
PHYSICAL REVIEW A 114, 023725 (2026)

Correlation functions for quantum dynamics of coupled quasinormal modes
and quantum emitters interacting via finite-delay propagating photons
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A time-dependent theory for the interactions between spatially separated lossy cavities in a homogeneous
background medium using quantized quasinormal modes (QNMs) is presented. The cavities interact via a bath of
traveling photons, described by nonbosonic operators that are orthogonal to the open-cavity QNMs. The retarded
(i.e., time-delayed) intercavity dynamics are fully described by system-bath correlation functions, in which the
emission from one cavity appears as the input field for another. Coupling between quantum emitters (described
as two-level systems), placed inside a cavity or embedded in an external medium, and the electromagnetic field
(cavity modes and bath photons) is included in the theory, which gives rise to both bath-mediated and QNM-
mediated interactions between the emitters.
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I. INTRODUCTION

A photonic cavity interacting with a quantum emitter such
as an atom or quantum dot is a fundamental system in cavity
quantum electrodynamics [1,2]. Tuning the cavity frequency
near resonance with the emitter allows for an increase of
the spontaneous emission via a Purcell enhancement [1,3],
making coupled cavity-emitter systems key to many quantum
technologies, such as lasers [4–9], spasers (surface plasmon
amplification by stimulated emission of radiation) [10–15],
and quantum information processing [16–24]. For many ap-
plications, including quantum networks, the transmission of
quantum states between spatially separated systems is im-
portant, and quantum dynamical calculations must include
time delays to account for photon propagation between the
subsystems [25–29].

Theoretically, such cavity systems are usually treated
within a rotating-wave approximation using the Jaynes-
Cummings model [30], which describes the interaction of
a quantum emitter with the modes of a closed cavity (with
quantized normal modes). Losses to the cavity and coupling
to a surrounding bath or other systems are typically added
through phenomenological coupling, e.g., with Lindblad su-
peroperators [17,21,31]. Such approaches assume that the
losses act only as a small perturbation to the cavity-emitter
system so that the “normal modes” of a closed cavity are a
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good approximation of the field inside the open cavity. Open
cavity effects, such as the non-Hermitian coupling between
modes [32,33] are often neglected, and coupling elements and
decay rates must be obtained from additional calculations or
experimental data.

The natural modes (i.e., source-free) of an open optical or
plasmonic resonator are termed quasinormal modes (QNMs),
which are subject to open boundary conditions, and they
account for radiative and possible nonradiative losses that
are inherent to the system [34–37]. Conveniently, QNMs of
practical cavity systems allow for an expansion of the physical
fields in terms of only a few (and often just one) dominant
modes, which makes them an intuitive and rigorous tool for
modeling lossy resonators [35,38–43].

Quantized QNMs yield rigorously defined decay rates
and coupling elements for quantum dynamics calculations
[32,44–46]. However, the current quantization schemes from
Refs. [32,46,47] yield creation and annihilation operators for
quasibound QNMs at the resonator and a photonic bath that
the QNMs interact with [46,47]. The quantized QNMs are
quasibound in the sense that they are primarily localized
at their respective cavity, and the overlap with modes from
distant cavities decreases exponentially with increasing sepa-
ration [46]. Information about causality and the propagation of
the QNMs is removed from the QNM operators and is instead
contained in the bath and enters the quantum dynamics via the
system-bath coupling [46,47].

So far, the focus of the quantized QNM theory has mostly
been on short-range interactions [32,33] and coupling with-
out time delay [46] (i.e., instantaneous coupling), where the
influence of the bath can be largely neglected while the
QNMs couple directly to each other and quantum emitters
near the resonator. In separated systems, the bath is expected
to play a critical role as a mediator of time-delayed interac-
tions between the subsystems. Preliminary work on quantum

2469-9926/2026/114(2)/023725(27) 023725-1 Published by the American Physical Society

https://orcid.org/0000-0002-6280-4261
https://orcid.org/0000-0002-5486-2015
https://orcid.org/0000-0003-4160-1008
https://ror.org/03v4gjf40
https://ror.org/02y72wh86
https://crossmark.crossref.org/dialog/?doi=10.1103/xlv4-1bst&domain=pdf&date_stamp=2026-08-25
https://doi.org/10.1103/xlv4-1bst
https://creativecommons.org/licenses/by/4.0/


ROBERT MEINERS FUCHS et al. PHYSICAL REVIEW A 114, 023725 (2026)

dynamics, including the system-bath interaction, has yielded
accurate system decay rates [47] as well as time-delayed
dynamics for structures with well-separated systems [45].
However, a thorough treatment of the system-bath interactions
and QNM time dynamics is, to the best of our knowledge, still
lacking for these quantum field theories.

In this paper, we extend the multicavity quantized QNM
theory from Ref. [46] into a general theory for the time dy-
namics of multiple QNM cavities and quantum emitters cou-
pled to propagating photons in a homogeneous background
medium. Towards this, three steps must be taken: (i) quantum
emitters must be included in the Hamiltonian and the direct
coupling between the bound QNMs and emitters must be
formulated; (ii) the bath operators which arise from the QNM
quantization are by construction nonbosonic. The resulting
complex dynamics of the bath operators must be solved rig-
orously; and (iii) we require system-bath correlation functions
which are needed as input to most standard quantum dynamics
schemes, such as the time-convolutionless (TCL) [48] method
or the hierarchical equations of motion (HEOM) [49]. Similar
QNM correlation functions were used in quantum dynamics
calculations, e.g., in Refs. [45,47,50]. To make these corre-
lation functions feasible to calculate numerically, we must
formulate approximate expressions in terms of coupling pa-
rameters that can be obtained from standard Maxwell solvers.

We note that, while coupling in a homogeneous medium
has limited practical applications (e.g., the transmission of
quantum states via satellites [51,52]), it is an established
model that allows one to focus on the details of the quantiza-
tion scheme and derivation of coupling elements. Extensions
to structured environments (e.g., coupling via open waveg-
uides) are nontrivial, since the different dimensionality must
be taken into account in the boundary conditions and in the
construction and quantization of the QNMs. A discussion of
the theory for different kinds of background structures can be
found in Ref. [53].

Our theoretical analysis is split into two parts: In Sec. II, we
discuss the nonretarded coupling, i.e., the direct interaction
between quasibound QNMs and quantum emitters without
mediation by the bath photons, i.e., the first step from above.
We model the emitters as two-level systems (TLSs), which
couple to the electromagnetic field via dipole coupling. The
extension to multilevel emitters is straightforward. We define
an area of direct influence Pi(Ra) around the cavity that can
be used to quantify the strength of the interaction between the
QNMs and TLS. For a TLS outside this area of direct influ-
ence, the coupling to the QNMs of that cavity is negligible,
unless there is a time delay to account for photon propagation
through the background medium.

Subsequently, in Sec. III, we give a dynamical description
of the interactions mediated by the nonbosonic photonic bath.
We evaluate the dynamics of the bath, thus addressing the sec-
ond step from above. We then define system-bath correlation
functions that can be straightforwardly applied to standard
open quantum systems approaches and derive retarded (i.e.,
finite-time) coupling parameters based on the QNM theory
that can be obtained from numerical calculations for QNM-
QNM, QNM-TLS, and TLS-TLS interactions, thus taking the
third step. See Table I for an overview of the different kinds
of couplings and correlation functions. We provide examples

TABLE I. Overview of the couplings and correlation functions
appearing between multiple cavities and QNMs and reference to the
manuscript parts.

Coupling Time delay Section Equation

QNM-QNM ✗ II C (18)
QNM-QNM � III B (37)
TLS-TLS � III D (50)
QNM-TLS ✗ II D (23)
QNM-TLS � III C (48)

of the numerical calculation of the correlation functions using
two spatially separated three-dimensional (3D) metal dimers
(including material dispersion and losses through a Drude
model) as QNM cavities, and TLSs in the gap centers of the
dimers, serving as an example of quantum emitters.

II. NONRETARDED COUPLING BETWEEN QNMs
AND QUANTUM EMITTERS

A. Quantum electrodynamics in dissipative media

We consider a system of TLSs interacting with the total
electric field in a spatially inhomogeneous, dispersive, and
absorptive medium. The medium consists of optical cavities or
plasmonic resonators as well as a homogeneous background
medium. The different kinds of interactions for this type of
setup are sketched in Fig. 1. In a rotating-wave approximation,
the general Hamiltonian for this interaction reads

H = h̄
∑

a

ωaσ̂
+
a σ̂−

a + h̄
∫ ∞

0
dω

∫
d3r ωb̂†(r, ω) · b̂(r, ω)

−
(∑

a

σ̂+
a

∫ ∞

0
dω da · Ê(ra, ω) + H.a.

)
, (1)

FIG. 1. Schemes of the different kinds of interactions considered
in this work [cf. Eq. (17)]. (a) QNM part of the system Hamiltonian,
with the annihilation of a photon in mode iη and creation of a photon
in mode iμ. (b) TLS Hamiltonian, where a TLS with frequency ωa

interacts directly with the QNMs and the continuum of bath modes.
(c) QNM-bath interaction, where two different cavities couple to the
same photonic bath.
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where H.a. denotes the Hermitian adjoint, ωa is the transition
frequency between the lower and upper state of TLS a, while
σ̂+

a (σ̂−
a ) is the raising (lowering) operator of the TLS. The

electric field operator in the dipole coupling reads [54–59],

Ê(r, ω) = i

ωε0

∫
d3r′G(r, r′, ω) · ĵN (r′, ω), (2)

where ĵN (r, ω) = ω
√

(h̄ε0/π )εI (r, ω)b̂(r, ω) is the noise-
current density that results from the absorption of radiation
by the dissipative media. The operators b̂(r, ω) are bosonic,
with continuous spatial and frequency indices,

[b̂p(r, ω), b̂†
q(r′, ω′)]− = δpqδ(r − r′)δ(ω − ω′).

The Green’s function G fulfills the Helmholtz equation
(satisfying the same open boundary conditions as the QNMs)[

∇ × ∇ × −ω2

c2
ε(r, ω)

]
G(r, r′, ω) = ω2

c2
1δ(r − r′), (3)

where ε(r, ω) = εR(r, ω) + iεI (r, ω). In this paper, we
assume purely absorptive media for the cavity regions
(εI (r, ω) > 0), but cases with gain have been discussed, e.g.,
in Refs. [41,60,61].

While the Hamiltonian from Eq. (1) is formally exact, it
has several limitations for the kinds of systems we are in-
terested in here. Most notably, it lacks the modal structure
that is required for describing rigorous open cavity-QED,
including unique quantum optical effects such as the quantum
Rabi model [62,63], as well as ultrastrong and broadband
cavity-emitter coupling [42,43,50], or multiphoton propa-
gation effects [17,18,45]. Furthermore, it is not directly
applicable to systems where the bound cavity field is an ob-
servable of interest (e.g., in photonic quantum computing),
and instead separate, commuting operators for the bound
cavity modes and propagating photons are desirable. Last,
a description of the coupling between different cavities or
between emitters and cavities in terms of coupling parameters
has conceptual and practical advantages over a formulation
in terms of the full electromagnetic Green’s function as in
Eq. (1), which can become unfeasible to calculate for large,
complex networks of many cavities. In this way, the quantized
QNM formalism which we present here can be applied to rig-
orous quantum optics schemes [32,50] and connects directly
to common quantum dynamics methods [43,45,47].

B. QNMs in classical calculations

We consider a photonic structure containing spatially
separated electromagnetic resonators in a homogeneous, non-
absorptive background medium. The whole system is divided
into the resonator volumes Vi, and the outside volume Vout,
where ε(r, ω)|r∈Vout = εB. The lossy resonators (i.e., cavity
structures) have two main loss channels: nonradiative absorp-
tion by the resonator material and radiative losses into the
surrounding medium. The QNMs are solutions to the source-
free Helmholtz equation [35,38,39,64],

∇ × ∇ × f̃iμ (r) −
ω̃2

iμ

c2
ε(r, ω̃iμ )f̃iμ (r) = 0, (4)

under open boundary conditions, such as the Silver-Müller
radiation condition [65–67]

r
r

× ∇ × f̃iμ (r) → −inB
ω̃iμ

c
f̃iμ (r), r → ∞, (5)

which accounts for the emission of radiation into the sur-
rounding medium. Note that f̃iμ (r) is the μth QNM of the
ith cavity. The presence of the other cavities is neglected
in the Helmholtz equation [setting ε(r, ω) = εB at the other
cavity volumes] or treated as a perturbation [68]. When this
approximation does not hold, the cavities are treated as a
single system using hybridized QNMs [32,33].

The QNMs have complex eigenfrequencies ω̃iμ =
ωiμ − iγiμ with γiμ > 0, since we assume a purely absorptive
(lossy) resonator medium. Due to the separation of the cavities
(usually more than one QNM wavelength), an expansion of
the Green’s function in terms of the QNMs of the ith cavity is
given by [69,70]

Gi
f f (r, r′, ω) =

∑
μ

Aiμ (ω)f̃iμ (r)f̃iμ (r′), (6)

for r, r′ ∈ Vi, is assumed to be a good approximation of the
photonic Green’s function. Here Aiμ (ω) = ω/(2(ω̃iμ − ω)).
As remarked earlier, for most practical applications, the sum
in Eq. (6) can be restricted to a few dominant modes or even
just a single QNM.

Due to the complex eigenfrequencies, the QNMs diverge
spatially in the far field (corresponding to temporal decay
in the time domain). While properly normalized QNMs can
possibly be used to expand physical properties in terms of
QNMs in the outside region, the fields outside the cavities
are generally continuous, and expansions require many QNMs
[71]. However, for quantum dynamical calculations, where the
Hilbert space scales exponentially with the number of modes,
expansions in terms of a few dominant modes are neces-
sary. Hence, we replace the QNMs outside the resonator with
frequency-dependent, nondivergent regularized fields, which
are obtained via a Dyson equation [70] or alternatively via the
field equivalence principle [47,68,72],

F̃iμ (R, ω) = c2

ω2

∮
Si

dAs
{
[∇s × GB(s, R, ω)]T · [

n̂s × f̃iμ (s)
]

− [n̂s × GB(s, R, ω)]T · [∇s × f̃iμ (s)
]}

,

(7)

where Si is a closed near-field surface around the cavity
volume Vi; GB is the Green’s function of the homogeneous
background medium, which solves Eq. (3) for ε(r, ω) = εB;
and n̂s is the surface vector on Si pointing outwards with
respect to Vi.

Note that, for explicit numerical calculations, the regular-
ized fields, F̃iμ (R, ω), give an accurate expansion of the fields
only for some minimum distance away from the resonator,
usually on the order of half the QNM wavelength [73]. Close
to the surface, the QNMs, f̃iμ (r), are far better suited for
expansions of the fields. To distinguish these cases, we use
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the lowercase r as a generic position vector, while using the
uppercase R in places where the difference is essential to
denote positions sufficiently far away from the resonator for
the expansion using the regularized fields to hold.

