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Continuous-time quantum annealing (QA) is a strategy for preparing the ground state of nontrivial many-body
systems. In its standard form, the dynamics is generated by a time-dependent interpolation between a simple
driving Hamiltonian and the target problem Hamiltonian, usually implemented through a linear schedule. This
approach faces the crucial bottleneck of small spectral gaps, which may require exponentially long annealing
times to ensure adiabaticity. Here, we show how to implement quantum control over the annealing schedule in a
frustrated Ising ring, one of the simplest models exhibiting an exponentially small bottleneck gap. By optimizing
smooth continuous-time annealing schedules with a dressed chopped random basis (CRAB) approach, and using
a digitized representation of the dynamics to efficiently evaluate gradients, we construct protocols that strongly
outperform standard fixed schedules. The optimized dynamics bypasses the bottleneck through a strongly
nonadiabatic mechanism, leading to efficient ground-state preparation despite the exponentially small minimum
gap. In particular, the annealing time required to reach a fixed residual-energy threshold is found to grow
linearly with system size rather than exponentially. We further examine a lowest-order variational counterdiabatic
correction and find that, once schedule optimization is allowed, it does not lead to any improvement.

DOI: 10.1103/wwqn-c9cb

I. INTRODUCTION

Quantum annealing (QA) is a computational paradigm in
which the solution of an optimization problem is encoded in
the ground state of a target Hamiltonian Ĥtarg, while the system
is initialized in the easily prepared ground state |ψ0〉 of a
driving Hamiltonian Ĥdrive [1–5]. These two terms enter in the
total Hamiltonian through a time-dependent interpolation

Ĥ (t ) = s(t )Ĥtarg + (1 − s(t ))Ĥdrive, (1)

and the state of the system |ψ (t )〉 obeys the time-dependent
Schrödinger equation i∂t |ψ (t )〉 = Ĥ (t )|ψ (t )〉 starting from
|ψ (t = 0)〉 = |ψ0〉. Here, the function s(t )—henceforth, the
schedule—satisfies s(0) = 0 and s(τ ) = 1, where τ is the
total evolution (or annealing) time. In the adiabatic limit, for
sufficiently large annealing time τ , the evolved state remains
close to the instantaneous ground state of Ĥ (t ) and reaches the
desired solution at the end of the protocol. The performance
of standard QA is therefore strongly affected by the spectral
properties of the interpolating Hamiltonian Ĥ (t ), and in par-
ticular by its minimum instantaneous energy gap encountered
during the evolution. As demonstrated long ago by Roland
and Cerf [6], a QA implementation of the Grover search
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problem [7] would fail to provide any quantum speed-up
unless the schedule s(t ) is suitably improved over the stan-
dard linear choice s(t ) = t/τ . A recent detailed discussion of
various possible strategies for improvement of the schedule,
notably when passing through a second-order quantum critical
point, is given in Ref. [8]. The situation becomes dramatically
more severe when the spectral gap of the instantaneous Hamil-
tonian becomes exponentially small with the system size, as
the annealing time required to maintain adiabaticity would
become exponentially large [9–12].

A natural way to overcome this limitation is to abandon
the requirement of strict adiabaticity and regard the annealing
schedule s(t ) itself as a control field. Rather than following a
fixed schedule, such as a simple linear ramp s(t ) = t/τ , one
can optimize s(t ) to minimize the final average target energy
〈ψ (τ )|Ĥtarg|ψ (τ )〉 at a given finite time τ . This point of view
connects QA with the broader framework of quantum opti-
mal control, where suitably designed time-dependent protocol
fields can exploit nonadiabatic transitions as a resource rather
than treating them only as errors to be suppressed [13–19].
A complementary strategy is provided by counterdiabatic
driving, where additional driving terms are added to the
Hamiltonian to suppress transitions out of the instantaneous
ground state [20–23]. Related ideas have also been incor-
porated into variational and digitized quantum optimization
schemes, inspired by the quantum approximate optimization
algorithm (QAOA) [24–28].

In many-body systems, however, both schedule optimiza-
tion and counterdiabatic driving are challenging. The control
field is a continuous function of time, and the Hilbert-space
dimension grows exponentially with the number of degrees of
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freedom. It is therefore important to identify nontrivial mod-
els in which the interplay between exponentially small gaps,
nonadiabatic dynamics, and optimal control can be studied in
detail.

In this work we focus on a frustrated Ising ring, intro-
duced in Ref. [11] and further studied in Refs. [14,29,30].
The model consists of an Ising chain with an odd num-
ber of sites, two weak ferromagnetic bonds, and a single
antiferromagnetic bond inducing frustration. Despite its ap-
parent simplicity, this system displays a spin-glass bottleneck
characterized by an exponentially small avoided crossing
close to the end of the annealing path. As a conse-
quence, standard adiabatic QA requires exponentially long
times to reliably prepare the (simple) ferromagnetic ground
state of the model. At the same time, after a Jordan-
Wigner mapping into spinless fermions [31,32], the model
is quadratic and can be simulated efficiently. This makes
it an ideal test bed for investigating whether optimized
continuous-time schedules can bypass the exponentially small
bottleneck.

Previous work on this model has shown that the bot-
tleneck can be mitigated by exploiting diabatic dynam-
ics [14]. More recently, optimal control and QAOA-like
approaches have shown that in digitized dynamics the
scaling can be substantially improved by using nona-
diabatic protocols and optimized variational parameters
[29,33,34]. Counterdiabatic strategies have also been pro-
posed as a way to fight exponentially small gaps in this
class of problems [30,35]. Here, we take a complemen-
tary continuous-time perspective and ask whether smooth
schedule optimization alone can reproduce, and further
clarify, the nonadiabatic mechanisms responsible for this
improvement.

The main contribution of this work is the construction and
analysis of smooth continuous-time schedules s(t ) showing
that the exponentially small bottleneck can be bypassed by
a controlled diabatic pathway. We optimize smooth annealing
schedules s(t ) using a chopped random basis (CRAB) strategy
[18,19,36,37], in which the schedule s(t ) is expanded over a
finite set of Fourier components with randomized frequencies.

Our results show that schedule optimization alone strongly
outperforms standard fixed schedules, including the tradi-
tional linear ramp, but also cubic and sinusoidal ramps with
vanishing time derivatives at the beginning and at the end
of the annealing, inspired by the adiabatic theorem [38]. The
improvement is associated with a strongly nonadiabatic mech-
anism: during the evolution, population weight is transferred
away from the instantaneous ground state and is later brought
back to the target ground state near the end of the protocol.
In this sense, the optimized protocol does not overcome the
exponentially small bottleneck by slowing down the dynamics
but by exploiting controlled diabatic transitions across it.

We also investigate whether this optimized strategy can be
further improved by adding a lowest-order variational coun-
terdiabatic correction. Counterdiabatic driving is designed to
suppress transitions out of the instantaneous ground state by
adding a term proportional to the adiabatic gauge potential
[20,21]. For the frustrated ring, the lowest-order local approx-
imation to this gauge potential can be written explicitly and
remains quadratic in the fermionic representation. However,

when combined with schedule optimization, we find that this
correction does not produce any improvement over the opti-
mized schedule alone.

