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Enhanced soliton stability in bidirectionally coupled laser-microresonator systems
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We investigate a bidirectionally coupled system consisting of a Kerr-nonlinear microresonator and a
continuous-wave single-mode semiconductor laser. Inside the resonator, a forward-propagating and a backscat-
tered field interact nonlinearly, while a fraction of the backscattered field is fed back into the laser cavity. We
demonstrate in this paper that the interaction of the laser with the feedback opens up new ways of stabilizing
solitons. Using numerical bifurcation analysis, we systematically identify existence and stability ranges of time-
harmonic soliton states in the anomalous dispersion regime. We show that, in contrast with the unidirectional
configuration, the bidirectional coupling introduces a dynamic self-correcting response of the laser frequency
that stabilizes solitons. We further corroborate these enhanced stability properties through Monte Carlo time
integrations of randomly perturbed soliton states, demonstrating a significantly larger basin of attraction for
solitons in the bidirectional system, consistent with existing experimental observations.
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I. INTRODUCTION

Chip-scale Kerr soliton comb generators using inte-
grated optical microresonators have emerged as novel light
sources that offer vast application potential. Providing tens or
even hundreds of narrow-linewidth phase-locked tones with
equidistant spacings of tens or hundreds of gigahertz (GHz),
the devices are, e.g., particularly promising for massively
parallel optical communications [1], low-noise microwave
generation [2-5], or ultrabroadband photonic-electronic sig-
nal processing [6-9]. Recently, tremendous progress has been
made regarding ultralow-loss optical waveguides, enabling
Kerr-nonlinear microresonators with extremely high-Q fac-
tors of the order 107 or even 10® [10-12]. This results
in milliwatt-level pump thresholds for Kerr comb gener-
ation [13], thereby allowing for pumping by III-V-based
semiconductor laser diodes with moderate output power. A
particularly promising approach to compact robust Kerr comb
sources relies on directly coupling the pump laser diode to the
Kerr-nonlinear microresonator without any intermediate op-
tical isolator, leveraging resonantly enhanced backscattering
from the cavity to precisely lock the laser emission wave-
length to the pumped resonance [13-15].

This approach has been demonstrated both experimentally
and theoretically to offer fully automatic soliton-comb forma-
tion by simply switching on the laser pump [13—17], thereby
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obviating complex electronic control systems and allowing for
comb sources with a compact footprint that can be integrated
into standard industrial packages. However, while a series
of experimental demonstrations of self-injection-locked Kerr
comb generators has been reported over the previous years
[13-16], theoretical analysis and modeling of the full sys-
tem have so far been limited to conventional time-integration
techniques, which can describe the field evolution in specific
comb-source implementations but cannot give a full picture
of the stability and the properties of such comb states over
a wider parameter range. Let us note that, in the regime
of weak backscattering, bright and dark solitons have been
investigated for a reduced model under the assumption of fast
laser dynamics [18,19].

In this paper, we address this gap and develop a frame-
work that allows us to investigate time-harmonic soliton states
of the full bidirectionally coupled system using numerical
bifurcation analysis in the anomalous dispersion regime. In
contrast with time-integration methods, which were used in
previous studies [13—15], our numerical bifurcation approach
allows for a systematic exploration of soliton states for a large
range of technically relevant parameter values. Our numerical
analysis further shows that, unlike its unidirectionally coupled
counterpart, the bidirectionally coupled laser-microresonator
system can self-correct perturbations of the laser frequency
such that stable time-harmonic solitons persist. To assess the
robustness of these states, we perform Monte Carlo simula-
tions of randomly perturbed soliton states, demonstrating that
the bidirectional system possesses a substantially larger basin
of attraction than the unidirectional configuration. Finally,
we complement our study with a sensitivity analysis of the
existence and stability ranges of soliton states with respect to
key system parameters.

The paper is structured as follows. In Sec. II we formu-
late the mathematical model for the bidirectionally coupled

Published by the American Physical Society


https://orcid.org/0009-0005-0914-8065
https://orcid.org/0000-0003-0405-9504
https://orcid.org/0000-0003-0390-274X
https://orcid.org/0000-0002-3149-2373
https://ror.org/04t3en479
https://ror.org/04t3en479
https://crossmark.crossref.org/dialog/?doi=10.1103/xw6j-58wy&domain=pdf&date_stamp=2026-11-03
https://doi.org/10.1103/xw6j-58wy
https://creativecommons.org/licenses/by/4.0/

BENGEL, PENG, DE RIJK, KOOS, AND REICHEL

PHYSICAL REVIEW A 114, 053502 (2026)

FIG. 1. Schematic diagram depicting the bidirectional coupling
of the semiconductor laser with a Kerr microresonator. The light
emitted from the semiconductor laser is injected into the Kerr mi-
croresonator in the CCW direction. Due to surface and internal
inhomogeneities, the CCW field is backscattered CW and injected
back into the semiconductor laser.

system. In Sec. III we present numerical simulations and
compare our findings with those obtained in the standard
unidirectionally coupled laser-microresonator model. In Ap-
pendix A we give details on the numerical bifurcation analysis
as well as the algorithm for the parameter sensitivity analysis.
Appendix B is devoted to the derivation of the normalized
form of the bidirectionally coupled system from the system
in physical quantities.

