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Quantum Fisher information from tensor-network integration of the Lyapunov equation
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The quantum Fisher information (QFI) is a geometric measure of state deformation calculated along the
trajectory parametrizing an ensemble of quantum states. It serves as a key concept in quantum metrology,
where it is linked to the fundamental limit on the precision of the parameter that we estimate. However, the
QFI is notoriously difficult to calculate due to its nonlinear mathematical form. For mixed states, standard
numerical procedures based on eigendecomposition quickly become impractical with increasing system size.
To overcome this limitation, we introduce a numerical approach based on Lyapunov integrals that combines
the concept of symmetric logarithmic derivative and tensor networks. Importantly, this approach requires only
the elementary matrix product states algorithm for time evolution, opening a perspective for broad usage and
application to many-body systems. We discuss the advantages and limitations of our methodology through an
illustrative example in quantum metrology, where the thermal state of the transverse-field Ising model is used to
measure magnetic field amplitude.
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I. INTRODUCTION

Estimating the distinguishability of quantum states through
measurements lies at the heart of quantum sciences, includ-
ing quantum metrology and state discrimination [1–5]. The
quantum Fisher information (QFI), which is proportional to
the Bures metric [6,7], is a key measure quantifying the
distinguishability of quantum states under an infinitesimal pa-
rameter change [2,3,8]. It can be used as a witness to quantum
phase transitions [9], to detect the onset of non-Markovian
dynamics [10], and plays a central role in quantum metrology.
Quantum metrology involves distinguishing between quantum
states ρθ and ρθ+δθ where δθ is an infinitesimal change of the
parameter θ ∈ R that characterizes the state ensemble gener-
ated by the signal of interest. In quantum metrology, the QFI
is related to the ultimate precision bound given by the Cramér-
Rao bound [2,8,11]. The bound is asymptotically saturated for
optimal projective measurement, which also corresponds to
the eigenstates of the symmetric logarithmic derivative (SLD)
[2,12] that defines the Bures metric.

Although the role of QFI and SLD is crucial, their eval-
uation is notoriously difficult because of their nonlinear
mathematical form. Among various formulas, a simplified
version of the QFI for an adiabatic perturbation in a quantum
many-body system can be derived [13]. In general, calculating
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the QFI requires matrix inversions, which become significant
numerical bottlenecks. As a result, considerable effort has
been devoted to developing methods for evaluating or bound-
ing the QFI, paralleling advances in quantum metrology.
The conventional approach, which relies heavily on eigen-
decomposition, faces a critical limitation: the Hilbert space
dimension grows exponentially with the number of subsys-
tems, making computations intractable for large, composite
systems. To address these challenges, alternative formula-
tions that avoid explicit diagonalization have been proposed
[14,15], although they still require certain matrix inversions.
Other practical approaches provide QFI bounds using auxil-
iary measures such as the truncated QFI [16,17], purity loss
[18,19], and the Krylov shadow method [20]. Recent experi-
mental advances have used noisy intermediate-scale quantum
(NISQ) devices to estimate these bounds [16,17,21], enabling
scalable implementation on physical quantum platforms. In
recent decades, tensor network (TN) [22,23] methods have
been shown to provide efficient approximations for relevant
classes of states [23–25], e.g., ground states of gapped Hamil-
tonians and thermal states of a local Hamiltonian [26,27].
Among them, the one-dimensional ansatz of the matrix prod-
uct state (MPS) [also known as the matrix product operator
(MPO) for quantum operators] provides a compact represen-
tation of quantum states and operators.

Although the literature on general-purpose TNs is exten-
sive, there is considerable room for improvement regarding
their application to quantum metrology. Among the existing
approaches, Ref. [28] introduced a TN-based procedure to
calculate quantum fidelity between connected subsystems of
partially traced pure-state matrix product states. For mixed
states, a more general method was proposed in Ref. [29],
where both the quantum Fisher information (QFI) and the
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symmetric logarithmic derivative (SLD) are obtained through
variational optimization. The original implementation of the
approach was released as the open-source package TNQMetro
[30] (followed by QMetro++ [31]). More recently, Ref. [32]
presented an efficient framework for evaluating the quan-
tum Cramér-Rao bound in continuously monitored systems
subject to general Markovian or non-Markovian noise. In
this paper, we introduce an approach suitable for evaluating
the QFI and SLD from their integral forms. Although inte-
gral formulations are not new, our approach leverages tensor
networks that enable scalable computations for large-scale
systems. Importantly, the procedure can be efficiently im-
plemented using imaginary-time evolution and basic tensor
network algebra. This makes our approach directly applicable
utilizing open source packages that include general MPS im-
plementation, such as YASTN [33,34], TeNPy [35] or ITensor
[36]. In this paper we analyze our method in the context of
convergence time, the cost of numerical implementation, and
numerical errors.

This paper is organized as follows. In Sec. I we introduce
the concept of SLD and QFI and their integral forms that are
fundamental for our method. Section II provides an essential
background on quantum metrology, which will be used to an-
alyze our method. In Sec. III we discuss the basic scheme for
approximate the SLD and QFI integrals. Section IV analyzes
the convergence properties of the method and derives analyt-
ical bounds for the associated error. Section VI delves into
technical details, including tensor network implementation,
computational complexity, and error analysis. For illustration,
we use our method to study quantum metrology where we em-
ploy a finite-temperature transverse field Ising model (TFIM)
as a probe to estimate an external field. The model provides
an ideal benchmark example, as its established physics helps
correlate the convergence of our method with the underlying
physical properties of the probe.

II. PRELIMINARIES

In quantum information, an infinitesimal distance between
quantum states is defined by the Bures metric [1,7,12]

d2
B(ρθ , ρθ+δθ ) = 1

2 tr[ρ̇θLθ ], (1)

where ρ̇θ ≡ ∂ρθ

∂θ
is a derivative of the density matrix along θ

which parameterizes the ensemble of quantum states ρθ . The
symmetric logarithmic derivative (SLD) [2,12] is defined by
the equation

ρ̇θ = 1
2 (ρθLθ + Lθρθ ), (2)

where Lθ is the SLD operator. The geometric distance defined
by the Bures metric is proportional to the quantum Fisher
information. The quantum Fisher information (QFI) [3,12,37]
is expressed in the following form:

Fθ = tr[ρ̇θLθ ] (3)

or equivalently Fθ = tr[ρθLθ
2]. The cases where the rank

of the density matrices changes with the parameter θ and
the relation between the Bures metric and the QFI is more
intricate are discussed in Refs. [38–40]. Here we will limit
ourselves to the cases where they are directly proportional to
each other and the SLD in Eq. (2) is well defined.

We build the foundation of our method by identifying
the definition in Eq. (2) as a continuous Lyapunov equa-
tion [41,42]. The analytical solution of the SLD in Eq. (2)
can be expressed in terms of the so-called Lyapunov integral
[3,43]

Lθ = 2
∫ ∞

0
dx e−ρθ xρ̇θ e−ρθ x, (4)

and the QFI reads

Fθ = 2
∫ ∞

0
dx tr[ρ̇θ e−ρθ xρ̇θ e−ρθ x]. (5)

The formal solution presented in Eq. (4) applies to the asymp-
totically stable Lyapunov equation and is equivalent to the
pseudoinverse. The integral form remains valid when the den-
sity matrix is not full rank, although additional regularization
is necessary [38,39,44]. In particular, it can be shown that the
QFI matrix of any state can be calculated as a limit of the
QFI matrix of a full-rank state [38], e.g., Fθ = limν→0 (1 −
ν)ρθ + ν1 and ν ∈ (0, 1). An extended discussion of the SLD
can be found in Appendix A. In this work, we restrict our
attention to the cases where the SLD is well defined by the
definition in Eq. (2) and the integral solution in Eq. (4) is valid.

