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Photon sources based on spontaneous parametric down-conversion (SPDC) are central to experimental
quantum optics and quantum technologies. Their performance is commonly quantified by three metrics:
pair-collection probability, heralding efficiency, and spectral purity. In bulk-crystal SPDC, these metrics are
known to be mutually constrained, yet the physical origin of the resulting tradeoffs is often obscured. We
show that these tradeoffs originate from the frequency-dependent population of discrete spatial modes in the
SPDC emission. By performing a Laguerre-Gauss mode decomposition at each frequency component, we
show how spectral-spatial nonseparability impacts collection probability, heralding efficiency and purity. We
apply this framework to two widely used quasi-phase-matching configurations, collinear degenerate type-0 and
type-1I SPDC in periodically poled bulk crystals, and quantify how different phase-matching functions shape
the spectral-spatial mode structure. In particular, for type-II SPDC we compare standard periodically poled
and aperiodically poled Gaussian phase matching. We experimentally validate some of our theoretical results
using spatial- and spectral-projection measurements. This spectral-spatial mode analysis provides a quantitative
and predictive framework for understanding and engineering bulk-crystal photon sources, enabling systematic

multiparameter optimization beyond qualitative design guidelines.
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I. INTRODUCTION

Spontaneous parametric down-conversion (SPDC) is a cen-
tral source of nonclassical light, producing squeezed vacuum
states [1] and enabling heralded single-photon generation [2]
and entanglement across multiple degrees of freedom [3].
Many applications require SPDC sources that are both bright
and efficiently coupled into a single spatial mode defined by
an optical fiber, as in loophole-free Bell tests [4], boson sam-
pling [5,6], and quantum sensing [7]. While bulk nonlinear
crystals (NLCs) avoid the coupling and propagation losses
of current waveguide sources [8], they intrinsically generate
spatially multimode emission, in conflict with the single-mode
requirements of most experiments.

Extensive work has sought to analyze the beam parameters
of pump- and collection modes that maximize the pair-
collection probability, i.e. the probability that both photons
are emitted into Gaussian modes [9-19], allowing efficient
collection into single-mode fibers (SMFs). This metric can
be normalized either with respect to the pump photons inci-
dent on the crystal, yielding the power-normalized brightness
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(pairs/mW), or as the conditional collection probability, i.e.,
the fraction of photons collected given that a pair was
generated in the SPDC process. Although the latter is ex-
perimentally difficult to access, it more directly reflects the
spatial characteristics of the emission. In the following, we
adopt the latter definition. An equally—if not experimentally
even more—important figure of merit is the heralding ef-
ficiency (also known as the Klyshko efficiency), defined as
the conditional probability of detecting a photon given the
detection of its partner. While the pair collection probability
quantifies how often both photons are simultaneously emitted
into Gaussian modes, the heralding efficiency measures how
reliably the detection of one photon heralds the presence of its
partner in the same mode. Figure 1 illustrates the distinction:
pair collection counts the subset of events where both photons
occupy the Gaussian mode (simultaneous SMF coupling),
while heralding also includes events where only one photon is
Gaussian; detection of that photon heralds its partner, which
may be rejected by the fiber if it occupies a higher-order mode.

Previous studies [10-20] have shown that these two fig-
ures of merit cannot be optimized simultaneously: tight
focusing enhances pair collection at the expense of heralding,
while loose focusing has the opposite effect. Bennink [17]
provided a detailed analysis of this tradeoff for nondegen-
erate quasi-phase-matching configurations, which were later
experimentally corroborated [20,21]. Building on this work,
heralding efficiencies exceeding 0.8 have been demonstrated,
including overall system losses [4,22-24]. However, these
analyses treated heralding and pair-collection efficiencies as
abstract optimization targets, offering limited insight into
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FIG. 1. Conceptual sketch of heralding efficiency for SPDC pho-
tons coupled into single-mode fiber. A Gaussian pump beam drives
SPDC in a nonlinear crystal, generating photon pairs in different
spatial mode combinations. Blue spots indicate events in which at
least one photon occupies the fundamental Gaussian mode and is
therefore coupled into the fiber. Events where both photons populate
higher-order spatial modes are not shown, as they do not contribute
to the detected single or coincidence detections.

the underlying physical mechanism. Related insights were
obtained by Osorio et al. [25] who studied spatial purity
under spatial and spectral intensity filtering. They showed that
tighter transverse momentum filtering increases the spatial
purity of the SPDC state, which allows for a Schmidt-mode
decomposition of the biphoton field [26,27]. In this limit, per-
fect heralding efficiency is, in principle, attainable. Guerreiro
et al. [19] linked the spectral dependence of the emission
angles often called X-entanglement [28] to fiber coupling
by matching the angular divergence to that of a Gaussian
collection mode. However, these approaches do not provide
a quantitative description of how the frequency-dependent ex-
citation of spatial modes mutually constrains pair collection,
heralding, and spectral purity.

Here we develop a quantitative framework that resolves the
frequency dependence of the spatial mode structure of SPDC
[29,30]. A frequency-resolved decomposition of the biphoton
state into Laguerre-Gauss (LG) modes, with emphasis on
the radial modes, reveals how spectral-spatial nonseparability
impacts pair-collection probability and heralding efficiency
when integrated over finite detection bandwidths. We show
that related tradeoffs arise from the spectral distinguishabil-
ity of different spatial mode combinations, which is strongly
controlled by the focusing conditions.