II. COUPLED LASER-RESONATOR MODEL EQUATIONS

Direct pumping of a Kerr-nonlinear microresonator with
a semiconductor laser diode constitutes a bidirectionally
coupled system, with resonantly enhanced Rayleigh backscat-
tering within the microresonator feeding back into the laser
cavity; see the conceptual diagram of the coupled system in
Fig. 1. The light emitted from the pump laser is described by
the carrier number N(¢') inside the cavity and the laser field
AL (¢") which is coupled into the ring-shaped Kerr microres-
onator. A counterclockwise (CCW) propagating forward field
Ag(x,t") and a clockwise (CW) propagating backscattered
field Ag(x, t') are generated, where x € [0, 27] is the angular
position and ¢’ > 0 is the time. Inside the resonator, the fields
Ar and Ap interact with each other, and a part of Ap is coupled
out of the resonator back into the laser, where it interacts with
the laser field Ar.

In the absence of backcoupling, the Kerr-nonlinear in-
teraction in a high-Q microresonator pumped by a strong
continuous-wave laser is described by the Lugiato-Lefever
equation (LLE) [20,21]

2

. L ,
ar(e,1) = [~1 +ids 5 +ilag(r. 1) Jar.0 "

- Kexlfei({H—d))

in normalized time ¢ and angular position x € [0, 27] (a
superscripted dot denotes the time derivative). Here ap is

TABLE I. Description of the physical meaning of the constants
and their normalized counterparts. An empty space indicates that
there is no normalized version of the corresponding quantity in the
equations.

Normalized

Quantity quantity  Physical meaning

I/e t Bias current of laser/elementary
electronic charge

r y Carrier recombination rate

No I Carrier number at transparency

" Optical mode confinement factor

oy Linewidth enhancement factor

Ky Kd Photon decay rate of laser cavity

Qo o Laser cavity mode frequency

Koy Kext External coupling rate

K Photon decay rate of resonator

Qm W Frequency of resonator mode

D, dy Group-velocity dispersion

g0 Single-photon-induced Kerr
Frequency shift

C-valued coupling rate between forward
and backward modes

o} Accumulative phase between laser
and resonator

Small-signal gain

Saturation coefficient

KSC KSC

2m periodic in x and describes the normalized forward-
propagating optical field in the microresonator driven by the
invariant laser field a (1) = fe*’ where the detuning ¢ =
wm — wy 1S static and is given by the mismatch between the
frequency wy, of the pumped resonator mode and the fre-
quency wy of the laser cavity mode. Dispersion d5, coupling
Kext, and accumulative phase ¢ are as in Table I, and f repre-
sents the strength of the input laser.

The bidirectional setup considered in this paper is modeled
by the system (2) below, which fundamentally differs from
the LLE (1). First, the normalized carrier number 7 inside the
laser is governed by a rate equation with a normalized gain
factor g = g(|ar|?). This gain is subject to saturation by the
laser field ar, and takes the explicit form

2
o
gp)=——",

p=lar|*.
g +é€p

See Table I for the physical meaning of the parameters. In
addition, the equations for the normalized laser field ai, the
normalized forward field ag, and the normalized backward
field ag are mutually coupled. Specifically, the laser field ar,
which is driven by the carriers, has the backscattered field
ag as an additional external injection source. Conversely, the
forward field ag is driven by the laser field a . Finally, inside
the resonator the fields ap and ap are subject to self-phase
modulation, dispersion, and cavity loss and interact through
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center-mode coupling and cross-phase modulation. The re-
sulting system for the normalized quantities, cf. [14,15], is
given by

at) =t — yn(t) — glla(O)H)n(t) — 1laL @),

I elan () Pmoln(t) — 1] — kq)

aL([):[ 5

+ i(wm — wo>]aL(r> — Kexan ()€,

32
ar(x, 1) = [—1 +idy— +illar(x, D> + 2|aB(r)|2]}
ox

X ap(x, 1) + ikscap(t) — Kexar(t)e'?,

2T
aB<r)=[—1+i<|aB<t>|2+1/ |aF(x,t>|2dx)}
T Jo

1 2
x ag(t) + ilcs*c—n / ag(x, t)dx, 2
0

where all constants are explained in Table I. The derivation of
the system (2) for the normalized unknowns ap, ar, ag, n
from the associated system in the physical quantities
Ap, Ap, AL, N, is detailed in Appendix B.