A key advantage of the integral form is that it eliminates
the need for an exact diagonalization of the density matrices.
Both matrix multiplication and diagonalization scale cubi-
cally with the dimension of the density matrix, which itself
grows exponentially with system size in the full Hilbert space,
making computations for large systems infeasible. However,
in contrast to exact diagonalization, the Lyapunov integral is
particularly well suited for numerical evaluation using ten-
sor networks, where e−ρθ x can be efficiently approximated
by Krylov methods or Trotter decomposition. In practice,
such exponentials are applied using standard algorithms for
time evolution, e.g., TDVP [25], and all operators can be
represented as matrix product operators. By enabling local
updates of these matrix product operators, this approach over-
comes the exponential scaling problem and paves the way for
large-scale simulations. Furthermore, we note that the QFI
formulation in Eq. (5) circumvents the necessity for explicit
construction of the SLD operator and can be treated with
standard methods for numerical integration. Although our
method is more broadly applicable, we will discuss it in the
application to unitary quantum metrology.

III. QUANTUM METROLOGY

Quantum metrology aims to leverage entanglement and su-
perposition in order to improve the precision of the estimation
of physical parameters. A typical estimation protocol follows
a preparation-encoding-measurement sequence as visualized
in Fig. 1: a generally entangled quantum probe is first pre-
pared; then the probe is exposed to the signal generated by
the unitary Uθ that encodes the parameter θ ; later the probe is
measured with the positive operator-valued measure defined
by the set {� j}; the measurement data are analyzed to calcu-
late the estimated value of the parameter θest and the error of
the value given by the variance δ2θ .

The bound on the estimation precision, given large mea-
surement statistics, is fixed by the celebrated (quantum)
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FIG. 1. Typical procedure for quantum metrology. The generally
entangled input probe (white) is prepared in arbitrary quantum pro-
tocol. The probe is exposed to the signal generated by the unitary Uθ

that encodes the parameter θ (blue). After the encoding the probe is
measured with the positive operator-valued measure {� j} (red). The
measurement data are analyzed with statistical processing (yellow)
to estimate the parameter value θest and its variance δ2θ .

Cramér-Rao bound [2,3,6,8,11]

δ2θ � 1

Fθ

, (6)

where δ2θ is the variance of the estimated parameter θ and
Fθ is the Fisher information (FI) calculated for the proba-
bility density function of measurement outcomes [11]. The
quantum Fisher information (QFI) is defined as the maximum
value of the Fisher information achievable across all possible
measurement strategies, and it is also closely related to the
Bures metric, as discussed in Sec. I. The highest estimation
precision is achieved through the optimal measurement, which
is determined by the SLD operator defined in Eq. (2) [2,3,6,8].
Specifically, optimal projective measurement corresponds to
the eigenvectors of the SLD operator.

IV. INTEGRATION METHOD

The expressions for QFI and SLD in Eq. (4) and Eq. (5)
respectively are approximated by truncated integrals of the
form

Lθ (X ) = 2
∫ X

0
dx Bθ (x), (7)

where X is the upper limit of integration and the SLD inte-
grand reads

Bθ (x) = e−ρθ xρ̇θ e−ρθ x. (8)

Similarly, for the QFI in Eq. (5) we write the truncated inte-
gration

Fθ (X ) = 2
∫ X

0
dx F̄θ (x), (9)

where the QFI integrand is given by

F̄θ (x) = tr[ρ̇θBθ (x)] = ||Bθ (x/2)||22, (10)

and ||Bθ (x/2)||22 = tr[Bθ (x/2)Bθ (x/2)] is the square of a

2-norm of the operator, ||Ô||2 =
√

tr[ÔÔ†] [Bθ (x/2) is a Her-
mitian operator]. Notice that using F̄θ (x) = ||Bθ (x/2)||22 takes
operators evaluated at x/2, which reduces the computational

cost used for propagation of the integrand. The integral trunca-
tion is warranted, as the integral converges with increasing x;
see also Appendix B for further details. In Sec. IV we discuss
the bounds on the convergence error.

To numerically implement this, it is also necessary to
convert the integral into a summation. This discretization is
established using finite integration steps �x j , where these
steps satisfy condition

∑
j �x j = X . The sum rule can be

chosen in a similar way as in standard numerical integration
schemes, e.g., according to the quadrature rule, trapezoid rule,
or higher-order Runge-Kutta (RK) methods [45]. The inte-
grand is propagated in the argument x by iterative updates
of the integrand operator in Eq. (8), such that Bθ (x + �x) =
e−ρθ �xBθ (x)e−ρθ�x. This step can be easily implemented us-
ing standard TNs’ methods for time evolution, such as TDVP
[25,46] or Krylov methods [47]. Having obtained the operator
Bθ (x), it is accumulated according to the sum rule for the
SLD operator in Eq. (7). From the SLD we can calculate the
QFI using the expression in Eq. (3). Importantly, the QFI can
be directly integrated using the expression in Eq. (9) without
the necessity of explicitly constructing the SLD operator. In
this context, the QFI integrand can be aggregated in a man-
ner analogous to the SLD or integrated by fitting during the
postprocessing phase.

V. CONVERGENCE

The Lyapunov integral spreads the derivative of the probe
state across its spectral decomposition, illustrating how pa-
rameter dependence permeates the entire density matrix. This
formulation is well suited for not only numerical calculations,
but also offers a clear physical insight into the sensitivity of
the probe to changes in parameters. In particular, the QFI
integrand reads

Bθ (x) =
∑

i j

|ρ̇θ i j |2e−(λi+λ j )x, (11)

where ρθ = ∑
j λ j | j〉〈 j| and ρ̇θ i j = 〈i|ρ̇θ | j〉. Each term in

the sum exhibits a unique decay rate determined by the cor-
responding pair of eigenvalues, λi and λ j . Furthermore, the
amplitude of each term is governed by the state derivative ρ̇θ i j ;
thus, if the encoding more strongly couples these terms, their
contributions become correspondingly greater. Exponential
decay causes the largest eigenvalue contributions to fade away
first, thereby exposing the next set of eigenvalues. As a result,
the integrand provides information on how the derivative is
distributed across the state density matrix.

Since the QFI integrand is always positive, the truncation
of the integrand gives the lower bound on the exact QFI and
the truncated solution satisfies

Fθ (X1) � Fθ (X2) � Fθ (∞), (12)

where X1 � X2 � ∞. The convergence rate of the QFI in-
tegral is influenced by both the cutoff parameter X and
the spectral properties of the density matrix. As X in-
creases, terms that involve smaller eigenvalues become more
significant, leading to a slower decay of the integrand in
Eq. (11). Consequently, contributions with small amplitudes
require long integration time. However, we note that the
QFI integrand in Eq. (11) is proportional to the square
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of the eigenvalues [that is, up to the velocities appearing
in the full expression 〈i|∂θρθ | j〉 = (∂θλ j )δi j + λ j〈i|∂θ j〉 +
λi〈∂θ i| j〉] and, therefore, the total integral over these terms
scales as the amplitude of the eigenvalues themselves.
Intuitively, if small eigenvalues are a minority of the eigen-
spectrum, the QFI is well approximated by a moderate X .

A general bound on the convergence error is difficult to
calculate. In this section we focus on the scenario for typical
for quantum metrology as explained in Sec. II. While the
protocol for quantum metrology can be generalized, we will
focus on the unitary encoding where the probe undergoes the
following transformation

ρθ = e−ιθAρ0 eιθA, (13)

where ρ0 is the state of the prepared probe, θ is the encoded
parameter (often the parameter will be the accumulated phase,
θ = �t , where � is the encoded parameter and t is an inter-
rogation time), and A is the encoded operator generating the
encoding unitary Uθ = e−ιθA. There, the state derivative over
the parameter θ reads

ρ̇θ = −ι[A, ρθ ]. (14)

A relevant measure of convergence is the relative error of the
QFI, which is defined as

εθ (X ) = Fθ (∞) − Fθ (X )

Fθ (∞)
, (15)

where, in its spectral representation, the convergence error is
expressed as

Fθ (∞) − Fθ (X ) = 2
∑

i j

|Ai j |2(λi − λ j )2

λi + λ j
e−(λi+λ j )X , (16)

where Ai j = 〈i|A| j〉 is an element of the encoding operator
in the eigenbasis of density matrix. Regardless of the spectral
properties of the density matrix, the error is bounded by the
relation

εθ (X ) � 2

∑
i, j �=i |Ai j |2
Fθ (∞)

min[(eX )−1, e−λminX ], (17)

suggesting the convergence rate decays inversely with the
integration cutoff X . See Appendix B for details of the deriva-
tion. The bound in Eq. (17) is the worst-case scenario derived
by assuming the maximum possible error contribution for
each pair of λi and λ j eigenvalues.

