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Energy estimates for wave amplification in quasiperiodic Fibonacci time-modulated media
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We show that Fibonacci time quasicrystals can be approximated by temporal supercells, which capture the
nonperiodic but self-similar modulation in an analytically tractable form. This reveals a fractal hierarchy of
instability gaps, indexed by the wave number &, in which wave energy is amplified exponentially. These estimates
are validated by the observation of super k gaps: instability regions that are independent of the duration of
the temporal supercell. This approach predicts the regions of parametric amplification and provides arbitrarily

accurate estimates of the energy growth rate.
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I. INTRODUCTION

There has been longstanding interest in understanding
wave propagation in media whose properties vary in time
[1-4]. This has been renewed by the recent development
of space-time metamaterials, which offer unprecedented
freedom to manipulate waves [5,6]. Examples of exciting
phenomena include nonreciprocal transmission [3,4], Fresnel
drag [7], parametric amplification [8,9], exceptional points
[10,11], topological localization [12,13], and frequency con-
version through the coupling of harmonic modes [14-16].
As well as posing challenging theoretical questions, recent
experimental breakthroughs mean these systems are now a
reality [17,18]. Although these experimental implementations
are still in their infancy, this progress has driven theoretical
studies into exotic modulation patterns, setting out exciting
future directions for the field.

Time modulation, even of spatially homogeneous materi-
als, has deep implications for wave propagation. For example,
a temporal interface leads to a reflected (time-reversed) wave
[1,19]. When the modulation is periodic in time, systems
often display parametric intervals of stability and instability
[1,2,15,20,21]. The dependence on wave number yields al-
ternating intervals of stable propagation and amplification in
so-called k gaps [15]. As well as periodic modulation, random
[20,22] and quasiperiodic temporal [23,24] modulations have
been studied. In both cases, amplification phenomena analo-
gous to k-gap behavior have been observed.

Quasicrystals are exciting phases of matter that exhibit
long-range order without translational symmetry [25]. Sys-
tems with spatially quasiperiodic modulation often exhibit
exotic spectral properties, such as fractal and Cantor-like
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spectra [26], unexpected symmetries in reciprocal space [25],
unique topological properties [27-29], and transitions be-
tween universally localized or propagating modes [30,31].
One of the most widely studied examples of (spatial) qua-
sicrystals is the Fibonacci quasicrystal [32]. Defined based
on a tiling rule, its self-similar properties lend themselves to
concise analysis [33].

The unusual spectral properties of quasicrystals have in-
spired their use in wave control and metamaterial applications,
such as topological waveguides [34—37] and graded frequency
filters [38]; see Sec. 11 of Ref. [39] for a summary. These
breakthroughs have had to overcome the fact that the exotic
spectra of quasicrystals are exceptionally difficult to com-
pute, and they have relied on methods that apply Bloch’s
theorem through supercell and superspace approximation
methods [40-42] as well as associated homogenization
techniques [43].

In this work, we reveal how Fibonacci time quasicrystals
(FTQs) exhibit parametric regions of stability and ampli-
fication. Our main contribution is showing how temporal
supercell approximations can be used to model FTQs. We
demonstrate the existence of super k gaps: momentum gaps
that exist for any sufficiently long supercell approximations.
This phenomenon shows that supercells give bona fide pre-
dictions of amplification in FTQs. Using supercells and super
k gaps, we reveal concrete evidence of a fractal pattern of k
gaps in FTQs. Our methods reveal that these k gaps, where
amplification occurs, resemble the exotic spectral properties
observed for spatial Fibonacci quasicrystals [32]. Finally, we
can use supercells to forecast the average rate of energy am-
plification with arbitrarily good accuracy. This improves on
existing estimates for random media [20,22], demonstrating
that the optimal way to characterize quasiperiodic modulation
is through periodic approximation rather than averaging.

