaging over U
one finds, at large total Hilbert space dimension, the result
for traceless W (0) with normalization Tr(W?) = 2V reduces
to [36-38]

F(t) = [(V(0))]%, (4.3)

where (V(0)) = Tr[V(0)]/2". The OTOC (4.1) approaching
the value (4.3) at late times is then the signature in the OTOC
of the scrambling of the operator W (¢).

For the case of super-Clifford circuits, where the scram-
bling of W(t) is constrained to the subspace S, it is no
longer appropriate to average over Haar random unitaries
since W (U) generically will lie outside S. However, we note
that an equivalent way of obtaining (4.3) is to replace W(¢) in
(4.1) by a maximally entangled operator between A, A, with
A the domain on which V (0) has nontrivial support [39]. We
can therefore obtain a generalization of (4.3) for our case of
scrambling within the operator subspace S by now replacing
W (#)in (4.1) by an operator Wy, that is maximally entangled
between A, A, given the constraint it lies in S. For such a
maximally entangled operator the OTOC reduces to’

da
Fiy=) %Tr[PiV(O)"‘Rvm)],

i=1

(4.4)

This follows from the Schmidt decomposition Wy =
AY M P@W with A2 =2V/d,, W/ orthogonal operators on

A with Tr(W/AW?#) = §;;, and we have assumed d, < dj.

where P; is proportional to a Pauli string on A with X or Y
on each site, normalized such that Tr(P,P;) = §;;. Note that
such operators form a basis for the tensor factor of S that
corresponds to region A. For example, if A consists of three
qubits we have

P = %X1X2X3, P, = %X1X2Y3,
P = %X1Y2X3, Py = %XIYZY%
Ps = %lezx.% Ps = %Y1X2Y3,
P, = %YIYQXL P = %YlYZY}

The result (4.4) can be computed directly for a given operator
V(0) and gives the expected late time behavior of the OTOC
for an operator W () that is scrambled in S, providing a
generalization of (4.3) to this setting.

C. Numerical results for OTOCs

We now wish to use the OTOC (4.1) to probe the
scrambling of operators W (¢) € S in the parallel-processing
super-Clifford circuit introduced in Sec. III B. We provide
numerical results for several distinct choices of the operators
W (0), V(0) in the OTOC (4.1), where V(0) is a few-body
super-Clifford gate acting on the first three qubits. In all cases
our results are consistent with the scrambling of W(¢) in S,
with the late time value of the OTOC approaching (4.4).

The numerical results presented in this section were pro-
duced by using the Clifford simulator Stim package [35] to
track the time evolution of stabilizers of Q,(¢) and then per-
forming the Gaussian elimination discussed in Appendix B.
We note that in an individual realization of the circuit the
OTOC, given by the inner product of stabilizer states (4.2),
takes discrete values of the form 0 or 27%/2, where k is a posi-
tive integer. There are also large circuit-to-circuit fluctuations
for the OTOC at early times. Hence to obtain smooth curves
for the OTOC (4.1) we average over many iterations of the
circuit.

Results for OTOCs for the circuit in Sec. IIIB are pre-
sented in Figs. 4 and 5. The left-hand panel of Fig. 4 displays
the averaged OTOC in a system of N = 120 qubits, where
V(0) = C5 (acting on the first three qubits). The two dis-
tinct lines in the plot correspond to different choices of the
initial computational basis operator: W (0) = X; X, ... Xy and
W(0) = Y1 X, ... Xy. The plots demonstrate the expected fea-
tures for scrambling of W(¢) in S. In particular, the initial
value of the OTOC depends on the initial computational ba-
sis operator W (0). However, at late times, for each choice
of W(t), the OTOC approaches F(t) = 1/2, which is the
expected late time value (4.4) indicating W(¢) is scrambled
inS.

