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Excitable quantum systems: The bosonic avalanche laser
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We investigate the dynamics of a lasing system driven by a current of bosonic (quasi-)particles via a dissipative
three-mode mixing process. A semiclassical analysis of this system predicts distinct dynamical regimes, where
both the cavity mode and the gain medium can undergo lasing transitions. Of particular interest is an intermediate
self-pulsing phase that exhibits the characteristics of an excitable system and converts random input signals into
separated, quasi-periodic pulses at the output. By performing exact Monte Carlo simulations, we extend this
analysis into the quantum regime and show that despite being dominated by huge bosonic particle number
fluctuations, this effect survives even for rather low average photon numbers. Our system thus represents an
intriguing model of an excitable quantum many-body system, with practical relevance for quantum detectors or
autonomous quantum machines. As an illustration, we discuss the realization of this system with superconducting
quantum circuits and its application as a number-resolved avalanche detector for microwave photons.
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I. INTRODUCTION

Excitable systems are a broad class of nonlinear dynamical
systems that, in simple terms, can support propagating waves
or other collective excitations, but cannot be reexcited until
a certain amount of time has passed. Typical physical signa-
tures of these systems are the effects of coherence resonance
(CR) and stochastic resonance (SR), whereby a purely noisy
input can either generate a highly regular response or amplify
a weak periodic signal [1–4]. Excitable systems are widely
studied in various areas of classical physics, in particular
in the context of chemical reactions and biological systems;
however, comparably little is still known about such sys-
tems and their potential applications in the quantum regime.
SR has been studied mainly in connection with thermally
or externally driven transitions in bistable quantum systems
[5–13] and noise-assisted entanglement schemes [14,15]. CR
has been observed in current oscillations in electronic lattices
[16,17], but still in a regime where the externally applied
classical noise dominates over intrinsic quantum mechanical
fluctuations.

In this paper, we analyze the dynamics of a lasing system
that is driven by a dissipative current of bosonic (quasi-) par-
ticles, as shown in Fig. 1. In this system, each of the injected
bosons transitions between multiple intermediate energy lev-
els, thereby emitting multiple photons into the cavity mode
before leaving the system again. This process is similar to
the concept of a bosonic cascade laser [18–22], but here we
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assume that each transition is assisted by an auxiliary reser-
voir. This makes the transitions dissipative and, importantly,
unidirectional. Under this condition, a nontrivial interplay
between the bosonic current—which drives the cavity mode—
and the cavity mode—which stimulates the current—emerges
and gives rise to different lasing regimes. These include, in
particular, a dynamical self-pulsing phase, where, within a
classical mean-field description, the system emits bursts of
photons with a period that is a universal function of the
underlying system parameters. Each burst is followed by a
dark period with no emission, as is characteristic for excitable
systems. With the help of exact Monte Carlo simulations, we
study the lasing system also for moderate and low excitation
numbers, where the dynamics is dominated by the intrinsic
shot-noise fluctuations that arise from the discreteness of the
bosonic particle current. From these simulations, we observe
that even for very low average excitation numbers, signa-
tures of self-pulsing survive, although the pulses are strongly
affected by the noise. These signatures are extracted by a
detailed analysis of the correlation spectrum of the output
signal and the corresponding statistics of the emission burst.
In particular, we find that the coherence parameter, a measure
of the regularity of the output pulses, exhibits a maximum as a
function of pumping strength. Comparing different pumping
mechanisms, we further show that random fluctuations in the
injection can directly improve the regularity of the output,
which is a key feature of excitable systems.

Deep into the quantum regime, we find that already a single
boson injected into the system can produce an avalanche of
signal photons—a mechanism that can be used as an am-
plifier for weak quantum signals. As a specific application,
we propose an implementation of the described lasing system
using superconducting quantum circuits and show that under
realistic experimental conditions, this device can serve, for ex-
ample, as a number-resolved detector for microwave photons.
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FIG. 1. Sketch of a bosonic avalanche laser. Bosonic (quasi-
)particles are injected randomly into the system with rate γg and
transition down a ladder of N � 1 equidistant energy levels by
emitting a photon of frequency ωc into the lasing cavity at each step.
In turn, a high cavity occupation number accelerates the dissipative
bosonic current, which, under certain conditions, can produce a
semiregular periodic signal at the output. See text for more details.

II. A BOSONIC AVALANCHE LASER

We consider the generic setup shown in Fig. 1, where a
ladder of N bosonic modes, the gain medium, is coupled to a
lasing cavity via a dissipative three-wave mixing process. We
model this system by a master equation of the form

ρ̇ = �

N−1∑
p=1

D[apa†
p+1c†]ρ + κcD[c]ρ + Lgainρ + Llossρ, (1)

where ρ is the system density operator, D[C]ρ = CρC† −
(C†Cρ − ρC†C)/2, and ap (a†

p) and c (c†) denote the bosonic
annihilation (creation) operators of the ladder modes and the
cavity mode, respectively. The first term in Eq. (1) describes
bosons hopping from mode p to the next-lower mode p + 1,
while simultaneously emitting a photon into the cavity. This
process is purely incoherent and irreversible, such that re-
absorption events of the form D[a†

pap+1c] do not occur. In
Sec. IV we discuss how, quite generically, such a dissipation
process arises from a higher-order coupling to auxiliary bath
modes. We also describe a more specific implementation of
this process with superconducting circuits.

The photons in the cavity mode decay with a rate κc.
For a steady operation, gain bosons are injected continuously
into mode p = 1 with rate γg and leave the system through
mode p = N with rate κ�. We model those processes by the
Lindbladians

Llossρ = κ�D[aN ]ρ (2)

for loss and

Lgainρ = γg(1 − ζ )D[a1]ρ + γgζD[a†
1]ρ (3)

for gain, respectively, where ζ ∈ [0, 1]. In the following, we
focus primarily on the case ζ = 1/2, where the gain medium
is coupled to an effective infinite-temperature reservoir. How-
ever, all effects discussed below are also observed for finite
temperatures (ζ < 1/2) or for models with pure gain (ζ = 1).