The remaining paper is organized as follows. Section II
introduces the frustrated-ring model and its Jordan-Wigner
fermionic representation. Section III describes the time-
discretized evolution, the connection with a QAOA-like
ansatz, and the CRAB optimization of the continuous sched-
ule. In Sec. IV we present the optimized residual energies
and compare them with various fixed schedules. Section IV B
analyzes the populations of the instantaneous eigenstates
and identifies the nonadiabatic mechanism underlying the
optimized protocols. Section IV C discusses the addition
of the lowest-order counterdiabatic term and compares its
performance with schedule optimization alone. Section V
summarizes our conclusions and discusses possible future
directions. Finally, a few Appendixes discuss some technical
aspects of our study.

II. MODEL

We start by presenting the model we investigated. We con-
sider the following transverse-field quantum Ising chain:

Ĥ (t ) = s(t )Ĥtarg + (1 − s(t ))Ĥdrive

Ĥtarg ≡ Ĥz = −
N∑

j=1

Jj σ̂
z
j σ̂

z
j+1

Ĥdrive ≡ Ĥx = −h
N∑

j=1

σ̂ x
j , (2)

where s(t ) denotes a generic real interpolation schedule be-
tween the transverse-field term Ĥx, with a constant transverse
field −h, attained when s = 0, and a longitudinal nearest-
neighbor coupling Ĥz, attained when s = 1. This model was
proposed in Ref. [11] and studied in Refs. [14,29] and [30].
The couplings Jj between adjacent spins are

Jj =
⎧⎨⎩Jw if j = (N ± 1)/2

−Jf if j = N
J otherwise

. (3)

Here, J is the ferromagnetic coupling between most sites, Jw

denotes the weaker ferromagnetic coupling between the two
central sites at j = (N ± 1)/2, and Jf is the single frustrat-
ing (antiferromagnetic) coupling at site N. (In the notation
of Refs. [11] and [14], Jf = JR and Jw = JL.) We choose
0 < Jf < Jw < J , specifically requiring that JJf > J2

w, which
leads to the spin-glass bottleneck regime studied in Ref. [11].
For the rest of this work we take, following Ref. [14], J = 1,
our unit of energy, Jw = 0.5, and Jf = 0.45 or Jf = 0.2501.
The ground state of Ĥz is the ferromagnetic state with energy
Egs = −(N − 3)J − 2Jw + Jf ; the first excited state has two
domain walls, at a central site j = (N + 1)/2 and at j = N,
and is separated from the ground state by an energy gap
�1 ≡ Eex − Egs = 2(Jw − Jf ).
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FIG. 1. The Ising frustrated ring model with an odd number
of sites N. The model has a reflection symmetry around the axis
indicated by the dashed blue line.

We now use the Jordan-Wigner transformation [32] to
transform Ĥ (t ) into a quadratic fermionic Hamiltonian:

Ĥtarg ≡ Ĥz = −
N∑

j=1

Jj (ĉ
†
j ĉ j+1 + ĉ†

j ĉ
†
j+1 + H.c.)

Ĥdrive ≡ Ĥx = h
N∑

j=1

(ĉ†
j ĉ j − ĉ j ĉ

†
j ), (4)

with boundary condition ĉN+1 = (−1)p+1ĉ1, where ĉ†
j and ĉ j

are fermionic creation and annihilation operators. Here, p = 0
or 1 denotes even or odd fermion parity sectors of the Hilbert
space, (−1)p = eiπN̂F , where

N̂F =
N∑

j=1

ĉ†
j ĉ j

is the total number of fermions. The ground state of Ĥx for
h < 0, which we choose, is the fully occupied fermionic state

|ψ0〉 =
N∏

j=1

ĉ†
j |0〉.

This implies that the relevant fermion parity is p = 1 when N
is odd. Hence, we fix N to be odd and restrict our dynamics
to the p = 1 fermion parity sector, where the fermions have
periodic boundary conditions, ĉN+1 = ĉ1.

The couplings Jj have a reflection symmetry Jj = JN− j , see
Fig. 1, which can be exploited to simplify the computational
task, as suggested in Ref. [30]. We summarize the basic map-
ping to exploit this reflection symmetry in Appendix A.

In the strong frustration case Jf � Jw, this model shows
two closing gaps between the ground state and the first excited

state, as shown already in Ref. [29] (Fig. 2); the first one
occurs at sc ≈ 0.5 and decays polynomially, as 1/N: it is
the critical gap separating the quantum paramagnetic phase
(s < sc) from the frustrated ferromagnetic phase (s > sc);
the second, at sb ≈ 0.9 (for Jf = 0.45 and Jw = 0.5), is the
exponentially small gap providing the spin-glass bottleneck
discussed in Ref. [11].

III. TIME EVOLUTION AND QUANTUM CONTROL

In this section we describe the methodology that we used
to simulate continuous-time evolution. In continuous-time QA
we have a time-dependent interpolating Hamiltonian,

Ĥ (t ) = s(t ) Ĥz + (1 − s(t )) Ĥx, (5)

where s(0) = 0 and s(τ ) = 1, with τ being the total annealing
time. The system state |ψ (t )〉 will follow the Schrödinger
equation

ih̄
d

dt
|ψ (t )〉 = Ĥ (t )|ψ (t )〉, (6)

with initial condition |ψ (t = 0)〉 = |ψ0〉, where |ψ0〉 is the
ground state of Ĥx.

Since the final quantum state |ψ (t = τ )〉, and hence the
average energy

Efin(τ ) = 〈ψ (τ )|Ĥz|ψ (τ )〉, (7)

depend on s(t )—a continuous function of t—this optimal con-
trol in continuous time is a functional optimization problem.
To bypass this difficulty, we first go toward a digitized QA
dynamics [39–42]. The idea is to discretize the dynamics into
a large number P of very small time steps �t = τ/P. Setting
h̄ = 1, we obtain

|ψP〉 = e−i�t Ĥ (tP ) · · · e−i�t Ĥ (tp) · · · e−i�t Ĥ (t1 )|ψ0〉, (8)

where we choose the times tp in the middle of the correspond-
ing intervals:

tp = (p − 1
2

)
�t p = 1, . . . , P. (9)

After this time-discretization step, it is possible to Trotterize
the dynamics using the lowest-order Trotter splitting,

e−i�t (spĤz+(1−sp)Ĥx ) Trotter−−−→ e−iθ x
pĤx e−iθ z

pĤz , (10)

where sp = s(tp) and

θ z
p = sp�t , θ x

p = (1 − sp)�t . (11)

For our simulations we choose �t = τ/P = 0.1, namely, P =
10 ∗ int(τ ). This choice is justified in Appendix B, where the
induced Trotter error is carefully examined. This leads to the
usual QAOA [24] ansatz:

|ψP(θ)〉 = ÛP
(
θ x

P, θ z
P

)
. . . Û1

(
θ x

1 , θ z
1

)|ψ0〉, (12)

where, for p = 1, . . . , P,

Ûp
(
θ x

p, θ
z
p

) = e−iθ x
pĤx e−iθ z

pĤz . (13)