Sacrificing generality, we can derive a bound for low-
entropy states, such as low-temperature thermal states, where
the state is well approximated by the ground state and the first
excited state. Here we demonstrate that the convergence error
increases linearly with the entropy of the density matrix

εθ (X ) � e−X/m + c

2

m

n

(
S(ρθ )

m

2 log 2
− m + 1

)
, (18)

where S(ρθ ) is the von Neumann entropy, c =∑
j �=GS,ES |AES, j |2/

∑
j �=GS |AGS, j |2 is an encoding-dependent

constant, GS stands for the ground states with degeneracy
m and ES stands for the excited states with degeneracy
n. The theoretical bound in Eq. (18) implies that the
convergence cutoff X should increase with the entropy
making the numerical study more challenging. Likewise,

the convergence time should increase with degeneracy. The
complete derivation is provided in Appendix C.

The convergence of any state can be estimated by analyzing
the principal components of the density matrix. These can
be found numerically using standard variational algorithms
for MPS such as DMRG [23,24] or Krylov methods. After
learning the first few dominant eigenvalues of the spectrum,
we can explicitly write the QFI error in Eq. (16) for the
known set 
 where λi ∈ 
 are known. Typically, only the
first few eigenvalues are found, making the corrections arising
from unknown eigenvalues significant. The correction coming
purely from the remaining part of the spectrum is bounded by

εθ (X )
̃ � 4c
̃

Fθ (∞)
p
̃(n
̃ − 1)e−2p
̃X/n
̃ , (19)

where we assumed that X � 1
2
min

, 
̃ represents the set of
unknown eigenvalues, p
̃ = 1 − tr[
] denotes the population
of the unknown set 
̃, n
̃ = dim[ρθ ] − dim[
] is their por-
tion within the Hilbert space, and c
̃ = maxi, j∈
̃ |Ai j |2 is a
constant related to the encoding. For the full derivation, see
Appendix D. Equation (19) demonstrates that the correction
becomes more pronounced as p
̃ and n
̃ increase. This sug-
gests again that states of small entropy will be most suitable
to efficiently compute the QFI using numerical integration.

Notice that the truncation error can be reduced by ex-
trapolating the QFI integrand. In this approach, we extract
the decay rate in the window of x ∈ [X − D[�x], X ] at the
end of the simulation assuming an exponential decay (or a
sum of exponential decays). We extrapolate this decay from
X up to ∞ and analytically integrate the fit by adding the
residual integral to Fθ (X ). The fitting procedure naturally
disregards contributions that arise for X 	 X , that is, expo-
nentials associated with eigenvalues smaller than the fitted
rate. This approximation remains valid because the overall
impact of these terms is proportional to the amplitudes of the
corresponding eigenvalues.

VI. RESULTS

Building on the information presented in the previous sec-
tions, we now develop and analyze our approach. We explore
its properties, focusing on convergence and numerical imple-
mentation using tensor networks. To demonstrate the practical
utility of our method, we apply it to a specific model in
quantum metrology in Fig. 1, although the majority of our
findings can be generalized.

A. Model

We consider a paradigmatic example of quantum metrol-
ogy in which a quantum probe is used to estimate the magnetic
field modeled by the Hamiltonian

A =
N∑

j=1

σ z
j , (20)

where σα
j are standard α ∈ {x, y, z} Pauli operators for a spin

j. The operator A generates an encoding according to the
scheme in Eq. (13) with the parameter value θ = J where
J is treated here as the frequency unit of the model. To
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demonstrate a nontrivial application of our method, we exam-
ine estimation protocols using a mixed-state quantum probe.
We consider an ensemble of thermal states of the transverse
field Ising model (TFIM) with open boundary conditions de-
scribed by the Hamiltonian

Hg = −J
N−1∑
j=1

σ x
j σ

x
j+1 − g

N∑
j=1

σ z
j , (21)

where N is the number of spins, J is the strength of the
exchange interaction, and g is the amplitude of the trans-
verse field. The Hamiltonian generates an ensemble of thermal
states parameterized by the transverse-field amplitude

ρ0 = e−βHg

Zg,β
, (22)

where [A, Hg] �= 0, β is the inverse temperature and Zg,β =
tr[e−βHg] is the partition function. The probe ansatz allows
to demonstrate the application of our approach to density
matrices of various spectral properties. The TFIM has a rich
phase diagram, with phases of degenerate and nondegenerate
spectra, as well as the critical phase at gc = J . As a well-
studied model, the TFIM aids in the interpretation of results
and physical intuition. The inverse temperature β controls the
purity of the thermal state and changes the distribution of the
eigenvalues of the density matrix. Overall, the example covers
a broad range of typical cases through a simple ansatz.

Figure 2 shows the benchmark results of the QFI through-
out the TFIM phase diagram. These results can be interpreted
in the context of the TFIM Hamiltonian, where the spectral
properties are controlled by the parameter g. At low tempera-
ture, convergence can be understood through the gap between
the ground state and the first excited state. Here the bound in
Eq. (18) is the most relevant. The leading eigenvalue of the
density matrix is the population in the ground state

λGS = 1

m(1 + e−β�)
, (23)

where m is a degeneracy of GS and � is the energy gap
between GS and ES. The amplitude in Eq. (23) decreases
with a reduction of both β and �. At the same time, the
population of the excited state increases with the changes in
these parameters. A higher degeneracy of both states leads to
a lower population per individual eigenstate. In the disordered
phase (g > J), the ground state of the TFIM is nondegenerate.
The energy gap to the excited state decreases as the system
approaches the critical point at gc = J , approximately linearly
� = 2J (g − 1) for large systems. In contrast, in the ordered
phase (g < J), the ground state is twofold degenerate. The gap
scales similarly to the disordered phase, with � = 2J (1 − g)
for large systems reducing to zero at the critical point. Finally,
the energy gaps decrease with increasing system size N , re-
sulting in slower convergence for larger systems.

In Fig. 2(a) we show the results for g = 2J . There, the
Hamiltonian exhibits a macroscopic energy gap, and the
ground state dominates the integral. Integrating up to X = 10
already captures most of the QFI, although a notable residual
remains. The magnitude of the residual is proportional to
the population of the first excited state and increases with
system size as the energy gap narrows. The convergence rate

FIG. 2. Phase estimation with thermal states of the TFIM.
Benchmark of the QFI obtained from truncated integration up to
X (crosses and circles) compared to the reference value (dashed).
For X = 100 (dots) includes additional term from the fit of the
residual integral obtained from the final D[�x] = 10 range. (a) Con-
vergence in terms of system size at g = 2J for various system size
and truncation cutoff X . (b) The benchmark of the QFI across the
phase transition. The convergence time increases around the criti-
cal point g = J where the gap to the excited state becomes small.
Data obtained for encoding parameter θ = J , inverse temperature
β = 4J−1, and bond dimension Dρθ

� 32 for N = 16 and Dρθ
� 64

otherwise. The integration obtained from the interpolation fit to the
QFI integrand that was evaluated numerically with tensor networks.
The QFI integrand is calculated with the MPO ansatz of the bond
dimension DBθ

� 64. Reference data obtained with TNQMETRO
[30] using DLθ

= 16.

of the residual integrand is proportional to the population
of the excited level, which is small. This results in a small
improvement between X = 10 and X = 100; however, the
residual is well approximated by a single exponent and can
be easily integrated by fit. The QFI with the fit approximates
well the reference value. Figure 2(b) shows the benchmark
across the phase transition. We observe that the convergence
time increases around the critical point. This can be easily
interpreted as a consequence of the decreasing gap. Within
both the disordered and ordered phases, the convergence time
remains moderate. However, the ordered phase displays a
marginally greater error, which is due to the degeneracy of
its ground state.