We emphasize that, while the plots in the left-hand panel
of Fig. 4 are made by averaging over many realizations of the
circuit, the fluctuations in the OTOC are very infrequent at
late times, such that scrambling indeed takes place within a
typical, individual realization of a circuit. This is illustrated in
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FIG. 4. Left-hand panel shows OTOCs (4.1) for V(0) = Cs in a parallel processing super-Clifford circuit with N = 120 qubits, averaged

over 1000 realizations of the circuit. The plots are shown for W (0) =

DX, ... Xy with D; = X; (mauve dashed line) and D; =Y (yellow

solid line). The right-hand panel shows the fraction of realizations of the circuit for which F (¢) is not given by the scrambled value F'(r) = 1/2

(out of 2000 realizations with D; = X)).

the right-hand plot of Fig. 4. Recall that, in a given realization
of the circuit, the OTOC takes discrete values of 0 or 27%/2,
with k a positive integer. The plot in Fig. 4 then shows the
fraction of realizations of the circuit where F () is not equal
to the value 1/2 (indicating scrambling) as a function of time.
We find that at late times this fraction decreases towards zero,
indicating scrambling in almost all realizations of the circuit,
and that at # = 120 the fraction of samples where F(t) = 1/2
is already given by 0.9985.

We have also computed the OTOC for different choices of
the super-Clifford gate V (0), for which we find similar results
to the case V(0) = Cs. In particular, results for the averaged
OTOC for a circuit with N = 1000 qubits are shown in the
left-hand panel of Fig. 5 for the case of V(0) = T3C;. The
two plots again correspond to the initial computational basis
operators W(0) = XX, ... Xy and W(0) =Y X>...Xy. The
same features of scrambling are present, with the OTOCs
approaching the scrambled value F(t) = 1/ /8 [from (4.4)]
at late times.
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An interesting aspect of our results is that, for large N, the
averaged OTOCs we have computed are broadly independent
of the number of qubits N in our parallel-processing super-
Clifford circuit. The is illustrated in the right-hand panel of
Fig. 5, which displays results for the averaged OTOC for
W(0) =X, ...Xy and V(0) = C; for a range of values of N
[similar behavior is found for the other choices of V(0) we
have discussed]. It is particularly noteworthy that this implies
that the time taken for these averaged OTOCs to decay to
approach their late time value (4.4) is N independent. This
should be contrasted with the behavior of OTOCs of few-body
operators in fast-scrambling systems, which decay to (4.3)
over the scrambling time ¢, ~ In(N). This difference can be
traced to the fact that the OTOCs we can compute using the
super-Clifford formalism involve a many-body operator W (0)
with support on all qubits. From our discussion in Sec. IV B,
the OTOC will reach its late time value when W (¢) becomes
scrambled on the O(1) sites A where V has nontrivial support.
Given that W (0) has nontrivial support on A and the parallel

1.0 — 120
— 240
0.9 A - 360
— 480
0.8 A1
=
vl
0.7 1
0.6 A
0.5 ~
0 50 100 150 200
t

FIG. 5. Left-hand panel shows the OTOC averaged over 250 realizations of a parallel processing super-Clifford circuit with N = 1000
qubits, for operators V(0) = G375 and W(0) = D, ... Xy with D; = X, (mauve dashed line) and D, = Y; (yellow solid line). The right-hand
panel shows the OTOC, averaged over 250 realizations, for V(0) = C;, D; = X, for N = (120, 240, 360, 480) qubits.
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processing circuit entangles these sites with O(1) probability
in a given time step, then W (¢) should indeed become scram-
bled on these sites in an O(1) time.

