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Two-loop electron self-energy in the bound-electron g factor:
Diagrams in momentum-coordinate representation
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The two-loop electron self-energy correction is one of the most problematic QED effects and, for a long
time, was the dominant source of uncertainty in the theoretical prediction of the bound-electron g factor in
hydrogenlike ions. A major breakthrough was recently achieved by B. Sikora et al. [Phys. Rev. Lett. 134, 123001
(2025)], who calculated this effect without any expansion in the nuclear binding strength parameter Zo (where
Z is the nuclear charge number and « is the fine-structure constant). In this paper we describe our calculations
of one of the most difficult parts of the two-loop self-energy, represented by Feynman diagrams that are treated

in the mixed momentum-coordinate representation.
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I. INTRODUCTION

The g factor of the bound electron in hydrogenlike ions has
been measured with exceptional accuracy of up to 11 signif-
icant figures [1-7], thus challenging theorists to match this
precision in the bound-state QED calculations. After many-
years efforts and dedicated calculations, theory has been able
to reach the 10~!! accuracy level for light hydrogenlike ions,
such as carbon and oxygen [8—13]. For higher-Z ions, how-
ever, theory suffered from a dramatic loss of precision, mostly
from uncalculated two-loop QED contributions. There have
been significant efforts invested in calculations of two-loop
QED effects, both within expansion in the parameter Zo
[14-16] and without [17,18] in recent years. They resulted in
a better theoretical understanding of the g factors in the low-Z
region but did not significantly improved theoretical accuracy
in the high-Z region. In particular, for the heaviest measured
element, tin (Z = 50), a theoretical accuracy of about 107
was recently reported in Ref. [7], substantially inferior to the
10~'0 experimental accuracy achieved in the same work. The
main factor limiting the theoretical accuracy was the two-loop
self-energy correction. Because its Zo expansion converges
slowly, any substantial progress for the g factor of tin (as
well as heavier elements) could be achieved only through a
calculation nonperturbative in the parameter Zo.

The two-loop self-energy correction has been calculated
without expansion in Zo for the Lamb shift in a series of
investigations [19-25]. Carrying out analogous calculations
for the bound-electron g factor is even more challenging.
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The corresponding project was initiated about a decade ago.
Several individual contributions have been computed [26,27],
but two of the most difficult parts of the two-loop self-energy
correction, the so-called M and P terms, remained uncalcu-
lated. A breakthrough was achieved in our recent Letter [28],
where the complete calculation of the two-loop self-energy
correction to the g factor was reported for the hydrogenlike
tin ion. This calculation enhanced theoretical accuracy by an
order of magnitude and significantly improved agreement of
the theoretical prediction of the tin g factor with the experi-
mental value [7].

The goal of the present investigation is to present our
method developed for the P-term part of the two-loop
self-energy correction and perform numerical calculations
for hydrogenlike ions with Z > 50. The corresponding
Feynman diagrams contain both the Dirac-Coulomb propa-
gators and ultraviolet-diverging free-electron subgraphs. For
this reason, their calculation needs to be performed in the
mixed momentum-coordinate representation. Such contribu-
tions are characteristic of nonfactorizable two-loop QED
effects and were encountered for the first time in the Lamb-
shift calculations of the two-loop self-energy. In early studies
[29,30], they were computed by using the B-spline finite-basis
representation of the Dirac-Coulomb spectrum and the subse-
quent numerical Fourier transformation. Later on, a different
technique was developed [31] which used the analytical rep-
resentation of the Dirac-Coulomb Green’s function in terms
of Whittaker functions. This technique allowed us to improve
the numerical precision and obtain accurate results for the
two-loop Lamb shift [24,25]. In the present work we extend
the technique developed for the Lamb shift to the case of the
bound-electron g factor.

Relativistic units 7 =c=m =1 and Heaviside charge
units @ = e?/47 (e < 0) are used throughout this paper. We
use roman style (p) for four vectors, arrows p for three
vectors, and italic style (p) for scalars. Four vectors have
the form p = (pg, ). The Feynman gauge is used in this
work.

Published by the American Physical Society
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FIG. 1. Feynman diagrams representing the two-loop electron
self-energy correction for the bound-electron g factor: (a)—(c)
loop-after-loop (LAL), (d)—(f) nested (N), and (g)—(i) overlapping
(O) diagrams. The double line denotes the electron in the presence
of the binding nuclear field; the wavy line indicates the exchange of
a virtual photon; the wavy line terminated by a triangle denotes the
interaction with the external magnetic field.

II. BASIC FORMULATION

The g factor of an atomic system is observed as a shift of
atomic energy levels due to the interaction with a weak exter-
nal magnetic field (the linear Zeeman effect). The interaction
potential is

Vzee(F) = —ed - A(F), (1)

where A(7) = (1 /2)[5 x 7] is the vector potential, @ is the
vector of Dirac matrices, and e is the electron charge. In prac-
tical calculations, it is convenient to introduce the effective
g-factor potential V, [32],

Ve(F) = i(7 X @)z, 2)
Ma
where p, denotes the angular momentum projection of the
reference state and the subscript z indicates the projection on
the z axis. The effective potential V, does not depend on the
magnetic field and its expectation value yields directly the
g-factor value. So, for the 1s reference state and point nucleus,
one obtains the well-known Dirac value of a bound-electron g
factor,

gp = (alVela) = 3[1 +2y/1 — (Za)?]. 3)

The two-loop self-energy (SESE) correction to the g fac-
tor of a bound electron is graphically represented in Fig. 1.
Feynman diagrams in the first line are known as the loop-
after-loop (LAL) diagrams. They can be factorized in terms of
the self-energy contributions of lower orders. Their analysis
and calculation were reported in our previous investigations
[26,27]. In the present work we will be concerned with the
nested and overlapping diagrams shown in the second and
third lines of Fig. 1, respectively.

The nested (N) and overlapping (O) diagrams in Fig. 1
are of two types: (i) with the magnetic interaction attached to
the external wave function [Figs. 1(d) and 1(g)] and (ii) with
the magnetic interaction attached to the electron propagators
[Figs. 1(e), 1(f), 1(h), and 1(i)]. Contributions of diagrams
of the first type are divided into irreducible (with n # a) and

reducible (with n = a) parts, where n denotes an intermediate
electron state in the propagator next to the magnetic interac-
tion and a is the reference state. The irreducible contributions
will be referred to as the perturbed-orbital (W) terms. They
have the structure

Eyw = (alXplda) + (da|Xhla), “4)

where 4 = (N, O) and the operators ¥, = ¥x and Xo are
the nested and overlapping irreducible operators, respec-
tively, which appeared in two-loop calculations for the Lamb
shift. Furthermore, |§a) is the first-order perturbation of the
reference-state wave function |a) by V,,

) = Y 1), 5)
nsta a n

The reducible contributions will be referred to as the deriva-
tive (D) terms. They have the structure

0x
Em = <a|vg|a><a|%

|a) (6)

e=¢,

Contributions of diagrams with the magnetic interaction at-
tached to the electron propagators are referred to as the vertex
(V) corrections. They are irreducible and have the structure

Epy = (a|Ayla), (N

where h = (NL, NS, OL, OS). Here Ant, Ans, Aor, and Aps
are the nested and overlapping ladder (L) and side (S) opera-
tors depicted in Figs. 1(e), 1(f), 1(h), and 1(i), respectively.

