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When the dynamics of a quantum system of interest is known, an informationally complete set of observables
is not needed for state reconstruction via tomographic techniques: letting the system evolve before performing
the measurement allows one to effectively extend the available ways to probe the system. This idea leads

to dynamical quantum tomography, whose feasibility we characterize for general quantum dynamics using
Krylov-based methods. Specializing in Markovian ones, we also provide deterministic tests and randomized
ones to effectively assess parametric dynamics. The limits of the methods are explored by comparing unitary
and open dynamics when a single observable is available, and the set of observables whose expectation can be

reconstructed from the available ones characterized. The framework is illustrated with applications to a spin
chain (with or without dissipation) and an electron-nuclear system.
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I. INTRODUCTION

Reconstructing unknown properties and states of quantum
systems via repeated measurements, tomographic protocols,
and statistical methods are arguably among the most fun-
damental and crucial tasks in every quantum information
experimental setup [1-3]. To be able to fully reconstruct a
state, typically an informationally complete set of observables
is assumed to be available experimentally. However, for large
systems, i.e., a multipartite system comprising a large number
of identical components, the number of observables increases
prohibitively.

One way to reduce the need for experimental resources
is provided by pre-existing or engineered dynamics on the
system: in the Heisenberg picture, if we let the available
observables evolve, they can potentially provide data on new
parts of the system’s state space. In practice, the quantum sys-
tem is subjected to a known time evolution for a certain period
of time, after which a measurement of a chosen observable
is performed. This procedure may be repeated for multiple
periods of time and with different observables. The use of dy-
namics to enhance the possibility of tomographic protocol has
been named dynamical quantum (state) tomography (DQST)
in Ref. [4], where the first systematic study of feasibility has
been presented.

State of the art. While the literature on standard quantum
tomography is enormous, the contributions that focus on dy-
namical tomography are only a few, and we quickly review
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them in the following. In the first work [4], it is shown that, for
almost all discrete-time unitary evolutions, almost all positive-
operator valued measurements (POVM) with d + 1 outcomes,
defined in a d-dimensional Hilbert space, are sufficient to
reconstruct the quantum state via DQST. When we allow
for general discrete-time evolutions for the quantum system,
POVMs with only two outcomes may suffice for the state
reconstruction. We highlight that in their work, the authors
also provide bounds on the number of required measurements
for DQST when prior knowledge about the state is available.

In Ref. [5], the authors show that when d > 2 reconstruc-
tion of every state is not possible from measurements of a
single observable evolving in discrete-time under repeated ap-
plications of unitary maps. A state estimation protocol based
on continuous weak measurements of the time series of op-
erators generated by the evolution of the latter observable is
discussed.! Furthermore, numerical results show how it is still
possible to reconstruct both pure and mixed states with high
fidelity. The latter possibility is related to the existence of pos-
itivity constraints imposed by the set of physically admissible
quantum states.

In Ref. [6], both tomography of states and observables are
considered. By exploiting different tools with respect to the
previously mentioned work, the authors find the same no-go
result of Ref. [5]. Furthermore, both the cases of discrete-time
and continuous-time general Markovian dynamics are consid-
ered, and it is proven that for almost all possible dynamics
DQST from a single given observable is feasible.

Recently, a connection between DQST and observabil-
ity analysis in control theory was established [7,8]. In Ref.
[8], the authors consider closed quantum systems undergoing
known discrete-time unitary dynamics. The no-go result of
Ref. [5] was proven using well-known tools from systems and

Note that this protocol does not exactly coincide with the dynam-
ical tomography protocol discussed above.
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control theory [9]. Furthermore, a DQST protocol to estimate
the state of the system from measurement data is proposed.

The tomography problem, i.e., state reconstruction from
observable averages, is connected—and can be seen in fact as
a generalization—of the so-called quantum marginal problem,
where the available data are the state marginals with respect to
a given multipartite and locality structure [10—14]. Dynamical
tomography can be used in that setting as well, in general
extending the set of states that are uniquely reconstructable
given their marginals. A preliminary set of results in this
sense has been presented in Ref. [7], where the notion of
states that are uniquely dynamically determined among all
(UDDA) states has been introduced: these are states that can
be uniquely reconstructed from a set of available measure-
ments performed on identical preparations of such a state, also
allowing for arbitrary-time evolution with a known (closed
or open) dynamical model. Observability analysis in control
theory is exploited to assess when all states are UDDA, and to
provide a reconstruction protocol via linear inversion.

Contribution of this work. In this work, we outline a general
framework for DQST, from feasibility analysis to practical
methods to select the observables and the evolution times.
In doing so, we highlight the role and use the tools of ob-
servability analysis in system theory [9], a Krylov-subspace
approach that provides all the tools needed to assess whether
reconstruction problems for quantum systems are solvable.

More in detail, this work does the following:

(1) In Sec. II, we formalize the connection between the
feasibility of DQST for a system, the requirement that every
state of a system be UDDA, and the concept of an observable
system in the sense of linear system theory [9]. We prove that
these three conditions are indeed equivalent. The needed tools
are recalled in Appendix A 2. In the literature, similar results
were provided only for the cases of Markovian dynamics,
while the conditions we give for feasibility of DQST hold for
general completely positive, trace-preserving (CPTP) evolu-
tions. Later, we specialize the results to time-homogeneous
Markovian dynamics, whose additional structure can be ex-
ploited to further simplify the test for feasability of DQST.

(2) For parametric Markovian dynamics, we show in
Sec. IV F that the feasibility of DQST is generic if it holds for
at least one parameter set. This allows one to sample dynamics
with random parameters for testing a system, or looking to
find the largest set of reconstructable observables.

(3) We revisit the feasibility analysis when the dynamics
is unitary, providing a lower bound for the minimal number of
observables needed for DQST given Hamiltonian dynamics in
multipartite systems, as well as showing that a generic unitary
dynamics is sufficient to ensure DQST when the lower bounds
are met. Furthermore, we show that a class of dissipative
Lindblad dynamics is able to ensure DQST from a single
observable for networks of qubits. While it has been shown
using different, more abstract methods that generic open dy-
namics suffice [6], our analysis exploits properties of the Pauli
basis and shows that generic, purely dissipative generators are
sufficient. The full proof, being a rather technical detour, is
presented in Appendix A 3.

(4) We propose a protocol to select the observables
and times involved in the data-acquisition phase necessary
for the state reconstruction. To this aim, in Sec. VIB we

outline a heuristic procedure that addresses this problem and
selects a minimum-cardinality set of observables, together
with times (among the available ones) at which measurement
should be performed on the system. The obtained sequence
aims to maximize the signal-to-noise ratio of the measure-
ments and the quality of the estimate by selecting observables
that become the “most orthogonal” to the already selected
ones. Albeit suboptimal, the proposed procedure significantly
reduces the computational burden by introducing iterative
selection, rather than exploring all possible observable se-
quences, and represents the first attempt to address a problem
that was left open in the literature.

(5) We introduce and analyze an additional, related prob-
lem: predicting expectation of target observables that cannot
be directly measured on the system. Section V is devoted
to introducing the problem and showing that this problem is
solvable, without necessarily reconstructing the full state of
the system, provided the target observables belong to specific
operator subspaces. We highlight again how the tools of ob-
servability analysis are key in deriving the solution.

(6) Lastly, we consider multipartite quantum systems, spe-
cializing some results to this case and providing some useful
bounds on the minimal number of observables needed to ob-
tain DQST for many-body Hamiltonian systems in Sec. IVE,
and insight on the structure of observable dynamics. Fur-
thermore, we show how the proposed observability-based
framework can be effectively used in some relevant examples
to estimate the state of the system and observable expec-
tations: we consider a spin chain with different type of
Hamiltonian and dissipative dynamics and a bipartite sys-
tem that emerges in the modeling of nitrogen-vacancy (NV)
centers in diamonds. In particular, we are able to prove that
the state of networks of four or more qubits is never re-
constructable from single-site observables with Hamiltonian
dynamics, while in principle bipartite quantum systems are,
when one considers local measurements on each subsystem
and a generic Hamiltonian.

These findings highlight the beneficial role of dissipation
for DQST, because it can allow for multiqubit DQST from
single-site measurements, and even a single measurement,
whereas a Hamiltonian cannot.

II. A DYNAMICAL APPROACH TO QUANTUM
STATE TOMOGRAPHY

A. Notations and basic assumptions

In this paper, we only consider finite-dimensional quantum
systems, hence we focus on finite-dimensional Hilbert spaces
H ~ C?. In the following, the symbols B(H), $H(#), and
$o(H) denote the space of (bounded) linear operators acting
on H, the subspace of Hermitian operators, the subspace of
Hermitian traceless operators, respectively.

The state of the system is associated with a density operator
pinD(H) ={p e BH)p=p">0,tr(p) = 1}. In most of
this work, we assume that it is a priori unknown, and that
we have access to an experimental setup that provides us
with only partial information about the system’s state. More
specifically, we consider being able to perform measurements
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of a set of Hermitian observables X = {X;}'_, on identical
copies of a system prepared in an unknown state p.

Each observable can be decomposed as X; = ), a; Iy,
where {I1;} is the associated spectral family of orthogonal
projectors. {«;} are the possible outcomes of the measure-
ment of the ith observable on the system, and the quantity
pr = tr(Ig p) represents the probability of obtaining the kth
outcome of the measurement. The expectation value of the
observable X; € X will be labeled as

yvi =L, (X)) = tr(Xip).

The expectation values can be reconstructed via empirical
averages of repeated experiments on identical preparations
(see Appendix A 1 for details).

In this work, we always consider the identity operator
Xo =1 to belong to &’: note that including the identity op-
erator in the set of available observables X’ is a technical
and not restrictive assumption because measuring the identity
is effectively equivalent to saying that some measurement
result has been obtained from the system. Furthermore, we
assume X to be a set of linearly independent operators, so
that | X| = dim(span{X’}).

B. Dynamical quantum state tomography

One of the key tasks in quantum information technologies
is the state reconstruction of a system of interest, also known
as tomography:

Problem 1 (tomography). Assuming to be able to prepare
a quantum system in a given and unknown state p and to
perform single-shot measurements of a set of observables
X C H(H), uniquely reconstruct p from the measurement
data.

