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Squeezed coherent quantum light is described by the complex squeeze parameter ζ = seiϑ and the coherent-
state displacement parameter β = |β|eiφβ . Our study of strong-field ionization [D. Habibović and D. B.
Milošević, Phys. Rev. A 112, L051103 (2025)], which focused on bright squeezed vacuum quantum light
with β = 0 and s � 1, is extended to ionization by squeezed coherent light. It is shown that the amplitudes
s and |β| strongly influence the ionization process, whereas phases ϑ and φβ play a less significant role.
The present work provides a unified treatment of coherent, squeezed vacuum, and squeezed coherent light
within a single theoretical framework. The quantum nature of the driving field is incorporated by averaging the
strong-field ionization probability over the Husimi-Kano phase-space distribution. Using neon as a representative
target, we analyze how the parameters characterizing squeezed coherent light modify photoelectron spectra
and intensity-dependent enhancements. We show that nonclassical photon statistics can lead to a pronounced
steepening of the rescattering plateau and, at low mean intensities, to an effective suppression of the nominal
high-energy cutoff. These effects originate from the reduced weight of high-intensity field components inherent
to squeezed states and have no analog in strong-field ionization driven by a coherent light. Our results highlight
the potential for quantum-statistical control of strong-field ionization and provide a foundation for exploring
laser-matter interactions driven by quantum light.

DOI: 10.1103/yrpf-r7p6

I. INTRODUCTION

Significant advancements in quantum optics and the dis-
covery of nonclassical states of light, such as squeezed light
[1], have led to many applications [2], including quantum
metrology [3] and quantum information [4,5]. In parallel,
achievements in strong-field physics and attoscience have
been recognized by the Nobel Prize [6–8]. Two laser-induced
processes deserve particular attention: high-order harmonic
generation (HHG) and high-order above-threshold ioniza-
tion (HATI). In these processes, high-energy photons (in
HHG) and electrons (in HATI) are emitted when a medium
is exposed to intense laser fields [9–15]. With recent tech-
nological advances, quantum light sources such as bright
squeezed vacuum (BSV) have become intense enough to drive
such strong-field processes, stimulating an interplay of quan-
tum optics and strong-field physics [16–18] and attoscience
[19,20]. BSV-light-induced HHG in solids [21,22] and HATI
from metal tips [23,24] have recently been observed.

Ionization by quantized laser field was analyzed in
Refs. [25–27], while ionization by squeezed quantum light
was considered, for example, in Refs. [28–30]. Ionization in
the context of recently available strong quantum light was
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investigated theoretically in Refs. [31–38]. In the present pa-
per, we consider HATI driven by squeezed coherent light.
Above-threshold ionization is a process in which an electron
is released from its parent atom or molecule by absorbing
more laser photons than required for ionization [39]. If this
electron, driven by intense laser field, returns and rescatters
off the parent ion, gaining additional energy, a plateau with
an approximately energy-independent electron yield appears
in the photoelectron spectrum [40]. This plateau terminates
with an abrupt cutoff, which, for a linearly polarized laser
field of intensity I0 and angular frequency ω, occurs at the
energy 10Up0, where Up0 = I0/(4ω2) is the ponderomotive
energy [10]. Within this plateau, groups of enhanced narrow
peaks, the energy positions of which do not shift with changes
in the laser-field intensity, have been observed in experiments
with inert gases [41,42]. For more details about these reso-
nantlike enhancements in HATI, see review articles [10,43]
and Refs. [44–47].

In our recent Letter [35], we formulated a theory of
HATI by quantum light and applied it to investigate the
intensity-dependent enhancements described above. We pre-
sented results for HATI by bright squeezed vacuum. In the
present paper, we extend this analysis to squeezed coherent
states, which encompass both coherent and squeezed vacuum
states as special cases. We analyze the spectra of photoelec-
trons liberated by this squeezed coherent light and investigate
how parameters characterizing the quantum state of the driv-
ing field affect different structures in the spectra and modify
the intensity-dependent enhancements.

This paper is organized as follows. In Sec. II, we present
the theoretical framework for high-order above-threshold
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ionization driven by squeezed coherent light. Section III is
devoted to numerical results and their discussion, and our
conclusions are summarized in Sec. IV. In the Appendices
we analyzed the Husimi-Kano Q function and the associated
integrals, as well as their dependence on the parameters of
squeezed coherent light. Atomic units are used throughout
unless otherwise specified.

II. THEORY

We suppose that our atomic system is initially, at the time
t0, in the ground state |ψa(t0)〉 = |ψa〉eiIpt0 , where Ip is the
ionization potential and |ψa〉 is an eigenstate of the atomic
Hamiltonian Ha = −∇2/2 + V (r), Ha|ψa〉 = −Ip|ψa〉, with
V (r) the atomic potential. At the time t0 the atom is ex-
posed to the quantum field described by the squeezed coherent
state [48,49]

|β, ζ 〉 = D̂(β )Ŝ(ζ )|0〉 = eβâ†−β∗âe−(ζ â†2−ζ ∗â2 )/2|0〉, (1)

with the vacuum state |0〉 and the photon creation (annihi-
lation) operator â† (â), and where Ŝ(ζ ), with ζ = seiϑ and
s = |ζ |, is the squeeze operator and D̂(β ), with β = |β|eiφβ ,
is the coherent-state displacement operator (ϑ and φβ are real
phases). For β = 0 we have squeezed vacuum light, while for
φβ = (ϑ + π )/2 (φβ = ϑ/2) our light is phase (amplitude)
squeezed [49]. The density operator of the pure initial state is