Next, we make an ansatz for the schedule s(t ) in the spirit
of the CRAB approach of Ref. [18], based on the Fourier
basis functions in the time interval [0, τ ]. This can be done
iteratively. Let s(0)(t ) = t/τ be the linear schedule. For k � 1,

042438-3



AREZZO, THENGIL, AND SANTORO PHYSICAL REVIEW A 114, 042438 (2026)

if s(k−1)(t ) is the current schedule, then at iteration k we define
s(k)(t ) as follows:

s(k)(t ) = s(k−1)(t ) + sin
(

π
τ

t
)( Nc∑

n=1

Cs
n sin(ωnt )

+
Nc∑

n=1

Cc
n cos(ωnt )

)
, (14)

i.e., we add a finite number, 2Nc, of Fourier components with
random frequencies ωn to the previous iteration schedule.
This scheme is known as dressed CRAB [19] and is able
to progressively improve the schedule by keeping the opti-
mization problem finite-dimensional: at each step the goal
is to optimize the 2Nc variational parameters C = (Cs, Cc),
with Cs/c = (Cs/c

1 , . . . , Cs/c
Nc

), by minimizing the average final
energy

EP(C) = 〈ψP(θ(C))|Ĥz|ψP(θ(C))〉. (15)

The appropriate values of Nc and how to choose the corre-
sponding frequencies ωn was a matter that we addressed by
numerical experiments. To fix the ideas, one could take Nc =
20 for each dressed-CRAB iteration and select the dimen-
sionless frequencies x = ωnτ/π from a Gamma probability
distribution,


(x � 0; α, β ) = xα−1e−x/β

βα
(α)
, (16)

where α > 0 determines the scale at small values of x and
β > 0 the overall exponential scale at large x. 
(α) is the
Euler Gamma function. This distribution is peaked at xmax =
(α − 1)β, and we used α = 3/2 as the shape parameter. To re-
duce the dependence on a particular random frequency drawn,
we repeat the frequency extraction Nreal = 20 times and retain
the set that gives the lowest optimized value of EP(θ). We
typically did k = 2 iterations of dressed CRAB. In the first
iteration, k = 1, we choose β = 4, so that the distribution is
peaked at xmax = 2: this provides the first optimized sched-
ule s(1)(t ) with the most important (small-frequency) Fourier
components. Next, we performed a second iteration, k = 2,
with β = 8, to give the final schedule s(2)(t ) higher-frequency
components that improve the quality of the solution. Unless
otherwise stated, all optimized schedules shown in the fol-
lowing are obtained using two dressed-CRAB iterations with
Nc = 20 Fourier components per iteration.

The time discretization and Trotterization of the dynam-
ics is very useful in the solution of the finite-dimensional
optimization problem, since it gives easy access to the an-
alytical gradients of the function EP(θ(C)), see Ref. [29]
(Appendixes C and D], which were passed to the Broyden-
Fletcher-Goldfarb-Shanno (BFGS) algorithm [43] used to
optimize the average energy EP.

Alternatively, the gradients can be evaluated directly in
continuous time, for instance, by augmenting the equa-
tions of motion with those for the parameter derivatives,
as in Ref. [44], or by differentiating through the numerical
ODE solver using automatic-differentiation techniques, as in
Ref. [45]. Related approaches for analog quantum dynamics
are discussed in Appendix C.3 of Ref. [46].

Once the optimal variational parameters Copt are obtained,
in principle a full schedule sopt (t ) in continuous time is avail-
able, see Eq. (14), and one might integrate the Schrödinger
equation (6) using a fourth-order adaptive Runge-Kutta algo-
rithm to calculate the final energy:

Efin(t = τ ) = 〈ψ (τ )|Ĥz|ψ (τ )〉. (17)

The comparison between EP(Copt ) and Efin(τ ) is discussed in
Appendix B and shows that the discrepancy between the two
quantities decreases approximately as 1/P2, confirming that
the optimized protocols represent genuine continuous-time
schedules for large enough P.

IV. RESULTS

Here, we present the results obtained by applying a
dressed-CRAB control to the schedule s(t ) for the frustrated
ring model. The results are first compared to fixed schedule
results, including the standard linear schedule slin (t ) = t/τ ,
but also schedules with a vanishing derivative at t = 0 and
t = τ , which should in principle achieve, based on the quan-
tum adiabatic theorem [38], a better asymptotic scaling as a
function of 1/τ . Among these, we mention the cubic schedule
[30]

scub(t ) = (t/τ )2 (3 − 2(t/τ )), (18)

and the sinusoidal schedule [25,27]

ssin (t ) = sin2

[
π

2
sin2

(
πt

2τ

)]
. (19)

To assess the quality of the solutions obtained, we will
use, as a figure of merit, a rescaled residual energy, both in
discrete-time and continuous-time dynamics:

εP(τ ) = EP(Copt ) − Egs

N
,

εct(τ ) = Efin(τ ) − Egs

N
, (20)

where EP(Copt ) is the optimal value of the expression in
Eq. (15) and Efin(τ ) the corresponding optimal continuous-
time expression in Eq. (17). Here, Egs = −(N − 3)J − 2Jw +
Jf is the ground-state energy of the frustrated ring model with
N sites. In the following, we analyze only the discrete-time
residual energy εP(τ ), discussing the comparison with εct(τ )
in Appendix B.

For each value of τ we performed Nrun = 10 indepen-
dent dressed-CRAB optimizations, corresponding to different
random choices of the CRAB frequencies, and leading to
different values of ε

(r)
P (τ ), with r = 1, . . . , Nrun. Since the

residual energies are non-negative and span several orders
of magnitude, we analyze their fluctuations on a logarithmic
scale, defining their logarithmic mean and standard deviation
as

μlog(τ ) = 1

Nrun

Nrun∑
r=1

log ε
(r)
P (τ ),

σlog(τ ) =
√√√√ 1

Nrun − 1

Nrun∑
r=1

[
log ε

(r)
P (τ ) − μlog(τ )

]2
.
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FIG. 2. Comparison between optimized continuous-time residual energies and fixed-schedule results for N = 13, Jf = 0.45 (a) and (c),
and N = 35, Jf = 0.45 (b) and (d). (a) and (b) show the geometric mean of the optimized residual energies ε̄P(τ ) over Nrun = 10 independent
dressed-CRAB runs. The shaded regions indicate one logarithmic standard deviation. (c) and (d) show representative optimized schedules
sopt (t ) for the case Nc = 20 and several values of τ .

