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Quantized helicity in optical media
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We present an alternative approach to the definition of optical helicity in a medium. Our approach resolves the
problem that duality transformations which simultaneously combine E with H and D with B are incompatible
with linear constitutive relations. We find that the helicity density in a medium, as the conserved quantity
associated with duality transforms, must contain an explicit contribution associated with the polarization and
magnetization of the matter, and that it can be expressed naturally in terms of the elementary polarized excitations
of the system. In media for which the helicity is conserved, each circular excitation carries a well-defined helicity.
However, in a medium for which the helicity is not conserved, we find that the time-varying helicity can be
viewed in terms of oscillations between different helicity eigenstates, analogous to neutrino oscillations. Here we
explicitly study the helicity in homogeneous and lossless media but we believe that, differently to other choices,
this helicity is readily generalizable to media that may be inhomogeneous, lossy, chiral or nonreciprocal.
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I. INTRODUCTION

Helicity is an important and well-understood property in
particle physics [1,2], and in optics, where it is associated
with circular polarization [3]. The helicity is the fundamental
measure of the handedness of light, and as such it has been
identified as the key optical quantity in the differential action
of light on chiral molecules and media [4–6]. This includes,
in particular, chirally selective forces present in a field with a
helicity gradient [7,8].

At low energies, that is in the absence of free charges and
currents, Maxwell’s equations reduce to

∇ · D = 0, ∇ · B = 0,

∇ × E = −∂t B, ∇ × H = ∂t D. (1)

It was Heaviside and Larmor [9,10] who first pointed out that
these equations possess an electric-magnetic symmetry in that
they are unchanged if we perform the rotations

E′ = cos θ E + sin θ H,

H′ = cos θ H − sin θ E,

D′ = cos θ D + sin θ B,

B′ = cos θ B − sin θ D, (2)

where θ is a pseudoscalar, and we work in natural units in
which ε0, μ0, c, and h̄ are all unity. In free space we can
associate this symmetry with a locally conserved helicity
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density [11]

hfree = (A · B − C · D)/2, (3)

where A is the magnetic vector potential, defined by B =
∇ × A, and C is the electric vector potential, defined by D =
−∇ × C [12,13]. The flux or flow of the helicity is simply
the spin density [11,14]. Indeed, in free space the Heaviside-
Larmor transformation (2) may be interpreted as a rotation of
the fields for each plane wave through an angle θ about its
direction of propagation. As required the total helicity, which
is the volume integral of hfree, acts as the generator of this
transformation.

An important consequence of the Heaviside-Larmor sym-
metry is that all physical quantities must also be invariant
under it [15]. This means, for example, that the energy density
(E · D + B · H)/2, and the kinetic and canonical momentum
densities E × H and D × B [16], are satisfactory, but that
E × B is not, and so lacks the physical significance of the
other cross products. This condition also applies to optical
forces on a medium, and we note that the Einstein-Laub force
density [17,18]

f = (P · ∇)E + ∂P
∂t

× H + (M · ∇)H − ∂M
∂t

× E (4)

also satisfies the symmetry. Here, P and M are the polarization
and magnetization densities within the medium.

A problem arises when we seek the conserved quantity that
is naturally associated with the Heaviside-Larmor transforma-
tion in a medium. If, for example, we consider the simplest
constitutive relations D = εE and B = μH and impose the
transformation from E and H to E′ and H′, then we find

D′ = εE′ = cos θ D + sin θ (ε/μ)B,

B′ = μH′ = cos θ B − sin θ (μ/ε)D, (5)
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FIG. 1. Illustration comparing two ways of defining the duality
transform in a medium. (a) The duality transform defined in Eq. (2)
implies a simple rotation between the D and B fields. (b) The duality
transforms defined in Eqs. (5) and (6) are equivalent to a rotation and
scaling, and alter both the relative lengths of D′ and B′ and the angle
between them. It is clear that the transformations (5) and (6) are both
incompatible with those in Eq. (2).

which is not of the form required by the Heaviside-Larmor
symmetry. This problem is depicted for both D′ and B′ in
Fig. 1. The situation is worse in chiral media, for which D
depends on both E and H, while B is a function of both H
and E [19,20]. The transformations (5) and (2) are compatible
only when ε/μ = 1. In this case, we say that the medium is
dual symmetric.

II. DEFINING A DUALITY TRANSFORM

One way in which the incompatibility of (2) and (5) and
the constitutive relations has been addressed previously is to
define a duality transform in media which explicitly includes
the permittivity and permeability [21–24]. That is, to use the
transformation

E′ = cos θ E + sin θ
√

μ/ε H,

H′ = cos θ H − sin θ
√

ε/μ E,

D′ = cos θ D + sin θ
√

ε/μ B,

B′ = cos θ B − sin θ
√

μ/ε D, (6)

in place of (2). This transformation is a symmetry of
Maxwell’s equations (1) under the condition that ∇√

ε/μ = 0
throughout space. This approach leads to an optical helicity
density similar to the free-space expression (3), with the addi-
tion of appropriate factors of ε and μ [23]. In chiral media,
however, the situation is more complicated, and the helic-
ity density derived from this transformation above includes
extra contributions proportional to the energy density in the
medium [24].

The difference between the transformations (2) and (6) can
be emphasized by noting that (2) corresponds to a rotation
between D and B, while (6) corresponds to a rotation and
scaling, with a scale factor which depends on both ε and μ.
Dispersion in the absence of absorption can be accommodated
for in the transformation (6) [23]. From this point of view,
however, treating dispersive media amounts to applying a
different scaling for the different frequency components of the
fields.

This approach works for linear, lossless materials. How-
ever, there are features of the transformation (6) that make
it very difficult to extend to more general cases. It is un-
clear how to account for frequency-dependent absorption,

which prohibits the treatment of realistic media that obey the
Kramers-Kronig relations. Nonlinear responses are excluded
from the outset, as the definition of the transformation (6)
assumes that the field pairs D/B and E/H are connected by
linear constitutive relations.

Furthermore, we may note that the transformations (6)
imply the following transformation of the polarization P and
magnetization M:

P′ = cos θP + sin θ

√
ε

μ
M + sin θ

(√
ε

μ
−

√
μ

ε

)
H,

M′ = cos θM − sin θ

√
μ

ε
P + sin θ

(√
ε

μ
−

√
μ

ε

)
E. (7)

We see that, while the transformations (6) may be a symmetry
of Maxwell’s equations (1) even when ε �= μ, they then imply
transformations of P and M that depend explicitly on the
fields, rather than the simple rotation implied by (2).1

All of these issues stem from the fact that (6) explicitly
includes the constitutive parameters ε and μ in the transfor-
mation. Our approach here is to eschew (6), and to instead
consider

A′ = cos θ A + sin θ C, C′ = cos θ C − sin θ A,

P′ = cos θ P + sin θ M, M′ = cos θ M − sin θ P (8)

as the duality transformation from which to derive the optical
helicity inside a general medium. The key to this approach is
that the fields P and M are not derived from the imposition of
constitutive relations, but are explicitly included in an effec-
tive model of the material’s internal degrees of freedom (as in
[25,26]).