C. Multicavity quantization of QNMs

We now summarize the QNM quantization from Ref. [46]
assuming multiple cavities with a weak equal-time intercavity
modal overlap. If the overlap between two cavities is not
weak, then they are treated as a single system with hybridized
modes and joint operators [32,33,46].

We construct QNM operators by projecting the noise op-
erators, b̂(r, ω), onto the subspace of symmetrized QNMs,
f̃ s
iμ (r) = ∑

η(S1/2)iη iμ

√
ωiη /ωiμ f̃iη (r) [32,46,47], via

âiμ =
∫ ∞

0
dω

∫
d3r Liμ (r, ω) · b̂(r, ω), (8)

where the QNM projectors are defined as

Liμ (r, ω) =
∑

η

(S−1/2)iμiη

√
2

πωiη

Aiη (ω)

× [
χVi (r)

√
εI (r, ω)f̃iη (r)

+ χVi
(r)

√
εB,I F̃iη (r, ω)

]
, (9)

and the function χVi (r) is unity if r ∈ Vi and zero elsewhere.
By setting ε(r, ω) = εB everywhere except inside cavity

i in the projector Liμ (r, ω), we ensure that the operators âiμ
only act on the QNMs of one specific cavity, in contrast to
approaches using hybridized QNMs (cf. Refs. [32,46,47]).
The overlap matrix Siμ jη = δi jSintra

iμ jη + (1 − δi j )Sinter
iμ jη contains

intracavity contributions of modes of the same cavity (i = j)
and intercavity contributions between modes of different cav-
ities (i �= j). The intracavity contributions read [32,46]

Sintra
iμiη = 2

π
√

ωiμωiη

∫ ∞

0
dω Aiμ (ω)A∗

iη (ω)

{ ∫
Vi

d3rεI (r, ω)f̃iμ (r) · f̃∗
iη (r)

+ 1

2ωε0

∮
Si

dAs
[(

H̃iμ (s, ω) × n̂s
) · F̃∗

iη (s, ω) + c.c.(μ ↔ η)
]}

, (10)

where the first term in the curly brackets are related to nonradiative absorption losses, while the second term is related to radiative
losses through the cavity surface (photon decay to the far field).

The intercavity overlap contributions between modes of separate cavities reads

Sinter
iμ jη

∣∣
i �= j = 2

π
√

ωiμω jη

∫ ∞

0
dω

Aiμ (ω)A∗
jη (ω)

2ωε0

{∮
Si

dAs
[
(H̃iμ (s, ω) × n̂s) · F̃∗

jη (s, ω) + c.c.(iμ ↔ jη )
]

+
∮
S j

dAs
[
(H̃iμ (s, ω) × n̂s) · F̃∗

jη (s, ω) + c.c.(iμ ↔ jη )
]}

, (11)

where n̂s is the normal vector on the cavity surface Si

pointing outwards with respect to the cavity volume Vi,
and H̃iμ (r, ω) = ∇ × F̃iμ (r, ω)/(iωμ0) are the regularized
magnetic field QNMs. Practical calculations of the surface
integrals are usually carried out by integrating over an equiva-
lent far-field surface, where the regularized fields are obtained
via an efficient near-field to far-field transformation [46,73].

In Ref. [46], it was shown that the intercavity overlap
decreases exponentially with the separation of the cavities,
characterized by the cavity separation parameter,

Piμ jη = γ min
iμ jη nBRi j/c − ln

(
Dmax

iμ jη

)
, (12)

where γ min
iμ jη = min[γiμ, γ jη ], Ri j is the distance between

the cavities, and Dmax
iμ jη = max[Diμ (
i j ), Djη (
 ji )], where

Diμ (
i j ) is the directionality [74] of the emission from mode
iμ into the solid angle 
i j between the cavities i and j. For
high-Q cavities, the separation parameter is amended by an
additional term +ln(QiμQjη )/2 [46], where Qiμ = ωiμ/(2γiμ )
is the quality factor of the mode iμ, but we omit this correction
here for generality.

For well-separated cavities (large Piμ jη ), the intercavity
overlap is negligible, and the cavities can be treated as

separate systems. Under this assumption, the QNM projector
kernels Liμ (r, ω) are orthogonal under the quantized QNM
subspace inner product:∫

d3r
∫ ∞

0
dωLiμ (r, ω) · L∗

jη (r, ω) = δi jδμη, (13)

and the QNM operators from Eq. (8) are bosonic
[âiμ, â†

jη
] = δi jδμη. Note that the inverse square root (S−1/2)iμiη

of the overlap matrix in Eq. (9) refers to the intracavity overlap
from Eq. (10) only, meaning the QNM operators are diago-
nalized with respect to the single cavity. Therefore, Eq. (13)
holds exactly for i = j and for i �= j if the cavity separation
parameter Piμ jν 
 0 is large.

The ω integration reduces the information about causality
and propagation contained in the quantized QNMs. Instead,
the QNM operators create and annihilate quasibound QNMs
that are mostly concentrated at the cavity [46]. Information
about the propagation of states between systems is contained
in a photonic bath that is orthogonal to the QNM projectors,∫ ∞

0
dω

∫
d3r Liμ (r, ω) · ĉ(r, ω) = 0, (14)
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so that the QNM operators âiμ and the bath operators
ĉ(r, ω) commute. We formally decompose the noise operators
b̂(r, ω),

b̂(r, ω) =
∑
i,μ

L∗
iμ (r, ω)âiμ + ĉ(r, ω). (15)

The presence of the bath ensures causality [46], and the
system-bath interaction yields the temporal decay of the quan-
tized modes [47] as well as the propagation of states between
separated systems [45]. Inserting the decomposition from
Eq. (15) into Eq. (2), we obtain the electric field operator in
system-bath form:

Ê(r, ω) =
∑
i,μ

Eiμ (r, ω)âiμ

+ i

√
h̄

ε0π

∫
d3r′√εI (r′, ω)G(r, r′, ω) · ĉ(r′, ω).

(16)

We have inserted the QNM-generated electric field
Eiμ (r, ω) here, which is defined below in Eq. (21) and will be
discussed in the following section. With this decomposition of
the electric field operator, we also bring the Hamiltonian from
Eq. (1) into system-bath form, which reads (a sketch of the
different terms is given in Fig. 1)

H = HS + HB + HSB

= h̄
∑

a

ωaσ̂
+
a σ̂−

a + h̄
∑
i,μη

χ
(+)
iμiη

â†
iμ

âiη

− ih̄
∑

a

∑
i,μ

ga,iμ σ̂
+
a âiμ + H.a.

+ h̄
∫ ∞

0
dω

∫
d3r ωĉ†(r, ω) · ĉ(r, ω)

+ h̄
∑
i,μ

∫ ∞

0
dω

∫
d3rωLiμ (r, ω) · ĉ(r, ω)â†

iμ
+ H.a.

− ih̄
∑

a

∫ ∞

0
dω

∫
d3rga(r, ω) · ĉ(r, ω)σ̂+

a + H.a.,

(17)

where the system Hamiltonian HS contains the free TLS and
QNM contributions and TLS-QNM coupling. Here the matrix

χ
(+)
iμiη

=
(∫ ∞

0
dω

∫
d3r ω Liμ (r, ω) · L∗

iη (r, ω)

)

≈ 1

2

∑
μ′η′

(S−1/2)iμiμ′
(
ω̃iμ′ + ω̃∗

iη′

)
Siμ′ iη′ (S

−1/2)iη′ iη (18)

is the real part of the symmetrized eigenfrequency
χiμiη = ∑

μ′ (S−1/2)iμiμ′ ω̃iμ′ (S1/2)iμ′ iη (a derivation is given in
Ref. [47]) and

ga,iμ = − i

h̄

∫ ∞

0
dω da · Eiμ (ra, ω), (19)

is the full instantaneous dipole coupling between the TLS a
and local electric field generated by the QNM iμ.

Meanwhile, the bath Hamiltonian HB contains the bath
contributions. The system-bath coupling HSB describes the
coupling of the TLS and QNM to the bath, where

ga(r, ω) =
√

εI (r, ω)/(π h̄ε0) da · G(ra, r, ω), (20)

is the coupling between the TLS and the photonic bath. Note
that there is no instantaneous coupling between different cav-
ities in the system part since the cavities are assumed to be
well separated, and the direct (nonbath-mediated) coupling is,
therefore, negligible. When this assumption does not hold, the
cavities must be quantized together and treated as a single
system. The interaction with a shared photonic bath gives
rise to an indirect, retarded interaction between the distant
systems, which will be discussed in Sec. III.

D. Direct QNM-TLS coupling

First, we discuss the direct (non-bath-mediated) interaction
between the QNMs and TLSs. We again assume well-
separated cavities with negligible instantaneous intercavity
overlap (Piμ jν 
 0). The TLSs couple to the QNM-generated
classical electric field,

Eiμ (r, ω) = i

ωε0

∫
d3r′G(r, r′, ω) · jiμ (r′, ω). (21)

In analogy to the noise-current density operator ĵN from
Eq. (2), we defined here a (classical) current density generated

by the QNM, jiμ (r, ω) = ω

√
h̄ε0
π

εI (r, ω)L∗
iμ (r, ω), which is

the source of the QNM-generated electric field that the TLS
interacts with. Equation (21) is the formal solution to the
Helmholtz equation,

∇ × ∇ × Eiμ (r, ω) − ω2

c2
ε(r, ω)Eiμ (r, ω) = iωμ0jiμ (r, ω).

(22)

The QNM projectors, Liμ , contain the QNMs and regular-
ized QNM fields, which can be calculated using established
numerical software for solving (classical) Maxwell’s equa-
tions with finite cavity structures [32,38,39,73]. Thus, the
QNM-current density jiμ as a source in the Helmholtz equa-
tion can be used to obtain the QNM-generated electric field
numerically. It is clear, however, that solving this equation is
not numerically feasible for large and complex structures. In-
stead, the QNM-generated electric field can be approximated
by expanding the Green’s function in Eq. (21) in terms of few,
dominant QNMs [72].

For a TLS inside one of the cavities (ra ∈ Vi), the modes
of that cavity are dominant, with only small corrections due
to incoming fields from other cavities [46]. These incoming
fields are negligible for well-separated cavities (cf. Sec. II C),
and the direct (non-time-delayed) coupling for a TLS inside a
cavity reads (see Appendix A for details)

gin
a,iμ =

√
ωiμ

2h̄ε0
χVi (ra)da · f̃ s

iμ (ra), (23)

where χVi (ra) ensures that only coupling to the QNMs of the
cavity in which the TLS is located contributes. Equation (23)
is identical to the single-cavity case in Ref. [32], since we
neglected the influence of other cavities.
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FIG. 2. Sketch of two coupled metal dimers in vacuum (εB = 1),
with z-polarized dipoles in the dimer gaps. The dimers are described
by a Drude permittivity (cf. Appendix E) and are separated by a
distance of R12 = 2020 nm. In the frequency regime of interest,
the dimers have two dominant QNMs each, with h̄ω̃1 = (1.6904 −
0.0652i) eV and h̄ω̃2 = (1.6482 − 0.0388i) eV.

To test the approximation from Eq. (23) in the following
discussion, we consider a system consisting of two metal
dimers in vacuum (nB = 1) serving as QNM cavities with
one dominant QNM each and a TLS in each dimer gap (cf.
Fig. 2). Dimer 1 consists of two identical cylindrical goldlike
nanorods with base radius r1 = 10 nm and length L1 = 80 nm
each. The gap distance between the rods is d1 = 10 nm. In the
frequency regime of interest, the dominant QNM of dimer 1
has the eigenfrequency h̄ω̃1 = (1.6904 − 0.0652i) eV, which
corresponds to a wavelength of λ1 ≈ 734 nm. Accordingly,
dimer 2 consists of two identical nanorods with r2 =
10 nm, L2 = 90 nm, and d2 = 20 nm, yielding a dominant
QNM with h̄ω̃2 = (1.6482 − 0.0388i) eV and λ2 ≈ 752 nm.
The dimers are separated by a center-to-center distance of
R12 = 2020 nm. We stress that all calculations are fully three
dimensional and include dispersive losses at the level of a
Drude model (see Appendix E for details on the numerical
calculations).

In Table II, we show the normalized difference between
the full TLS-QNM coupling from Eq. (19) (using the Green’s
function expansion from Appendix D) and the approximated
coupling from Eq. (23). The difference is negligible in this
case (fractions of a percentage).

For a TLS outside the cavities (Ra ∈ Vout), the field is gen-
erally a complicated overlap of emissions from the different
cavities as well as scattered fields [72]. On the other hand,
propagation delays are relevant for the interaction between
a TLS and a distant cavity. Since the coupling ga,iμ from
Eq. (19) contains no time delay, the coupling between distant

TABLE II. Normalized difference between the full TLS-QNM
coupling [cf. Eq. (19)] and approximated coupling [cf. Eq. (23)] for a
dipole inside a cavity (rai ∈ Vi) for the model system from Fig. 2 with
two TLSs in the gap centers of metal dimers serving as QNM cavities
with a center-to-center distance of R12 = 2020 nm. Each dimer is
assumed to be dominated by a single QNM in the frequency regime
of interest.

i = 1 i = 2

|(gai,i − gin
ai,i

)/gai,i| 4.08 × 10−8 3.94 × 10−8

FIG. 3. Sketch of the area of direct influence for the instanta-
neous interaction of a TLS with different cavity types from Eq. (24).
(a) Spherical cavity with isotropic emission. (b) Dimer nanoantenna
with dipolelike emission. The TLS d1 inside the cavity couples to
the quasibound cavity modes, while TLS d2 in the outside medium
couples to the emission from the cavity. The coupling strength de-
creases exponentially with the separation of the TLS from the cavity
[cf. Eq. (24)]. The TLS d3 lies outside the area of direct influence
and does not significantly feel the presence of the cavity, unless there
is a time delay to match the photon retardation.

systems is suppressed and instead, these systems only couple
indirectly via the propagating bath photons (cf. Sec. III).

As we show in Appendix A, the direct (nonretarded)
coupling between a QNM and TLS outside decreases expo-
nentially with the distance between the TLS and the cavity,
as a result of the quasibound nature of the quantized QNMs.
Furthermore, the coupling is impacted by the directional-
ity, Diλ (Ra), of the emission from the QNM cavity in the
direction of the TLS. Taken together, these considerations
allow us to define an area of direct influence around the
cavity via

Pi(Ra) = γ min
i nBRa/c − ln

[
Dmax

i

(
R̂a

)]
, (24)

with γ min
i = minμ(γiμ ), and Dmax

i (R̂a) = maxμ[Diμ (R̂a)], for
all μ within the frequency regime of interest. Here R̂a is the
unit vector in direction of Ra. The area of direct influence
is sketched in Fig. 3 for different cavity types. Similarly to
the cavity separation parameter from Eq. (12), the area of
direct influence characterizes the separation of a QNM cavity
and TLS in the outside medium. For an emitter outside this
area of influence, the direct coupling is negligible (gout

a,iμ ≈ 0).
Therefore, an expansion of the Green’s function in Eq. (21) in
terms of the QNMs of a few, nearby cavities is sufficient to
obtain the direct coupling between the QNMs and a TLS in
the outside medium.