The representative residual energy is then taken to be the
geometric mean

ε̄P(τ ) = eμlog(τ ), (21)

while the error bars are obtained from a logarithmic standard
deviation interval [47],

eμlog(τ )−σlog(τ ) � εP(τ ) � eμlog(τ )+σlog(τ ). (22)

A. Optimized continuous-time schedule

We start by presenting in Fig. 2 the optimized residual
energies as a function of τ , together with the corresponding
optimal schedules sopt (t ), for two chain sizes N = 13 and N =
35, and for two different values of the CRAB-basis trunca-
tion, Nc = 20 and 40. The residual-energy points correspond
to the geometric mean ε̄P(τ ), see Eq. (21), over Nrun = 10
independent dressed-CRAB optimizations, while the shaded
regions indicate one logarithmic standard deviation, as defined
in Eq. (22). As expected, the residual energy decreases as
τ increases. Figure 2 also shows results obtained for three
fixed schedules, namely, linear slin = t/τ , cubic [see Eq. (18)],
and sinusoidal [see Eq. (19)]. These fixed schedule results
show that the dynamics remains trapped in a bottleneck-
induced plateau over the range of τ explored: Reaching

vanishing residual energies with such fixed protocols would
require much longer, indeed exponentially large, annealing
times [14,29,30]. By contrast, the optimized dressed-CRAB
schedules produce a much faster reduction of the residual
energy, indicating that a substantial improvement can already
be achieved at moderate annealing times.

The comparison with fixed schedules also highlights an im-
portant point. Cubic and sinusoidal ramps have vanishing time
derivatives at the boundaries of the protocol and are therefore
expected, on the basis of the adiabatic theorem, to reduce
boundary-induced diabatic errors with respect to a linear
schedule [38]. This advantage, however, is only asymptotic
for τ → ∞. For the finite annealing times considered here,
the residual energy is dominated by the bottleneck dynamics
rather than by boundary effects. As a result, the smoother
boundary behavior of the cubic and sinusoidal schedules does
not provide any advantage, and these ramps perform even
worse than the linear schedule.

To characterize more quantitatively the scaling of the con-
trol performance with system size, we extract for each N a
threshold annealing time τ ∗, defined as the first value of τ—
technically related to a value of P = 10 ∗ int(τ )—for which
the geometric mean of the residual energy over the differ-
ent dressed-CRAB runs satisfies ε̄P(τ ) < ε threshold = 10−6. The
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FIG. 3. Threshold annealing time τ ∗ extracted from the condition
ε̄P(τ ) < ε threshold = 10−6, as a function of the system size N. For each
N, we scan the annealing time τ in steps of �τ = 1 and define τ ∗

as the smallest scanned value of τ for which the geometric mean
of the optimized residual energy satisfies ε̄P(τ ) < ε threshold. The data
are shown in log-log scale. The dashed line is a linear-scaling guide
to the eye, τ ∗ ∝ N, normalized using the largest system size. The
comparison suggests that, in the range of sizes explored here, the
threshold time τ ∗ is compatible with a linear scaling with N. All
data are obtained with the default two-iteration dressed-CRAB setup
described in Sec. III.

resulting τ ∗ is shown in Fig. 3. In the range of sizes ex-
plored here, τ ∗ grows linearly with N. This is an important
indication that the optimized continuous-time control strategy
avoids the exponentially large times associated with purely
adiabatic evolution across the exponentially small spectral gap
bottleneck.

B. Populations of the instantaneous eigenstates

In order to understand the physical mechanism behind the
optimized schedules, we analyze the time-dependent pop-

ulations of the instantaneous eigenstates of the annealing
Hamiltonian

Ĥ (s) = sĤz + (1 − s)Ĥx. (23)

At each time t , we diagonalize Ĥ (s(t )) and denote its instanta-
neous eigenstates by |φn(s(t ))〉, ordered by increasing energy.
The corresponding populations are defined as

pn(t ) = |〈φn(s(t ))|ψ (t )〉|2, (24)

where |ψ (t )〉 is the state evolved under the optimized
continuous-time schedule.

For a perfectly adiabatic evolution, the population would
remain concentrated in the instantaneous ground state
throughout the whole protocol, namely, p0(t ) 
 1 for all
t ∈ [0, τ ]. The optimized protocols found by dressed CRAB
display a markedly different behavior. As shown in Fig. 4,
the dynamics is strongly nonadiabatic: the system leaves the
instantaneous ground state during the early stage of the evo-
lution, developing a sizable population in the first excited
state, and returns almost completely to the target ground state
at the end of the evolution. This transfer is the mechanism
through which the optimized schedule bypasses the expo-
nentially small bottleneck gap: Once the first excited state is
populated, the optimized protocol exploits the final avoided
crossing associated with the exponentially small gap to trans-
fer the population back to the instantaneous ground state. This
allows the system to reach the target state.

The population analysis also clarifies why the optimized
schedules outperform standard fixed schedules. Linear, cubic,
or sinusoidal ramps are constrained to follow a predeter-
mined path in time and therefore cannot efficiently coordinate
the sequence of diabatic transitions required to return to the
target ground state. An interesting physical insight into the
mechanism of population transfer, through Landau-Zener-
Stückelberg interference, is discussed in Ref. [34].

�10 �10

FIG. 4. Populations of the low-lying instantaneous eigenstates during the optimized dynamics for two system sizes: N = 13 at τ = 60
(a) and N = 35 at τ = 120 (b). All data are obtained with the default two-iteration dressed-CRAB setup described in Sec. III. Notice the
abrupt final population transfer for values of t/τ close to the bottleneck value of sb ≈ 0.9. The final ground-state infidelities are 1 − p0(τ ) 

3.8 × 10−8 for N = 13 and 1 − p0(τ ) 
 9.6 × 10−7 for N = 35. Since both the initial state and Ĥ (s) are even under the reflection symmetry
of Fig. 1, only even eigenstates can be populated; the second excited state is odd and is therefore not shown.
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C. Variational counterdiabatic driving

The basic idea of counterdiabatic driving [21], also known
as transitionless quantum driving [20], consists in adding extra
terms to the driving Hamiltonian that exactly cancel the nona-
diabatic transitions inevitably occurring when the annealing
time τ is finite:

i
d

dt
|ψ (t )〉 = (sĤz + (1 − s)Ĥx + ṡÂ(s))︸ ︷︷ ︸

ĤCD(s,ṡ)

|ψ (t )〉, (25)

where we set h̄ = 1. These extra terms involve ṡ multiply-
ing the so-called adiabatic gauge potential Â(s), a highly
nonlocal operator for which variational optimization schemes
have been introduced in Ref. [21]. To lowest order (LO),
an analytical expression for the optimal variational adiabatic
gauge potential is given by [21]

Â(s)
lowest order≈ ÂLO(s) = −iα(s)[Ĥ (s), ∂sĤ (s)]

= −iα(s)[Ĥx, Ĥz], (26)

or, upon translating into Jordan-Wigner fermions [32],

ÂLO(s) = −iα(s)[Ĥx, Ĥz]

= 4iα(s)
N∑

j=1

Jj (ĉ
†
j ĉ

†
j+1 − ĉ j+1ĉ j ).