If no prior information or resources, in addition to the
possibility of measuring the observables in X, are available,
it is possible to uniquely determine the state of the system
from multiple measurements performed on it if and only if
X is informationally complete, that is V p;, po € D(H) s.t.
p1 # p2, then 3X; € X sit. B, (X;) # E,,(X;). In particular,
the set X’ is informationally complete if it generates B(H).
The problem is then solved by estimating the expectation val-
ues y; = £,(X;) of a linearly independent set of the measured
operators X; € X as described in the previous section, and by
linear inversion or a variational method (maximum likelihood,
minimum relative entropy, etc.) [2,15,16]. For this reason,
from now on, we focus on the expectations y; rather than the
single-shot measurement data.

However, an informationally complete set of observables is
not necessary if we can exploit its dynamics. In this work, we
assume to have perfect knowledge of the quantum dynamics
of the system, which we assume to be the same because each
of the latter is prepared in the state p. If the dynamics is non-
trivial, measuring multiple times an observable X; € X" after
some given time ¢ and computing the average corresponds
effectively to obtaining the average of the time-evolved ob-
servable in the Heisenberg picture.

A general, physically admissible evolution of operators is
associated with a set of completely positive (CP) and unital
maps {®,};,e7 [17], where 7 C R is the set of accessible
times for measurements, which may be either continuous or

discrete. A map &, is unital if ®,(1) = 1. By the Kraus—
Stinespring theorem [17], requiring @, is CP is equivalent
to requiring it admits an operator sum representation, i.e.,
D,()=> ;M- Mt": +- Moreover, the expected values evolve
in time with the corresponding measurement operator, leading
to the coupled equations

Xl = &,(X),
T = Vi (1)
yilt] = E, (Xl11),

The introduction of the dynamics leads to the following
alternative version of Problem 1 [4].

Problem 2 (dynamical quantum state tomography).
Assuming to be able to prepare a quantum system in a
given and unknown state p, and to perform measurements of
a set of observables X’ at any chosen time ¢ € 7, uniquely
reconstruct the initial state of the system p( from the estimated
Yi-

Since the state of the system is unknown, the expectation
values of the observables at any time cannot be computed
directly. The estimate ¥;[¢] of y;[#] can be found as described
in Appendix A 1 by repeated experiments and empirical aver-
ages. In particular, we let the system evolve until time ¢ € T,
perform the measurement of X;, collect the outcome, and
repeat the experiment.

This problem is particularly interesting in experimental
setups where the goal is to infer information about the state
in which the system is prepared, but we do not have access to
a full set of observables. In the next sections, we discuss the
necessary and sufficient conditions on X and the dynamical
generator in order to solve Problem 2.

III. WHEN IS DQST POSSIBLE?

A. General dynamics

In the setup considered in this paper, we have access only to
expected values of observables in X" at sequences of times ¢ €
T. Therefore, a very intuitive necessary condition that ensures
DQST is possible for every state in D(H) is that distinct states
yield distinct trajectories of expectations. Following Ref. [7],
we introduce the following definition.

Definition 1 (UDDA states). A state p € D(H) is uniquely
dynamically determined among all states (UDDA) if there
does not exist any other state 0 € D(H) such that E,(X;[¢]) =
E,(Xilt)VteT, VX e X.

In the remainder of this section, we show that the require-
ment of every state being UDDA is not only necessary for the
reconstruction of (every) quantum state, but also sufficient.
We prove so by employing a well-known tool from system
and control theory: observability analysis.

To characterize the conditions for the feasibility of DQST,
we can equivalently study the set of states that are nor UDDA.
In particular, two states p, o € D(H) are dynamically indis-
tinguishable (not UDDA) if and only if

B[P (X)] — Eo [P (X)] = Ep—o [P (X))] = 0

VX, e X, Vt €T, where we exploited the linearity of
the expectation. This is equivalent to requiring X; €
ker E, - [®;()]IVXie X, VteT.
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Therefore, every state is UDDA if and only if the indis-
tinguishability condition is not satisfied for any couple of
states p, 0 € D(H). By leveraging indistinguishability, we
introduce the following subspaces [9].

Definition 2 (nonobservable and observable subspaces).
The nonobservable subspace for the system X is

N :={ZeBH)| E[®,X)=0VteT, VX; € X}.

The observable subspace is the orthogonal complement to N
in B(#H), with respect to the standard Hilbert-Schmidt inner
product:

O =N+ =span{®,(X;), VX, € X, Vi e T}

It is possible to notice that a state p € D(H) is UDDA
if no other state shares the same trajectories of expectations
and, therefore, the projection of p onto N is trivial (i.e.,
[Tyrp = 0). Moreover, we highlight A is a subspace of trace-
less Hermitian operators [i.e., N C $o(#H)]. This follows
from the fact that the identity operator I always belongs to
the set of available measurement operators X and therefore to
the observable subspace A’ = O: the inner product tr[Z'1]
must be equal to 0V Z € .

The main definition we exploit in the remainder of the
analysis is the following:

Definition 3. The system X is said to be observable if O =
B(H) (and therefore N = {0}).

The following proposition connects observability with the
requirement of every state being UDDA.

Proposition 1. Every state p € D(H) is UDDA if and only
if the system X is observable.

Proof. We begin by proving that observability is a
necessary condition for every state to be UDDA. By con-
tradiction, assume the system is not observable. Given
a full-rank state p, it is always possible to find Z €
N such that Z #0,tr[Z] =0, and € >0 so that p =
p +€Z is a state. This implies E5[P,(X;)] = E,[P,(X;)] +
bz [P, (X)] = E,[®/(X)]VX; € X, t € T, therefore p and
p are dynamically indistinguishable and p cannot be UDDA.

We now prove sufficiency. By contradiction, suppose
the system is observable, and there exist two indistin-
guishable states p, 0 € D(H), p # 0. Let Z = p — o, then
ZeB(H), Z#0 and Ez[®,(X)]=0V X, € X, VreT.
Therefore N # {0}, and the system is not observable, leading
to a contradiction. ]

Next, we highlight how observability is the essential prop-
erty that ensures the feasibility of DQST for every state in
D(H).

B. Linear matrix representation via vectorization

We first introduce an alternative representation of the sys-
tem ¥ in (1). A matrix B € C?*¢ can be associated with
a vector b e C4’ by a linear transformation (vectorization)
b = vec(B) that stacks the columns of B one below the other
so that b(j—l)d+i = Bij A4 i,j€ {0,...,d —1}.

The key properties of this linear transformation are the
following [18]: let A, B, C € C?*?, then

(1) vec(ABC) = (CT ® A)vec(B);

(2) tr(ATB) = vec(A) vec(B).

Let x; = vec(X;), x;[t] = vec(X;[t]), ro = vec(pg). We then
have, exploiting P.1, P.2,

vec[®,(X)] = Y (M{ )" ® My, x; = dxi,  (2a)
k

vec(E, (Xi[1])) = vec(poXilt]) = rjxilt] = xi[t]'ro. (2b)

Furthermore, in the rest of the paper, we denote with vec (1)
the inverse of the map vec(-), i.e., vec™! (vec(B)) = B for all
B e C%x4,

Thanks to the previous facts, we obtain an alternative rep-
resentation of system X in (1):

. {Xi[l] = d,x;, Vi
U il = rgxle] = X1l
This new representation enables us to formulate simple linear-
algebraic conditions for observability as follows:

Let R = {Xl'1 [t], .. .Xiq[tq]}, with {X,'l, .. ~Xiq} C X and
{ti,...t,} ST, be a subset of all evolved observables. The
vector yr whose entries are the expectations (outputs of the
system) of observables in R can be found by considering a

matrix Or whose rows are the conjugate transpose of the
vectorized observables as

+
xi1 [tl ]

3)

YR = ro = OR rp. €]

X! 11g]

lg

Lemma 1. A quantum system is observable if and only
if there exists a set of evolved observables R for which
rank(Og) = d>.

Proof. The rows of O are given by the conjugate trans-
pose vectorization of observables in R. These observables
are linearly independent [and their span is equal to B(H)] if
and only if the corresponding vectorizations are. Therefore
Og has d? linearly independent rows [and therefore rank
(Or) = d?] if and only if there exists a set R of cardi-
nality d” such that span R = O = B(H), i.e., the system is
observable. ]

Notice that the matrix Ox satisfying the above lemma in
general is not unique. In the proof of the previous proposition,
we discussed how rank(Ox) = d? if and only if the observ-
ables in R are generators of the observable subspace O. The
choice of generators of O in general is not unique.

By exploiting the previous results, we now establish a
connection between the feasibility of DQST and observability.

Proposition 2. DQST is feasible for every state py € D(H)
if and only if the system X is observable. The vectorized state
is obtained as

ro = (0, 0%)' Ok yx, (5)

and the state can be retrieved as pg = vec™!(r9).

Proof. We first show that observability implies DQST is
feasible for every state. In view of the previous lemma,
if the system is observable rank(Or) = d? and therefore
ker(Or) = {0}. This implies that if ygr and O are known
exactly, then the system of equations (4) admits a unique
solution rg. It is then possible to premultiply both sides of
equation (4) by O,

Olyr = O, Oxry. (6)
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The system is
OBSERVABLE

Every state is Feasibility of
UDDA DQST Vpo e D(H)

FIG. 1. Equivalences between observability, feasibility of DQST,
and the requirement that every state for the system is UDDA. The
three conditions are equivalent.

Notice that O Ox is a square invertible matrix which has
the same kernel of Op. Therefore, (4) and (6) admit the same
solution and ry can then be reconstructed exactly by linear
inversion as (5). Finally, the density operator describing the
state of the system can be retrieved as py = vec™! (rp).

