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Dipolar supersolids—quantum states that are simultaneously superfluid and solid—have had their superfluid
nature rigorously tested, while their solid nature remain uncharted. Arguably, the defining characteristic of a
solid is the existence of elastic shear waves. In this work we investigate transverse wave packet propagation in
dipolar supersolids with triangular and honeycomb structure. Remarkably, the honeycomb supersolid displays
anomalous dispersion, supporting waves traveling faster than the transverse speed of sound. While the distinction
between anomalous and normal dispersion appears subtle, it has a profound influence on both the transport and
scattering properties. For both supersolid phases, we calculate the shear modulus, a key parameter that quantifies
the material’s rigidity. Our findings are pertinent to current experimental efforts scrutinizing the fundamental

properties of supersolids.

DOI: 10.1103/xz57-52ft

Shear waves—an elastic wave typified by oscillation of the
medium perpendicular to the direction of wave propagation—
are an invaluable tool for probing the internal structures of
various systems over a range of scales. In geophysics, they
are used to reveal the Earth’s layered structure [1]; in medi-
cal imaging, shear wave elastography techniques characterize
tissue composition [2]; and down at the quantum level, they
are used to probe the elasticity of Abrikosov vortex lattices in
superfluids [3-6].

One other such quantum phase that should support shear
waves is the supersolid. A supersolid is a fascinating and
counterintuitive state of matter that combines the properties
of superfluidity with crystalline order [7-12]. In this ex-
otic phase, a material exhibits both the rigidity and periodic
structure characteristic of an ordered solid and the invis-
cid flow typically associated with superfluids. This duality
emerges from multiple spontaneously broken symmetries: a
global U(1) phase symmetry and both translation and rota-
tion symmetries [13]. Ultracold atoms have now established
themselves as the leading platform to study supersolidity, with
varied approaches including cavity settings [14—16], atoms
with spin-orbit coupling [17], and dipolar atoms exhibiting
intrinsic long-range interactions [18-21]. Understanding this
phase in the context of ultracold matter may unveil new be-
havior in solid state materials [22], helium systems [23-27],
and neutron stars [28-30].

Experiments on supersolids composed of dipolar atoms
have opened numerous avenues to probe their superfluid
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nature [31,32], including measurements of the global phase
coherence [18-20], the existence of two phononic branches
in one-dimensional crystals (one each for the broken phase
and translation symmetries) [33-35], Josephson-type dynam-
ics [36,37], and most recently quantum vortices [38]. Though
the solid nature is inferred from the crystalline density distri-
bution and the corresponding Bragg peaks at finite momenta
[18-20,39], fundamental elastic properties associated with
solids, such as rigidity, stress, strain, and shear wave prop-
agation, have yet to be investigated. This leads to a natural
question: How solid is a dipolar supersolid? [40].

Here we propose a protocol to excite shear waves in two-
dimensional dipolar supersolids and measure their resulting
propagation velocities. We investigate this protocol for trian-
gular and honeycomb lattice structures, which are ground state
solutions for a system of ultracold dipolar atoms under planar
confinement [41-43]. Our results reveal distinct dispersive
phenomena between the triangular and honeycomb phases,
which we probe through the current density dynamic structure
factor (DSF) and the Bogoliubov de-Gennes (BdG) method.
These investigations show that the honeycomb structure can
support a refractive index smaller than unity, thus support-
ing shear waves traveling faster than the transverse speed of
sound. The idea of such a sound mode in classical wave theory
can be traced back to Sommerfeld and Brillouin [44-47],
while in the quantum realm, it is analogous to the anomalous
phonon dispersion relation observed in superfluid helium-4
[23,48-50]. We speculate that this anomalous behavior is a
signature of an incipient transverse branch instability in the
honeycomb supersolid as recently reported by Blakie [51].
Finally, we find the relationship between the wave packet
propagation velocities and the transverse speed of sound, and
estimate the shear modulus of dipolar supersolids.