Our work extends the seminal analysis of Bennink [17] in
two important directions. First, we analyze pair-collection and
heralding efficiencies for additional quasi-phase-matching
configurations now widely employed in experiments, in
particular degenerate type-0 SPDC and type-II SPDC in ape-
riodically poled crystals. Second, rather than treating these
efficiencies as abstract optimization targets, we identify their
physical origin and mutual constraints induced by spectral-
spatial coupling.

In addition, we show how this framework guides the op-
timization of competing source performance parameters. For
the type-II quasi-phase-matching configuration, we consider
aperiodic poling in domain-engineered nonlinear crystals
[31], now a standard approach for generating spectrally
pure photons, and show that—with regards to spatial mode
profile—behavior analogous to periodic poling is recovered
after appropriate scaling of the focusing parameters. Finally,
we quantify how focusing impacts the spectral purity and
identify a threshold value of the focusing parameter below
which the purity remains close to unity.

The remainder of the paper is organized as follows. In
Sec. II, we review the frequency-dependent Laguerre-Gauss
mode description of SPDC and the definitions of spectral
purity, pair-collection probability, and heralding efficiency.
Section III details the numerical parameters used in our sim-
ulations and further considerations. In Sec. IV, we highlight
their distinct tradeoffs for type-II and type-0 quasi-phase-
matching configurations and relevant optimization strategies.
Furthermore, we show experimental validation of some of our
theoretical results. Finally, we summarize our conclusions in
Sec. V.

II. THEORY

The SPDC biphoton state can be expanded in the LG basis
as [30]
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where 2; denotes the frequency detuning from the central
frequencies wj o, i.e. wj = wj o * QjM(]' = s, 1), and N is a nor-
malization constant. The operators A I']j ,, create photons in LG
modes characterized by radial index p; and azimuthal index
¢;. The spectral amplitude
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encodes the joint spectral amplitude (JSA) for signal and idler
photons occupying specific spatial modes. Here, we have con-
sidered a spatial Gaussian mode for the pump field LGg(qp)
with an arbitrary spectral amplitude F(€2;). Furthermore, g;
denote transverse momentum vectors, x ?)(z) is the (possibly
z-dependent) second-order nonlinearity, and Ak = kj — k{ —

K — ZT” is the longitudinal phase mismatch, with A being the

poling period. The latter depends on the transverse momentum
and frequency of the photons and under a Taylor expansion
can be written as [30]
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Here, u; and Gj denote the group velocity and group-
velocity dispersion, respectively, and k; o are the wave num-
bers evaluated at the central frequencies wj 0. The contribution
Akg = kpo — kso — ki,o — 2 /A is the phase mismatch at the
central frequencies. It is chosen to vanish for an initially
phase-matched configuration, but can be tuned, for example,
through the temperature dependence of the refractive indices
and the thermal expansion of the poling period [32-34]. We
write this contribution as Aky(T) = 2¢(T)/L, where ¢(T)
is a dimensionless parameter. In the following, the explicit
temperature dependence is omitted for brevity. This param-
eter plays an important role when optimizing Gaussian-mode
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overlap, since focusing introduces an additional phase contri-
bution [17,35].

The spectral purity P can be determined by performing
Schmidt decomposition of the JSA to extract the Schmidt
coefficients {s/At}. It is then given by [36]

P=> 1 (4)
k

In this work we restrict our attention to cases where at
least one photon occupies the fundamental Gaussian mode.
Although the fundamental mode of a SMF is the linearly
polarized mode LP, i, it is very well approximated by a Gaus-
sian mode [37]. Moreover, due to orbital angular momentum
conservation in SPDC (£, = £ + £;) [38], we can neglect all
terms with |¢;| > 0 and henceforth omit the azimuthal index.

The dependence on pump, signal, and idler waists en-
ters through the LG mode functions (see the Appendix A).
Following Bennink [17], we characterize focusing using the
dimensionless parameter £ = LA/(2rnw?), where w is the
beam waist, L is the crystal length, A is the wavelength, and n
is the refractive index.

The pair-collection probability integrated over the detec-
tion bandwidth is given by

§? = N? / / dQd 2Py o (S, ), (5)

where P, , (2, Qi) = |Cp, p, (L2, Q;)|? denotes the spectral
density for mode combinations with radial indices p;(j = s, 1).
From now on, for brevity, we omit the spectral dependence of
Py, p,-The corresponding single-photon detection probabilities

are
S = N2 // dQdi Y Py,
pi
s = N? /f dQSinZPps,o- ©)
Ps

In general, P, ¢ # Py, for type-II and strongly nondegen-
erate SPDC, reflecting asymmetries arising from different
refractive indices and emission angles.

The heralding efficiencies are defined as
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and we further introduce the symmetric heralding efficiency
H = \/H H;, which will be used throughout the remainder
of this work. In experiments, heralding efficiencies are typi-
cally inferred from coincidence-to-single detection ratios and
include additional system losses.

III. METHODS

Throughout this work, we use the standard nomencla-
ture for SPDC phase matching: type-0 refers to copolarized
pump, signal, and idler fields; type-I to copolarized signal
and idler fields orthogonal to the pump; and type-II to signal
and idler photons of orthogonal polarization. We treat type-II
and degenerate type-0 quasi-phase-matching configurations
separately, as their phase-matching properties lead to qualita-
tively different efficiency tradeoffs. These differences can be

understood from the frequency dependence of the longitudinal
phase mismatch that can be seen in Eq. (3).

