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Synchronization in a dissipative quantum many-body system
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We study synchronization in the XX qubit chain subject to local or multilocal amplitude-damping noise. We
show that generic stable synchronization of the edge qubits occurs if and only if the decoherence-free subspace
(DFS) supports exactly one single-excitation eigenstate. Analyzing the DFS structure of the model, we show
that it is completely determined by a simple number-theoretic function involving the noise sites and the chain
length. We further show that this same condition also guarantees constant asymptotic entanglement between the
edge qubits, so that generic stable synchronization and constant asymptotic entanglement necessarily coexist.
By contrast, when the DFS supports multiple single-excitation eigenstates, synchronization becomes initial state
dependent and may be entirely absent, even though stable oscillatory entanglement can persist indefinitely. Our
analysis can be extended to any excitation-conserving qubit chain mappable to free fermions and is directly
testable on platforms with site-selective dissipation.
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Introduction. From the flashing of fireflies [1] and the
rhythmic firing of cardiac pacemaker cells [2] to the coherent
motion of coupled metronomes [3] and the phase locking of
power grids [4], synchronization is a universal manifestation
of collective dynamical order across nature and technology
[5–10]. Over the last decade, it has also emerged as a central
subject in quantum physics, where both forced synchroniza-
tion under external driving and spontaneous synchronization
arising solely from mutual coupling between systems have
been explored. Quantum synchronization has been identified
in systems as diverse as quantum van der Pol oscillators,
harmonic oscillators, optomechanical and nanomechanical
systems, trapped ions, superconducting circuits, and spin sys-
tems [11–64], with experimental realizations demonstrated
across multiple platforms [65–70].

In open quantum systems, spontaneous synchronization
is shaped by the interplay between coherent dynamics and
environmental decay. When the decay rates of different
eigenmodes are well separated, transient synchronization can
appear, with one or several slowly decaying modes dominat-
ing the dynamics over a long intermediate time window before
eventually fading away [15]. By contrast, stable synchroniza-
tion requires the existence of a decoherence-free subspace
(DFS) [49,71], i.e., a noiseless sector of the dynamics that
remains decoupled from the environment and thus can sus-
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tain persistent oscillations indefinitely. This also leads to
nonstationary phenomena in the steady states of open quan-
tum systems, such as dissipative time-crystalline behavior
[72–74].

Quantum synchronization in an open quantum many-body
setting was recently predicted by Schmolke and Lutz [40]
for a chain of qubits subjected to local Gaussian white
noise, using a perturbative approach in Liouville space, and
was subsequently observed experimentally in superconduct-
ing transmon circuits [70]. However, emergence of stable
synchronization in dissipative qubit chains under amplitude-
damping (AD) noise, and more importantly its connection
to the DFS structure, remains unexplored. In this Letter, we
study synchronization by directly analyzing the DFS struc-
ture of the XX qubit chain subject to local or multilocal
AD noise. We first demonstrate that the DFS structure is
entirely fixed by a simple number-theoretic function, namely,
the greatest common divisor of the noise sites and the chain
length. Then, we derive a closed-form expression for the
expectation values of local qubit observables restricted to
the DFS and establish a necessary and sufficient condition
for generic stable synchronization of the edge qubits. More
precisely, we prove that generic stable synchronization occurs
if and only if the DFS supports exactly one single-excitation
eigenstate. We also show that generic stable synchroniza-
tion and constant asymptotic entanglement between the edge
qubits always coexist, as both are enforced by exactly the
same condition on the number of DFS eigenstates. How-
ever, when synchronization loses its generic character and
becomes initial state dependent, oscillatory entanglement can
still persist indefinitely without synchronization ever being
established.