V. DISCUSSION

We have studied the scrambling of operators in super-
Clifford circuits [24], for which the scrambling of a subset
of operators W(¢) can be efficiently simulated on a classi-
cal computer. Our results go beyond the initial studies of
[24] in two key ways. First, we numerically investigated
the speed at which operator entanglement is generated in a
parallel-processing super-Clifford circuit. We found strong
evidence that this system is a “fast scrambler,” in the sense
that the scrambling time (extracted from operator entangle-
ment) scales as ¢, ~ In(N). Secondly, we demonstrated that in
super-Clifford circuits certain OTOCs involving W (¢) could
be computed in polynomial time using the stabilizer for-
malism. We numerically studied examples of OTOCs in our
parallel-processing super-Clifford circuit and found that they
exhibited the expected features of scrambling of W (¢). This
represents a significant expansion in the types of probes of
scrambling that can be efficiently computed in super-Clifford
circuits, beyond the case of operator entanglement identified
in [24].

Throughout this paper we have been concerned with the
scrambling of “many-body” operators W () which have global
support on our system of N qubits. While the majority of
studies in the literature focus on scrambling of local few-body
operators, the scrambling of similar global operators has pre-
viously been studied in [40]. In particular, Ref. [40] presented
results for studies of OTOCs where both V (0) and W (0) can
be viewed as a global product of rotation operators in an en-
semble of spins.* In this paper we studied a slightly different
form of the OTOC, where W (0) was a global operator and
V (0) alocal operator. Surprisingly we found that such OTOCs
between many-body and local operators scrambled rapidly
within an O(1) time in our parallel-processing super-Clifford
circuit. It would be interesting to understand if this behavior is
generic for such OTOCs in fast scrambling systems. A further
interesting direction is to use super-Clifford circuits to study
more general types of OTOCs involving many-body opera-
tors. The method we have introduced to compute OTOCs in
super-Clifford circuits can also be applied to OTOCs where
both W(0) and V(0) are operators with global support, as
in [40], and studying this is an interesting avenue for future
work.

An important motivation for future work is to understand if
the results of [24] and this paper can lead to insights into other
fast scrambling systems with a “large-N"" limit, such as holo-
graphic quantum field theories or the SYK model. As we have
emphasized, the operators whose scrambling we can currently
study using the super-Clifford formalism are “many-body op-
erators” with nontrivial support on each qubits—specifically

4Other studies of operators with global support include [41-43].
The global operators studied in [42] and [43] are qualitatively differ-
ent to those studied in this paper, as they can be expressed as sums
of local operators.

linear combinations of Pauli strings with X or Y at each site.
The majority of studies of scrambling in SYK models and
holography so far (e.g., Refs. [6—10]) have taken place for a
qualitatively distinct class of operators—few-body operators
with nontrivial support only on a small number of qubits (and
identities elsewhere).

A natural open question then remains whether the super-
Clifford formalism can be adapted to study few-body
operators—for instance, whether one can identify gates that
act as super-Clifford circuits in the subspace of operators
formed by taking combinations of strings of /, X. General
results on the super-Clifford formalism, however, imply that
there cannot exist examples of such circuits that generate oper-
ator entanglement starting from a product of I’s. This follows
from the fact that the operator entanglement of W (¢) for any
choice of computational basis operator W (0) is identical under
time evolution by a super-Clifford circuit and that I;1 1, ... Iy
can never be entangled by unitary dynamics. We provide an al-
ternative perspective on the result in Appendix C. While these
simplest attempts are not immediately successful, it would be
extremely worthwhile to see if combining our approach with
other techniques for simulating quantum dynamics classically
can lead to circuits capable of simulating the scrambling of
few-body operators.

A question of more immediate interest may be to instead
directly ask about the scrambling of many-body operators (as
considered here and in [24]) in SYK models or holography.
Roughly speaking, in the context of SYK models featur-
ing N Majorana fermions, this would involve studying the
scrambling of “baryonic” operators consisting of a product
of N fermions W, ... Wy. Similarly it would be interesting to
understand the holographic description of such operators—a
starting point which could be provided by recent work on
“huge” operators in AdS/CFT, whose conformal scaling di-
mensional is proportional to the central charge [44,45].
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APPENDIX A: AVERAGING SCRAMBLING TIME OVER
INDIVIDUAL REALIZATION OF A CIRCUIT