For type-1I SPDC (and strongly nondegenerate type-0 or 1),
the group-velocity mismatch dominates, such that the linear
term in 2 governs the phase matching. In contrast, for de-
generate type-0 SPDC the group velocities are equal, and the
quadratic dispersion term determines the spectral structure. As
a consequence, degenerate type-0 configurations are sensitive
to residual phase mismatch ¢, whereas in the type-II regime
the pair-collection probability $® and heralding efficiency H
are independent of ¢.

These differences are also reflected in the scaling of the
brightness with crystal length L. Here we mean the photon-
pair generation rate in the Gaussian mode integrated over the
full spectral bandwidth. In the linear-dispersion-dominated
regime, S is independent of L, whereas for purely quadratic
dispersion it scales as S® oc +/L in bulk crystals for fixed
focusing parameters. Note that the scaling is modified in the
presence of spectral filtering or waveguide confinement. The
derivation of these scaling laws, together with a summary of
the relevant scaling behaviors for different parameter regimes,
is provided in Appendix C 1.

For simplicity, we consider the case of a monochromatic
pump [F (25, ;) = §(2 + ©;)] for the calculation of the
heralding efficiency and pair-collection probability. With this
assumption, it is easy to see that Q; = —; = Q and Eq. (3)
can be written as
P gl gl

2kso  2kio
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where D = 1/us — 1/u; and G = (G + Gj)/2. Varying the
pump frequency introduces an effective phase mismatch; thus,
for the case of type-II (or highly nondegenerate type-0 and
type-I), our results are applicable for the case of a pulsed
pump. Note that this is not the case for degenerate type-0 as
the heralding efficiency and pair-collection probability depen-
dent on the phase mismatch.

However, the spectral purity P is highly dependent on
the spectral properties of the pump beam and the JSA. For
this, we will consider the case of symmetric group velocity
matching (SGVM), which is met when 2/u, = 1/us + 1/u;
[36], achievable in potassium titanyl phosphate (KTP) crystals
at the telecom wavelength. Inserting it in Eq. (3) yields

|qs + q;
2kp0

2
Akey = T¢+DQ+GQZ+

2¢ D Gs 2 Gi 2
Ak = — + —(; — 4 — Qs+ —Q
SGVD L+2( ‘)+2 s T8
Lleral el el ©
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Note that, up to the first-order dispersion, Eq. (9) exhibits
the same spectral dependence as Eq. (8). Therefore, we can
obtain the corresponding expression by rotating Eq. (8) by 45°
in the (€2, €2;) plane to calculate P.

Rather than reporting the absolute pair-collection proba-
bility per pump photon, we analyze how the brightness varies
with focusing parameters and phase mismatch relative to the
optimal configuration. We therefore introduce the relative
brightness:

B =S /maxg, ¢ ¢ 05 (10)
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For simplicity, we set & = &, since in the degenerate
case the momentum correlations are symmetric with re-
spect to the signal and idler transverse momenta, leading to
modes with similar angular spread. This approximation re-
mains well motivated for degenerate type-II SPDC, where the
birefringence only weakly perturbs this symmetry. However,
highly nondegenerate configuration breaks this symmetry
and needs to be considered more carefully and, therefore,
is outside of the scope of our work. We further elaborate
on this point in Appendix C2. We restrict the focusing pa-
rameters to & < 10, covering the range relevant for most
experimental implementations. As our primary interest lies in
high-heralding-efficiency operation, we focus on the regime
H > 0.7, which allows truncation of the radial mode expan-
sion at p; = 4. Higher-order terms contribute less than 0.02
to H at this threshold and decrease rapidly for increasing
heralding efficiency.

All results are obtained numerically. Details of the param-
eters, ranges, and step sizes used in the simulations including
L, Apsi, &, ¢, and material properties are provided in the
Appendix B. To ensure generality, results are expressed in
terms of the dimensionless variables &, D2L, and @Q,
allowing direct application to different experimental configu-
rations.

With these definitions in place, we first analyze the depen-
dence of the relative brightness and heralding efficiency on the
focusing parameters (&, &;, &). We then examine the spectral
dependence of the coefficients Cy , (£2), which provides direct
insight into the physical origin of the efficiency tradeoffs.

IV. RESULTS
A. Collinear type II, periodic poling

Figure 2 shows the relative brightness B and heralding
efficiency H as functions of the pump and collection focus-
ing parameters &, and &. Since B increases asymptotically
with tighter focusing, it is normalized to its maximum value
within the explored parameter range. The maxima of B and
H occur at opposite extremes of the focusing landscape, di-
rectly revealing the tradeoff between brightness and heralding
efficiency.

Three optimization strategies are indicated in Fig. 2. Max-
imizing B at fixed collection optics yields the well-known
condition &, = & (orange curve), while maximizing B at fixed
pump focusing leads to the cyan curve. Although both strate-
gies achieve the same relative brightness, the latter provides
systematically higher heralding efficiency. Directly optimiz-
ing H over £, and &; at fixed target values of B yields the red
curve, which achieves the highest heralding efficiency with
only a modest reduction in brightness, making it the most
attractive of the three. The resulting tradeoff is summarized
in Fig. 2 (bottom left), where achieving H > 0.97 requires a
reduction in relative brightness by approximately one order
of magnitude, consistent with previous theoretical and ex-
perimental results. The fitted functions for H, &;, and & as
functions of B for this optimization strategy are provided in
Appendix B 1.