The explicit inclusion of dynamical material degrees of
freedom leads to the natural emergence of a matter component
in the medium helicity. We can expect, therefore, the resulting
helicity to have, generally, properties different from the case
when only the photon degrees of freedom are retained [such
as (6)], particularly for excitations that behave in a matterlike
rather than photonlike manner. We emphasize that there are
no a priori reasons to expect the matter helicity to be closely
tied to the circular polarizations of the A, P, or M fields.

1There are some cases in which the transformation (7) can be
viewed as providing a scaled rotation between P and M. If we have
D = εE and B = μH, then we can write P = χeE and M = χmH
with ε = 1 + χe and μ = 1 + χm. Using these relationships in (7),
we obtain

P′ = cos θP + sin θ

√
ε

μ

χe

χm
M,

M′ = cos θM − sin θ

√
μ

ε

χm

χe
P,

which, for a plane wave propagating through the medium, would
effect a physical rotation of the P and M vectors induced by the wave
about the direction of propagation. For more general constitutive re-
lations, for example, a chiral medium described by D = ε(E + β∇ ×
E), B = μ(H + β∇ × H), this interpretation is less clear, even when
(6) remains a symmetry.
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Nonetheless, we must also recover the familiar behavior of the
helicity being proportional to the photon-energy density for
excitations that are photonlike. The approach taken here is the
helicity counterpart of treating the electromagnetic and matter
degrees of freedom on equal footing in the energy density,
which is required for the optical Thomas-Reiche-Kuhn sum
rules [27] to be fulfilled.

III. HELICITY OPERATOR AS A GENERATOR

In order to enforce both of the transformations in Eq. (8)
and, thereby, generate the Heaviside-Larmor transformation
(2), we need to extend the form of the helicity and of its flux
to include both field and matter components. This suggests
that the total helicity density should take the form

h = 1
2 (A · B − C · D) + �P · M − �M · P, (9)

where �P and �M are the canonical momenta conjugate to
P and M, respectively. This helicity now includes an explicit
contribution from the matter, as well as from the electromag-
netic field. We base this form of the helicity density on the
fact its volume integral generates the full Heaviside-Larmor
transformation (2). The simplest method to confirm this is to
promote our fields to quantum mechanical operators, where[

Âi(x), �̂A
j (x′)

] = [Âi(x),−D̂ j (x′)] = iδ⊥
i j (x − x′), (10)[

P̂i(x), �̂P
j (x′)

] = iδ⊥
i j (x − x′), (11)[

M̂i(x), �̂M
j (x′)

] = iδ⊥
i j (x − x′). (12)

We then find

eiθ
∫

d3r ĥ(r)Ê(x)e−iθ
∫

d3r ĥ(r) = Ê(x) + θĤ(x), (13)

eiθ
∫

d3r ĥ(r)Ĥ(x)e−iθ
∫

d3r ĥ(r) = Ĥ(x) − θ Ê(x), (14)

eiθ
∫

d3r ĥ(r)P̂(x)e−iθ
∫

d3r ĥ(r) = P̂(x) + θM̂(x), (15)

eiθ
∫

d3r ĥ(r)M̂(x)e−iθ
∫

d3r ĥ(r) = M̂(x) − θ P̂(x), (16)

to first order in θ and where all fields are transverse. The
infinitesimal transformations of D and B follow directly.

We have taken all fields to be transverse, as we here wish to
study the consequences of this definition of helicity in the sim-
plest possible case, that of a homogeneous medium. However,
we note that helicity density in Eq. (9) will always only gener-
ate the duality transform for the transverse component of the
electromagnetic fields, as D and B are necessarily transverse.
This is a consequence of the fact that Maxwell’s equations (1)
only specify the transverse components of the electromagnetic
fields: D and B are transverse, and E and H appear only
through their curls, and so the longitudinal parts do not enter
into the dynamics. From the perspective of the helicity as a
generator, it is technically possible to include the longitudinal
components of the matter parts of the helicity density, i.e., the
polarization P and magnetization M and associated momenta,
and promote the respective commutators to full δ-functions.
This may be important for the extension to inhomogeneous
media. This is, however, outside the scope of what we wish to
study here and we leave it to future work.

Finally, we also find that the flux density of our generalized
helicity density is simply

v = 1
2 (E × A + H × C), (17)

which we recognize as the density of the electromagnetic spin.
For situations in which the helicity is locally conserved, the
helicity density and this flux satisfy the local conservation law

∂h

∂t
+ ∇ · v = 0, (18)

as may be derived directly from Noether’s theorem. The de-
tails of this are given in Appendix A.

IV. EXAMPLES OF HELICITY IN MEDIA

By explicitly including a matter component, we have
obtained a generally applicable form for the helicity and estab-
lished that it is indeed the conserved quantity associated with
the full Heaviside-Larmor symmetry. It remains to examine
how this quantity appears for a given medium and, moreover,
to determine the physical forms of the two canonical momenta
�̂P and �̂M , which will depend on the mathematical model
employed. To this end we introduce a model Lagrangian of a
simple magnetodielectric medium.

For simplicity, we consider here space filled by a homoge-
neous lossless magnetodielectric, with a single electric and a
single magnetic resonance. The polarization and magnetiza-
tion fields satisfy the equations of motion

∂2P
∂t2

+ ω2
E P = α2E,

∂2M
∂t2

+ ω2
MM = β2H, (19)

where ωE and ωM are the resonance frequencies, and α and β

are constants. In frequency space, it is clear that these equa-
tions imply the constitutive relations D = εE and B = μH,
with

ε(ω) = 1 + α2(
ω2

E − ω2
) , μ(ω) = 1 + β2(

ω2
M − ω2

) . (20)

Equations (19), along with Maxwell’s equations, may be
obtained from the Lagrangian density

L = 1

2
[E2 − B2] + P · E + M · B

+ 1

2α2

[
(∂t P)2 − ω2

E P2
]

+ 1

2β2

[
(∂t M)2 − (

ω2
M + β2

)
M2

]
, (21)

and we take this Lagrangian as a starting point from which to
derive an expression for the optical helicity. To begin, we note
that the Lagrangian is invariant under the duality transform
(8) if (and only if) α = β and ωE = ωM . If we set α = β

and ωE = ωM = ω0, then we can apply Noether’s theorem to
recover the helicity directly, as shown in Appendix A. Having
established this definition in the dual-symmetric case, we may
then apply it in the general case where ωE �= ωM or α �= β,
and the quantity is no longer locally conserved.
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For our chosen model Lagrangian, the canonical momenta
corresponding to the polarization and magnetization are given
by

�P ≡ ∂L
∂Ṗ

= ∂t P/α2, (22)

�M ≡ ∂L
∂Ṁ

= ∂t M/β2. (23)

These may therefore be interpreted as bound polarization and
magnetization currents for the Lagrangian (21).