We now prove by contradiction the necessity of observ-
ability for the feasibility of DQST of every state. Suppose
the system is not observable, then, as proven in Proposi-
tion 1, there exist two dynamically indistinguishable states
00,00 € D(H). Let ry = vec(pg) and s¢9 = vec(oy), then
yr = Orrg = Orsy and (4) does not admit a unique solution
for all states [DQST of py = vec™'(rp) and oy = vec™'(sp) is
not possible]. ]

To conclude this section, we summarize the key results
presented so far. The requirement that every state is UDDA
is a necessary condition for DQST. As shown in Proposi-
tion 1, this requirement is equivalent to the system being
observable. Furthermore, Proposition 2 establishes that ob-
servability is both necessary and sufficient for DQST of every
state. Therefore, the following three conditions are equivalent:
(1) the system is observable, (ii) every state is UDDA, and (iii)
DQST of every state is possible. The highlighted equivalences
between these requirements are depicted in Fig. 1.

Remark 1. It is worth noting that the class of non-
Markovian dynamics we consider is very general, covering
virtually any (deterministic, average) open-system evolution
under the hypothesis of an initially factorized state (see, i.e.,
the standard derivation of open system dynamics in Ref. [17]).
The analysis extends nontrivially previous results: Not all
dynamics can be satisfactorily approximated by Markovian
ones. In particular, the reduced dynamics of a system of in-
terest with a Hamiltonian coupling with a finite-dimensional
“environment,” due to Poincaré recurrences, exhibits strong
non-Markovian behavior, that is, revival of the initial con-
ditions on sufficiently long timescales. In discrete time, an
extreme example is provided by a pair of identical systems,
evolving independently with CPTP maps, whose state is
swapped at the end of every time step.

IV. FEASIBILITY OF DQST FOR MARKOV DYNAMICS

A. Continuous, discrete, and sampled semigroup dynamics

We next specialize the previous to some important classes
of quantum systems, whose evolution maps satisfy a forward
composition law and are time-invariant. In the next sections,
we show that these systems allow for a significant simplifica-
tion and a systematic treatment of the DQST problem.

A quantum system is called time-homogeneous Markovian
if it satisfies the Markov composition property

Q)tﬂ:d),oq)s\?’t}S}O.

If such a forward composition law holds, the dynamics of the
system can be specified identifying a dynamical generator:

1. Continuous time dynamics

The evolution of measurement operators at times 7 = R,
is described by a continuous semigroup of CP and unital
maps, also known as quantum dynamical semigroup (QDS)
[19] {®,}. The corresponding semigroup generator £ can be
expressed in Lindblad [20,21] canonical form as

; 1 s
LC)=ilH, 14+ ) (L,L Ly — 5{L,LLk, -}). (7)
k

where H = H' is the time-invariant Hamiltonian of the
system, and the operators {L;}, known as noise operators,
represent the non-Hamiltonian components of the generators,
inducing nonunitary and irreversible dynamics.

The observables then satisfy the differential equation

Xi[t] = LX) ®)

Therefore, a time-homogeneous, continuous-time Markovian

evolution is associated with propagators of the form @, = %,

2. Discrete time dynamics

The evolution of the measurement operators at times
T = N is described by the difference equation

Xilt + 1] = ©(Xi[r]). €))

The propagators for a time-homogeneous discrete-time
Markovian evolution are therefore given by the repeated ap-
plication of the CP and unital map & = &4, i.e,,

t times

O, =do---0d.

Remark 2 (discretized evolutions). In many application it
is possible to perform measurements of a quantum system
of interest undergoing a continuous time evolution only at a
discrete set of times ¢ € {kA,}, where A, is a fixed sampling
time interval. In this case, it is often convenient to consider a
discretized version of the continuous-time evolution, which is
described by the difference equation

Xil(k + DA ] = Par(Xi[kAt]), (10)

where the propagator has the form ®,, = ¢“*" and L is the
generator of the continuous time evolution.

B. Observability for continuous-time semigroup dynamics

Verifying observability of the system using Definition 3 or
Lemma 1 can be challenging because it involves evaluating
the trajectories of expected values of observables in X at times
7. While the set of available observables is finite, the set T
may be of infinite cardinality, making the task hard.

In this and the following section, we focus on time-
homogeneous Markovian quantum systems. Notably, for such
systems, the nonobservable subspace can be identified by
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analyzing only the system’s generator, without the need to ex-
plicitly compute the propagators. This significantly simplifies
the task of verifying observability.

Proposition 3. Given a continuous-time quantum system
as in (8), (1), with dim(H) = d, there exists an integer k* <
d? — 1 such that?

N={ZecBH)|ELX))=0Vie Ny VX € X}.
Accordingly, the system is observable if and only if
O =span{LI(X)VX; € X, Vi € Ngs} = B(H). (11)

A proof of the proposition, based essentially on Krylov
subspaces, can be found in Refs. [9] and [22], Chap. 3.

Similarly to Lemma 1, observability of the system can be
checked by evaluating the rank of a matrix that we call a
continuous-time observability matrix.

Let vec[£(X,)] = L x;, where L. = Ly + L; with
Iy=il®H-H'®I),

Lo=)Y Lol - U LL+ L) ®N.  (12)
k

and let X = [x; ...x;]. The continuous-time observability ma-
trix is defined as

ol =[x Lix L@ =Dy, (13)

Corollary 1. A continuous-time quantum system as in
(8) and (1), with dim(#) = d, is observable if and only if
rank(0,) = d>.

This is the application to quantum dynamics of the Kalman
rank condition, recalled in Proposition A 1. The proof imme-
diately follows from Proposition 3 by following a reasoning
similar to the one in the proof of Lemma 1. More in detail,
it is possible to notice that the rows of O, are the vectorized
generators of O [equation (11)].

C. Observability for discrete-time semigroup dynamics

For discrete-time evolutions, a result similar to the one
considered for continuous-time systems holds [9,22].

Proposition 4. Given a discrete-time quantum system X as
in (9) and (1), with dim(#) = d, there exists an integer k* <
d? — 1 such that

N = {Z e B(H) | Ez[®;(X))] =0Vt e D\lgk*, VX e X}
The system is observable if and only if
0= span{®, (X)) V X; € X, Vte D\Jgk*} =BMH). 14

Similarly to the continuous time case, let X = [x;...x;],
the observability of the system can be checked by computing
the rank of the discerete-time observability matrix

Oh=[x &x.. & 'x]

Corollary 2 (Kalman rank condition). Given a discrete-
time quantum system as in (8) and (1), with dim(H) = d, the
system is observable if and only if rank(O,) = d?.

2L£'(X;) denotes the application of the map L to X; ¢ times.

As for continuous time systems, the proof immediately
follows from Proposition 4 by following a reasoning similar
to the one in the proof of Lemma 1. The rows of O, are the
vectorized generators of O [Eq. (14)].

For discretized evolutions, as in Remark 2, it is possible to
check observability by exploiting Proposition 4. However, the
following lemma directly links Propositions 4 and 3:

Lemma 2. If every couple of distinct eigenvalues A;, A;
of L for which Re[A;] = Re[A;] are such that Im[A; — A;] #
2rs/At Vs € N, then

O={LX)VX € X, Vi eNg}=BH) (15)

wherek* < d* — 1
observable.

Proof of this result can be found in Ref. [23], Theorem
3.2.1.

implies the discretized system is

D. Feasibility of DQST with a single observable

What can we say about the feasibility of DQST when a
single observable is available? In this section, we recall and
extend some known feasibility results on DQST for time-
homogeneous Markovian systems.

The following result has previously been established for
systems evolving under discrete-time unitary dynamics, also
using tools from observability analysis in systems and control
theory; see Ref. [8], Proposition 1. Here we extend the result
to systems undergoing continuous-time unitary dynamics.

We highlight that the framework considered in Ref. [8]
differs slightly from ours. In particular, the vectorization of
the dynamics is performed with respect to a different opera-
tor basis, and the technical assumptions on the measurement
operator set X, introduced at the end of Sec. Il A, are not
imposed. As a result, the conditions required for the measure-
ment operator set slightly differ from those in our framework.
For this reason, we revisit and adapt the proof of the latter
paper to our setting. This adaptation will play a key role in
understanding some of the results presented later in the paper.

Proposition 5. Consider a time-homogeneous Markovian
quantum system (1) undergoing continuous-time or discrete-
time unitary evolutions. Let d be the dimension of the
associated Hilbert space. Then DQST is not possible when
|X| <d.

Proof. We start by considering systems undergoing
discrete-time or sampled unitary dynamics. We let U be a
unitary matrix with eigenvalues {e'*}¢ | and ®(-)=U - U’
be the unitary evolution map. For the following analysis, it
is convenient to consider the vectorized system (3), where
the vectorized evolution map is &; = U* ® U, where U*
is the entry-wise complex-conjugate of the matrix U. More-
over, we let X' be the matrix whose rows are the conjugate-
transpose of the vectorized measurement operators in X

To assess observability of the vectorized system, we can
exploit the Popov-Belevitch-Hautus (PBH) test for observ-
ability, as presented in A 2. The system is observable if and

only if
rank([“%rq)]]) =d*VireC.
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In view of the properties of the Kronecker product, it
follows that ®; has eigenvalues which are given by the set
(e ez%}?j j=1 and at least d eigenvalues of ®; are 1.

Then, for A = 1, rank(Al — <i>1) = d? — d. Therefore, in
order to satisfy the PBH condition for observability, X must
have at least d linearly independent rows, equivalently X must
contain at least d linearly independent operators. This leads to
the claim of the proposition for discrete-time evolutions.

We now prove the claim for continuous-time unitary
evolutions. By contradiction, suppose the system has a
continuous-time dynamics, undergoes unitary evolution, | X"\
I| <d —1 and the system is observable. Let L£(-) = i[H, -]
be the Lindblad generator of the continuous semigroup of
unitary maps describing the evolution of the system. Then
it is always possible to find a corresponding system with
discretized evolution (see Remark 2) and sampling time At
such that every couple of distinct eigenvalues A;, A; of £ for
which Re[A;] = Re[A;] are such that Im[A; — A;] # 27s/At
V s € N. Then, since we are supposing the continuous time
system is observable [i.e., O = B(H)], by Lemma 2 the
discretized system with sampling time Az must also be ob-
servable. However, this contradicts the result on observability
for systems undergoing discrete-time or discretized evolutions
and concludes the proof. |

An interesting special case is when the set of avail-
able measurement operators contains only one operator in
addition to the identity. The following result has been
proven in the literature with different techniques. In par-
ticular, Refs. [6], Corollary 2 [8], Proposition 1, and [5]
consider time-homogeneous Markovian discrete-time (or dis-
cretized) closed quantum systems. Here, we extend the
result to time-homogeneous Markovian quantum systems
with continuous-time dynamics.