The model and its DFS structure. We focus on the XX
chain of qubits subjected to local or multilocal AD noise.
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Under certain physically motivated assumptions, the dynam-
ics of this open many-body system is described by the
Gorini-Kossakowski-Sudarshan-Lindblad equation [75–77]

ρ̇ = −i[H, ρ] + D(ρ), (1)

where D(ρ) = ∑
i γi[LiρL†

i − 1
2 {L†

i Li, ρ}] is the dissipator
with γi being the strength of the coupling to the environment,
Li are the jump operators, and H = HS + Hint includes the
self-Hamiltonians of the qubits making up the chain and the
pairwise coupling between them, respectively. Specifically,
the Hamiltonian that governs the unitary part of the evolution
is given by

H = −ω

2

N∑
i=1

σ (i)
z + J

2

N−1∑
i=1

(
σ (i)

x σ (i+1)
x + σ (i)

y σ (i+1)
y

)
, (2)

where σx, σy, and σz are the usual Pauli operators, and N de-
notes the number of qubits in the chain. Note that H conserves
the number of excitations and does not couple excitation sec-
tors with different numbers of excitations. Consequently, we
start our DFS analysis by focusing on the single-excitation
subspace of H .

We denote the basis vectors of the single-excitation sub-
space with | j〉 = |0 · · · 1 j · · · 0〉 for j = 1, . . . , N . Using σ± =
(σx ∓ iσy)/2 and setting the ground-state energy to E0 =
0, it is possible to express the single-excitation sector of
the full Hamiltonian H given in Eq. (2) in this basis as
a nearest-neighbor hopping Hamiltonian, that is, H (1) =
ω

∑N
j=1 | j〉〈 j| + J

∑N−1
j=1 (| j〉〈 j + 1| + | j + 1〉〈 j|), which is

a Toeplitz tridiagonal matrix. The eigenvalues of such matri-
ces are given by En = ω + 2J cos( nπ

N+1 ) and the corresponding
eigenvectors read [78]

|φn〉 =
N∑

j=1

φn( j) | j〉, φn( j) =
√

2

N + 1
sin

(
n jπ

N + 1

)
, (3)

where n = 1, . . . , N and the amplitudes satisfy the parity
symmetry relation φn(N + 1 − j) = (−1)n+1φn( j). Let us
now focus on the DFS structure of the XX chain under local
AD noise in the single-excitation subspace. A subspace is
called decoherence-free if (i) every state |ψ〉 in it is a si-
multaneous eigenstate of all jump operators, Li|ψ〉 = ci|ψ〉,
with ci being independent of the state |ψ〉 within this sub-
space, and (ii) the subspace is invariant under H so that the
unitary dynamics does not couple it to the decohering sector
[71,79–81]. For AD noise on the site m, L = σ

(m)
− acts on

the single-excitation basis states as σ
(m)
− | j〉 = 0, for j �= m.

Furthermore, σ
(m)
− |m〉 = |G〉, where |G〉 ≡ |0〉⊗N denotes the

ground state. Physically, this means that all single-excitation
basis states with no excitation on the noise site are unaffected
by the noise and thus constitute the set of dark basis states. By
contrast, |m〉 is the only bright basis state, since it is coupled
by dissipation to the ground state and thus leaks excitation out
of the single-excitation sector.

In principle, the linear combinations of the dark basis states
are decoupled from dissipation due to the AD jump opera-
tor. However, to belong to the DFS, they must also remain
in the dark sector under unitary dynamics. Since the XX
Hamiltonian generates nearest-neighbor hopping, a generic

superposition of dark basis states evolves into a state with
nonzero amplitude on the noisy site and thus leaks out of the
dark sector. The single-excitation states that remain dark for
all times are thus the eigenstates of H with zero amplitude
on the noise site m. This requires that φn(m) = 0, leading to

nm
N+1 ∈ Z, which in turn implies that the number of single-
excitation DFS states is r = g − 1, where g = gcd(m, N + 1),
and the eigenstate labels that belong to the DFS are given
by nl = l (N + 1)/g, with l = 1, . . . , g − 1 in Supplemental
Material [82]. Here, gcd denotes the greatest common divisor
function. This will allow us to fully characterize the DFS for
an XX chain of arbitrary length subject to local AD noise at
arbitrary sites and thus constitutes the first main result of this
Letter.