V. QUANTIZED HELICITY

We turn next to a microscopic quantum description of the
helicity. In free space, the total helicity can be expressed as
the difference between the number of left- and right-handed
circularly polarized photons [14,28,29]∫

d3r ĥfree =
∫

d3k
∑
λ=±

λ â†
λ(k)âλ(k), (24)

where â†
λ(k) and âλ(k) are the creation and annihilation op-

erators for a photon of wave vector k, and λ = ±1 labels the
two circular polarizations. This is another way of stating that
the helicity per photon equals ± the photon energy divided
by its frequency, as the energy density per photon in some
mode is simply k â†

λ(k)âλ(k). We will find that the helicity
operator defined by Eq. (9) admits a similar interpretation in
a dual-symmetric medium: it is equal to the difference in the
number of left- and right-handed polaritons in the system. In
other words, a polariton carries helicity that equals ± the total
energy density over the polariton frequency. We shall also
see that the relationship is not quite so simple in a general
medium, as the matter part of the helicity can contribute with
a different sign to the electromagnetic part.

To begin, we diagonalize the system and examine the
polariton modes. From the Lagrangian (21), we obtain the
Hamiltonian

Ĥ =
∫

d3k
∑
λ=±

k â†
λ(k)âλ(k)

+ ω̃E b̂†
λ(k)b̂λ(k) + ω̃Mĉ†

λ(k)ĉλ(k)

− i
α

2

√
k

ω̃E
[âλ(k) − â†

λ(−k)][b̂λ(−k) + b̂†
λ(k)]

− λ
β

2

√
k

ω̃M
[âλ(k) + â†

λ(−k)][ĉλ(−k) + ĉ†
λ(k)], (25)

where âλ(k), b̂λ(k), and ĉλ(k) are the annihilation operators
corresponding to the fields A, P, and M, respectively. We have
also defined ω̃2

E = ω2
E + α2 and ω̃2

M = ω2
M + β2. We define

the circular polarization vectors e± with the convention that
eλ(k) · e∗

λ′ (k) = δλλ′ , eλ(k) · k = 0 for all λ, and eλ(−k) =
−e−λ(k). Our continuum annihilation and creation operators
satisfy the bosonic commutation relations [âλ(k), â†

λ′ (k′)] =
δλλ′δ(k − k′), with similar relations for b̂λ(k) and ĉλ(k), and
all other commutators equal to zero. The explicit expansions
of Â, P̂, and M̂ used to obtain (25) from (21) are given in
Appendix B.

FIG. 2. The polariton branches, i.e., solutions to the dispersion
relation in Eq. (28), with α = ω0/2. The sign of ωi has been chosen
to ensure that the wave vector and group velocity direction coincide.

We consider first the helicity in a dual-symmetric medium,
and show that the total helicity is naturally expressible in
terms of the polariton modes of the system. As mentioned
above, in a dual-symmetric medium, the helicity operator
defined by Eq. (9) is simply equal to the difference between
the number of left- and right-handed polaritons in the system.
We will then go on to show how this picture is modified in
more realistic media.

A. Helicity in dual-symmetric media

In order to specialize (25) to a dual-symmetric medium,
we consider the case where ωE = ωM ≡ ω0 and α = β. The
Hamiltonian then becomes

Ĥ =
∫

d3k
∑
λ=±

k â†
λ(k)âλ(k)

+ ω̃0[b̂†
λ(k)b̂λ(k) + ĉ†

λ(k)ĉλ(k)]

− iκ[âλ(k) − â†
λ(−k)][b̂λ(−k) + b̂†

λ(k)]

− λκ[âλ(k) + â†
λ(−k)][ĉλ(−k) + ĉ†

λ(k)], (26)

where we have defined the coupling parameter κ =
(α/2)

√
k/ω̃0. To diagonalize (26), we follow [25,30] and de-

fine polariton annihilation operators as linear combinations of
the A, P, and M creation and annihilation operators

p̂i(k, λ) = αiâλ(k) + α̃iâ
†
λ(−k) + βib̂λ(k) + β̃ib̂

†
λ(−k)

+ γiĉλ(k) + γ̃iĉ
†
λ(−k), (27)

with the requirement that [ p̂i(k, λ), Ĥ ] = ωi p̂i(k, λ). The co-
efficients αi, α̃i, βi, β̃i, γi, and γ̃i are constants, and the index
i labels the different polariton branches. The details of the
diagonalization are given in Appendix C. We find that the
polariton branch frequencies ωi satisfy the dispersion relation

k2 = ω2
i n2(ωi) = ω2

i

(
1 − α2

ω2
i − ω2

0

)2

. (28)

The solutions to Eq. (28) are plotted in Fig. 2.
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Once we have the explicit expressions for the polariton
operators, we are in a position to express the helicity in terms
of the polaritons. After some algebra, we obtain

:
∫

d3r ĥ :=
∫

d3r :
1

2
(Â · B̂ − Ĉ · D̂) (29)

+ ̂�
P · M̂ − ̂�

M · P̂ :

=
∑
λ=±

∫
d3k λ [ p̂†

u(k, λ) p̂u(k, λ)

+ p̂†
d (k, λ) p̂d (k, λ) − p̂†

p(k, λ) p̂p(k, λ)], (30)

where we have normally ordered with respect to the polariton
vacuum, and have labeled the three polariton branches u, d ,
and p. More details of this result’s derivation are presented in
Appendix D. Equation (29) is simply the difference between
the number of positive and negative helicity polaritons, and
is completely analogous to the free-space expression (24). As
polaritons are the eigenstates of the full Hamiltonian, the he-
licity equals ± the total energy density divided by frequency,
rather than just the electromagnetic energy density. Note that
one of the modes has a negative refractive index, and therefore
contributes to the total helicity with opposite sign (as for this
mode, the wave propagates in the opposite direction to the
wave vector).

We note that the helicity is only expressible in this simple
way when the medium is dual symmetric (i.e., when α = β

and ωE = ωM such that ε/μ = 1). This is to be expected, as
the helicity is only expressible in terms of polariton number
operators in a dual-symmetric medium. In a general lossless
medium, the number of polaritons is conserved while the he-
licity is not. In such a medium, the total helicity operator can
still be expressed in terms of circularly polarized polaritons,
but includes more general products of polariton creation and
annihilation operators, given in Appendix D [Eq. (D2)]. In
the following subsection, we will discuss the helicity in such
cases. The helicity and the Hamiltonian no longer commute,
and we show that the expectation value of the helicity acquires
an explicit time dependence.