The results in Sec. III, including the logarithmic growth
of the scrambling time, were extracted from the operator
entanglement entropy averaged over many realizations of our
parallel-processing super-Clifford circuit. An alternative way
of defining a typical scrambling time associated with such
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FIG. 6. Scrambling time ¢, of a parallel processing super-Clifford circuit for different numbers of qubits N, computed for alternative
methods of averaging over realizations of the circuit. The yellow points are for the scrambling time extracted from the circuit averaged
operator entanglement entropy S;,4(f) (over 60 realizations of the circuit). The mauve points are obtained by first extracting the scrambling
time for each realization and then averaging the scrambling times (z,). The yellow (mauve) line is the line of best fit through the yellow (mauve)
data points with the ansatz ¢, = aIn(N) + b. The two plots correspond to different values of the cutoff € used in (3.2) to define the scrambling

time.

circuits is to first extract the scrambling time ¢, using (3.2)
for an individual realization of the circuit and then computing
the average (f,) over different realizations of the circuit.

In Fig. 6 we compare these two methods of defining a
typical scrambling time and demonstrate that averaging f,
over individual realizations of the circuit gives a similar be-
havior for the scrambling time to the results in the main text
extracted from the averaged entropy. In particular, the scaling
of the scrambling time as ¢, ~ In(/N) is clearly visible for both
definitions of the typical scrambling time.

APPENDIX B: COMPUTATION OF OTOCs USING
STABILIZER FORMALISM

The OTOC F(t) in (4.1) can be expressed as an inner
product of superstabilizer states

F(t) = (Q1]Q2),

where [Qq), [Q2) are the state representations of the stabilizer
operators Q1 (t) = W(t), Q»(t) = VW (¢)V. We now explain
operationally how to compute this inner product of stabilizer
states using the algorithm of [29].

First we consider the case where W (0) = X| ... Xy. In this
case we note that F'(¢) can equivalently be expressed as the
inner product

(B1)

F(t)=(00...0/Qz). (B2)
with [Q,) the state corresponding to the operator O (t) =
ueviue)'x, ... XxyU@)VU@)'. The inner product (B2)
can then be computed from knowledge of the stabilizers of
(1) as follows. First, we represent the data of the stabilizers
of O, (t) by forming the N x 2N matrix given by listing the N
binary vectors

(B3)

V= (lea <o s UNxs Vlgy ve ey UNZ)'

We highlight that the ordering of the data in (B3) is distinct
from that used in the main text (2.9) for computing the opera-
tor entanglement entropy. Schematically the resulting N x 2N
matrix M representing the superstabilizers takes the form

M = (X|2), (B4)

with X, Z the N x N matrices obtained by restricting the
vectors (B3) to their Xj, Z; components, respectively. The
vertical bar in (B4) is simply meant to highlight the separation
of the matrix into two parts and should not be interpreted as
implying an inner product.

The inner product (B2) is then computed as follows. First,
if the binary matrix X" is full rank (in arithmetic mod 2),
then the OTOC F(r) = 2V/2. Second, if the matrix X has
rank k < N then Gaussian elimination (in arithmetic mod 2)
is performed on the matrix M to express it in row echelon
form—i.e., until the final N — k rows of X’ are identically
zero. The row operations carried out in Gaussian elimina-
tion correspond to swapping or multiplying elements of the
set of superstabilizers and the rows of the updated matrix
correspond to a different generating set for the superstabi-
lizer group of the operator [Q5). It is also necessary to keep
track of how the signs s, of the superstabilizers are affected
by the row operations—in particular, this can be nontrivial
when multiplying two stabilizers of the form (2.7). Once the
Gaussian elimination has been performed the OTOC F(t) is
extracted as follows. First if any of the signs s, of the final
N — k superstabilizers (those with support only on Z) are 1,
then the OTOC F (t) = 0. Otherwise, the OTOC is given by
F(t) =272

It is straightforward to generalize the above discussion to a
different choice of initial computational basis operator W (0).
Any such operator can be written as W (0) = 77X, ... XyT,
where T is a product of super-Clifford 7 gates. The inner
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product (B1) is now equivalent to
F(t)=(00...0]Q3), (B5)
with [Q3) the state representation of the operator
Ost) =TUOVTUO)'T™X, ... Xy TUVU@)'TT. (B6)

The OTOC (B5) is then extracted by performing Gaussian
elimination of the stabilizers of [Q3) in the manner described
above.