III. PHOTON PROPAGATION EFFECTS BETWEEN
SPATIALLY SEPARATED QNM CAVITIES

AND QUANTUM EMITTERS

Bound cavity modes and quantum emitters coupled to a
bath of propagating photons are typical examples of an open
quantum system. In methods used for calculating the dynam-
ics of open quantum systems such as Nakajima-Zwanzig,
TCL equations [48], HEOM, or quantum path integrals
(including modern implementations with tensor networks)
[27,45,49,75,76] the coupling between system and bath is
connected to system-bath correlation functions [77–80].

For the setup considered here, the correlation functions
are derived from the system-bath coupling and are of the
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form

Cxy(t, t ′) =
∑

pq

∫
d3r

∫ ∞

0
dω

∫
d3r′

∫ ∞

0
dω′

× gx,p(r, ω)g∗
y,q(r′, ω′)

× trB[ĉp(r, ω, t )ĉ†
q(r′, ω′, t ′)ρB], (25)

where trB[...] is the trace over the bath degrees of freedom
and ρB = |vac〉〈vac| is assumed to be the initial vacuum bath
state.

The bath operators are time dependent because the open
quantum system methods mentioned above are routinely for-
mulated in the interaction picture, i.e., the operators carry
the free evolution of the system HS and the bath HB. The
correlation function describes the emission of a photon into
the bath at time t ′ and reabsorption at a later time t (or the
other way around, depending on the time order), yielding an
effective interaction between the systems. The indices x, y are
placeholders for the QNM or TLS indices, and p, q are the
polarization degrees of freedom of the photon. The interaction
strength is determined by the integrals over the system-bath
coupling. In contrast to the direct (nonmediated) coupling
discussed thus far, this bath-mediated coupling includes a
time delay and, therefore, allows for time-delayed interactions
(t ≈ t ′ + tdelay) as well as time-local processes (t ≈ t ′).

A. Time evolution of a photonic bath disturbed
by the presence of open cavities

The noise operators from Eq. (2) describe the electro-
magnetic response of a dissipative or dispersive medium that
creates the electromagnetic field. By separating the QNM con-
tributions, we implicitly defined bath operators in Eq. (15) that
mainly account for the homogeneous background medium.
Without cavities, the bath photons would freely propagate
through the medium. The presence of the cavities perturbs
the propagation and leads to a nonbosonic commutation re-
lation for the bath operators, similarly to the nonbosonic
commutator of the electromagnetic vector potential due to the
restriction of transversality [47],

[ĉp(r, ω), ĉ†
q(r′, ω′)]− = δpqδ(r − r′)δ(ω − ω′)

−
∑
k,μ

L∗
kμ,p(r, ω)Lkμ,q(r′, ω′).

(26)

The nonbosonic contribution was neglected in previous
works on QNM quantum dynamics [45,47], implicitly assum-
ing highly localized modes. For a general theory, a rigorous
treatment of the nonbosonic dynamics is required. We derive

a general solution to the bath dynamics in the following,
under the assumption that instantaneous coupling between
well-separated cavities (Piμ jν 
 0) is negligible.

The sum over the QNM projectors on the right-hand side
is the completeness relation on the quantized QNM subspace,
which is here removed from the full space δ distribution (ana-
log to a transverse δ function in quantum optics). Calculating
the dynamics with respect to the free bath Hamiltonian HB

thus yields

∂t ĉ(r, ω, t ) = i

h̄
[HB, ĉ(r, ω, t )]

= −iωĉ(r, ω, t )

+ i
∑
i,μ

L∗
iμ (r, ω)

∫
d3r′

∫ ∞

0
dω′

× giμ (r′, ω′) · ĉ(r′, ω′, t ), (27)

where, in the last term, we used the orthogonality relation
from Eq. (14) to replace ω′Liμ (r′, ω′) from Eq. (17) with the
noise coupling elements (cf. Ref. [47]):

giμ (r, ω) =
∑
μ′η

(S−1/2)iμiμ′ (ω − ω̃iμ′ )(S
1/2)iμ′ iη Liη (r, ω),

(28)

i.e., the pole at the QNM eigenfrequency is removed from the
projectors, yielding a coupling for a broad range of frequen-
cies. We introduce the noise-coupling elements at this stage in
the derivation for later convenience, but a derivation using the
original coupling ω′Liμ (r′, ω′) yields the same results.

Equation (27) has the form of a scattering process. The
(bosonic) first term on the right-hand side describes the
undisturbed propagation of a photon through the homoge-
neous background medium. The (nonbosonic) second term
represents the scattering, either at the quasibound QNMs
at a cavity or at the outward-propagating regularized QNM
fields, with the noise coupling elements acting as a scatter-
ing potential. The nonbosonic form ensures the orthogonality
from Eq. (14) for all times t . In previous works, the non-
bosonic nature was neglected in favor of a simple bosonic
time evolution ĉ(r, ω, t ) ≈ ĉ(r, ω, t0)e−iω(t−t0 ) [45,47] for an
initial time t0, which violates the orthogonality for t > t0. As
we show below, the bosonic approximation of the bath still
yields exact results for the single-cavity case [47] when using
the noise coupling elements giμ (r, ω) to characterize QNM-
bath coupling. For more complex multicavity cases with
retardation, however, the bosonic approximation is generally
not justified.

To investigate the influence of the nonbosonic time evolu-
tion, we formally integrate Eq. (27):

ĉ(r, ω, t ) = ĉ(r, ω, t0)e−iω(t−t0 ) + i
∑
i,μ

L∗
iμ (r, ω)

∫ t

t0

dt1e−iω(t−t1 )
∫

d3r′
∫ ∞

0
dω′giμ (r′, ω′) · ĉ(r′, ω′, t1), (29)
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where ĉ(r′, ω′, t0) fulfills the orthogonality relation from Eq. (14) at the chosen initial time t0. Equation (29) is a recursive
scattering problem. By inserting the solution into the right-hand side again, we obtain

ĉ(r, ω, t ) = ĉ(r, ω, t0)e−iω(t−t0 ) +
∑
i,μ

L∗
iμ (r, ω)

∫ t

t0

dt1e−iω(t−t1 )Ĉiμ (t1)

+ i
∑
i j,μν

L∗
iμ (r, ω)

∫ t

t0

dt1

∫ t1

t0

dt2K
1
iμ jν (t1 − t2)

∫
d3r′

∫ ∞

0
dω′g jν (r′, ω′) · ĉ(r′, ω′, t2), (30)

where

Ĉiμ (t ) = i
∫

d3r
∫ ∞

0
dωgiμ (r, ω) · ĉ(r, ω, t0)e−iω(t−t0 ) (31)

describes the annihilation of a noise quantum in the bath due
to absorption by the QNM iμ. Conversely, Ĉ†

iμ
(t ) describes the

creation of noise due to the emission of a photon from the
QNM iμ (cf. Refs. [32,50]).

Furthermore (leaving t > t ′ implicit),

K1
iμ jν (t − t ′)

= i
∫

d3r
∫ ∞

0
dωgiμ (r, ω) · L∗

jν (r, ω)e−iω(t−t ′ ) (32)

describes single scatter processes between two QNMs iμ
and jν during the time interval (t − t ′). Note that L∗

jν (r, ω)
contains poles at the complex conjugated QNM frequen-
cies located in the upper half of the complex plane, while
giμ (r, ω) contains no poles. Since t > t ′, it follows from the
residue theorem that

∫
dωe−iω(t−t ′ )/(ω − ω̃∗

jν ) = 0, and there-
fore K1

iμ jν (t − t ′), vanishes for intracavity scattering processes
(i = j) as a consequence of causality [50]. For intercavity
scattering (i �= j), additional phase terms e±iωτi j appear caused
by retardation, where τi j is the photon travel time between the
cavities, and as a consequence, K1

iμ jν (t − t ′) does not vanish.
It is clear that the time-dependent bath operators ĉ(r, ω, t )

contain these scattering processes to infinite order. There-
fore, we define the N th order intercavity scattering term
KN

iμ jν (t − t ′) via (again assuming t > t ′ implicit)

KN
iμ jν (t − t ′) =

∑
l,η

∫ t

t ′
dt1K

N−1
iμlη

(t − t1)K1
lη jν (t1 − t ′)

=
∑
l,η

∫ t

t ′
dt1K

1
iμlη (t − t1)KN−1

lη jν
(t1 − t ′). (33)

For convenience, we also define the zeroth-order intercav-
ity scattering, including no scattering via

K0
iμ jν (t − t ′) = 2δi jδμν�(t − t ′)δ(t − t ′), (34)

so that the full solution of Eq. (27) reads

ĉ(r, ω, t ) = ĉ(r, ω, t0)e−iω(t−t0 )

+
∑
i j,μν

∞∑
N=0

L∗
iμ (r, ω)

∫ t

t0

dt1e−iω(t−t1 )

×
∫ t1

t0

dt2K
N
iμ jν (t1 − t2)Ĉjν (t2). (35)

The correlation function from Eq. (25) contains three kinds
of interactions: the exchange of photons between separate cav-

ities (Sec. III B), the exchange of excitations between two TLS
(Sec. III D), and the interaction between a TLS and QNM cav-
ity (Sec. III C). Using the time evolution of the bath operators
from Eq. (35), we derive explicit forms of these different cou-
plings. We discuss these three types of interactions separately
and then summarize our findings. An overview of the different
types of couplings is also given in Table I, shown in Sec. I.
For quantum dynamics calculations using similar correlation
functions for quantized QNM cavities; see Refs. [45,47,50].

B. QNM-QNM coupling

1. General form

In Sec. II, we discussed how the instantaneous (or di-
rect) coupling between different QNM cavities is suppressed
for cases with sufficient separation. As a result, the QNM
Hamiltonian [Eq. (17)] contains no direct coupling between
QNMs of separate cavities i �= j. In a time-dependent theory,
propagating photons transmit energy between the cavities via
the bath if the time delay is larger than the retardation time.

With the time-dependent bath operators from Eq. (35), the
QNM-bath coupling Hamiltonian [cf. Eq. (17) together with
Eq. (28)] in the interaction picture reads

HQNM−bath(t )

= h̄
∑
i,μ

∫
d3r

∫ ∞

0
dω giμ (r, ω) · ĉ(r, ω, t )â†

iμ
(t ) + H.a.

= −ih̄
∑
i j,μν

∞∑
N=0

∫ t

t0

dt1K
N
iμ jν (t − t1)Ĉjν (t1)â†

iμ
(t ) + H.a.,

(36)

where Ĉiμ describes the initial scattering of a bath photon
at a QNM and KN

iμ jν describes the retarded scattering be-
tween QNMs of different cavities. These higher-order terms
(N > 0) vanish for a single cavity, so that the exact system-
bath coupling in the single-cavity case is precisely the
combination of noise-coupling elements giμ and bosonic bath
operators ĉ(r, ω, t0)e−iω(t−t0 ) that was obtained heuristically
in Ref. [47].

Using the Hamiltonian from Eq. (36), the correlation func-
tion from Eq. (25) for the coupling between two QNMs reads
(the derivation is shown in Appendix C 1),

CQNM
iμ jν

(t − t ′)

= δi jC
bos
iμ jν (t − t ′) −

∞∑
N=1

∑
η

(
δην∂t ′−iχ jη jν

)
KN

iμ jη (t − t ′)

−
∞∑

N=1

∑
η

[(
δημ∂t−iχiη iμ

)
KN

jν iη (t ′ − t )
]∗

, (37)
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where

Cbos
iμ jν (t − t ′) =

∫ ∞

0
dω

∫
d3rgiμ (r, ω) · g∗

jν (r, ω)e−iω(t−t ′ )

(38)

is the QNM correlation function for a bosonic bath, obtained
exactly in Ref. [47] for the single-cavity case and approxi-
mately in Ref. [45] for two coupled cavities assumming a
bosonic bath [note the relation between Cbos and K1 from
Eq. (C4)].

The first term on the right-hand side in Eq. (37) describes
the scattering between modes of the same cavity only, while
the second and third terms describe the transfer of excitation
from cavity j to cavity i for t > t ′ and the opposite process
for t ′ > t , respectively. Since the sums contain the scattering
to infinite order, the correlation function includes all possible
processes for the transfer of a photon between cavities i and j.

2. Perturbative intercavity coupling

The form of the correlation function from Eq. (37) al-
lows for a perturbative treatment of the intercavity scattering.
Since instantaneous intercavity transfer is negligible for well-
separated cavities (cf. Sec. II C), only a finite number of
intercavity scattering processes contribute significantly within
a finite time span t − t ′. Furthermore, for the cavities in ho-
mogeneous three-dimensional background media considered
here, each order of the scattering decreases in magnitude
with 1/Ri j . Hence, for cavities with significant separation, we

include only terms N � 1 in the correlation, yielding [using
the relation between Cbos and K1 from Eq. (C4)]:

CQNM
iμ jν

(t − t ′)

= Cbos
iμ jν (t − t ′) + 2�(t − t ′)

∑
η

K1
iμ jη (t − t ′)χ (−)

jη jν

+ 2�(t ′ − t )
∑

η

[
K1

jν iη (t ′ − t )χ (−)
iη iμ

]∗
, (39)

where χ
(−)
iμiη

= i(χiμiη − χ∗
iη iμ )/2 is the imaginary

part of the symmetrized QNM frequency χiμiη =∑
μ′ (S−1/2)iμiμ′ ω̃iμ′ (S1/2)iμ′ iη . Note that in structured

environments (e.g., coupled via waveguides), Eq. (37)
can still be truncated at finite order if the cavities are well
separated [large cavity separation parameter, cf. Eq. (12)]. In
such cases, instantaneous intercavity scattering is negligible
(cf. Sec. II C), and only a finite number of retarded intercavity
scattering processes occur in a finite time t − t ′.