II. PROBLEM SETTING

We study the propagation of an electromagnetic wave in a
medium with dielectric function &(¢) that is modulated in time.
We restrict our study to one spatial dimension and suppose
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FIG. 1. Piecewise-constant modulation according to a Fibonacci
rule. (a) The coefficient Q(¢) alternates between €2, and either 2,4
or Qp, depending on the corresponding letter in the Fibonacci word
(here, s = ABAABABA is shown). (b) For certain parameter values
(here, k = 3.2), the solution grows exponentially. (c) The (expo-
nential) rate of energy growth can be estimated using a supercell
approximation.

that the material is homogenous and nonmagnetic such that
the system can be modeled by the linear wave equation

9%u e(t) 8%u
—0. 1
2 (x,1) Y (x,1) =0 (1)

Taking the spatial Fourier transform leads to an ordinary
differential equation in reciprocal space parametrized by the
wave number k,

820k, 1)
ot?

where we have defined Q = Q(k, 1) := ¢?k?/e(t)>.

In this study of FTQs, we will focus on the canonical
case where the modulation €2(¢) is piecewise constant in
time, modulated through a series of temporal interfaces [as
in Fig. 1(a)]. Periodic [21,44,45], random [22], and quasiperi-
odic [46] versions of this system have been studied previously
as well as piecewise constant space-time modulation [47,48].
This setting is convenient since, on any section where
Q(r) = Q; is constant, the solution to Eq. (2) can be written
as

+ Q%i(k, 1) = 0, )

(1) = aje” U 4 Biel 3)

for some constants «;, 8;, which need to be chosen such that
the solution is continuous across the jumps in €2(¢). To achieve
a realization of a FTQ, we consider the case where $2(¢) alter-
nates between a background value €2y and one of two values
Q4 and Qp, which are selected according to a Fibonacci tiling
rule [32] [this is depicted in Fig. 1(a)]. This tiling rule gives
a pattern of A’s and B’s that is defined sequentially, where
each new word in the sequence is formed by combining the
previous two. If the first two terms are Fop = B and F| = A,

then we form subsequent words according to
Fn:anlu-anZ' (4)

This gives /, = AB, F3 = ABA, F4 = ABAAB, and so on. As
n — 00, the ratio of the number of A’s to B’s in the sequence
F, converges to the golden ratio ¢ = (1 + +/5)/2.

III. TRANSFER MATRICES AND SUPERCELLS

We wish to understand under what conditions the in-
teractions between waves in the FTQ and its quasiperiodic
temporal modulation lead to stable propagation or amplitude
growth. We want to elucidate the dependence on the wave
number k and understand the analog of the k gaps observed
for periodic temporal modulation [2,15].

We use the methods and analytic framework from Ref. [22]
and will exploit the general form in Eq. (3) of solutions to
Eq. (2). Successive values of the constants «; and B; in Eq.
(3) can be related by a transfer matrix M = M (£2;),

Oj+1| _ N2

I:,Bj+li| B M(Qj)[ﬂ]:|. )
For details, including explicit expressions for the entries of
M(2;), see Ref. [22]. Propagation on time intervals spanning
many blocks of modulated €2(¢) can be described by products
of many of the matrices M(£2;). An example of a solution
in the FTQ is shown in Fig. 1(b), where the parameters have
been chosen such that the amplitude grows exponentially. The
parameter values ¢ =1, g4 = 0.8, and eg = 0.6 are taken,
along with a normalized background value &y = 1. We will
use these values for all subsequent numerical examples; see
Appendix for a discussion of other parameter ranges. Under-
standing which wave numbers experience amplification is a
challenging problem (related to the notorious spectral prob-
lems for spatial Fibonacci quasicrystals [26]). To characterize
this, we will approximate the quasicrystal as being periodic,
using a temporal supercell. That is, we take sections of the
quasiperiodic modulation as unit cells for periodic modulation
(allowing us to use Bloch’s theorem).

The key to using the supercell method to study quasicrys-
tals is to choose a sequence of successively larger supercells to
get increasingly good approximations. Here, we elect to take
the unit cells that are generated by the tiling rule in Eq. (4). For
each unit cell in this sequence, we have an associated transfer
matrix

Mz, = [ ] M(@)M(Q). (6)
JE€Fn

We can use Bloch’s theorem to compute dispersion curves, as
in Ref. [15]. We have the dispersion relation

cos(Tw) = Str[Mx, (k)] (7)

where w is a quasifrequency that is the temporal Bloch param-
eter. Deriving Eq. (7), we use the fact that det(M) = 1, which
is equivalent to the condition that |e;|*> — |B;|* is conserved
for all j [22].