More generally, let {|Dα〉}, where α ∈ {nl}, denote the
set of single-excitation DFS states with coefficients φα ( j) =
〈 j|Dα〉. Note that the DFS also includes the zero-excitation
state |G〉. Since the XX chain Hamiltonian can be mapped to
a free-fermion model [78,83], the multiexcitation DFS sectors
can be obtained from distinct single-excitation DFS eigen-
modes. Particularly, for α �= β, two-excitation DFS states are
constructed as

|Dαβ〉 =
∑

1�i< j�N

�αβ (i, j)|i, j〉, (4)

where �αβ (i, j) = φα (i)φβ ( j) − φα ( j)φβ (i), with additive
energies, that is, EDαβ

= EDα
+ EDβ

. All higher-excitation
DFS states are obtained as k × k Slater determinants built
from k distinct single-excitation DFS eigenmodes. Thus, if the
single-excitation DFS contains r eigenmodes, the k-excitation
DFS sector has dimension

(r
k

)
, where k = 0, 1, . . . , r. Then,

r = gcd(m, N + 1) − 1 not only determines the number of
single-excitation DFS states but also identifies all the higher-
excitation DFS sectors. Hence, the full DFS structure of the
XX chain under AD noise at site m is completely character-
ized.

The above result extends naturally to the case of multi-
local AD noise. When the noise acts on sites m1, . . . , mq,
a single-excitation eigenmode belongs to the DFS if it has
zero amplitude on each noise site, i.e., φα (ma) = 0 for all
a = 1, . . . , q. This leads to

r = g − 1, g = gcd(m1, . . . , mq, N + 1), (5)

so that, as in the local AD noise case, both the number of
single-excitation DFS states and the full DFS structure are
completely determined by a gcd condition in Supplemental
Material [82].

Our DFS construction identifies invariant state vectors in
Hilbert space. A more general Liouville space approach can
admit additional nondecaying operators [71]. For the present
model, however, the two approaches coincide, since nearest-
neighbor hopping moves excitations across the chain, and any
component that reaches a noise site is removed by AD noise.
Thus, all nondecaying density operators have support entirely
within the subspace spanned by the DFS eigenstates identified
above.

Lastly, the outlined DFS structure cannot be preserved for
finite-temperature AD noise, which will introduce an addi-
tional jump operator σ

(m)
+ alongside σ

(m)
− . All DFS eigenstates

identified above have, by construction, vanishing amplitude at
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the noise site m. The jump operator σ
(m)
+ creates an excitation

precisely at that site, moving these states out of the DFS. Con-
sequently, no nontrivial DFS exists under generalized local
AD noise [74].

We emphasize that the construction above is not specific
to the uniform XX chain. In fact, it relies only on two struc-
tural properties of the model: (i) the Hamiltonian conserves
the total number of excitations, and (ii) it can be mapped
to noninteracting fermions. For any qubit chain having these
properties, the single-excitation DFS states are the eigen-
modes with vanishing amplitude on every noise site, the
multiexcitation DFS states are their Slater determinants with
additive energies, and the synchronization analysis developed
below carries over without modification. The gcd criterion is
the manifestation of this dark-mode counting for the uniform
chain, where the eigenstate amplitudes are of sine form.

Conditions for generic synchronization. In this part, we
establish the conditions under which stable synchronization
is achieved between the two edge qubits, and we determine
when this synchronization is generic. By stable synchro-
nization, we mean sustained nondecaying oscillations in the
expectation values, as expected from a nonstationary steady
state. The expectation value of interest in our treatment is
〈σ (k)

x (t )〉 = Tr[ρ(t )σ (k)
x ]. Subsequent to the transient dynam-

ics, the asymptotic state of the system is confined to the DFS,
where the dynamics is purely unitary, which yields the closed
form expression in Supplemental Material [82]

〈
σ (k)

x (t )
〉
DFS = 2Re

∑
μ,ν∈DFS

ρ∞
νμX (k)

μν e−i(Eν−Eμ )t . (6)

In the above equation, the summation runs over pairs of DFS
eigenstates |μ〉 and |ν〉, whose excitation numbers differ by
1, i.e. Nν = Nμ + 1, since σx = σ+ + σ−, and the matrix
element ρ∞

νμ is the coherence between |μ〉 and |ν〉 in the
density operator ρ∞ at the onset of the unitary regime, after all
bright components have decayed. X (k)

μν = 〈μ|σ (k)
x |ν〉 encodes

whether flipping the qubit at site k can connect the two DFS
states |μ〉 and |ν〉. Hence, each allowed DFS transition con-
tributes an oscillatory component at frequency ωνμ = Eν −
Eμ. If multiple distinct transitions survive, the dynamics ex-
hibits multifrequency oscillations, whereas a single surviving
transition leads to oscillations at a single frequency.

