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Effective Hamiltonian for an off-resonantly driven qubit-cavity system
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Accurate modeling of driven light-matter interactions is essential for quantum technologies, where natural and
synthetic atoms are used to store and process quantum information, mediate interactions between bosonic modes,
and enable nonlinear operations. In systems subject to multitone drives, however, the theoretical description
becomes challenging and existing models cannot quantitatively reproduce the experimental data. Here, we
derive an effective Hamiltonian that retains slowly rotating terms, providing a general framework for accurately
describing driven dynamics across platforms. As a concrete application, we validate the theory in circuit QED,
where it quantitatively reproduces experimentally measured ac Stark shifts and captures key interactions such
as two-mode squeezing and beam splitting. Our results establish a broadly applicable tool to engineer driven
interactions in quantum information processing platforms.
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I. INTRODUCTION

Accurate control of driven light-matter interactions is cen-
tral to quantum technologies, where natural and synthetic
atoms coupled to bosonic modes enable information storage,
processing, mediated interactions, and nonlinear operations in
platforms from circuit quantum electrodynamics (QED) [1–3]
to trapped ions [4–6] and optomechanics [7,8]. A standard
route to controlling bosonic modes is to couple them dis-
persively to an ancillary nonlinear element such as a qubit.
The resulting photon-number-dependent frequency shifts en-
able selective addressing of Fock states [9–11], forming
the basis of universal bosonic control. In practice, realizing
nonlinear interactions often requires multitone off-resonant
driving of the coupled system [11–15]. While experimentally
effective, such driving is theoretically challenging: conven-
tional displaced-frame treatments [14,16] combined with
rotating-wave approximations (RWAs) break down in the
near-resonant regime [15]. A particularly striking failure is
their inability to reproduce the measured Stark shift of the
qubit.

Here, we present an effective Hamiltonian framework
that extends the displaced-frame approach by retaining near-
resonant contributions. The method applies broadly; similar
displacement-based approaches have also been explored in
optomechanical platforms [17–19], trapped ions [20], and
atomic ensembles [21]. As a concrete application, we focus

*Contact author: martin.jirlow@chalmers.se
†Contact author: tahereh.abad@chalmers.se

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Funded
by Bibsam.

here on circuit QED in the strong dispersive regime [22–28].
We validate the model against experimental data from Ref.
[15], where it quantitatively reproduces ac Stark shifts and
accurately captures driven interactions such as two-mode
squeezing, as well as against beam-splitting measurements
performed in the present work. Our results show that standard
approximations can fail even qualitatively in regimes used in
current experiments, and provide a predictive, quantitatively
accurate framework for designing driven quantum interactions
in anharmonic platforms. To facilitate reproducibility and fur-
ther exploration, the source code implementing the effective
Hamiltonian framework is available at Ref. [29].

II. SYSTEM HAMILTONIAN

We consider a driven system comprising a transmon-type
qubit dispersively coupled to a cavity, described by the Hamil-
tonian [30]

H = Hfree + Hdrive, (1)

where

Hfree = ωca†a + ωqb†b − EJ

24
[ϕq(b + b†) + ϕc(a + a†)]4,

(2)
describes a bosonic cavity mode a coupled to a transmon
qubit mode b. Here, ωc and ωq are the renormalized mode
frequencies, EJ is the Josephson energy, and ϕc, ϕq are the
dimensionless zero-point flux fluctuations across the junction.

The system is driven by N tones on the cavity and M tones
on the qubit, with drive Hamiltonian

Hdrive =
N∑

n=1

ε(n)
c cos

(
ω

(n)
cd t + θ (n)

c

)
a†

+
M∑

n=1

ε(n)
q cos

(
ω

(n)
qd t + θ (n)

q

)
b† + H.c., (3)
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where ε
(n)
i and θ

(n)
i are the amplitude and phase of the nth

drive on mode i = q, c. Avoiding the conventional approxi-
mation a†e−iωt + H.c., we retain the full cosine form, which
contains both positive- and negative-frequency components.
In a rotating frame at the drive frequency, one component
becomes stationary while the other is usually discarded as
rapidly oscillating. As we show below, however, this coun-
terrotating contribution can combine with off-diagonal terms
of the system Hamiltonian and generate effective resonant
processes, making it essential to keep both.