A. Lasing regimes

To describe the dynamics and steady state of this system,
we start with a mean-field analysis, where we describe the
cavity mode by its classical amplitude, αc = 〈c〉, and we
neglect correlations between the populations of the different

FIG. 2. Mean-field phase diagram of the bosonic avalanche laser,
as obtained from the solution of Eq. (4) (we used an initial seed
amplitude αc(t = 0) = √

10 here, but the results are independent of
the specific initial value). The different phases are distinguished by
their characteristic dynamics, shown in the panels on the left for
γg/� = 2, 12, 40 and κc/� = 20, and by the order parameters αc

and nstag in the steady state. Here, |αc| > 0 indicates lasing of the
cavity mode and nstag �= 0 condensation of the ladder modes [23]
into a staggered density pattern, which is shown in the panel below
for γg/� = 5 and κc/� = 40. In the self-pulsing phase (orange), no
stationary state is reached. The other parameters used in these plots
are κ�/� = 10, ζ = 1/2, and N = 10.

ladder modes np = 〈a†
pap〉. Under this approximation, we ob-

tain the set of coupled equations,

ṅp = (1 + |αc|2)(Jp−1,p − Jp,p+1) + δp,1γg − δp,Nκ�np,

α̇c = 1
2 (Jcum − κc)αc, (4)

where Jp,p+1 = �np(1 + np+1) is the bosonic current between
sites p and p + 1, δi, j is the Kronecker delta, and

Jcum =
N−1∑
p=1

Jp,p+1 (5)

is the total cumulative current that is flowing through the de-
vice. Equation (4) clearly displays double stimulation [19,20],
where the hopping of particles from site p to p + 1 is stimu-
lated by both the cavity population nc = |αc|2 and the number
of bosons already present on the target site np+1.

In Fig. 2 we show the transient dynamics and steady state
of the mean-field equations for N = 10 and varying pump and
decay rates. In the limit κc/γg → 0, the cumulative current
Jcum exceeds the cavity loss rate; the cavity mode is amplified
and starts lasing. In turn, the amplified cavity mode acceler-
ates the current through the ladder. This interplay results in
an oscillatory initial dynamics, but the system quickly relaxes
into a regular, i.e., stationary, lasing state of the cavity. In
the opposite limit, κc/γg → ∞, the cavity is overdamped
and stays deexcited. The remaining transport dynamics of
the ladder modes in Eq. (4) then describes a so-called asym-
metric simple inclusion process (ASIP), whose transient and
stationary features have been analyzed in Refs. [23,24]. Inter-
estingly, this transport process can itself lead to lasing within
the ladder, where bosons condense into a few of the lowest
modes with a characteristic zigzag density profile [22,23].
This pattern, captured by the staggered population nstag =∑

p(−1)p(np − n1), is clearly visible in the density profile
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FIG. 3. Origin of self-pulsing. The panel on the bottom right
shows the time evolution of the mode occupation numbers np over
a few cycles for κc/� = κ�/� = 20 and γg/� = 10. The correspond-
ing population of the cavity mode nc is shown on top. In each cycle,
the system evolves through three distinct phases, which are illus-
trated by the corresponding sketches on the left. The inset shows the
rescaled pulsing period τ obtained from mean-field simulations. The
various symbols represent different combinations of κc/κ� = 5, 25
and �/κ� = 0.05, 5, keeping κ� fixed. Additional parameter combi-
nations are shown in Appendix C. The colors correspond to different
values of N = 10 (red) and N = 20 (blue). Upon rescaling, all curves
collapse to the same universal behavior. For all plots, ζ = 1/2.

of the ladder modes shown in Fig. 2. Note that a similar
staggered configuration is also found in the cavity lasing
phase, where the cavity mode can be replaced by a c-number
that simply enhances the rate � (see Appendix A). To avoid
confusion, in the rest of the manuscript, we will use the terms
“lasing” and “lasing mode” only to refer to the cavity mode.

In between these two limiting cases, i.e., for κc ∼ γg, the
system does not reach a steady state. Instead, we observe a
persistent emission of periodic photon bursts, which are sep-
arated by longer gaps during which the cavity mode remains
deexcited. This behavior is self-sustained and characterized
by a period τ ≡ τ (κc, γg, N, �), which is independent of the
initial conditions in our mean-field simulations. Note that this
behavior, as well as all the other features of the stationary
phases discussed above, is robust with respect to intrinsic
losses of the ladder modes, as long as those occur at a rate
κ0 � � (see Appendix B).

B. Self-pulsing

To understand the origin of the pulsing behavior, we plot
in Fig. 3 the individual populations np over several peri-
ods. The dynamics can be decomposed into three stages,
sketched on the left-hand side of Fig. 3. (i) Starting from an
empty system, bosons are injected into mode p = 1 and a
density wave starts to flow through the ladder with a speed
c ≈ (1 + n̄)�, enhanced by the quasi-stationary occupation
n̄ of the first few modes. Assuming this occupation to be
roughly constant throughout the packet, it can be determined
by the left boundary condition, which reads �n̄(1 + n̄) = γg.
During this initial phase, the cumulative current Jcum ∼ γgct
increases approximately linearly with time, and eventually

exceeds the cavity loss κc. (ii) Beyond this point, the lasing
mode is amplified; once the cavity population has become
significantly larger than unity, the bosonic density wave is
accelerated accordingly to a speed c′ ≈ (1 + |αc|2)c � c.
(iii) This speed-up empties the ladder almost instantaneously,
after which the cavity mode decays, and the cycle starts anew.

Given that the dynamics of the lasing burst itself is
quite fast, we expect the period τ of the total process to
be mainly determined by the initial buildup stage. We can
express this condition approximately as Jcum(τ ) ≈ κc, with
Jcum(τ ) ≈ γg(1 + n̄)�τ . For n̄ � 1, we then obtain a scaling√

γg�τ ∼ (κc/γg), roughly independent of the number of
ladder modes. In the inset of Fig. 3, we plot the rescaled
mean-field period

√
γg�τ for various different ratios between

the parameters �, γg, and κc, and two different values
of N . We observe indeed a collapse of all results onto a
single universal function, although the precise dependence
deviates from the estimate above, which oversimplifies the
actual evolution of the gain current and the cavity mode
during the buildup stage. A more detailed description of the
pulse-generating mechanism, and of the scaling of the pulsing
period, can be found in Appendix C.

III. QUANTUM STOCHASTIC DYNAMICS

Given the ability of our lasing system to support self-
sustained excitations at the mean-field level, the question
remains whether or not such a behavior prevails in the pres-
ence of noise and when the full many-body dynamics is taken
into account. In the current setting, fluctuations arise intrin-
sically from the discrete nature of the bosonic current, which
generates bosonic shot noise at injection and during transport
[24]. In the quantum regime with low photon numbers, these
fluctuations are expected to wash out the pulsing cycles. In ex-
citable systems, however, the opposite effect may also occur,
with noisy input being converted into regular output signals.

To investigate the role of these competing effects on the
overall behavior of our lasing system, we use a stochastic
unraveling of Eq. (1) together with Monte Carlo techniques
to perform exact simulations of the population dynamics of
the gain and the cavity modes (see Appendix D for the de-
tails of the numerical method). Note that the noise process
used in those simulations depends on the pumping mechanism
defined by Lgain in Eq. (3). For now, we focus on the infinite-
temperature limit ζ = 1/2, for which—for a given average
pump rate—fluctuations are maximal. In our simulation, this
process is implemented by randomly injecting particles in the
first chain site at a rate γinj = γg(1 + n1) and extracting them
at a rate γextr = γgn1, with n1 the number of particles already
present on the first site. The average gain rate is then given by
γinj − γext = γg. We return to a discussion about other types
of injection processes in Sec. III C below.