While the forward field ag(x,t) contains all resonator
modes and therefore remains spatially dependent and 27 pe-
riodic in x, it suffices to only consider the central mode ag(t)
of the backscattered field, which is independent of x. The
reason is as follows: for a laser pump modeled as a single-
frequency laser diode, self-injection locking occurs only
when the frequency detuning between the feedback injection
field and the pump laser emission lies within the locking
bandwidth [22]. Among all back-reflected modes, only the
central mode, which originates from the back reflection of the
pumped mode, has a frequency close to that of the pump-laser
emission.

The unidirectional model (1) can be recovered from the
bidirectional system (2) in the zero-backscattering limit.
Specifically, by setting the coupling parameter k. in (2) to
zero, taking ag(t) = 0, and choosing the injected laser field
as a(t) = fe'*’, the equation governing the forward field
ap(x, t) reduces to (1). Throughout this paper, we use this
correspondence to perform direct quantitative comparisons
between the two models, with all other parameters held fixed.

We remark that a reduced model of the Ilaser-
microresonator system, based on the assumptions of weak
backscattering and fast laser dynamics, has also been
considered in Refs. [18,19]. In the weak-backscattering
regime, the direct influence of ag on ar is neglected, while
its feedback to the laser is retained. Assuming that the laser
amplitude relaxes rapidly, one sets %lau = 0. The laser
frequency is then linked to the backscattered field through
a laser phase equation, without explicitly evolving a;, and
n as in (2). However, since the reduced model does not
resolve how the laser field and carrier number respond in the
stability analysis, we use system (2) to investigate the soliton
robustness.

II1. RESULTS AND COMPARISON BETWEEN
UNIDIRECTIONALLY AND BIDIRECTIONALLY
COUPLED SYSTEM

We present our results for the bidirectionally coupled sys-
tem (2) and compare them with those of the unidirectional
model (1). The physical parameter values used in our numeri-
cal simulations, together with their relation to the normalized
parameters, are listed in Table II in Appendix B.

We begin by stating some known results for the standard
LLE (1). It has been shown in Refs. [23-25] that it supports
stable time-harmonic soliton solutions of the form ag(x, t) =
al(x)e!¢"*9) with ¢ = wy — wp, which can be obtained via
a bifurcation analysis. In this context, stability means that,
while keeping the laser in its prescribed invariant state, small
perturbations of the soliton solution in the microresonator’s
forward-propagating optical field ar relax to a spatial translate
of the solution on an exponentially fast timescale [26-29].

In contrast with conventional soliton generation in the
unidirectional model (1) without backscattering, which typ-
ically requires a detuning sweep, the bidirectional system
(2) enables turnkey formation of soliton states from small
perturbations of the homogeneous zero state [13]. While this
already demonstrates that backscattering can substantially fa-
cilitate soliton generation, our results show that the resulting
time-harmonic soliton solutions of (2) also possess enhanced
stability properties.

Before presenting our main results, we point out a key
structural difference between the two models. The instanta-
neous laser frequency wy (¢) for system (2) is defined by

wL(t) = oy — %arg(aL(I))

In the standard LLE model (1), the laser is prescribed, and its
frequency is fixed by w (f) = wp. In the bidirectional model
(2), by contrast, the laser field is affected by the resonator
dynamics, so that w (f) is generally time-dependent and be-
comes part of the unknowns.

Our main results, demonstrating enhanced soliton stability
in the bidirectional coupled system (2) compared with the
unidirectional model (1), can now be summarized as follows:

(i) The bifurcation analysis, presented in Fig. 2, yields
stable 27 periodic, time-harmonic soliton solutions to the
bidirectional system (2) of the form

n(t) = n°,

ag(t) = ape’=". 3)

ap(x, ) = ad(x)e’,
aL(t) = a) e,

They are qualitatively very similar to those found in the uni-
directional model (1) while the laser is still operating in a
continuous-wave mode with constant detuning fpew = @Wm —
w, = ¢ — A, where

Kext

AL = —>Im[ape (1 +iay)],

0
4aj,
and ¢ = wy — wp. These solitons bifurcate from spatially
constant, time-harmonic solutions to (2) of the form

ap (t) — Q%onsteig'“ewr , I’l([) — nconst’
a. (f) — Qionstei{"ewt , ap (t) — Q%onstei{newt , (4)

with ¢ as the bifurcation parameter.
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FIG. 2. The left column shows bifurcation diagrams of spatially 27 periodic, time-harmonic solutions of the form (3) in the unidirectional
model (1) (top) and the bidirectionally coupled system (2) (bottom), with physical constants set as in Table II and ¢ = 0.64 x 7 =
2.0106, ke = 6.4550. As a bifurcation parameter, we choose the frequency difference ¢. Stable (unstable) solutions are marked by a solid
(dashed) line. The black curves indicate the spatially constant, time-harmonic solutions of the form (4), while different colors correspond to
different bifurcating branches. For the bottom bifurcation diagram, we provide two enlargements for the regions I and II, which are displayed
in the bottom row of the right column. Top rows of the right column show plots of the forward-field component g of solutions corresponding
to one-, two-, three-, and four-soliton states, indicated in the bifurcation diagrams by the red dot, square, diamond, and triangle markers,

respectively.