Formal expressions for the SESE correction discussed so
far suffer from ultraviolet (UV) and infrared (IR) divergences
that need to be eliminated before any actual numerical calcu-
lations can be performed. First we discuss the renomalization
and elimination of UV divergences. Following the approach
developed for the Lamb shift [19,21,29,33], we base our
renormalization procedure on the separation of one or two of
the first terms of expansion of the Dirac-Coulomb propagator
G in the number of interactions with the binding Coulomb
field Vo (r) = —Za/r. Specifically,

G(e, %1, %) = GV, %1, %) + GV (e, X1, %)
+GP(e, %, %)+, (8)

where the index k in G% denotes the number of interactions
with V. The Dirac-Coulomb propagator is defined as

£ — &,

G(e, X, %) = Z

n

©))

where ¥, (X) are solutions of the Dirac equation with the
Coulomb potential V¢, ¢, are the corresponding energies, and
the sum over n implies the summation over the full Dirac
spectrum, i.e., summation over the principal quantum number
of the bound states, integration over the continuum states, and
summations over the angular momentum quantum number &,
and the angular momentum projections /i,,. Furthermore, G
is the free-electron propagator, which is the limiting value of
G at Z — 0. The free-electron propagator is known in both
coordinate space and momentum space. In the momentum
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FIG. 2. Diagrammatic representation of the perturbed-orbital P-term contributions. The double line denotes the bound-electron propagator,
the single line denotes the free-electron propagator, the wavy line denotes the photon propagator, the dashed line terminated by a stylized cross
denotes the interaction with the Coulomb nuclear field, and the wavy line terminated by the stylized cross denotes the interaction with the

external magnetic field.

representation, it is just

. 1
G(e. p) = ——", (10)
p—m
where p =y, p* and p = (e, p). The one-potential Green’s
function G contains one interaction with the binding nuclear
potential and is given by

GV (e, %1, 5) = f 4560 (e, 71, B )WVe(x)GO e, T, 1),
(10

The renormalization procedure at the two-loop level was
developed for the Lamb shift in Refs. [19,21,29,33] and gener-
alized for the g factor in Refs. [26,27]. The resulting diagrams
to be computed are divided into three classes: (i) those cal-
culated in coordinate space (M term), (ii) those calculated in
the mixed momentum-coordinate representation (P term), and
(iii) those computed in momentum space (F term). So each of
the nested and overlapping contributions is represented as a
sum of the M-, P-, and F-term parts

E=E"+E’+E. (12)

In the present work we will concentrate on the P-term
contributions. We define the P term to be both UV and IR
finite, so it can be computed separately from the remaining
parts of the SESE correction.

The main complication of the two-loop diagrams as com-
pared to the one-loop case is the presence of the overlapping
UV divergences. For example, the nested diagrams shown in
Figs. 1(d)-1(f) can UV diverge due to the inner self-energy
loop or due to the outer self-energy loop, or both. This means

J

that if we renormalize the inner loop, the overall diagram
will be still divergent due to the outer loop. The distinct
feature of the P-term contributions is that they contain a one-
loop UV-divergent subgraph (the free-electron self-energy or
the free-electron vertex), whereas the UV divergence of the
overall diagram is canceled by suitably chosen subtractions.
The one-loop subgraph is renormalized and calculated in mo-
mentum space. The outer diagram contains Dirac-Coulomb
propagators which are known in coordinate space. As a
compromise, we perform our computations in the mixed
momentum-coordinate representations, with the renomalized
one-loop subgraph computed in momentum space, whereas
the outer diagram is calculated in coordinate space. Each
of the P-term contributions contains one unbounded partial-
wave expansion, which originates from Dirac-Coulomb
propagators.

III. PERTURBED-ORBITAL CONTRIBUTIONS

The perturbed-orbital P-term contributions are diagram-
matically represented in Fig. 2. They are related to the
corresponding contributions to the Lamb shift that appeared
in our previous investigations [23,31]. Their expressions can
be obtained by perturbing the external reference-state wave
functions in the Lamb-shift expressions by the magnetic po-
tential, ¥, — s,, Where s, is given by Eq. (5).

A. EII\J)WI
This correction can be obtained from the N1 P-term con-
tribution to the Lamb shift [see Eq. (113) of Ref. [30]] by
perturbing the external wave functions ¥, — s, (the first
line of Fig. 2). The result is

Ely, =2ia /C do / ars / d%1d%D(, x| (B (GE. 1, Hy S OE, PIGE, P 32)
F

— GOE, %, Py’ sV(E, GOE, p, %) — GV(E, %1, Py E(E, HIGO(E, p, %)
— GOE, %1, Py’ SOE, HGVE, B, %)) Ysa(Ga) + (Va < Ysa), (13)
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where E = ¢, — w, D(w, x12) is the scalar part of the photon
propagator in the Feynman gauge,

exp(ivw? + 10 x12)

D(w, x12) = - ) (14)
12

where the branch of the square root is fixed by the con-
dition Im(v/@? + i0) > 0, and x;, = |¥; — X,|. Furthermore,
2120) is the renormalized free-electron self-energy opera-
tor in D =4 dimensions [see Eq. (241) of Ref. [30]],
Cr is the standard Feynman integration contour, and s,
is the perturbed reference-state wave function (5). The
Dirac-Coulomb Green’s function in the mixed coordinate-
momentum representation is defined as a Fourier transform
of the coordinate-space Dirac-Coulomb Green’s function over
one of the radial variables [30],

G(e, X1, p) = /dfzeiﬁ'hG(S,fl,fz),
(15)
Ge, b 1) = / d%1e P Ge, ), B,

For convenience of the numerical evaluation, the integrand
in curly brackets in Eq. (13) was transformed as [31]

Lo n -
LA =GrE 5P — = (E, p) Gy (E, p, %)

p—m

5 = (0) > o 1
+2[GV(E’xlvp)_GV (vals P)]—
p—m

x 2V(E, p)GOE, p, %), (16)

where p = y°E — ¥ - p and Gy denotes the Fourier transform
of the product of the Green’s function and the Coulomb poten-
tial [31],

Gy (e, 31 ) = f %672 G(e, %, F)Velx),
a7
Gy(e, p, %) = /dfle_iﬁ'x'vc(xl)(;(&551,552)-

The last term in Eq. (16) contains a combinatorial factor of 2
that accounts for the contributions of two equivalent diagrams.
Note that these two diagrams become equivalent only after
the symmetrization vy, <> ¥s,. The idea behind the transfor-
mation (16) is that it separates out the additional free-electron
propagator(s), which decrease as approximately 1/p for large
momenta. This separation simplifies the numerical integration
over p since it makes the integrand behave better for large
p. It should be noted that, contrary to the Lamb-shift case,
Efy, does not contain IR divergences. The reason is that the
reference-state contribution in the IR (i.e., small-w) region is
regularized by the orthogonality of s, and v, (dala) = 0.
For this reason, there are no infrared subtractions in E§W1-
We compute Efy,, by generalizing the code developed for the
Lamb shift and described in our previous publications [23,31].

B. E{w,

This correction can be obtained from the N2 P-term con-
tribution to the Lamb shift [see Eq. (117) of Ref. [30]] by
perturbing the external wave functions v, — ¥, (the second

line of Fig. 2). The result is
. dpy dp» /
EP _—9o d —— | dXdX%D(w,
W o /CF a)/ 20 2n ) X1dX,D(w, x172)
X Ve@¥) G (GE, %1, pr)y° T(E, pi; E, p2)
x G(E, pr, %) — GO, %, pr)y T(E, pi; E, p2)
x GOUE, pr, 3} " Y5a(%2) + (Ya < Wsa), (18)

where I'(E, p;; E, p,) is the time component of the renormal-
ized one-loop vertex operator in D = 4 dimensions, I' = I'§
(for brevity we will suppress the indices here) [see Eq. (257)
of Ref. [30] and Appendix B of Ref. [34]]. For convenience
of the numerical evaluation, the integrand in curly brackets in
Eq. (18) is transformed as [31]

1
{...} =Gv(E, %, p1)

I(E, pi; E, p2)

- m >

x Gy(E, P2, %) +2Gy(E, X1, p1)

1
x T(E, pi; E, p2) GO(E, pr, %), (19)

where p, , = y°E — ¥ - p1.» and the combinatorial factor of
2 accounts for two equivalent diagrams.