In Fig. 4(a), we display sample trajectories of the cavity
population in the three phases predicted by our mean-field
analysis. All cases show the dominating effect of quantum
fluctuations, and there is no longer a clear separation between
the different lasing regimes. However, we still observe the
emission of semiregular photon bursts. To quantify this be-
havior, we follow two different approaches and analyze, on
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FIG. 4. (a) Typical stochastic trajectories of the cavity photon
number nc (same parameters as the mean-field results shown in
Fig. 2). (b) Plot of the noise spectrum for different values of γg,
which characterizes both the average pumping rate and the strength
of the intrinsic bosonic shot noise. The dashed vertical lines indicate
the mean-field oscillation frequency. (c) The coherence parameter β

defined in Eq. (8) is plotted as a function of γg/κc, where the stars
represent the numerically evaluated values and the solid line is a
guide to the eye. A maximum of β is found around γg/κc ≈ 1. The
colored regions indicate the three phases predicted by mean-field.
For all plots, we have assumed N = 10, κ�/� = 20, and ζ = 1/2.

the one hand, the noise spectrum of the output field, and on
the other hand, the interspikes interval statistics.

A. Noise spectrum and coherence parameter

First, we evaluate the correlation function

C(s) = 1

T

∫ T

0
nc(t )nc(t + s)dt −

(
1

T

∫ T

0
nc(t )dt

)2

(6)

of each trajectory for a sufficiently large time interval T and
define the normalized noise spectrum as

S(ω) = κc

∫
ds

〈
C(s)

C(0)

〉
eiωs, (7)

where 〈•〉 denotes the trajectory average. The shape of the
resulting noise spectra is plotted in Fig. 4(b) for different
γg, which quantifies the strength of the driving process and
of the injected noise. We see that for all parameters, the
spectrum reaches a maximum S(ωmax) at a nonvanishing
frequency ωmax > 0, which indicates a semiregular behav-
ior. Deep within the self-pulsing phase, the peak frequency
ωmax ≈ 2π/τ is roughly consistent with the mean-field pre-
diction for the period τ , although we do not find a tight
correspondence in general.

In the literature on excitable systems, it is common to
introduce the so-called coherence parameter [1,11]

β = ωmax

�ω
S(ωmax), (8)

where �ω is the half-width at half-maximum of the spectral
peak. In essence, the parameter β quantifies the regularity
of the signal produced; a characteristic feature of excitable
systems is the existence of a maximum of the coherence
parameter as a function of the applied noise strength. For the

FIG. 5. Interspike interval statistics. (a) Illustration of the fitting
procedure used to identify pulses in the output of the lasing cavity.
The actual trajectories obtained from Monte Carlo simulations (blue
lines) are overlapped with the fitted Lorentzian curves (red lines),
whose maxima lie at times t (i)

b . For these examples, we have assumed
the ratios γg/κc = 0.3, 0.6, 1 (from bottom to top). (b) Histogram of
the intervals τi between successive bursts for the same three γg/κc

values. (c) Plot of the ratio between the mean burst interval and
its standard deviation as a function of the pump strength. All other
parameters in the plots are the same as in Fig. 4.

current system, β is plotted in Fig. 4(c) for varying γg, from
which we make two important observations. First, the coher-
ence parameter changes smoothly across the phase boundaries
shown in Fig. 2, which demonstrates that nonlinear features of
classical excitable systems do not necessarily translate into the
quantum regime. However, β still exhibits the characteristic
maximum, which is reminiscent of the behavior found in ex-
citable systems exhibiting CR. We will discuss this connection
further below.

The results presented in Fig. 4, which are obtained for the
limit of an infinite-temperature bosonic reservoir with ζ =
1/2, show that even this maximally noisy input is converted
into a semiregular output. In Appendix E, we also present
simulation results for a pure gain process with ζ = 1, for
which we observe an even more pronounced maximum of the
coherence parameter.

B. Interspike interval statistics

To consolidate these findings, we also conducted a direct
analysis of the interburst intervals. Contrary to other excitable
systems [17], the pulses in our setup present fairly large fluc-
tuations in both height and emission time. Thus, to identify a
burst, we only take into account signals that exceed a certain
threshold (here set at twice the time average of the signal). We
then fit the part of each trajectory that lies above this threshold
by Lorentzian functions, in order to remove artifacts coming
from short-time oscillations and multiple subpeaks. This fit-
ting procedure is illustrated for a few sample trajectories in
Fig. 5(a). From the centers of the Lorentzians, we obtain the
set of burst times t (i)

b , from which we sample the distribution
of interval spacings τi = t (i)

b − t (i−1)
b .

The resulting distributions for the interval spacings are pre-
sented in Fig. 5(b) for different values of γg. As we increase
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the pumping strength, the interval distribution shifts toward
smaller values, while its variance tends to decrease. This is
in agreement with the analysis in frequency space, which
showed noise spectra acquiring a larger mean and variance
for increasing pumping strength. Furthermore, the maximum
of the distribution, although it deviates from the mean-field
prediction, largely coincides with the corresponding maxi-
mum in the noise spectrum. To quantify the regularity of the
distribution, we plot in Fig. 5(c) the ratio between the mean
interval spacing and its standard deviation, 〈τ 〉/

√
〈τ 2〉 − 〈τ 〉2.

This quantity exhibits a maximum around γg/κc = 1, again in
line with the behavior in the frequency domain.

C. Role of the noise

In the numerical simulations presented above, we have
observed a maximum for the coherence parameters in both
frequency and time space. Both quantities indicate a certain
amount of regularity of the emitted pulses, in spite of an over-
all strongly fluctuating behavior. These maxima are reached
as a function of the gain rate γg, which, in view of the shot
noise of the injected particle current, is also a measure for the
amount of noise that is injected into the system.

The observed maximum in the coherence parameter is very
reminiscent of CR in classical excitable systems and raises
the question about the connection to this phenomenon. A key
point is that both CR and SR effects [1–4] rely on a clear sepa-
ration between deterministic and noisy inputs. The resonance
can then be defined as a maximum regularity observed when
increasing the noise, while keeping a constant deterministic
input. In our model, however, the influence of noise is some-
what hidden by the fact that the ladder is driven by an average,
i.e., deterministic current, with shot-noise fluctuations on top.
We stress that this absence of a clear separation between
noise and deterministic input is not merely a deficiency of
our particular model, but instead a fundamental property of
systems operating in the quantum regime.