(i) Applying perturbations to stable soliton so-
Iutions of the form (3), we find perturbed solutions
(n(t), arL(t), ap(x, t), ag(t)) to system (2) with the long-time
asymptotics

n(t) — no,

ap(t) — C_lgei({newt+¢0)’
ap(x, 1) = ap(x + xo)e! '),
aB(t) — Qgei(fnewt+¢0)’

wL(t) = wy+ AL, ®)

at an exponential rate as t — oo, see Fig. 3. Here, ¢ =
fooo[a)L(s) — (wp + A¢)]ds is a phase shift and xy is a transla-
tional displacement of the asymptotic steady state c_z% induced
by the perturbation. That is, in contrast with the unidirectional
model (1) with a static laser field, backcoupling in the bidirec-
tional system (2) causes the laser to automatically adjust and
self-correct toward a time-harmonic continuous-wave mode
with constant detuning.

(iii) The Monte Carlo simulations, presented in Fig. 4,
demonstrate that the local basin of attraction of time-harmonic
one-soliton solutions is significantly larger in the bidirectional
system (2) than in the unidirectional model (1). Here, the local
basin of attraction refers to the range of initial perturbation
sizes for which perturbed solutions relax back to the (possibly
shifted and rotated) one-soliton solution. This is reflected by

a high convergence probability over a much larger range of
perturbation sizes.

We next elaborate on points (i)—(iii), beginning with point
(1), which concerns the numerical bifurcation analysis shown
in Fig. 2. We computed bifurcation diagrams of spatially
2m -periodic, time-harmonic solutions of the form (3) for both
the unidirectional model (1) and the bidirectional system (2).
Along each branch, we numerically determined the stability
of the corresponding solutions. The horizontal axis represents
the detuning parameter { and the vertical axis displays the
square root of the normalized intracavity pulse energy

2 1/2
lagll2 = (/0 IQF(x)|2dx>

of the forward-propagating optical field of the solution. In
both bifurcation diagrams, we identified solutions corre-
sponding to stable one-, two-, three-, and four-soliton states,
indicated by a red dot, square, diamond, and triangle, re-
spectively. Although the soliton states are qualitatively very
similar in the two models, the overall bifurcation diagram
and branch structure are noticeably deformed in the bidirec-
tional case. Nevertheless, in both models the one-soliton states
lie on the branch that emanates from the codimension-one
bifurcation point (BP) encountered last when following the
black solution curve, in agreement with the results for the
unidirectional case [23]. In comparison with our investigation
of the full bidirectional system (2), the recently published
work of Ref. [19] on the reduced model in the weak backscat-
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FIG. 3. Time integration for (2) starting from a small perturbation of the stable one-soliton solution marked with the red dot in Fig. 2. The
left column shows a space-time plot of the forward field ag(x, ¢), where the color code indicates the magnitude |ag(x, ¢)|. The right column
shows simulations of the carrier number n(z) (top left), magnitude of the laser field |ay(¢)| (top right), the backward field |ag(¢)| (bottom left),

and the instantaneous laser frequency w,, — wy (t) (bottom right).

tering and fast laser dynamics regime also shows bifurcation
of qualitatively similar pronounced single- and multisoliton
stationary states. The approach of Refs. [18,19] of using
the reduced model can be justified by looking at our time
integration simulation of the full bidirectional model (2) in
Fig. 3 and observing the almost two orders of magnitude faster
relaxation times of the carrier numbers, the laser field, and the
instantaneous laser frequency in comparison with the forward
and backward field.

As described in (ii), the time-harmonic soliton states in
the bidirectional system (2) have enhanced dynamical stability
features as opposed to those in the unidirectional model (1).
To illustrate these features, we use numerical time integra-
tion. We employ Lie-Trotter splitting with time steps of size
0.00015 and spatial grid size 7 /2% &~ 0.012 to approximate

—a—bidirectional =o0=-unidirectional

—_
-

(e}

o
average distance

o
O

convergence probability

1.5
perturbation size &

0.5 1

FIG. 4. Monte Carlo simulations assessing the stability of the
time-harmonic one-soliton state marked by a red dot in Fig. 2. For
each perturbation of || - ||;-size §, we perform 100 time integra-
tions starting from the randomly perturbed one-soliton state. The
figure shows the convergence probability to the soliton orbit and the
average distance of the perturbed solution at time # = 20 from the
one-soliton orbit, measured by |||ap(-, t = 20)| — |g2| |l. The results
are shown for the bidirectionally coupled model and the unidirec-
tional model.