Equation (18) contains two integrations over momenta
p1 and p,. Its numerical evaluation is complicated by the
presence of the (integrable) Coulomb singularity at p; = p,
coming through the Coulomb potential V-(g). It is advanta-
geous to separate out the diagonal in momentum contribution
of the vertex operator and evaluate it separately. Therefore,
we split the vertex operator into the diagonal and nondiagonal
(in momentum) parts,

T(E, pi;E, p2) = T4(E, p1) + Thaia(E, P13 E, P2)
=TI, pi;E, p)+IT(E, pis E, p2)

In the diagonal part, the integration over one momentum (and
the Coulomb singularity) is carried out analytically by using
the identity
apr o~ . -
mvc(pl — P2)G(p2, X2) = Gy (P1, X2). (21)

Equation (18) is very similar to the corresponding part of the P
term for the Lamb shift. An important difference is that Ef},,
similarly to Efy, and contrary to the Lamb-shift case, does
not contain IR divergences, because of the orthogonality of
Y, and v¥5,. We compute this contribution by generalizing
the code developed for the Lamb shift and described in our
previous studies [23,31].

C. E5y
This correction can be obtained from the overlapping

P-term contribution to the Lamb shift [see Eq. (120) of
Ref. [30]] by perturbing the external wave functions ¥, —

062806-4
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FIG. 3. Diagrammatic representation of the derivative P-term
contributions.

Ysq (see the third line of Fig. 2). The result is

dp, dp —iGz
EgW=—4iaf do | <2 pzfz ‘o
cr 27) 2n)? w?—g?+i0
x Y@, GPE, Zy, pr)y Th(E, pris e, P2)
X W(Sa(ﬁZ) + (wu <> w&:% (22)

where G% =G — G — G is the electron propagator
with two or more interactions with the binding potential and
'k is the renormalized free-electron vertex operator in D = 4
dimensions [see Eq. (257) of Ref. [30] and Appendix B of
Ref. [34]]. The computation of this contribution was per-
formed as described in Ref. [23], after transforming the
integrand as

G*NE, %, p) y'Th(E, p1; s P2)
1

pp—m

x TR(E, P1;€a, P2) (23)

=[Gy (E, 31, p1) — G(E, %1, p1)]

IV. DERIVATIVE CONTRIBUTIONS

The derivative P-term contributions are shown in Fig. 3.
They are related to the P-term contributions for the Lamb
shift. As compared to their Lamb-shift counterparts, they con-
tain a derivative of one of the electron propagators over the
energy argument. The derivative is equivalent to the insertion
of a scalar vertex into the corresponding Feynman diagram,

0
3 G(8721,£2)= _/d£3G(87217£3)G(8’£3722)' (24)
&

The additional vertex in the diagrams not only makes the
numerical evaluation more difficult than in the Lamb-shift
case, but also enhances the degree of IR divergences.

A. Efp,

The first nested derivative contribution is induced by the
first line of Fig. 3. Its expression is given by

dp
P . =5 713 3=
Exp; = (—2)(Vg)2la/CF da)/ m/dxldxzdx3D(w,x12)

x YI@EDaIG(E, %1, %)G(E, %3, )y S V(E, p)
x G(E, p, %) — GO(E, %1, %3)GO(E, %5, p)y°
x DOE, pYGO(E, B, B)la P, (%2), (25)

where (V,) is the expectation value of the effective g-factor
operator given by Eq. (3) and 21(30) (E, p) is the renormal-
ized free-electron self-energy operator. In order to separate
the infrared divergences present in the above expression, we
subtract and readd additional terms in the expression in square
brackets,

[--]= [ T G(a)(E,)_CH,)_CB)G(E,)_C'_g, [7)]/0{21(?0)(50’ )
— 03y (0. PGUE, p. 5], (26)

where S (¢4, p) = (d/de) S (e, p)le—e, and G@ is the

reference-state part of the Dirac-Coulomb propagator
defined as
NI I
«XD)Y (X
GO (e, 71, %) = Z M, 27)
£ — &g

o

where @' denotes the electron state that differs from the
reference-state a only by the angular momentum projection
We- The sign F in Eq. (26) means that we subtract the
infrared-divergent part and then readd it and evaluate sepa-
rately. This leads to a separation of Ef,, into the regular (R)
and two infrared-divergent (IR” and IR) contributions,

Efp = Efp (R) + Efp (IR') + EXp, (IR). (28)

The infrared IR and IR’ contributions are regularized by in-
troducing a fictitious finite photon mass pu; the w integration
in them is evaluated analytically. After IR-divergent contri-
butions are added together, the u divergence disappears and
the limit & — O can be taken. Here and in what follows we
will denote the linearly divergent (~1/u) infrared contribu-
tion by IR’ and the logarithmically divergent (~ In w) infrared
contribution by IR. Noting that in Eq. (26) the free-electron
operators do not depend on w, we factorize out the infrared
terms and obtain

Efp (IR)) = (=2)(Ve) (¥ 2 ()5,
Efp (IR) = (=2)(V) (y =8 ()2

Here J, and J3 are basic IR-divergent integrals defined as (see
Appendix B of Ref. [35])

[ (e @)da)
Jo = MZ 2 /CF do=— iy (30)

where [, (w) is the electron-electron interaction operator with
a finite photon mass p,

(29)

gi4/a)2—u2+i0 X2
L(w, x12) = actg0 ————. (31)
X12
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The IR divergent integrals are evaluated as [35]

1
= %<ln% +y+ Z(aa’laaa" lnxlzla’a>>, Jy = %(; - Z(aa'laaa"xlzla’a)>- (32)

Wt Ha

For the numerical evaluation it is convenient to transform the integrand of Eq. (25) to a form that does not involve subtraction
of the free-electron contribution. We thus write the integrand as

/ d%3[G(E, %1, %) G(E, %3, p) y° = (E, p) G(E, p. %) — GO(E, %1, %) GO(E, %3, ) y = (E, p) GO(E, p. %))
> o 1 0 1 0) - (0) > o > o 1 0) - 1 0 > o
=Gy(E, X, p)——y —— X (E,p)GV(E, p, %) +G(E, %, p) —— X (E,p) —— v Gy (E, p,X2)
p—m° p—m p—m p—m
- . - Lo - -
+/dx3 G(E,xl,xg)Gv(E,xs,p)mE;O)(E,p)G(E,p, %), (33)

with p = y°E — % - p. An advantage of the representation (33) is that each of the three terms on the right-hand side contains at
least one Coulomb interaction explicitly. A useful check for the numerical procedure for Efp, can be obtained by making the

replacement )/021(30)(8, p) — 1, after which the contribution can be computed entirely in coordinate representation. Specifically,
after this replacement the regular part of EX, becomes

Efp  (R) = (=2)(V,)2ia / dw / dxd%D(w, X1V, (X1)a,,
Cr

1 02
X —_——
2 (0E)?

which can be computed in a straightforward manner in coordinate space.

[G(E, X, %) — GOE, %, %) — GY(E, %, %)oY (%), (34)

B. EL;,
The second nested derivative contribution is induced by the second line of Fig. 3 and is expressed as

) dpy dp o e s ..
ElL, =(=2)(V,)2ia /C ) dw f Gy ) / dxd%,d%3D(w, x12)Ve (V) (®1)a,

x [G(E, %, %)G(E, %3, p1)Y T (E, pi; E, p2)G(E, pa, %)l Ya(%2), (35)

where I'(e1, p1; €2, P2) is the time component of the renormalized free-electron vertex operator. In order to separate out the IR
divergences present in the above expression, we subtract and then readd additional terms in square brackets above

[ 1= F GUE, %1, %)GE, X3, p1)y° T (eq, P1; as P2) — O (€0, P €as P2IG(E, P, %)], (36)

(

where (e, P1; €4, D2) = (d/de)T (g, P13 €, P2)|e=e,. This according to Eq. (20). The diagonal part is rewritten as

separates EJ,, into a regular and two IR-divergent terms,

dp
(2m)?
X D(w, x12)¥ (R1)e, GE. %1, %3)

Elp, (R, diag) = 2(V,)2ia / do f / d1dd s
Cr

Efpy = Efpy(R) + Efp, (IR') + Efp, (IR). 37)

x G(E, %, Py =Y (E, )Gy (E, p,
The infrared parts can be factorized and expressed as (B X3, Py 2 (E. PGy (E, p. %)

x o, (%) (40)

E§D2(IR/) = (—2)(Vg)(VCyOF(8a;ea))J3, (38) This expression contains only one integration over the mo-
mentum and its evaluation is very similar to that for the Efp,