To separate those two contributions, we performed ad-
ditional numerical simulations, where we replaced the gain
process in Eq. (3) by

Lgain → xLgain + yLPoisson + (1 − x − y)Lreg, (9)

where 0 � x + y � 1. Here, Lreg and LPoisson both describe
incoherent processes in which bosons are injected one by
one into mode p = 1, independently of the prior occupa-
tion of the mode. This is to be contrasted with Lgain, in
which driving is achieved by a balance of gain and loss (see
discussion at the beginning of Sec. III). For Lreg, the injec-
tion occurs at quasiregular times, spaced by γ −1

g [25]. For
LPoisson, by contrast, these intervals follow a random Poisson
distribution, again with average γ −1

g [26]. This means that,
for x = 1, y = 0 or x = 0, y = 1, we recover a noisy drive,
respectively through an infinite-temperature reservoir or a
particle-by-particle Poisson process whereas, for x = y = 0,
the injection becomes quasi-deterministic. By varying x and
y, this model allows us to tune the level of randomness in the
gain process, while keeping the same average injection rate.
Note that the process LPoisson may actually be quite difficult to
engineer experimentally, but its theoretical appeal is to offer a
direct counterpart to the deterministic process; since these two

FIG. 6. (a) Pumping scheme of Eq. (9), for x = 0. Particles are
injected one by one at random intervals τ , whose distribution p(τ )
is the sum of a stochastic and a quasi-deterministic process. The
limits y → 1 and y → 0 give respectively fully random and fully
periodic injection events. For x �= 0, we have instead a balance be-
tween injection and extraction processes. (b) Coherence parameter
versus stochasticity of the drive, for a constant total rate γg = 0.6κc.
The quasi-deterministic process Lreg is compared to an infinite-
temperature bath (top) or a pure Poisson process (bottom). In both
cases, the added stochasticity contributes positively to the regularity
of the output.

processes differ only by the injection interval distribution,
any difference between them can be fully attributed to the
stochastic nature of the drive.

In Fig. 6, we show that a larger x or y (therefore, a nois-
ier process) can significantly improve the coherence of the
output. For the parameters displayed here, there is even an
optimal value of x for which the coherence is maximized.

Coming back to the question raised at the beginning of this
section, we see that this behavior is strongly reminiscent of
CR. However, it is still achieved in the presence of a nonzero
average pumping, which means that an oscillatory behavior
may already occur at the mean-field level. This effect thus
does not constitute a CR in the conventional sense, which
is observed in noise-driven systems showing no particular
dynamics in the absence of the noise. Still, by isolating the
contribution of random fluctuations in the drive, this analysis
proves that noise does help in creating a more coherent output,
showing how this key feature of excited systems is carried
out in the quantum regime. More broadly, this comparison
with the classical framework of CR and SR highlights a
fundamental difficulty one encounters when trying to apply
established classification schemes to weakly driven, quantum
systems, namely, the fact that stochastic and deterministic
contributions are not clearly separated and cannot be easily
tuned independently. We discuss this issue in more detail in
Appendix F.

IV. APPLICATIONS: AN AVALANCHE DETECTOR
FOR MICROWAVE PHOTONS

Beyond its fundamental interest, the ability to convert even
a few injected gain bosons into an avalanche of photons at
the cavity output makes this mechanism very promising for
quantum sensing and amplification applications. As a specific
use case, we discuss in this section the realization of our
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FIG. 7. (a) Sketch of a superconducting circuit layout for realiz-
ing a bosonic avalanche laser. A set of LC resonators representing
both the common cavity mode (green) and the ladder modes (blue)
are coupled via nonlinear SNAIL-type [30] couplers (spiral) to an
additional set of strongly damped waste modes (orange). As dis-
cussed in Appendix G, the coupling can be modulated by external
fluxes φe(t ) to achieve a resonant four-mode interaction of the form
given in Eq. (10). After eliminating the waste modes, we obtain
the dissipative three-mode hopping in Eq. (1). (b) Sample trajecto-
ries showing the cavity population nc over time for different initial
populations n1 of the first ladder mode. For the same conditions,
(c) shows the corresponding distribution of the integrated output
signal of the cavity mode nout for 500 trajectories. For these plots,
we have assumed N = 10, κ� = 10�, κc = 0.2�, and also that each
ladder mode decays with a rate κ0 = 0.2�.

model in Eq. (1) with superconducting circuits, and illustrate
its use for microwave photon detection.

A. Circuit QED implementation: General approach

To realize the cascaded lasing process in the microwave
regime, we consider a superconducting circuit as outlined in
Fig. 7(a). In this circuit, the extended cavity mode (shaded
in green) as well as the individual ladder modes (shaded in
blue) are represented by quantized LC resonators with fre-
quencies ωc and ωp in the microwave regime. To induce the
targeted nonlinear dissipation processes, each pair of neigh-
boring ladder modes is coupled to the cavity and an additional
dissipative waste mode (shaded in orange), with frequency ωb

and annihilation operator bp, through a nonlinear Josephson
coupler. This coupling element generates interaction terms at
all orders between the various modes. Here, we are interested
in fourth-order contributions of the form

Vp � g(apa†
p+1b†

pc† + H.c.), (10)

which can be selected among other fourth-order and lower-
order terms by driving the system with an externally applied
magnetic flux at a frequency ωe = ωp − ωp+1 + ωb + ωc.
This coupling generates the process apa†

p+1c† that we are
interested in, plus the creation of an additional excitation in
the waste mode. Photons created in this mode quickly decay
with a rate κb � g, and can thus be adiabatically eliminated

to obtain the incoherent hopping terms in Eq. (1), with a rate
� � 4g2/κb. The full model is then achieved by repeating this
unit cell in a chain configuration.

Following this general approach, we present in Appendix G
a more detailed discussion of the individual circuit elements
and the main assumptions that are necessary to arrive at the
process given in Eq. (10) and the resulting master equation in
Eq. (1). This analysis shows that for state-of-the-art experi-
mental parameters, the realization of a bosonic avalanche laser
with N = 5–10 ladder modes and a hopping rate of �/(2π ) ≈
100 kHz can be achieved. This rate exceeds the intrinsic loss
rate κ0/(2π ) = 10–100 kHz of high-Q microwave resonators
[27–29], meaning that individual photons can still hop through
the whole ladder before they decay.