Each drive frequency can be expressed in terms of its
detuning from the corresponding mode frequency,

ω
(n)
id = ωi + �

(n)
i , for i = q, c, (4)

with detuning �
(n)
i from the mode frequency ωi.

Moving to a rotating frame at the cavity and qubit fre-
quencies, and applying the RWA, the diagonal part of Eq. (2)
becomes

Hdiag
free = −α

2
b†2b2 − Kc

2
a†2a2 − χb†ba†a, (5)

where α is the qubit anharmonicity, Kc the cavity Kerr, and χ

the dispersive coupling. In the absence of drives, rapidly ro-
tating terms beyond Eq. (5) average out and can be neglected.
In the presence of driving, however, these terms can combine
with counterrotating components of the drives Eq. (3), can-
cel their oscillations, and become effectively resonant in the
displaced frame. As a result, contributions such as b†3b that
rotate at 2ωq must be retained to capture the correct dynamics.
In the next section, we show how these contributions enter the
effective Hamiltonian.

III. EFFECTIVE MODEL

In the conventional displaced-frame treatment, one ob-
tains an effective Hamiltonian by applying a displacement
transformation that removes the linear drive terms, followed
immediately by the RWA. For clarity, we will refer to this
scheme as the “Early RWA” approach, since the RWA is
applied at an early stage of the derivation. This procedure
exposes higher-order interactions from the transmon nonlin-
earity, such as a†b† enabling two-excitation processes [14,15],
ab† corresponding to excitation exchange [33], or four-wave
mixing interaction [34].

In our approach, we first move into a frame rotating at the
cavity and qubit frequencies, and then apply the displacement
transformation. This allows certain counterrotating contribu-
tions of the drive to survive in the displaced frame, which
play a key role in the driven dynamics [30]. We then apply
the RWA only at the final step, an approach we call “Late
RWA,” which ensures that slowly rotating contributions at
small detunings (such as the b†2b term) are retained. The
displacement transformation is implemented by the unitary

U (t ) = Dq[ξq(t )]Dc[ξc(t )], (6)

where Dq and Dc are displacement operators for the qubit and
cavity modes. The displacement amplitudes ξq(t ) and ξc(t )
are chosen to cancel the linear drive terms of Eq. (3) and de-
compose into contributions from both co- and counterrotating

drive components,

ξi(t ) =
Ni∑

n=1

[
ξ

(n)
i,1 (t ) + ξ

(n)
i,2 (t )ei2ωit

]
, for i = q, c, (7)

where the second term originates from the counterrotating part
of the cosine drives. The explicit forms of ξ

(n)
i,1 and ξ

(n)
i,2 are

given by [30]

ξ
(n)
i,1 (t ) = ε

(n)
i e−iθ (n)

i

−2�
(n)
i − iκi

e−i�(n)
i t ,

ξ
(n)
i,2 (t ) = ε

(n)
i eiθ (n)

i

4ωi + 2�
(n)
i − iκi

ei�(n)
i t ,

for i = q, c, (8)

where κq and κc are the qubit and cavity decay rates. In-
cluding these rates ensures consistency with the Lindblad
master equation, since the inhomogeneous transformation that
defines the displacement must leave the dissipators invariant
[30]. In the limit �

(n)
i � κi, their contribution becomes negli-

gible. For compactness, we write ξi,1 and ξi,2 as shorthand for
the sums ξi,1(t ) = ∑Ni

n=1 ξ
(n)
i,1 (t ) and ξi,2(t ) = ∑Ni

n=1 ξ
(n)
i,2 (t ), re-

spectively, with i = q, c. For brevity, we omit the explicit time
dependence of these terms in what follows.

Under the assumption that the drive detunings are small
enough to avoid superharmonic processes such as b†3 + H.c.,
we apply Eq. (6) to the total Hamiltonian Eq. (1) in the rotat-
ing frame and, after performing the RWA, obtain the effective
Hamiltonian [30]

Heff = Hdiag + H1 + H2. (9)

Here, Hdiag presents the diagonal part

Hdiag = δqb†b + δca†a − α

2
b†2b2 − Kc

2
a†2a2 − χb†ba†a,

(10)
with drive-induced shifts δq = −2α|ξq,1|2 − χ |ξc,1|2 and δc =
−2Kc|ξc,1|2 − χ |ξq,1|2. These terms correspond to the ac Stark
shifts obtained in the Early RWA treatment, but that approxi-
mation fails to reproduce the experimentally observed shifts.