Corollary 3. Consider a time-homogeneous Markovian
quantum system (1) undergoing continuous-time or discrete-
time unitary evolutions. Let d > 2 be the dimension of the
associated Hilbert space. Then DQST is not possible when

|[X\I|=1.
Proof. This follows trivially from the previous proposition
by consideringd > 2 and |X' \ I| = 1. ]

If, however, d linearly independent observables, includ-
ing the identity, are available, a generic unitary evolution is
enough for DQST of any state. This fact is proved in the
following result:

Proposition 6. Consider a time-homogeneous Markovian
quantum system (1) undergoing continuous-time or discrete-
time evolutions. If |X| > d then DQST is feasible for a
generic unitary evolution.

Proof. Using the PBH criterion (Proposition A 2) for the
vectorized system, the statement is equivalent to the fol-
lowing: Let X' be a matrix whose rows are the conjugate
transpose d vectorized linearly independent operators in B(H)
(including the identity), then the set

S = {U eU(d) | I rst rank|:(M_§?:r ®U)i| < d2}

(16)

has zero Haar measure on U/(d). In the following, generic
means up to a set of zero Haar measure. Let us consider

a change of basis V in the original space so that the cho-
sen U is diagonal, so it becomes a matrix of phases Dy =
diag(e, ..., e%") = VUVT. U being generic, all the entries
of the corresponding change of basis V are nonzero. The
change of basis being invertible, the matrix X containing
the linearized version of the d observables in the new ba-
sis is still full rank, and it is generically a full matrix with
no zero entries, since V is such and the ith row of X¥ can
be computed using the vectorization properties as vec(X;)"
(V*® V)", where X; are the d linearly independent measure-
ment operators. Now the PBH test reads
(M —Dj; @ Dy)

[ Xt } a7
The upper block of the matrix is clearly rank-deficient, as it
has d eigenvalues of 1. It cannot, however, have eigenvalues
that are more than d degenerate, since the phases in Dy are
generic. For this reason, d linearly independent rows with
nonzero entries of X', make the full matrix full rank for
all A. ]

It is worth noting, however, that any additional constraint
on the dynamics—such as locality—may cause the above to
fail, since the U would not be generic anymore.

On the other hand, if we consider time-homogeneous
Markovian open quantum systems with general continuous-
time or discrete-time dynamics as described in the previous
section, DQST is possible even when a single measurement
operator is available.

The following result has been proven in Ref. [6], Theorem
4 and Corollary 4.

Proposition 7. Consider a time-homogeneous Markovian
open quantum system with continuous-time or discrete-time
dynamics. If |X \ I| = 1, the set of maps & for which any
state of the system cannot be reconstructed via DQST is a null
set.

In the Appendix, we follow an alternative approach,
showing that DQST for multiqubit systems undergoing
continuous-time open quantum systems is in general possible
even when a single measurement operator (in addition to the
identity) is available. Our result is summarized by the follow-
ing proposition:

Proposition 8. Consider a system of dimension 2V . There
exist a time-homogeneous, purely dissipative Markovian
continuous-time dynamical generator for which DQST is pos-
sible when X\ [ includes a single generic observable.

“Purely dissipative” here denotes a Lindblad generator
whose Hamiltonian can be chosen to be zero. The proof,
presented in Appendix A 3, exploits observability analysis and
the structure of the Pauli basis: thanks to the structure of the
latter, it provides some insights on the structure of observables
and dynamics that allow for DQST.

E. Feasability of DQST for multipartite systems

We now focus on multipartite systems with homogeneous
subsystems. Namely, the system is composed of N subsystems
having the same dimension k. The Hilbert space associated
with the system is therefore H = @)_, H, where H, = ck.
We assume to have access to observables that act nontrivially
only on a single subsystem, i.e., X € X only if X =X, ® I;
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where X, € H(H,) and § denotes all subsystems but the
one indexes by g. We call the latter a covering single-site
measurement.

The following proposition gives a necessary condition for
observability that relies on the number of subsystems N and
their dimension k:

Proposition 9. Consider a homogeneous multipartite
quantum system with associated Hilbert space H = ®21=l

H,4, H, = C* and all single-site measurement operators. The
system, if undergoing unitary dynamics, is observable only if

V< NKP—N - 1.

Proof. The system is observable only if X \ I includes
kN — 1 linearly independent operators. Note that a basis for
single-site operators consists of k> elements. Thus, a ba-
sis for the available measurement operators X consists of
Nk* — (N — 1) elements. The statement follows by applying
the necessary condition for observability in Proposition 5. W

Remark 3. Notice that for bipartite quantum systems
(N = 2) the above necessary condition is always satisfied. On
the other hand, for multiqubit systems (k = 2) the condition
above is satisfied only up to N = 3. This implies that DQST
for unitary dynamics on large qubit networks is never possible
using only single-site observables. This clearly highlights the
importance of being able to exploit dissipative dynamics: Ap-
pendix A 3 shows that a class of purely dissipative dynamics
guarantee feasibility of DQST with even a single observable.

F. Parametric dynamics and genericity of observability

In this section, we consider time-homogeneous Markov
dynamics with an associated generator £ that depends analyt-
ically on a finite number of parameters @ € RX. We indicate
such a generator as L,, with associated Hamiltonian and
noise operators H, and {L; }. The system selected by « will
be denoted as X,, ¥, , will be its vectorized version. The
nonobservable subspace for the system will be labeled N,.
We next recall a lemma that will be exploited to prove the
main result of this section.

Consider an m xn matrix A, =[fi(a)], with
fix : RE—C, such that its real and imaginary parts
Re(fjr), Im(fj) are (real)-analytic, and let r = maxycck
rank (A, ). We have the following lemma [24]:

Lemma 3. The set A = {o € R¥|rank(Ay) < r} is such
that 1(A) = 0, where p is the Lebesgue measure in RX.

The following proposition ensures that if there exists a
choice of parameters that make the system observable, then
almost all of them will:

Proposition 10. Let H,, Ly ¥V k be matrices such that
each of their entries has both real and imaginary parts which
are analytic functions on the parameter € RX. If 3 & such
that the system X; is observable, then the set A = {a €
RX | N, # @) is such that u(A) = 0.

Proof. As in the proof of the previous Proposition 1, we
can always vectorize the system X; to obtain X, ;. Since
the system is observable, the observability matrix Oy has full
rank, which is equal to D?. The imaginary and real parts of
O; are analytic functions on the variable « since they are
obtained by the sum, multiplication, and exponentiation of the
entries of H, and Ly 4; these are all operations that preserve

analyticity. The set {& € RX | rank(0Og) < D?} corresponds
exactly to the set A and the fact that u(A) = 0 follows from
Lemma 3. |

This proposition then suggests that, in studying observabil-
ity, we can arbitrarily set the parameter values. If the system
is not observable and there exists a choice of parameters
that makes it observable, by changing the values at random,
we find a set of parameters which guarantees observability
with probability one. On the other hand, if the parameters
are unknown, the observability of the true dynamics is almost
certainly guaranteed by that of a system with randomly chosen
parameters.

An equivalent result can be derived in the same way for
discrete dynamics, considering parametric Kraus maps.

V. RECONSTRUCTING EXPECTATIONS OF
UNAVAILABLE OBSERVABLES

A closely related problem to state tomography is the prob-
lem of reconstructing expectation of a set of observables that
we are not directly able to measure on the system, more
formally:

Problem 3. Given a set of observables that can be mea-
sured on the system X = {X,-}fzo, a set of target observables
Z = {Z;}]_, that cannot be directly measured and p € D(H),
predict the expectation values

zi=LE,(Z) =u(Zp), 1<i<q.

If the system undergoes a known dynamics, it is possi-
ble to consider the problem of predicting the expectation of
observables in Z on the initial state of the system py, i.e.,
z; = tr(Z;pp). In this section, we give necessary and sufficient
conditions for the feasibility of the previous problem when
p = po. The conditions we give rely on observability analysis
in control theory.

If the system is observable, DQST is possible for every
state and py can be reconstructed. In this case, the expectation
of observables in Z can be directly computed by exploiting
the reconstructed state py. However, as we show next, observ-
ability is only a sufficient but not necessary condition for the
reconstruction of expectations of observables in Z.

Proposition 11. Consider the system X in (1) and a set of
target observables Z = {Z;}7_,. The expectations of observ-
ables in Z on the initial state of the system are reconstructible
if and only if Z C O, where O is the observable subspace, as
introduced in Definition 3.

Proof. We recall that in the setting considered in this pa-
per, we can only estimate the expectation of measurement
operators X evolved at times 7, i.e., the expectations of
the set of operators R = {X;[t;]}, where X; € X,t; € T. Let
viltil = £, (Xi[t;]), we label as yg = [yil#1], ...] the vector
of the latter expectations. We first prove the sufficiency of the
condition in the statement. If each target observable Z; € Z
is a linear combination of evolved measurement operators
R,ie.,

Zj= Zai,jxi[fi], (18)
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then its expectation z; can be found as
zj =1tr(Zipo) = Y _ i jtr(Xiltilpo) = Y e jyiltil.
i i

The above sufficient condition is equivalent to requiring
Z; e span{X;[t;] | X; € X;, t; € T},

where the above linear span coincides with the observable
subspace O defined in Sec. III.

We now prove necessity by contradiction. Suppose by
contradiction Z € O and it is possible to reconstruct the ex-
pectations of observables in Z on the initial state. Then there
exists Z; € Z, which is not a linear combination of operators
inR,ie.,

Zj= Zai,jxi[ti] + Xj,
i

where X; is a (traceless) operator in O+ = N. Now we
consider two initial states, a full rank state p € O and o =
(p + €X;), where € > 0 is a scalar small enough such that o
is positive semidefinite and therefore belongs to D(#). Then,

tr(Zjp) = tr( Z ozi,in[ti]P)
”
tr(Zjo) = tr( ) Oli.in[fi]P) +e'tr(X7).