the dynamics of the solution with the perturbed one-soliton
state, which is marked by a red dot in Fig. 2 as the initial
condition. The simulation in Fig. 3 confirms that a pertur-
bation of the stable 1-soliton state causes all four unknowns
to relax against a phase-rotated and translated version of the
soliton as in (5). The translational shift xy, whose value is
fully determined by the initial perturbation, is visible in the
left panel of Fig. 3. Moreover, the right panels show the
long-term stabilization of the laser field’s magnitude |ay (¢)|
and its instantaneous frequency wn, — wr(¢). In particular,
the frequency detuning is automatically adjusted to sustain a
soliton solution. We emphasize that this self-correction of the
laser found in the bidirectional system (2) cannot be observed
in the unidirectional model (1) due to the static form of the
laser field.

As outlined in (iii), we further assess the enhanced stability
properties in the bidirectional model through Monte Carlo
simulations, which provide a quantitative estimate of the local
basin of attraction of time-harmonic one-soliton states. More
precisely, we approximate the probability that an initially per-
turbed one-soliton state converges back to the soliton orbit,
as the perturbation increases in size. Here, the soliton orbit is
the family of solutions obtained from the soliton by arbitrary
phase shifts and spatial translations. Figure 4 shows the result
for the one-soliton displayed in Fig. 2 and marked by the red
dot, both for the bidirectional system and the unidirectional
model. For each data point, we perform 100 time integrations
starting from randomly perturbed one-soliton states. The per-
turbations are applied to the forward field and are taken to be
of the form af™ (x) = Zi:o a cos(kx), where the randomly
chosen coefficients ¢y are normalized such that ||a§m||2 =4.
This choice ensures that the perturbations are smooth and
that the resulting solutions remain even. Therefore, it is suffi-
cient to measure the distance to the orbit generated by phase
rotations. We perturb only the ag-field in order to obtain
a quantitative comparison with the unidirectional model. At
time r = 20, we measure the distance between the perturbed
solution ar and the one-soliton orbit by |||ag(-, = 20)| —
|c_zg| |- If this distance is smaller than the prescribed threshold
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FIG. 5. Existence and stability regions in the {—¢ plane (left) and {—key, plane (right) of spatially 2 -periodic, time-harmonic one-soliton
solutions to (2) of the form (3), bifurcating from spatially constant, time-harmonic solutions of the form (4). The light-gray area shows the
one-soliton existence range, and the dark-gray subsets depict the range of one-solitons with FWHMs of at most 0.4. The green subset indicates
stable solutions. The red dot marks the position of the one-soliton state of Fig. 2. The blue curve in the left panel indicates the position of the
BP from which the one-solitons emerge. The parameters are fixed to the physical values in Table II, with k. = 6.455 in the left panel and

¢ = 0.64 x 7 in the right panel.

0.5, the simulation is classified as convergent. Figure 4 shows
that, for the bidirectionally coupled model, convergence oc-
curs with probability nearly one up to § = 1. In contrast, for
the unidirectional model, this threshold is already reached at
6 = 0.3. In addition, Figure 4 shows that the average distance
of the perturbed solution to the soliton orbit at = 20 is much
smaller in the bidirectional model for increasing values of §.
All in all, this demonstrates that the bidirectional coupling sig-
nificantly increases the local basin of attraction of one-soliton
states compared with the standard LLE.

Next, we systematically analyze the influence of the pa-
rameters ¢ and .y on the existence and stability ranges of
time-harmonic one-soliton solutions to the bidirectional sys-
tem (2). This is of particular interest for practical applications
as both parameters can be changed in the experimental setup
[13,14,30]. The sensitivity analysis relies on an Algorithm 1
based on numerical path continuation. The Algorithm 1 is
explained in detail in Appendix A, and here we only outline its
main steps. First, we compute the curve of spatially constant,
time-harmonic solutions of the form (4) and determine all BPs
from which one-soliton solutions of the form (3) can emerge.
We then perform continuation in the parameter ¢ starting from
the BPs as long as the solutions on the bifurcating branches
retain the shape of a single pulse. Stability of the solutions
is checked by computing the eigenvalues of the Jacobian
evaluated at the respective states. The results are shown in
Fig. 5. Here, each point in the light gray regions represents
a pair (¢, ¢) (left panel) or (¢, kex¢) (right panel) for which
a one-soliton solution can be found. The dark gray regions
indicate subsets of the existence range that consist of highly
localized one-solitons with a prescribed full width at half
maximum (FWHM) value of at most 0.4, and stable solutions
are indicated by a green color. In addition, the blue line in the
left panel shows the values of the parameters at which these
solitons bifurcate from the spatially constant, time-harmonic
states. Finally, we have included red dots in both charts to
indicate the position of the stable one-soliton from Fig. 2.