In Eq. (39), Cbos
iμ jν and K1

iμ jη contain numerically demanding
spatial integrals. For an efficient calculation of QNM-QNM
coupling, we formulate the correlation using effective cou-
pling elements (see Appendix B for the derivation),

χ
(−)
iμ← jν

=
∑
μ′ν ′

(S−1/2)iμiμ′ i
(
ω̃iμ′ − ω̃∗

jν′

)
Siμ′← jν′ (S

−1/2) jν′ jν ,

(40)

with the retarded overlap matrix

Siμ← jη = δi j

2

∫
Vj

d3r

√
ωiμω jη

√
εI

(
r, ωiμ

)
εI

(
r, ω jη

)
i
(
ω̃iμ − ω̃∗

jη

) f̃iμ (r) · f̃∗
jη (r)

+
(

1 − δi j

2

)∮
S j

dAs

{[
H̃′

iμ

(
s, ωiμ

) × n̂s
] · F̃∗

jη

(
s, ω jη

)
2ε0i

(
ω̃iμ − ω̃∗

jη

) +
[
H̃∗

jη

(
s, ω jη

) × n̂s
] · F̃′

iμ

(
s, ωiμ

)
2ε0i

(
ω̃iμ − ω̃∗

jη

)
}

, (41)

where S j is the surface of the volume Vj of the jth cavity,
n̂s is the surface vector on S j that points inwards of Vj ,
and F̃′

iμ (r, ω)|r∈Vj = e−iωτi j F̃iμ (r, ω) are slow-varying enve-
lope functions of the regularized fields for positions inside
the other cavity (see Appendix B for a detailed derivation).
Thus, Siμ← jη is an effective intercavity overlap matrix with
the retardation removed (Fig. 4), similarly to what was done
in Ref. [81] in the context of quantum dynamics for two

FIG. 4. We obtain the retarded overlap matrix Siμ← jη from
Eq. (41) by eliminating the propagation from the intercavity overlap
integral to obtain an effective, frequency-independent overlap.

coupled cavities. The spatial integrals in Siμ← jη run over the
jth cavity, while the generalized Poynting vector F̃∗

jη (r, ω) ×
H̃iμ (r, ω) points outwards so that the matrix is associated with
the emission of radiation through the surface S j . Similarly,
the advanced coupling χ

(−)
iμ→ jη

contains the matrix Siμ→ jη =
(S jη←iμ )∗ with integrals over cavity i. The coupling is gener-
ally nonsymmetric in the indices iμ and jη, unless the arrow
is switched accordingly: χ

(−)∗
iμ→ jη

�= χ
(−)
jη→iμ

= χ
(−)∗
iμ← jη

. In the in-
tracavity case i = j, Siμ←iη = Siμ→iη = Siμiη /2, where Siμiη is
the intracavity overlap matrix from Eq. (10). Thus, in the
intracavity case,

χ
(−)
iμ→iη

= χ
(−)
iμ←iη

= χ
(−)
iμiη

. (42)

The matrix χ
(−)
iμiη

was found previously in Ref. [32] as the
dissipator matrix in the QNM Lindblad master equation,
and χ

(−)
iμ← jν

is the extension of this coupling to cases with
retardation.
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FIG. 5. QNM correlation function for two coupled metal dimers 1 and 2 (cf. Fig. 2) with one dominant QNM each, (a) absolute value and
(b) real part. Since C21(t − t ′) = [C12(t ′ − t )]∗, we only include C12, and enhance it for better visibility. The correlations are dominated by δ-like
peaks, matching the approximation from Eq. (45). The high-frequency oscillations arise as a consequence of the numerical implementation at
a finite bandwidth.

Using these definitions, we find (Appendix B),

Cbos
iμ jν (t − t ′) =

∫ ∞

0
dω

e−iω(t−t ′ )

2π

× (
χ

(−)
iμ→ jν

e−iωτi j + χ
(−)
iμ← jν

eiωτi j
)
, (43)

and

K1
iμ jν (t − t ′) = i

2π

∑
ηκ

∫ ∞

0
dω

(
χ

(−)
iμ→ jη

e−iωτi j + χ
(−)
iμ← jη

eiωτi j
)

× (S1/2) jη jκ
e−iω(t−t ′ )

ω − ω̃∗
jκ

(S−1/2) jκ jν , (44)

where, for the intracavity case i = j, τii = 0 holds, so that the
results from Ref. [47] are recovered for a single cavity.

For some applications with sufficiently high-Q cavities, the
frequency regime of interest is confined to a small bandwidth
around the QNM resonance frequency. In such cases, we can
expand the lower limit of the integral in Eq. (43) to −∞ and
employ contour integral methods to obtain

Cbos
iμ jν (t − t ′) ≈ [

χ
(−)
iμ→ jν

δ(t − t ′ + τi j ) + χ
(−)
iμ← jν

δ(t − t ′ − τi j )
]
,

(45)

which is precisely the correlation function that was obtained
in Ref. [45] under the assumption of a bosonic bath. Hence, in
these cases, the QNM-QNM correlation function is dominated
by δ-like correlations with only small (sometimes negligible)
corrections due to nonbosonic bath effects and intercavity
scattering.

In the following, we use the more general forms from
Eqs. (43) and (44) to calculate the correlation functions.

3. Coupled metal dimers

To illustrate the calculation of the correlation function, we
consider an example of two metal dimers in vacuum (nB = 1)
serving as QNM cavities with one dominant QNM each (cf.
Fig. 2).

We consider the case N � 1 as discussed above. In Fig. 5,
we show the absolute value and real part of the QNM-
QNM correlation function from Eq. (39) for the two coupled
metal dimers using the effective coupling from Eqs. (43)
and (44). The correlation functions are dominated by δ-like
peaks, confirming the validity of the approximation from
Eq. (45) for this setup. The diagonal elements peak at t −
t ′ = 0 and are related to the temporal decay of the quasi-
bound QNMs via photon emission into the bath [47]. The
off-diagonal terms peak at the delay time t − t ′ = ±τ and
are related to intercavity transfer between the spatially sep-
arated dimers. However, we see a slight deviation from a
Lorentzian form, again matching Eq. (45). There are also
some oscillations that arise here as a consequence of the
numerical implementation with a finite bandwidth. As shown
in Ref. [45], the intercavity photon exchange can lead to co-
herent superpositions of the occupations and state trapping in
the cavities.

Note that for this example with low-Q plasmonic res-
onators, the inclusion of time delay is particularly important
since even a short separation leads to delays of a similar
magnitude as the QNM lifetime. For higher-quality optical
cavities, the delay can often be subsumed into an effective
Markovian coupling, since it is not relevant on the system
dynamics timescale. Still, the general formalism shown here
(dynamics of the nonbosonic bath + system-bath correlation
functions) applies also to higher-Q cavities.

C. QNM-TLS coupling

1. General form

A TLS that transitions from the excited state to the ground
state emits a photon into the surrounding medium, described
in Eq. (17) by the coupling to the bath modes. The resulting
bath photon can propagate through space and excite another
system (such as a QNM cavity) elsewhere, leading to an
effective interaction. In contrast to the QNM-TLS interaction
derived in Sec. II D, this interaction is time dependent and
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includes retarded coupling between spatially separated sys-
tems. In this section, we derive the correlation function for the
time-dependent QNM-TLS interaction.

Using the bath operators from Eq. (35), the Hamiltonian
for the coupling between a TLS and the bath photons [cf.
Eq. (17)] in the interaction picture reads

HTLS-bath(t ) = −ih̄
∑

a

∫
d3r

∫ ∞

0
dωga(r, ω) · ĉ(r, ω, t0)e−iω(t−t0 )σ̂+

a (t ) + H.a.

−
∑

a

∑
i j,μν

∞∑
N=0

∫ t

t0

dt1

∫ t1

t0

dt2da · Eiμ (ra, t − t1)KN
iμ jν (t1 − t2)Cjν (t2)σ̂+

a (t ) + H.a., (46)

where we defined the time-dependent QNM-generated electric field via

Eiμ (r, t ) =
∫ ∞

0
dωEiμ (r, ω)e−iωt , (47)

from the QNM-generated electric field Eiμ (ra, ω) in Eq. (21).
In Eq. (46), the first term on the right-hand side gives the full dipole coupling of the TLS directly to the (bosonic) bath photon.

The coupling elements ga(r, ω) are defined in Eq. (20). The second term describes the coupling via QNM scattering, where the
TLS couples to the QNM generated electric field Eiμ (ra, t ), followed by retarded QNM-QNM scattering KN

iμ jν (t1 − t2) to infinite

order and the QNM-bath scattering Ĉiμ (t ) defined in Eq. (31). Using this Hamiltonian together with the QNM-bath coupling
from Eq. (36), we derive the correlation functions (see Appendix C 2 for details)

CQ-T
iμa (t − t ′) = −�(t−t ′)

∑
j,ην

∞∑
N=0

(
δην∂t+iχ jη jν

) ∫ t

t ′
dt1K

N
iμ jη (t − t1)

[
da · E jν (ra, t ′ − t1)

ih̄

]∗

− �(t ′−t )
∑
j,ην

∞∑
N=0

(
δημ∂t+iχ∗

iη iμ

) ∫ t ′

t
dt1

[
KN

jν iη (t1 − t )
]∗

[
da · E jν (ra, t ′ − t1)

ih̄

]∗
, (48)

and CT−Q
aiμ

(t − t ′) = [CQ-T
iμa (t ′ − t )]∗.

2. Perturbative treatment of intercavity transfer

For cavities with significant separation (Pi j 
 0, cf. Sec. II C), we treat the intercavity scattering perturbatively and restrict
the number of intercavity scattering processes to N � 1. Note, however, that the QNM-TLS coupling da · E jν (ra, t ′ − t1)/(ih̄)
may also contain intercavity scattering terms if the TLS is inside one of the cavities. These have to be included in the perturbative
treatment. Thus, we obtain:

CQ-T
iμa (t − t ′) = −�(t−t ′)

∑
ν

(
δην∂t+iχiη iν

)[da · Eiν (ra, t ′ − t )

ih̄

]∗
− �(t ′−t )

∑
ν

(
δην∂t+iχ∗

iη iμ

)[da · Eiν (ra, t ′ − t )

ih̄

]∗

− �(t−t ′)
∑
j,ην

(
δην∂t+iχ jη jν

) ∫ t

t ′
dt1K

1
iμ jη (t − t1)χVj (ra)

[
da · E jν (ra, t ′ − t1)

ih̄

]∗

− �(t ′−t )
∑
j,ην

(
δημ∂t+iχ∗

iη iμ

) ∫ t ′

t
dt1

[
K1

jν iη (t1 − t )
]∗

χVj (ra)

[
da · E jν (ra, t ′ − t1)

ih̄

]∗
, (49)

where χVj (ra) ensures ra ∈ Vj , so that at most one intercavity
transfer is included.

3. TLS coupled to a metal dimer

We again use metal dimers as QNM cavities. We place a
TLS in the gap of each dimer (see Fig. 2). The TLS dipoles
are polarized along the z axis, i.e., along the symmetry axis
of the cylindrical dimers. The dipoles are also assumed to be
identical with d1 = d2 = dn̂z, where n̂z is the unit vector in
the z direction and d = 1 e nm is the strength of the dipole
moment, where e is the elementary charge. This is at the upper
end for a typical quantum dot exciton [82].

In Fig. 6, we show the diagonal terms of the correlation
function from Eq. (49), where a QNM couples to the TLS
in the same cavity. As expected, the correlation peaks at
t = t ′, but the overall coupling strength is very weak (note
that the values in Fig. 6 are enhanced by a factor of 105). This
is because Eq. (49) accounts for the bath-mediated coupling
between the QNM and TLS. As discussed in Sec. II D, for a
TLS inside a cavity, the direct coupling to the QNMs of that
cavity dominates over coupling to the bath or QNMs of other
cavities (cf. Table II).

In Fig. 7, we show the off-diagonal terms of Eq. (49),
where a QNM couples to the TLS inside the other cavity.
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FIG. 6. Bath-mediated coupling between the QNM and TLS of
the same cavity for the coupled dimers from Fig. 2. (a) Absolute
value and (b) real part calculated from Eq. (49).

Again, the coupling is very weak (on the order of the instanta-
neous intercavity coupling that was neglected in Sec. II C),
since the direct coupling to the QNMs of the same cavity
dominates over coupling to the QNM of the other cavity.
However, the coupling is still nonzero, even at t = t ′, since the
quasibound QNMs extend outside of their respective cavities.
We stress that when calculating the system dynamics, the
correlation functions presented here act together to give the
overall evolution of the coupled systems, and so one must

FIG. 7. Bath-mediated coupling between the QNM and TLS of
the other cavity for the coupled dimers from Fig. 2. (a) Absolute
value and (b) real part calculated from Eq. (49).

refrain from reading physical interpretations directly from the
individual correlation functions.

D. TLS-TLS coupling

1. General form

The photon emitted by a TLS can also excite another TLS
(or reexcite the same TLS), leading to an effective TLS-
TLS interaction mediated by propagating bath photons. Using
the Hamiltonian for the TLS-bath coupling from Eq. (46)
and the results derived in the previous sections, we de-
rive the TLS-TLS correlation function (see Appendix C 3
for details):

CTLS
ab (t − t ′) = 1

π h̄ε0

∫ ∞

0
dωda · Im[G(ra, rb, ω)] · d∗

be−iω(t−t ′ )

+ �(t − t ′)
∑
i,μν

(
δμν∂t ′−iχiμiν

) ∫ t

t ′
dt1

da · Eiμ (ra, t − t1)

ih̄

[
db · Eiν (rb, t ′ − t1)

ih̄

]∗

+ �(t ′ − t )
∑
i,μν

(
δμν∂t+iχ∗

iν iμ

) ∫ t ′

t
dt1

da · Eiμ (ra, t − t1)

ih̄

[
db · Eiν (rb, t ′ − t1)

ih̄

]∗

+ �(t − t ′)
∑

i j,μνη

∞∑
N=1

∫ t

t ′
dt1

∫ t1

t ′
dt2

[
da · Eiμ (ra, t − t1)

ih̄

(
δην∂t2−iχ jη jν

)
KN

iμ jν (t1 − t2)

][
db · E jν (rb, t ′ − t2)

ih̄

]∗

+ �(t ′ − t )
∑

i j,μνη

∞∑
N=1

∫ t ′

t
dt1

∫ t1

t
dt2

da · Eiμ (ra, t − t2)

ih̄

[
db · E jν (rb, t ′ − t1)

ih̄

(
δημ∂t2−iχiη iμ

)
KN

jν iμ (t1 − t2)

]∗
.

(50)

Here the first line on the right-hand side represents the
full dipole coupling of two TLS via the electromagnetic field
[27,59]. The other terms are QNM correction terms that ac-
count for the QNM-TLS coupling (cf. Sec. II D) where a TLS
couples to a QNM, which then scatters via the bath into the
same or another QNM which finally couples to another TLS.

2. TLS coupling in the presence of metal dimer QNM cavities

We again consider the case of two metal dimers serving
as QNM cavities with TLSs in the dimer gaps from Fig. 2.
We also take N � 1 in Eq. (50) under the assumption of
weak intercavity coupling, as in Eq. (49). For the full Green’s
function, we use the expansion from Appendix D.
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FIG. 8. Diagonal terms of TLS correlation function from
Eq. (50) for N � 1 for two TLSs in the dimers gaps (ra ∈ V1, rb ∈ V2)
of metal dimers serving as QNM cavities (cf. Fig. 2).