The interaction part H1 arises from the displacement of
anharmonic and dispersive terms, and takes the form

H1 = −α

2

(
ξ 2

q,1b†2 − 2ξq,1b†2b
) − Kc

2

(
ξ 2

c,1a†2 − 2ξc,1a†2a
)

−χ (ξq,1ξc,1b†a† + ξ ∗
q,1ξc,1ba† − ξc,1b†ba† − ξq,1b†a†a)

+ (αξq,1|ξq,1|2 + χξq,1|ξc,1|2)b†

+ (Kcξc,1|ξc,1|2 + χξc,1|ξq,1|2)a† + H.c. (11)

Here, we see, for example, that making the two-photon term
b†a† resonant requires canceling the time dependence in
ξq,1ξc,1, which is achieved by choosing opposite detunings,
�(n)

c = −�(n)
q = � in Eq. (8). The remaining terms then ro-

tate at frequencies that are integer multiples of �. When
1/� is similar to or larger than the dynamical timescale,
these terms remain slowly varying and contribute significantly
to the system evolution. In Ref. [35], only the cavities are
displaced, which does not capture the effects of off-resonant
qubit driving.

Finally, H2 contains contributions from counterrotating
drive terms, including terms oscillating at 2ωq, 2ωc in the
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FIG. 1. Ac Stark shift of the qubit frequency under (a) a qubit
drive at ωq + �q (�q = −20 MHz) and (b) a cavity drive at ωc + �c

(�c = 18.5 MHz), as functions of drive amplitudes εq and εc, respec-
tively. Simulations using Heff obtained from the Late RWA method
show excellent agreement with experimental data, while Early RWA
fails to reproduce the correct sign and magnitude in (a). The inset in
(a) highlights the noticeable contribution of the correction H2.

rotating frame, or higher-order mixing frequencies. These be-
come relevant through the time dependence of ξi,2:

H2 = αξ ∗
q,2b†2b − Kcξ

∗
c,2a†2a − χ

6
(ξ ∗

q,2ξ
∗
c,2b†a† + ξq,2ξ

∗
c,2ba†)

+ χ

6
(ξ ∗

c,2b†ba† + ξ ∗
q,2b†a†a) + H.c. (12)

The counterrotating contribution Eq. (12) provides a small
but non-negligible correction to Eq. (11). It originates from
rapidly oscillating terms in the Josephson cosine expansion
whose rotation is canceled by the counterrotating components
of the drive fields.

Equations (9)–(12) constitute the main result of this article:
an effective Hamiltonian describing the dynamics of a cavity-
qubit system under off-resonant multitone driving, including
frequency shifts, induced interactions, and counterrotating
corrections.

IV. MODEL VALIDATION

We validate the effective Hamiltonian Eq. (9) by com-
paring its predictions for the qubit ac Stark shift in the
coupled qubit-cavity system with experimental data. Single-
tone drives are applied either to the qubit or the cavity: the
qubit is driven red-detuned at ωq + �q (�q < 0), and the
cavity blue-detuned at ωc + �c (�c > 0), with the specific
detunings given in the caption of Fig. 1. Simulations use the
parameters of Ref. [15].

The Stark shift is defined as the change in the dressed qubit
frequency extracted from the spectrum of Heff Eq. (9) rela-
tive to its undriven value. For single-tone drives, Heff can be
made time independent by moving into an additional rotating
frame at the detuning �i. Since we are already in the frame
rotating at ωi, this extra transformation effectively brings us
into the interaction picture at the drive frequency ωi + �i.
In this frame, the phase rotation of ξi, j (i = q, c, j = 1, 2) is
canceled, yielding well-defined eigenstates and eigenenergies.
Figure 1(a) shows the shift under qubit driving, with excellent
agreement between model and experiment to within ∼20 kHz
(1.3% error). Figure 1(b) shows the cavity-drive case, with
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FIG. 2. (a) Qubit state energies for the states |g〉, |e〉, and | f 〉
in a frame rotating at the drive frequency. (b) Qubit Stark shift
vs detuning for a fixed qubit drive amplitude εq = 7.63 MHz. The
Late RWA approach (Heff) captures both the sign change across
resonance and the transition near �q ≈ −α, features that are missed
by the Early RWA method. The system parameters are listed
in Table S1 [30].