Theoretical framework. In our investigations, we study a
dilute weakly-interacting gas of ultracold dipolar atoms in
a Bose-Einstein condensate (BEC). Under a homogeneous
magnetic field, the interactions can be modeled by a simple
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FIG. 1. Excitation of shear waves in a triangular lattice dipolar supersolid, with (ay, nop) = (0.75 agg, 1500 um~2). (a) The initial density
normalized to the peak density, which has been locally perturbed along % (between the dashed lines). The white circles show the initial droplet
positions. (b) Shear wave propagation along y shown by the deviation of the row COM over time. (c) Current density DSF [Eq. (3)] and the
gapless branches obtained via BdG calculations (dotted lines). The dominant fluctuation in j, at wgz = 0.251w; is highlighted, with contours
shown at 30% of the maximum density. (d) Transverse velocities, calculated from the transverse branch of the BdG results shown in (c). Inset

shows the refractive index n(k,).
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for particles with mass m. The nature of the short-range con-
tact interactions are governed by the size and sign of the
s-wave scattering length a;—tuneable through Feshbach res-
onances [52]—and the long-range anisotropic dipole-dipole
interactions are similarly governed by the fixed dipolar scat-
tering length agq. The dipoles are polarized along the z axis,
and 6 is the angle between r and the z axis. Here we focus
our studies on '**Dy atoms in the bosonic ground state, where
aqq = 130.8 ag with Bohr radius ag, though they are generally
applicable to other atomic species.

This full system is well described by a beyond mean-
field theory, known as the extended Gross-Pitaevskii equa-
tion (eGPE) [53-56]. This governs the three-dimensional
macroscopic wavefunction W(r,?), and takes into account
single-particle dynamics, two-body interactions, and quantum
fluctuations. Due to the azimuthal symmetry of the inter-
action, dipolar supersolids break at most two translational
symmetries, giving rise to triangular, stripe, or honeycomb
two-dimensional (2D) lattice structures [41-43]. Thus, fol-
lowing Ref. [42], we are able to reduce the complexity of this
model to the quasi-2D variational eGPE,

L n*v? ;
ih— = (— + @, + gorl Y| >¢, ()

Jt 2m

where the dimensionally reduced wave function ¥ (p,t) is
defined over the infinite plane, p = (x, y). The 2D interac-
tion and quantum fluctuation terms, ®, and gqr, depend on
the variational width o in the perpendicular (z) direction.
We fix the areal number density n,p, and perpendicular har-
monic trap with frequency w, = 2w x 72.4 Hz. This model
and our numerical methods are detailed in the Supplemental
Material [57].

The ground state phases of this variational quasi-2D model
can host supersolids with intriguing density structures. When

as > aqq, the state can only be a uniform planar gas. The dipo-
lar interactions are not strong enough to modulate the density;
however, there can be a roton minimum in the excitation spec-
trum [58—61]. In the dipolar-dominated regime, a, < aqq4, the
roton gap can close and the system spontaneously breaks the
spatial symmetries [32]. Of the available density modulated
states, two ground state configurations can carry shear waves.
At low densities, the system crystallizes into a triangular pat-
tern, as recently observed in finite sized systems [21,62]. At
large densities, the system inverts, giving rise to a triangular
arrangement of holes and a honeycomb lattice structure [41].
There is another ground state configuration at intermediate
densities with one broken translational symmetry—the stripe
phase [42]—that does not support transverse excitations [63].

Shearwaves in triangular supersolids. In Fig. 1(a) we show
the initial perturbation of a single row of the crystal away
from its equilibrium position, which adds elastic tension to
the lattice. We shift the central row by AL = 0.125L, where
L is the lattice spacing. We have ensured that the observed
shear wave propagation does not vary with the magnitude
of this shift for smaller perturbations. Evolving the system
in real time, we observe a longitudinally propagating wave
packet (along ¥), leaving behind transverse crystal oscillations
(along ). We then track the deviation of the center of mass
(COM) of each row from its equilibrium position, as shown in
Fig. 1(b). We track both the peak and edge of this wave packet,
defining the latter as a COM deviation larger than 5% of the
peak amplitude. The peak velocity increases with the propa-
gation time, starting at ~0.23 mm/s and grows to ~0.24 mm/s
after 750 ms, and the edge velocity always exceeds the peak
velocity at ~0.26 mm/s, due to the dispersive nature of the
wave packet. The existence of shear waves implies a non-zero
shear modulus of dipolar supersolids, and proves the solid-like
nature of the state, a key result of this work.