B. Microwave photon detection

Based on the parameters estimated for the circuit QED im-
plementation above, we simulate the cavity population under
the assumption that the first ladder mode is initialized with a
well-defined number of photons, n1 = 1, . . . , 5. In Fig. 7(b),
we first show the successive evolution of the cavity population
for individual trajectories of nc(t ). We see that already a single
photon can trigger a large excitation of the lasing cavity mode,
despite significant losses in each of the ladder modes. As
the initial number of photons increases, the buildup of this
excitation is both accelerated and amplified, consistent with
the mechanism described in Fig. 3 for large photon numbers.
For the same parameters, Fig. 7(c) shows a histogram of the
integrated output signal,

nout =
∫ T

0
dt Ic(t ), (11)

where Ic(t ) = κcnc(t ) is the photon current emitted by the cav-
ity. We see that different initial photon-number states give rise
to output signals that are well separated, approximately by a
photon number corresponding to the number of ladder modes.
The residual overlap between neighboring distributions can
be attributed to the loss of a photon in the initial mode, p = 1,
before the accelerated cascade process has started. Losses at
a later stage are less relevant. Therefore, when combined with
a regular microwave amplifier capable of resolving those am-
plified wave packets, this device realizes a number-resolved
detector for microwave photons.

V. CONCLUSION

In summary, we have analyzed the behavior of a bosonic
avalanche laser, in which a dissipative three-mode mixing
process converts a bosonic input current into an amplified
signal at the cavity output. We have shown that in this system,
mutually stimulated processes can lead to a self-pulsing phase
at the mean-field level, which survives as a train of noisy but
semiregular output bursts even deep in the quantum regime,
where the dynamics is dominated by bosonic shot noise. A
comparison of this effect with the conventional framework
of CR and SR highlights a key property of our and other
excitable quantum systems, namely, the absence of a clear
separation between noise and deterministic signal in the input.
Using alternative pumping schemes to better isolate these
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contributions, we prove that the regularity of the bursts can
be enhanced by increasing the amount of noise, carrying out
a key property of excitable systems in the quantum regime.
This conversion of quantum fluctuations into an amplified,
semiregular signal can potentially be used in quantum sens-
ing applications, and we described the implementation of a
number-resolved microwave photon detector as a specific ex-
ample. The underlying mechanism and the described behavior
can also be of relevance for the development of autonomous
quantum engines and clocks [31–34], where the interplay
between periodic motion and quantum fluctuations is at the
heart of the subject and still not well understood.
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APPENDIX A: ASIP DYNAMICS
AND POPULATION PROFILE

In the limit of large κc, the cavity amplitude αc can be set
to zero, and the dynamics described by (4) becomes a process
for the ladder of modes only, described by the so-called ASIP
model [23]. When the population distribution is smooth, we
may approximate the discrete populations np by a continuous
field n(x) that obeys the partial differential equation

∂t n = �
[
(1 + 2n)∂xn + 1

2∂2
x n

]
. (A1)

This dynamics is characterized by a competition between
ordinary diffusion and nonlinear advective transport, induced
by the bosonic statistics of the particles. In the presence
of boundary drive and dissipation, and in the steady-state
regime, this competition generates a pattern of oscillating
population, whose amplitude grows near-exponentially as one
goes toward the last site, and which we dubbed bosonic skin
effect [23].

Quantitatively, one may rewrite the steady-state condition
as Jp,p+1 = Jss ∀p, i.e., the steady state imposes a homo-
geneous, constant current, which can be obtained from the
boundary condition. In the case ζ = 1/2, which we consider
in the main text, we get simply Jss = γg. The steady-state con-
dition then becomes a recurrence relation for the population:
np = J/�

1+np+1
, from which we can derive the alternating pattern.

Near the left boundary, in which the oscillation amplitude van-
ishes, we have n2 ∼ n1, from which we can infer n1 ∼ √

γg/�.
The population on the last site can also be obtained through
the boundary condition, giving us access to the full oscillation
profile (see Ref. [23] for the full analytical expression).

Perturbations around this steady state, in the form of small
population fluctuations εp = np − n1, obey a linearized wave
equation ∂tε = c∂xε + �

2 ∂2
x ε; these fluctuations therefore

FIG. 8. Phase diagram in the presence of losses on each ladder
site: κ0/� = 0.1 (left), 1 (center), and 10 (right). Other parameters
are κ�/� = 10, ζ = 1/2, and N = 10. The main features of the three
phases remain essentially unchanged even for κ0 ∼ �.

propagate with an effective speed

c = �(1 + 2n1) ∼ 2
√

�γg. (A2)

The presence of the n1 factor indicates that the effective speed
is renormalized by the average filling of the ladder, which is
again a consequence of the stimulation of the transport by
other bosons in the ladder. This quantity provides the typical
timescale at which perturbations propagate along the ladder
and eventually subside; in the pulsing phase, it provides the
scale to compare the oscillation period to (see Appendix C).

Finally, in the lasing phase, the cavity population will
settle to a nonzero value. The dynamics in the chain will
once more be described by the ASIP model, with an effective
hopping rate �(1 + |αc|2) rescaled by the cavity population.
The steady state will once more display a modified staggered
pattern determined by this effective hopping rate.

APPENDIX B: LOSSES IN THE LADDER

An implementation of the model described here will nec-
essarily involve dissipation channels beyond the one we
described. As we discuss in Appendix G, channels inducing
only loss of coherence will not affect the population dynamics
and, in particular, will have no effect on the pulsing behav-
ior. The main detrimental process, therefore, is the loss of
particles within the ladder of modes. For an implementation
in superconducting circuits, in which individual modes are
realized using high-Q microwave cavities, such losses can
be as low as κ0 = 10 kHz [27–29]. Given the parameters we
have for the implementation, we can thus expect κ0 ∼ 0.1–1�.
We performed mean-field simulations taking such processes
into account; in Fig. 8, we display the phase diagram we
obtain, using the same parameters as in Fig. 2 in the main
text, and κ0/� ranging from 0.1 to 10. We see that the phase
diagram is almost unaffected for all but the largest values of κ0

and that, even in this case, we can clearly distinguish the three
phases we discussed. Based on this mean-field analysis, we
expect that none of our findings will be critically affected by
the typical levels of losses one can expect in superconducting
circuits.