ρ̂(t0) = ρ̂F ⊗ |ψa(t0)〉〈ψa(t0)|, ρ̂F = |β, ζ 〉〈β, ζ |. (2)

In the interaction picture the total Hamiltonian of our system
of atom and single-mode quantum field is

Ĥ (t ) = Ha + r · Ê(t ), Ê(t ) = iεê(âe−iωt − â†eiωt ), (3)

where ê is the unit linear polarization vector and ε =√
2πω/V , with V the quantization volume. The time-

dependent Schrödinger equation for the total state |�(t )〉, with
i∂|�(t )〉/∂t = Ĥ (t )|�(t )〉, is transformed using the unitary
operator D̂(α) into equation i∂|�α (t )〉/∂t = Ĥα (t )|�α (t )〉,
with |�α (t )〉 = D̂†(α)|�(t )〉 and Ĥα (t ) = D̂†(α)Ĥ (t )D̂(α),
and

Ĥα (t ) = Ha + r · [Eα (t ) + Ê(t )], Eα (t ) = 〈α|Ê(t )|α〉.
(4)

Using the notation Eα0 = Eαeiφα = 2εα, with Eα = |Eα0|,
for the mean field we get Eα (t ) = (Re Eα0 sin ωt −
Im Eα0 cos ωt )ê, and

Eα (t ) = Eα sin(ωt − φα )ê. (5)

Important is that the dependence on the real phase φα is only
in the term ωt − φα so that, by redefining the time t , this
phase can be eliminated from the transition probability, which
considerably simplifies the calculations.

Introducing the evolution operators Uα (t, t0) and Ûα (t, t0)
which correspond to the Hamiltonians Hα (t ) = Ha + r · Eα (t )
and Ĥα (t ), respectively, we obtain [35]

Ûα (t, t0) = Uα (t, t0)T e−i
∫ t

t0
dτUα (t0,τ )r·Ê(τ )Uα (τ,t0 )

, (6)

with T the time-ordering operator. Since the fluctuation of
the number of photons in the coherent state [caused by the
operator r · Ê(τ )] can be neglected, we approximate Ûα (t, t0)

with Uα (t, t0). In this case the quantum light can be traced out
and we can use the Husimi-Kano Q function [50,51] which
is the coherent-state expectation value of the density operator,
Q(α) = 〈α|ρ̂F |α〉/π = |〈α|β, ζ 〉|2/π (see Appendix A). For
a coherent state |α〉, the probability of detection of an electron
with momentum p and energy Ep = p2/2, with p = |p|, is
given by [12,52] |Mα (p)|2d3p/(d�p̂dEp) = p|Mα (p)|2 where
d�p̂ is the solid-angle element and Mα (p) is the ionization
probability amplitude. For the statistical mixture of the coher-
ent states, for the ionization probability with emission of an
electron with the momentum p we obtain [35]

W (p) = p
∫

d2αQ(α)|Mα (p)|2, (7)

where the ionization probability amplitude is [10–12,53]

Mα (p) = lim
t→∞,t0→−∞〈ψp(t )|Uα (t, t0)|ψa(t0)〉, (8)

with |ψp(t )〉 = |p〉e−iEpt (|p〉 is the plane-wave ket vector).
The averaging over the Husimi-Kano Q function has previ-
ously been applied to strong-field processes. This framework
was employed for analysis of HHG [16] and strong-field ion-
ization [34,35] driven by quantum light. Our work builds upon
this general perspective and extends it to HATI spectra by
squeezed coherent states.

Our averaged quantum field (5) is periodic with the period
T = 2π/ω, and the ionization probability amplitude, which
does not depend on the phase φα , can be written in the
form [11]

Mα (p) = −2π i
∑

n

δ(Ep + Upα + Ip − nω)TpEα
(n), (9)

where the δ function expresses the energy conservation,
Ep = nω − Upα − Ip, with n the number of absorbed photons
and Upα = E2

α/(4ω2) the ponderomotive energy which cor-
responds to the field with the amplitude Eα . The T -matrix
element TpEα

(n) we calculate using the improved strong-field
approximation [10,11,53].

The integral over the coherent-state amplitude can be
presented as

∫
d2α = ∫

d Re α d Im α = ∫ ∞
0 dEαEα

∫ 2π

0 dφα/

(4ε2). The intensity of the squeezed coherent light with the
averaged number of photons n̄ in the state is [49]

E2
0 = 8π n̄ω/V = 4ε2n̄, n̄ = sinh2 s + |β|2. (10)

It should be noticed that for large s the number n̄ is also large.
In order to hold the intensity E2

0 fixed the quantization volume
V should also be large, which is true for a typical gas-laser
cavity. For example, for E2

0 = 1014 W/cm2 and wavelength
800 nm we get V ≈ 500n̄ a.u. Since the T -matrix element
does not depend on the phase φα , the integral over dφα in
Eq. (7) gives the factor

Φ(Eα, β, ζ ) =
∫ 2π

0
dφαQ(α). (11)

Using this and Eq. (7) for the differential ionization rate we
obtain

w(p) = 2π p
∑

n

∫ ∞

0
dEαEαδ(Ep + Upα + Ip − nω)

× ∣∣TpEα
(n)

∣∣2
Φ(Eα, β, ζ )/(4ε2), (12)
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where the integral Φ(Eα, β, ζ ) is analyzed in Appendix B.
The δ function cancels the integral over dEα , so that, analo-
gously as in Ref. [35], we get

w(p) = 4πω2 p

E2
0

n̄
∑
n�n0

Φ(Eα, β, ζ )
∣∣TpEα

(n)
∣∣2

Eα=Eα,0
, (13)

where n0 = int[(Ep + Ip)/ω] + 1 and Eα,0 =
2ω

√
nω − Ep − Ip. Therefore, the differential ionization

rate for HATI by squeezed coherent light is expressed as a
sum over the number of absorbed photons of the product
of the differential rate for ionization by coherent laser light
with intensity E2

α,0, wEα,0 (p) = 2π p|TpEα,0 (n)|2, and the factor
n̄Φ(Eα, β, ζ )/(2Up0), with Up0 = I0/(4ω2), I0 = E2

0 .