We now examine how the spectral density Py depends
on the focusing parameters, which is shown in Fig. 2 (bot-
tom right). Increasing the focusing broadens the spectrum

log10ép
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FIG. 2. Relative brightness B (upper left) and heralding effi-
ciency H (upper right) as a function of the focusing parameters for
pump &, and SPDC photons &. Colored lines represent different
optimization strategies. The orange/cyan lines are obtained when
optimizing B by fixing &/&, and optimizing over &,/&. We find
different tradeoffs with respect to H. The red line depicts the op-
timization of H by setting a given value of B and optimizing over
& and &;. Bottom left: Results of the last optimization, showing the
tradeoff between B and H. Bottom right: Spectral density Py ¢(€2) for
different focusing conditions &, = &, = &.

and reduces its peak amplitude, while further enhancing the
integrated brightness. Notably, the peak spectral density oc-
curs at & = & = 2.82, consistent with the Boyd-Kleinman
focusing condition for second-harmonic generation [35]. In
addition to spectral broadening, the spectral density deviates
from the sinc shape observed for a plane-wave interaction.
Interestingly, when considering the case of SGVM, it can be
used purposefully to increase the spectral purity as a result of
the reduction of the sinc-function sidelobes, as noted by Ben-
nink [17]. For stronger focusing the spectrum becomes more
asymmetric and the spectral purity decreases. A technical
aspect for experimentalists to take into consideration is that
the center wavelength may shift considerably with focusing.
This must be taken into account by temperature tuning the
temperature of the NLC (i.e. tuning ¢).

Now, we look at the spectral dependence of the joint spatial
modes that play a role in the heralding efficiency. Figure 3
shows the spectral amplitudes, Cp p, for p=0,1, 2,3, for
three different configurations of &, and &. On the right-hand
side, we present the plot of the overlap between the normal-
ized spectral amplitudes C, , = Co./,/ [ dQPy ,, to quantify
the similarity between the spectral amplitudes. Figure 3 re-
veals how focusing controls the spectral distinguishability of
joint spatial modes. For loose focusing of pump and collec-
tion, all modes exhibit nearly identical sinc-shaped spectra,
leading to near-unity overlap and approximate spectral-spatial
separability, Cp, . (2) ~ gp, . f(€2). In this regime, g, ,, can
be diagonalized through a Schmidt decomposition, yielding
the spatial Schmidt basis for signal and idler photons [26,27].
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FIG. 3. The first column show the spectral amplitudes, Cy ,(S2),
for different joint modes depicting how spectrally distinguishable
the different mode combinations are and for different focusing pa-
rameters used. The second column quantifies the spectral similarity
by calculating the overlap of the normalized spectral amplitudes

Cor = Cox/y/ f dQ2P, ;. The first row shows the case of loose fo-
cusing (§, = & = 0.02) where the spectra overlap is near to unity.
The second row shows a tighter focusing for the SPDC photons
(6, = 2.8), leading to greater spectral distinguishability. The last
column shows the case of &, = & = 2.8, where the effect is stronger,
almost reaching to spectral orthogonality.

In this basis, unit heralding efficiency is attainable in princi-
ple.

With tighter focusing, the spectra of different spatial modes
become increasingly distinct, and their overlap decays rapidly,
approaching near-orthogonality when &, = &. This spectral-
spatial entanglement renders the spatial degree of freedom
partially mixed and fundamentally limits heralding efficiency
achievable by spatial projection alone.

For the same reason, monochromatic (or sufficiently nar-
rowband) filtering yields near-unity heralding efficiency at
any &, [20]. However, such narrowband spectral filtering is
typically not experimentally viable for type-II SPDC configu-
ration, where the phase-matching bandwidth tends to be on the
(sub)nanometer scale (Fig. 4). Moreover, in the pulsed-pump
regime, spectral filtering can reduce the heralding efficiency,
as studied in detail by Meyer-Scott et al. [39].

Together, these results demonstrate that the brightness-
heralding tradeoff in type-II SPDC originates from frequency-
dependent spectral distinguishability between spatial modes,
rather than from spatial mode structure alone.

Experiment

Here, we test several of our predictions experimentally.
Figure 4 (upper left) shows the experimental setup used. A
404.8-nm pump laser is focused at the center of a 20-mm-
long periodically poled potassium titanyl phosphate (PPKTP)
NLC. After the SPDC process, the pump is removed with a

-—-mm}q——-.l 1001 " wi=10

* Wws=50

r 0.75 ="

“’ 0.50 1 .

R 9 9
-R MC 0.251 j \.,\__

[ NLC  |BPF - PBS IHWP | MIRROR 0.00 ey !
w5\ [ SPAD TT | LENS 808 809 810 811
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1.00 7 1.00 i
Po,1 *  Po1
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0.00 ﬁm wcti o %’:_;:; 0.00-"*“'?‘ - . \_'&m;i
809.0 809.5 810.0 810.5 809.0 809.5 810.0 810.5
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FIG. 4. Upper left: Experimental setup for the spatial-spectral
analysis of the SPDC state, using spatial and spectral mode pro-
jections via multiplane light conversion and a monochromator,
respectively. MC, monochromator; NLC, nonlinear crystal; SLM,
spatial light modulator; BPF, band-pass filter; SPAD, single-photon
avalanche diode; PBS, polarizing beam splitter; HWP, half-wave
plate; TT, time tagger. Upper right: Spectra of joint Gaussian-mode
coupling (ps = p; = 0) for different collection waists and fixed pump
waist w, = 20 um, showing spectral shift and broadening under
tighter focusing. Bottom left and bottom right show spectra of
different (0, p;) modes for collection waists ws = 30 and 20 um,
respectively.

long-pass filter, and the central plane of the NLC is imaged
onto the spatial-mode detection system using a 4-f system
with 10x magnification. The signal and idler photons are
separated by a polarizing beam splitter and routed to dif-
ferent detection arms. To detect different spatial modes, we
employ the multiplane light conversion (MPLC) technique
consisting of spatial light modulators, three phase planes, and
single-mode-fiber coupling [29]. The MPLC was previously
characterized, showing a nearly mode-independent efficiency
(~0.4) and a visibility of 0.91 for the first 21 LG modes; we
refer the reader to Ref. [29] for further details. After fiber cou-
pling, one photon is sent to a monochromator (Andor Kymera
1931, full width at half maximum =30 pm), and both photons
are detected with single-photon avalanche diodes. Single and
coincidence counts are recorded using a time tagger. No cor-
rection was applied to the data in the measurements reported
below.