In Fig. 3 we present an explicit relation of the convergence
error in Eq. (15) as a function of the cutoff X . The plot
shows results for a small system where the bounds can be
calculated explicitly. These plots clearly illustrate how the
spectral properties influence the convergence rate. In partic-
ular, it highlights how the convergence of the dominant QFI
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FIG. 3. Convergence of the QFI integral. Convergence of our
method for the TFIM across the phase diagram with an example for
the disordered phase g = 2J in (a), the critical point g = J (b), and
the ordered phase g = 0 in (c). Relative error in Eq. (5) (solid lines) is
plotted together with the low-temperature bound in Eq. (18) (dashed)
and the worst-case bound in Eq. (17) (dotted). Data obtained for the
thermal state of the TFIM in Eq. (21) with N = 6 for β = 4J−1 by
exact integration of the QFI in Eq. (5).

contribution depends on the ground-state degeneracy and
energy gap, while the residual tail is associated with contri-
butions from excited states. Figure 3 shows the convergence
of the relative error compared to the bounds in Eq. (17) and
Eq. (18). The general bound in Eq. (17) provides a worst-case
scenario, which is visually less tight. The low-temperature
bound in Eq. (18) predicts an exponential convergence of
the leading contribution with rate e−X/m, where m denotes
the ground-state degeneracy. This bound agrees well with the
exact error in the dominant contribution, but does not capture
the residual decay which is replaced by the entropy-dependent
constant.

B. Tensor network implementation

Tensor networks provide a powerful framework for en-
coding quantum states and operators. For one-dimensional
tensors and open boundary conditions of the model in Eq. (21)
we choose an ansatz of matrix product operator (MPO)
[23,48]. In this representation, operators are decomposed into

a series of rank-4 tensors, where two indices correspond to lo-
cal bra and ket dimensions, while the others are so-called bond
dimensions that encode correlations between local variables.
The tensors form a one-dimensional network with a trivial di-
mension for the terminal bond dimension. The compression of
the MPO relies on the Schmidt decomposition in subsequent
bipartitions. The decomposition splits the operator into the
sum K = ∑

j κ jL j ⊗ Rj , where κ j are the Schmidt values and
Lj and Rj are associated Schmidt left and right operators, re-
spectively, such that tr[LiL

†
j ] = tr[RiR

†
j ] = δi j . To reduce the

bond dimension, we truncate the Schmidt decomposition at
the Schmidt value cutoff SVtol. such that κ j � SVtol. Alter-
natively, we keep the maximal maximal bond dimension DK

which fixes a number of significant contributions that we keep.
In this paper, the thermal state is obtained using imaginary

time evolution with the Hamiltonian starting from the max-
imally mixed, β = 0, state. The bond dimension exhibits a
significant increase near the critical point, where the state is
highly correlated. In terms of temperature, the bond dimen-
sion of the MPO representation scales proportionally to the
inverse temperature [27,49,50]. For TFIM, the operator space
entanglement entropy (OSEE) was reported to increase log-
arithmically in the inverse temperature β [51]. The OSEE is
not directly related to the bond dimension for a general model
but gives quantitative measure of the amount of correlations
between subsystems and predicts increasing hardship of the
representation of the critical state. For noncritical states, the
computational scaling is much more favorable, and the OSEE
quickly saturates with β.

C. Unitary encoding

For unitary encoding scenarios, we can take advantage of
the structural properties of the state derivative to formulate
an alternative integration methodology. In this case the inte-
gration can be moved to the encoding operator, mirroring the
time evolution process in the Heisenberg picture [52–54]. This
technique offers a different perspective, potentially simplify-
ing computations for certain types of problem.

When substituting the state derivative ρ̇θ = −ι[A, ρθ ] into
the integrand in Eq. (8), we commute the exponents and ρθ

and move the propagation from the state derivative to the
encoding operator A. The SLD integrand becomes

Bθ (x) = −ι[Aθ (x), ρθ ], (24)

where

Aθ (x) = e−ρθ xA e−ρθ x (25)

is the integrand for the encoding operator. The integration
gives the SLD operator

Lθ (X ) = −ι[Kθ (X ), ρθ ], (26)

where

Kθ (X ) =
∫ X

0
dx Aθ (x) (27)

is the integrated encoding operator.
Figure 4 shows the bond dimension for each of the ap-

proaches. Working directly with the operator can benefit from
a lower bond dimension, especially if the operator is local
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FIG. 4. Variations for unitary encoding. Comparison of the bond
dimension obtained under the cutoff on Schmidt values SVtol. =
10−9 and maximal bond dimension D � 64. The figure compares the
standard QFI integration introduced in Sec. III (blue) and integration
of the encoding in Sec. VI C (red). The integrand operators Bθ (X )
in Eq. (8) and Aθ (X ) in Eq. (25) (solid lines) are compared to
the integrated operators Lθ (X ) in Eq. (7) and Kθ (X ) in Eq. (27)
(dashed). Data obtained for N = 16, g = 2J , β = 4J−1, bond di-
mensions Dρθ

� 32, truncation cutoff SVtol. = 10−9, and integration
step �x = 0.1.

and has a low bond dimension. However, to obtain the QFI
and SLD we need to perform a contraction between multi-
ple MPOs. Complex contractions contribute to computational
cost and can become limitations if the dimension of the
bond is not controlled. Therefore, operator-based integration
is advised for the SLD evaluation and discouraged for the
direct QFI integration, where many contractions need to be
computed. An extended comment on both methods for unitary
encoding can be found in Appendix E.

D. Computational cost

In this paper, we compare the implementation costs of two
methods: our method with integration, where the dominant
cost arises from time evolution to propagate the integrand
in Eq. (8), and the variational approach, where the primary
cost comes from computing the pseudoinverse to solve the
linear problem for the local SLD update. In this paper, for
time evolution, we use time-dependent variational principle
(TDVP) [25,46] that allows us to evolve the MPO under an
arbitrary generator. This is in contrast to methods such as
TEBD [55,56] which is preferred for local generators. An
extended discussion on the cost for the integration and varia-
tional approach can be found in Appendix F and Appendix G,
respectively. In both approaches, we encode all operators us-
ing the ansatz of matrix product operator (MPO) [23,48] with
the open-boundary condition.

The numerical cost of a single update for both methods
increases squared with the bond dimension of the density ma-
trix, that is, O(D2

ρθ
) where Dρθ

is a bond dimension of ρθ . The
cost increases as O(D3

Lθ
) for the variational method, which

relies on the SLD operator Lθ , and scales as O(D3
Bθ /Aθ

) for the
integration approach, which relies on the integrand Bθ /Aθ .
We remind the reader that the cost of the variational approach
in the original implementation in Ref. [30] is further increased
to O(D6

Lθ
) scaling due to applying pseudoinverse on the effec-

tive operators directly. In this paper, we suggest an alternative

FIG. 5. Cost of single update. Comparison of the computational
time for a single update obtained for the integration approach with
the integrand Bθ , see Sec. III (blue), Aθ , see Sec. VI C (red), the
variational approaches in the original implementation TNQMETRO
[30] (brown), and based on the Krylov method; see Appendix G
(black). The computational time is the smallest for our variational
method implemented in TN4QM where Krylov methods are used re-
duce dimension of the problem we solve for local update. Then there
is the Bθ (x)-based integration that takes simple overlaps in Eq. (10)
to evaluate the integrand. After that, the Aθ (x)-based integration is
mode costly due to higher-order overlaps in Eq. (24). Finally, the
TNQMETRO is generally the most expensive because the preudoin-
verse is applied directly on effective operators that has a large
dimension. Data obtained using TNQMETRO [30] and TN4QM [57]
for N = 16, g = 2J , β = 4J−1, bond dimensions Dρθ

� 32 and inte-
grand DBθ

� 64, integration step �x = 0.1. Computer time obtained
on a single CPU core.

approach that relies on the Krylov methods. In our approach
we solve the linear problem for the variational update in the
auxiliary basis of Krylov vectors; see also Appendix G. This
mitigates the extreme scaling for the pseudoinverse, returning
the computational scaling to O(D3

Lθ
) in terms of SLD. Fig-

ure 5 presents a comparison of the computational cost for a
single update in all the cases we discussed.