For the accumulated phase ¢, we observe that the existence
and stability ranges bend from negative values of ¢ to positive

values, and then back to negative, as ¢ increases from 0 to 7.
We note that, due to the symmetry

(L_lFﬂ QBv QL? n, ¢) = (QF? C_ZB’ _QL7 n, ¢ + T[)

of (2), the existence and stability ranges are m periodic in ¢
and thus we can deduce from Fig. 5 the existence and stability
ranges for all values of ¢ € [0, 2r]. The simulations show that
stable solutions can be found near the boundaries of the dark-
gray areas, which represent highly localized soliton states.
Moreover, we observe gaps in the stability regions for certain
values of ¢. This indicates that the accumulated phase needs to
be carefully tuned in order to support stable one-soliton states.

The right panel of Fig. 5 depicts the sensitivity with respect
to the coupling k.x, where the remaining parameters are fixed
to the physical values in Table II. We observe that bifurcating
branches supporting one-soliton solutions emerge only when
Kext €xceeds approximately 6.0. As .y is further increased,
we find highly localized soliton solutions with a FWHM of at
most 0.4. This is explained by the fact that low values of ke
lead to a small excitation of the cavity field, obstructing the
existence of localized states, whereas high values allow for
energy transfer from the laser to the microresonator, resulting
in strong forcing. As in the sensitivity study with respect to
¢, large parts of the stability range for one-solitons lie close
to the boundary of the dark-gray region of highly localized
states. Finally, when k.4 exceeds approximately 6.8, a second
disconnected stability region emerges.

IV. SUMMARY

We have investigated the bidirectionally coupled system
(2) of a continuous-wave laser and a Kerr-nonlinear mi-
croresonator, where the backward-propagating resonator field
interacts with the pump laser. Using numerical bifurcation
tools, we have shown that the system supports stable time-
harmonic soliton states with stationary instantaneous laser
frequency wp, = wp + A¢. Under sufficiently small initial per-
turbations of these states, we demonstrated that not only
the laser and microresonator fields relax toward the solitons,
but, most importantly, wy (¢) self-corrects toward the value
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wp + A¢ which sustains the soliton state. Such a dynamic
self-correction of the laser is impossible for the standard
LLE where the laser field has a static frequency. Utilizing
Monte Carlo simulations, we further showed that bidirectional
laser-resonator coupling enlarges the basin of attraction for
one-soliton states compared with the unidirectional model,
providing a route toward enhancing soliton stability in ex-
periments. Finally, we systematically explored existence and
stability ranges of solitons with respect to parameter varia-
tions of the accumulated phase ¢ and the external coupling
strength k.. It turns out that stable one-solitons can only exist
provided ¢ lies within a finite band of values and the external
coupling strength kex exceeds a minimal value.
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APPENDIX A: NUMERICAL BIFURCATION
AND SENSITIVITY ANALYSIS

Here we explain the setup of the numerical bifurcation
analysis, and we introduce the Algorithm 1 which we use
for analyzing the sensitivity of the one-soliton existence range
with respect to parameter variations.

First, note that, if the unknowns ay, ag, and ag in (2) are
all shifted by a common constant phase factor, then they still
solve the same system. This means that, in contrast with the
standard Lugiato-Lefever equation (1), which is only invariant
under spatial shifts, the system (2) has an additional invariance
under phase shifts of ap, ap, ag. We eliminate the phase
invariance by transitioning into a rotating frame in which the
laser field a is real-valued. This is necessary for a robust
convergence of the numerical bifurcation algorithm since in
this way we exclude continuation of nontrivial states in the
direction where all components are shifted by a constant phase
factor. To this end, we write the laser field in polar coordinates

ap(t) = r(p)e ther®=onds p iy — gy (1),

where we recall that wp(t) — oy = —% arg(ar(t)). More-
over, we introduce gy, ag defined by

ap(x, 1) = ap(x, e o —onds,

ag(t) = aB(t)e_ift;(wL(s)—wm)ds'

Substituting the formula for gy, into (2), we obtain an equa-
tion for the instantaneous laser frequency

oL(t) = wo + San{gr()*Ing[n(t) — 11 — ka}

Kext

i
s Im[ag(z)e™]. (A

+

With the shorthand

1 ) .
O 2.1) = samlg(Hmo(n — 1) — kgl + “2 Im (ze*)

and the frequency offset ¢ = wy, — wyp, the remaining system
forn, r, ap, ag becomes (we suppress their arguments)

=1 —yn—grt)(n— 1)’

o1 )
= E[g(ﬂ)no(n — 1) — kqlr — kex Re (age'?),

. . o 9?
QF = [_] - l[é‘ - ®(r’ QB’ n)] + le@

. 2 2 . 1
+ 1(|C_ZF| + 2|QB| )]QF + 1Kscdp — Kextreld),

QB = |:|:_l - 1({ - @(V, dag, I’l)]

) ) 2 2 )
+1i| lag] +Z lap(x, )|"dx | |as
0

) 1 2
+]K:CE/0 ag(x, -)dx. (A2)

Observe that in this system the invariance under phase-shifts
is no longer present since r is a real-valued quantity.