In the first experiment, we set the pump’s focusing waist
to wp A~ 20 um and projected the signal and idler into Gaus-
sian modes with three different waist parameters: wy = w; &
10, 30, and 50 um. The spectrum for each configuration was
recorded, as shown in the upper-right plot in Fig. 4, where the
starred points represent the experimental data and the solid
line indicates the theoretical prediction. Notably, the measure-
ments align with the previously mentioned effects associated
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with tighter focusing, including the central wavelength shift
and asymmetry.

For the subsequent test, we fixed the focusing waist of
the photons at wy = 30 um and recorded the spectra of the
joint modes Py P for p,=0,1,2. This was done under
two different focusing conditions for the pump: w, = 60 um
(bottom-left plot) and wy, = 20 um (bottom-right plot). Once
again, the results were accurately predicted by the developed
theory.

B. Type-II phase matching with aperiodic poling

Here we consider a Gaussian nonlinearity written as

@) = _
x(z) = exp 557 ) (11)

which can be performed experimentally via aperiodic poling
of the nonlinear crystal [31]. In the following, we refer to
this configuration as an aperiodically poled nonlinear crystal
(APNLC), in contrast to the periodically poled case (PPNLC).

The primary motivation for employing a Gaussian non-
linearity is the enhanced spectral decorrelation of signal and
idler photons, quantified by the spectral purity P. We compute
‘P assuming a spectrally Gaussian pump envelope G(€2 +

Q) =exp (—(QS:—ZQ‘)Z), where o}, is the pump spectral band-

width. In all of the following calculations o}, is chosen so that
‘P is maximized.

Because the effective interaction length is reduced, we
redefine the focusing parameter as

oA

- 2anw?’

where +/2mo corresponds to the effective crystal length ob-
tained from the area under x ®(z), which yields /27 rather
than L for the case of x® = 1. We choose o = L/4, which
yields P > 0.99 for very loose focusing (&5 = &, = 0.006),
approximating the plane-wave limit.

We then analyze the tradeoff between relative brightness B
and heralding efficiency H by optimizing H over &, and &; at
fixed B (the third optimization strategy introduced above). For
a direct comparison of the two types of poling, B is normalized
to the maximum pair-collection probability of the PPNLC
case. The resulting tradeoffs are shown in Fig. 5 (right),
where solid and dashed blue curves correspond to APNLC
and PPNLC, respectively. While both configurations achieve
the same maximal brightness, the APNLC exhibits a slightly
less favorable tradeoff at intermediate focusing, whereas the
performance coincides in the limits of loose and tight focus-
ing. We calculated the spectral similarity, following the same
procedure as in Fig. 3, using the focusing parameters obtained
from the optimization of H shown in Fig. 5. We find that
the APNLC case exhibits higher spectral distinguishability
than the PPNLC case supporting the claim that the tradeoff
is originated due to the the spatial-spectral coupling.

Figure 5 illustrates the spectral broadening and asymme-
try induced by tighter focusing. As in the periodically poled
case, the maximum peak spectral density occurs near & =
&, ~ 2.84, confirming the consistency of the rescaled focusing
parameter. Deviations from a Gaussian spectral profile lead

§ (12)

g
=)

— £=050
0.8

=] 0

506 .
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0.0 0.7 ‘
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FIG. 5. Left: Effect of focusing in the spectral profile Py o(€2),
showing spectral broadening and shift for tighter focusing. Right:
The solid and dashed blue lines show the tradeoff between herald-
ing efficiency, Hy,,x, and relative brightness for aperiodically poled
(APNLC) and periodically poled (PPNLC) nonlinear crystals, re-
spectively. The orange line depicts the maximum spectral purity
considering a transformed limited Gaussian beam.

to a reduction in spectral purity, shown by the orange curve
in Fig. 5 (left). The purity drops rapidly for B 2 0.42, corre-
sponding to & 2 1.4.

C. Collinear type-0 periodic poling

Collinear type-0 SPDC differs qualitatively from type-II
in that the longitudinal phase mismatch is dominated by the
quadratic dispersion term, as the group-velocity mismatch
vanishes (D = 0). As a result, the residual phase mismatch ¢
plays a central role in shaping both the spectral and spatial
properties of the emission and must be explicitly included
in the evaluation of the relative brightness B and heralding
efficiency H.

Figure 6 shows B and H as functions of the pump and
collection focusing parameters for three representative values
of ¢. The case ¢ = 0.875 corresponds to the global maxi-
mum of B, achieved at &, = 3.98 and &; = 3.55. While a
brightness-heralding tradeoff similar to that of type-II SPDC
is observed, two key differences emerge: first, B exhibits a
well-defined maximum at finite focusing; second, a heralding
efficiency of H ~ (.85 is attainable already at the brightest
operating point, yielding a more favorable tradeoff than in the
type-1I configuration.