Importantly, the total computational cost of each approach
is determined by multiplying the cost of a single update
by the number of updates needed to achieve convergence.
We numerically observe that the variational approach usu-
ally converges after a few or a few dozens of sweeps, while
the integration usually uses more sweeps. For the integration
approach, the number of steps is related to the convergence
time X that was discussed in Sec. IV. There, we noticed that
in the low temperature limit the convergence time increases
with the state entropy. This relation does not apply for the
variational approach. The number of steps to reach X using
a fixed integration step �x leads to the O(X/�x) scaling,
however, this can be changed when applying the adaptive
approach in Appendix H. The truncation of the integrands
Bθ /Aθ can change with the integral argument. Although the
exact behavior of the integrands is difficult to predict, compu-
tational efficiency can always be enhanced through weighted
compression. In this approach, we apply stronger truncation
in regions where the amplitude of the integrand decreases
substantially. By adopting more aggressive truncation, where
appropriate, we concentrate computational resources on the
most significant contributions of the integrand. For further
details, see Appendix F.
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Finally, we note that, much like the comparison of methods
to obtain the ground state through variational techniques and
through imaginary-time evolution [24,46], directly comparing
integration and variational methods proves to be challenging
because their underlying principles differ fundamentally. In
general, we suggest to decide on the method based on the
properties of a given problem. For example, when the state is
highly mixed, the integration of the QFI will converge very
slowly, while the variational methods will reach the solu-
tion directly. On the other hand, when the TNQMETRO is
compared with our method through integration, the benefit of
the latter is clearly manifested in the computational cost of
individual updates even when the convergence time for the
integration is significant. Finally, we remind the reader that,
contrary to the variational methods, the QFI integration avoids
direct evaluation of the SLD operator. Therefore, if the bond
dimension of SLD is large, the integration method may benefit
from lower computational cost, however, the bond dimension
of the integrand is hard to determine.

E. Numerical errors

The numerical error of the approach splits into two sources:
the error of numerical integration and the error of tensor
network representation. The error of numerical integration is
related to integral truncation as discussed in Sec. IV. Here, we
discuss the remaining sources of error.

One of the sources of error is the accuracy with which the
integrand is evaluated. In this paper the integrand is propa-
gated using the second-order TDVP algorithm for which the
error scales as O(�x2), where �x is a discrete step for propa-
gation of the integrand. To improve the accuracy of this step,
we can apply higher-order TDVP procedures, but this comes
at increased computational cost. The second type of error
is an accuracy of the numerical integration which depends
on the integral discretization. For this step, we can employ
standard numerical integration schemes, such as a quadrature
rule, trapezoid rule, or higher-order Runge-Kutta (RK) meth-
ods [45]. The error of the RK-k approach scales as O(�xk )
where �x is a discrete integration step. For QFI-focused cal-
culations, the integral can be evaluated in post-processing by
taking the integrand as the input. This allows for flexible ap-
plication of integration methods using fitting or interpolation
procedures. In contrast to QFI, the SLD operator cannot be
fitted externally and the integration has to be applied using
the sum rule. The integration by a sum can be optimized by
adopting an adaptive approach (see Appendix H), where the
integration step is dynamically adjusted based on variations of
the QFI integrand. The approach allows to control the integra-
tion error under the fixed tolerance at the cost of monitoring
the QFI integrand. The adaptive procedure naturally allows
step sizes to grow with increasing x as the integrand becomes
flatter and flatter. However, directly coupling the step size for
integration to the step size for integrand propagation imposes
a practical limitation, since the latter must be sufficiently
small for TDVP. This restriction can be easily lifted when the
step sizes are decoupled, but it may not be a significant gain
since the TDVP cost remains dominant.

VII. CONCLUSIONS

In this paper we introduce a numerical method for evaluat-
ing the quantum Fisher information (QFI) and the symmetric
logarithmic derivative (SLD) using the Lyapunov integral ap-
proach. The convergence of this integral is governed by the
spectral properties of the density matrix, typically leading to
an increased computational cost for states with higher entropy.
To address scalability, we propose a tensor network-based
implementation that leverages only time-evolution algorithms
and basic tensor algebra, making it compatible with most
existing tensor network toolboxes. We analyze the conver-
gence and computational costs of our method in the context
of quantum metrology. Benchmarking demonstrates that our
approach enables QFI calculations for system sizes that are
intractable with standard exact diagonalization techniques.

Efficient QFI evaluation for complex states not only deep-
ens our understanding of quantum resources, but also supports
practical applications in quantum sensing and estimation. Our
framework can be naturally extended to noisy metrologi-
cal scenarios, where open system dynamics replace unitary
evolution [58–62]. Although this work focuses on quantum
metrology, the applicability of QFI is broader, encompassing
studies of non-Markovianity [10], quantum criticality [9], and
even contexts such as quantum gravity [63]. More generally,
our approach can serve as a numerical solver for the con-
tinuous Lyapunov equation, a fundamental tool for stability
analysis in physics and mathematics, and can be applied to
other problems in the context of a linear response to parameter
change [64,65].
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APPENDIX A: QUANTUM FISHER INFORMATION

The Lyapunov equation for the SLD operator in Eq. (2) is
well posed when the elements satisfy

ρ̇θ i j = 1
2 [Lθ ]i j (λi + λ j ), (A1)

where Ôi j = 〈i|Ô| j〉 is a matrix element in the eigenbasis of
the density matrix ρθ = ∑

j λ j | j〉〈 j|. When the density matrix
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is full rank, that is, ∀λ j : λ j > 0, the expression in Eq. (A1)
is satisfied and all [Lθ ]i j elements are well defined. This is
the case for any thermal state of finite temperature, where we
are sure to obtain eigenvalues exponentially decaying with
the eigenvalue of the Hamiltonian. In this case the solution
to Eq. (2) is given by the Lyapunov integral in Eq. (4). The
convergence of the SLD integral becomes evident when refor-
mulated in its spectral representation

Fθ (X ) = 2
∑

i j

|ρ̇θ i j |2
∫ X

0
dx e−(λi+λ j )s, (A2)

with exponential convergence guaranteed when the eigenval-
ues satisfy λi + λ j > 0.

Potential issues with the definition and convergence of the
SLD arise when the density matrix is singular, i.e., not full
rank. In particular, when λi + λ j = 0, that is, both eigenvalues
are zero, the ρ̇θ i j on the left-hand side also has to be zero. The
elements of the state derivative have a general form

〈i|∂θρθ | j〉 = (∂θλ j )δi j + λ j〈i|∂θ j〉 + λi〈∂θ i| j〉, (A3)

where ∂θA ≡ ∂A
∂θ

is the derivative over the estimated parameter
θ . For the density matrix that is not full rank, the consis-
tency of the SLD in Eq. (A1) requires that the encoding
produces zero velocities for every singular eigenvalue, ∀λ j =
0 : ∂θλ j = 0. If the SLD definition is consistent but the
state is not full rank, the integral in Eq. (16) converges as
the divergent terms disappear and the singular elements of
the SLD operator are arbitrary. If the SLD definition is ill-
defined, pathological examples of QFI behavior that introduce
discontinuities and discrepancies between the QFI and the
Bures metric discussed in [38–40] can occur. In such cases,
the definition of the SLD must be regularized [39,66]. The
ill-defined cases of the encoding are beyond the scope of this
paper.