We define generic stable synchronization between the edge
qubits by the condition〈

σ (1)
x (t )

〉
DFS = C

〈
σ (N )

x (t )
〉
DFS, (7)

for all t , once the dynamics is confined to the DFS, where
C is a real constant, and neither asymptotic edge expectation
value vanishes at all times. Even though this criterion excludes
arbitrary locked phases, it is well suited to the present set-
ting, where the surviving asymptotic solutions are exactly in
phase or in antiphase, consistent with the parity symmetry
of the eigenstate amplitudes below Eq. (3). Since generic
synchronization requires Eq. (7) to hold for arbitrary initial
states [84], Eq. (6) implies X (1)

μν = CX (N )
μν for all contribut-

ing DFS pairs μ, ν. If there exists only one single-excitation
DFS state, i.e., g = 2, then X (1)

GDα
= φα (1) and X (N )

GDα
= φα (N ),

which yields φα (1) = (−1)α+1φα (N ), where the latter equal-
ity follows from the inversion symmetry of the eigenstate

amplitudes given in Eq. (3). The edge qubits are thus syn-
chronized for odd α and antisynchronized for even α, where
α = n1 = (N + 1)/g = (N + 1)/2. This clearly implies that
N is odd and synchronization is generic. The frequency of the
synchronized oscillations is dictated by the energy difference
EDα

− EG = EDα
.

It can also be shown that generic synchronization occurs
only if the DFS supports one single-excitation eigenstate. In
order to see this, consider the case of two single-excitation
DFS states, which allows for the construction of a single
two-excitation DFS state. Then, we need to account for matrix
elements connecting single- and two-excitation DFS states.
We focus on the matrix elements contributing to the same
oscillatory term as the XGDα

transition. Since EDαβ
− EDβ

=
(EDα

+ EDβ
) − EDβ

= EDα
matches the frequency of the XGDα

transition, those matrix elements are X (1)
Dβ Dαβ

and X (N )
Dβ Dαβ

and
must thus satisfy the same sign condition. Nonetheless, it is
possible to show that X (1)

Dβ Dαβ
= φα (1) and X (N )

Dβ Dαβ
= −φα (N ),

and therefore φα (1) = −(−1)α+1φα (N ). In fact, this is incom-
patible with the previously obtained relation above, φα (1) =
(−1)α+1φα (N ), making it impossible for all the terms to
satisfy the synchronization condition simultaneously. Conse-
quently, generic stable synchronization emerges if and only if
there exists only one single-excitation DFS state in Supple-
mental Material [82], i.e.,

g = gcd(m1, . . . , mq, N + 1) = 2, (8)

which is the second main result of this Letter.
The same condition also fixes the synchronization behavior

at every site of the chain, that is, the amplitudes φα ( j) =√
2/(N + 1) sin( jπ/2) vanish on even sites and alternate in

sign on consecutive odd sites. Thus, the odd-site qubits split
into two classes that are synchronized within each class and
antisynchronized between them, consistent with the parity
symmetry of the eigenstates.