III. NUMERICAL RESULTS

We illustrate our findings using the Ne atom, which has a p
ground state and an ionization potential of Ip = 21.56 eV. The
squeezed coherent state (the so-called ideal squeezed state
[48]) |β, ζ 〉 is characterized by the complex coherent-state
amplitude β = |β|eiφβ and the complex squeeze parame-
ter ζ = seiϑ , where s > 0 and 0 � ϑ � 2π . Our numerical
results are presented for the emission in the driving-field po-
larization direction, i.e., in the direction defined by the unit
vector ê.

A. Squeezed vacuum light

We begin our analysis by considering squeezed vacuum
light, for which β = 0. In this case, the differential ionization
rate (13) does not depend on the phase ϑ . The main goal of
this subsection is to examine how the squeezing parameter s
influences the HATI spectrum.

In Ref. [35], we analyzed HATI by BSV quantum light for
which s � 1. There, the cutoff position was determined by
the saturation intensity Isat; that is, the sharp cutoff appears at
10U sat

pα , where U sat
pα = Isat/(4ω2) is the ponderomotive energy

corresponding to the saturation intensity. In Ref. [35], the sat-
uration intensity was determined using the barrier-suppression
ionization model, which for Ne atoms yields Isat = 8.64 ×
1014 W/cm2.

We first analyze how the photoelectron spectrum depends
on the mean intensity of the BSV light. Since the mean in-
tensity, parameter s, and volume V are connected by Eq. (10),
at fixed V , varying I0 changes s. However, this change does
not influence our results as long as we are in the BSV regime
(s � 1). In Fig. 1, we present the logarithm of the differen-
tial ionization rate for Ne atoms exposed to BSV light as a
function of the photoelectron energy, expressed in units of
the ponderomotive energy Up0 = I0/(4ω2). The laser wave-
length is 800 nm, and the mean intensities considered are I0 =
1014 W/cm2 (black line), I0/2 (red line), I0/5 (green line), and
I0/10 (blue line). For all mean intensities, the photoelectron
energy is expressed in units of Up0. Consequently, the cutoff
position should be close to 10U sat

pα = 86.4Up0. This expecta-
tion is well satisfied for relatively high mean intensities (�5 ×
1013 W/cm2). However, as the mean intensity decreases, the
plateau becomes increasingly inclined. Although a sharp cut-
off still exists, the differential ionization rate before the cutoff

FIG. 1. Logarithm of the differential ionization rate for the Ne
atom exposed to quantum BSV light as a function of the photoelec-
tron energy, expressed in units of the ponderomotive energy Up0. The
laser wavelength is 800 nm, and the mean intensities considered are
I0 = 1014 W/cm2 (black line), I0/2 (red line), I0/5 (green line), and
I0/10 (blue line). The photoelectrons are emitted in the driving-field
polarization direction.

can be strongly suppressed. In such cases, the cutoff may not
be observable at all (see the blue line in Fig. 1).

This behavior is a clear consequence of the quantum nature
of the driving light, which is encoded in the product of the
averaged number of photons n̄ and the integral Φ(Eα, β, ζ ).
For BSV light, this product is given by Eq. (B8). In Fig. 2
we present the logarithm of the partial differential ionization
rate wα (p) [defined as the summand in Eq. (13)] as a function
of the intensity Iα = E2

α for the photoelectron energies indi-
cated in the legend. The mean intensities considered are I0

[Fig. 2(a)] and I0/10 [Fig. 2(b)]. As expected, higher values
of Iα correspond to higher photoelectron energies. As the
mean intensity decreases, the contributions to the differential
ionization rate become progressively steeper as functions of
Iα , a trend that persists across the entire rescattering part of
the photoelectron spectrum. This behavior can be understood
by examining the product n̄Φ, the logarithm of which is
shown by the blue solid lines in Fig. 2. Its slope is clearly
negative and becomes steeper as the mean intensity decreases.
In particular, the slope of the product n̄Φ matches the slope of
the partial rates wα (p). Consequently, the spectrum becomes
increasingly steep at lower mean intensities. Importantly, this
behavior is a direct manifestation of the quantum nature of the
driving light, encoded in the structure of the corresponding
Husimi-Kano distribution. The quantum character of the light
is therefore more pronounced at mean intensities lower than
those typically used for coherent light.