APPENDIX C: DETAILS ON PULSING DYNAMICS
AND SCALING OF THE PERIOD

In this Appendix, we elaborate on the dynamics of the
ladder in the pulsing phase and on the determination of the
oscillation period. In Fig. 9, we show snapshots of the cavity-
population distribution at different times, for two different
values of the cavity loss rate. These correspond to points in
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FIG. 9. Left: snapshots of the cavity-population distribution at
different times. For better visualization, each curve is shifted with
respect to the lowermost one; the dotted lines indicate the shifted
“baseline” of each curve. Right: cavity-amplitude evolution, with the
times at which we take the snapshot indicated by colored vertical
lines. The top plot corresponds to a cavity decay rate κc/� = 150,
the bottom one to κc/� = 20. Other parameters are N = 20, κ�/� =
2, and γg/� = 10. The dynamics at high and low cavity decay is
characterized by depletion and population waves, respectively.

the pulsing phase close to the boundaries with the empty and
lasing phases, respectively. In the latter case (bottom plot),
we observe the kind of mechanism we described in the main
text: starting from a mostly empty ladder (the rightmost site
population that can be observed in the plot is a leftover from
the previous pulse), we observe a packet slowly forming and
propagating on the first few modes of the ladder. As described
in the main text and in Appendix A, the speed of motion of
this packet can be estimated as c ∼ √

γg�. If we assume the
dynamics within the packet itself to be quasi-stationary, the
current between each pair of sites is given by the steady-state
condition Jp,p+1 = Jss = γg. As this packet propagates along
the ladder, an increased number of modes get populated and
engage in the hopping dynamics: this number can be estimated
as npop ∼ ct . The total cumulative current, then, grows like
Jcum ∼ npopJss = γgct ; this, in turn, means a larger pumping
for the cavity. Once the total pumping rate exceeds the loss
rate κc, one observes a burst-like increase in nc (right-side
plot). This triggers a sudden acceleration of the packet, which
quickly moves all the way through the ladder to the final site.

For high values of κc (top plot in Fig. 9), we observe a
similar but slightly different process: instead of starting from
an empty ladder, we have a nonzero filling, such that the total
cavity pumping already exceeds the threshold value κc. We
observe, therefore, a rapid increase in the cavity population,
resulting once again in an acceleration of the ladder dynamics,
causing now a dip in the ladder population on the left-hand
side. To understand this, consider the dynamics of the leftmost
site; in the initial configuration we considered, we have a
local equilibrium between the incoming drive current γg and
the current �(1 + |αc|2)n1(1 + n2) flowing to the second site.
When the cavity population spikes, the latter increase, but

FIG. 10. Left: unrescaled period vs gain rate for N = 10 (all
frequencies and times are defined with respect to κ�, set here to
1), taking multiple values for the hopping rate and cavity loss:
�/κ� = 0.5, 0.1, 0.05 (blue, green, and red symbols, respectively),
and κc/κ� = 1, 5, 10, 25, 50 (squares, circles, crosses, stars, and di-
amonds, respectively). Right: rescaled period vs rescaled pumping,
with the same parameters. We used this plot for the inset of Fig. 3 in
the main text.

not the former, resulting in a population loss on the first site
(modes in the center of the ladder, by contrast, are initially
unaffected, since both their incoming and outgoing currents
are amplified). This initial quench on the first site then quickly
affects the neighboring modes, creating the depleted region
we observe on the first few modes of the ladder. The decrease
in population leads to a lower overall current, making the
cavity population decay once more. We are therefore left with
a depleted region in the ladder, which is going to propagate at
the same effective speed c we discussed above until it reaches
the right edge. Once it starts subsiding, the population moves
back toward its initial constant filling configuration, and the
current starts increasing again, restarting the cycle.

To summarize, these two opposite regimes of high and low
κc exhibit behaviors that are more or less mirror images of one
another: in the former, we have a slow creation of a population
wave, followed by rapid propagation through the ladder; in the
latter, we have a rapid creation of a depletion wave, followed
by slow propagation through the ladder. The slow propagation
of both kinds of waves, however, occurs with the same typical
speed c ∼ √

�γg, which will dominate the overall duration of
the process.

The argument given in the main text suggests that the
period, rescaled by the effective speed c ∼ √

γg�, should be
compared against the rescaled gain γg/κc. In Fig. 10, we dis-
play the unrescaled and rescaled periods for multiple values
of the hopping rate, cavity loss rates, and gain. We observe
a very good collapse of all curves, indicating that the ansatz
cτ = f (κc/γg) works quite well for both high and low κc.
However, a more detailed analysis of the function f reveals
that it deviates from the behavior f (κc/γg) = κc/γg that one
would expect from the argument given in the main text. The
precise behavior of this function is not fully clear and will be
investigated in future works.

APPENDIX D: MONTE CARLO SIMULATIONS

In the absence of any additional Hamiltonian terms, the
master equation in Eq. (1) is diagonal in the Fock basis
|{�n}〉 = |nc; n1, n2, . . . , nN 〉, where nc and n1,...,N denote the
population of the cavity and the modes in the ladder (i.e., the
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gain medium), respectively. Therefore, the diagonal elements
of the density operator, P({�n}, t ) = 〈{�n}|ρ̂(t )|{�n}〉, which de-
scribe the probabilities of different particle configurations,
evolve independently from the off-diagonal elements, accord-
ing to the equation

Ṗ = �
∑

p

ncnp+1(1 + np)P({�n + �μp})

− (1 + nc)np(1 + np+1)P

+
∑

λ={c,1,N}
κλ{(1 + nλ)P({�n + �ελ}) − nλP}

+ γg{n1P({�n − �ε1}) − (1 + n1)P}.
Here, ε

j
p = δp j , and �μ = �εp − �εp+1 − �εc; {�n + �εp − �εp+1 −

�εc} is the configuration obtained from {�n} by removing one
excitation in the cavity and on site p + 1, and adding one on
site p. We also used a short notation P = P({�n}) and omitted
time dependence to lighten up the equation.

To study this dynamics, we sampled the probability ac-
cording to a Monte Carlo algorithm. The boson numbers
{nc; n1,...,N (t )} are treated as stochastic variables, which during
an infinitesimal time step evolve according to

dnq=1,...,N = dHq−1 − dHq + δq1(dG1 − dL1) − δqN dLN

dnc =
N∑

q=1

dHq − dLc, (D1)

where dHq, dGλ, and dLλ are independent random vari-
ables, taking binary values {0, 1}, and indicating that a
hopping, gain, or loss event, respectively, took place. In
a short enough time interval dt , the respective probabili-
ties that these variables assume value 1 are p(dHq = 1) =
�(1 + nc)nq(1 + nq+1)dt , p(dG1 = 1) = γg(1 + n1)dt , and
p(dLλ = 1) = κλnλdt .

The simulation is performed using a standard Gillespie
algorithm [36]. By starting from a given initial configuration,
{np(t = 0)}, and evolving a total number of Nt stochastic
trajectories in time, we can approximate the expectation value
of any function of operators n̂p by an ensemble average. For
example,

〈n̂pn̂q〉(t ) � 1

Nt

Nt∑
i=1

np(t )nq(t ) =: 〈np(t )nq(t )〉. (D2)

This method becomes exact in the limit Nt → ∞ and
accounts for both average populations and population
fluctuations.