The convergence of the QFI integral in Eq. (A2) depends
on the spectrum of the density matrix and the state derivative
in Eq. (A3). The QFI error is

Fθ (∞) − Fθ (X ) = 2
∑

i j

|ρ̇θ i j |2
λi + λ j

e−(λi+λ j )X , (A4)

which is always positive, and the amplitude of the pair sum
elements go down exponentially in the truncation cutoff X
with the rate 1/(λi + λ j ). Since the state derivative |ρ̇θ i j |2 ∼
(λi, λ j ) (up to the eigenstate deformation and ∂θλ j veloci-

ties), the decay of each term is weighted by
|ρ̇θ i j |2
λi+λ j

, which is
proportional to the eigenvalues λi and λ j . As a consequence,
small-amplitude eigenvalues make only a minor contribution
to the QFI, so truncating to a finite X yields a result that
closely approximates the exact solution. However, this reason-
ing is valid only when the fraction of small eigenvalues is low.
A discussion of the total error arising from small amplitudes
can be found in Appendix D.

APPENDIX B: GENERAL BOUND
ON CONVERGENCE ERROR

Bounding the convergence error in Eq. (15) that is defined
with the QFI error in Eq. (16) is a nontrivial task due to

strong dependence on the spectrum of density matrix and the
encoding operators. The scaling function for the error can
be drastically different. For simplicity, let us consider the
encoding has no diagonal terms. Then, a special case can be
calculated for the pure state in which the convergence rate is

εθ (X ) = e−X , (B1)

implying exponential convergence regardless of the encoding
operator and system size.

A simple upper and lower bound of the relative error in
Eq. (15) can be calculated by noticing that e−X � e−(λi+λ j )X �
e−λminX , where we used λmin � λi + λ j � 1 for any pair of
eigenvalues i �= j and λmin is smallest nonzero eigenvalue.
Using this relation, we write the bound

e−X � εθ (X ) � e−λminX , (B2)

which converges exponentially to the upper bound of the
integral X . The smallest eigenvalue can scale badly with the
system size, e.g., the seemingly trivial case of a product state
with eigenvalues {1 − p, p} for each site has eigenvalues λn =
αn(1 − p)N n ∈ [0, N] for N subsystems, and the eigenvalues
scale exponentially with N .

Another bound can be calculated for the convergence error
under a specific encoding. First, we notice that the conver-
gence error in Eq. (16) can be bounded by

Fθ (∞) − Fθ (X ) � 2
∑
i, j �=i

|Ai j |2(
i + 
 j )e
−(
i+
 j )X , (B3)

where we used that for nonnegative eigenvalues |
i − 
 j | �
|
i + 
 j | and the function of eigenvalues can be bounded as

(
i + 
 j )e
−(
i+
 j )X � min[(eX )−1, e−λminX ], (B4)

where the first is an upper bound of the function f (x) =
xe−xX � (eX )−1 and the second uses the slower rate (λi +
λ j )e−(λi+λ j )X � e−λminX , where λmin = mini, j �=0[λi + λ j] and
we used that λi + λ j � 1. Finally, we write the bound on the
QFI error as follows:

dFθ (X ) � 2 min[(eX )−1, e−λminX ] ·
∑
i, j �=i

|Ai j |2. (B5)

We can additionally use
∑

i, j �=i |Ai j |2 � tr(A2) to make the
formula independent of the ρθ eigenbasis. A disadvantage of
using tr(A2) is the fact that it typically scales badly with the
system size, for example, for A = ∑N

j=1 σ z
j we have tr(A2) =

2N N , where N is the system size. This problem can be reduced
by returning to the bound in Eq. (B5) which is tighter but
also harder to compute. Importantly, the upper bound for the
worst-case scenario predicts that the error converges inversely
proportional to the integration cutoff X or converges exponen-
tially with the slowest decay rate λminX .

APPENDIX C: LOW-TEMPERATURE APPROXIMATION

In the low-temperature limit, the state can be approximated
by the ground state and the first excited state. The approxima-
tion works well for the thermal states when β� 	 1, where
� is the energy gap. We develop the approximation for a low
population of the excited state p 
 1. In the derivation, we

052454-9



WÓJTOWICZ, HUELGA, RAMS, AND PLENIO PHYSICAL REVIEW A 112, 052454 (2025)

assume that the population vector of the eigenstates is

�λ =
[

1 − p

m
, . . . ,

1 − p

m
,

p

n
, . . . ,

p

n
, 0, . . . , 0

]
, (C1)

where a population of the ground state is 1 − p and it is m-fold
degenerate and p is a population of the excited level and it is
n-fold degenerate.

The convergence error in Eq. (15) for the approximation
reads

εθ (X ) = 1

Fθ (∞)
2

(
c1

1 − p

m
e− 1−p

m X + c2
p

n
e− p

n X

+ c3

( 1−p
m − p

n

)2

1−p
m + p

n

e−( 1−p
m + p

n )X

)
, (C2)

where the constants

c1 = 2
∑

m̄:λm̄=(1−p)/m

∑
j:λ j=0

|Ai j |2,

c2 = 2
∑

n̄:λn̄=p/n

∑
j:λ j=0

|Ai j |2,

c3 = 2
∑

m̄:λm̄=(1−p)/m

∑
n̄:λn̄=p/n

|Ai j |2,

which are the sums of elements of the encoding operator. We
upper bound the expression by noticing that (x−y)2

x+y e−(x+y)X �
|x − y|e−|x−y|X where we have |x − y| > 0 and obtain the
expression

εθ (X ) � 1

Fθ (∞)
2

(
c1

1 − p

m
e− 1−p

m X + c2
p

n
e− p

n X

+ c3

m

∣∣∣∣1 − p
m + n

n

∣∣∣∣e−|1−p m+n
n |X/m

)
. (C3)

In the next step, we apply the small p limit by assuming
that p 
 n/(m + n) which is still a useful limit when the GS
degeneracy m is moderate in comparison to ES degeneracy n.
In this regime, the bound reads

εθ (X ) � 1

Fθ (∞)
2

(
c1 + c3

m
e−X/m + p

c2

n
e− p

n X

)
. (C4)

Finally, we linearize the formula by noticing that p e−pX/n � p
for small p

εθ (X ) � 1

Fθ (∞)
2

(
c1 + c3

m
e−X/m + p

c2

n

)
. (C5)

In order to make a connection between the convergence
error and the entropy, we use the relation

∑
j

λ j (1 − λ j ) � S(�λ)/(2 log 2), (C6)

where S(�λ) is von Neumann entropy. See also Ref. [67]. The
bound is a good approximation for low entropy states. The
left-hand side of the relation in Eq. (C6) reads

∑
j

λ j (1 − λ j ) = m
1 − p

m

(
1 − 1 − p

m

)
+ n

p

n

(
1 − p

n

)
,

(C7)

which reduces to
∑

j

λ j (1 − λ j ) ≈ m − 1

m
+ 2

m
p, (C8)

when we used that p 
 n/(m + n) which is consistent with
the derivation of the convergence error so far. Plugging it into
the relation in Eq. (C6) we obtain

p � S(�λ)
m

4 log 2
− m − 1

2
. (C9)

In the end, we write the bound on the convergence error
in Eq. (C10) by using Eq. (C9) and the approximate QFI
Fθ (∞) � 2( c1+c3

m ) where we additionally dropped the term
proportional to c2. Using the approximation, we obtain the
bound

εθ (X ) � e−X/m + c

2

m

n

(
S(�λ)

m

2 log 2
− m + 1

)
, (C10)

where c = c2
c1+c3

. For nondegenerate spectrum m = n = 1
reads

εθ (X ) � e−X + c

2 log 4
S(�λ). (C11)

The comparison of numerical data and the bounds derived in
this appendix is presented in Fig. 3.