When searching for steady states of (A2), we set the time
derivatives n, 7, dp, ag to zero. This results in an ordinary
differential equation (ODE) for ay coupled to three algebraic
equations for the remaining fields which include nonlocal
terms of ap. For the instantaneous laser frequency wp, Eq.
(A1) implies that it will also be constant. This means that
stationary solutions of (A2) correspond to time-harmonic so-
lutions of (2). Combing (A1) and the equation for r in (A2)
we obtain

K, .
oL = wo + — Im[age'® (1 + iay)].
r

The steady-state equation for n can be solved in terms of r,
yielding the formula

L+ g(r?)r?

Upon substituting this into the system (A2), we obtain an ODE

for ap, coupled to two algebraic equations for r and ag, given
by

n=n(r)=

. 02
0= [—1 —ilg = O ag, n()] +idy 7

+ i(|6_lF|2 + 2|QB|2)]QF + iKscC_lB — Kexlrei¢,

1 .
0 =2 {g()moln(r) = 11 = Kka}r — kex Re (age),
0= |:_1 - l[é. - ®(r76_lB’ n(r))]

2 27
+i |aB|2+—/ lagp(x))2dx ) |ag
a o a

1 2
+ik} — / ap(x)dx. (A3)
2w 0
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FIG. 6. Eigenvalues of the Jacobian operator evaluated at the
one-soliton state in Fig. 2 (red dot) of the bidirectional model. We
see that all eigenvalues except for the zero eigenvalue have strictly
negative real part, indicating dynamical stability and relaxation to a
spatial translation of the one-soliton solution at an exponential rate.

We consider the ODE for ap on the interval x € [0, 7]
equipped with homogeneous Neumann boundary conditions
0xap(0) = dyap() = 0. (A4)
This eliminates the spatial shift invariance of ap in (A2),
which is necessary to avoid unwanted path continuation in the

translational direction. Note that we recover periodic solutions
on [0, 27r] by reflection:

QF,per(x) — {QF(X)’

ap(2m — Xx),

x € [0, 7]
x € [m,2m7].

We then perform the numerical bifurcation analysis for (A3)
and (A4). The bifurcation analysis is conducted using the
MATLAB package PDE2PATH [32], which is designed for the
numerical continuation and bifurcation analysis of systems
of partial differential equations (PDEs). We discretize the
boundary-value problem for g using linear finite elements,
and add the equations for ap and r as algebraic constraints.
Throughout our bifurcation experiments, we choose the fre-
quency offset ¢ as the bifurcation parameter, since it can be
varied in the physical experiments.

Stability of the bifurcating solutions can be determined
by computing the eigenvalues of the Jacobian [J associated
with the discretized version of (A3). For this purpose it is
necessary to reintroduce the translational invariance by using
periodic boundary conditions on [0, 25r] for the field ap as
otherwise only stability with respect to even perturbations is
determined. Thus, the solution is stable if all eigenvalues A of
J satisfy Re(A) < 0 with the exception of a zero eigenvalue
present due to the continuous shift symmetry of the system.
As a result, stable solutions exhibit a spectral gap (if we
neglect the zero eigenvalue), which causes a relaxation of the
perturbed solutions to a spatial translate of it on exponentially
fast timescales, cf. Fig. 3. Figure 6 shows the stable spectrum
of the one-soliton in the bidirectional system obtained in Fig. 2
and marked by the red dot.

ALGORITHM 1. For j = 1, ..., m do.