APPENDIX E: COHERENCE RESONANCE
WITH OTHER PUMPING MECHANISMS

In the main paper, we have mostly focused on a pumping
mechanism with ζ = 1/2, which corresponds to equal gain
and loss on the first ladder mode. Similar effects, however, can
also be achieved with other pumping mechanisms. In Fig. 11,
we show the spectra and coherence factor obtained with ζ =
1, which corresponds to pure gain in the first ladder site. The
same basic feature of a coherence peak for an intermediate
value of the gain can again be observed.

FIG. 11. Noise spectra (left) and coherence factor (right) for pure
gain input (ζ = 1). All other parameters are the same as in Fig. 4 of
the main text.

APPENDIX F: DEFINITION OF STOCHASTIC AND
COHERENCE RESONANCES IN THE QUANTUM REGIME

Stochastic resonance is typically studied for signals with a
continuous amplitude, for which a pure stochastic drive takes
on the form of a signal oscillating around zero without time
correlation. The present system, however, is best described in
terms of chain populations that adopt discrete, positive values.
For such signals, a random input can be a source injecting or
extracting particles at random times. Such processes, however,
must be biased toward injection, in order to preserve the
positivity of the signal. To illustrate this point, let us consider
the infinite-temperature gain process described by (3) with
ζ = 1/2. This process can be equivalently described by a
Langevin equation for the creation operator on the first site:

ȧ1 =
√

γg

2
(ain,1(t ) + a†

in,2(t )), (F1)

where ain,x(t ) are input fields describing the initial state of
the environment which satisfy [ain,x(t ), a†

in,y(t ′)] = δxyδ(t −
t ′) and 〈ain,x(t )〉 = 0. Thus, from the perspective of the field
amplitude 〈a1〉, the mechanism we considered corresponds to
a purely stochastic driving, with no average gain. By contrast,
at the level of the population n1 = 〈a†

1a1〉, this mechanism
is realized by a Monte Carlo process whereby a particle is
injected on the first site on each time step with a probability
pi ∝ γg(1 + n1) and removed with a probability pr ∝ γgn1,
with n1 the number of particles already present on the first
site. Comparing these two rates, it is evident that the particle
number will indeed experience stochastic fluctuations, but
with the aforementioned bias toward injection pi − pr ∝ γg.

We can then ask the following question: what is the mean-
field equivalent of such a process, when the noise is “taken
away”? If we look at the evolution of the particle number, this
is just a driving at a constant rate dn = γgdt . By contrast, if we
focus on the amplitude, the driving (F1) is purely stochastic;
the mean-field dynamics would then be obtained by setting
γg = 0, that is, not having a drive at all. The point here is
that there is a fundamental ambiguity in identifying stochastic
and deterministic contributions when dealing with quantum
signals: depending on the definition we adopt, the process (3)
may be seen as a mean-field contribution plus noise, or as
pure noise. In Fig. 4, we have adopted the first convention
and compared the MC results to mean-field equations (4) with
a drive rate γ MF

g = γg. We then concluded that we already had
oscillations at the mean-field level, which are modified and,
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FIG. 12. Detailed circuit layout. The plot shows a zoom of one
of the unit cells of the full circuit in Fig. 7(a), where two neighboring
ladder modes are coupled to the cavity mode and to an additional
dissipative waste mode with phase variable ϕb,p via a SNAIL-type
coupler. The latter is composed of Josephson junctions arranged on
three parallel branches threaded by the normalized magnetic fluxes
ψ ′ and ψ ′′. The full circuit in Fig. 7(a) is obtained by repeating this
basic cell in series and adding an additional capacitor Cc for the
cavity mode. See text for more details.

in some regimes, amplified by the noise, which is more rem-
iniscent of SR than CR. If one takes the second perspective,
by contrast, the stochastic process corresponds to pure noise,
and the corresponding mean-field regime is γ MF

g = 0, which
never leads to oscillations. In that case, one concludes that the
behavior observed in Fig. 4 is generated entirely by noise and
thus constitutes a true instance of CR. This discussion illus-
trates that the notions of a noisy and deterministic signal, and
the resulting notions of stochastic and coherence resonance,
can become ambiguous when dealing with quantum operators,
and that care should be taken in applying these notions.

APPENDIX G: IMPLEMENTATION: DETAILS

In Fig. 12, we show a detailed layout of the proposed
circuit for implementing the master equation given in Eq. (1).
Specifically, this plot focuses on a single unit cell of the full
circuit depicted in Fig. 7(a), which realizes the dissipative
three-mode process with dissipator D[apa†

p+1c†]. Within this
unit cell, the two neighboring ladder modes with flux variables
φp and φp+1, an auxiliary waste mode with flux variable φb,p,
and the cavity mode with a local flux φc,p are coupled via
a SNAIL (superconducting nonlinear asymmetric inductive
element) [30]. To achieve optimal tunability, this nonlinear
coupler has three branches containing one, two, and three
Josephson junctions, with Josephson energies EJ , α2EJ , and
α3EJ , respectively. In the following, we denote by ϕx = φx/φ0

the dimensionless phase variables associated with all fluxes,
where φ0 is the reduced flux quantum, φ0 = h̄/(2e). Note
that here we assume that the lasing cavity is realized by a
lumped-element resonator with a fundamental frequency ωc

that is well separated from higher excited modes. This means
that local variations of the flux across the whole ladder can
be neglected. Therefore, for each unit cell, we can set ϕc,p �
ϕc/N , where ϕc is the phase variable of the cavity mode.
Similarly, we ignore intrinsic, high-frequency excitations of
the SNAIL coupler, such that its energy can be described by a
single degree of freedom, ϕnl.

Each unit cell forms a closed loop, and we denote by
ψ + δϕe(t ), ψ ′, and ψ ′′ the dimensionless external fluxes,
which are threading the whole loop and the branches of the
SNAIL elements, respectively (see Fig. 12). The flux quanti-
zation condition then enforces the constraint ϕnl = ψ + ϕtot,p,
where

ϕtot,p = δϕe(t ) + ϕp − ϕp+1 + ϕc,p − ϕb,p. (G1)

Taking this condition into account, we can follow the usual
quantization procedure to obtain the Hamiltonian of the whole
circuit, which reads

H = ωcc†c +
N∑

p=1

ωpa†
pap +

N−1∑
p=1

(
ωbb†

pbp + H (p)
nl

)
. (G2)

Here,

H (p)
nl = − EJ

[
3α3 cos

(
ψ + ϕtot,p

3

)

+ 2α2 cos

(
χ + ϕtot,p

2

)
+ cos(θ + ϕtot,p)

]
(G3)

is the Hamiltonian of the pth nonlinear coupler with χ =
ψ ′ + ψ and θ = ψ ′′ + ψ ′ + ψ . In Eq. (G2) we have intro-
duced bosonic annihilation and creation operators according
to

ϕp =
√

Zp

Z0
(ap + a†

p), (G4)

where Zp = √
Lp/Cp is the impedance of the ladder-mode

resonators and Z0 = h̄/e2 = 4.1 k�. Analogous expressions
apply to the cavity mode and the waste modes, with their
respective impedances Zc and Zb.