deviations below ∼81 kHz (3.9% error). Importantly, the ef-
fective Hamiltonian obtained from the Late RWA approach
reproduces both the magnitude and sign of the shift, unlike
the Early RWA which predicts a negative shift. The correction
H2, although small, makes a visible difference in Fig. 1(a).

To understand this discrepancy for �q < 0, note that ear-
lier models neglect terms rotating at frequencies ∼�q, which
is only valid when |�q| is large [33]. At small detuning,
these terms rotate slowly and crucially affect the Stark shift.
Figure 2(b) shows the Stark shift versus detuning, revealing a
sign change across resonance and a critical transition around
�q ≈ −α, due to an avoided level crossing between the |e〉q
and | f 〉q qubit states in the rotating frame, where the three
lowest-energy eigenstates of the qubit are denoted |g〉q, |e〉q,
and | f 〉q. This difference originates from the treatment of the
slowly rotating coupling terms responsible for the avoided-
level repulsion: the Late RWA retains these terms, while the
Early RWA discards them. Consequently, only the Late RWA
captures the resulting modification of the dressed-state spec-
trum. The Early RWA instead retains only the drive-induced
self-Kerr contribution from δq in Hdiag.

This is especially relevant for �q ∈ (−α, 0), where the
dressed state |e〉q lies energetically above |g〉q and | f 〉q in the
rotating frame. This can be seen in Fig. 2(a). Driven repul-
sion from both neighboring levels therefore shifts the energy
of |e〉q upward, and this positive contribution outweighs the
negative shift from δq. The net result is a positive Stark shift.
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FIG. 3. Qubit population under the two-mode squeezing transi-
tion |0〉c |g〉q → |1〉c |e〉q, as a function of drive amplitudes εq and
εc, after a gate time τ = 4.2 µs. (a) Simulation using the effective
Hamiltonian Eq. (9). (b) Experimental data from Ref. [15].

This repulsion mechanism is absent in the Early RWA, which
fails to reproduce the experimentally observed sign change.
This feature, consistent with experiment, is beyond the reach
of previous approximations [14,15]. Finally, the model also
captures the Stark shift of the cavity induced by qubit driv-
ing (see Supplemental Material [30]), which is much smaller
(∼50 kHz) due to the cavity’s near-harmonic spectrum.

We now demonstrate the utility of our effective Hamil-
tonian by analyzing two fundamental interactions that arise
when driving both the qubit and cavity with two tones: two-
mode squeezing and beam splitting.

A. Two-mode squeezing

This regime involves two-photon creation processes of the
form a†b†, enabling entanglement generation between the
qubit and cavity modes [14,15]. A notable example is the
selective number-dependent arbitrary-phase photon-addition
(SNAPPA) protocol [15], which employs off-resonant drives
to realize number-selective interactions. In SNAPPA, a single-
qubit drive at �q = −� is combined with a multitone cavity
drive at �(n)

c = � − (n + 1)χ , where n spans the photon
numbers from a chosen parity subspace (e.g., all odd n),
χ is the dispersive shift, and � is a small detuning on
the order of tens of MHz. These drives coherently induce
transitions |n〉c |g〉q → |n + 1〉c |e〉q, thereby adding a photon
conditioned on photon number parity, while simultaneously
exciting the qubit and imprinting a programmable phase
dependent on the relative phases of the drive fields. Such
number- and parity-selective operations are key resources for
bosonic error correction [13,15].

We simulate Heff, Eq. (9), using the system parameters as
in Ref. [15], with single-tone drives on the qubit and cavity
at amplitudes εq and εc. Drive frequencies are chosen to
implement the SNAPPA transition |0〉c |g〉q → |1〉c |e〉q (i.e.,
n = 0). Figure 3(a) shows the simulated qubit population,
as εq and εc are varied. The resulting interference pattern
closely matches the experimental data in Fig. 3(b), confirming
that Late RWA captures the relevant dynamics. Additional
simulations in the Supplemental Material [30] show qubit
populations for higher-order two-mode squeezing transitions,
where Heff reproduces the experimental chevrons while the
Early RWA model shows clear discrepancies.