We now analyze how the spectrum obtained with squeezed
vacuum light depends on the value of the squeezing parameter
s. Changing s for fixed I0 implies that volume V also changes.
In this case, in an experiment we measure the mean intensity
and the experimental conditions (and therefore the volume V)
are adjusted to achieve a particular value of s. In Fig. 3, we
show the results analogous to those of Fig. 1 but for the mean
intensity fixed at 2 × 1013 W/cm2 and for the values of the
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FIG. 2. Logarithm of the partial differential ionization rate wα (p)
for the Ne atom exposed to quantum BSV light as a function of
the intensity Iα = E2

α , for the photoelectron energy as indicated in
the legend. The mean intensities are I0 = 1014 W/cm2 (a) and I0/10
(b). The logarithm of the product n̄Φ is presented by the blue solid
lines. The photoelectrons are emitted in the driving-field polarization
direction.

squeezing parameter indicated in the legend. The inclination
of the photoelectron spectrum becomes less pronounced as the
squeezing parameter decreases [cf. the cyan (BSV quantum
light with s � 1), magenta (s = 1.5), green (s = 1), and red
(s = 0.5) curves in Fig. 3]. This effect is particularly promi-
nent for s � 1.

The dependence of the photoelectron spectrum on the
squeezing parameter s can be traced to the Husimi-Kano Q
function, i.e., to the dependence of the product n̄Φ on the
squeezing parameter s and on the intensity Iα . In Fig. 4, we
show the logarithm of the partial differential ionization rate
wα (p) for Ne atoms exposed to squeezed vacuum light as a
function of Iα = E2

α for a photoelectron energy Ep = 150Up0

and a mean intensity of I0 = 2 × 1013 W/cm2. The results are
presented for the values of the squeezing parameter s indicated
in the legend. For large values of s (s � 2), the differential
ionization rate exhibits behavior characteristic of BSV light,
showing a steep dependence on Iα . However, as s decreases,
the slope becomes less pronounced. Importantly, the change

FIG. 3. Logarithm of the differential ionization rate for the Ne
atom exposed to squeezed vacuum light as a function of the pho-
toelectron energy, expressed in units of the ponderomotive energy
Up0. The laser wavelength is 800 nm, and the mean intensity is
I0 = 2 × 1013 W/cm2. The values of the squeezing parameter s are
indicated in the legend. The photoelectrons are emitted in the driving-
field polarization direction.

in slope is not a linear function of s (cf. the slopes of the
red solid and green dashed lines, and the magenta dotted
and cyan dash-dotted lines in Fig. 4). This demonstrates that
the quantum nature of the light is more pronounced at low
mean intensities, and under these conditions the dependence
of the differential ionization rate on the squeezing parameter
s becomes especially significant.

Finally, we analyze how the photoelectron spectrum be-
haves over the full range of final photoelectron energies. In

FIG. 4. Logarithm of the partial differential ionization rate wα (p)
for the Ne atom exposed to squeezed vacuum light as a function
of the intensity Iα = E2

α , for the photoelectron energy Ep = 150Up0

and a mean intensity of I0 = 2 × 1013 W/cm2. Results are shown for
s = 0.5 (red solid line), s = 1 (green dashed line), s = 1.5 (magenta
dotted line), and BSV quantum light s � 1 (cyan dash-dotted line).
The logarithm of the product n̄Φ is presented by the blue solid
lines. The photoelectrons are emitted in the driving-field polarization
direction.
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FIG. 5. Logarithm of the differential ionization rate for the Ne atom exposed to squeezed vacuum light as a function of the photoelectron
energy, expressed in units of the ponderomotive energy Up0, and of the squeezing parameter s. The laser wavelength is 800 nm, and the mean
intensities are I0 = 1014 W/cm2 (a) and I0/5 (b). The photoelectrons are emitted in the driving-field polarization direction.

Fig. 5, we present the logarithm of the differential ionization
rate for Ne atoms exposed to squeezed vacuum light as a
function of the photoelectron energy and the squeezing pa-
rameter s. The laser wavelength is 800 nm, and the mean
intensities are 1014 W/cm2 [Fig. 5(a)] and 2 × 1013 W/cm2

[Fig. 5(b)]. In both cases, the differential ionization rate
exhibits a clear dependence on the squeezing parameter. How-
ever, this dependence becomes much more pronounced at the
lower mean intensity [cf. Figs. 5(a) and 5(b)]. For a mean in-
tensity of 1014 W/cm2, the differential ionization rate remains
substantial for all values of s, and the intensity-dependent en-
hancements are visible across the spectrum [see Fig. 5(a)]. In
contrast, at the lower mean intensity, the differential ionization
rate decreases rapidly with increasing s [see Fig. 5(b)]. In this
case, intensity-dependent enhancements appear only for small
values of the squeezing parameter. It is interesting to note that
for s → 0 the differential ionization rate becomes strongly
suppressed regardless of the value of the mean intensity. This
happens because in this limit n̄ → 0, thus suppressing the
differential ionization rate [see Eq. (13)].

B. Squeezed coherent light

Having examined the special case of squeezed vacuum
light (β = 0), we now turn to the general situation of
squeezed coherent light. In this case, in addition to the real
squeezing parameters s and ϑ , two further parameters ap-
pear: the displacement amplitude |β| and its phase φβ . Our
goal is to analyze how the photoelectron spectrum depends
on these additional degrees of freedom. Among them, the
most significant influence arises from the amplitude |β|, or
equivalently from the associated intensity Iβ = E2

β . Using
Eq. (10), the averaged photon number can be expressed as
n̄ = sinh2 s I0/(I0 − Iβ ) which immediately implies the con-
straint Iβ < I0. Since n̄ ∝ VI0 we have V ∝ sinh2 s/(I0 − Iβ )
so that for fixed I0 and s changing Iβ implicitly changes V . To
isolate the role of Iβ , we fix the squeezing strength to s = 1
and set the squeezing angle to ϑ = 0, corresponding to ζ = 1.
We also choose the displacement phase φβ = 0. Figure 6
displays the logarithm of the differential ionization rate for Ne
atoms exposed to squeezed coherent light as a function of the
photoelectron energy, expressed in units of the ponderomotive

energy Up0. The values of Iβ are indicated in the legend, while
the mean intensity is held constant at 2 × 1013 W/cm2.