Varying the phase mismatch ¢ modifies both the maximum
relative brightness (noted at the top of each subfigure of Fig. 6)
and the overall distribution of B and H, especially noticeable
in the lower row. In particular, the high-brightness region is
shifted toward larger focusing parameters. This behavior can
be understood from Eq. (8): increased transverse momentum
spread associated with tighter focusing partially compensates
the phase mismatch.

The spectral origin of this behavior is illustrated by the
joint-mode spectra Py , (§2) shown in the right column of
Fig. 6. For focusing parameters that maximize B, the fun-
damental mode dominates the central spectral region, while
higher-order spatial modes primarily populate the spectral
wings. This structure, combined with the intrinsically large
bandwidth of type-0 SPDC, suggests that moderate spectral
filtering can significantly enhance heralding efficiency with
limited impact on brightness.
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FIG. 6. Relative brightness (left column) and heralding effi-
ciency (center column) as a function of &, and &, for three different
values of phase mismatch (¢). Right column: Spectra of the joint
spatial mode P, ,(S2) for p = 0, 1, 2, 3 for each case.

This is confirmed in Fig. 7, which shows the effect of
applying spectral filters that suppress higher-order mode con-
tributions. For ¢ = 1.125, a filter bandwidth of ~/GLAQ' =
11.9rad'/? yields H > 0.98 while maintaining B > 0.77 at
& = 3.55 and & = 3.98. To better visualize the effect of spec-
tral filtering we plotted the spectral densities of the different
higher-order joint modes to the right-hand side, where the
dashed magenta lines depict the region of the spectral filtering.

Another popular operation regime is shown for ¢ = 1.875,
and corresponds to a flat-top spectrum of the fundamental
mode (lower row in Fig. 7), that is particularly relevant for
frequency-domain entanglement [40]. In this configuration,
the spectra are slightly more compressed around the degener-
ate wavelength, and the bandwidth of the fundamental mode
decreases, resulting in a required narrower filtering. Here, a
narrower filter (vGLAS' = 7.8rad'/?) yields H > 0.98 at
B = 0.54.

Finally, we summarize the tradeoff in a similar way as
for the type-II case. We optimize H over &, &,, and ¢ for
different values of B and filter bandwidths. The results are
shown in Fig. 7 (bottom). Here, the benefit of spectral filtering
is clear. Moderate spectral filtering can drastically improve the
heralding efficiency without sacrificing the brightness signifi-
cantly. For example, curve /GLAQ' = 16.1rad'/? shows that
it is possible to obtain H ~ (.96 and simultaneously maintain
B > 0.9, effectively eliminating any tradeoff.

Although excessive spectral filtering is generally undesir-
able, it is commonly employed in type-0 sources due to their
large bandwidth, which can otherwise degrade state purity in
polarization-based schemes or in the presence of dispersive
optical components. Moreover, frequency demultiplexing is
a promising resource for multipartite quantum networks [41].

20 0 -20
VGLQ (Vrad)
VGLQ
Full
25.9
20.2
16.1
11.9
7.8

\‘
N

0.85

0.2 0.4 0.6 0.8 1.0
B

FIG. 7. Relative brightness (left column) and heralding effi-
ciency (center column) as a function of &, and &, for two values of
phase mismatch (¢) when a gentle spectral filtering is applied. Right
column: P ,(2) for p = 0, 1, 2, 3 for each case, denoting the filtered
region with dashed magenta lines. Bottom: Optimization of H over
&, &, and ¢ for different values of B and filter bandwidths.

Importantly, our results show that tight filtering is not required
to achieve a measurable benefit: even moderate filtering suf-
fices to achieve near-optimal heralding efficiency at or near
maximum brightness. Note that additional considerations re-
garding the heralding efficiency apply in the pulsed-pump
regime [39].

V. CONCLUSION

In conclusion, our results highlight the frequency-
dependent spatial mode structure as the underlying origin
of the well-known tradeoff between relative brightness and
heralding efficiency in bulk SPDC, and translate this insight
into quantitative and intuitive design rules for practical photon
sources.

For collinear type-II SPDC, we find that optimizing the
heralding efficiency rather than brightness is generally the
more favorable strategy. Furthermore, we find that at high
focusing, the different joint spatial modes are spectrally distin-
guishable, fundamentally limiting the efficiency of coupling
via spatial projection alone. We corroborated this experimen-
tally using spatial- and spectral-projection measurements. We
highlight that while narrowband spectral filtering can improve
the tradeoff, it is typically not experimentally viable since
the bandwidth of the source is often on the (sub-)nanometer
scale. Extending the analysis to Gaussian nonlinearities re-
alized via aperiodic poling, we show that the effect of the
modified interaction can be captured by a simple rescaling of
the focusing parameter. In this case, another experimentally
crucial tradeoff emerges: increasing the focusing of the SPDC
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photons reduces the spectral purity. We identify a threshold
for the pair-collection and focusing parameter B < 0.42 and
& < 1.4 for which the spectral purity remains above 0.99.

Applying the same formalism to type-0 SPDC reveals a
qualitatively different fiber coupling behavior. By inspecting
the spectra of higher-order joint spatial modes, an appropriate
spectral filtering bandwidth can be identified. We show how
the tradeoff evolves with different levels of spectral filtering
and demonstrate that it can be almost completely mitigated
with moderate filtering. For example, heralding efficiencies
exceeding H > 0.98 can be obtained without substantially
compromising the brightness (B > 0.77).