B. Helicity in ordinary media

The dual-symmetric Hamiltonian considered in the previ-
ous section represents a very special case, where the helicity is
exactly conserved. When α �= β and/or ωE �= ωM , the trans-
formation (8) is no longer a symmetry of the Hamiltonian
(25), and the helicity is no longer locally conserved. A con-
sequence of this is that the commutator [Ĥ,

∫
d3r ĥ] �= 0,

meaning that eigenstates of the Hamiltonian are not helicity
eigenstates. Explicitly, the commutator is given by

[
Ĥ ,

∫
d3r ĥ

]
=

∑
λ

i

2

(
β

α

√
ω̃E

ω̃M
+ α

β

√
ω̃M

ω̃E

)
(ω̃E − ω̃M )b̂†

λ(k)ĉλ(k) + i

2

(
β

α

√
ω̃E

ω̃M
− α

β

√
ω̃M

ω̃E

)
(ω̃E + ω̃M )b̂λ(−k)ĉλ(k)

+ iλ

2

√
k

ω̃E
(α − β )(−âλ(−k)b̂λ(k) − b̂λ(k)â†

λ(k)) + 1

2

√
k

ω̃M
(α − β )(âλ(−k)ĉλ(k) − â†

λ(k)ĉλ(k)) − H.c.,

(31)

which is generally nonzero. To arrive at this result, we have
expressed ĥ in terms of the â, b̂ and ĉ operators, which can be
found in Appendix D [Eq. (D1)].

While the commutator (31) is generally nonzero, it can
be shown that its expectation value is equal to zero in the
case of a polariton number state. For lossless media, po-
lariton number states therefore exhibit a time-independent

mean helicity. However, the value of this mean helicity is
not generally ±1 for each circularly polarized polariton. This
follows directly from the fact that we included the contribu-
tion associated with the matter in the helicity, which is not
necessarily closely tied to the polariton circular polarizations.
For a state with n polaritons of wave vector k in branch i, we
have

∫
d3r 〈n(i, k, λ)|ĥ(r)|n(i, k, λ)〉 = nλ(αiα

∗
i + α̃iα̃

∗
i ) +

(
β

α

√
ω̃E

ω̃M
+ α

β

√
ω̃M

ω̃E

)
Im[β̃iγ̃

∗
i − βiγ

∗
i ]

+
(

β

α

√
ω̃E

ω̃M
− α

β

√
ω̃M

ω̃E

)
Im[βiγ̃

∗
i − β̃iγ

∗
i ], (32)

with no sum over the repeated index i implied. Here, βi, γi,
β̃i, and γ̃i now refer to the polariton expansion coefficients
that diagonalize the general Hamiltonian (25), rather than
the dual-symmetric Hamiltonian (26). Explicit expressions for
these are given in Appendix E.

Plots of the expectation value (32) are shown in Fig. 3
for various combinations of model parameters, along with the

corresponding polariton dispersion curves. Unlike in the dual-
symmetric case, the total helicity of a polariton number state
|n(i, k, λ)〉 is now k dependent. It reaches a constant value
only at large k, where we recover the free-space behavior
of one photonlike branch with unit helicity. This behavior is
to be expected, as the upper polariton branch will become
increasingly photonlike at high k, where the helicity must be
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FIG. 3. Some illustrative examples of the expectation value of ĥ for an excitation in a single-polariton mode, with a range of non-dual-
symmetric model parameters. The corresponding dispersion curves for the polariton modes are shown below each graph. (a) Shows a typical
case, with the helicity approaching unity when the branches are photonlike. Note that 〈ĥ〉 is not bounded between ±1, and the middle branch’s
contribution changes sign as k varies. (b) Shows a case with ωE = ωM , but α �= β, where the asymptotic behavior of the matterlike branches
does not approach 0 or 1 for large k. (c) Shows a nonmagnetic material, which can be described in this formalism by letting ωM → ∞. One of
the branches then becomes a flat band at a very high frequency (not shown), and the system effectively reduces to two branches. (d)–(f) Shows
the corresponding polariton branch frequencies.

±1 for the circular polarizations. In Fig. 3(a) we show the
helicity for an example medium where ωE �= ωM and α �= β,
and we see that the branches typically have significant helicity
only when they are photonlike.

When the resonant frequencies ωE and ωM are equal, il-
lustrated in Fig. 3(b), we find that the photonlike branch
still behaves in this manner. However, we also see that the
matterlike branches carry significant helicity. Matching the
resonant frequencies, but not the coupling strengths, therefore
retains some features of the fully dual-symmetric case: the
three branches asymptotically have constant, nonzero helicity.
However, unlike the dual-symmetric case, the helicity reaches
this value only asymptotically as k increases. Furthermore,
the asymptotic helicity values are not ±1 when α �= β. On
a mathematical level, this is due to the factors of α/β and β/α

in Eq. (32). We therefore conclude that when the polarization
and magnetization respond in phase, but at different strengths,
enough symmetry is retained for the matterlike polaritons to
carry helicity.

A special case of practical interest is the description of a
nonmagnetic medium. Although the formalism for defining
helicity presented here requires that the material possesses
both an electric and a magnetic response, a nonmagnetic limit
can be taken by letting ωM → ∞, as shown in Fig. 3(c). This
effectively reduces the system to two branches, as one branch
becomes a flat band at very high frequency. Nevertheless, the

operator (9), obtained from the duality rotation (8), may still
be used to define the helicity. Note that for a polariton in the
high-frequency branch, 〈ĥ〉 ∼ 0.

C. Helicity oscillations

While the polariton number states considered above have
a time-independent mean helicity, the helicity does generally
depend on time. In this subsection, we explore the time de-
pendence of the helicity, and demonstrate that the average
helicity is not always conserved through an explicit example.
For this, we consider preparing a system in an eigenstate of
helicity, and we calculate the expectation value of the total
helicity as the state evolves in time. In order to construct a
helicity eigenstate, we note that the helicity operator can be
diagonalized by a similar procedure to that which we used to
diagonalize the Hamiltonian in Sec. V A. We write a linear
combination of polariton creation annihilation operators

ĥ(k, λ) =
∑

i

ai p̂i(k, λ) + ãi p̂
†
i (−k, λ) (33)

and impose the condition that [
∫

d3r ĥ, ĥ] = �ĥ. The operator
ĥ may then be interpreted as an annihilation operator for a
mode of well-defined helicity with helicity eigenvalue �. We
note that the helicity eigenstates do not generally have eigen-
values of ±1, due to the addition of the matter component.
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Helicity eigenstates can be explicitly constructed by ap-
plying the creation operator ĥ†(k, λ) to the vacuum state.
However, the helicity vacuum is generally squeezed with
respect to the polariton vacuum (as the helicity vacuum is
defined through a mixture of polariton annihilation and cre-
ation operators). This is difficult to realize experimentally,
and we will therefore proceed by approximating the helicity
eigenstate using only the polariton-number-conserving terms
in the total helicity

∫
d3r ĥ. This is equivalent to applying

ĥ†(k, λ) to the polariton vacuum. In other words, we excite a
mixture of all polariton branches at a single wave number. We
note that this approximation does not impact the qualitative
points that we wish to illustrate, and is a good approximation
given that we are considering wave numbers away from the
medium resonances.