As Iβ increases, the slope of the photoelectron spectrum
becomes steeper, with the effect becoming particularly pro-
nounced as Iβ approaches I0. This behavior is qualitatively
similar to the dependence on the squeezing parameter s: in
both cases, increasing the corresponding parameter enhances
the rate at which the differential ionization rate decreases with
intensity.

As in the case of squeezed vacuum light, the behavior of
the photoelectron spectrum can again be traced to the product
n̄Φ. Figure 7 shows the logarithm of the partial differential
ionization rate wα (p) for Ne atoms irradiated with squeezed
coherent light as a function of the intensity Iα = E2

α evaluated
at a photoelectron energy of Ep = 250Up0 and for a mean
intensity of I0 = 2 × 1013 W/cm2. The curves correspond
to the values of Iβ indicated in the legend. The differential

FIG. 6. Logarithm of the differential ionization rate for the Ne
atom exposed to squeezed coherent light as a function of the pho-
toelectron energy, expressed in units of the ponderomotive energy
Up0. The laser wavelength is 800 nm, and the mean intensity is I0 =
2 × 1013 W/cm2. The squeezing parameter is fixed at ζ = 1, and the
values of the coherent displacement are indicated in the legend. The
photoelectrons are emitted in the driving-field polarization direction.
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FIG. 7. Logarithm of the partial differential ionization rate wα (p)
for the Ne atom exposed to squeezed coherent light as a function
of the intensity Iα = E2

α , for the photoelectron energy Ep = 250Up0

and a mean intensity of I0 = 2 × 1013 W/cm2. Results are shown
for Iβ = 0 (red solid line), Iβ = 0.3I0 (green dashed line), Iβ = 0.5I0

(magenta dotted line), and Iβ = 0.7I0 (cyan dash-dotted line). The
squeezing parameter is fixed at ζ = 1. The logarithm of the product
n̄Φ is presented by the blue solid lines. The photoelectrons are
emitted in the driving-field polarization direction.

ionization rate decreases steeply with increasing Iα , and the
slope of this dependence becomes steeper as Iβ increases. The
effect is particularly pronounced as Iβ approaches I0.

The influence of the remaining parameters is comparatively
weaker. Variations of the squeezing angle ϑ and the displace-
ment phase φβ modify the slope of the spectrum, making it
slightly more or less pronounced, but do not alter the overall
qualitative behavior. Additional details on these dependencies
are provided in Appendix C.

In conclusion, the change in the slope of the photoelec-
tron spectrum induced by squeezed coherent state |β, ζ 〉,
with β = |β|eiφβ and ζ = seiϑ , depends sensitively on the
parameters characterizing this quantum state as well as on the
mean intensity. The most important parameters are |β| and
s, the increase of which leads to a more rapid decrease of
the differential ionization rate as a function of the intensity
Iα . This effect becomes particularly pronounced at low mean
intensities I0, where the sharp cutoff associated with saturation
can be obscured by the quantum-light-induced decrease of the
differential ionization rate.

IV. CONCLUSIONS

In this work, we have developed a quantum strong-field
approximation framework for high-order above-threshold ion-
ization driven by squeezed coherent light, thereby extending
our earlier analysis of HATI induced by bright squeezed
vacuum light. The formulation treats coherent, squeezed vac-
uum, and squeezed coherent states within a unified approach
by averaging the strong-field ionization probability over the
Husimi-Kano distribution of the driving field. This enables a
systematic investigation of how nonclassical photon statistics
modify strong-field ionization beyond the standard descrip-
tion based on classical or coherent laser fields.

Our numerical results demonstrate that the photoelectron
spectra are strongly influenced by the quantum state of the
driving light, particularly at low mean intensities. We have
shown that both squeezing and coherent displacement lead
to a pronounced steepening of the rescattering plateau and,
in some cases, to an effective masking of the nominal HATI
cutoff and of the intensity-dependent enhancements. This be-
havior originates from the suppression of high-intensity field
components in the underlying phase-space distribution, which
reduces the weight of the contributions responsible for gener-
ating high-energy electrons. This mechanism is distinct from
saturation or rescattering dynamics in a given laser field. The
dependence of the spectrum on the squeezing parameter and
on the coherent contribution thus provides a clear and direct
signature of the quantum nature of the driving field. Finally,
we mention that a classical stochastic field with the same
intensity distribution as our quantum light produces similar
spectra within the strong-field approximation [37].

These findings establish squeezed coherent light as a
versatile tool for controlling strong-field ionization through
quantum-statistical properties rather than through classical
pulse shaping, polarization control, or intensity scaling.
Our results indicate that quantum-optical effects become in-
creasingly important in regimes where classical strong-field
intuition would predict well-defined plateaus and cutoffs. This
opens perspectives for tailoring photoelectron spectra using
nonclassical light sources and for exploring the interplay be-
tween strong-field physics and quantum optics. The present
framework can be extended to other strong-field ionization
scenarios and to more complex atomic or molecular targets,
providing a foundation for future experimental and theoretical
studies of laser-matter interactions driven by quantum light.