EﬁDZ(IR) = (=2)(Vy) Vey'T (e4; €)) s 39) term. In the nondiagonal part, the integrand is a smooth func-

tion of p; and p, and the momentum integrations are much
easier to calculate numerically. Another important advantage

with integrals J, and J3 defined by Eq. (30) and evaluated in is that the partial-wave expansion of the nondiagonal part

Eq. (32). The numerical evaluation of the regular part is com-
plicated by the presence of the Coulomb singularity at ¢ = 0.
This problem is handled by the splitting the vertex operator
into the diagonal and the nondiagonal (in momentum) parts,

converges much faster than that of the diagonal term, so we
need to compute fewer (typically, about ten) partial waves,
whereas for the diagonal term we extended the partial-wave
expansion up to |kmax| = 30.
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C. Efp;

The third nested derivative contribution is induced by the
third line of Fig. 3. Its expression is given by

. dp
Efps = (V)2ia /C Fda) / V5T

x [G(E, %, Py = (E, PYG(E, P, )

[d)?ld)?zD(w,xn)Tﬂg(fl)Olu

— GO(E, %1, py sy (E. p)GO(E, p. %)]
X &y (%y). (41)

In order to separate out the IR divergence, we subtract and
then readd the following contribution in square brackets:

[--1=[FGOUE, 1, Py Ty (e, PYGUE, p, %)]-
42)

This transformation separates Efp, into the regular and the
infrared parts,

E{ps = Exps(R) + E{p3(IR). (43)
The infrared part is expressed as
E{ps(IR) = (Vo) (r°Z” ()2 (44)

For the numerical evaluation of the regular part, we transform
the integrand as

G(E, %1, p)y° =V (E, p) G(E, p, %)
— GOE, 3, Py’ (E, )GO(E, b, %) + (F1 © %)

_ = = 1 oy = (0) P
_GV(E’xl’p)p_mER (E9p)[G (EstXZ)
+ G(E, p, %)) + (X < X2). (45)

D. Ef,

The overlapping derivative P-term contribution is repre-
sented by the bottom line of Fig. 3. It is given by

) dp, dp / . e a7z
EP = 4ia(V, d Gdy——
op = Herf g>/cp ”/ enyery )] “Per =210
x V@, GE,Z,5)GE,F, p1) — GOE,Z,7)
x GOE, 5, pOlY TR(E, Pr;eas P)Va(P2).  (46)

In order to remove the IR divergence, we subtract and readd
the following contribution in square brackets:

[~ 1=[FGUE,ZHGE,5 pDl. (47

This separates EJ, into the regular and infrared parts,

Elp = ESp(R) + ESL(IR). (48)

In the regular contribution, we perform the Wick rotation of
the w integration contour as

. Sn(@)
l; LF de (8(1 —w—= ugn)z
= —2Re2/0 dw%, (49)

Efyi =2 X @ N {gl

P
ENve =2 X

e 5
o o

FIG. 4. Diagrammatic representation of the vertex P-term
contributions.

where A,, = &, — &,. The infrared contribution is given by

1 dpy  dp,
@m)* 2m)’

ELL(IR) = dia (V) /C ) d(u(_w 07

147 +
X (/dzml/fa(@am/fa(z)>
X YL (POYTR(E, priea, BVa(P2).  (50)
We observe that the o integration in the above expression is
logarithmically divergent at @ — 0. This divergence cancels
out when ES (IR) is considered together with the corre-
sponding contribution from the overlapping vertex part, so

we postpone its further evaluation until the vertex term is
analyzed.

V. VERTEX CONTRIBUTIONS

The vertex P-term contributions are the most complicated
ones since they have an additional interaction inserted in the
self-energy loop, as compared to the Lamb-shift case. The
diagrammatic representation of the vertex P-term contribution
is presented in Fig. 4.

A. ELy,

The first nested vertex P-term contribution is diagrammat-
ically represented by the uppermost line of Fig. 4. It is given
by the expression

Ely, = 4ia / dw / P / dXd%d%D(w, x12)¥] (%1)a,,
Cr Qn)?
x [G(E, %1, %3)Vo(¥3)G(E, %3, p)y T (E, p)
x G(E, p, %) — GO(E, %1, %3)V,(33)G(E, %3, p)
x Y SRUE, PGO(E, P, ¥2)]at Ya(F). (51)
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In order to isolate the IR divergences, we subtract and readd
the following terms in square brackets above,

[ 1=[ FGUE, 2, )V,(¥3)G(E, %3, Py’
x {20 (a, P) — 02" (60, P)}G(E, P, %)
F GOE, %1, 13)Ve(3)Grea.a (s, )Y EL (60 P)
x G(E, p, %), (52)

where Gieq 4 is the reduced Green’s function for the state a,

VRV, (R2)

Eq — &n

Grea.a®. %) = Y
n#a

(53)

The above subtraction renders the main contribution IR finite;
the subtracted terms are evaluated separately. We thus separate
E[, into the sum of the regular and the two infrared parts,

E{yi = E{yi(R) + EGy, (IR") + E{y (IR). (54)
The IR contributions are evaluated as

Efy (IR) = 2(V) (y° = (e0))

o o«
X (E ~ 2 st (aa/|alta’“‘x12|a’a)>,

224
(55
where the expectation value is to be taken with respect to the
reference state, (---) = (a| - - - |a), and
d'|V,|d
Sy, = @lVela) _ (=1 teclo— pclo 7L
Hd (Q|Vg|a> Jalta'sJa—Ha JaltasJa—HMHa
(56)
Furthermore,

Efvi(R) = 2[ (V) (= (e2)) + (8aly = (e0)la) ]

X % <1n % +y+ Z Sy, (ad |0t 1nx12|a’a)),

Kot

(57)

where da is the magnetically perturbed reference-state wave
function given by Eq. (5).

B. Efy,

The second nested vertex P-term contribution is diagram-
matically represented by the second line from the top in Fig. 4.
It is given by

. dpi dp,
P > 12 1o
Exy, = 4ia /;F da)/ 2n) ) /dxldxde3

x D(w, X)) GVe(@)au[GE, %1, %3)V,(%3)
x G(E, X3, p1)y° T(E, p1; E, p2)G(E, P2, %2)]
X o Y, (%2). (58)

In order to isolate the IR divergences, we subtract and then
readd the following terms in square brackets above,

[ 1= FGE, % %)V,()GE, 33, p)y°
X {T(eq, P13 0. P2) — @I (8a, P13 €ar P2)}
X GUE, pr. %) F G E. %1, %3)Vg(¥9)Grea o (33, P1)
X YT (eq, P1: €, P2)G(E, P2, %2)], (59)

where (g4, P13 €q, P2) = (d/de)T (¢, P13 €, P2)le=s,. Thus
Ef, is separated into the regular and two infrared parts,

Efvy = Efyy(R) + Efys (IR') + Effy, (IR). (60)
The IR contributions are evaluated as

Eby,(IR) = 2(V) (y Vel (843 £4))

X (% — %ZSM“/ (aa/|aﬂa“x12|a/a)> (61)

24

and

Efya(IR) = 2[(Ve) (¥ OVeT (845 84)) + (8aly Vel (e4; €4)la)]

o
X - (ln % + v+ Z Sy, (ad' o, 0" lnx12|a/a)>.

Kot
(62)

The regular contribution is finite and can be evaluated numer-
ically as it is. However, it is convenient to separate it into two
parts, one diagonal in the momentum (with p; = p,) and a
nondiagonal one, according to Eq. (20). In the diagonal part
the integration over one momentum is factorized out. It is
transformed to the following form, favorable for numerical
evaluation:

dp

P . _ . - > >

Ely,(diag) = —4ia /CF dwf mfdxldxde3D(w,x12)
x Yl @) GE, X1, %3)Vy(%3)G(E, %5, p)y°

x SV(E, )Gy (E, p, i) Yu(F).  (63)

We note that in the above expression the would-be Coulomb
singularity of the nuclear potential V¢ is absorbed in Gy,
where it does not cause any computational difficulties.