In this approximation, the helicity creation operator act-
ing on the vacuum can be written ĥ†(k, λ)|0polariton〉 =∑

i ai p̂†(k, λ)|0polariton〉, as p̂i|0polariton〉 = 0. This means that
the terms proportional to p̂i in ĥ†(k, λ) [or, equivalently, those
proportional to p̂†

i in Eq. (33)] will not contribute to the
construction of a helicity eigenstate. We therefore see that we
only need to construct an eigenstate of the number-conserving
part of the helicity operator. The full helicity operator is given
in terms of the polariton operators in Appendix D [Eq. (D2)],
and the number-conserving part of this is given by∫

d3r ĥnum(t ) =
∫

d3k
∑
i j, λ

hi j (λ) p̂†
i (k, λ) p̂ j (k, λ), (34)

where we have introduced the shorthand

hi j (λ) = λαiα
∗
j + λα̃∗

j α̃i + i

2

(
β

α

√
ω̃E

ω̃M
+ α

β

√
ω̃M

ω̃E

)
× (γ ∗

j βi + γ̃iβ̃
∗
j − γiβ

∗
j − γ̃ ∗

j β̃i )

− i

2

(
β

α

√
ω̃E

ω̃M
− α

β

√
ω̃M

ω̃E

)
× (−β̃iγ

∗
j − β∗

j γ̃i + βiγ̃
∗
j + β̃∗

j γi ). (35)

The eigenvectors of the matrix hi j contain the required co-
efficients to write a state |ψ〉, such that

∫
d3r ĥ|ψ〉 = �|ψ〉,

in terms of a superposition of the polariton operators. This
generally takes the form

|ψ〉 = [a1 p̂†
1(k, λ) + a2 p̂†

2(k, λ) + a3 p̂†
3(k, λ)]|0〉, (36)

where ai are the coefficients for the different polariton
branches, normalized such that |a1|2 + |a2|2 + |a3|2 = 1. As
we shall see, the average total helicity will oscillate in
time. For this, we should note that, by construction, the
time dependence of the polariton operators is p̂i(k, λ, t ) =
p̂i(k, λ) exp(−iωit ). The total helicity density therefore takes
the form∫

d3r ĥ(t ) =
∫

d3k
∑
i j, λ

hi j (λ) p̂†
i (k, λ) p̂ j (k, λ)ei(ωi−ω j )t

+ (non-polariton-number-conserving terms),
(37)

where we have not given the explicit form of the non-number-
conserving terms (i.e., the terms which contain products of
two creation or two annihilation operators) as they will vanish
when the expectation value of ĥ is taken. We can explicitly
write the time dependence of the helicity by taking the ex-
pectation value of the operator (34) in the state (36). Defining
phases φi for the coefficients in (36), so that ai = |ai| exp(iφi),
we see that

∫
d3r 〈ψ |ĥ(t )|ψ〉 =

∑
λ′

∫
d3k′ ∑

i j

hi j (λ
′)ei(ωi−ω j )tδ3(k′ − k)δλλ′[a∗

1δi1 + a∗
2δi2 + a∗

3δi3][a1δ j1 + a2δ j2 + a3δ j3]

= {|a1|2h11 + |a2|2h22 + |a3|2h33 + 2|h12||a1||a2| cos [(ω2 − ω1)t + �φ12]

+ 2|h13||a1||a3| cos [(ω3 − ω1)t + �φ13] + 2|h23||a2||a3| cos[(ω3 − ω2)t + �φ23]}, (38)

where we have used that hi j = h∗
ji in the final step, which

follows from the fact that ĥ(t ) is Hermitian, and we have
defined �φi j ≡ φi − φ j . It is evident that the average helicity
oscillates in time at the difference frequency between the
branches. Only in a dual-symmetric medium are h12, h13, and
h23 identically zero, leading to a time-independent average
helicity.

An analogy can be drawn between the oscillatory behavior
of the helicity eigenstates shown above, and the phenomenon
of neutrino oscillations [31]. A beam of neutrinos prepared in
an initially pure flavor eigenstate will be found, upon propa-
gation, to contain a mixture of flavors, as the flavor eigenstates
are not eigenstates of the full Hamiltonian [32]. In our case, a
similar effect occurs for a system initially prepared in a pure
helicity eigenstate, likewise stemming from the fact that the
total helicity and the Hamiltonian do not commute. This phe-

nomenon occurs whenever there is a superposition of different
polariton branches at the same wave vector k. We note that, in
practice, creating this kind of superposition state requires the
excitation of both matterlike and photonlike polariton modes.

VI. DISCUSSION AND CONCLUSION

In this article, we set out to find an expression for the
optical helicity which is valid within any optical medium,
and to resolve the mutual incompatibility between the duality
transform (2) and the constitutive equations. We approached
this by using the duality transform (8) as the starting point
from which to define the optical helicity, which provides
the appropriate rotation between E and H, and also D and
B, without coming into conflict with constitutive relations
or presupposing any particular properties of the medium.
This works because, in our approach, the constitutive equa-
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tions connecting the fields emerge as a consequence of the
Lagrangian and the associated equations of motion, rather
than being enforced from the outset. We therefore require a
description of the material’s internal degrees of freedom in the
Lagrangian, and this explicit description of the material causes
a medium contribution to the helicity to naturally emerge.

We find that the helicity defined in this way retains many
properties that we are familiar with, but differences arise as
this helicity also contains the twist associated with the mat-
ter. As polaritons are the natural quasiparticle excitations in
optical media, we have used them to frame our discussions.
In all cases, when the polariton is photonlike, it retains the
interpretation of carrying helicity equal to ± the energy den-
sity over frequency. However, it is generally the total energy
that is important, rather than only the electromagnetic energy.
We find that, in a dual-symmetric medium where ε = μ, the
helicity per polariton is always ± the total energy density over
polariton frequency. However, in more general optical media,
the helicity is not conserved, leading to a k-varying helicity
for single-polariton-branch excitations. Broadly speaking, the
k-dependence can be seen as a consequence of the fact that,
unlike in free space or in a dual-symmetric medium, the
field vectors for circularly polarized modes are not generally
eigenstates of the duality transformation; this point of view
is outlined mathematically in Appendix F. The precise details
of the k-dependence depend on the polariton character, and
the details of the polarization and magnetization response.
Interestingly, this nonconservation also leads to the possibility
of helicity oscillations, akin to neutrino oscillations.