DATA AVAILABILITY

The data are available from the authors upon reasonable
request.

APPENDIX A: HUSIMI-KANO Q FUNCTION
FOR SQUEEZED COHERENT STATES

The Husimi-Kano Q function for the squeezed coherent
state |β, ζ 〉, Eq. (1), is defined as

Q(α) = 1

π
|〈α|β, ζ 〉|2 = 1

π
|〈α − β|Ŝ(ζ )|0〉|2. (A1)

The squeeze operator can be factorized as [54]

Ŝ(ζ ) = e− 1
2 (â† )2eiϑ tanh s−â†â ln(cosh s)+ 1

2 â2e−iϑ tanh s

√
cosh s

. (A2)

Thus Ŝ(ζ )|0〉 = exp[− 1
2 (â†)2eiϑ tanh s]|0〉/√cosh s and

〈α − β|Ŝ(ζ )|0〉 = 1√
cosh s

e− 1
2 (α∗−β∗ )2eiϑ tanh s− 1

2 |α−β|2 .

(A3)

Here the relations â|α − β〉 = (α − β )|α − β〉 and 〈α −
β|0〉 = exp(−|α − β|2/2) have been used. From (A1) and
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(A2) we obtain

Q(α) = exp[−q(ζ , α − β )]

π cosh s
, (A4)

where q(ζ , α − β ) = (1 + cos ϑ tanh s)γ 2
r + (1 −

cos ϑ tanh s)γ 2
i + 2γrγi sin ϑ tanh s, with γr = Re (α − β )

and γi = Im (α − β ). For ϑ = 0 this reduces to the known
result [55]: q(s, α − β ) = 2γ 2

r /(1 + e−2s) + 2γ 2
i /(1 + e2s).

APPENDIX B: INTEGRAL OVER THE PHASE φα

In this appendix we analyze the phase integral Φ(Eα, β, ζ ),
Eq. (11). Introducing the notation

a = n̄E2
α

E2
0

, cβ = Eβ cos φβ

Eα

, sβ = Eβ sin φβ

Eα

,

a± = a(1 ± cos ϑ tanh s), b = 2a sin ϑ tanh s, (B1)

we obtain

Φ(Eα, β, ζ ) = 1

π cosh s

∫ 2π

0
dφαe−a+(cos φα−cβ )2

× e−a−(sin φα−sβ )2−b(cos φα−cβ )(sin φα−sβ )

= J (Eα, β, ζ )

π cosh s
e−a+c2

β−a−s2
β−bcβ sβ−a, (B2)

where

J (Eα, β, ζ ) =
∫ 2π

0
dφαe− 1

2 (a+−a− ) cos 2φα− b
2 sin 2φα

× e(2a+cβ+bsβ ) cos φα+(2a−sβ+bcβ ) sin φα

=
∫ 2π

0
dφαer cos(φα−ψ )−R cos(2φα−ϑ ), (B3)

R = a tanh s, r =
√

A2+ + A2−, tan ψ = A−/A+,

A+ = 2a+cβ + bsβ, A− = 2a−sβ + bcβ. (B4)

Using the expansion [56] ez cos γ = ∑∞
n=−∞ In(z)einγ , where

In(z) is the modified Bessel function of the first kind, we
obtain

J (Eα, β, ζ ) =
∫ 2π

0
dφα

∑
n,m

In(−R)ein(2φα−ϑ )

× Im(r)eim(φα−ψ ). (B5)

Finally, using the relations
∫ 2π

0 dxeix(2n+m) = 2πδ2n,−m and
I−n(x) = In(x) = (−1)nIn(−x), we find

J (Eα, β, ζ ) = 2π

∞∑
n=−∞

(−1)nIn(R)I2n(r)ein(2ψ−ϑ )

= 4π
∑
n>0

(−1)nIn(R)I2n(r) cos[n(2ψ − ϑ )]

+ 2π I0(R)I0(r). (B6)

For β = 0 we have r = 0, so that, using the relation In(0) =
δn,0, we obtain

Φ(Eα, 0, ζ ) = 2I0(a tanh s)e−a/ cosh s. (B7)

Thus, for the squeezed vacuum state the integral does
not depend on the phase ϑ . For the bright squeezed

vacuum state, where the squeezing parameter s is large,
we have tanh s ≈ 1 − 2e−2s, sinh s ≈ cosh s ≈ es/2, n̄ =
sinh2 s ≈ e2s/4, and a(tanh s − 1) ≈ −E2

α/(2E2
0 ). For the

modified Bessel function, the asymptotic formula for large
z is [56] e−zI0(z) ≈ 1/

√
2πz, so that I0(a tanh s)e−a tanh s ≈

1/
√

2πa tanh s. Therefore, for large s we obtain

sinh2 s Φ(Eα, 0, ζ ) ≈ 2E0 exp[−E2
α/(2E2

0 )]

Eα

√
2π

. (B8)

Substituting this into (13) reproduces the result for w(p) from
Ref. [35], originally derived for s → ∞.

APPENDIX C: DEPENDENCE OF THE PRODUCT
n̄Φ(Eα, β, ζ) ON THE SQUEEZED COHERENT

LIGHT PARAMETERS

The dependence of the differential ionization rate, Eq. (13),
on the parameters of squeezed coherent light is contained in
the product of the averaged number of photons n̄, Eq. (10), and
the integral Φ(Eα, β, ζ ), Eq. (11), analyzed in Appendix B.
This product depends on five real parameters: Eα, Eβ, φβ, s,
and ϑ .