FIG. 4. Qubit population under the beam-splitting transition
|1〉c |g〉q ↔ |0〉c |e〉q, as a function of gate time τ and cavity drive
frequency offset δωcd . The drive frequencies are ωqd = ωq + �q

and ωcd = ωc + �c + νcorr + δωcd , with �q = �c = −50 MHz and
νcorr ≈ −5.02 MHz, an experimental correction that centers the
pattern. (a) Simulation using the effective Hamiltonian Eq. (9).
(b) Experimental data, taken with the parameters of Table S1 in
Supplemental Material [30].

B. Beam-splitting interaction

This regime corresponds to another two-photon process
in which an excitation is swapped between the qubit and
cavity modes, and is commonly used to implement controlled
SWAP gates [14,33,36]. It can be driven using a qubit and
cavity tone with matched detunings, �q = �c = �, such that
ωqd − ωcd = ωq − ωc. This condition selectively drives the
conversion |n〉c |e〉q ↔ |n + 1〉c |g〉q. Figure 4(a) shows the
simulated qubit population for the beam-splitting transition,
starting from the initial state |1〉c |g〉q, as a function of gate
time τ and cavity drive frequency offset δωcd . The drives are
set with � = −50 MHz, and ωcd = ωc + � + νcorr + δωcd ,
where νcorr ≈ −5.02 MHz is an experimental correction that
centers the beam-splitting pattern. The simulation uses the
system parameters listed in Table S1 of the Supplemental
Material [30]. The simulated dynamics closely match the ex-
perimental data in Fig. 4(b), demonstrating that the effective
Hamiltonian provides an accurate description of the beam-
splitting interaction.

V. OUTLOOK

We derived an effective Hamiltonian for a driven cavity-
transmon system that goes beyond the conventional displaced-
frame treatments. Beyond resolving a theoretical inconsis-
tency, this framework provides a predictive tool for designing
and calibrating driven quantum operations, reducing the need
for empirical tuning and enabling more reliable control
of bosonic modes. Given its generality across anharmonic
platforms, this approach has immediate implications for high-
fidelity gate design [10,12,14,37], bosonic error correction
[13,15,38,39], and Hamiltonian engineering in a wide range
of quantum technologies [40,41].

In this approach, which we refer to as the Late RWA
method, the RWA is applied only after transforming into a
rotating frame and performing the displacement. In contrast
to the conventional Early RWA method, where the RWA
is applied immediately after displacement, deferring the
approximation preserves counterrotating drive contributions

042605-4



EFFECTIVE HAMILTONIAN FOR AN OFF-RESONANTLY … PHYSICAL REVIEW A 114, 042605 (2026)

in the displaced frame. The model applies to off-resonant
multitone driving, with particular importance in the
near-resonant regime, where the Early RWA method fails. It
reproduces experimental features, such as the qubit and cavity
ac Stark shifts, and accurately captures beam-splitting and
two-photon processes.

This framework enables predictive simulation of systems
under arbitrary multitone driving on both qubit and cavity,
allowing precise evaluation of cumulative Stark effects from
complex drive spectra. Such capability is particularly valuable
for high-fidelity control, where even small, Fock-dependent
shifts, especially in the cavity, can be used to sculpt the transi-
tion landscape and mitigate unwanted nonlinearities [42,43].
While we focused here on the fundamental transmon transi-
tion, the same approach naturally extends to any anharmonic
oscillator, including other qubit types such as the fluxonium
[44–47], phase [48], and flux qubits [49–51].

Looking forward, extending the method to include su-
perharmonic processes could open the door to modeling
higher-order transitions such as |0〉c | f 〉q ↔ |1〉c |g〉q [52],
and to applications ranging from dissipation engineering via
lossy buffer modes [13] to on-demand microwave photon
generation in parametrically driven systems [53,54]. The
open-source implementation introduced above provides a
practical basis for exploring these extensions. We expect this
framework to become a practical tool for advancing control
techniques in circuit QED platforms.
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