We can begin to discern the accelerating wave packet
dynamics from the dispersion relation, obtained by calculat-
ing the current density DSF. Given the current density j =
(jir Jy); caleulated through j(p, 1) = 5 [¥* (0. OV Y (p. 1) —
¥ (p,t)Vir*(p, )], we can define the current density DSF as
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FIG. 2. Excitation of shear waves in a honeycomb lattice dipolar supersolid, with (ay, nop) = (0.775 aqq, 4000 um=2). Panels (a)—(d) as in

Fig. 1, but with wgz = 0.3660w;.

// dp dr e*iwt+ik-pja ,

reminiscent of the transverse DSF defined in Ref. [64]. In
this definition, S; > 0 corresponds to a transverse current
density excitation (j,) and S; < 0 corresponds to a longi-
tudinal current density excitation (j,). The amplitude of S;
gives the strength of the response of the corresponding (k, w)
fluctuation to the excitation.

Figure 1(c) shows half of the first Brillouin zone (BZ),
0 < ky, < kgz = /L, of the current density DSF, revealing
the three gapless (Goldstone) modes inherent to a 2D super-
solid [65]. As apparent from the large amplitude positive Sj,
the response of the system is dominated by j, fluctuations,
revealing the transverse branch w; (k,). Only weak longitudi-
nal crystal and superfluid phonons are induced, as expected
from the dislocation in the density at the boundary of the
initial perturbation. On the right-hand side of Fig. 1(c), we
also highlight the dominant current density fluctuation by
taking F;[j.(p, )] = j«(p, w), and isolating the mode with
frequency w;(kpz) = wpz [66]. We note that wgz is equal to
the oscillation frequency of the central row COM (y = 0),
shown in Fig. 1(b). This mode corresponds to a transverse
phonon with wave number kgz, i.e., a fluctuation where the
current alternates between each row.

We independently verify the dispersion of these Goldstone
modes by introducing a perturbation about the ground state
solution, ¥ (p, 1) = [Yo(p) + 8(p,1)]e /" Here u is the
chemical potential and

8(p,1) =Y [uy(p)e ™" — vi(p)e ],

S; =S;, — §j,, where

Sk, w) = 3)

“)

where u, and v, are the Bogoliubov modes with band index
v which obey the translational symmetry of the supersolid
state. By substituting the perturbed wavefunction into Eq. (2)
and linearizing, we obtain the familiar BAG equations [67,68]
(see the Supplemental Material for details [57]). We solve
the BAdG equations using a Bloch wave expansion of the Bo-
goliubov modes to obtain the frequencies, w, (k), and overlay
the three lowest bands for comparison in Fig. 1(c). Note
that the near-identical shape of the superfluid and transverse
modes is a coincidence of the chosen parameters, and their
speeds of sound are distinct in other regions of parameter
space [68]. We can extract three characteristic velocities from

the BAG results for the transverse branch: (1) the transverse
speed of sound ¢, = limy .o, /ky, (2) the phase velocity
v,(ky) = @, /ky, which defines the velocity of a wave with
given k,, and (3) the group velocity, v,(k,) = dw,/dk,, which
defines the velocity of the wave packet envelope and thus the
velocity of energy propagation in the medium [69]. For the
triangular supersolid, both v, and v, monotonically decrease
from ¢, with increasing wave number, and subsequently the
refractive index, n = ¢; /v), increases from unity with k,. This
behavior is referred to as normal dispersion and is a hallmark
of conventional crystalline solids [70].

The k dependence of these characteristic velocities fully
describes the observed shear wave packet dynamics in
Fig. 1(b). The initial perturbation is localized in space, ex-
citing a range of high-k modes along the transverse branch.
The group velocity of this wave packet is initially smaller than
the speed of sound, increasing in velocity as the wave packet
broadens and involves the lower-k modes. The wave packet
edge travels at the largest v,, which in this case corresponds
to ¢;. Consistent with this interpretation, we have verified that
initially perturbing multiple crystal rows gives qualitatively
similar results, but with a larger initial peak velocity due to a
greater coupling with long wavelength low-k modes. As the
wave packet moves across the system, only the mode with
v, = 0 is left behind, corresponding to the mode at the BZ
edge, highlighted in Fig. 1(c).