We first consider the squeezed vacuum state for which
β = 0 and our product is independent of the phase
ϑ . From Eqs. (10) and (B7), we obtain n̄Φ(Eα, 0, s) =
2 sinh s tanh se−aI0(a tanh s), with a = Iα sinh2 s/I0, Iα = E2

α ,
and I0 = E2

0 . In the upper panel of Fig. 8 we show the loga-
rithm of n̄Φ(Eα, 0, s) as a function of the parameter Iα/I0, i.e.,
the ratio of the intensity Iα of the coherent-state component
|α〉 in the distribution of squeezed coherent state |β, ζ 〉, over
the intensity I0 of the state itself. We find that as s increases
from 1 to 3, the exponential decrease of n̄Φ becomes faster.
For larger s, however, the dependence approaches that of
bright squeezed vacuum light in the limit s → ∞ (analyzed
in Ref. [35]; for illustration, the case s = 9 is shown).

The inset in the upper right of Fig. 8 shows (for s = 1)
the variances of the quadrature operators X̂ and Ŷ , defined
in Ref. [49]: â = X̂ + iŶ , â† = X̂ − iŶ , 〈�X 〉2 = 〈X̂ 2〉 −
〈X̂ 〉2, and 〈�Y 〉2 = 〈Ŷ 2〉 − 〈Ŷ 〉2. Already for s = 1, squeez-
ing along the �X axis is substantial. The inset also shows
(again for s = 1) the variance of the electric field (3) (in units
2ε) defined as 〈�E〉2 = 〈Ê2(t )〉 − 〈Ê(t )〉2, plotted against
[ωt − (π + ϑ )/2]/π . The shift by π/2 arises from the factor
i = eiπ/2 in (3). We used the formulas [49]

〈�X 〉2 = 1
4 [e2s sin2(ϑ/2) + e−2s cos2(ϑ/2)],

〈�Y 〉2 = 1
4 [e2s cos2(ϑ/2) + e−2s sin2(ϑ/2)], (C1)

and

〈�E〉2 = 1

4
(e2s sin2 χ + e−2s cos2 χ ), χ = ωt − π + ϑ

2
,

(C2)

for ϑ = 0 and s = 1. For other parameter values, the el-
liptical noise disk rotates by ϑ/2, while for s > 1 the
squeezing is stronger. The mean electric field vanishes,
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FIG. 8. Logarithm of n̄Φ as function of the intensity ratio Iα/I0

for various squeezed coherent light parameters. Upper panel: Results
for β = 0 and s = 1, 2, 3, 9. The inset shows the variance of the
quadrature operators (upper right) and the variance of the electric
field as a function of (ωt − π/2)/π for s = 1 (upper middle). Lower
panel: Results for s = 1 and various values of the parameter Iβ/I0

and phases φβ and ϑ (i.e., of the parameters β and ζ as denoted).

〈β = 0, ζ |Ê(t )|β = 0, ζ 〉 = 0, while the variance yields
�E (χ ) = ±〈�E (χ )〉. The separation between the curves
represents the field uncertainty, with maximum es/2 and min-
imum e−s/2. Results for s = 1 are shown. For s = 0 (coherent
vacuum) the noisy band is bounded by constant lines at ±1/4.
For arbitrary s, the product satisfies �Emin�Emax = 1/4.

For squeezed coherent light, the expectation values
of the quadrature operators are 〈β, ζ |X̂ |β, ζ 〉 = Re β and
〈β, ζ |Ŷ |β, ζ 〉 = Im β, so that the center of the elliptical
disc in Fig. 8 is shifted to (Re β, Im β ). The mean field
or coherent signal is 〈β, ζ |Ê(t )|β, ζ 〉 = Eβ (t ) = Eβ cos(ωt −
π/2 − φβ )ê. Formulas (C1) and (C2) for variances remain
valid for squeezed coherent states. The maximum signal-to-
noise ratio is 4e2s|β|2. For φβ = ϑ/2 the light is amplitude
squeezed: the electric field is cosinusoidal with amplitude
Eβ and phase ωt − (π + ϑ )/2 with phase-dependent noise—
maximum es/2 at ωt − (π + ϑ )/2 = π/2, minimum e−s/2 at
ωt − (π + ϑ )/2 = π . For φβ = (ϑ + π )/2 the light is phase
squeezed [49].

In the lower panel of Fig. 8 we analyze the dependence
of our product n̄Φ on the values of the parameters Iβ/I0 =
E2

β/E2
0 , φβ , and ϑ , for fixed s = 1. The case β = 0 (black

line) is already shown in the upper panel. As |β| increases
(Iβ/I0 = 0.1, 0.3, 0.5, 0.7, 0.9), the exponential decrease of
n̄Φ with increasing Iα/I0 becomes faster. The dependence on
φβ and ϑ is less pronounced. For fixed |β|, the product n̄Φ lies
between the solid and dashed lines of the corresponding color.
The solid and dashed lines correspond to the values of phases
as denoted. The decrease is fastest for ζ = 1 (ϑ = 0) and
β = ±|β| (φβ = 0, π ) (solid line). The same result holds for
ζ = −1 (ϑ = π ) and β = ±i|β| (φβ = ±π/2). Conversely,
the slowest decrease (dashed lines) occurs for ϑ = 0 and
φβ = ±π/2 (the same result is obtained for ϑ = π and φβ =
π, 0). In the above analysis we used the fact that the inte-
gral Φ(Eα, |β|eiφβ , seiϑ ) is invariant under the transformation
φβ → φβ ± π . We also used the fact that, for fixed s and |β|,
the phase integral corresponding to (φβ, ϑ ) is identical to that
for (φβ + π/2, ϑ + π ).
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[12] D. B. Milošević, G. G. Paulus, D. Bauer, and W. Becker, Above-
threshold ionization by few-cycle pulses, J. Phys. B 39, R203
(2006).