In Fig. 8, we show the diagonal terms of the correlation
function, which are related to the temporal decay of a TLS
excitation into the bath. Accordingly, we show in Fig. 9 the
off-diagonal terms of the TLS correlation [Eq. (50)], which
are related to bath-mediated energy exchange between the
TLSs in the different cavities. Since the TLSs mostly radi-
ate into the quasibound QNMs, the bath-mediated decay and
coupling are very weak (note the scaling in Figs. 8 and 9 with
a factor of 104). Notably, the bath-mediated coupling between
the separated TLSs in Fig. 9 contains instantaneous contribu-
tions at t = t ′. These arise from the QNM corrections terms
in Eq. (50), since the QNMs extend into the outside medium,
leading to a finite coupling strength even without a delay.

FIG. 9. Off-diagonal terms of TLS correlation function from
Eq. (50) for N � 1 for two TLSs in the dimers gaps (ra ∈ V1, rb ∈ V2)
of metal dimers serving as QNM cavities (cf. Fig. 2).

However, this coupling is on the order of the instantaneous
intercavity coupling that was neglected in Sec. II C.

We again stress that the correlation functions are an ingre-
dient in methods for quantum bath dynamics, where products
of correlation functions appear along quantum paths, whose
sum yields the full dynamics [45,76,77,79]. Therefore, the
correlation functions presented here act together to determine
the state of the coupled quantum system.

IV. CONCLUSIONS

In conclusion, we addressed the three necessary steps
towards a time-dependent theory of quantized QNMs in a
system involving multiple cavities, quantum emitters, and a
bath of propagating photons. First, we discussed the coupling
between the quasibound QNMs and quantum emitters placed
either inside the cavities or in the surrounding homogeneous
medium. We defined an area of direct influence, Pi(ra), around
the cavity where direct, non-time-delayed coupling between
the cavity modes and emitters near the cavity is significant.
This direct coupling between the cavity field and quantum
emitter was expressed in terms of few dominant QNMs.

As the second step, we derived a formal solution for the
dynamics of the nonbosonic bath operators which arise natu-
rally from the QNM quantization, thus allowing for a rigorous
expansion in terms of time-delayed intercavity scattering
processes.

Last, we introduced system-bath correlation functions that
can be used in typical quantum dynamics schemes. We de-
rived general formulas for the correlation functions for the
different types of bath-mediated interactions (QNM-QNM,
QNM-TLS, and TLS-TLS, cf. Table I) and showed how prac-
tical forms of the correlations can be obtained by truncating
the number of intercavity scattering processes for finite time
differences. We also formulated effective coupling elements
defined in terms of QNM parameters that can be straight-
forwardly calculated using common numerical solvers, thus
connecting the quantum theory to established methods in
computational photonics. Finally, we derived explicit forms of
the correlation functions for numerical calculations, using the
example of two spatially separated metal dimers with dipole
emitters in each dimer gap.

These correlation functions are a central input to many
standard quantum dynamics schemes; hence, the methods
presented here can be implemented within existing schemes
for open quantum systems. Thus, the dynamics of coupled-
cavity systems can be obtained using rigorously defined and
numerically calculable coupling parameters. In the future, the
results from this paper, in combination with an extension to
structured background media (e.g., waveguide-coupled cavi-
ties) could enable rigorous simulations of quantum devices,
including on-chip quantum information technologies.
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APPENDIX A: DIRECT QNM-TLS COUPLING

The direct (non-time-delayed) coupling between a TLS and
the the QNM-generated electric field reads [cf. Eq. (19)]

ga,iμ = − i

h̄

∫ ∞

0
dωda · Eiμ (ra, ω). (A1)

While the field Eiμ (ra, ω) [Eq. (21)] can be obtained nu-
merically from the Helmholtz equation in Eq. (22), solving the
equation is generally cumbersome and unfeasible for compli-
cated structures. This is especially true if one wishes to know
the coupling for different dipole (TLS) locations. Hence, it is
useful (and often necessary) to consider approximate methods
for the field calculation. Upon inserting the definition of the
QNM projectors Liμ from Eq. (9) into Eq. (21), we find

Eiμ (ra, ω) = i

√
h̄

πε0

∑
η

√
2

πωiη

A∗
iη (ω)

×
[ ∫

Vi

d3rεI (r, ω)G(ra, r, ω)f̃∗
iη (r)

+
∫

V i

d3rεB,I G(ra, r, ω)F̃∗
iη (r, ω)

]
(S−1/2)iη iμ,

(A2)

here the QNMs inside the ith cavity act as the source to the
field [note that F̃∗

iη (r, ω) originates from cavity i, cf. Eq. (7)].
Then the QNM-generated electric field (and by extension

the QNM-TLS coupling) is obtained for a specific multicavity
system by expanding the Green’s function in terms of the
dominant QNMs of the different cavities [72]. In the follow-
ing, we discuss some general properties of the QNM-TLS
coupling ga,iμ for a TLS inside the QNM cavity (ra ∈ Vi),
inside another cavity (ra ∈ Vk, k �= i), and for a TLS outside
the cavities (Ra ∈ Vout).

1. TLS inside the QNM cavity. Consider a TLS inside a
cavity ra ∈ Vi, coupling to the QNMs iμ of that cavity. We
make the assumption that

G(ra, r, ω)
∣∣
ra,r∈Vi

=
∑

μ

Aiμ (ω)f̃iμ (ra)f̃iμ (r), (A3)

i.e., that the Green’s function inside the cavity is dominated by
the QNMs of that cavity. This assumption holds well for cavi-
ties in a 3D homogeneous background medium. Furthermore,

we perform the separation [72]

G(ra, r, ω)
∣∣
ra∈Vi,r/∈Vi

=
∑

μ

Aiμ (ω)f̃iμ (ra)F̃iμ (r, ω) + Gothers(ra, r, ω). (A4)

Here Gothers contains the contributions from the back-
ground medium and all other cavities via scattering between
the separated cavities.

We insert the expansions from Eqs. (A3) and (A4) into
Eq. (A2) and obtain

Eiμ (ra, ω)
∣∣
ra∈Vi

= i

√
h̄

2ε0

∑
λη

√
ωiλ f̃iλ (ra)Siλiη (ω)(S−1/2)iη iμ

+ Eothers
iμ (ra, ω), (A5)

where Siλiη (ω) is defined via the overlap matrix Siλiη =∫ ∞
0 dωSiλiη (ω) from Eq. (10), and

Eothers
iμ (ra, ω)

∣∣
ra∈Vi

=
√

h̄

πε0

∑
η

√
2

πωiη

A∗
iη (ω)

∫
V i

d3rεB,I

× Gothers(ra, r, ω)F̃∗
iη (r, ω)(S−1/2)iη iμ . (A6)

While the form of Gothers depends on the specific multi-
cavity structure and the number of other cavities, the field
Eothers contains scattering terms that involve at least two
well-separated cavities [72]. Such intercavity scattering is
negligible if there is no time delay to match the retardation (cf.
Sec. II C), and hence Eothers is negligible in the instantaneous
coupling ga,iμ from Eq. (A1). Thus, from Eqs. (A5) and (A1),
it follows that the coupling between a TLS inside a cavity and
the QNMs of that cavity takes the form from Eq. (23).

For cases with a finite time delay (cf. Sec. III C), the
scattering at other cavities can play a significant role, and an
expansion of the Green’s function in terms of the dominant
QNMs of the cavities yields a time-delayed coupling with
effective coupling elements (cf. Appendix D).

2. TLS inside another cavity. Next, we consider the case of a
TLS inside another cavity, ra ∈ Vk, k �= i. Since the sources of
Eiμ lie within cavity i, all terms in Eq. (A2) contain at least one
intercavity scattering process, and therefore ga,iμ |ra∈Vk ,k �=i ≈ 0.

3. TLS outside the cavities. The field outside the cavities
generally consists of a rich overlap of emissions from all cavi-
ties and scattered fields. However, the contribution Eiμ (Ra, ω)
has its sources exclusively in the ith cavity. Hence, the instan-
taneous coupling to a TLS in the outside volume is weak if the
TLS is far away from the cavity. We wish to derive a measure
for the separation between the QNMs and TLS in the outside
medium similar to the cavity separation parameter [46]. For
this purpose, we expand the Green’s function in Eq. (A2) in
terms of the QNMs of cavity i [cf. Eq. (A4):

G(Ra, r, ω)
∣∣nointer

Ra /∈Vi,r∈Vi
=

∑
μ

Aiμ (ω)f̃iμ (Ra)F̃iμ (r, ω), (A7)

we neglected the contribution Gothers from all other cavi-
ties, since these yield intercavity scattering terms which are
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negligible for non-time-delayed coupling [remember that the
sources of Eiμ (Ra, ω) lie exclusively in cavity i].

Similarly, for the Green’s function outside the cavities, we
perform the expansion [72]

G(Ra, r, ω)
∣∣nointer

Ra,r/∈Vi

≈ GB(Ra, r, ω) +
∑

μ

Aiμ (ω)F̃iμ (Ra, ω)F̃iμ (r, ω), (A8)

again, neglecting all contributions involving intercavity scat-
tering. Inserting the expansion from Eqs. (A7) and (A8) into
Eq. (A2) for Ra ∈ Vout, we find

Eiμ (Ra, ω)
∣∣
Ra∈Vout

≈ EB
iμ (Ra, ω)

+ i

√
h̄

2ε0

∑
λη

√
ωiλ F̃iλ (Ra, ω)Siλiη (ω)(S−1/2)iη iμ, (A9)

with EB
iμ (Ra, ω) defined below in Eq. (A12).

In the second term on the right-hand side, the matrix
Siλiη (ω) contains poles at the complex QNM eigenfrequencies
ω̃iλ (in the lower complex half plane) and ω̃∗

iη (in the upper

complex half plane). At the same time, F̃iλ (Ra, ω) contains
an exponential of the form eiωτai , with τai = nB|Ri − Ra|/c
being the retardation time between the cavity and the TLS, and
Ri denotes the location of cavity i (a similar decomposition
of F̃iλ was used in Sec. III B). Integrating this term over all
frequencies yields

i

√
h̄

2ε0

∑
λη

√
ωiλ

∫ ∞

0
dωF̃iλ (Ra, ω)Siλiη (ω)(S−1/2)iη iμ

≈ i

√
h̄

2ε0

∑
λη

√
ωiλ F̃iλ (Ra, ω̃

∗
iη )Siλiη (S−1/2)iη iμ, (A10)

where the exponential term eiω̃∗
iη nBRa/c contained in

F̃iλ (Ra, ω̃
∗
iη ) causes an exponential decay that scales with

with the distance between the TLS and the cavity (note that,
for simplicity, we chose the origin at the center of the cavity i
so that τai = nBRa/c).

Furthermore, the angular emission profile of the regu-
larized mode F̃iλ is highly important, characterized by the
fraction of total radiated power that is emitted towards the
TLS, i.e., the directivity Diλ (R̂a) [74], with the unit vector R̂a

in the direction of the TLS. Combined, this yields a scaling
for the field strength of

F̃iλ (Ra, ω̃
∗
iη ) ∼ O

[
e−γiη nBRa/cDiλ (R̂a)

]
. (A11)

Next, we consider the first term on the right-hand side of
Eq. (A9), which reads

EB
iμ (Ra, ω)

∣∣
Ra∈Vout

=
√

h̄

πε0

∑
η

√
2

πωiη

A∗
iη (ω)

×
∫

V i

d3rεB,I GB(Ra, r, ω)

× F̃∗
iη (r, ω)(S−1/2)iη iμ, (A12)

and contains the propagation via the background Green’s
function. Using the definition of the regularized QNM field
F̃∗

iη [cf. Eq. (7)], the Helmholtz equation for GB, and Green’s

second identity, we turn the integral over V i in Eq. (A12)
into a surface integral over the cavity surface Si (as shown
in Ref. [46]):

EB
iμ (Ra, ω)

∣∣
Ra∈Vout

= 1

2i

√
h̄

πε0

∑
η

√
2

πωiη

A∗
iη (ω)F̃∗

iη (Ra, ω)(S−1/2)iη iμ

+
√

h̄

πε0

∑
η

√
2

πωiη

A∗
iη (ω)

c2

2iω2
(S−1/2)iη iμ

×
∮
Si

dAs
{
[n̂s × GB(s, Ra, ω)]T · [∇s × F̃∗

iη (s, ω)
]

− [∇s × GB(s, Ra, ω)]T · [
n̂s × F̃∗

iη (s, ω)
]}

,

(A13)

where n̂s is the outward pointing surface vector on Si. In the
first term on the right-hand side of Eq. (A13), A∗

iη (ω) contains
a pole at ω̃∗

iη in the upper half of the complex place, while

F̃∗
iη (Ra, ω) contains an exponential of the form e−iωτai . Hence,

this term does not contribute to the instantaneous coupling
ga,iμ from Eq. (A1) due to causality.

In the second term on the right-hand side of Eq. (A13),
meanwhile, GB(s, Ra, ω) contains an exponential of the form
eiωτai , so that we obtain, via the residue theorem,∫ ∞

0
dωEB

iμ (Ra, ω)
∣∣
Ra∈Vout

≈
√

h̄

2ε0

∑
η

√
ωiη

c2(
ω̃∗

iη

)2 (S−1/2)iη iμ

×
∮
Si

dAs
{[

n̂s × GB
(
s, Ra, ω̃

∗
iη

)]T · [∇s × f̃∗
iη (s)

]
− [∇s × GB

(
s, Ra, ω̃

∗
iη

)]T · [
n̂s × f̃∗

iη (s)
]}

, (A14)

where we used F̃∗
iη (s, ω̃∗

iη ) = [F̃iη (s, ω̃iη )]∗ = f̃∗
iη (s).

The surface integral in Eq. (A14) has the same shape as
the regularized QNM field F̃iη (Ra, ω̃

∗
iη ) from Eq. (7) (except

that the complex conjugated QNM f̃∗
iη appears in the surface

integral instead of f̃iη ) and in fact shows the same scaling as
F̃iλ (Ra, ω̃

∗
iη ) from Eq. (A11).

Thus, in combination, we find the following scaling for
the coupling between the QNM iμ and a TLS in the outside
medium:

ga,iμ

∣∣
Ra∈Vout

∼ O
[
e−γ min

i nBRa/cDmax
i (R̂a)

]
, (A15)

where γ min
i = minμ(γiμ ) and Dmax

i (R̂a) = maxμ[Diμ (R̂a)].
We note that, as discussed in Ref. [46], the amplitude of the
regularized QNM fields F̃iμ (and therefore of the coupling
to a TLS outside the cavities) decreases in the high-Q limit
like 1/

√
Qiμ , where Qiμ = ωiμ/(2γiμ ) is the quality factor of

the mode. We omit this scaling here for generality, since the
scaling from Eq. (A15) holds also in the low-Q case.
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Thus, we obtain the area of direct influence Pi(Ra) from
Eq. (24).

APPENDIX B: CALCULATION OF THE
QNM SCATTERING

The intercavity scattering from Eq. (32) reads

K1
iμ jν (t − t ′)

= i
∫ ∞

0
dω

∫
d3rgiμ (r, ω) · L∗

jν (r, ω)e−iω(t−t ′ ).