(27)

Here, the optimal function α(s) involves traces of Pauli oper-
ators and can be calculated explicitly:

α(s) = Tr(i[Ĥx, Ĥz])2

Tr((1 − s)[Ĥx, [Ĥx, Ĥz]] + s[Ĥz, [Ĥx, Ĥz]])2

=
∑

j J2
j

16(1 − s)2
∑

j J2
j + 4s2

(
3
∑

j J2
j J2

j+1 +∑ j J4
j

) .
(28)

Details are given in Appendix C.
The schedule s(t ) appearing in Eq. (25) is still left un-

specified, and in principle one might optimize it. The idea is
that, for the exact ĤCD(s, ṡ), any schedule would do the job,
as the system remains by construction in the instantaneous
ground-state manifold. When the lowest-order-local adiabatic
gauge potential ÂLO(s) is adopted, the driving Hamiltonian is

Ĥ LO
CD (s, ṡ) = sĤz + (1 − s)Ĥx + ṡÂLO(s), (29)

however, excitations out of the ground state are possible, and
a judicious (optimal) choice of the schedule s(t ) should exist.

To compare our results with those of Ref. [30], we show in
Fig. 5 residual energies for the cases of N = 17 and N = 33,
with a small frustration bond Jf = 0.2501. Our results show
that adding the lowest-order variational counterdiabatic term
does not improve the final residual energy. This behavior can
be understood in physical terms. The optimized schedules
found through dressed CRAB do not follow an adiabatic
strategy: population is first transferred to the first excited
state in the first part of the evolution and then returns to the
target ground state near the end of the evolution by exploit-
ing the small avoided crossing at sb ≈ 0.9 (see Sec. IV B).
By contrast, the role of the counterdiabatic term is to sup-
press transitions and keep the system as close as possible to

the instantaneous ground state of the annealing Hamiltonian.
Therefore, in this frustrated Ising ring model, it is not sur-
prising that combining optimal control with a counterdiabatic
term does not yield any advantage.

In Ref. [30], a cubic schedule augmented by a lowest-
order counterdiabatic term was found to slightly improve the
annealing dynamics of the frustrated ring, mainly at shorter
driving times. Our results for N = 17 and N = 33, however,
indicate that significant improvements can be obtained only
through control optimization.

V. CONCLUSIONS AND PERSPECTIVES

In this work we investigated continuous-time quantum
control in a frustrated Ising ring model displaying an expo-
nentially small spectral gap. This model provides a setting in
which standard adiabatic quantum annealing is expected to re-
quire exponentially long times, while the quadratic fermionic
structure allows for efficient numerical simulations at rela-
tively large system sizes.

We optimized smooth annealing schedules using a dressed-
CRAB approach. The continuous-time control problem was
represented through a finely digitized dynamics, allowing us
to use analytical gradients and efficient BFGS optimization.
This strategy allowed us to compare optimized protocols with
standard fixed schedules, such as linear, cubic, and sinusoidal
ramps.

Our main result is that continuous-time schedule
optimization can reduce the final residual energy by several
orders of magnitude with respect to fixed schedules. Cubic
and sinusoidal schedules have vanishing derivatives at
the boundaries and are therefore expected to suppress
boundary-induced diabatic corrections [38]. Instead we found
that they perform worse than the linear schedule in the time
regime considered here, leading to the conclusion that the
necessary ingredient to bypass the exponentially small gap is
the protocol optimization.

The optimized schedules generate a strongly nonadiabatic
dynamics: the state leaves the instantaneous ground state, de-
velops significant population in the first excited instantaneous
eigenstate, and is finally transferred back to the target ground
state near the end of the evolution using the avoided crossing
at sb ≈ 0.9. We found that the annealing time required to
reach a fixed residual-energy threshold grows approximately
linearly with the system size over the range investigated,
rather than following the exponential scaling expected from
a purely adiabatic passage through the bottleneck gap. This
scaling is not the same as the one found in Refs. [29,33]
for the minimum number of QAOA steps Pcr necessary to
reach controllability in the digital setting: Pcr ∝ N2. This
finding, however, is not in contrast with our result, since
we are considering a continuous-time setting with a finite
fixed accuracy threshold ε threshold = 10−6, different from the
one imposed for full controllability (nominally, ε threshold = 0).
Our linear scaling also compares favorably with the ∝ N2

scaling of the median annealing time found in Ref. [14] for
optimized piecewise-linear schedules (N � 39), and with the
∝ Nα scaling, α ≈ 1.2−1.4, reported in Ref. [34] for sched-
ules exploiting Landau-Zener-Stückelberg interference.

We also studied the effect of adding a lowest-order vari-
ational counterdiabatic correction. Although such a term is
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FIG. 5. Comparison of the optimized residual energies obtained with the standard and counterdiabatic protocols, together with the results
for fixed linear, cubic, and sinusoidal schedules. The data refer to Jf = 0.2501 and N = 17 in (a) and (c), and to Jf = 0.2501 and N = 33 in (b)
and (d). The residual-energy points show the geometric mean ε̄P(τ ) over Nrun = 10 independent dressed-CRAB runs, while the shaded regions
indicate one logarithmic standard deviation. The bottom panels compare the optimized schedules for τ = 80 (N = 17) and τ = 100 (N = 33)
and show the corresponding profile of α(s)ṡ(t ) entering the counterdiabatic correction. Both the standard and counterdiabatic schedules are
optimized using the same default dressed-CRAB setup described in Sec. III.

designed to suppress transitions and can be written explicitly
for the present free-fermionic model, we found that it does
not yield any improvement once the schedule is already opti-
mized. This result is consistent with the population analysis
in Sec. IV B: the optimized schedule relies on a diabatic
mechanism where the instantaneous ground-state population
is appropriately initially depleted, while the counterdiabatic
terms try to do exactly the opposite.

Several directions of investigation remain open. A first
natural extension concerns the structure of the optimized
schedules below the controllability threshold. In Ref. [48],
it was shown that in related quantum annealing and QAOA
control problems, the optimal finite-time protocols may not be
purely smooth but can develop bang-bang features localized in
the beginning and the end of the evolution. In a detailed analy-
sis of the uniform Ising chain, to be presented in Ref. [49], we
show that this type of boundary bang-bang behavior system-
atically emerges below the controllability threshold. It would
therefore be interesting to extend the present dressed-CRAB
ansatz by allowing for boundary bang segments, and to test
whether such hybrid protocols can further improve the perfor-
mance in the frustrated-ring model.

A second perspective concerns the optimization strategy
and the relationship between digitized and continuous-time
control. The Trotterized representation used here provides an
efficient way to evaluate gradients, but alternative approaches
based on direct continuous-time integration [44–46] could
avoid the Trotter splitting error. Conversely, higher-order
Baker-Campbell-Hausdorff [50] corrections to the digitized
representation would generate effective commutator terms,
such as [Ĥx, Ĥz]. Including such corrections could provide
a more accurate bridge between the digitized optimization
procedure and the target continuous-time dynamics [51].