[13] F. Krausz and M. Ivanov, Attosecond physics, Rev. Mod. Phys.
81, 163 (2009).

[14] M. C. Kohler, T. Pfeifer, K. Z. Hatsagortsyan, and C. H. Keitel,
Frontiers of atomic high-harmonic generation, Adv. At. Mol.
Opt. Phys. 61, 159 (2012).

[15] P. Agostini and L. F. DiMauro, Atomic and molecular ionization
dynamics in strong laser fields: From optical to x-rays, Adv. At.
Mol. Opt. Phys. 61, 117 (2012).

[16] A. Gorlach, M. E. Tzur, M. Birk, M. Krüger, N. Rivera, O.
Cohen, and I. Kaminer, High harmonic generation driven by
quantum light, Nat. Phys. 19, 1689 (2023).

[17] U. Bhattacharya, T. Lamprou, A. S. Maxwell, A. Ordonez,
E. Pisanty, J. Rivera-Dean, P. Stammer, M. F. Ciappina, M.
Lewenstein, and P. Tzallas, Strong-laser-field physics, non-
classical light states and quantum information science, Rep.
Prog. Phys. 86, 094401 (2023).

[18] P. Stammer, J. Rivera-Dean, A. Maxwell, T. Lamprou, A.
Ordóñez, M. F. Ciappina, P. Tzallas, and M. Lewenstein, Quan-
tum electrodynamics of intense laser-matter interactions: A
tool for quantum state engineering, PRX Quantum 4, 010201
(2023).

[19] L. Cruz-Rodriguez, D. Dey, A. Freibert, and P. Stammer, Quan-
tum phenomena in attosecond science, Nat. Rev. Phys. 6, 691
(2024).

[20] M. Sennary, J. Rivera-Dean, M. ElKabbash, V. Pervak, M.
Lewenstein, and M. Th Hassan, Attosecond quantum un-
certainty dynamics and ultrafast squeezed light for quantum
communication, Light: Sci. Appl. 14, 350 (2025).

[21] A. Rasputnyi, Z. Chen, M. Birk, O. Cohen, I. Kaminer, M.
Krüger, D. Seletskiy, M. Chekhova, and F. Tani, High-harmonic
generation by a bright squeezed vacuum, Nat. Phys. 20, 1960
(2024).

[22] S. Lemieux, S. A. Jalil, D. N. Purschke, N. Boroumand, T. J.
Hammond, D. Villeneuve, A. Naumov, T. Brabec, and G.
Vampa, Photon bunching in high-harmonic emission controlled
by quantum light, Nat. Photon. 19, 767 (2025).

[23] J. Heimerl, A. Mikhaylov, S. Meier, H. Höllerer, I. Kaminer, M.
Chekhova, and P. Hommelhoff, Multiphoton electron emission
with non-classical light, Nat. Phys. 20, 945 (2024).

[24] J. Heimerl, A. Rasputnyi, J. Pölloth, S. Meier, M. Chekhova,
and P. Hommelhoff, Quantum light drives electrons strongly at
metal needle tips, Nat. Phys. 21, 1899 (2025).

[25] D.-S. Guo and T. Åberg, Quantum electrodynamical approach
to multiphoton ionisation in the high-intensity H field, J. Phys.
A 21, 4577 (1988).

[26] D.-S. Guo and G. W. F. Drake, Stationary solutions for an
electron in an intense laser field. I. Single-mode case, J. Phys.
A 25, 3383 (1992).

[27] D. N. Makarov and V. I. Matveev, Ionization in a two-mode
quantized electromagnetic field, Theor. Math. Phys. 191, 491
(2017).

[28] I. A. Gonoskov, G. A. Vugalter, and V. A. Mironov, Ionization
in a quantized electromagnetic field, J. Exp. Theor. Phys. 105,
1119 (2007).

[29] P. R. Sharapova and O. V. Tikhonova, Dynamics of ionisa-
tion and entanglement in the “atom+quantum electromagnetic
field” system, Quantum Electron. 42, 199 (2012).

[30] I. A. Burenkov and O. V. Tikhonova, Ionization and stabiliza-
tion of an atom in a quantum electromagnetic field, JETP Lett.
97, 362 (2013).

[31] J. Rivera-Dean, P. Stammer, A. S. Maxwell, Th. Lamprou, P.
Tzallas, M. Lewenstein, and M. F. Ciappina, Light-matter en-
tanglement after above-threshold ionization processes in atoms,
Phys. Rev. A 106, 063705 (2022).

[32] Y. Fang, F.-X. Sun, Q. He, and Y. Liu, Strong-field ionization
of hydrogen atoms with quantum light, Phys. Rev. Lett. 130,
253201 (2023).

[33] S. J. Wang and X. Y. Lai, High-order above-threshold ionization
of an atom in intense quantum light, Phys. Rev. A 108, 063101
(2023).

[34] Z. Lyu, F. Sun, Y. Fang, Q. He, and Y. Liu, Effect of photon
quantum statistics on electrons in above-threshold ionization,
Phys. Rev. Res. 7, L012072 (2025).
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