Case study. Here, we present a concrete demonstration of
our general results in a chain consisting of N = 11 qubits,
considering both local and multilocal noise cases. To explic-
itly track the synchronization behavior at all times during the
dynamics, we adopt the well-established figure of merit for
this purpose, namely, the Pearson coefficient (PC), defined
as PC = Cov(x, y)/

√
Var(x)Var(y), where x = 〈σ (1)

x (t )〉 and
y = 〈σ (N )

x (t )〉 in our case [13].
For local noise, we take the noise site to be m = 6,

which admits r = gcd(6, 12) − 1 = 5 single-excitation DFS
states, i.e., {|D2〉, |D4〉, |D6〉, |D8〉, |D10〉}, with correspond-
ing energies Eα = ω + √

3J, ω + J, ω, ω − J, and ω −√
3J , respectively. By our second main result, this rules

out generic synchronization. All the same, for certain
classes of initial states, the system can still sustain mul-
tifrequency synchronization in Supplemental Material [82].
In particular, it is clear from Eq. (6) that the frequen-
cies of the oscillations are set by the energy difference
between the DFS states that differ by a single excitation,
namely, ωνμ. Recalling that the energies of the multi-
excitation DFS states are determined additively from the
single-excitation DFS energies, we see that the relevant
frequencies are dictated only by the energy differences be-
tween the ground state and single-excitation DFS eigenstates,
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FIG. 1. Stable synchronization of expectation values 〈σx〉 for the first and the last qubits of the XX chain of N = 11 qubits. (a) Only the
middle qubit at the site m = 6 is affected by the AD noise. (b) The qubits at sites m = 2, 4, 6, 8, and 10 are affected by the AD noise having
identical noise strengths γ . While the insets display the frequency spectrum of the 〈σx〉 oscillations, the dynamical establishment of stable
antisynchronization is demonstrated by the behavior of the Pearson coefficient (PC). In both plots, the initial state is |ψ〉 = |+〉1 ⊗ ⊗11

k=2 |0〉k

and we fix the model parameters as γ = 0.05, J = 0.15, and ω = 0.4. It is evident that while there are five distinct frequencies in panel
(a) contributing to the antisynchronized dynamics of the edge qubits, and in panel (b) we observe single-frequency synchronization of the edge
qubits. The antisynchronization observed in panel (a) is state dependent rather than generic, since the chosen initial state has support only in
the zero- and single-excitation sectors.

ωDαG = EDα
− EG = EDα

. In Fig. 1(a), we display the full
dynamics of our model with the aforementioned noise setting
for the initial state |ψ〉 = |+〉1 ⊗ ⊗11

k=2 |0〉k and model pa-
rameters γ = 0.05, J = 0.15, and ω = 0.4. Following a
transient dynamics, we can clearly observe the establishment
of antisynchronization between the edge qubits indicated by
the settlement of PC to −1. This behavior can be under-
stood by recalling the parity symmetry of the eigenstates
forming the DFS, together with the fact that all α values
are even in the present case, i.e., φα (1)/φα (N ) = −1. Due
to the same parity symmetry argument, every pair that is
reflection symmetric with respect to the center of the chain
is also automatically synchronized. Moreover, it is possible
to see from the behavior of the 〈σx〉 values that we do not
have a simple single-frequency antisynchronization. By tak-
ing the Fourier transform of the 〈σx〉 data, we explicitly show
in the upper-left inset of Fig. 1(a) that there exist in fact
five distinct frequencies contributing to the antisynchronized
dynamics of the edge qubits. These are exactly the predicted
frequencies dictated by the single-excitation DFS energies,
which, for the considered model parameters, are ωDαG/2π =
0.022, 0.040, 0.064, 0.088, and 0.105. This presents an
explicit demonstration of a fully coherent multifrequency syn-
chronization in a controlled setting.

For multilocal noise, we extend the noise sites to include
ma = 2, 4, 6, 8, and 10, as depicted in the upper-right inset
of Fig. 1(b). Since gcd(2, 4, 6, 8, 10, 12) = 2, this configu-
ration reduces the size of the single-excitation DFS set to a
single element, which is |D6〉. Note that the current setting sat-
isfies Eq. (8); therefore, we observe generic synchronization
with its frequency, f = ω/2π , determined by the energy dif-
ference ED6 − EG = ω. Using the same initial state and model
parameters as the local noise case, from Fig. 1(b) we clearly
observe the establishment of antisynchronization of the edge
qubits sustained by a single frequency that is extracted from
the Fourier transform of the expectation values and displayed
in the upper-left inset of the same figure. A direct comparison

between Figs. 1(a) and 1(b) shows that, as the number of
noise sites is increased, we observe earlier establishment of
synchronization. This can be understood from the fact that
increased noise allows a faster decay into the DFS.