Finally, a further important question is whether similar
diabatic mechanisms can be explicitly demonstrated in more
complex many-body models with small spectral gaps, equally
hard for QA. In particular, it remains unclear whether the
coherent back-and-forth population transfer observed here can
survive in genuinely interacting systems, where the spreading
of excitations over a larger portion of the many-body Hilbert
space may hinder their coherent transfer back to the ground
state. Extending the analysis to nonintegrable spin chains,
higher-dimensional frustrated models, or models that are char-
acterized by more than one avoided crossing would shed more
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light into the generality of the mechanisms analyzed in the
present paper; an interesting route, in that respect, is to study
models that can be tackled with matrix product states [52] and
other tensor network techniques [53], where quantum control
techniques have not been attempted so far, to the best of our
knowledge.
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APPENDIX A: THE REFLECTION SYMMETRY MAPPING

To exploit reflection symmetry of the couplings Jj , we per-
form the transformation introduced in Ref. [30]. We define a
new set of 2N Dirac fermions 
̂±

j=1,...,N, appropriately defined
on odd and even sites as follows:


̂±
2 j−1 = i

2
(±(ĉ j + ĉ†

j ) + (ĉN+1− j − ĉ†
N+1− j )) (A1)

for j = 1, . . . , (N + 1)/2, and


̂±
2 j = i

2
((ĉ j − ĉ†

j ) ± (ĉN+1− j + ĉ†
N+1− j )) (A2)

for j = 1, . . . , (N − 1)/2. Observe that


̂+
j = (
̂−

j )†, (A3)

and that they obey standard fermionic anticommutation rela-
tions [30]:

{
̂−
j , 
̂+

j′ } = δ j, j′ , {
̂+
j , 
̂+

j′ } = {
̂−
j , 
̂−

j′ } = 0. (A4)

The expressions for 
̂±
j can be cast into a convenient Nambu

matrix form which encodes a unitary transformation of the
original Nambu fermions into new symmetry-adapted Nambu
operators:

�̂ ≡

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝


̂−
1


̂−
2
...


̂−
N


̂+
1


̂+
2
...


̂+
N

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= U


⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ĉ1
ĉ2
...

ĉN
ĉ†

1
ĉ†

2
...

ĉ†
N

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
≡ U
�̂ , (A5)

where �̂ is the Nambu vector of the original fermions, and
the 2N × 2N unitary matrix U
 has the following block form:

U
 =
(

U
 V∗



V
 U∗



)
. (A6)

Here, the N × N blocks U
 and V
 are given by

U
 = i

2

⎛⎜⎜⎜⎜⎜⎜⎝

−1 0 0 · · · 0 0 +1
+1 0 0 · · · 0 0 −1
0 −1 0 · · · 0 +1 0
0 +1 0 · · · 0 −1 0

0 0 . . .
... 0 0

0 0 · · · 0 · · · 0 0

⎞⎟⎟⎟⎟⎟⎟⎠,

V
 = i

2

⎛⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0 0 1
1 0 0 · · · 0 0 1
0 1 0 · · · 0 1 0
0 1 0 · · · 0 1 0

0 0 . . .
... 0 0

0 0 · · · 2 · · · 0 0

⎞⎟⎟⎟⎟⎟⎟⎠. (A7)

Using these new Dirac fermions, we can write the target and
driving Hamiltonians as follows:

Ĥz = 2
(N−1)/2∑

j=1

Jj (
̂
+
2 j
̂

−
2 j+1 − 
̂−

2 j
̂
+
2 j+1)

+ JN(
̂+
1 
̂−

1 − 
̂−
1 
̂+

1 ),

Ĥx = −2h
(N−1)/2∑

j=1

(
̂+
2 j−1
̂

−
2 j − 
̂−

2 j−1
̂
+
2 j )

− h(
̂+
N 
̂−

N − 
̂−
N 
̂+

N ), (A8)

where JN = −Jf and h = −J . Equivalently, in matrix form,
with �̂† = (
̂+

1 , . . . , 
̂+
N , 
̂−

1 , . . . , 
̂−
N ),

Ĥx/z = �̂† Hx/z �̂, (A9)

where Hx/z are 2N × 2N Hermitian matrices of the form

Hx/z =
(

Ax/z 0
0 −Ax/z

)
. (A10)

In turn, the N × N real symmetric matrices Ax/z can be written
in terms of 2 × 2 blocks:

Ax =−h

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 0 · · · · · · 0
1 0 0 0 0 0 · · · · · · 0
0 0 0 1 0 0 · · · · · · 0
0 0 1 0 0 0 · · · · · · 0

0 0 0 0 . . .
. . . 0 0 0

0 0 0 0 . . .
. . . 0 0 0

0 0 · · · · · · 0 0 0 1 0
0 0 · · · · · · 0 0 1 0 0
0 0 0 0 · · · · · · 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
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Az =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

JN 0 0 · · · · · · 0 0 0 0
0 0 J1 0 0 · · · · · · 0 0
0 J1 0 0 0 · · · · · · 0 0
0 0 0 0 J2 0 0 · · · · · ·
0 0 0 J2 0 0 0 · · · · · ·
0 0 0 0 0 . . .

. . . 0 0

0 0 0 0 0 . . .
. . . 0 0

0 0 0 · · · · · · 0 0 0 Jw

0 0 0 · · · · · · 0 0 Jw 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(A11)

To get the final variational energy, we start from the
discrete-time expression:

EP(θ) ≡ 〈ψP(θ)|Ĥz|ψP(θ)〉 = 〈ψ0|Û †
ev(θ) Ĥz Ûev(θ)|ψ0〉 ,

(A12)

where

Ûev(θ) = ÛP
(
θ x

P, θ z
P

)
. . . Û1

(
θ x

1 , θ z
1

)
(A13)

is the digitized-and-Trotterized evolution operator. Next, we
move to the Heisenberg picture for the operators. Considering

that, see Eq. (A10), Ĥz = �̂† Hz �̂, then

Û †
ev(θ) Ĥz Ûev(θ) =

2N∑
j, j′=1

�̂†
j′H(θ) (Hz ) j′ j �̂ jH(θ)

= �̂†
H(θ) Hz �̂H(θ), (A14)

where

�̂ jH(θ) = Û †
ev(θ) �̂ j Ûev(θ) (A15)

is the Heisenberg form of the (Nambu) symmetry-adapted
fermionic operators. In precise analogy with the time-
dependent Bogoljubov-de Gennes (BdG) theory [32]—
viewing the digital evolution as a particular stepwise time
dependence of the Hamiltonian—we deduce that

�̂H(θ) = Uev(θ) �̂, (A16)

where Uev(θ) is a 2N × 2N unitary operator solving the time-
dependent BdG equations. The result can be cast in the form

Uev(θ) = UP(θ x
P, θ z

P ) . . . U1(θ x
1 , θ z

1 ), (A17)

where, for p = 1, . . . , P,

Up(θ x
p, θ

z
p) = e−2iθ x

p Hx e−2iθ z
p Hz . (A18)