APPENDIX C: SCRAMBLING OF FEW-BODY OPERATORS

As discussed in the main text, the simplest attempt to
generalize the super-Clifford formalism to include few-body
operators would be to identify gates C which are closed and
act on operators as super-Clifford gates within the subspace
of operators given by the span of Pauli strings involving I or
X on each site. We argued in the main text that such circuits
are not capable of generating operator entanglement starting
from a single string of I’s and X’s. We now prove a slightly
stronger result that leads to the same conclusion—namely that
any gate C that acts as a super-Clifford in this subspace must
map a string of I’s and X’s to another string—i.e., in the state
language where we identify / = [0) and X = [1) such a gate
maps computational basis states to other computational basis
states.

To prove this we consider the state [00. .. 0), for which a
choice of generating set for the superstabilizer group is given
by {Z4, ..., Zy,}. Now any unitary C fixes the identity under
conjugation. If we let C represent the action of the unitary
on operators in our subspace of strings of I’s and X’s, then
C must fix the superstabilizer group of [00...0) when it
acts through conjugation. This means that its action on each
Z, must just give back another element of the superstabilizer
group, i.e., we must have

Cz,C' =[]z,. (C1)

yell

where I’ C {1, ...,n}.

We now consider the action of C on products of I’s and
X’s. In state language these are product states where ev-
ery qubit is either in state [0) or [1)—i.e., computational
basis states, whose superstabilizer group is generated by

{(=D)"Z4, ..., (—1)"Z,} with s; given by 0 if there is an I at
site i and 1 otherwise. The basic point is these superstabilizers
differ only from those of [00. . . 0) by (possible) overall signs
and hence we can deduce from condition (C1) how C acts on
them. We therefore have

C((—1)*Zy)C" = (~1)*CZ,C"

= (=1)* HZV.

yel

As such any product of [0) and [1) gets sent to a stabilizer state
whose stabilizer group is generated entirely by N independent
products of +Z;. Such a stabilizer group necessarily corre-
sponds to that of a computational basis state—this can be seen
by noting that in representation of stabilizers by the stabilizer
tableaux in (B4) one has X = 0 and Z a full rank matrix. In
this case Gaussian elimination can then be performed on M
until Z = Iy. We recall that Gaussian elimination corresponds
to a change in the choice of basis for the superstabilizer
group—the above argument therefore shows this is generated
by £Z; and corresponds to that of a computational basis state.

The above argument naturally generalizes to cases where
we consider larger subspaces of operators involving the iden-
tity. For example, one can consider trying to find gates U
that are closed and act as super-Clifford gates in the 3V-
dimensional space of operators formed by the span of strings
of I, X, or Y. At each site we now have a three-dimensional
vector space which we can model as a qutrit system, letting
I =10), X =[1),and Y = [2). One can now consider unitary
dynamics U on the underlying qubit Hilbert space subject to
the constraint that U should preserve the subspace of operator
space spanned by strings of I, X, and Y when it acts on
such operators by conjugation and act as a super-Clifford
within this subspace (in the sense of a qutrit super-Clifford
operator). However, the above argument naturally extends to
this setting with only minor modifications—once again such
a super-Clifford gate would map computational basis states
to computational basis states (in the sense of [0), [1), [2)) and
cannot generate operator entanglement starting from a product
of I’s, X’s, and Y’s. Likewise, the same conclusion applies if
one attempts to find gates that act as qudit super-Clifford gates
(withd = 4) in the full 4V space of operators spanned by Pauli
strings.
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