To proceed, we expand the coupling as

H (p)
nl = EJ

∞∑
n=0

Bn

n!
ϕn

tot,p, (G5)

where

B2p+1 = (−1)p

[
α3

32p
sin(ψ/3) + α2

22p
sin(χ/2) + sin(θ )

]
,

B2p+2 = (−1)p
[ α3

32p+1
cos(ψ/3) + α2

22p+1
cos(χ/2) + cos(θ )

]
.

We are interested in the fifth-order term, and to make this
contribution dominant, we need to tune the fluxes and ener-
gies of the junctions appropriately to cancel the lower-order
contributions. In particular, it is possible to cancel out the first,
second, and third order, by imposing the conditions

α3 sin(ψ/3) + α2 sin(χ/2) + sin(θ ) = 0,

α3

3
cos(ψ/3) + α2

2
cos(χ/2) + cos(θ ) = 0,

α3

9
sin(ψ/3) + α2

4
sin(χ/2) + sin(θ ) = 0.

These can be met by an appropriate choice of fluxes and
energies, and we will present examples of such choices be-
low. Once these conditions are met, the lowest nonvanishing
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contributions in the expansion of H (p)
nl are

H (p)
nl � H (p)

Kerr + 2

3
sin(θ )EJ

ϕ5
tot,p

5!
, (G6)

where H (p)
Kerr is the residual fourth-order contribution, which

can lead to Kerr-type frequency shifts that we address below.
The second term in Eq. (G6) is the fifth-order term of interest.

By expanding ϕ5
tot,p in terms of annihilation and creation

operators for all the modes involved, we obtain various multi-
photon processes. In general, these are, however, nonresonant
and energetically suppressed. To resonantly enhance a specific
process, we focus on the contribution δϕe(t )ϕb,pϕc,pϕp+1ϕp

and assume a periodically modulated external flux δϕe(t ) =
δϕe cos(ωet ), where the modulation frequency satisfies ωe =
ωp+1 − ωp + ωc + ωb. This choice makes processes of the
type apa†

p+1c†b†
p resonant, and we obtain a dominant interac-

tion of the form

H (p)
nl ≈ Vp = g(apa†

p+1c†b†
p + a†

pap+1cbp). (G7)

This process will transfer a photon from mode p to p + 1,
while creating excitations in the cavity and waste modes. By
assuming, for simplicity, an equal impedance Zx � Z for all
modes, the corresponding coupling strength is given by

g = 2EJ sin(θ )

3h̄N
δϕe

(
Z

Z0

)2

. (G8)

In a final step, we can follow the usual procedure and adi-
abatically eliminate the dissipative waste mode to derive an
effective master equation for the remaining degrees of free-
dom [37]. This derivation, which is valid when κb � g, results
in a dissipator �D[C] with jump operator C = apa†

p+1c† and
a rate � = 4g2/κb, as assumed in our model in Eq. (1).

Let us now return to the remaining fourth-order processes
ϕ4

tot,p, contained in H (p)
Kerr. It is not possible to tune the fluxes

and Josephson energies to remove these contributions while
suppressing all lower-order contributions as well. Moreover,
some of these fourth-order terms correspond to Kerr and
cross-Kerr interactions, which conserve the photon number
in each mode and lead to static energy shifts that cannot be
eliminated by a rotating-wave approximation. These terms are
of the form

H (p)
Kerr = B4EJ

(
Z

Z0

)2 ∑
x,y

αx,yn′
xn′

y, (G9)

where the indices x, y ∈ {p, p + 1, c, (b, p)} run over the four
involved modes and αx,y = 1/4 for x = y and 1/2 otherwise.
Furthermore, we have set n′

c = a†
cac/N2 and n′

x = a†
xax for all

other modes.

TABLE I. Parameter example for the realization of a bosonic
avalanche laser, using the circuit layout shown in Figs. 7(a) and 12 for
N = 5 ladder modes. The frequencies of the ladder modes are chosen
as ωp = ω1 − (p − 1)�ω and for all modes the same impedance Z
is assumed.

ω1/(2π ) 4.7 GHz κb/(2π ) 30 MHz
�ω/(2π ) 300 MHz κc/(2π ) 0.02–1 MHz
ωc/(2π ) 3.6 GHz Z 160 �

ωb/(2π ) 10.7 GHz δϕe 0.25
EJ/h 50 GHz κ0/(2π ) 20 kHz

The processes in Eq. (G9) are present for all choices of fre-
quencies in our setup. While they conserve the boson numbers
and therefore have no effect on the dissipative dynamics in the
final model in Eq. (1), they impact the resonance condition
assumed in Eq. (G7). Therefore, these Kerr shifts should be
small compared to κb, which determines the width of the
resonance. Additional unwanted processes may also arise as
a result of accidental resonances. For example, if ω3

p � ωb,
the process a3

pb†
p becomes resonant and results in an addi-

tional three-photon loss process. Therefore, such accidental
resonances must be avoided. For the parameters given in
Table I below, we have explicitly verified these conditions
for up to N = 5 and found that all unwanted processes up
to the fifth-order expansion are out of resonance by at least
δmin/(2π ) ≈ 200 MHz. Altogether, we find that both the Kerr
interactions as well as unwanted resonances can be neglected
when the hierarchy

1

2
B4EJ

(
Z

Z0

)2

× max{n̄, n̄c/N2} � κb � δmin (G10)

is satisfied. Here, n̄ and n̄c are the typical photon numbers of
the ladder modes and the cavity mode, respectively.

As a specific example, we set α2 = 2.4, α3 = 2.1,
χ/2 = − arcsin(0.88), ψ/3 = arcsin(0.85) and θ = π −
arcsin(0.33) to cancel all low-order contributions, as dis-
cussed above. For this choice, N = 5, and the other param-
eters listed in Table I, we obtain B4 � 0.75, B4EJ (Z/Z0)2/2 �
2π × 30 MHz and g/(2π ) � 850 kHz. For a decay rate
κb/(2π ) = 30 MHz, we then obtain a hopping rate of
�/(2π ) � 100 kHz. This rate exceeds the bare losses of
a high-Q superconducting resonator mode, κ0/(2π ) ≈ 10 −
100 kHz [27–29], while at the same time the condition in
Eq. (G10) is satisfied for low photon numbers. Note that
depending on the regime of operation, the impedance of the
cavity Zc mode could be further increased to enhance the cou-
pling g ∼ √

Zc, without affecting the most detrimental Kerr
interactions between the ladder modes. This and other param-
eter optimizations can be used to achieve similar conditions
also for N � 10.
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