C. Efy;

The third nested vertex P-term contribution is diagrammat-
ically represented by the third line in Fig. 4. Its expression is

. dp, dp»
P = =
Efy; = 2ia /CF dw/ (zn)3m/dx1dxzD(w,x1z)

x Yl Do [GE, %1, pr)y " Azee(E, Pi; E, P2)
x G(E, pa, %2)—GOE, X1, p1)y° Azee(E, p1; E, P2)
x GO(E, py, %) ]a" P, (%), (64)

where Aze. (€1, P1; €2, Pp2) is the free vertex function with
the Zeeman magnetic interaction (which will be referred to
as the Zeeman vertex); its explicit expression will be given
below in Eq. (70). We separate out the infrared divergences by
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subtracting and readding the following contribution in square
brackets,

[ 1=[-F GUE, X, POy Azee(€as P15 €as P2)
x GE, P2, %2)], (65)
which separates Eq. (64) into two parts,
Efvs = Efy3(R) + Efy;(IR). (66)

The IR contribution is evaluated as

d 1
EI{I)VS(IR) = (VOAZee(Sa; 8(1)); (111 E +y

+ ZSM“/ (ad'|o, 0" lnxlgla/a)>. (67)

Ko

We now turn to the Zeeman vertex function Az... The
straightforward representation of its matrix element with the
Dirac wave functions is given by Eq. (15) of Ref. [36]. This
representation involves the gradient of the Dirac § function
and is cumbersome to work with. In the present work we
choose to follow Ref. [37] and use the regularized version of
the Zeeman magnetic interaction. Specifically, we introduce a
small regulator parameter p and define the regularized mag-
netic potential V, , in the coordinate space as

1
Vep(F) = —I[F x @l.e” /", (68)
Ha
which obviously approaches V, as p — 0. Performing the
Fourier transform, we obtain the matrix element of V, , with
the Dirac wave functions in momentum space as

(1lVplm) = / XY GV, (B ()

_ . dﬁl dﬁZ Fo= Or= o -
= (—4mwiA, 3n ) an ) Y, (p)y g x V1;
x e TP, (Ba), (69)

where G=pi—pr gq=Igl, and A, =4x'?/(u.p”).
Analogously, the matrix element of the Zeeman vertex
between the Dirac states in momentum space is given by

(n1y° Azee(e1, £2)|m)

dp, dp»
Qn) @)
x [G x T(er, pr; 62, p)ee 7 Y(B),  (70)

where f‘(sl, P1; €2, P2) is the vector part of the renormalized
one-loop vertex function defined in Appendix A of Ref. [38].
Note that the regularized Zeeman vertex has essentially the
same form as the vertex with the magnetic dipole hyperfine
interaction [see Eq. (28) of Ref. [32]]. The angular integra-
tions of expressions with the Zeeman vertex in momentum
space are detailed out in Appendix A.

In actual numerical calculations, we found that when rea-
sonably small values of the regulator (0 &~ 10~*) are used, the
dependence of results on the regulator value is negligible. In
addition, the integration over one of the two momenta (say, p)
is greatly simplified by the fact that the integrand is strongly

= (—47mi)A, vl (51)y°

peaked around the point p, = pi, so the integration is actually
needed only over a small region p, ~ p;.

D. EZ,

The overlapping vertex P-term contribution is represented
by the bottom line of Fig. 4 and is given by

E5V=—4ia/ do [ 2P ﬂ/dz LA
c Q)3 2r)? w?—g*+i0
x Yl @Dau[G(E.Z, H)V,()G(E. . p1)

- G(E,Z.5)V,(HGO(E.§. ply’

X TH(E, P13 €as P2)Va(P2)- (71)

In order to separate out the IR divergence, we subtract and
readd the following contribution in square brackets

[ 1=["FGUE,Z,5)V,(HGE,5 p)], (72

thus separating EZ}, into the regular and infrared parts,
Eby = Eby(R) + Egy(IR). (73)

In the regular contribution, we perform the Wick rotation of
the w integration contour, separating pole contributions as
follows (assuming that a is the ground state)

7 fn]nz(w)
l Z /;p dw(‘ga —w— usm )(5(1 —w— ueng)

niny#aa

T fan,(0) Sma(0)
=_2<_§ZA—_EZTHI

m#a an ni#a

* fn]nz(ia))
+ Re Z /0 dw(Aam —iw)(Aunz—ia)))’

nim#aa

(74)

where A,, = &, — &, and in the summation over n; and n, the
term with (n;, np) = (a, a) is omitted. The angular integration
in EL, is quite complicated and is detailed in Appendix B. The
IR contribution is transformed as

1 / dpi dp>
(2n) 2n)

—G2+i0

E{y(IR) = —dia / do
ov(IR) o (—o+i0)?

x Z(a'|Vg|a’)<fd2w2
Mot

X a[/.llfa/ (z)> 1/’;(131 )Vorg(E, ﬁl s €as ﬁZ)wa(ﬁ2)7
(75)

Vi)

where the state o’ differs from the reference state a only by
the angular momentum projection (i, .

The IR divergence present in the above expression cancels
out when EgV(IR) is considered together with the corre-
sponding contribution from the overlapping derivative term
E5S(IR). We therefore introduce the total overlapping IR
contribution as

E§p(IR) = E5 (IR) + ES L (IR). (76)
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In order to calculate EJp, (IR) numerically, we need to deform
the w integration contour to be parallel to the imaginary axis.
However, the standard Wick rotation is not possible in this
case. The situation is somewhat similar to that for the ver-
tex plus reducible contribution for the one-loop self-energy
correction to the g factor. In Ref. [37] it was suggested to
use a small numerical regularization parameter to shift the
reference-state energy, thus removing the infrared divergence
of the integral. The idea was to perform the Wick rotation
of the regularized expression and then evaluate the limit nu-
merically by decreasing the regularization parameter. In the
present work we use a similar but somewhat different ap-
proach. We introduce a small regularization parameter € that
shifts the Wick-rotated w integration contour, (—ico, ic0) —
(e — ioo, € + ioo). We obtain the regularized expression

dp, dp
P _
EOVD(IR,G)_SaRe/ dw—/ B G

x (Z(awvgm -

Ko

Sty <“|Vg|a>>
—ig-Z
( / 4 D (z))W(m)

X Vorg(ga -, ﬁl; Ea, ﬁ2)¢a(ﬁ2)

w=€e+iw

(77)

Here the integrand is supposed to be evaluated for v = € +
iw. The final infrared contribution is determined by numeri-
cally evaluating the limit € — O,

Elyp(IR) = 613& Elyp(IR, €). (78)

Specifically, we perform calculations for several values of the
regulator parameter (typically, about ten values in the range
between 1073 and 1072) and obtain the final IR contribution
by a polynomial fit of the limit € — 0.

It is important that the limit in Eq. (78) is approached from
the positive values of the regulator. It is possible to use the
negative values of the regulator as well, but then one needs to
add the pole contribution at w = 0, according to the identity

—2 lim Re / dwf(L,lw)

0 (e + iw)?
fle +iw)
(e +iw)?

e—0+
272 f0). (79

We checked the fulfillment of this identity numerically, which
served as an additional check of our numerical procedures. It
is interesting that for the one-loop self-energy correction to
the g factor, the pole contribution vanishes, so the limite — 0
can be approached from both the positive and negative sides,
with the same result.

We also mention that the above contour with € > 0 can be
considered as a variant of our standard contour Cy gy, in which
the length of the low-energy part of the contour (and therefore
the corresponding low-energy contribution) approaches zero.