However, since X; € N,
tr(Xilt;]o) = w(Xi[t:1p) + r(Xi[:1X;) = t(X;[1;]p)

V X;[t;] € R. Therefore, the set of collected expectations of
evolved observables always coincides for the initial states
p, o. This implies it is impossible to distinguish the expecta-
tion of Z; for o and p (which do not coincide) from estimated
expectations. |

Remark 4. The problem considered in this section is
closely related to the shadow-tomography problem introduced
in Refs. [25,26], namely, the problem of predicting some
properties of the system (such as observables expectations)
without necessarily reconstructing the full state of the system.
A full comparison and a reinterpretation of shadow tomogra-
phy from a dynamical viewpoint is beyond the scope of this
work and will be explored elsewhere [27].

VI. QUALITY OF DYNAMICAL TOMOGRAPHY VIA
LINEAR REGRESSION

A. Mean square error analysis

In this section, we partially follow Ref. [28]. We make
the following assumption: we assume the considered quantum
systems are observable.

While in the previous sections we assumed to have perfect
knowledge of the expectations of observables in X, this is
never possible in practice due to the lack of knowledge on
the actual system’s state. As discussed in Appendix A 1, an
estimate y;[¢] of the expectation y;[t] of an observable X; at

time ¢ can be obtained by averaging the outcomes of multi-
ple measurements of X;[¢] performed on identically prepared
instances of the system.

If the system is observable, any initial state ry can then be
reconstructed by following Proposition 2 as

fo = (05, 0%)7' 0L 9. (19)

Notice that in the previous equation, with respect to Propo-
sition 2, we substituted the vector of actual expectations yr
with y%, which is the vector containing the estimate of the
components y;[t] of yg. Since, in practice, to estimate each
expectation y;[t], we can rely on a finite number of mea-
surements outcomes (P), we always have some errors in the
corresponding estimate y;[t]. The presence of errors in the
estimates can be described by the following equation:

Vilt] = yilt] + eilt], (20)

where ¢;[] is a stochastic process. The distribution of ¢;[¢] can
be deduced as follows: The estimate y; is computed as

viilt] +vialt] + -+ - + v ple]

2 2n

iltl =
where the v; x[¢] are identically distributed random variables
of mean tr[X;[t]p] and finite variance o? = tr[X?[t]po] —
tr[X;[t]po]>. Each of these variables describes a single mea-
surement on an instance of the system. When P — o0, by the
central limit theorem, ¥; converges in distribution to a normal
with mean tr[X;[?]po] = r(T]x,- [¢] = y;[#] and variance 052 []1/P.
This implies the measurement error ¢;[¢t] = ¥;[¢] — y;[¢] con-
verges in distribution to a normal with mean zero and variance
o2[t]/P. Since every measurement is performed on a different
instance of the system, then E[e;[t]e;[s]] =0V s # 1.

To evaluate the quality of the described DQST via a lin-
ear regression protocol, it is possible to compute the mean
squared error (MSE) [28] between the actual (vectorized) state
of the system ry and its estimate 7y. The MSE in the described
setting can be computed as

(0% Or)~' O ZOR (0% 0%)™"]
> ,

El(ro — 70)"(ro — 70)] =
where ¥ = diag(UOZ, R aiz, ... ). Note that each element of
% depends on py. However, we can derive an upper bound
for the MSE that does not depend on the specific state of the
system. Specifically, let

k= max oiz,
po€D(H), XieX

then
k .
El(ro — #o)'(ro — 7o) < Ftr[(O}zOR)_I].

This upper bound on the MSE suggests that, independently
of the actual state of the system, it is possible to improve the
estimate of py by

(1) performing a large number of experiments, i.e., by
increasing the value of P.

(2) properly selecting the set of observables R to be mea-
sured on the system.
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B. Selection of observables and measurement times

According to the second point above, in order to find the
minimal MSE for the protocol, we can search among all the
sets of evolved observables R the sets R* solving the opti-
mization problem

k
R* = argmin—tr[(05, 0r)™'1. (22)
r P

However, minimization of the functional in (22) is im-
practical, as we need to be able to evaluate every evolved
observable corresponding to X" at all time instants 7 and to
consider in R every possible combination of such observ-
ables. Similar problems arise in trying to optimize standard
tomographic protocols; see Ref. [29]. Furthermore, notice that
while X is a set of finite cardinality, 7 may have infinite car-
dinality. In view of the difficulty of solving (22), we propose
a heuristic iterative procedure for determining the observables
to be considered in R.

The identification of a set R of small cardinality is fun-
damental to reducing the number of experiments and the
resources required for state reconstruction. The idea behind
the procedure is therefore to maximize the information that
can be acquired with a single measurement of an observable
in R, given that a number of previous measurements have
already been chosen or performed. This allows for an iter-
ative optimization procedure, which might be suboptimal in

general.
In the following, we label with R the set of measurement
operators found in steps 1, ..., k and with X* the observable

that is chosen in the kth step of the procedure. The procedure
involves the following steps.

Algorithm for observable and time selection (AOT).

In the 1st step, without prior knowledge on which are the
most informative observables, we select X! € X at random
andset R; = X .

In the kth step, with k > 1, we select the observable X k—
X*[t*], with X € X, t* € T, with maximum projection on
span{R;_;}*. More formally, let [T be the orthogonal pro-
jector onto span{Ry_;}*, for all X; € X we first find

1} = argmax|| . X[t s, (23)
teT
where || - ||gs 1s the Hilbert-Schmidt norm. Successively we
set
X* = argmax|| Tz X[/l 75, (24)
Xilt7]

and Ry = Ri_1 UX*. These steps select the observable and
the measurement time that maximizes the amount of “new”
information; that is, orthogonal with respect to the already
available information.

Finally, we stop the procedure when k = d* — 1.

It is worth noting that, in most applications, it is not pos-
sible to let the system evolve for long time periods before
performing measurements. It is therefore meaningful to re-
strict the search space for time instants to the set T<;y = {f €
Tt < T}, further reducing the resources required to compute
the solution to the observable selection problem.

Although this procedure does not lead, in general, to
the optimal solution of the minimization problem described

FIG. 2. The four-spin chain considered in Example I. The dotted
line indicates the subsystems on which we are allowed to perform
arbitrary measurements, contained in X’. The dashed lines group the
subsystems that are directly interacting dynamically.

above, it is a viable proxy in many practical situations. In Ap-
pendix B 1, we provide numerical evidence that our heuristic
algorithm yields good approximations to the optimal solution,
while a discussion of its numerical complexity is included in
Appendix B 2.

Remark 5 (time versus observables tradeoffs). We con-
clude the section by highlighting an emerging trade-off
between the number of available, independent observables,
and the time needed to complete the estimation. If X" is a
set of informationally complete observables, the state of the
system can be reconstructed without the need to exploit the
system’s dynamics: all d> — 1 observables can be measured
at time t = 0. However, we may decide to avoid using some
elements of X', maybe because their measurements are hard,
costly or lengthy to implement. Then, one or more observables
needs to be measured at multiple times, at least one of which
will be greater than zero.> This measurement also needs to
be repeated multiple times to obtain a reliable estimation of
the expectation (see Appendix A 1). Therefore, a trade-off
emerges between the number of observables in the set X, the
quality of the estimation, and the total time required to collect
measurement outcomes from the physical experiment.

VII. EXAMPLE I—A CHAIN OF FOUR SPINS

A. Problem setting

In this section, we employ observability analysis to study
the feasibility of DQST for some continuous-time Markovian
quantum systems. Different cases will provide insights into
different aspects of the problem.

As the first example, we consider a multipartite quan-
tum system composed of four qubits disposed on a line; the
Hilbert space associated with the system is H = ®g=1 Hy,
H, = C?, H ~ C'®. Each spin interacts only with its nearest
neighbors in the line. We further assume it is possible to
perform measurements on the joint system composed of the
second and third spins, i.e., X = {02”03", Yuqg=0,x,y,z}
where the notation o denotes the Pauli operator 0%, « €
{0, x, y, z} acting on the jth qubit; that is, o'j‘?‘ =/IQ--0*®
-+ - I (similarly, in the following we denote as a;r and ;" the

3While in principle it may be made arbitrarily small for continuous
dynamics, its signal-to-noise ratio will be very poor—a lot of mea-
surements would be needed to have a good estimation.
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raising and lowering operators acting on the jth qubit). The
system is depicted in Fig. 2.

B. Observability analysis

Different evolutions of the system of interest are consid-
ered, and an observability analysis is carried out numerically
for each scenario. The software matlab is employed to com-
pute the matrices L and X associated, respectively, with the
generator of the dynamics and output maps, as defined in
Sec. IV B. Subsequently, the continuous-time observability
matrix (13) is constructed, and the Kalman rank condition
is applied to determine whether the system is observable.
We recall that DQST is feasible if and only if the system is
observable, as proved in Proposition 2.

Hamiltonian dynamics. We begin by considering a purely
unitary evolution, in which the system’s Hamiltonian captures
the interactions between neighboring spins and is given by

4 3
_ X y b4 X X Z.2
H= E a;o; + Bio; +vyio; + E :31‘0:' Oi41 T €007,

i=1 i=1

(25)

where the coefficients «;, B;, ¥, i, €; € R can be chosen in
different ways. When all the coefficients are set to 1, the
system is not observable; in particular, the nonobservable
subspace has dimension 10. According to the results of Propo-
sition 10, drawing all parameters at random allows us to
investigate whether the lack of observability is generic for the
considered system. To this end, we performed observability
analysis on 100 systems, with all parameters independently
sampled from a Gaussian distribution with mean 0 and vari-
ance 1. None of these systems resulted in being observable.
This indicates that the lack of observability does not depend
only on the fact that we set all the parameters equal to 1 but is
an intrinsic property of the considered family of Hamiltonians.

Dissipative dynamics. We consider now a second possible
dynamics for the system, which encompasses a dissipative
term. We choose a single, local Lindblad generator with noise
operator

L =40, .

The Hamiltonian part of the dynamics is the same as before,
with all the coefficients set to 1. In contrast with the previous
scenario, the system is observable. Therefore, the addition of
noise terms is beneficial for observability, as expected in light
of the results in Sec. IV D.