Anomalous dispersion of shear waves in honeycomb su-
persolids. Applying the same protocol to the honeycomb
supersolid [Fig. 2(a)], we observe radically distinct behavior.
For the triangular supersolid, the wave packet edge propagates
at the speed of sound, where w = 0, as indicated by an endur-
ing rightward COM displacement [colored red in Fig. 1(b)]. In
contrast, the wave packet edge in the honeycomb supersolid
oscillates between left and right displacement [Fig. 2(b)].
Thus, the fastest velocity in the excitation has w > 0, and
exceeds the speed of sound.

We can pinpoint the origin of this unexpected finding from
the current density DSF, the BdG dispersion, and the corre-
sponding characteristic velocities, as shown in Figs. 2(c)-2(d)
[71]. The transverse branch displays a subtle upward con-
cavity for intermediate wave vector (0.2 S k,L/m < 0.4),
supporting v, and v, which exceed c;, and a subunity refrac-
tive index. This is known as anomalous dispersion and has
significant implications for transverse phonon decay. The su-
perlinear dispersion allows for Beliaev damping of transverse
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FIG. 3. Shear wave velocities and the shear modulus for tri-
angular a;/aqq = 0.75 and honeycomb a;/aqq = 0.775 supersolids.
(a) Orange points indicate the estimated transverse speed of sound,
¢;, and the purple points indicate the maximum value of the group
velocity, vy, with 1o confidence error bars from a quartic fit to the
BdG calculations of the transverse branch. Shaded region is bounded
by the slowest peak COM velocity (dashed curve) and edge COM
velocity (dotted curve). (b) Superfluid fraction. (c) Shear modulus,
1, calculated with ¢, and the COM velocities from (a).

phonons, where one phonon spontaneously decays into two
[72,73]. Though rare, similar phenomena has been observed
in other systems such as crystalline materials [74,75], Wigner
and Coulomb crystals [76-78] and superfluid helium-4 [49],
the latter being the subject of thirty years of intense experi-
mental and theoretical debate [23].

The origin of the anomalous behavior can be understood
through a simple physical argument, though this will be sub-
stantiated in a subsequent work. In general, the dispersion
relation for a gapless branch must have the form w(k) =
Ak + Bk* + O(k*) for momentum k. A phonon instability
occurs when the linear part becomes negative, crossing A = 0.
However, in a crystalline system at the BZ edge dw(k)/dk =
0. Therefore, near to the shear wave (transverse phonon) in-
stability the band goes as k?> for low momenta and flattens
at the BZ edge. These criteria set “boundary conditions” for
the band and lead to anomalous behavior for intermediate k.
We note that this implies an enhancement of the anomalous
behavior close to the shear wave instability [51]; however, the
honeycomb state is not the ground state in that region, and it
is not be possible to dynamically probe this in an experiment
without entering the stripe regime. This was shown in the top
row of Fig. 3 in the very recent work of Ref. [51]. Our results
show that this behavior persists in an experimentally relevant
parameter regime where the honeycomb state is indeed the
ground state. To our knowledge, the honeycomb supersolid
constitutes the first quantum solid to display anomalous dis-
persion, the main result of this Letter.

Estimating the shear modulus. There is a simple expression
that relates the shear wave velocity v, and the material density

to the shear modulus u—the measure of elastic shear stiffness
of a medium—given by [9,68,79-81]

= pv?=(1— f)pvl. (5)

In this expression, p = mnyp is the sum of the normal and
superfluid densities, p = p, + py, as defined by the superfluid
fraction f; = p,/p [12]. We calculate the superfluid fraction
tensor,

1 9P,

- 6
pAan ( )

fij = 8ij
with i = x, y, through the linear momentum response P =
(P, Py) of a superfluid within a unit cell of area A pushed
at velocity v = (vy, vy), using the auxiliary function approach
introduced in Ref. [82]. For the triangular and honeycomb
states, the off-diagonal elements are consistent with zero, and
we take f; = f; [83]. The physical interpretation of the su-
perfluid fraction tells us the proportion of the state that reacts
like a superfluid to an external perturbation. Experimentally,
the superfluid response has been probed in one-dimensional
[37,84] and 2D [66] crystals, and recent theoretical work sug-
gests that f; can be extracted from condensate density images
alone [82].