VI. ADDITIONAL CONTRIBUTION

The additional P-term contribution is introduced in this
work in order to make the whole P term IR finite. We will
demonstrate that the IR divergences in individual P-term
contributions discussed in the previous sections disappear
when combined with (parts of) contributions referred to as
the loop-after-loop reducible part in Ref. [26] and given by
Egs. (6.17)—(6.20) of that work. Specifically, we define the
additional P-term contribution as

ERop = [V (r = () + (° Azee(ea3 €0)
+2(8aly°[ZP(ea) + Vel (eas )] 10) )
x ([ (ea) — BY (ea)])- (80)

We split EX FApD into the regular and IR parts, Ef =

ADD R)+E DD(IR), by subtracting and readding in the ma-

trix element of the self-energy operator X(¢) the contribution
of the reference states @ (¢),

0O[2 ) — 2P )
= (Y°[Z'(ea) — B (e0) — 2V (e)]) + (YO =W (£0)).
(81)
Here
0 (a) _ b aa'|l(w)|d'a)
(y°® (e))—h[ de ZS_ — 0 ®

Using Eq. (30), we immediately evaluate the infrared contri-
bution as

ERp(R) = —{ (V) (r S8 (60)) + (7° Azee(€as £4))

+2(8aly°[ZF(8a) + Vel (eai €a)]la) } .
(83)

The regular part EX (R) is calculated to a very high accuracy
by a straightforward generalization of the method developed
for the one-loop self-energy in Ref. [39].

VII. TOTAL P TERM

Finally, the total P-term is given by the sum of all contri-
butions,

Ep = E£w1 + E§W2 + ECI;W + EI{IJDI + EI{I)DZ + EI{I)D3
+ E{y1 + EXvy + EXys + EGp + ESy + Eqpp. (84)

The P term Ep is finite. The IR divergence in individual
contributions disappears when all terms are added together.
The cancellation of divergences between the individual con-
tributions is demonstrated in Table I.

VIII. NUMERICAL CALCULATIONS

The P term consists of many different contributions whose
computation is complicated and time consuming. In order to
obtain reliable numerical results, we had to perform numerous
cross-checks of our numerical procedures and test calcula-
tions, of which some have already been mentioned. Others
will be discussed in this section.
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TABLE I. Cancellation of infrared-divergent parts of individual P-term contributions.

Contribution X L

x2Z(nk +y)

4p
E{py (=2)(Ve) (v 2g () 2V (5 ()
Ef{p) (=2)(Ve) (¥ Vel (43 24)) (=2) (V) (¥ VeI (43 £4))
E{ps (V) (58 (20))
E{vi 2(Ve) (v (ea)) 2V 1y =y () + 2(8aly = (ea)la)
E{y, 2V (y Vel (ea; €4) 2V (y Vel (243 £4)) + 2(8aly Vel (g4 £4)la)
Elys (Y0 Azee(8as €0))
E{bp — V(=9 () — (VO Azee(eas £2)) — 2(8aly [ZF) (e0) + Vel (ea: €2)]la)
Sum 0 0

We performed a set of test calculations, in which we re-
duced our two-loop P-term contributions to less complicated
one-loop diagrams. More specifically, we observed that in
each of the P-term contributions, if we “collapse” the in-
ner one-loop subgraph and replace it by the corresponding
vertex, the result can be converted back to the coordinate
space and computed by standard methods developed for cal-
culations of one-loop self-energy corrections. Specifically, the
replacements are ERO)(S, P) — v°, Th(er, Pis e, P2) = y*,
and Azec(e1, P1; &2, p2) — ¥°V,. These simplifications give
a very valuable opportunity to check our numerical pro-
cedures for the two-loop P-term contributions by reducing
them to one-loop calculations which can be independently
checked. We did these tests for all P-term contributions dis-
cussed in the previous sections. As an illustration, let us now
examine a test calculation carried out for the most compli-
cated P-term contribution, specifically, the vertex overlapping
term E£,,. After performing the above-mentioned replacement
I‘ﬁ;(s], P1; &2, pa) — yH, the regular part of Egv becomes
EL,(R) — SE,, where

SE, = —4i /d /dﬁl dp /d*d* e
= —4dia —_— _
! o) ey ey ] CPe =g 10

X ¥l @, [GE, 7, 7)V,F)G(E, 3, pr)
- GY(E,z,5)V,()GO(E, ¥, p1)
— GUE,Z, §)V,(HG(E, ¥, p)]e" Ya(P2).  (85)

On the one hand, §E can be calculated according to Eq. (85)
by the numerical procedure developed for E,(R). One the
other hand, the above expression can be transformed to the
fully coordinate representation, with the result

SE, = — dia / do / dzdy dx D(w, 7 — XDV, @)y
Cr

x [G(E,Z,5)V,())G(E, 7, %) — GOE,Z,5)V,(5)
x GOE,y,%) — GE,Z, 5)V,()GE, 3, ¥)]
x at P, (X). (86)

Equation (86) can be identified as the (1+)-potential vertex
contribution to the self-energy correction to the g factor, which
was encountered in our previous calculations [11,36]. Com-
putation of this expression in coordinate space is relatively

straightforward and was performed by numerical routines
developed in Ref. [36]. Numerical results of our test calcu-
lations of §E; carried out in the mixed representation and in
the coordinate representation are presented in Table II. We
observe that our computations in the mixed representation
reproduce well the (much more accurate) values obtained in
the coordinate representation. This comparison proves that
we are able to keep the momentum integrations in the mixed
momentum-coordinate representation well under control. It
should be pointed out that the two computations used differ-
ent integration contours for the w integration. In the mixed
representation, we used the integration over the imaginary
axis, whereas in the coordinate representation, we used our
standard Cpy integration contour [35]. So this test also checks
the correctness of our treatment of the pole contributions in
the mixed representation.

Another important test of our numerical procedures was
the check of cancellation of the J =0 multipole part of
infrared-divergent contributions. More specifically, the IR’
and IR contributions contain an expansion over the multi-
poles J > 0 of the photon propagator. It was shown [26] that
only the lowest multipole J = 0 part is diverging, whereas
the higher-order multipoles J > 0 are actually finite. (For the
1s reference state considered here, there is only one other
multipole contribution, J = 1.) It was also shown [26] that the
J = 0 multipole contributions cancel exactly in the total sum,
both the divergent parts and finite remainders. In the present
work we checked these statements numerically.

TABLE II. Results of the test calculation: §E, (o /47 ) computed
in the mixed momentum-coordinate representation (85) and in the
fully coordinate representation (86). Units are 107°.

|« | Mixed Coordinate
1 1.63831 1.63827
2 -0.03713 -0.03713
3 -0.04940 —0.04940
4 -0.02442 -0.02442
5 -0.01327 -0.01327
6,...,15 -0.02509 -0.02511
16, ..., 00 -0.00377 (23) -0.00382 (2)
Sum 1.48518 (23) 1.48513 (2)
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TABLE III. Numerical results for the finite parts of individual P-term contributions, for Z = 50, in units of 1075,

IR’ IR

Term J=>0 J>0 J=>0 J>0 R Sum
NW1 1.8363 (2) 1.8363 (2)
NW2 —1.2483 (1) -1.2483 (1)
(0)%% 0.5624 0.5624
ND1 -21.1790 -0.7672 -36.3756 -0.9667 -25.0694 (6) -26.8033 (6)
ND2 14.0526 0.5090 -19.7867 -0.5258 —-12.0327 (4) —12.0495 (4)
ND3 18.1878 0.4833 14.5088 14.9921
NV1 20.1561 -0.2557 38.0456 -0.3494 22.5079 (6) 21.9028 (6)
NV2 -13.3739 0.1697 18.9901 -0.1744 12.5088 (4) 12.5041 (4)
NV3 -11.7391 0.1078 —11.6888 (4) -11.5810 (4)
OD + OV 0.3602 0.3602 1.7801 (40) 2.1403 (40)
ADD -8.9860 -0.2388 -2.2846 -2.5234
Sum -0.3442 -0.3442 -1.3037 —-1.3038 1.3805 (42) -0.2674 (42)

Our numerical results obtained for individual P-term con-
tributions for the ls state of hydrogenlike tin (Z = 50) and
bismuth (Z = 83) are presented in Table III for Z = 50 and
Table IV for Z = 83. The tables present numerical results for
the IR and IR contributions in two variants (the left and right
subcolumns). The left subcolumns (labeled “J > 0) show
results with the / = 0 multipole included, whereas the right
subcolumns (labeled “J > 0”) present results with the / = 0
multipole excluded. We observe that the sums of both sub-
columns are the same, for both the IR and the IR’ contribution
(although the J > 0 case leads to much larger numerical can-
cellations). This proves that the J = 0 multipole terms cancel
each other identically, as they should.