When comparing our results to those obtained elsewhere
in the literature, it is important to appreciate that (6) and
(8) are, in general, distinct symmetry transformations, and
so one would not expect the conserved quantities associated
with these to coincide exactly. Even in the case where ε = μ,
in which (6) reduces to (8), we note that the helicity arising
from Eq. (8) contains a matter contribution absent from the
helicity derived from Eq. (6). This situation is analogous to
that discussed in Ref. [26] which points out that the total
electromagnetic energy used in phenomenological quantiza-
tion schemes differs from the total energy of the full system
by a matter component. Both are, of course, valid notions of
helicity. We argue, however, that the approach taken here is
superior as it explicitly takes the contribution from the matter
into account. A somewhat different way of defining a “matter”
contribution to the helicity has been presented by Fernandez-
Corbaton [33], where the static, zero-frequency contribution
to the helicity in the presence of magnetic dipole sources is
interpreted as helicity stored by the matter.

The electromagnetic helicity and optical chirality [34] are
closely related quantities, and it has been proposed to gen-
eralize the optical chirality to dispersive, lossy media by
taking 1

2 (E × (∇ × H) + H × (∇ × E)) as the chirality flux
in a medium [35]. For monochromatic fields in free space,
the chirality density is equal to ω2 times the helicity density,
and likewise for the fluxes, and it might be supposed that a
similar relationship should hold for monochromatic fields in
a lossless medium. A similar relationship between the fluxes
does indeed hold, but only for a different possible definition
of the chirality flux: our helicity flux v is given by (17), and so

a chirality flux that is equal to (ω2/v2
p)v for monochromatic

fields would be 1
2 (E × (∇ × B) + H × (∇ × D)).

The extension of the Lagrangian (21) to allow for multiple
resonances in ε and μ may be achieved by straightforward
modification of the harmonic oscillator terms. Lossy media
can be treated by coupling the P and M fields to a continuous
reservoir of harmonic oscillators [36–41]. Finally, chiral and
magnetoelectric responses can also be added to these models
by introducing additional terms into L which couple the P and
M degrees of freedom [42]. Such changes will generally alter
the expressions for the conjugate momenta �P and �M [Eqs.
(22) and (23)], and their interpretation. However, any such
modifications will not affect the basic results (9) and (17).

A point worth mentioning is that the definition presented
here relies on the ability to use a model for the medium that
can be made symmetrical under the duality transform (8), for
at least some choice of model parameters. This requires that
the polarization and magnetization can be written as func-
tions of D and B, or E and H, but not some combination
of the two. For example, a medium where P = P(E, H) and
M = M(H, E) would fulfill this requirement, but one where
P = P(E, B) and M = M(B, E) would not. It is possible to
reformulate the description of such materials in a way that can
be made symmetric under the duality transform (8); we leave
this to future work.
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APPENDIX A: NOETHER’S THEOREM

Here we provide the details of the application of Noether’s
theorem [43] to derive an expression for the optical helicity
from the Lagrangian (21). Under the infinitesimal version of
duality transformation (8),

A′ = A + δθC, C′ = C − δθA,

P′ = P + δθM, M′ = M − δθP, (A1)

the Lagrangian becomes L′ = L(A′, C′, P′, M′). We first con-
sider the change in the Lagrangian δL ≡ L′ − L. Substituting
the duality transformation into the Lagrangian (21), and set-
ting α = β and ωE = ωM , we find that

δL = δθ (E · B + H · D)

= δθ

2
(−∂t [A · B + C · D] − ∇ · [E × A − H × C]),

(A2)

which is a four-divergence, showing that the equations of
motion remain unchanged under the transform [44,45].

We then calculate δS = ∫ tB
tA

dt δL through variation of the
fields. The result is given by

δS = δθ

∫
d3r

∫ tB

tA

dt

(
∂

∂t
[−C · D + �P · M − �M · P]

− ∇ · [H × C]

)
, (A3)
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where we have used that �P = ∂t P/α2 and �M = ∂t M/α2 in
the chosen gauge and coupling. Equating the two expressions
for δL from Eqs. (A2) and (A3) leads to the local conserva-
tion law

∂

∂t

[
1

2
(A · B − C · D) + �P · M − �M · P

]
+ ∇ ·

[
1

2
(E × A + H × C)

]
= 0, (A4)

which explicitly shows the helicity density (9) and flux (17)
from the main text.

APPENDIX B: HAMILTONIAN IN FIELD VARIABLES

In terms of A, P, and M, and their conjugate variables, the
Hamiltonian obtained from the Lagrangian in Eq. (21) takes
the form

Ĥ =
∫

d3r
1

2
[(̂�

A
)2 + B̂2] + 1

2α2

[
α4(̂�

P
)2 + ω̃2

E P̂2]
+ 1

2β2

[
β4

(
̂�

M)2
+ ω̃2

MM̂2
]

+ P̂ · ̂�
A − M̂ · B̂.

If we expand the fields as

Â =
∑
λ=±

∫
d3k

(2π )3/2

1√
2k

× [
eλ(k)âλ(k)eik·x + e−λ(k)â†

λ(k)e−ik·x],
P̂ =

∑
λ=±

∫
d3k

(2π )3/2

α√
2ω̃E

× [
eλ(k)b̂λ(k)eik·x + e−λ(k)b̂†

λ(k)e−ik·x],
M̂ =

∑
λ=±

∫
d3k

(2π )3/2

β√
2ω̃M

× [
eλ(k)ĉλ(k)eik·x + e−λ(k)ĉ†

λ(k)e−ik·x], (B1)

then we arrive at the Hamiltonian seen in the main text (25).
Making the substitutions β = α and ωE = ωM ≡ ω0 leads to
(26). We note that this latter Hamiltonian is dual symmetric

with respect to the transform in (D̂, B̂), as ̂�
A = −D̂.

APPENDIX C: DETAILS OF THE DIAGONALIZATION

Here we present the details of the diagonalization of (26),
leading to expressions for the Hopfield coefficients appearing
in (27). We begin with some preparatory results, which will be
useful in expanding the helicity operator to obtain Eq. (29).
First, we can invert Eq. (27) by noting that, as the polari-
ton operators form a complete basis set, we must have that
âλ(k) = ∑

i fi p̂i(k, λ) + gi p̂
†
i (−k, λ) for some constants fi

and gi (and similarly for the other operators). Computing the
commutators [âλ(k′), p̂i(k, λ)] and [âλ(k′), p̂†

i (−k, λ)] allows

us to identify the constants

âλ(k) =
∑

i

α∗
i p̂i(k, λ) − α̃i p̂

†
i (−k, λ),

b̂λ(k) =
∑

i

β∗
i p̂i(k, λ) − β̃i p̂

†
i (−k, λ),

ĉλ(k) =
∑

i

γ ∗
i p̂i(k, λ) − γ̃i p̂

†
i (−k, λ). (C1)

Furthermore, inserting the expressions in Eqs. (C1) into the
commutators [âλ(k), â†

λ′ (k′)] = δλλ′δ(k − k′), etc., produces
the relations ∑

i

|αi|2 − |̃αi|2 = 1,

∑
i

|βi|2 − |̃βi|2 = 1,

∑
i

|γi|2 − |γ̃i|2 = 1, (C2)

which are types of sum rules. These sum rules are important,
and we must always make sure that they are respected in order
to have proper commutators.