1. Set ¢ = ¢; and compute the constant solution curve with
bifurcation parameter ¢ € [min, Cmaxl-

2. Mark all nondegenerate BPs on this curve for which (AS5) holds
with k = 1.

3. Compute and plot all bifurcation branches starting from the
marked BPs of Step 2 in ¢ as long as the forward-field
component gy, satisfies the following conditions:

) {xmaxx} = arg IIlaXX|QF()C)|2 c {0, },
. Jo5 lap(2)1dz

7 la(2)Pdz

The bifurcation analysis is also used to algorithmically
determine (a subset of) the one-soliton existence range in
the parameter space. To describe our algorithm for the sen-
sitivity analysis, we need an auxiliary result from bifurcation
theory. Suppose that (g, 7, ag g, %) € C x R x C x R is
a nondegenerate BP on the constant solution curve, where
nondegenerate means that zero is a simple eigenvalue of the
associated Jacobian of (A3). Then the forward-field compo-
nent of the bifurcating solutions can be locally parametrized
by s € (—s0, o) with some 0 < 59 < 1 [33, Corollary 1.4.2].
More precisely, we have the expansion

ap(x;s) = ag o + ag | cos(kx)s + 0(s2) ass —> 0, (AS)

with k € Ny and g ; € C. Below, we use this formula for
k =1 to determine those BPs at which one-solitons branch
away from flat states. Now let us fix a system parameter
¢ different from ¢. We analyze the influence of ¢ on the
existence range of the one-solitons. Therefore, we chose a dis-
cretization ¢pin = ¢1 < ¢ < +++ < Cn = Cmax With m € N,
Our algorithm consists of three steps given in Algorithm 1.

We briefly comment on each step. Steps 1 and 2 are nec-
essary to compute nontrivial solutions of (A3), where Step 2
ensures that we only calculate bifurcation branches on which
we expect to find one-soliton states. Heuristically, we have
observed that ky-solitons emerge from BPs where (A5) holds
with k = ko. This observation is consistent with simulations
in Ref. [23] for the standard LLE (1). Once we are on a
one-soliton branch, we stop the continuation as soon as the
solutions deform into two-soliton states (or different wave
forms). In system (A3) we observed that a one-soliton branch
generically connects to a two-soliton branch. The stopping
criteria are given by conditions (i) and (ii) in Step 3. The
first ensures that the modulus squared of the periodic ex-
tension of ap(x) has a single maximum on the periodicity
cell [0, 27r], while the second ensures that the solutions are
sufficiently localized around this maximum. Note that the
value 1.75 determines the degree of localization; it can also be
varied, with low values meaning that we look for a low degree
of localization, while high values enforce a high degree of
localization.

APPENDIX B: DERIVATION OF THE NORMALIZED
SYSTEM FROM THE PHYSICAL MODEL

Here we show how the normalized coupled system (2) is
derived from the system in physical units, and we give the
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values of the physical and normalized parameters used in our
simulations.

The bidirectionally coupled laser-resonator system in phys-
ical units is given by [14,15]

2

i@y =L vy - — 2T Ne)— N
N(l)—z IN(@) 1+6|AL(t/)|2[N(t) NollAL()I",
- [1—ioy wo ,

AL(I)—_ 3 (1+e|AL(t/)|2[N(t)_N0]_Kd>

+ (2 — szo>}AL(r’> — KewAg(t)e"?,
‘ / i K . 82 . N2 N2
Ap(x, 1) = | == +iD2 5 +igollAr(x, 1) +21Ap (1]

x Ap(x,1') + iKsAp (') — KexAL(t')e'?,

[k R -
—— +igo| [Ag(E)|"+— |AR(x, t")|*dx
2 7 Jo

1 2
x Ap(t) + 1K — / Ag(x, t')dx.
2 0

Ag(t) =

(BI)

The physical meaning of the constants are explained in Table I
and the normalized constants are given by

I r Ky
L= ) V = 2 ’ Kq = 2_7
KNoe K K
Qm 0 Kext D2
=2—, =2—, =2—, dr=2—7,
Wm K o K Kext K 2 %
K Ny ek
Ksc=2i» n0=2g0?, (9:7

TABLE II. Values of the physical constants and their normalized
counterparts. An empty space indicates that there is no normalized
version of the corresponding quantity in the equations. Since our
simulations focus on laser dynamics induced by external optical
feedback rather than high-power or large-signal modulation effects,
we assume that the laser operates in the linear gain regime, with its
output power remaining well below the saturation power. Accord-
ingly, the gain compression effect is neglected by setting the gain
saturation coefficient ¢ = 0.

Normalized
Quantity Value quantity Value
I/e 205 AIC L 41.4466
r 1 x10%s7! y 2.6526
No 2.1436 x 108 ny 1.0610
" 0.5
oy 2.5
Ky 5 x 10" x 27 rad/s K4 833.3333
Kext [5.5,7.5] x 120 x 10° x 7 rad/s Kext [5.5,7.5]
K 120 x 10° x 27 rad/s
D, 7.5 x 10° x 27 rad/s dy 0.125
g0 1.866 rad/s
K. 15 x 10° x 27 rad/s Kye 0.25
¢ [0, 7]
o 1 x 10*s7!
€ 0 g 0

The system (2) is then obtained by the transformation

2 2
ap(x, 1) =/ %AF@, ), ap) =,/ %ABU’),

ac(t) = zﬂAL(t/) n(t) =NJIN@), = %t
K ’ 0 ’ K
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