C. Measurement time optimization

Since the considered system is continuous-time Marko-
vian, we can run the algorithm AOT described in Sec. VI
to find the pairs of measurement operators in X and times
in 7 identifying a set R of operators that can be measured
on the system to solve DQST. The AOT is run only for
the system in Scenario 2, as observability is a requirement
for the AOT. The AOT was implemented in matlab, in partic-
ular the optimization of the functional in (23) was carried out
using the fmincon matlab routine with an initial time parame-
ter equal to 10~°; moreover, the search space for the optimizer
was constrained to the positive real line. In contrast, the search
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FIG. 3. Example I, Scenario 2, dissipative dynamics: Pairs of
times and measurement operators to perform DQST identified by the
AOT described in Sec. VI [30].

space for the optimization problem in (24) is a discrete set of
relatively small cardinality; therefore, the problem was solved
in a combinatorial way by comparing the cost function for all
evolved operators.

In Fig. 3 are depicted the couples of measurement operators
indexes and evolution times found by the AOT. We observe
that all the measurement operators in the set X are chosen
multiple times. Only the operator with index 1 is chosen a
single time; this index, however, corresponds to the identity
operator, which is a fixed point for the dynamics. We observe
that collecting a single outcome of an experiment to perform
DQST does not require waiting a long time, as the maximum
time found is £, & 12. It is interesting to compare this with
the slowest decay time of the dissipative dynamics, that is
T ~ 1/|Re(Ay)|, where A, is the nonzero eigenvalue of the
Lindblad operator with the largest real part. For the considered
system Ay = —0.1308 and t =~ 7.64. Hence, the largest time
selected by the AOT is under 27.

To test the proposed method for DQST, we consider three
different initial states:

(1) apure separable state pg = |0000)(0000|;

(2) a pure entangled state (GHZ state) pguz = |V) (V|
with [W) = (|0000) + [1111))/~/2;

(3) a thermal Gibbs state pgipys = e P# /tr(e P#) where
H is the Hamiltonian of the system defined in equation (25)
and we chose 8 = 1.

Let p be equal to ps, pGHz, OF PGibbs, as described in
Sec. VI, as N — o0, by the central limit theorem, the estimate
9; of expectation values of observable R; € R converges in
distribution to a normal with mean y; = tr[R;p] and variance
o;/N = (tr[Xizp] —tr[X;p]?) /N. Therefore, to generate each
of the estimates y; we drew a sample from the corresponding
distribution N (y;, 0?/N). Let $zr = [y1 y2 ...], we finally
compute the estimate p of p by following the expression in
equation (19). We repeated the test for different values of
N and computed the squared error 8/2) =tr[(p — P) (o — p)]
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FIG. 4. Squared error (ef)) scaling in function of the number N
of instances of the system involved in computing the estimate p of
the state p of the system. We considered three states ps, pguz, and
PGibbs, as described in the main text [30].

describing the accuracy of the estimate. The results of the
experiment are depicted in Fig. 4. 8/2) decreases linearly with
the number N of collected measurement outcomes for each of
the considered initial states.

VIII. EXAMPLE II—COUPLED ELECTRON-NUCLEAR
SYSTEMS

We consider a bipartite quantum system consisting of
nuclear and electronic degrees of freedom, motivated by
nitrogen-vacancy (NV) defect centers in diamond [31-34].
Although both electronic and nuclear spins (for the '*N iso-
topes) are spin-1 systems with three levels, we consider a
simplified description. Reduced models like the one consid-
ered here are commonly used when external control fields
can manipulate only interactions among two of the three
available levels. In the reduced model, we assume that both
the nuclear and electronic degrees of freedom are represented
as spin-1/2 particles, therefore H = ®§:1Hq, H, = C*,
H, = C?, H ~ CB. The system is depicted in Fig. 5.

FIG. 5. Example II: coupled electron (E) nuclear (N) system.
The dotted line indicates the subsystem on which the measurement
operators act nontrivially X'.

A basis for the system’s state space is given by the eight
states

|Eei, Set) @ |sy) = |Eei, Sers SN)-

In the equation above, |E,;, s.;) represents the electronic de-
grees of freedom, characterized by the energy level E,; = g, e
(ground and excited states) and the electron spin s.,; = 0, 1
(corresponding to spin-up and spin-down, respectively). The
nuclear spin is denoted by |sy) and can take the values sy =
0, 1.

We assume that the system is subject to a continuous-
time Markovian evolution. The electronic state can undergo
a spin-preserving transition from its ground state to an excited
state via optical pumping. Furthermore, the electron and the
nuclei interact with each other via a Hamiltonian coupling.
We describe the overall optically pumped dynamics of the
NV system by constructing a QDS generator as follows. Let
H, and H, be the excited-state and ground-state Hamiltonian,
which share the same structure, the total Hamiltonian of the
system is H, = H, + H,, where

Hyo =Dy, S?®1Iy+ 01, ®S?
+ B (gelSz ® ]]-N + gn:ﬂ-el ® Sz)

%ﬁ&®&+®®g+m@&) (26)
In the above equation, S, , = o, , are Pauli matrices on the
relevant subspace, S, = %(Il —o0;),and D, ., Ag ., Q are fixed
parameters. In particular, A, , determines the strength of the
Hamiltonian interaction between electronic and nuclear de-
grees of freedom. B is the intensity of the static magnetic
field along the z axis. We describe the non-Hamiltonian
components of the evolution with Lindblad terms consisting
of jump-type operators and associated pumping and decay
rates. The relevant transitions are represented by the operators
below; all of them act trivially on the nuclear degrees of
freedom:

Ly = /valg 0){e,0| ® Ly, Ly = /valg, 1){e, 11 @ 1y,
Ly = /yple, 0)(g, 0| ® 1y, Ly = vple, (g, 1| ® Ly.

The first two operators describe decays with rates Vg, Vi,
the last two operators account for the optical-pumping
action on the electron with rate y,. Typical values of
the parameters of the dynamics for NV centers that will
be employed in the following are D, = 1420 MHz, D, =
2870 MHz, Q = 4.945 MHz, A, = 40 MHz, A, = 2.2 MHz,
g = 2.8 MHz/G, and g, = 3.08 x 10~ MHz/G. The val-
ues considered for the decay rate and the optical-pumping rate
are, respectively, y; = 77 MHz and y,, = 70 MHz.

Motivated by the typical experimental setups, we further
assume to be able to perform only measurements on the
electronic degrees of freedom. In particular, we consider mea-
suring4 the electron spin along the z axis, i.e., X = {1 ® o0, ®
1, 1}.

+

“We recall that the identity operator is always considered in the
measurement operator set X', as described in Sec. I A.
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We would like to assess whether DQST is feasible for the
considered system. To do so, as discussed in Sec. III, it is pos-
sible to employ observability analysis. As for Example I, the
software matlab was employed to compute the matrices L and
X associated, respectively, with the generator of the dynamics
and output maps, as defined in Sec. IV B. Subsequently, the
continuous-time observability matrix (13) was constructed,
and the Kalman rank condition (Corollary 1) was applied to
determine whether the system is observable.

With the latter procedure, we verified that the de-
scribed system is not observable; in particular, the observ-
able subspace has dimension 8 < d? = 64. Therefore, by
Proposition 2, DQST is not possible, and the (initial) state of
the system cannot be uniquely reconstructed.

Motivated by the results presented in Sec. V, we investigate
whether it is at least feasible to reconstruct the expectation
values of certain observables of interest that are not directly
measurable on the system.

We aim to reconstruct the expectation of o, on the nuclei,
so the considered target set is set to Z = {Z} = {1 ® 7,}.
Notice that {X N Z} = @, which implies that the target ob-
servable cannot be measured directly on the system. By
Proposition 11 the expectation of target observables can be
reconstructed if and only if Z C O. Let s, = vec(Z), the
latter condition can be checked by verifying rank[O]]s.]" =
rank[O.] where [OI| s.] is the matrix obtained by stacking
the column vector s, on the right of Of. We numerically
verified that for the considered system, Z C O, therefore, by
performing a local measurement on the electron, it is possible
to retrieve information on the nuclei even if the state of the
system cannot be reconstructed. In particular,

Z ~ o1 X[t] + X [12],

where X =1®o0,®1 is the unique element of
X, 1 =0 and £ =50, moreover «; =2.0057 and
ar = —1.0057. We let §;, y» be the estimates of the
expectation values of X[#;], X[#,], we remark each of them
is obtained by averaging over measurement outcomes on N
instances of the system. Then, as described in section V, the
estimate Z of the expectation value z of the target observable
is computed as

2 =¥ + ads. (27)

To test the effectiveness of the proposed method to estimate
the expectation of unknown observables, we consider three
different initial states:

(1) A pure separable state ps = (1 +1 ® 1 ® 0,)/d. The
nuclei is in the maximally mixed state and do not exhibit
correlations with the target observable Z. The electron has an
immediately recognizable correlation with Z.

(2) A pure entangled state (GHZ state) pguz = |V) (V|
with |W) = (|000) + [111))/+/2.

(3) A thermal Gibbs state pgips = e /tr(e PH) where
H is the Hamiltonian of the system defined in equation (26),
and we chose 8 = 1.

We then generated the expectation of the observables X[t ]
and X[t,] with the same method employed in Example 1
and computed Z as described in (27). We repeated the test
for different values of N and computed the squared error
sf = (z — 2)?, which quantifies the accuracy of the estimate.

—— s
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FIG. 6. Squared error (ef) scaling in function of the number N of
instances of the system involved in computing the estimate Z of the
target observable Z. In computing the expectations, we considered
three states ps, pPguz, and Pgivys, as described in the main text [30].

The results of the experiment are depicted in Fig. 6, where we
see how 812 decreases linearly with the number N of collected
measurement outcomes.