We now derive the explicit expressions for the Hopfield co-
efficients. Using [ p̂i(k, λ), Ĥ ] = ωi p̂i(k, λ) [25], along with
the commutators for the creation and annihilation operators,
implies the algebraic relations

(ωi − k)αi = κ[−i(βi − β̃i ) − λ(γi − γ̃i )],

(ωi + k )̃αi = κ[i(βi − β̃i ) − λ(γi − γ̃i )],

βi = iκ

(
αi + α̃i

ωi − ω̃0

)
,

β̃i = iκ

(
αi + α̃i

ωi + ω̃0

)
,

γi = −λκ

(
αi − α̃i

ωi − ω̃0

)
,

γ̃i = −λκ

(
αi − α̃i

ωi + ω̃0

)
. (C3)

Along with this, we also get a normalization from the com-
mutator [ p̂i(k, λ), p̂†

j (k
′, λ′)] = δi jδλλ′δ(k − k′):

|αi|2 − |̃αi|2 + |βi|2 − |̃βi|2 + |γi|2 − |γ̃i|2 = 1. (C4)

This completely solves the system, and leads to explicit ex-
pressions for our coefficients αi, α̃i, βi, β̃i, γi, and γ̃i. It is
important to note, however, that one of the normal mode
frequencies defined through Eq. (28) has a negative group
velocity. In fact, if we simplify Eq. (28) and pick the positive
part of the square root such that

n(ωi ) = k

ωi
=

(
1 − α2

ω2
i − ω2

0

)
, (C5)

then we find two positive-frequency modes and one negative.
If we, on the other hand, choose the negative square root, we
arrive at

n(ωi ) = k

ωi
= −

(
1 − α2

ω2
i − ω2

0

)
, (C6)
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along with two negative-frequency and one positive-
frequency mode. We want to choose the positive-frequency
(positive-norm) modes, and notation simplifies if we define

nu/d (ωu/d ) = 1 − α2

ω2
u/d − ω2

0

; np(ωp) = −1 + α2

ω2
p − ω2

0

,

where we have chosen the modes ωi = {ωu, ωp, ωd} in de-
scending order of oscillation frequency. Manipulating the
algebratic relations in Eqs. (C3) yields(ωi

k
− 1

)
αi +

(ωi

k
+ 1

)
α̃i = (αi − α̃i )

α2

ω2
i − ω̃2

0

,

at which stage we must distinguish between ωu/d and ωp. For
ωu/d we have(ωu/d

k
− 1

)
αu/d +

(ωu/d

k
+ 1

)
α̃u/d

= (αu/d − α̃u/d )
(ωu/d

k
− 1

)
⇒ α̃u/d = 0,

whereas for ωp we find that(ωp

k
− 1

)
αp +

(ωp

k
+ 1

)
α̃p = (−αp + α̃p)

(ωp

k
+ 1

)
⇒ αp = 0.

It is now straightforward to show that

|αu/d |2 =
(

1 + 2κ2

[
1

(ωu/d − ω̃0)2
− 1

(ωu/d + ω̃0)2

])−1

,

(C7)

|̃αp|2 =
(

−1 + 2κ2

[
1

(ωp − ω̃0)2
− 1

(ωp + ω̃0)2

])−1

(C8)

using Eqs. (C3) and the normaliation condition (C4). Impor-
tantly, we can note that this satisfies

|αu|2 + |αd |2 − |̃αp|2 = 1,

which must be the case in order to preserve the canonical
commutation relations. The phases of αu/d and α̃p can be
chosen freely, and the remaining Hopfield coefficients follow
from Eqs. (C3).

APPENDIX D: DIAGONAL FORM OF THE HELICITY

In this appendix, we provide details of how to obtain
Eq. (29) in the main text, using the polariton coefficients ob-
tained in the previous section. Let us express the total helicity,
Eq. (9), in terms of the photon and matter annihilation and
creation operators, yielding

∫
d3r : ĥ : =

∫
d3r

[
1

2
(Â · B̂ − Ĉ · D̂) + ̂�

P · M̂ − ̂�
M · P̂

]

=
∑
λ=±

∫
d3k λ â†

λ(k)âλ(k) + i

2

(
β

α

√
ω̃E

ω̃M
+ α

β

√
ω̃M

ω̃E

)
(ĉλ(k)b̂†

λ(k) − ĉ†
λ(k)b̂λ(k))

− i

2

(
β

α

√
ω̃E

ω̃M
− α

β

√
ω̃M

ω̃E

)
(b̂λ(−k)ĉλ(k) − b̂†

λ(−k)ĉ†
λ(k)). (D1)

This can further be rewritten in terms of polaritons using Eqs. (C1), where we should note that we need to normal order the
operators with respect to the polariton vacuum. This yields∫

d3r : ĥ :=
∫

d3k
∑

λ

∑
i j

p̂†
i (k, λ) p̂ j (k, λ)

[
λαiα

∗
j + λα̃∗

j α̃i + i

2

(
β

α

√
ω̃E

ω̃M
+ α

β

√
ω̃M

ω̃E

)
(γ ∗

j βi + γ̃iβ̃
∗
j − γiβ

∗
j − γ̃ ∗

j β̃i )

− i

2

(
β

α

√
ω̃E

ω̃M
− α

β

√
ω̃M

ω̃E

)
(−β̃iγ

∗
j − β∗

j γ̃i + βiγ̃
∗
j + β̃∗

j γi )

]

+
[

p̂i(−k, λ) p̂ j (k, λ)

(
− λ

2
(α̃∗

i α
∗
j + α∗

i α̃
∗
j ) + i

2

(
β

α

√
ω̃E

ω̃M
+ α

β

√
ω̃M

ω̃E

)
(−γ ∗

i β̃∗
j + γ̃ ∗

i β∗
j )

− i

2

(
β

α

√
ω̃E

ω̃M
− α

β

√
ω̃M

ω̃E

)
(γ ∗

i β∗
j − γ̃ ∗

i β̃∗
j )

)
+ H.c.