To derive QNM-QNM coupling elements, we consider the
spatial integral∫

d3rgiμ (r, ω) · L∗
jν (r, ω)

=
∑
μ′ν ′

(S−1/2)iμiμ′
i(ω̃iμ′ − ω̃∗

jν′ )

2π (ω − ω̃∗
jν′ )

Sinter
iμ′ jν′ (ω)(S−1/2) jν′ jν ,

(B1)

with

Sinter
iμ′ jν′ (ω) =

∫
V i j

d3r
ω2εB,I F̃iμ′ (r, ω) · F̃∗

jν′ (r, ω)

i(ω̃iμ′ − ω̃∗
jν′ )

√
ωiμ′ ω jν′

, (B2)

where we inserted the definitions of L∗
jν from Eq. (9) and of giμ

from Eq. (28) and multiplied by i(ω̃iμ′ − ω̃∗
jν′ ) in the numerator

and denominator. Furthermore, V i j denotes the complement
of the cavity volumes Vi ∪ Vj .

As shown in Ref. [46], we turn the spatial integral into
surface integrals over the two cavity surfaces so that

Sinter
iμ jν (ω) =

∮
Si∪S j

dAs

{
ω

[
F̃iμ′ (s, ω) × H̃∗

jν′ (s, ω)
] · n̂s

i
(
ω̃iμ′ − ω̃∗

jν′

)√
ωiμ′ ω jν′

+ c.c.(iμ′ ↔ jν ′ )

}
, (B3)

where H̃iμ (s, ω) = ∇ × F̃iμ (s, ω)/(iωμ0) are the regularized
magnetic QNMs.

Now we separate F̃iμ′ (s, ω)|s∈S j
= F̃′

iμ′ (s, ω)eiωτi j into a

slow-rotating envelope function F̃′
iμ′ (s, ω) and a fast-rotating

exponential eiωτi j in the integral over the surface S j . Note that
the slow-rotating part is defined such that F̃iμ′ (s, ω)|s∈Si

=
F̃′

iμ′ (s, ω). Similarly, we separate fast-rotating and slow-

rotating parts of H̃∗
jν′ (s, ω) in the integral over Si. Then we

pull the fast-rotating parts out of the integrals and evaluate the
rest of the integrals via the pole approximation [73]:

ω → √
ωiμ′ ω jν′ , F̃′

iμ′ (s, ω) → F̃′
iμ′ (s, ωiμ′ ). (B4)

Thus, we obtain

Sinter
iμ′ jν′ (ω) = (1 − δi j )

[
Siμ′ → jν′ e

−iωτi j + Siμ′ ← jν′ e
iωτi j

]
, (B5)

with the retarded overlap matrices from Eq. (41). We then
reinsert Sinter

iμ jν (ω) into Eq. (B1) and obtain the coupling

matrices χ
(−)
iμ→ jν

from Eq. (40) by employing the relation∑
η(S1/2)iμiη (S−1/2)iη iν = δμν . Thus, we arrive at the relation

from Eq. (44).
For the relation for Cbos

iμ jν from Eq. (43), we use the relation
between g∗

jν and L∗
jν [cf. Eq. (28)] and then follow the same

steps for the spatial integral as for K1
iμ jν .

In contrast to K1
iμ jν , where always i �= j, Cbos

iμ jν also contains
intracavity terms i = j. The derivation for the intracavity case
follows similar steps as for the intercavity case, by treating
the spatial integrals within a pole approximation to obtain
effective coupling elements, except that there are no fast-
rotating exponentials e±iωτ in the intracavity case since all
modes originate from the same cavity. A detailed derivation
is given in Ref. [47]. We defined the retarded overlap matrix
from Eq. (41) in such a way that Siμ→iν = Siμ←iν = Siμiν /2
holds, and as a result χ

(−)
iμ→iν

= χ
(−)
iμ←iν

= χ
(−)
iμiν

, which is the
single-cavity dissipator matrix from Ref. [47]. Hence, the
relation from Eq. (43) holds also in the intracavity case i = j,
and the known single-cavity result is recovered.

APPENDIX C: DERIVATION OF THE CORRELATION FUNCTIONS

1. Derivation of the QNM correlation function

With the QNM-bath coupling Hamiltonian from Eq. (36) together with the initial scattering Ĉiμ (t ) from Eq. (31), the
correlation function from Eq. (25) becomes

CQNM
iμ jν

(t − t ′) =
∞∑

N=0

∞∑
M=0

∑
k,l

∑
η,κ

∑
pq

∫ t

t0

dt1

∫ t ′

t0

dt2K
N
iμkη

(t − t1)
∫ ∞

0

∫
d3rgkη,p(r, ω)e−iω(t1−t0 )trB

[
ĉp(r, ω, t0)ĉ†

q(r′, ω′, t0)ρB
]

×
∫ ∞

0
dω′

∫
d3r′g∗

lκ ,q(r′, ω′)eiω′(t2−t0 )
[
KM

jν lκ (t ′ − t2)
]∗

. (C1)

For an initial vacuum bath state ρB = |vac〉〈vac|, the trace over the bath degrees of freedom can be replaced with the
commutator from Eq. (26), so that

CQNM
iμ jν

(t − t ′) =
∞∑

N=0

∞∑
M=0

∑
k,l

∑
η,κ

∫ t

t0

dt1

∫ t ′

t0

dt2K
N
iμkη

(t − t1)Cbos
kη lκ (t1 − t2)

[
KM

jν lκ (t ′ − t2)
]∗

−
∞∑

N=1

∞∑
M=1

∑
k,η

KN
iμkη

(t − t0)
[
KM

jνkη
(t ′ − t0)

]∗
, (C2)
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with Cbos
iμ jν (t − t ′) as defined in Eq. (38) and KN

iμ jν (t − t ′) from Eq. (33). Note that, while t > t ′ is implicit for KN
iμ jν (t − t ′),

Cbos
iμ jν (t − t ′) has no such time order. Furthermore, Cbos

iμ jν may contain intercavity (i �= j) or intracavity (i = j) scattering. We
separate these different contributions and reorder them in the correlation function accordingly, to obtain

CQNM
iμ jν

(t − t ′) =
∞∑

N=0

∞∑
M=0

∑
l,ηκ

∫ t

t0

dt1

∫ t ′

t0

dt2K
N
iμlη (t − t1)Cbos

lη lκ (t1 − t2)
[
KM

jν lκ (t ′ − t2)
]∗

+
∞∑

N=0

∑
k �= j

∑
η

∫ t

t ′
dt1K

N
iμkη

(t − t1)Cbos
kη jν (t1 − t ′) +

∞∑
M=0

∑
l �=i

∑
κ

∫ t ′

t
dt2

[
KM

jν lκ (t ′ − t1)Cbos
lκ iμ (t1 − t )

]∗

+
∞∑

N=0

∞∑
M=1

∑
k,l �=k

∑
η,κ

∫ t

t0

dt1

∫ t ′

t0

dt2K
N
iμkη

(t − t1)�(t1 − t2)Cbos
kη lκ (t1 − t2)

[
KM

jν lκ (t ′ − t2)
]∗

+
∞∑

N=1

∞∑
M=0

∑
k,l �=k

∑
η,κ

∫ t

t0

dt1

∫ t ′

t0

dt2K
N
iμkη

(t − t1)�(t2 − t1)
[
KM

jν lκ (t ′ − t2)Cbos
lκ kη

(t2 − t1)
]∗

−
∞∑

N=1

∞∑
M=1

∑
k,η

KN
iμkη

(t − t0)
[
KM

jνkη
(t ′ − t0)

]∗
, (C3)

we also used Cbos
iμ jν (t − t ′) = [Cbos

jν iμ (t ′ − t )]
∗

[cf. Eq. (38)], for t ′ > t .
Now, we employ the relation

(1 − δi j )�(t − t ′)Cbos
iμ jν (t − t ′) = (1 − δi j )�(t − t ′)

∫ ∞

0
dω

∫
d3rgiμ (r, ω)g∗

jν (r, ω)e−iω(t−t ′ )

=
∑
ν ′

(1 − δi j )�(t − t ′)
∫ ∞

0
dω

∫
d3rgiμ (r, ω)

(
δνν ′ω − χ∗

jν jν′

)
L∗

jν′ (r, ω)e−iω(t−t ′ )

=
∑
ν ′

( − δνν ′∂t ′ + iχ∗
jν jν′

)
K1

iμ jν′ (t − t ′), (C4)

where we used the definitions of Cbos from Eq. (38) and K1 from Eq. (32) together with the definition of the noise-coupling
elements g∗

jν [analogously to Eq. (28)]. Thus, using the definition of KN from Eq. (33) and renaming the indices accordingly, we
obtain

CQNM
iμ jν

(t − t ′) =
∞∑

N=0

∞∑
M=0

∑
l,ηκ

∫ t

t0

dt1

∫ t ′

t0

dt2K
N
iμlη (t − t1)Cbos

lη lκ (t1 − t2)
[
KM

jν lκ (t ′ − t2)
]∗

+ �(t − t ′)
∞∑

N=1

∑
η

( − δνη∂t ′+iχ∗
jν jη

)
KN

iμ jη (t − t ′) + �(t ′ − t )
∞∑

M=1

∑
η

[( − δμη∂t+iχ∗
iμiη

)
KM

jν iη (t ′ − t )
]∗

−
∞∑

N=1

∞∑
M=1

∑
k,η

∫ t

t0

dt1�(t ′ − t1)∂t1

{
KN

iμkη
(t − t1)

[
KM

jνkη
(t ′ − t1)

]∗}

−
∞∑

N=1

∞∑
M=1

∑
k,η

∫ t

t0

dt1�(t ′ − t1)2χ
(−)
kηkη′ K

N
iμkη

(t − t1)
[
KM

jνkη′ (t
′ − t1)

]∗

−
∞∑

N=1

∞∑
M=1

∑
k,η

KN
iμkη

(t − t0)
[
KM

jνkη
(t ′ − t0)

]∗
. (C5)

Here χ
(−)
kηkη′ = i(χkηkη′ − χ∗

kη′ kη
)/2 is the imaginary part of the symmetrized QNM frequency χkηkη′ . Note that here and in the

following, we neglect instantaneous intercavity scattering KN
iμ jν (0) ≈ 0 assuming well-separated cavities (cf. Sec. II C). Using

the same assumption, we note that, in Eq. (C5):
∞∑

N=1

∞∑
M=1

∑
k,η

∫ t

t0

dt1�(t ′ − t1)∂t1

{
KN

iμkη
(t − t1)

[
KM

jνkη
(t ′ − t1)

]∗} +
∞∑

N=1

∞∑
M=1

∑
k,η

KN
iμkη

(t − t0)
[
KM

jνkη
(t ′ − t0)

]∗ ≈ 0,

which we obtain by evaluating the integral at the lower limit and upper limit (distinguishing the cases t > t ′ and t < t ′) together
with KN

iμ jν (0) ≈ 0.
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Last, we employ the approximation

Cbos
lη lκ (t1 − t2) ≈ 2χ

(−)
lη lκ

δ(t1 − t2), (C6)

which holds well in the intracavity case (this was demonstrated in Ref. [47] for a single cavity, and can be seen from Fig. 5), and
use it to rewrite in Eq. (C5),

∞∑
N=0

∞∑
M=0

∑
l,ηκ

∫ t

t0

dt1

∫ t ′

t0

dt2K
N
iμlη (t − t1)Cbos

lη lκ (t1 − t2)
[
KM

jν lκ (t ′ − t2)
]∗ −

∞∑
N=1

∞∑
M=1

∑
k,η

∫ t

t0

dt1�(t ′ − t1)2χ
(−)
kηkη′ K

N
iμkη

(t − t1)

≈ δi jC
bos
iμ jν (t − t ′) +

∞∑
N=1

∑
η

KN
iμ jη (t − t ′)2χ

(−)
jη jν

+
∞∑

M=1

∑
η

[
KM

jν iη (t − t ′)2χ
(−)
iη iμ

]∗
,

using the definition of K0 from Eq. (34).
In conclusion, we rewrite Eq. (C5) into

CQNM
iμ jν

(t − t ′) = δi jC
bos
iμ jν (t − t ′) −

∞∑
N=1

∑
η

(
δην∂t ′−iχ jη jν

)
KN

iμ jη (t − t ′) −
∞∑

N=1

∑
η

[(
δημ∂t−iχiη iμ

)
KN

jν iη (t ′ − t )
]∗

, (C7)

which is precisely the correlation function from Eq. (37).

2. Derivation of the QNM-TLS correlation function

Using the Hamiltonian of QNM-bath coupling from Eq. (36) and the Hamiltonian for TLS-bath coupling from Eq. (46), the
correlation function for the bath-mediated coupling between a QNM and TLS reads [cf. Eq. (25)]

CQ-T
iμa (t − t ′) =

∑
j,ν

∞∑
N=0

∫ t

t0

dt1K
N
iμ jν (t − t1)

∑
p

∫
d3r

∫ ∞

0
dωg∗

a,p(r, ω)eiω(t ′−t0 )trB
[
Ĉjν (t1)ĉ†

p(r, ω, t0)ρB
]

+
∑

j,ν

∫ t ′

t0

dt1C
QNM
iμ jν

(t − t1)

[
da · E jν (ra, t ′ − t1)

ih̄

]∗
. (C8)

The QNM-bath noise operators Ĉiμ (t ) are defined in Eq. (31), the retarded QNM-QNM scattering elements KN
iμ jν (t − t ′) are

defined in Eq. (33), and the time-dependent QNM-generated electric field is defined in Eq. (47). Furthermore, we used

CQNM
iμ jν

(t − t ′) =
∑
kl,ηκ

∞∑
N=0

∞∑
M=0

∫ t

t0

dt1

∫ t ′

t0

dt2K
N
iμkη

(t − t1)
[
KM

jν lκ (t ′ − t2)
]∗

trB
[
Ĉkη

(t1)Ĉ†
lκ

(t2)ρB
]
, (C9)

which follows from Eq. (C1) together with the definition of Ĉiμ (t ) from Eq. (31).
Next, we again assume an initial vacuum bath state ρB = |vac〉〈vac|, so that

trB
[
Ĉjν (t1)ĉ†

p(r, ω, t0)ρB
] = [

Ĉjν (t1), ĉ†
p(r, ω, t0)

]
− = ig jν ,p(r, ω)e−iω(t1−t0 ) −

∑
k,η

K1
jνkη

(t1 − t0)Lkη,p(r, ω), (C10)

using the commutator from Eq. (26). Here Lkη
(r, ω) is the QNM projector kernel from Eq. (9), g jν (r, ω) is the QNM-bath noise

coupling element from Eq. (28), and K1
jνkη

(t1 − t0) is the first-order retarded QNM-QNM scattering element from Eq. (32).