Furthermore, we used the fact that the J = 1 multipole
contributions of the IR” and IR terms are finite for an ad-
ditional test. We performed calculations of the IR’ and IR
terms for the nested diagrams in two different ways. First,
we computed the J = 1 contributions by the formulas pre-
sented above, with the w integration calculated analytically.
Second, we computed the same contributions by the general
routine developed for the regular parts, with the w integration
performed numerically. Perfect agreement was observed in all

cases. As a matter of fact, the explicit separation of the IR
contributions was not even necessary. We could have removed
all IR subtractions and just dropped the J = 0 multipole in
our general codes computing the regular contributions and the
total result would be the same. However, we found it safer
to compute the IR contributions separately and check their
cancellation explicitly.

For the overlapping-diagram IR contributions, we were not
able to carry out the analytical calculations of the w integrals
and had to rely on the numerical integration method. In order
to cross-check this part, we used numerical integration with
both positive and negative values of the regulator €, as dis-
cussed in the preceding section.

The numerical approach used in this work for computing
Feynman diagrams in the mixed momentum-coordinate repre-
sentation closely follows the procedure described in Ref. [31]
and is therefore not discussed further here.

IX. RESULTS

Tables III and IV summarize our numerical results obtained
for individual P-term contributions for the 1s state of hydro-

TABLE IV. Numerical results for the finite parts of individual P-term contributions, for Z = 83, in units of 1075.

IR’ IR

Term J>0 J>0 J>0 J>0 R Sum
NW1 3.1250 (5) 3.1250 (5)
NW2 -3.8740 (9) -3.8740 (9)
(0)% -0.0502 (1) -0.0502 (1)
ND1 -19.5278 -1.7893 -10.7545 -1.1351 —11.1065 (2) —-14.0309 (2)
ND2 159184 1.4586 -8.9433 -0.9439 -5.4600 (10) -4.9453 (10)
ND3 5.3772 0.5676 5.9359 (1) 6.5035 (1)
NV1 17.1421 -0.5964 11.6501 -0.4770 9.1974 (6) 8.1240 (6)
NV2 -13.9737 0.4862 9.1883 -0.3762 7.0464 (11) 7.1564 (11)
NV3 -2.0729 0.0849 —4.4407 (1) -4.3558 (1)
OD + OV 0.2691 0.2691 1.3896 (21) 1.6587 (21)
ADD -7.5185 -0.7936 -1.3635 -2.1571
Sum -0.4410 -0.4410 -2.8044 —2.8042 0.3995 (28) —2.8459 (28)
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TABLE V. The P term for the 1s g factor of H-like ions, in
units of 1076,

z Ep
50 ~0.2674 (42)
60 -0.9498 (83)
70 ~1.7257 (31)
83 -2.8459 (28)
92 -3.7369 (115)

genlike tin (Z = 50) and bismuth (Z = 83). Our calculations
were performed for the point nuclear model. Each P-term
contribution is separated into the infrared IR’ and IR and
regular R parts. The infrared contributions are calculated in
two variants, with all multipoles of the photon propagator
included (J > 0 columns) and with the J = 0 multipole ex-
cluded (J > O columns) (see the discussion in the preceding
section). The sums of all individual IR" and IR contributions
in the J > 0 and J > 0 columns are the same within the nu-
merical uncertainty, which served as an important cross-check
of our calculations.

We note large numerical cancellation between individual
P-term contributions, particularly pronounced for smaller val-
ues of Z. For instance, for Z = 50, the sum of absolute values
of all P-term contributions is by about three orders of mag-
nitude larger than the final result. This cancellation highlights
the necessity of carefully controlling numerical uncertainties
at intermediate stages of the computation. Any small mistake
in a single contribution would have a greatly magnified impact
on the final result.

The dominant numerical uncertainty in our computations
comes from the overlapping vertex contribution EC’;V. The
limitation was due to the fact that we were able to extend
the partial-wave summation only up to |kmax| = 15. For larger
values of «, the computation of the angular momentum co-
efficients described in Appendix B becomes unstable due
to severe numerical cancellations arising for ¢ — 0. Even
with extended-precision arithmetic for the angular momen-
tum coefficients, we were unable to extend the partial-wave
summation beyond this point. Final numerical results of our
calculation of the P-term contribution to the two-loop self-
energy correction to the 1s g factor of H-like ions with Z > 50
are presented in Table V.

In Table VI we summarize all contributions to the SESE
correction for the bound-electron g factor of H-like tin
ion (Z = 50), which was recently measured [7]. Our final

TABLE VI. Two-loop self-energy contributions to the 1s bound-
electron g factor of H-like tin, in units of 107°.

Term Value Ref.

F term —4.0835 (1) [27]
LAL 0.1086 (35) [27,28]

M term 0.143 (17) [28]

P term -0.2674 (42) this work
Sum —4.099 (19) this work, [28]
Za expansion —4.25 (30) [7,13,15]

result of —4.10(2) x 1079 is in good agreement with previ-
ous estimations of this correction based on the Z« expansion
[7,13-16], —4.3(3) x 107°, and improves its accuracy by an
order of magnitude.

Our first complete results for the SESE correction in H-like
tin were reported in our recent Letter [28]. They improved
the theoretical accuracy for the g factor of H-like tin by an
order of magnitude over the previous theoretical value re-
ported in Ref. [7]. The updated theoretical result showed a
mild tension of 2.1¢ with the experimental value. A potential
cause for the tension could be an underestimated uncertainty
of the currently accepted nuclear charge radius of ''¥Sn, as
listed in the tabulation [40]. This interpretation is supported
by the recent criticism by Ohayon [41], who argued that the
model dependence of the nuclear charge distribution had not
been properly accounted for in Ref. [40] and the uncertainties
therein should be substantially increased.

X. SUMMARY AND OUTLOOK

We presented a detailed description of our calculational
approach developed for the so-called P-term part of the two-
loop self-energy correction for the bound-electron g factor.
The P term consists of Feynman diagrams that need be treated
in a mixed momentum-coordinate representation. A detailed
analysis of infrared divergences present in individual P-term
contributions was carried out, and their cancellation was ex-
plicitly demonstrated. Explicitly finite formulas were derived,
suitable for numerical computations. Numerical calculations
of the P term were carried out for the g factor of the 1s state
of H-like ions with the nuclear charges Z > 50. The results
obtained for Z = 50 allowed us to improve the theoretical
accuracy for the g factor of H-like tin and enabled a stringent
test of the magnetic sector of bound-state QED theory.

In future studies, it will be necessary to extend our cal-
culations of the SESE correction to ions other than tin. On
the one hand, upcoming measurements on g factors of heavy
H-like ions are planned by the ALPHATRAP experiment [42],
which require nonperturbative (in Za«) calculations of the
SESE correction. On the other hand, high-precision experi-
mental results are already available for g factors of lower-Z
ions [4-6], where the SESE correction constitutes a dominant
source of theoretical uncertainty. An extension of the present
calculations to the smaller nuclear charges Z < 50 is likely
to be rather challenging because of the slower convergence
of the partial-wave expansion and the stronger numerical
cancellations. Possible strategies to overcome these difficul-
ties could include the partial-wave convergence acceleration
scheme [43], recently generalized to the two-loop Lamb-shift
calculations [24,25], as well as the use of the Coulomb gauge,
which has proven to be highly effective in one-loop self-
energy calculations [44].
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DATA AVAILABILITY APPENDIX A: ZEEMAN VERTEX FUNCTION
. . . IN MOMENTUM SPACE
The data that support the findings of this article are not NMOMENTUM SPAC
publicly available. The data are available from the authors The angular integrations in the Zeeman vertex function are
upon reasonable request. performed in momentum space as explained in Ref. [32]. The

result is expressed as [cf. Eq. (30) of Ref. [32]]
J

pi1+p2

o o 22 _
(ki1 Azee(e1, €2)|nakaua) =ApM/ dPldP2/ dgpipage™ P (= 1)~ p K (1, s K2, (o)
0 [p1—p2l

+ paK{(k1, p1s k2, w)IR1(P1, P2, @) + [— 1Ky (=K1, s —k2, (o)
+ paK| (=K1, s —ka2, w2)IR2(p1s P2, @) — p1paKa(kr, s k2, 2)[R3(p1s p2. )
+ Ra(p1, p2, Q1 — p1p2Ko(—k1, 1; —k2, 2)[Rs(p1, P2, @) + Re(p1. p2, @)1}, (A1)

where k| > and |, are the relativistic angular momentum quantum number and the angular momentum projection of the states
ny and n, respectively, R;(p1, p2, ¢) are the one-loop vertex functions given by Eqs. (A7)—(A12) of Ref. [38], and K, K], and
K, are basic angular integrals.