Whenever the if and only if condition for generic syn-
chronization in Eq. (8) is satisfied, which requires odd N , it
is necessarily accompanied by a constant finite asymptotic
entanglement between the edge qubits in Supplemental Ma-
terial [82]. For example, the asymptotic concurrence for the
initial state considered in Fig. 1 scales as C∞

(1,N ) = 4/(N + 1)2

[85]. Nevertheless, entanglement between the edge qubits can
also survive in the absence of generic synchronization, and it
is not necessarily constant. In Fig. 2, we consider the exact
same scenario as in Fig. 1(a) but with a different initial state,

FIG. 2. Asynchronous dynamics of expectation values 〈σx〉 for
the first and the last qubits of the XX chain of N = 11 qubits, where
the relaxation noise is at the site m = 6. The insets show the dy-
namics of entanglement and Pearson coefficient for the edge qubits.
Whereas the initial state is fixed to |ψ〉 = |+〉1 ⊗ |−〉2 ⊗ ⊗11

k=3 |0〉k ,
the model parameters are taken as γ = 0.05, J = 0.15, and
ω = 0.4.
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|ψ〉 = |+〉1 ⊗ |−〉2 ⊗ ⊗11
k=3 |0〉k . The PC displayed in the

upper-right inset confirms synchronization is not established,
yet the upper-left inset reveals oscillatory but finite concur-
rence between the edge qubits. While the interplay between
synchronization and quantum correlations has been exam-
ined in a number of different works [22,23,33,34,37], our
results sharpen their relation in the present many-body setting;
that is, constant asymptotic edge entanglement necessarily
accompanies generic synchronization, whereas persistent os-
cillatory entanglement can survive even when synchronization
is completely absent. This demonstrates that, despite their
coexistence when g = 2, synchronization and entanglement
are ultimately driven by different physical mechanisms in
general.

Conclusion. Our analysis shows that a single integer,
namely, the greatest common divisor of the noise sites and
the chain length, fully determines the DFS structure govern-
ing the long-time coherent behavior of the dissipative XX
chain under local or multilocal noise. Generic stable synchro-
nization of the edge qubits emerges if and only if the DFS
supports exactly one single-excitation eigenstate. Under the
same condition, the edge qubits also develop constant asymp-
totic entanglement, so that both phenomena are in fact
controlled by a single arithmetic condition. When the DFS
supports multiple single-excitation eigenstates, synchroniza-
tion loses its generic character, becomes sensitive to the initial
state, and may exhibit a multifrequency structure dictated
by the single-excitation DFS spectrum. Entanglement, how-
ever, can persist indefinitely even without any synchronization

being established. Our results are analytical and testable in
current experimental platforms with site-selective dissipa-
tion, such as superconducting qubit arrays [70] and trapped
ions [69,86]. Since the underlying mechanism requires only
that the Hamiltonian conserves the total number of exci-
tations and can be mapped to noninteracting fermions, the
present framework extends directly to more general qubit
chains with nonuniform couplings and nonresonant on-site
energies. There, the sine wave eigenmodes no longer apply
and the gcd criterion can be lost, yet the dark-mode count-
ing that governs generic synchronization remains exactly
characterizable.
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[51] D. Štěrba, J. Novotný, and I. Jex, Asymptotic phase-locking
and synchronization in two-qubit systems, J. Phys. Commun.
7, 045003 (2023).

[52] S. Kalita, S. Chakraborty, and A. K. Sarma, Switching of quan-
tum synchronization in coupled optomechanical oscillators,
J. Phys. Commun. 5, 115006 (2021).

[53] A. Parra-López and J. Bergli, Synchronization in two-level
quantum systems, Phys. Rev. A 101, 062104 (2020).

[54] J. Tindall, C. S. Muñoz, B. Buča, and D. Jaksch, Quantum syn-
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