Combining this with the QNM correlation function CQNM
iμ jν

(t − t1) from Eq. (37), we thus obtain from Eq. (C8):

CQ-T
iμa (t − t ′) =

∑
j,νη

∞∑
N=0

∫ t

t0

dt1K
N
iμ jν (t − t1)(δνη∂t ′−iχ jν jη )

[
da · E jη (ra, t ′ − t1)

ih̄

]∗
−

∑
j,ν

∞∑
N=1

KN
iμ jν (t − t0)

[
da · E jη (ra, t ′ − t0)

ih̄

]∗

+
∑
j,νη

∫ t ′

t0

dt1

[
da · E jη (ra, t ′ − t1)

ih̄

]∗{
δi jδνηCbos

iμ jη (t − t1) − �(t − t1)
∞∑

N=1

(
δνη∂t1−iχ jη jν

)
KN

iμ jη (t − t1) − �(t1 − t )

×
∞∑

N=1

[
(−δμη∂t1−iχiη iμ )KN

jν iη (t1 − t )
]∗

}
. (C11)
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Next, we separate in the first term on the right-hand side the cases t ′ > t1 and t ′ < t1 and rearrange the terms to obtain

CQ-T
iμa (t − t ′) =

∑
ν

(
δνμ∂t ′−iχiμiν

)[da · Eiν (ra, t ′ − t )

ih̄

]∗
+

∑
ν

∫ t ′

t0

dt1C
bos
iμiν (t − t1)

[
da · Eiν (ra, t ′ − t1)

ih̄

]∗

−
∑
j,νη

∞∑
N=1

�(t ′ − t )
∫ t ′

t
dt1

[
da · E jν (ra, t ′ − t1)

ih̄

(
δμη∂t−iχiη iμ

)
KN

jν iη (t1 − t )

]∗

+
∑
j,νη

∞∑
N=1

∫ t

t0

dt1K
N
iμ jη (t − t1)

(
δνη∂t ′−iχ jη jν

)[da · E jν (ra, t ′ − t1)

ih̄

]∗

−
∑
j,νη

∞∑
N=1

∫ t

t0

dt1
[(

δνη∂t1−iχ jη jν

)
KN

iμ jη (t − t1)
]
�(t ′ − t1)

[
da · E jν (ra, t ′ − t1)

ih̄

]∗

−
∑

j,ν

∞∑
N=1

KN
iμ jν (t − t0)

[
da · E jη (ra, t ′ − t0)

ih̄

]∗
. (C12)

Via partial integration and neglecting instantaneous intercavity scattering KN
iμ jν (0) ≈ 0 (cf. Sec. II C), we obtain,

in Eq. (C12),

∑
j,νη

∞∑
N=1

∫ t

t0

dt1K
N
iμ jη (t − t1)

(
δνη∂t ′−iχ jη jν

)[da · E jν (ra, t ′ − t1)

ih̄

]∗

−
∑
j,νη

∞∑
N=1

∫ t

t0

dt1
[(

δνη∂t1−iχ jη jν

)
KN

iμ jη (t − t1)
]
�(t ′ − t1)

[
da · E jν (ra, t ′ − t1)

ih̄

]∗

−
∑

j,ν

∞∑
N=1

KN
iμ jν (t − t0)

[
da · E jη (ra, t ′ − t0)

ih̄

]∗

≈
∑
j,νη

∞∑
N=1

�(t − t ′)
∫ t

t ′
dt1

[
da · E jν (ra, t ′ − t1)

ih̄

]∗[(
δνη∂t1−iχ jη jν

)
KN

iμ jη (t − t1)
]
.

With this and Eq. (C6), we rewrite Eq. (C12) to read

CQ-T
iμa (t − t ′) = �(t − t ′)

∑
ν

(
δνμ∂t ′−iχiμiν

)[da · Eiν (ra, t ′ − t )

ih̄

]∗
+ �(t ′ − t )

∑
ν

(
δνμ∂t ′−iχ∗

iν iμ

)[da · Eiν (ra, t ′ − t )

ih̄

]∗

+
∑
j,νη

∞∑
N=1

�(t − t ′)
∫ t

t ′
dt1

[
da · E jν (ra, t ′ − t1)

ih̄

]∗[(
δνη∂t1−iχ jη jν

)
KN

iμ jη (t − t1)
]

−
∑
j,νη

∞∑
N=1

�(t ′ − t )
∫ t ′

t
dt1

[
da · E jν (ra, t ′ − t1)

ih̄

(
δμη∂t−iχiη iμ

)
KN

jν iη (t1 − t )

]∗
. (C13)

Combining the terms with t > t ′ and t ′ > t , respectively, yields the final form from Eq. (48).

3. Derivation of the TLS correlation function

Using the Hamiltonian of the TLS-bath interaction from Eq. (46), the correlation function for the bath-mediated interaction
between two TLSs a and b reads

CTLS
ab (t − t ′) =

∑
pq

∫
d3r

∫ ∞

0
dωga,p(r, ω)e−iω(t−t0 )trB[ĉp(r, ω, t0)ĉ†

q(r′, ω′, t0)ρB]
∫

d3r′
∫ ∞

0
dω′g∗

b,q(r′, ω′)eiω′(t ′−t0 )

+
∑
i,μ

∫ t

t0

dt1
da · Eiμ (ra, t − t1)

ih̄
CQ-T

iμb (t1 − t ′) +
∑

j,ν

∫ t ′

t0

dt1

[
db · E jν (rb, t ′ − t1)

ih̄
CQ-T

jνa (t1 − t )

]∗

−
∑
i j,μν

∫ t

t0

∫ t ′

t0

dt2
da · Eiμ (ra, t − t1)

ih̄
CQNM

iμ jν
(t1 − t2)

[
db · E jν (rb, t ′ − t1)

ih̄

]∗
, (C14)
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also employing the definitions of the QNM correlation function CQNM
iμ jν

from Eq. (C2) and the QNM-TLS correlation function

CQ-T
iμa from Eq. (C8). Under the assumption of an initial vacuum bath state ρB = |vac〉〈vac|, we replace the trace in the first line

on the right-hand side of Eq. (C14) with the commutator of the bath operators ĉ(r, ω) from Eq. (26). We furthermore insert the
results of the QNM correlation function from Eq. (37) and of the QNM-TLS correlation function from Eq. (48). Thus, we rewrite
Eq. (C14) into (canceling some terms):

CTLS
ab (t − t ′) = 1

π h̄ε0

∫ ∞

0
dωda · Im[G(ra, rb, ω)] · d∗

be−iω(t−t ′ ) −
∑
i,μ

da · Eiμ (ra, t − t0)

ih̄

[
db · Eiμ (rb, t ′ − t0)

ih̄

]∗

− �(t − t ′)
∑

i j,μνη

∞∑
N=0

∫ t

t ′
dt1

∫ t1

t ′
dt2

da · Eiμ (ra, t − t1)

ih̄

(
δνη∂t1+iχ jη jν

)
KN

iμ jν (t1 − t2)

[
db · E jν (rb, t ′ − t2)

ih̄

]∗

− �(t ′ − t )
∑

i j,μνη

∞∑
N=0

∫ t ′

t
dt1

∫ t1

t
dt2

da · Eiμ (ra, t − t2)

ih̄

[
db · E jν (rb, t ′ − t1)

ih̄

(
δμη∂t1+iχiη iμ

)
KN

jν iη (t1 − t2)

]∗

−
∑
i,μν

∫ t

t0

dt1

∫ t ′

t0

dt2
da · Eiμ (ra, t − t1)

ih̄
Cbos

iμiν (t1 − t2)

[
db · Eiν (rb, t ′ − t2)

ih̄

]∗

−
∑
i,μν

∫ t

t0

�(t ′ − t1)
da · Eiμ (ra, t − t1)

ih̄

[(
δμν∂t1−iχiν iμ

)db · Eiν (rb, t ′ − t1)

ih̄

]∗

−
∑
i,μν

∫ t

t0

�(t ′ − t1)

[
db · Eiν (rb, t ′ − t1)

ih̄

]∗(
δμν∂t1−iχiμiν

)da · Eiμ (ra, t − t1)

ih̄
. (C15)

Next, we employ partial integration on the last two terms, as well as the approximation of the bosonic QNM correlation
function Cbos

iμiν from Eq. (C6) to find (neglecting instantaneous intercavity scattering terms Kiμ jν (0) in the process)

CTLS
ab (t − t ′) = 1

π h̄ε0

∫ ∞

0
dωda · Im[G(ra, rb, ω)] · d∗

be−iω(t−t ′ )

−
∑

i j,μνη

∞∑
N=0

∫ t

t ′
dt1

∫ t1

t ′
dt2

da · Eiμ (ra, t − t1)

ih̄

(
δνη∂t1+iχ jη jν

)
KN

iμ jν (t1 − t2)

[
db · E jν (rb, t ′ − t2)

ih̄

]∗

−
∑

i j,μνη

∞∑
N=0

∫ t ′

t
dt1

∫ t1

t
dt2

da · Eiμ (ra, t − t2)

ih̄

[
db · E jν (rb, t ′ − t1)

ih̄

(
δμη∂t1+iχiη iμ

)
KN

jν iη (t1 − t2)

]∗

− �(t − t ′)
∑
i,μ

da · Eiμ (ra, t − t ′)
ih̄

[
db · E jν (rb, 0)

ih̄

]∗
− �(t ′ − t )

∑
i,μ

da · Eiμ (ra, 0)

ih̄

[
db · E jν (rb, t ′ − t )

ih̄

]∗
.

(C16)

Finally, by separating the terms N = 0 and N > 0, we arrive at the form from Eq. (50).

APPENDIX D: MULTICAVITY QNM GREEN’S
FUNCTION EXPANSION

For the calculation of the QNM-TLS coupling [Eq. (A1)],
the QNM-TLS correlation function [Eq. (48)], and the TLS
correlation function [Eq. (50)], we require the full, multicav-
ity Green’s function G(r, r′, ω). We employ the multicavity
QNM expansion from Ref. [72], where a set of scattering
equations is used to obtain the QNM expansion of the Green’s
function by iteratively adding more cavities until all QNM
cavities are included. Since the derivation of the QNM expan-
sion was shown in Ref. [72] for the same model system of two
coupled metal dimers with dipole emitters in the dimer gaps,
we show here only the relevant expansions without discussing
their derivation.

We consider two cavities with one dominant QNM each
(iμ → 1, 2). In all cases considered in the main text, one of
the positions r, r′ lies within one of the cavities. Without loss
of generality, we assume r ∈ V1, with the volume of cavity
1 V1. All other cases are obtained by switching the indices
1 ↔ 2 or employing the relation G(r′, r, ω) = [G(r, r′, ω)]T

and T denoting the transpose.
For r′ ∈ V1, we assume that an expansion in terms of the

QNM of cavity 1,

G(r, r′, ω)
∣∣
r,r′∈V1

= A1(ω)f̃1(r)f̃1(r′), (D1)

yields a good approximation of the full Green’s function.
For r′ ∈ V2, we obtain

G(r, r′, ω)
∣∣
r,V1,r′∈V2

= B12(ω)f̃1(r)f̃2(r′), (D2)
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FIG. 10. (a) Schematic for coupled dimers. r1 = 10 nm, L1 = 80 nm, d1 = 10 nm; r2 = 10 nm, L2 = 90 nm, d2 = 20 nm. The surface-to-
surface gap distance between two dimers is dgap. Schematic for (b) dimer 1 alone and (c) dimer 2 alone.

where

B12(ω)= c2

ω2
A1(ω)A2(ω)

∮
S2

dAs{[∇s×F̃1(s, ω)]·[n̂s × f̃2(s)]

− [n̂s × F̃1(s, ω)] · [∇s × f̃2(s)]} (D3)

describes intercavity scattering, and B12(ω) = B21(ω) [72].
Finally, for r′ ∈ Vout, we find

G(r, r′, ω)
∣∣
r,V1,r′∈Vout

= A1(ω)f̃1(r)F̃1(r′, ω)

+ B12(ω)f̃1(r)F̃2(r′, ω). (D4)

For an efficient numerical calculation of B12(ω), we sepa-
rate F̃1(s, ω)|s∈V2

= F̃′
1(s, ω)eiωτ12 into slow-rotating envelope

and fast-rotating exponential (we performed the same sep-
aration in Appendix B in the derivation of the retarded
overlap matrix Siμ← jν ). Then we perform a pole approx-
imation ω → ω1 on the slow-rotating envelope, to obtain
B12(ω) ≈ N12

c2

ω2 A1(ω)A2(ω)eiωτ12 , with

N12 =
∮
S2

dAs{[∇s × F̃′
1(s, ω1)] · [n̂s × f̃2(s)]

− [n̂s × F̃′
1(s, ω1)] · [∇s × f̃2(s)]}. (D5)

APPENDIX E: NUMERICAL DETAILS ON THE METAL
DIMER EXAMPLE CALCULATIONS

1. Model setup

We consider two coupled metallic dimers placed in free
space (εB = 1), as shown in Fig. 10(a). Each dimer consists
of two identical cylindrical nanorods. For the first dimer, the
radius (length) of the nanorods is r1 = 10 nm (L1 = 80 nm),
and the surface-to-surface distance between two nanorods
(along the z axis direction) is d1 = 10 nm. For the second
dimer, we have r2 = 10 nm, L2 = 90 nm, and d2 = 20 nm.
The surface-to-surface gap distance between two dimers is
dgap (the line connecting the centers of two dimers is along the
x-axis direction). The center-to-center gap distance between
two dimers is (dgap + r1 + r2).

Drude models are used for the dielectric functions of two
metallic (goldlike) dimers

ε1 = 1 − ω2
p

ω2 + iωγp1
, ε2 = 1 − ω2

p

ω2 + iωγp2
, (E1)

using h̄ωp = 8.2934 eV, with h̄γp1 = 0.0928 eV for dimer 1
and h̄γp2 = 0.3h̄γp1 = 0.0278 eV for dimer 2.

An inverse Green’s function approach in complex fre-
quency space is used to obtain the QNMs [83], with the
aid of COMSOL Multiphysics (a finite element solver). The
computational model is a cylinder with a diameter of 3 µm
and a length of 5.2 µm, resulting in a total volume of around
37 µm3, which contains perfectly matched layers with a thick-
ness of 600 nm to minimize boundary reflections efficiently.
High-resolution mesh settings are used, with the maximum
mesh element sizes around the dipole point, inside and out-
side the metallic nanorods, set to 0.1 nm, 2 nm, and 80 nm,
respectively.

2. Bare QNMs

First, we consider dimer 1 alone [see Fig. 10(b)], a single
QNM f̃1 dominates in the frequency range of interest when
the dipole is placed at the center of the gap, with an eigenfre-
quency of h̄ω̃1 = h̄ω1 − ih̄γ1 = (1.6904 − 0.0652i) eV, and
a quality factor of Q1 = ω1/(2γ1) ≈ 13. The distribution of
the dominated z component | f̃1z| of the mode is shown in
Fig. 11(b), where a hot spot occurs within the gap. With a
single QNM expansion, the photon Green’s function close to
dimer 1 can be approximated as follows [34,70]:

Gdimer1(r, r0, ω) ≈ A1(ω)f̃1(r)f̃1(r0), (E2)

using the single mode approximation and the expansion factor
A1(ω) = ω/[2(ω̃1 − ω)].