APPENDIX D: ESTIMATE CONVERGENCE
FROM THE SPECTRUM

The convergence error of the QFI integrand in Eq. (16)
is generally difficult to estimate. Simple bounds have been
presented in Sec. IV; these, however, are not always useful
or are limited to specific cases. In this appendix we discuss
the estimate of the convergence error based on a partial infor-
mation about the eigenspectrum of the density matrix. Partial
information about the spectrum can be obtained numerically
for the state using standard Krylov methods where we find the
first few dominant eigenvalues.

We assume that the spectrum of the density matrix is split
into 
, which is a set of known eigenvalues, and 
̃, such that
∀i, j : 
i � 
̃ j , which is a complement to the known set.
We note that the error function can be divided into three terms

dFθ (
,
) + 2dFθ (
, 
̃) + dFθ (
̃, 
̃), (D1)

where

dFθ ( �p, �q) = 2
∑
i∈�p

∑
j∈�q

|Ai j |2(pi − q j )2

pi + q j
e−(pi+q j )X . (D2)

The contribution of the known set, that is, dFθ (
,
), can
be calculated explicitly using the eigenvalues and eigenstates
that we have. On the other hand, the remaining terms include
the contribution of the unknown set 
̃ and cannot be com-
puted. We notice that although these take smaller amplitudes
of eigenvalues, they can be meaningful due to number of
summed terms. In particular, the term dFθ (
, 
̃) sums over
n
n
̃ elements and dFθ (
̃, 
̃) sums over n
̃n
̃ elements,
where n
 = dim 
 and n
̃ = dim 
̃.

If we know only a few dominant eigenpairs of the den-
sity matrix, i.e., n
 is small, the contribution dFθ (
̃, 
̃)
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accumulate the majority of terms. To simplify the unknown
contribution we invoke the bound

dFθ ( �p, �q) � 2
∑
i∈�p

∑
j∈�q\ �p

|Ai j |2(pi + q j )e
−(pi+q j )X , (D3)

where we used |pi − p j | � |pi + p j | for real numbers and
diagonal elements are excluded from the sum, i.e., for �p = �q
we omit i = j elements. We notice that the error in Eq. (D3)
is Shur concave [69,70] when pi + q j � 1/X . We use this
property to bound dFθ (
̃, 
̃) under the assumption that

X � 1

2
min
, (D4)

which coincides with the regime where dFθ (
,
) is still
relevant (the slowest decay rate is 1/2
min. The bound on the
error contribution reads

dFθ (
̃, 
̃) � 4c
̃ p
̃(n
̃ − 1)e−2p
̃X/n
̃ , (D5)

where c
̃ = maxi∈
̃, j∈
̃ |Ai j |2 and p
̃ = tr[
̃] = 1 − tr[
] is
a sum of unknown elements and we used the flat distribution
with each element being p
̃/n
̃. The formula in Eq. (D5)
indicates that the error of neglected terms increases with the
population of the unknown set p
̃ and the dimension n
̃ over
which it is distributed.

The remaining error term mixing contributions 
 and 
̃

can be estimated by the following formula:

dFθ (
, 
̃) � 2
∑
i∈


∑
j∈
̃

|Ai j |2(
i + 
min)e−
iX , (D6)

where we used e−(
i+
̃ j )X � e−
iX and 
i + 
̃ j � 
i +

min.

Finally, it is important to highlight that the bound we es-
tablish relies on the constants proportional to Ai j that require
prior knowledge of the eigenvectors of the density matrix for
their computation. Consequently, when only a fixed set 


and its associated eigenvectors are available, the bounds only
provide information about the functional scaling of the QFI
error, rather than giving explicit error values.

APPENDIX E: UNITARY ENCODING

In the main text, we introduced two possible implemen-
tations for unitary encoding: the standard SLD integration in
Sec. III and integration of the encoding operator in Sec. VI C.
These two approaches offer different strategies for handling
the encoding process.

The encoding integration in Sec. VI C has a benefit of
evolving the operator A directly, which typically has smaller
bond dimension than ρ̇θ operator. However, it is important to
remember that calculating the QFI for the operator is costly
and requires a contraction Fθ (X ) = 2 tr([A, ρθ ] [Kθ (X ), ρθ ]),
which required a contraction involving a product between four
MPO operators. For this reason, it is discouraged operation.
The approach can still be useful for obtaining the SLD opera-
tor when the QFI is not evaluated often.

The compression of the MPO operators is necessary to con-
trol the computational cost. In Fig. 6 we see nontrivial impact
of truncation for the QFI integrand. In the figure the approach
based on Aθ (x) integrand gives larger error than standard

FIG. 6. Errors of integration schemes. Comparison of the two
implementations for the unitary encoding. The panels show (a) the
QFI integrand and (b) the smallest Schmidt value for the integrand.
Data are complementary to Fig. 4 and are obtained for the QFI
integrand F̄θ (x) = 2tr[ρ̇θBθ (x)] where the Bθ (x) as in Sec. III (solid)
or Sec. VI C (dashed). Despite the error for Aθ -based integration, its
error on the QFI integral is 0.48% of the Fθ (50) value.

Bθ (x) [see Fig. 6(a)], despite truncating only the low Schmidt
values [see Fig. 6(b)]. A possible explanation of such behavior
is the property of the compression. The MPO compression
scheme is optimal with respect to the operator 2-norm but may
not be optimal for more complicated observables. Therefore,
for the QFI integrand F̄θ (x) = ||Bθ (x/2)||22 the truncation of
Bθ (x/2) is optimal for F̄θ (x). For the approach based on op-
erator A(x) it is not the case. The situation may be similar for
F̄θ (x) = 2tr[ρ̇θBθ (x)] as observed in Fig. 6. This observation
suggest caution when proceeding with the integration scheme
in Sec. VI C.

APPENDIX F: COST OF TENSOR NETWORK
IMPLEMENTATION

The integration method is based on the TDVP update

�(x + �x) = e−ρθ �x�(x)e−ρθ �x, (F1)

where �(x) is Bθ (x) = e−ρθ xρ̇θe−ρθ x in standard version in
Sec. III or Aθ (x) = e−ρθ xAe−ρθ x for integration of the encod-
ing in Sec. VI C. In this paper we used the implementation
in the YASTN package [33,34] where the integrand can be
propagated by the sum of bra and ket operators. It allows one
to propagate the integrand without explicitly constructing the
propagator ρθ ⊗ 1 + 1 ⊗ ρT

θ generating the exponent acting
on bra and ket dimensions together.

The cost of a single update in Eq. (F1) scales as
O(d2D2

�Dρθ
max[dDρθ

, D�]) which is O([D2
�, D3

�]) in terms
of the � bond dimension, and O([D2

ρθ
, Dρθ

]) in terms of the ρθ
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FIG. 7. Dynamical compression. Comparison of the compu-
tational time for two scenarios: a fixed truncation threshold of
SVtol. = 10−9 (solid) and a dynamic compression approach where
SVtol.(x) = 10−9 F̄θ (0)

F̄θ (x)
(dashed). The dynamic compression method

employs more aggressive truncation when the integrand amplitude
is low, thereby reducing computational costs. Data obtained for
N = 16, g = 2J , β = 4J−1, bond dimensions Dρθ

� 32, DBθ
� 64,

and integration step �x = 0.1. Computer time obtained for four CPU
cores.

bond dimension (D� < dDρθ
for the former and D� > dDρθ

for the latter). Notice that the integration scheme is inde-
pendent of the SLD bond dimension. The SLD is calculated
during the integration, and there the cost is related to MPO-
MPO addition between the Lθ and the full SLD integrand
Bθ (x). During the addition, the bond dimension can increase
at most to DLθ

(X ) + DBθ
(X ). To ensure a fast reduction of

the SLD bond dimension after the update, we can use proba-
bilistic low-rank factorization [71,72] which is useful for large
dimensionality reduction.