The present results apply to collinear, paraxial SPDC
driven by single-mode Gaussian pump and collection fields
in bulk nonlinear crystals. Extensions to nonparaxial regimes,
spatial walk-off, and multicrystal or interferometric source
architectures constitute promising directions for future work.
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APPENDIX A: THEORY

The biphoton state of SPDC can be described by the ex-
pression

|\IJ> - /f dqs dql dws dwi q)(qsa qia Ws, (Ui)

x al(q,, ws) & (g;, ;) |vac) (A1)

where ®(q, q;, ws, w;) is the so-called two-photon amplitude.
It encloses all the spatial-temporal correlations and is given by
L2
P(qs, qi, @5, ;) ~ / dz x® Ep(qi + s, wp)e™™ . (A2)
—L/2
Here, E,(qs + q;, ;) is the amplitude of the pump beam in
the spectral (w,) and transverse momentum (q, = g, + q;)
space, and the second term is the phase-matching function,
where Ak = k5 — ki — k{ — 2 /A is the phase mismatch be-
tween the longitudinal k vectors of the interacting waves
inside the nonlinear crystal with the poling period A.
We can describe the spatial domain of Eq. (A1) in the LG
basis, which runs over the radial p and azimuthal £ indices of

the pump, signal, and idler photons, leaving us with

|x1/)=§: i /dQsin

Ps>Pi=0 £y, L5, li=—00

Lo, L. Li

X Cpg,ps,pi(Qm Qi) |Ps, Es’ Qs) |Pi, Ei, Qi) . (A3)

Here, we have used the notation w; = a)(; + €2, where Q;
is the frequency shift from the central frequency a)‘]?. The

probability amplitude C,”"y"}i (s, ) is the solution of the

overlap integral

Ak Y Q L
Cﬁ‘;jﬁi’,i}i(gs, Qi) :// dq dqﬁim(%)

x LG} (q,)[LG (g1 [LGE (g1,
(Ad)

with LG/ (g,) defined as [30]

14

+ iﬁq&) Z Tup’lp2u+|zl, (A5)

u=0

2,2

¢
LG (p, ¢) = exp(
with

e [PEOEIED! (i)z““'“ (=17
" n V2 (p—w! (¢l +uw!lul’
(A6)

Equation (A4) is solved under the approximation

T Q G gl
kZ = k2 — .2 X K; —J —J —_ _J N
J J |q']| 10 + Mj + 2 2k_]0

applicable when |g;| < k; and €2; < wj 0. Here, u; and G;j are
the group velocity and the group velocity dispersion at wj o,
respectively.

(AT)

APPENDIX B: METHODS

In this Appendix, we summarize all the parameters, ranges,
and step size used for the calculation. Note that while we fix
some of the parameters such as material, wavelengths, and
crystal length, the results were displayed in terms of adimen-
sional parameters, such as &, DLS2, and \/ﬁQ, making them
applicable to different configurations.

1. Type-II quasi-phase-matching

For the numerical calculations, we consider the specific
configuration of PPKTP crystal of length L = 40 mm, pump
wavelength A, = 405 nm, and signal and idler wavelengths at
As = 810 nm. The range and step size of the parameters used
in the calculations are given in Table I.

TABLE I. Parameter ranges and step sizes used for the numerical
study of the periodically poled Type II source.

Parameter Range Step
log,, (&) —2tol 0.05
DQL —406.12 to 59.14 1.6
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TABLE II. Coefficients of the cubic polynomial fits to the maxi-
mum heralding efficiency H and the optimal focusing parameters &,
and & = & as functions of the relative brightness B for the periodi-
cally poled Type II source.

TABLE IV. Coefficients of the cubic polynomial fits to the max-
imum heralding efficiency H and the optimal focusing parameters &,
and & = &; as functions of the relative brightness B for aperiodically
poled Type 11.

f(B) o o] (0%} o3 f(B) [e74) o] (6%} o3

H 1.0008 —0.4544 0.1561 0.0479 H 1.0052 —0.6337 0.5418 —0.1658

log,,(&) —1.9853 6.9212 —9.8439 5.8524 log (&) —2.0472 8.921 —14.4135 9.1454

log,o(&) —0.8787 3.7842 —5.6981 3.7458 log,o(§s) —0.8802 4.6923 —7.3127 4.9145
defined as

From the numerical data, we fit easy-to-use expressions for
the optimization of the heralding as a function of the relative
brightness:

fB)=)"a,B" (B1)
n=0
where coefficients ¢, are given in Table II.

2. Type-1II Gaussian phase matching

The same as for PPNLC, we consider a crystal of length
L = 40 mm, pump wavelength A, = 405nm, and signal and
idler wavelengths at A, = 810 nm. The range and steps size of
the parameters used in the calculations are given in Table III.

From the numerical data, we fit easy-to-use expressions for
the optimization of the heralding as a function of the relative
brightness:

fB)=)"a,B" (B2)
n=0
where coefficients «,, are given in Table I'V.

3. Type-0 quasi-phase-matching

For the numerical calculations, we consider the specific
configuration of PPKTP crystal of length L = 5 mm, but keep
the same parameters for A, = 405nm and A; = 810nm. The
range and step size of the parameters used in the calculations
are given in Table V.

APPENDIX C: EXTENDED DISCUSSION

1. Scaling of relative brightness with crystal length

The relative brightness B is directly proportional to the
probability of generating both photons in the Gaussian mode
proportional to [ dQ2Py($2). Here Py () is the magnitude
squared of the spectral amplitude Py o(2) = |C0,0(.Q)|2 and is

TABLE III. Parameter ranges and step sizes used for the numer-
ical study of the aperiodically poled Type II source.