We consider a z polarized dipole with real dipole moment
d = nz|d| at the center of the gap of dimer 1 (ra1), which
is 5 nm from the surface of the top/bottom nanorods [see
Fig. 10(b)], and the Purcell factors (enhanced spontaneous
emission decay rates due to the strong local fields within the
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FIG. 11. (a) Red (blue) solid curve and red (blue) squares show the Purcell factors at the gap center of the dimer 1 (dimer 2). Red (blue)
vertical line shows the resonance position h̄ω1 (h̄ω2) of the single QNM for dimer 1 alone (dimer 2 alone). (b) Mode distribution | f̃1z| for dimer
1 only. (c) Mode distribution | f̃2z| for dimer 2 only.

gap) for this dipole are shown in Fig. 11(a). The QNM result
F dimer1

P,QNM (red solid curve) is obtained through the reconstructed
Green’s function [84],

�dimer1(ra1, ω) = 2

h̄ε0
d · Im{Gdimer1(ra1, ra1, ω)} · d,

F dimer1
P,QNM(ra1, ω) = �dimer1(ra1, ω)

�0(ω)
, (E3)

with the decay rate

�0(ω) = 2

h̄ε0
d · Im{GB(ra1, ra1, ω)} · d, (E4)

for emission into the homogeneous background medium and
simplifies to Im{GB(ra1, ra1, ω)} = (ω3nB/6πc3)1.

The full dipole result (i.e., with no mode approximations)
F dimer1

P,num (red squares) is given by the enhanced power flow
from the dipole,

F dimer1/dimer2
P,num (ra1/ra2, ω) =

∫
�d

n̂ · S(r, ω)dr∫
�d

n̂ · S0(r, ω)dr
, (E5)

where S and S0 are the Poynting vectors with and without
the resonator. Here �d represents a closed spherical surface
enclosing the dipole at ra1 or ra2 (the center of the gap of dimer
1 or dimer 2). As shown in Fig. 11(a), the QNM results (red
solid curve, F dimer1

P,QNM) agree very well with full-dipole numer-
ical results (red squares, F dimer1

P,num ), which verifies the validity

TABLE III. Intracavity overlap matrix element Sintra
11/22 from

Eq. (10) for metallic dimer 1/2 (cf. Fig. 10) and intercavity overlap
Sinter

12,pole from Eq. (E9) for dgap = 2000 nm. The matrix elements are
calculated within a pole approximation for the frequency integral
[46,73].

Matrix element Pole

Sintra
11 = Sintra

11,nrad + Sintra
11,rad 0.9995 = (0.6022) + (0.3973)

Sintra
22 = Sintra

22,nrad + Sintra
22,rad 1.0008 = (0.3042) + (0.6966)

Sinter
12,pole for dgap = 2000 nm (−0.0205 + 0.0149i)

of the single QNM approximation for metallic dimer 1 in the
frequency regime of interest.

Similarly, we find for dimer 2 alone a single QNM at
h̄ω̃2 = h̄ω2 − ih̄γ2 = (1.6482 − 0.0388i) eV with a quality
factor of Q2 = ω2/(2γ2) ≈ 21, when the dipole is placed at
the gap center of the dimer 2 [see Fig. 10(c)]. The mode
distribution (dominant z component | f̃2z|) is shown in the
Fig. 11(c). The Purcell factors for a z-polarized dipole at the
gap center of the dimer 2 (ra2) are shown in the Fig. 11(a),
where solid blue curve shows QNM result F dimer2

P,QNM (A2(ω) =
ω/[2(ω̃2 − ω)]),

Gdimer2(r, r0, ω) ≈ A2(ω)f̃2(r)f̃2(r0),

�dimer2(ra2, ω) = 2

h̄ε0
d · Im{Gdimer2(ra2, ra2, ω)} · d,

F dimer2
P,QNM(ra2, ω) = �dimer2(ra2, ω)

�0(ω)
, (E6)

which also agrees very well with full dipole numerical results,
F dimer2

P,num [blue squares, Eq. (E5)], thus verifying the single-
mode approximation of dimer 2 alone in the frequency regime
of interest.

3. Overlap matrix

As shown in the main text, the overlap matrix

Siμ jη = δi jS
intra
iμ jη + (1 − δi j )S

inter
iμ jη , (E7)

contains intracavity contributions Sintra
iμ jη and intercavity contri-

butions Sinter
iμ jη . For the system, we consider [cf. Fig. 10(a)] only

one QNM is dominating each cavity in the frequency regime
of interest, so we simplify the notation, iμ → i, jη → j, and
yield the overlap matrix:

S =
[

Sintra
11 Sinter

12

Sinter
21 Sintra

22

]
. (E8)

The full expression of the diagonal element (Sintra
11/22) is

shown in Eq. (10), where the nonradiative contribution
(the first term) and the radiative contribution (the sec-
ond term) are included. We use the numerically efficient
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FIG. 12. Schematic diagram of integral over near field surface S2 of dimer 2, where S2 is a closed cuboid surface and 50 nm away from the
surface of the dimer 2. The grid element of surface integral for regularized QNMs F̃1 and H̃1 is (5 nm)2 [see the red box in (a), not to scale].
While for surface currents M̃2 and J̃2, the grid element of the surface integral is (0.5 nm)2 [see the red dot in (b), not to scale].

pole approximation for the nonradiative (radiative) contri-
bution as given in Eq. (67) [Eq. (69), with near field to
far field transformation] of Ref. [73] in the single-mode
limit.

As shown in Table III, for dimer 1 alone, we got
Sintra

11,nrad = 0.6022 and Sintra
11,rad = 0.3973. When calculating

Sintra
11,rad, the chosen near field surface a closed cuboid surface

50 nm away from the surface of dimer 1. The far-field surface
is a closed spherical surface in the very far-field region, and

the angled grid is chosen to be very small, around π/200, to
achieve convergence of Sintra

11,rad. As a result, Sintra
11 = Sintra

11,nrad +
Sintra

11,rad = 0.9995 is close to unity. Similarly, for dimer 2
alone, we got Sintra

22 = Sintra
22,nrad + Sintra

22,rad = 0.3042 + 0.6966 =
1.0008.

As for the off-diagonal element, the full expression is
shown in Eq. (11) (also see Eq. (15) of Ref. [46]). Analog to
our previous work, we also employed the pole approximation
(see Appendix F of Ref. [46] for more details),

Sinter
12,pole = − 1

2ε0

ω̃1√
ω1ω2

1

i(ω̃1 − ω̃∗
2 )

∮
S1

ds[J̃1(s) · F̃∗
2(s, ω̃1) + M̃1(s) · H̃∗

2(s, ω̃1)]

− 1

2ε0

ω̃∗
2√

ω1ω2

1

i(ω̃1 − ω̃∗
2 )

∮
S2

ds[M̃∗
2(s) · H̃1(s, ω̃∗

2 ) + J̃∗
2(s) · F̃1(s, ω̃∗

2 )], (E9)

where S1/2 is the near field surface of dimer 1/2. J̃1/2 (M̃1/2)
are electric (magnetic) surface currents on the near field sur-
face S1/2 [85],

J̃1/2(s) = n̂1/2 × h̃1/2(s), (E10)

M̃1/2(s) = −n̂1/2 × f̃1/2(s), (E11)

h̃1/2(s) = 1

iω̃1/2μ0
∇ × f̃1/2(s). (E12)

Here h̃1/2 are magnetic QNMs and n̂1/2 are unit vectors nor-
mal to the surface S1/2, pointing outward.

In our previous work (coupled horizontal nanorods)
(Ref. [46]), the axial-symmetry of the QNMs to the nanorod’s
longitudinal axis is used to simplify the integral. Here with
the coupled vertical dimers, one can still use the symmetry of
(M̃∗

2 · H̃1) and (J̃∗
2 · F̃1) along the y and z directions to partly

simplify the calculation. The same applies to the integral over
S1. But we chose to sum the value of every point on the
closed near field surface S1/2 to obtain the integral Sinter

12,pole
[Eq. (E9)].

However, we can apply the following optimization: For
example, for the integral over S2, as shown in Fig. 12, we
use relatively coarse grid size for F̃1 and H̃1 over S2, which
are far away from dimer 1 and thus F̃1 and H̃1 varies slowly
spatially. In contrast, the surface currents M̃2 and J̃2 over S2,
change fast in the near field region and require a relatively
fine grid size. As a result, we use an interpolation of the
regularized QNMs F̃1, H̃1 from the coarse grid to the fine
grid, to calculate the dot products of the regularized QNMs
and surface currents: (M̃∗

2 · H̃1) and (J̃∗
2 · F̃1).

In the calculation, S2 is chosen as a cuboid surface en-
closing dimer 2 is 50 nm away from the surface of dimer
2 (see Fig. 12). The grid element of surface integral for F̃1

023725-23



ROBERT MEINERS FUCHS et al. PHYSICAL REVIEW A 114, 023725 (2026)

TABLE IV. Retarded and advanced overlap matrix elements be-
tween the modes of two separated metal dimers for dgap = 2000 nm,
calculated using a pole approximation [cf. Eqs. (E17) and (E18)].

Matrix element Pole

S̃1←2 (−0.0068 − 0.0205i)
S̃1→2 (0.0095 + 0.0190i)

and H̃1 is (5 nm)2, whereas for M̃2 and J̃2, it is (0.5 nm)2.
Similarly, S1 is also chosen as a cuboid surface but enclosing
dimer 1, which is 50 nm away from the surface of dimer 1.
The grid element of surface integral for regularized QNMs
F̃2 and H̃2 is (5 nm)2, whereas for surface currents M̃1 and
J̃1, it is (0.5 nm)2. As a result, for dgap = 2000 nm, we got
Sinter

12,pole = (−0.0205 + 0.0149i) (see Table III).

4. Retarded overlap matrix

Equation (41) shows the retarded overlap matrix. We focus
on the case i �= j, which reads

Siμ← jη = 1

2ε0

1

i
(
ω̃iμ − ω̃∗

jη

)
×

∮
S j

dAs
[(

H̃′
iμ

(
s, ωiμ

) × n̂s
) · F̃∗

jη

(
s, ω jη

)
+ (

H̃∗
jη

(
s, ω jη

) × n̂s
) · F̃′

iμ

(
s, ωiμ

)]
. (E13)

Since S j is the near field surface of resonator j, so the reg-
ularized QNMs F̃ jη and H̃ jη over S j could be approximated
as QNMs f̃ jη and h̃ jη, which then could be described as the
surface currents M̃ jη and J̃ jη as follows:

Siμ← jη = 1

2ε0

1

i
(
ω̃iμ − ω̃∗

jη

)
×

∮
S j

dAs
[(

n̂s × F̃∗
jη

(
s, ω jη

)) · H̃′
iμ

(
s, ωiμ

)
+ (H̃∗

jη

(
s, ω jη

) × n̂s) · F̃′
iμ

(
s, ωiμ

)]
, (E14)

TABLE V. Dipole location ra1 (ra2) is fixed at the gap center of
the dimer 1 (dimer 2). Bare QNMs f̃1z(ra1) and f̃2z(ra2 ) do not change
with gap distance. Regularized QNMs F̃2z(ra1, ω̃

∗
2 ) and F̃1z(ra2, ω̃

∗
1 )

will change with the gap distance. Here they are shown with a gap
distance of dgap = 2000 nm.

ra1

f̃1z(ra1) (1.94 × 1011 + 1.78 × 109i) [m]−3/2

F̃2z(ra1, ω̃
∗
2 ) (−2.12 × 107 − 5.79 × 107i) [m]−3/2

ra2

f̃2z(ra2 ) (1.05 × 1011 + 6.67 × 108i) [m]−3/2

F̃1z(ra2, ω̃
∗
1 ) (3.72 × 106 − 4.58 × 107i) [m]−3/2

≈ 1

2ε0

1

i
(
ω̃iμ − ω̃∗

jη

) ∮
S j

dAs
[(

n̂s × f̃∗
jη (s)

) · H̃′
iμ

(
s, ωiμ

)
+ (

h̃∗
jη (s) × n̂s

) · F̃′
iμ

(
s, ωiμ

)]
, (E15)

= 1

2ε0

1

i
(
ω̃iμ − ω̃∗

jη

) ∮
S j

dAs
[( − M̃∗

jη (s)
) · H̃′

iμ

(
s, ωiμ

)
+ ( − J̃∗

jη (s)
) · F̃′

iμ

(
s, ωiμ

)]
. (E16)

Applied to our system with one mode in each cavity, the
expression becomes

S1←2 ≈ − 1

2ε0

1

i(ω̃1 − ω̃∗
2 )

×
∮
S2

dAs[F̃′
1(s, ω1) · J̃∗

2(s)+H̃′
1(s, ω1) · M̃∗

2(s)].

(E17)

Here slow- varying envelope functions are defined
as F̃′

1(s, ω)|s∈S2 = e−iωτ12 F̃1(s, ω) and H̃′
1(s, ω)|s∈S2 =

e−iωτ12 H̃1(s, ω) with τ12 = nBR12/c and R12 is the
center-to-center gap distance. Using Siμ→ jη = (S jη←iμ )∗,
we also have

S1→2 = (S̃2←1)∗ ≈ − 1

2ε0

1

i(ω̃1 − ω̃∗
2 )

×
∮
S1

dAs[F̃′∗
2 (s, ω2) · J̃1(s)+H̃′∗

2 (s, ω2) · M̃1(s)].

(E18)

In the calculation of S1←2 and S1→2, similarly to the cal-
culation of Sinter

12,pole [Eq. (E9)], near field surface S2 (S1) is
chosen as a cuboid surface and is 50 nm away from dimer
2 (dimer 1). In addition, we also used different surface inte-
gral discretizations for regularized fields and surface currents,
which are (5 nm)2 and (0.5 nm)2, respectively.

As a result, for gap distance ddap = 2000 nm (correspond-
ing to R12 = 2020 nm), we got S1←2 = (−0.0068 − 0.0205i)
and S1→2 = (0.0095 + 0.0190i) as shown in Table IV.

5. QNMs and regularized QNMs at dipole location

In the calculation of coupling strength, QNMs and regu-
larized QNMs at the dipole location are required. ra1 (ra2) is
at gap center of the dimer 1 (dimer 2). For dimer 1 alone,
z component f̃1z(ra1) of QNM at the gap center dimer 1
is shown in Table V, which will not change with the gap
distance, and the same for the QNM f̃2z(ra2) with dimer
2 alone.

While the regularized QNM F̃2z(ra1, ω̃
∗
2 ) [F̃1z(ra2, ω̃

∗
1 )] for

dimer 2 (dimer 1) alone, at the ra1 (ra2) will change with the
gap distance. With dgap = 2000 nm, the regularized QNMs
are obtained using NF2FF (the near field surface is a cuboid
surface 50 nm away from the surface of dimer 1 or dimer 2)
[73], as shown in Table V.
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