IX. CONCLUSIONS

In this work, we lay the foundation for a systematic explo-
ration of dynamical tomography, that is, a general method that
allows for reconstructing states and expectations for a given
quantum system when limited observables are available, but
we can exploit a precise knowledge of its dynamics. Leverag-
ing control-theoretic observability analysis, we characterize
systems for which any unknown state can be reconstructed
from repeated experiments in the presence of general CPTP
dynamics, and provide linear algebraic tests to check for such
a property for Markovian ones. In our framework, we also
recall and extend existing results that show how unitarily
evolving systems do not allow for full state reconstruction
from a single observable, while open dynamics can. In the
presence of parametric dynamics, we show that if the system
is observable for a choice of parameters, it must be so for
almost all of them, allowing for randomized trials to test the
feasibility of DQST. When the full state is not available, we
characterize the subset of observables whose expectations can
still be reconstructed from data. A procedure (AOT) to select
measurements and evolution times in order to maximize the
amount of new information and improve the quality of the
estimate is provided, which shows to significantly improve
the quality of the estimate with respect to worst-case and ran-
domized choices in the simulated scenarios. The framework
and the proposed methods are showcased in two physically
motivated examples: a chain of interacting qubits (spin 1/2),
and a coupled electron-nucleus system that may serve as a
simplified model for NV centers in diamonds. To further de-
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velop the analysis of dynamical tomography, some additional
opportunity for investigations might address, among others:
(1) a detailed error analysis and study of robustness with
respect to uncertainty in the dynamical description; (ii) the
development of improved algorithms for observable selection,
in particular for locality constrained systems; and (iii) an
in-depth comparison and connection of our approach with
shadow tomography methods [25].
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APPENDIX A: TOOLS AND TECHNICAL RESULTS

1. Expectations from sampled averages

The expectation values y; are not typically accessible and
thus need to be inferred from the measurement outcomes.
To estimate the values of y; one has to first perform the
measurement of X;, collect and record the outcome, reset
the experiment, and repeat this procedure multiple times, say
N times. Let &;[k] denote the outcome collected in the kth
iteration of the experiment, then the sample average estimate
is given by §; = 3 >, &k].

Because in practice we only have access to a finite number
of measurement outcomes, the estimates of the expectation
values will inevitably include some error. In particular, y;
can be interpreted as the sample average of N independent
and identically distributed random variables associated with
repeated measurements of the observable X; when the system
is prepared in the same identical conditions. Each of these
variables has mean y; and variance oiz = tr[Xizp] — tr[Xi,o]z.
By the central limit theorem, we have that for N — oo J; con-
verges in distribution to a normal with mean y; and variance
aiz /N. To evaluate the quality of the described estimate, it is
possible to compute the mean squared error (MSE) between
v; and its estimate y;, which is defined as

2

El(yi — §1)%] = .

N (AL)

Clearly, the MSE converges linearly to zero as N — oo,
which implies J; converges to y; almost surely.

2. Control theoretic tools: PBH and Kalman test
for observability

This section quickly reviews observability analysis for lin-
ear systems and the key tools we borrow in our work. A
complete presentation can be found in, i.e., Refs. [22,35].
Let us start by considering the continuous-time linear time-
invariant model

Xp € [R”,

{X(t) = Ax(?), (A2)

y(t) = Cx(1),

with state x € R”, output y € R™, state-matrix A € R"™*", and
output-matrix C € R™*". Let us define the nonobservable
subspace as

N={xeR|CNxl=0Vt >0}

By linearity, one can note that two initial conditions
Xx1,Xx, € R" are indistinguishable from the output, i.e.,
Cel'x; = Ce'x, for all t > 0, if their difference belongs to
the nonobservable subspace, i.e., x; — x; € N.

Similarly, if we were to consider a discrete-time linear
time-invariant model

x(t+1) =Ax(t),
y(@) = Cx(#),

we could define the nonobservable subspace as

N ={xeR'CA[x]=0V¢ >0}

xp € R, (A3)

Then, as in the continuous-time case, we would have that two
initial conditions x;, x, € R* are indistinguishable from the
output, i.e., CA'x; = CA'x, for all ¢ > 0, if their difference
belongs to the nonobservable subspace, i.e., x; —x; € N.

In both the continuous- and discrete-time cases, the sub-
space \V can be characterized as

C

CA
N := ker ) ,

CA"71

or, equivalently, as the largest A-invariant subspace contained
in ker C. Whenever N/ = {0}, i.e., any two initial conditions
are distinguishable from the output, we say that the linear
model is observable. An equivalent characterization is the
following:

Proposition A 1 (Kalman rank condition). A linear model
of the form (A2) or (A3) is observable if and only if the
matrix O = [CT CTAT CTAT"=1] has full rank, i.e.,
rankO = n.

Another common method to assess whether a given linear
time-invariant model is or is not observable is known as the
Popov-Belevitch-Hautus (PBH) test, summarized in the next
proposition.

Proposition A2 (PBH criterion). Let A € R™" and C €
R™*" be the state- and output-matrix of a linear time-invariant
model (either continuous- or discrete-time). Then the model

is observable if and only if
rank[AT — M, CT] =n

forall A € C.
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Note that the criterion is automatically satisfied for all
A € C that do not belong to the spectrum of A and thus it is
sufficient to check the criterion for all A that belong to the
spectrum of A.

3. Reconstructing N-qubit states from a single observable
and purely dissipative dynamics

In this Appendix, we provide a direct proof of the fact that
DQST is possible with a single observable in X (in addition
to the identity) in open quantum qubit systems. As outlined in
Sec. II, for continuous-time dynamics, the evolution of mea-
surement operators is described by a continuous semigroup of
CP unital maps. Let {F;} be an orthogonal basis for B(#) such
that Fy = I/+/d, the semigroup generator can be expressed in
the Gorini-Kossakowski-Sudarshan (GKS) form as

d*-1
LC)=ilH, 1+ ) aj (FJ Fj — %{F,-'F,-, -}), (Ad)
Jri=1
where H = H' is the Hamiltonian of the system and A =
[a;j] € C@=Dx@=1) 5 3 Hermitian positive semidefinite ma-
trix (Gorini-Kosskowski-Sudarshan matrix [20]).3
A measurement operator X; € X' can be expressed in the
basis {F}} as

=1
Xi = E Xk Fles
k=0

where the coefficients x; , € Rare given by x; , = tr[X;F]. k €
{0, ...,d* —1}. Each operator X; can therefore be associated
with a vector x; = [x; 0, Xi1,...] € R 6

Let x;[0] = x;, the evolution of measurement operators in
the considered vector representation is described by the dif-
ferential equation

(AS5)

xi[t] = W x[t].

The matrix W is given by ¥,,,,, = tr[F,,L(F,)], and it is possi-
ble to prove that it has the following block structure:

0 b
V= [0 GT]’
where b € R¥°~! and G € C4*~1xd*~1,
Assumption A 1. In the rest of the section, we make the
following assumptions:
(A.1) The dimension of the Hilbert space H is d = 2V for
some N.

(A.2) We choose the Pauli basis {F;} for B(H), namely,

F=0l® --®cVie{l,...,d* -1} and F0=ﬁ. Here

the o) Vk belong to the set of 2 x2 Pauli matrices
{00, 01, 02, 03} withoyg = 1.

5The Lindblad canonical form of the generator in equation (7) can
be found by unitarily diagonalizing the matrix A = VDV, with D =
diag(Aq, ..., Az2), and defining L; = >°, /2 VinjFpn.

®This vector representation of operators would coincide with the
one considered in Sec. IIL if F; g4 = |)(jI YV i, j € {1,...,d]},
where |s) is the sth vector of the canonical basis in RY.

We prove the following facts on the relationship between
the structure of the semigroup generator and the matrix W
under assumption A 1.

Proposition A3. Under Assumption A 1, if the GKS ma-
trix A is diagonal and the Hamiltonian H = 0 then W is a
diagonal matrix.

Proof. We start the proof by recalling that for Pauli matri-
ces {01, 02, 03}0;0; =1 if i = j, and 0;0; = i€;j; o if i # J.
Here k is the index of the Pauli matrix not considered in the
left-hand side (L.h.s.) of the previous equation and €;j; denote
the Levi-Civita symbol.

The previous properties imply that F?> =o0i0/ ®--- ®
oxoy =1. Moreover, t[FF;] =[], trlojo/1=0 if i+#j
since at least one of the products a,jokj is equal to
a traceless matrix. Finally, notice that V k tr[(oiko]’.‘ )] =
trl(ie; ;1 )*b] = —2.

Since A is diagonal and H = 0,

d*—1
1
bh=> ai (tr[F,»FmE]—ztr[(Esz - F,,,Ff)]) =0,

i=1
where we used the cyclic property of the trace; moreover,
d*-1
Gl =Y ai wlF,FF,F)] ! tr[ B (F2F + FuF?)] 1.
nm — ( ) 2 1 l
= a ®)

We first analyze the term (b) of the above equation, notice that
2tr[F Fyl =2d ifn=m
“r= {Ztr[F,, Ful = 0if n  m.
Now we consider the term (a), then
(a) = {Hﬁ_l tr{(0}'0f)] = d(~1)"

[T\, wlofojofofl =0

ifn=m
if n # m,

where p,; € N in the first equation counts the number of
products (o}'oy) such thato, # o) # Ifork € {1,...,N}. By
putting together the two terms, we have that

T _ Zi aii((_])p"‘i — ])d lfn =m
" oifn#m.

|

The previous proposition implies also that if A is diagonal,
H =0and X; € $(H), then X;[t] € $Ho(H) V ¢. This follows
from the fact that x; o[¢] = tr[X;[¢]] = O and therefore x; o[t] =
tr[X;[t]] =0V ¢.

Proposition A4. Under assumption A 1, let the GKS ma-
trix A be Hermitian, diagonal, and positive semidefinite.
Moreover, let the Hamiltonian be H = 0. Then the eigenval-
ues of G are generically different from each other.

Proof. If A is a diagonal matrix and H = 0, as previously
proven, G is diagonal. The function mapping the vector a of
the diagonal entries of A to the vector g of diagonal entries
of G is linear in a. Let R be the matrix representation of such
a function, i.e., g = R a, from the proof of Proposition A 3 it
follows that its entries are given by R,;; = tr[(F,F;)*] — d. The
rows of R are all different from each other, as we formally
prove below.
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Let I ® o} be the operator F; = 0] ® --- ® oy € {F;} such
that o7 = 09 V j # k. Notice that, by the properties of Pauli
matrices, R,; = tr[(F,] ® 0,5)2] —d =0if and only if o} =
o}, otherwise R,; = —2d. Therefore, two rows R,,, R,, of R are
equal if and only if R,y — Ry = tr[(F,l ® a,f)2] —tr[(F ®
a,f)z] =0Vkel{l,...,N},V s. The latter fact is true if and
only if 0" =o' Vk € {1, ..., N}, i.e.,, F, = F,, therefore if
and only if R, and R,, are the same row of R.