Parameter Range Step
log,,(&) —221t00.8 0.05
DQL —406.12 to 59.14 1.6

2

’

(ChH

PO,O(Q) = ‘Lfdpsdpld¢sd¢lf(psv pia (»bsa ¢is Qs L)

which was written in the polar-coordinate representation of
the transverse momentum. The function F inside the integral
is given by [30]

1
F = pspi exp[——(pﬁwf, + piw; + pizwf)]

4
, kp—ks 5 ky—Fk
X smc[( 2ok, Ps + 2k o;
cos(ps — i) L
- P 0(9)) 5]. (C2)
P

All spectral dependencies have been grouped into O(£2) =
D2 + GQ?, as defined in the main text. Applying the follow-
ing change of variables p; = /L P} and w3 = kL? (note that
£j is the focusing parameter), and noticing that p; = p¢ +

/oi2 ~+ 2p5pi cos(¢ps — i), Egs. (C1) and (C2). can be rewritten
as

1 / / ! ’ :
Pyo(Q)= ‘L<ﬁ> [ dpldpidediF(p,, pi. s, b1, 2. L)
(C3)
and
F= ,0/,,04/ exp [kpgp + ks%‘s ” kpé'p + kiéi ,04/2
. 4kpks§p§s s 4kpki€:p§i '
cos(¢s — ¢i)p’p-’ sinc kp — ks ,0’2 kp — ki ,o-’z
2kpé, s dkpks *° Ak
cos(¢s — i) , L
- ———plp — 0(Q)= |, 4
TR )2} (C4)

respectively. From this we can see that diffraction adds an ex-
tra dependency on the crystal length, namely (L~'), when

TABLE V. Parameter ranges and step sizes used for the numeri-
cal study of the periodically poled degenerate Type O source.

Parameter Range Step
logo(&p.5.) —2to1l 0.05
Vv GLS2 —41.157 to 35.065 0.518
¢ —1.125t0 2.375 0.25
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TABLE VI
Type Unfiltered Filtered
Waveguide D > G L L?
Waveguide D = 0 L3? L?
Bulk D > G const L
Bulk D =0 VL L

considering the same focusing parameters. Note that keeping
&; fixed implies adjusting the waist parameters.

We now integrate P o(£2) over €2, introducing a change of
variables adapted to the corresponding spectral dependence.
This is done separately for type-II (D > G) and degenerate
type-0 (D = 0) SPDC, since O(£2) ~ D2 in the former case,
whereas O(Q2) ~ GQ? in the latter. Accordingly, we define
Q = /L and Q = Q'/+/L, respectively, canceling the L de-
pendency in the argument of the sinc function.

It is easy to see that the scaling of the brightness with
crystal length is given by

1 1
BD>>Go<L2<—) (—) F, (C5)
L spat L spect
B o<L2<1> < ! ) F (Co)
D=0 = e
L spat \/Z spect

where the spatial and spectral contribution to the scaling have
been emphasized. All remaining L- independent terms have
been grouped into F* which is defined as

F:/dQ’

In Table VI, we show a summary of the scaling of the
brightness with respect to the crystal length for waveguide and
bulk crystals and for different phase-matching configurations.
Furthermore, we also add for the case of unfiltered and filtered
cases. For the latter, the filter bandwidth is much lower than
the SPDC bandwidth. Importantly, for the scaling in a bulk
crystal to hold, it considers a fixed focusing parameter as can
be seen from (C4). This means that the waists of the Gaussian
modes need to be appropriately adjusted.

2
. (CT)

/dpédpi/dff?sd@}—(ﬂ;, P, s, b1, )

2. Equal signal and idler focusing in degenerate
and nondegenerate SPDC

The spatial correlations of SPDC photon pairs are de-
termined by the product of the pump envelope and the
phase-matching function:

2,2 2 >\ L
d=exp|— 91"y sinc 9" _la.”_ lal” )L :
4 kp ks k |4

(C8)

Introducing the focusing parameter, and considering the
degenerate case Ay = A; = A,/2, together with the approxi-
mation k, ~ 2ks ~ 2k;, Eq. (C8) can be written as [18]

Llg,l? 2L
® ~ exp ——ﬂ ~! )sinc m|” L ) (C9)
4k, P k, 4

Here, q,, = 5 — ¢; and g, = ¢, + ¢;. Equation (C9) shows
that, when written in terms of the focusing parameter, the
transverse momentum spread of the pump is rescaled by the
factor L/(4kp). This makes the angular bandwidth indepen-
dent of L and A, in the normalized variables. Moreover, in
this degenerate limit the phase-matching function depends
only on ¢,,, whereas the pump envelope depends only on g,,.
This symmetry suggests that the signal and idler photons have
similar angular mode profiles, making the choice & =§; a
natural and physically well-motivated choice.

For type-II or nondegenerate configurations, the spatial
dependence of Ak can be written as
. |kgi — kig,I”

2kpksk;
2
_ (ks + ki)gm + (ks — ki)g,| ’ (C10)
8kpkski
where the approximation k, = ks + k; has been used.

In this case, the transverse momentum phase matching
no longer acts solely along the g, axis, because the signal
and idler transverse momenta are weighted by their respec-
tive wave numbers k;. For degenerate type-Il SPDC, the
birefringence is typically small and only weakly perturbs
this symmetry. For strongly nondegenerate configurations,
however, this rescaling must be treated more carefully; such
configurations are therefore outside the scope of this work.
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