Figure 3 shows the required ingredients in order to esti-
mate the shear modulus from our measured time-dependent
velocities v;. We generalize our results to a wide range of 2D
densities, whilst maintaining the ground state crystal struc-
ture. The shaded region in Fig. 3(a) demarcates the range of
velocities that could be observed in an experiment. The lower
bound is given by the initial peak velocity (which increases
over time), and the upper bound is the edge velocity. Com-
bined with the superfluid fraction calculation of Fig. 3(b), we
show that the shear moduli of both states are on the order of
attoNewtons per meter (aN/m) [85], and are consistent with
recent related work [51,68]. Thus, the small-but nonzero—
values of the shear moduli definitively show that the dipolar
supersolid phases are solid [86].

Consider the experimental implementation of this proto-
col for the triangular supersolid. The edge velocity matches
closely our extracted ¢, [Fig. 3(al)], but due to fluctuations
such as temperature effects, tracking the edge of the shear
wave may be below the fidelity of experiments. Furthermore,
in finite-size systems the propagation velocity can be greatly
reduced at the boundary of the system, as we show in the Sup-
plemental Material [57]. Thus, experimental estimates may
drastically underestimate the shear modulus. At much larger
densities than shown here, the transverse branch becomes soft,
and the shear wave velocity tends to zero. However, this is
in the parameter regime where the stripe phase is the ground
state solution [42].

The honeycomb state in Fig. 3(a2) shows a propagation ve-
locity exceeding ¢, across the parameter space; however, this
effect is diminished for increasing densities as indicated by the
decreasing width of the shaded region. This transition from
anomalous to normal dispersion is reminiscent of the behavior
seen in superfluid helium-4 as a function of pressure [23]. The
anomalous dispersion is maximized at low densities, close to
the honeycomb-to-stripe transition, and may be related to the
hybridization of modes across this structural phase transition.
References [9,68,79-81] define Eq. (5) using the transverse
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speed of sound, replacing vy — ¢;. The prediction of anoma-
lously dispersive transverse waves calls this definition into
question. Instead, the stiffness is a k-dependent quantity, and
the shear modulus of the honeycomb supersolid can exceed
the one calculated from the speed of sound.

Conclusions. We have demonstrated that dipolar super-
solids with two-dimensional crystalline structure are true
solids displaying a finite shear modulus. However, the trian-
gular and honeycomb states exhibit shear wave phenomena
of a diverging nature. The triangular lattice structure demon-
strates normal dispersion, and this modulated superfluid
state behaves as an archetypal solid. In contrast, supersolids
with honeycomb lattice structure show anomalous dispersion,
which supports shear wave propagation exceeding the trans-
verse speed of sound and opens intriguing avenues for future
theoretical and experimental exploration. We expect a rich
phenomenology to arise in this phase from the novel scattering
and spontaneous decay channels of anomalously dispersive
transverse phonons.

Our results are within current experimental capabilities.
Triangular lattice dipolar supersolids are now routinely avail-
able [21,38,62], and a new generation of experiments with
large dipolar atom numbers [87,88] (or molecules [89]) has
brought the honeycomb state within reach [90-93]. Once a
2D state has been achieved, a transverse wave packet can be
excited through a local perturbation of the crystal structure.
To provide the initial shift to the droplet positions, one could
employ an optical lattice [94] or a digital micromirror device

[95]. The transverse branch can also be directly probed by im-
printing transverse phonons, and the resulting structure factor
measured using Bragg spectroscopy [16].

Our work opens up new avenues for noninvasive measure-
ments of dipolar supersolids. In future work, we will explore
how defects in the supersolid affect the propagation of shear
waves, bringing the ideas of shear wave elastography to the
quantum realm. A supersolid can host both solid and super-
fluid defects, as holes in the crystal structure and quantized
vortices, respectively. These superfluid vortices lie in the low-
density regions and are not possible to image directly [38,96].
How these defects distort and interact with shear waves [97]
may provide an indirect measurement of their presence in
future dipolar supersolid experiments. Our findings may also
provide insights into the propagation of shear waves in the
supersolid phase of a neutron star following a starquake or
glitch [29].
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