]
. (D2)

In the dual-symmetric case, this simplifies to∫
d3r : ĥDS :=

∑
λ

∫
d3k

∑
i, j

p̂†
i (k) p̂ j (k)(λ(αiα j + α̃iα̃ j ) + i(βiγ j − γ̃iβ̃ j + γiβ j − β̃iγ̃ j ))

+ p̂†
i (k) p̂†

j (−k)(−λαiα̃ j + i(γiβ̃ j − γ̃iβ j )) + p̂i(k) p̂ j (−k)(−λα̃iα j + i(γiβ̃ j − γ̃iβ j )), (D3)
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where we have made use of the fact that we are free to choose
the phases of the coefficients such that α and α̃ are real. The
expressions (C3) then immediately imply that β and β̃ are
purely imaginary, while γ and γ̃ are purely real.

We can simplify this further by using Eq. (C3) to express
βi, β̃i, γi, and γ̃i in terms of αi and α̃i. We may then use the
fact that α̃u/d = 0 and αp = 0, as well as the explicit solutions
for αu/d and α̃p given in Eqs. (C7) and (C8), to show that the
i �= j terms vanish.

In order to show this cancellation, we also must make
use of the fact that when i �= j, the frequencies ωi and ω j

are related to one another, as both are two distinct roots of
the same dispersion relation. The relevant dispersion relations
(C5) and (C6) are cubics in ω, so sums and products of the
two roots which appear can be expressed in terms of the third
root. Finally, using Eqs. (C7) and (C8) again, we find Eq. (29)
from the main text.

APPENDIX E: DIAGONALIZATION
IN NON-DUAL-SYMMETRIC MEDIA

Here we present explicit expressions for the polariton op-
erators in a non-dual-symmetric medium. It is possible to
exactly diagonalize the Hamiltonian (25), without making any
assumptions about ωE , ωM , α, or β. If we do so, we obtain the
polariton operators

p̂λi (k) = αiaλ(k) + α̃ia
†
λ(−k) + βibλ(k) + β̃ib

†
λ(−k)

+ γicλ(k) + γ̃ic
†
λ(−k), (E1)

with coefficients

|αi|2 =
(

1 − A2 + α2k(1 + A)2ωi

(ωi − ω̃E )2(ωi + ω̃E )2

+ β2k(A − 1)2ωi

(ωi − ω̃M )2(ωi + ω̃M )2

)−1

, (E2)

α̃i = Aαi, (E3)

βi = iα

2(ωi − ω̃E )

√
k

ω̃E
(1 + A)αi, (E4)

γi = λβ

2(ωi − ω̃M )

√
k

ω̃M
(A − 1)αi, (E5)

β̃i = iα

2(ωi + ω̃E )

√
k

ω̃E
(1 + A)αi, (E6)

γ̃i = λβ

2(ωi + ω̃M )

√
k

ω̃M
(A − 1)αi (E7)

with

A ≡
(

β2k

2(ω2
i − ω̃2

M )
− α2k

2(ω2
i − ω̃2

E )

)

×
(

ωi + k + α2k

2(ω2
i − ω̃2

E )
+ β2k

2(ω2
i − ω̃2

M )

)−1

. (E8)

The phases of the coefficients αi may be chosen freely. In con-
trast with the dual-symmetric case presented in Appendix C,
we no longer have that αi �= 0 ⇒ α̃i = 0, nor do we generally
have one negatively refracting branch.

APPENDIX F: EIGENVECTORS
OF THE DUALITY TRANSFORM

In this appendix, we discuss the field vectors which are
eigenvectors of the duality transformation. We have seen that
the helicity per circularly polarized polariton is not ±1 in
non-dual-symmetric media. One way to understand this is
by considering, classically, the field vectors which are eigen-
vectors of the duality transform and the circumstances under
which these coincide with the fields of a circularly polarized
plane wave in a linear magnetodielectric.

First, we return to the fact that the duality transform (8)
can be viewed as a rotation between electric and magnetic
quantities. This is most apparent when written in matrix form(

A′
C′

)
=

(
cos θ sin θ

− sin θ cos θ

)(
A
C

)
,(

P′
M′

)
=

(
cos θ sin θ

− sin θ cos θ

)(
P
M

)
. (F1)

The eigenvectors2 of the duality rotation (F1) can be written
as

eduality
λ = 1

2

(
ex + iλey

−iλex + ey

)
= 1

2

(
eλ

−iλeλ

)
, (F2)

with eigenvalues e−iλθ . We can then connect this to rotations
in physical space by considering a circularly polarized plane
wave propagating in the z-direction. Let us first return to free
space, where an electric field E = E0eλ may be described by
field vectors A0 ∝ eλ and C0 = −iλA0 ∝ −iλeλ, with λ =
±1 referring to the two circular polarizations. The vector
(A0, C0)T is then clearly proportional to the duality transform
eigenvector (F2). These are, as can be seen, closely connected
to the eigenvectors of physical rotation about the z-direction,
which are the circular polarization vectors e± = ex ± iey, also
with eigenvalues e±iθ .

In a dual-symmetric medium, the A and C fields are still
related as in free space and induce polarizations and mag-
netizations P0 ∝ eλ and M0 = −iλP0 ∝ −iλeλ. Because the
polarization and magnetization have equal amplitude, the vec-
tors (P0, M0) of this form are also eigenvectors of the (P, M)
transform. In this sense, the helicity quantifies the twist as-
sociated with the rotation implied by the circular polarization
vectors.

However, this is not the case in general. In most optical
media, the potentials A and C for a circularly polarized wave
are no longer related as simply. These then also give rise to po-
larization and magnetization fields that are not related by M =
−iλP. As an example of this, let us consider a medium with
permittivity ε, permeability μ, and susceptibilities χe and χm.
The potentials are in this case related by C = −iλ

√
ε/μ A.

2There is also a z-directional eigenvector of the duality transform,
which is not relevant here as we are discussing transverse fields.
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Also, the polarization and magnetization are instead related by
M = −iλ(χm/χe)

√
μ/ε P. This does not form an eigenvector

of the duality transform, so the circular polarizations are no
longer the states of unit helicity. Furthermore, in a dispersive
medium where the susceptibilities are functions of frequency,
we can see that the scaling between M and P will generally
be k-dependent. This is what causes the helicity of a circularly
polarized wave to depend on k, as those vectors can always be
decomposed in terms of eduality

± with k-dependent amplitudes.3

Another way to put this is that, for a plane wave in a
dual-symmetric medium, the rotation (8) corresponds to a

3This is a change of basis, for which the z-directional eigenvector
is required in the definition. It does not enter in the decomposition,
however.

physical rotation of both the fields and the dipoles about the
direction of propagation. In a general medium, this is not the
case. It is possible to scale the transform as in (6) to retain the
connection between the transformation and rotations about k
in some cases, but this is not possible in general. We choose
in this work to use the unscaled transformation in all cases,
and to interpret the differences in behavior between helicity in
media and in free space as a manifestation of the fact that the
matter and light behave in different ways. We emphasize that,
although we have considered linear magnetodielectrics in this
discussion, the application of (8) and its associated helicity
(9) does not depend on any particular constitutive relation
connecting the light and matter fields.
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