The bond dimension of the integrand is also controlled by
MPO compression. Motivated by the decay of the integral, we
suggest an alternative truncation scheme in which the trunca-
tion cutoff is proportional to the amplitude of the integrand.
Using this strategy, we apply stronger truncation when the
amplitude drops down significantly. By allowing for more
aggressive truncation, we can focus computational resources
on the most significant parts of the integrand. We choose
the truncation cutoff to be relative to the initial integrand
amplitude so that the truncation cutoff

SVtol.(x) = ε̃θ |Bθ (0)|/|Bθ (x/2)|, (F2)

where ε̃θ is a control parameter and SVtol.(x) is now time
dependent. Figure 7 illustrates the variations in computational
cost between the static and dynamic compression schemes.
The implementation of an adaptive truncation cutoff demon-
strates a substantial reduction in computational expenses. The
change in plot monotonicity in Fig. 7 coincides with a change
in the dominant contribution to the SLD integrand.

APPENDIX G: VARIATIONAL APPROACH

The variational method introduced in Ref. [29,73] relies on
the QFI figure of merit

Fθ = 2 tr[ρ̇θLθ ] − tr[ρθLθ
2], (G1)

where Lθ is the symmetric logarithmic derivative, ρθ is the
state density matrix and ρ̇θ is the state derivative. The defi-

nition of QFI in Eq. (G1) is general and exactly equivalent
to the expression in Eq. (3). In the variational approach, we
search for the extremum of the QFI in Eq. (G1) over the Lθ op-
erators. Notice that the extremum, 0 = 2ρ̇θ − Lθρθ − ρθLθ ,
corresponds to the SLD definition in Eq. (4) which ensures
that we get a correct solution.

In the numerical implementation of the variation proce-
dure, we perform local optimizations of the SLD operator.
An update of the SLD tensor of the MPO representa-
tion translates to a linear problem of the form Ax =
b where A derives from an effective operator calculated
for the term tr[ρθLθ

2] and b from an effective opera-
tor of 2 tr[ρ̇θLθ ]. The cost of calculating the A and b
operators scales as O(d2D2

Lθ
Dρθ

max[dDρθ
, DLθ

]) for the
first term and O(d2DLθ

Dρ̇θ
max[Dρ̇θ

, DLθ
]) for the sec-

ond term. The combined scaling of the contraction is
O(d2DLθ

max[dD2
ρθ

DLθ
, Dρθ

D2
Lθ

, D2
ρ̇θ

, Dρ̇θ
DLθ

]). For local
encoding, i.e., encoding operator A is a sum of local op-
erators, thus the bond dimension is DA = 2, and we can
assume that Dρ̇θ

� 4Dρθ
, which translates to the scaling

O(d2D2
Lθ

Dρθ
max[dDρθ

, DLθ
]) assuming that DLθ

� 16. In
conclusion, the cost scales O([D2

Lθ
, D3

Lθ
]) in the Lθ bond

dimension and O([D2
ρθ

, Dρθ
]) in the bond dimension of ρθ

(DLθ
< dDρθ

for the former and DLθ
> dDρθ

for the latter).
The linear problem for local update can be solved with

the Moore-Penrose pseudoinverse. While other approaches
exit, the pseudoinverse has a benefit of controlling singular
values that can be truncated from the solution which stabilizes
the solution. In the original implementation in Ref. [30], the
cost of pseudoinverse scales as O(d6D6

Lθ
), which is cubic

with d2D2
Lθ

. This makes up a significant contribution to the
computational cost with increasing bond dimension of the
SLD operator. Additionally, the original implementation does
not allow dynamical updates to the variational method, may
have a problem with stability due to the numerical inverse,
the current approach does not maintain the canonical form
of the MPO, resulting in a less compact MPO representa-
tion, and cannot perform local updates on the MPO ansatz,
necessitating a complete restart of the simulation whenever
modifications to the SLD ansatz are required.

The scaling can be greatly improved by exploiting the
Krylov methods. There the pseudoinverse can be solved on
an auxiliary problem defined in the Krylov basis. There we
construct the auxiliary problem defined in the basis of Krylov
vectors. The pseudoinverse if calculated on the level of re-
duced problem which has much smaller dimension that the
full problem. The main cost of the Krylov expansion was
reduced to iterative application of the effective operator A to
expand the Krylov basis as explained earlier in the text. The
Krylov approach to the variational method was implemented
in the TN4QM [57] repository and can be accessed by the
reader. The comparison of the numerical cost of a single
update is presented in Fig. 5.

APPENDIX H: ADAPTIVE INTEGRATION STEP

Numerical integration with a fixed integration step leads to
a numerical error that depends on the functional form of the
integral. In particular, it may introduce a large error when the
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FIG. 8. Adaptive integration step. (a) A comparison between
the integration with a fixed step �x = 0.1 (blue) and the adaptive
scheme with tol = 0.1 (red) and tol = 0.01 (green). The bound
on the integration error for the fixed integration step in Eq. (H3)
is primarily accumulated in the beginning of simulation where the
integrand decays quickly (dashed blue line and shaded area). (b) Nu-
merical cost of the simulation measured by the computational time.
For the adaptive scheme, necessity to make smaller steps when the
integrand changes quickly may increase the computational cost. Data
obtained for N = 16, g = 2J , β = 4J−1, bond dimensions Dρθ

� 32
and DBθ

� 64. Computer time obtained for four CPU cores.

decay rate is faster than the step, on the other hand, it may be
unnecessarily small for a slowly varying integrand. To control
the integration error, we develop an adaptive scheme in which
the step size is dynamically adjusted based on the QFI inte-
grand. By setting an appropriate tolerance parameter for this
adaptive method, we can effectively maintain the integration
error below a specified threshold.

In the procedure, we choose a discrete step �x such that
the following condition is met

F̄θ (x) − F̄θ (x + �x)

F̄θ (x + �x)
� tol , (H1)

where tol is the tolerance parameter for the adaptive scheme.
For the quadrature rule, the error of a single integration step is

e(x, x + �x) =
∫ x+�x

x
dx′F̄θ (x′) − �x jF̄θ (x + �x), (H2)

where Fθ
num(X ) = ∑

j �x jF̄θ (x + �x) is the numerical ap-
proximation of the integral at X and

∑
j �x j = X . The choice

of quadrature rule is such that the numerical approximation
gives a lower bound on the exact QFI. We do so to avoid
overestimating the ultimate precision in Eq. (6). The error of
the discrete approximation is

0 � e(x, x + �x) � 1
2�x j tol F̄θ (x + �x), (H3)

where we used F̄θ (x) − F̄θ (x + �x) � tol F̄θ (x + �x) from
the condition in Eq. (H1). Summing the errors in all steps up
to the cutoff point X we obtain the integrated error

E (X ) =
∑

j

e(x j, x j + �x j ) � tol

2
Fθ

num(X ), (H4)

where the total error on the QFI is E (X ) = Fθ (X ) −
Fθ

num(X ). Notice that in this case Fθ
num(X ) < Fθ (X ). The

error can be related to the relative error in Eq. (15)

εθ tol (X ) � tol

2

Fθ
num(X )

Fθ (∞)
, (H5)

which for Fθ
num(X ) � Fθ (∞) reduces to a less tight bound

εθ tol (X ) � tol
2 . Similar consideration can be made for the

trapezoid rule, and the error is the same but an opposite sign.
Figure 8 illustrates a comparison between the integration

with a fixed integration step and the adaptive approach. The
adaptive approach allows to control the integration error, how-
ever, it may require a larger number of steps in regions where
the function exhibits rapid changes. This trade-off between
accuracy and computational efficiency is a key consideration
when using the adaptive method.
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[61] A. Smirne, J. Kołodyński, S. F. Huelga, and R. Demkowicz-
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