Notice that, due to the block form of Hx/z, see Eqs. (A10)
and (A11), the various Up can be calculated analytically. In
particular, the exponentials of the blocks Ax and Az are given
by

e−2iθ x
pAx =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

cos(2hθ x
p ) i sin(2hθ x

p ) 0 0 · · · · · · 0
i sin(2hθ x

p ) cos(2hθ x
p ) 0 0 · · · · · · 0

0 0 . . .
. . . 0 0 0

0 0 . . .
. . . 0 0 0

0 0 · · · · · · cos(2hθ x
p ) i sin(2hθ x

p ) 0
0 0 · · · · · · i sin(2hθ x

p ) cos(2hθ x
p ) 0

0 0 · · · · · · 0 0 cos(2hθ x
p ) + i sin(2hθ x

p )

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(A19)

and

e−2iθ z
pAz =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

cos(2JNθ z
p) − i sin(2JNθ z

p) 0 0 0 0 0 0
0 cos(2Jθ z

p) −i sin(2Jθ z
p) · · · · · · 0 0

0 −i sin(2Jθ z
p) cos(2Jθ z

p) · · · · · · 0 0

0 0 0 . . .
. . . 0 0

0 0 0 . . .
. . . 0 0

0 0 0 0 0 cos(2Jwθ z
p) −i sin(2Jwθ z

p)
0 0 0 0 0 −i sin(2Jwθ z

p) cos(2Jwθ z
p)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (A20)

These expressions make it particularly easy to calculate the
various ingredients appearing in the time evolution of the
state, including their derivatives with respect to the parameters
θ. The total Uev(θ) in Eq. (A17) is also in block form:

Uev(θ) =
(

Uev(θ) 0
0 U∗

ev(θ)

)
. (A21)

The block forms of Uev and Hz in Eqs. (A10) and (A21) imply
that

U†
ev(θ) Hz Uev(θ) =

(
Az(θ) 0

0 −A∗
z (θ)

)
, (A22)

where Az(θ) denotes the Hermitian matrix obtained by trans-
forming Az with the unitary evolution block Uev(θ):

Az(θ) = U†
ev(θ) Az Uev(θ). (A23)

The final energy in Eq. (A12) can therefore be expressed,
using Eqs. (A14) and (A16), as

EP(θ) = 〈ψ0|�̂†
H(θ) Hz �̂H(θ)|ψ0〉

= 〈ψ0|�̂† U†
ev(θ) Hz Uev(θ) �̂|ψ0〉

=
2N∑

j, j′=1

(U†
ev(θ) Hz Uev(θ)) j, j′ 〈ψ0|�̂†

j �̂ j′ |ψ0〉. (A24)
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To continue, we use Eq. (A5) to calculate the matrix

Γ j, j′ ≡ 〈ψ0|�̂†
j �̂ j′ |ψ0〉 =

2N∑
l,l ′=1

(U†

 )l, j (U
 ) j′,l ′ 〈ψ0|�̂†

l �̂l ′ |ψ0〉

=
N∑

l=1

(U
 ) j′,l (U†

 )l, j, (A25)

where we used 〈ψ0|�̂†
l �̂l ′ |ψ0〉 = 〈ψ0|ĉ†

l ĉl ′ |ψ0〉 = δl,l ′ for
l, l ′ � N, as appropriate for the fully occupied initial state
|ψ0〉 =∏N

j=1 ĉ†
j |0〉 relevant for h < 0. In turn, the block form

of U
 in Eq. (A6) implies that for j, j′ ∈ {1, . . . , N},
Γ j, j′ = (U
U†


 ) j′, j, ΓN+ j,N+ j′ = (V
V†

 ) j′, j . (A26)

By inserting these expressions into Eq. (A24) we deduce that

EP(θ) =
2N∑

j, j′=1

(U†
ev(θ) Hz Uev(θ)) j, j′ 〈ψ0|�̂†

j �̂ j′ |ψ0〉

=
N∑

j, j′=1

((Az(θ)) j, j′Γ j, j′ − (A∗
z (θ)) j, j′ΓN+ j,N+ j′ )

= Tr(Az(θ)U
U†

 − A∗

z (θ)V
V†

 ). (A27)

The explicit expressions for U
 and V
 in Eq. (A7) imply that

U
U†

 = 1

2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 0 0 0 0 · · · · · · 0
−1 1 0 0 0 0 · · · · · · 0

0 0 1 −1 0 0 · · · · · · 0
0 0 −1 1 0 0 · · · · · · 0

0 0 0 0 . . .
. . . 0 0 0

0 0 0 0 . . .
. . . 0 0 0

0 0 · · · · · · 0 0 1 −1 0
0 0 · · · · · · 0 0 −1 1 0
0 0 0 0 · · · · · · 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

V
V†

 = 1

2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 0 0 0 0 · · · · · · 0
1 1 0 0 0 0 · · · · · · 0
0 0 1 1 0 0 · · · · · · 0
0 0 1 1 0 0 · · · · · · 0

0 0 0 0 . . .
. . . 0 0 0

0 0 0 0 . . .
. . . 0 0 0

0 0 · · · · · · 0 0 1 1 0
0 0 · · · · · · 0 0 1 1 0
0 0 0 0 · · · · · · 0 0 2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (A28)

The fact that V
V†

 is symmetric, Az(θ) is Hermitian, and the invariance of the trace under transposition and cyclic permutations

imply that

Tr(A∗
z (θ) V
V†


 ) = Tr((V
V†

 )TA†

z (θ)) = Tr(Az(θ) V
V†

 ). (A29)

Hence, we conclude that

EP(θ) = Tr(Az(θ) U
U†

 − A∗

z (θ) V
V†

 ) = Tr(Az(θ) (U
U†


 − V
V†

 )) = Tr(U†

ev(θ) Az Uev(θ) G), (A30)

where the symmetric matrix G is given by

G = U
U†

 − V
V†


 = −

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 0 · · · · · · 0
1 0 0 0 0 0 · · · · · · 0
0 0 0 1 0 0 · · · · · · 0
0 0 1 0 0 0 · · · · · · 0

0 0 0 0 . . .
. . . 0 0 0

0 0 0 0 . . .
. . . 0 0 0

0 0 0 0 · · · · · · 0 1 0
0 0 0 0 · · · · · · 1 0 0
0 0 0 0 · · · · · · 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (A31)
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FIG. 6. Comparison between continuous-time residual energy εct(τ ) and the digitized residual energy εP(τ ) vs the number of steps P in
which the dynamics is Trotterized. The plots correspond to τ = 40, N = 13, and Jf = 0.45J . For P = 400, �ε ≡ |εct − εP| ≈ 9 × 10−6 <

εP ≈ 5.7 × 10−5.

APPENDIX B: THE TROTTER ERROR

To assess the effect of the digital approximation on the
continuous-time dynamics, we compared the residual energy
obtained from the exact continuous-time evolution, εct(τ ),
with the corresponding digitized residual energy εP(τ ) [see
Eq. (20)] as a function of the number of Trotter steps P.
To do this, we fixed τ and then optimized the protocols for
different values of P, obtaining different values for εP(τ ). For
each of these P we used the variational parameters Copt to
obtain sopt (t ) and εct(τ ) and then compared the two different
residual energies. A representative example is shown in Fig. 6
for τ = 40, N = 13, and Jf = 0.45.