The angular integrals are defined as [cf. Eqs. (A7a)—-(A7c) of Ref. [32]]

43—; / dprdpaf(pr. p2. )X (POIPI X &1 X (P2) = / 1] d& f(p1. p2. )Ki (K1, 1 K2, o), (A2)
43—72 / dprdpaf (pr. P2 E)X , (POIP2 X 61 Xmsaun (P2) = / 11 d& f(p1. p2. E)K{(k1, i K2, p2), (A3)
% / dprdpaf (pr. P2, )X (BOPL X P2l Xew (P2) = [ 11 d& f(p1, p2. ©)Ka(k1, ;K2 142), (A4)
where 1% = p/Ipl, & = ﬁl -ﬁz, and f(p1, p2, £) is an arbitrary function.
The angular integrals K; and K| are evaluated as
i) ERCTNRL IR Ho (A9

where /| = |A/<1 +1/2]—1/2, I, = ko — 1/2| — 1/2, the angular coefficients Sy (k,, kp) are defined by Egs. (C7)—(C9) of
Ref. [38], C]].I':’m’ jam, AT the Clebsch-Gordan coefficients, and P, (£) are the Legendre polynomials. For k| = k; and p| = up =
1/2, the above formula reproduces the results of Eq. (A8a) of Ref. [38].

The angular integral K, is calculated to be

Limax

Ka(kr, psien, o) =282 Y PLE) Y Y Cib Gl R
L=Ln m=0,£10=%1/2
X R3(ly, my, 1,m, L, M)R3(L, M, 1, —m, I, my), (A6)

where Ly, = max(0,1; — 1,5, — 1), Lypax = min(l; + 1,1, + 1), and

Ry(ly, my, b, mo, Iy, m3) = / dp Y} (D)o, (D)Yims (D). (A7)

For k| = k; and ) = uy = 1/2, the above formulas give the results of Eq. (A8c) of Ref. [38]. The dependence of K, on the
projection of momenta is easily factorized as

j1— 1 (10
D =

—1\i—1/2010
(=D 2C 0 ) 1

Ky (k1 s ko, o) = Ky(k1, 5362, 3), (A8)

so it is sufficient to compute K, for pu; = pr = % only.
As a test, we calculate the matrix element of the regularized magnetic potential V, , in momentum space, which can be
expressed in a similar way,

o 0 Pi+p2 - LBV
(nic1 |V, plnakopr) =Ap_4/ dpldpz/ dq pipage™ 1P (= 1)k
127% Jo Ip1—pal
X {[—p1 Ki(k1, 15 k2, o) + paKi(kr, o132, 102)18n00 (P1) fraer (P2)
+ [—p1Ki(—k1, 1 —K2, 12) + paK{(—k1, 15 —k2, 12)] fuie (P1) 80k (P2)}, (A9)
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where g,.(p) and f,.(p) are the upper and the lower radial components of the Dirac wave function in momentum space [see

Eq. (6) of Ref. [38]].

APPENDIX B: ANGULAR INTEGRATION IN THE VERTEX OVERLAPPING CONTRIBUTION

For performing integrations over the angular variables in EZ,, it is convenient to switch to the spectral representation of the
Green’s function. After angular integrations are carried out, the resulting formulas can be easily rewritten in terms of radial
components of the Green’s function. Furthermore, it is sufficient to consider the unsubtracted contribution, since the expressions
for the subtraction term will be fully analogous. We thus write Eq. (71), omitting the substraction part, as

: dp\  dp>
P _ 5 o
Eqy(unsub) = — 4ia /CF dw/ 2n) @y /dz dyw2

e 1% 1

—F+i0 Z E —en)E —opy) Vo @V @

X Y WV W, W, (BOY TR (E, B €as P2)Wal(P2)- (BI)

Following the procedure, described in Ref. [30] for the Lamb shift, we transform the above formula as

(p1p2)?

E( (unsub) =

io? o dl_;'ldpg2 1
—= | do | dpud
27 Je, wfo n p2/ 82 w2—qz+iO§(E—em)(E—en2)

(Z 27 Cp(kr, kRS (g, an)P(nim)[F2ty (k1 ko, kea) + F32ty (1, —ka, —Ka)]

—l,—L+1 p(2
- Z i LR (g, any )P(mimo)[RPsG, (k1 ko, —ka) + RY4sG, (1, —K2, Ka)

+ pi RS, (k1 k2, ka) + P2 Ry sTT (K1, k2, ko) + pPIREsY (K1, —k2, —ka) + P2 ReshT (k1, —ka, —Ka)]>,

where the functions F;** and R[** come from the ver-
tex operator sandwiched between the Dirac wave functions
[see Egs. (147) and (148) of Ref. [30]] and the angu-
lar coefficients are defined by [cf. Eqgs. (150) and (151)
of Ref. [30]]

tykr ko kg) = Y (=Dl St (B
1M
X Yim (@) Xeua (P2)5 (B3)
Sk ka k) = Y (=DTC S L (B
1M
X & - Vim (@) Xeuu (P2)5 (B4)

10
sh k1 kakg) = Y (=DTMC S L (B
1M

X Pi - Vet (@) Xeya (P2)- (B5)

Furthermore, the radial integrals are [cf. Eqs. (145) and (146)
of Ref. [30]]

R(JI)(Q, an) = C; (e, Ka)/(; dxxzjl(qx)(gagn + fafn)s
(B6)

o0
R?L)(q, an) =/ dx x* jL(gx)[gafSir(Kay —Kn)
0

— fa&nSsL(—Kas k)], (B7)

(B2)

—K1 — K2
P(ny,ny) =2 Ci(—k2, k1)

NG
x/ dx (g for + fugn)s  (BS)
0

where g = ||, g, = g.(x) and f, = f,(x) are components
of radial wave functions, and j;(z) is the spherical Bessel
function. The standard angular coefficients Cy(xi, k») and
SyL(k1, k2) can be found, e.g., in Appendlx C of Ref. [30].

Now we turn to the integration over p; and p P in Eq. (B2).
It is complicated by the fact that we have to integrate out
all angles except for & = p1 p2 analytically, whereas the
remaining integration over £ can be performed only numer-
ically. We perform angular integration with the help of the
identity (see Appendix C of Ref. [45])

1
S 2/dmdpzf(q)G(pl,Pz)—/ldéf(q)é(é), (B9)

where f(q) and G( ﬁl , ﬁz) are arbitrary functions of the spec-
ified arguments and

A 1 A oA A A A A
G(§) = e ZPz(E)/dﬁldﬁzYzm(ﬁOnZ(ﬁz)G(ﬁl,ﬁz)-
Im
(B10)

With help of Egs. (B9) and (B10) we can integrate out all

angles except £ in the angular coefficients #;, 57, , and sf ‘LZ, ina

similar way to that described in Eqs. (C14)—(C20) of Ref. [45].
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The calculation is quite straightforward but tedious; the result-
ing formulas are too long to be presented here explicitly. What
is unfortunate, however, is not the length of the formulas, but
their numerical instability in the region ¢ — 0 and for large
J. Because of this we had to employ the extended-precision
arithmetic (up to 64 decimal digits) for computation of these
angular coefficients. Even so, we were able to extend the

partial-wave expansion in EZ; only up to |kmax| = 15, since
for higher partial waves even the 64-digit arithmetic was not
sufficient. This situation contrasts with the case of the Lamb
shift, where a numerically stable algorithm for computing
the analogous angular factors was found, as described in Ap-
pendix C of Ref. [31]. Unfortunately, we have not been able
to extend this stable algorithm to the g-factor case.
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