We now prove that the eigenvalues of G are generically
different if A is a generic diagonal and Hermitian matrix. We
later restrict to the case where A is positive semidefinite.

If A is Hermitian, a € R”~!. We fix n and m and let
f(a) = gn — gm = (Ry — Ryy)a. Since a € R*’~! and all the
entries of R are real, f(a) : R~! — R?'~!. Moreover, all the
rows of R are different from each other, therefore f(a) is not
identically zero. This implies by Ref. [24], Lemma 4, the set of
parameters leading to f(a) = 0 has zero Lebesgue measure in
R?~!. The set S of all parameters for which g, — g,, = 0 for
some m, n is given by the countable union of the previously
mentioned sets of measure zero. This implies S has also mea-
sure zero in R’~!, and the eigenvalues of G are generically
different from each other.

Notice that if we consider A = {a € R D|g; >0V i},
then A is a nonempty open subset of R~ and it has no zero
Lebesgue measure in R ~!. This implies A ¢ S. Moreover,
the set SN A C S has zero Lebesgue measure. This implies
the set of parameters S N A has zero Lebesgue measure A.
Therefore, the eigenvalues of G are generically different from
each other fora € A. ]

We now exploit Propositions A3 and A4 to prove there
exist continuous-time dynamics for which a quantum system
is observable given a generic measurement operator X in
addition to the identity (i.e., X = {I, X}).

We recall from Proposition 3 that a continuous-time quan-
tum system is observable (and therefore every state can be re-
constructed via DQST) if and only if O = span{L'(X;) V¢t €
Negzoy, ¥V X; € X} = B(H). In the considered vector repre-
sentation, this condition is equivalent to requiring

span{(¥)'x;, Vi € Nep 1,V x;} = [Rdz,

where x; is the vectorization according to (AS) of the ob-
servable X; € X. An alternative criterion for observability is
the so-called Popov-Belevitch-Hautus (PBH) test (see Ap-
pendix A 2). We define the PBH matrix as

A — ot
x”r
P = O (A6)
X

where x is the vectorization of the identity, and therefore is
a vector whose first entry is equal to 1, all other entries are 0.
Moreover [ is the cardinality of X"\ /. For the PBH criterion
(see Proposition A 2), the system is observable if and only if
rankP, = d*V 1 € C.

We are now ready to prove Proposition 8 in the main text.

Proof. (Proposition 8) To prove the claim, we can exploit
the results of Propositions A 3 and A 4 and the PBH criterion
(see Proposition A2). We consider, as in Proposition A 3,

a system with purely dissipative evolution (H = 0) and a
generic diagonal GKS matrix A = A" > 0 in the basis {F}} of
Assumption A 1. Let X \ 7 = {X} and x be the vectorization
of X. The PBH matrix for the considered system is

A 0
0 M-G

=17 Y59 (A7)
0 x;:dz

where x,.,2 is the subvector of x of elements in positions
i € [2,d?]. The matrix G is diagonal and, by Proposition
A4, has eigenvalues that are generically different. The system
is observable if and only if the PBH matrix P, has rank
d*V A € C. Since G is diagonal and all its eigenvalues are
generically different, at most one of its rows is identically 0
V A € C (except for a zero measure set of parameters), and
to guarantee that P, is full rank V A € C, it is necessary and
sufficient to choose x,.,. with all entries different from 0.
In particular, if we choose a generic observable X € $y(H),
its associated vector representation x,.,2 will have all entries
different from O except for a zero measure set of parameters.
Therefore, the system is observable except for a zero-
measure set of parameters of the dynamics and measurement
operators. ]

APPENDIX B: ON THE MEASUREMENT SELECTION
ALGORITHM

1. Comparison of selected measurements with the
optimal sequence

The procedure for selecting the evolved observables pro-
posed in Sec. VIB does not in general lead to the optimal
solution of the minimization problem (22). However, we next
present numerical evidence that the procedure helps to signif-
icantly reduce the value of the cost functional

Jr = tr[(05,0%) 7]

with respect to the worst possible one, and obtain relatively
comparable values to the optimal solution.

In the following, we consider discretized systems with
dissipative dynamics. In this setting, it is reasonable to assume
that observables evaluated after sufficiently long evolution
times carry negligible additional information about the initial
state. Accordingly, we restrict the search over evolution times
to the finite interval [0, 27'], where T denotes the slowest
decay time of the dynamics, defined as

1
~ IRe(u)l’

with A, the nonzero eigenvalue of the Lindblad operator hav-
ing the largest real part (the spectral gap). In all examples, we
discretize this interval and take

2T k
7|

—_— o1 .
15 k € {0, ,5}}

With this choice, it is numerically feasible to compute all
evolved observables X[¢] with X € X and t € T, yielding a
finite pool of cardinality ¢ = |X'||7|. Since DQST requires
at least d? evolved observables, we can then evaluate the cost
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functional Jr over all () possible selections of d* observ-
ables from this pool and determine its minimum.

Example 1: single qubit. We consider a qubit with Hilbert
space H = C?, and a Lindblad generator with Hamiltonian
and a single noise operator

H=o0, L=o0_,

where o, is the Pauli x operator and o_ is the lowering opera-
tor. We assume the available measurement set

X ={10)(0], [+) (+1},

where |0) =[1 0]" and |+) = \/%([1 0" +[0 1]7). The
identity need not be included since the dynamics is trace
preserving.

We used matlab to build the sampled observability ma-
trix and verify the Kalman rank condition (observability is
required for DQST and hence for the applicability of the
selection procedure). We then (i) ran our heuristic selection to
obtain a set R and its cost J4, (ii) computed the global mini-
mum and maximum costs J§, . and J§ . via an exhaustive
search over all d?> = 4 subsets from the ¢ = 32 evolved ob-
servables, and (iii) computed the average randomized cost J7S2
over the retained randomized realizations.

The resulting values are

Jmin =7-6 x 107", J = 1.4 x 10",
IS max = 1.0 x 108, J% = 7.2 x 10,

These results confirm that the heuristic is suboptimal (here
Ji% is about two orders of magnitude above J$ . ), but it sub-
stantially improves over the worst-case selection and over the
randomized benchmark. In particular, the relative gap with re-
spect to the worst case: (J% — J7Cz,min)/J7C2’max =13x 1077,
is very small, indicating that the algorithm yields a cost much
closer to the best case than to the worst case on this instance.
Moreover, J% <« J3,, showing that the heuristic improves (on
average) over the simple randomized iterative procedure.

Example 2: two qubits. We consider two qubits, H = H; ®
H, with H, = C? and H ~ C*. The considered Lindblad gen-
erator is associated with a Hamiltonian:

2
H= Z (of + 0] +0f) + ofoy +0f03, (BI)

i=1
and noise operators

1
L[=_6+ L2+,-=—0'_ 16{1,2}

N V2
Here af‘ denotes the Pauli operator 0%, @ € {0, x, y, z}, acting
on the jth qubit (i.e., 0% =0 ®1,0f =1 ® o), and oji are
the raising and lowering operators on the jth qubit.
We assume we can measure only the first qubit, with

X ={0)(0I &1, |[+){+I ®I}.

As in Example 1, we verified observability and computed:
the heuristic cost J4: and the exhaustive-search minimum
and maximum costs JS .. JS - over all d? = 16 subsets

from the ¢ = 32 evolved observables that yield a full-rank

observability matrix. The obtained values are
I3 min = 7.8 x 10°,  J =3.7 x 10°,
IR max = 8.6 x 10", J% = 1.1 x 10",

The interpretation is analogous to Example 1: the heuris-
tic is suboptimal (here J% is one order of magnitude above
J%’min), but it yields a dramatic improvement compared with
the worst-case selection and the averaged cost. The relative
gap with respect to the worst-case: (Jf — J5 in)/ I max =
3.4 x 10713, is again very small.

Overall, these results support the claim that the heuristic
algorithm—while less demanding than exhaustive search—
yields good approximations to the optimal solution in the
tested instances.

2. Computational considerations

The procedure we propose is iterative and has the following
peculiarities:

(1) It involves n? steps, where n = dim(#).

(2) In the first step, one observable at random is chosen;
this operation has cost O(1).

(3) At every step k, with k > 1, it requires to search the
observable that is the most orthogonal to the one selected at
the previous time step. More formally, let Ry be the set of
measurement operators found in steps 1, ...,k and X*¥ € X
the observable that is chosen in the kth step of the procedure.
In the kth step, we select the observable X k— XF[t*], with
X € X,t* € T, with maximum projection on span{R_;}*.

Let T be the orthogonal projector onto span{R;_;}*,
for all X; € X we first find

1 = argmax|| Tl X;[t]|[%, (B2)
teT
where || - ||gs is the Hilbert-Schmidt norm.

The cost of this operation is dominated by the computa-
tional cost of the algorithm chosen to perform the optimization
of the functional: call this cost A. In practice, the vectorized
representation of the system can be used, therefore the eval-
uation of the functional requires only the multiplication of
matrices (in C"ZX”Z) and vectors (in C”Z) and matrix exponen-
tiation (to compute the evolved observable at time ). These
are all operations polynomial in n?> and at most O(n®). We
emphasize that the optimization is performed for all the |X|
observables in X.

Successively we set

X* = argmax|| T X[ 11175 (B3)
Xi[r7]

and Ry = Ry_; UX*. This optimization requires selecting
among the |X| observables output of the previous time step,
the one that minimizes the cost functional. The value of the
cost functional for each of these observables has already been
computed in the previous optimization step and can be stored
in memory. Since no other evaluation of the functional is
needed, the computational cost of the operation is O(|X|).

Each of the k steps has therefore cost O(| X |An®); the over-
all cost of the procedure is O(| X' |An®).
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