As expected, the digitized result converges to the
continuous-time value as P increases. The difference �ε =
|εct − εP| decreases approximately as a power law compatible
with P−2 in the explored range, consistently with the use of
a first-order Trotter splitting for the unitary evolution over a
fixed total time.

This analysis justifies our working choice P = 10 ∗ int(τ ),
corresponding to �t = 0.1, which provides a good compro-
mise between numerical accuracy and computational cost
throughout the paper.

APPENDIX C: ADIABATIC GAUGE POTENTIAL

The lowest-order approximation for the adiabatic gauge
potential reads

ÂLO(s) = iα1(s)[Ĥ (s), ∂sĤ (s)], (C1)

where the function α1(s) is found by minimizing an action
[21]:

S(α1) = Tr(∂sĤ (s) + α1

h̄
[Ĥ (s), [Ĥ (s), ∂sĤ (s)]])2

= Tr(∂sĤ (s))2 + α2
1

h̄2 Tr([Ĥ (s), [Ĥ (s), ∂sĤ (s)]])2

+ 2
α1

h̄
Tr((∂sĤ (s))[Ĥ (s), [Ĥ (s), ∂sĤ (s)]]).

The action is therefore a quadratic function of α1. Setting to 0
the derivative of S(α1), we get an expression for the optimal

α1. Using simple properties of the trace, we get

α
opt

1 (s) = − h̄ Tr(i[Ĥ (s), ∂sĤ ])2

Tr([Ĥ (s), [Ĥ (s), ∂sĤ ]])2

def= −α(s), (C2)

where the last expression follows from observing that the
square of an anti-Hermitian operator is negative: the quantity
α(s) is, by definition, positive. To the lowest order, the coun-
terdiabatic Hamiltonian reads, therefore,

Ĥ LO
CD (s, ṡ) = Ĥ (s) − iṡα(s) [Ĥ (s), ∂sĤ (s)]. (C3)

Recalling that Ĥ (s) = sĤz + (1 − s)Ĥx, the relevant ingredi-
ents are

[Ĥ (s), ∂sĤ (s)] = [Ĥx, Ĥz]

[Ĥ (s), [Ĥ (s), ∂sĤ (s)]] = s[Ĥz, [Ĥx, Ĥz]]

+ (1 − s)[Ĥx, [Ĥx, Ĥz]]. (C4)

To calculate the various commutators in a way that makes
the Jordan-Wigner transformation easier, we prefer to make
a spin rotation by π/2 around the y axis such that σ̂ x → σ̂ z

and σ̂ z → −σ̂ x, so that

Ĥz → −
N∑

j=1

Jj σ̂
x
j σ̂

x
j+1, Ĥx → −h

N∑
j=1

σ̂ z
j . (C5)

Hence, using the angular momentum algebra, we deduce that

i[Ĥx, Ĥz] = −2h
N∑

j=1

Jj (σ̂
x
j σ̂

y
j+1 + σ̂

y
j σ̂

x
j+1),

[Ĥx, [Ĥx, Ĥz]] = 8h2
N∑

j=1

Jj (σ̂
y
j σ̂

y
j+1 − σ̂ x

j σ̂
x
j+1),

[Ĥz, [Ĥx, Ĥz]] = 8h
N∑

j=1

JjJj+1 σ̂ x
j σ̂

z
j+1σ̂

x
j+2

+ 4h
N∑

j=1

(
J2

j−1 + J2
j

)
σ̂ z

j . (C6)
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The function α(s),

α(s) = h̄ Tr(i[Ĥx, Ĥz])2

Tr((1 − s)[Ĥx, [Ĥx, Ĥz]] + s[Ĥz, [Ĥx, Ĥz]])2
, (C7)

involves traces of Pauli operators and can be calculated ex-
plicitly. The crucial property is that unpaired Pauli matrices
do not contribute and that the square of a Pauli matrix gives
the identity, hence a factor 2 under trace. The numerator reads

Tr(i[Ĥx, Ĥz])
2 = 2N8h2

∑
j

J2
j .

The denominator reads

2N

(
128 h4(1 − s)2

∑
j

J2
j

+ s2

(
96h2

∑
j

J2
j J2

j+1 + 32h2
∑

j

J4
j

))
. (C8)

Putting these ingredients together, we get

α(s) =
∑

j J2
j

16(1 − s)2
∑

j J2
j + s2

(
12
∑

j J2
j J2

j+1 + 4
∑

j J4
j

) .

(C9)
With the choice of couplings for the frustrated ring model, we
have ∑

j J2
j = (N − 3)J2 + 2J2

w + J2
f∑

j J4
j = (N − 3)J4 + 2J4

w + J4
f∑

j J2
j J2

j+1 = (N − 5)J4 + 2J2J2
w + 2J2J2

f

.

Let us now use Jordan-Wigner to rewrite these terms with
spinless fermions. We have

ÂLO(s)=−iα(s)[Ĥx, Ĥz]=−2α(s)
N∑

j=1

Jj
(
σ̂ x

j σ̂
y
j+1 + σ̂

y
j σ̂

x
j+1

)

=−4iα(s)
N∑

j=1

Jj (ĉ
†
j ĉ

†
j+1 − ĉ j+1ĉ j ). (C10)

Now we need to apply the transformations in Eqs. (A1)
and (A2). Defining ÂLO(s) = α(s)Ĥxz and � = (N − 1)/2, so
that N = 2� + 1, we get the following expression for Ĥxz =
−i[Ĥx, Ĥz]:

Ĥxz = 4i
�∑

j=1

Jj (
̂
+
2 j+1
̂

−
2 j−1 − 
̂+

2 j−1
̂
−
2 j+1)

+ 4i
�−1∑
j=1

Jj (
̂
+
2 j
̂

−
2 j+2 − 
̂+

2 j+2
̂
−
2 j )

+ 4iJ�(
̂+
2�
̂

−
2�+1 − 
̂+

2�+1
̂
−
2�)

+ 4iJN(
̂+
1 
̂−

2 − 
̂+
2 
̂−

1 ), (C11)

where we should recall that J� = Jw and JN = −Jf . We can
rewrite Ĥxz in the Nambu [32] formalism as

Ĥxz = �̂† Hxz �̂, (C12)
where

Hxz =
(

Axz 0
0 −Axz

)
. (C13)

The Hermitian and purely imaginary matrix Axz is defined as
follows:

(Axz )1,2 = −2i Jf , (Axz )2,1 = 2i Jf , (C14)

(Axz )N−1,N = 2i Jw, (Axz )N,N−1 = −2i Jw. (C15)

Moreover, the third diagonals (for j = 1, . . . , �) are given by

(Axz )2 j−1,2 j+1 = − 2i Jj, if 2 j + 1 � N,

(Axz )2 j,2 j+2 = − 2i Jj, if 2 j + 2 � N. (C16)

Hence, even by adding the counterdiabatic gauge potential,
we can restrict the dynamics to the N × N matrix Axz.
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