The crucial quantity that governs whether a periodic su-
percell solution grows or not is the maximum eigenvalue of
the associated transfer matrix M. If (A, v;) are the eigen-
pairs of M, then we can write the initial conditions as
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FIG. 2. Dispersion curves for the temporal supercells given by
the Fibonacci words (a) /3 = ABA and (b) F5 = ABAABABA. The k
gaps are shaded above each plot.

(@, Bo)T = Av; + Bv, and then

i
Bjr
where T is the duration of the temporal supercell. Thus, the
solution will grow exponentially if one of the eigenvalues is
bigger then 1, i.e., if max{|A;], |A2]} > 1. Since tr[M£,] is
the sum of the eigenvalues, this condition is equivalent to the
dispersion relation in Eq. (7) having a real-valued solution for
k and w.

We can use the dispersion relation in Eq. (7) to study the
pattern of k gaps the sequence of supercell approximations.
Two examples of dispersion curves are shown in Fig. 2, for
the supercells /3 = ABA and F5s = ABAABABA. Whenever k
is such that there is no real-valued solution, we say that & is in
a k gap; these regions are shown above each plot in Fig. 2. The
pattern of k gaps for successive Fibonacci-generated supercell
approximations is shown in Fig. 3(a). As the duration of the
supercell increases, the pattern of k gaps becomes increasingly
intricate, appearing to converge toward a fractal pattern, rem-
iniscent of the fractal, Cantor-like spectra that are often seen
for spatial Fibonacci quasicrystals [32].

} = AM]v| + BMv, 8)

IV. SUPER k GAPS

One of the striking features of Fig. 3(a) is the occurrence of
gaps that persist independent of the index n and the duration
of the supercell F,,. This behavior is reminiscent of the super
band gaps that are observed when periodic approximations
are applied to spatial quasicrystals [49,50]. Similarly, we can
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define super k gaps as values of k which are in k gaps of the
supercells F, for all n > ny.

The existence of super k gaps can be verified by studying
the traces of the matrices M z,. From the dispersion relation
in Eq. (7), we can see that k is in a k gap if and only if
[tr[M £, (k)]| > 2. A very convenient property of the tiling
rule in Eq. (4) is that the traces of the associated transfer
matrices can be related to one another. In Ref. [33], it was
discovered that, if x, = tr[ M £, ], then

9

This uses the fact that det(M z,) = 1. This recursion relation
can be used to show that, if k is in a k gap for both Fy and
Fn+1, for some N, then it will be in a k gaps for F, for all
n > N [51]. Hence, any such values of k, which we can easily
spot in Fig. 3, must be in super k gaps. The reason it is exciting
to identify super k gaps is that they are parameter regions
where we can be confident that the supercell approximations
are accurately predicting the instability.

Xnl = XpXp—1 — Xp—2.-

V. ENERGY GROWTH RATE

As well as predicting stability and instability, supercell
approximations can be used to predict the long-term behavior
of the energy of the wave. We want to estimate the rate at
which the energy grows when the system is unstable. We
define the energy as

E; = |o;* + |81% (10)

This is constant on any interval where €2(¢) is constant. How-
ever, it may grow whenever Q(¢) has a jump, as seen in
Fig. 1(c).

For any periodic modulation, Eq. (8) can be used to esti-
mate the energy growth rate. If A := max{|A;|, |A2|}, then we
have that o, B8; ~ A//T, which implies that

In(}) )

E(t) ~ exp (2 T t
where T is the duration of the supercell. Figures 3(c) and
3(d) show examples of energy profiles for parameters in a
k gap and parameters corresponding to stable propagation,
respectively. In both cases, the estimate in Eq. (11) based
on the Fs supercell is shown, which gives a good prediction
of the behavior. The growth rate log(Ax,)/T is shown as a

(1)
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FIG. 3. Supercell approximations can be used to predict stability. (a) The pattern of k gaps for successive supercell approximations. The k
gaps are shaded for successive Fibonacci unit cells, indexed by n. (b) The growth rate, estimated using the F5 supercell. The energy E(¢) for
(c) k = 1.25 and (d) k = 2.13. In both cases, the data are plotted alongside the slope predicted by the F5 supercell approximation.
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FIG. 4. The supercell estimates for the energy growth rate con-
verge as the duration of the unit cell is increased. Here, k = 3.2
is in a super k gap [see Fig. 3(a)]. The growth rate is estimated
as E(t) = exp(r,t), where the growth rate r, is based on the F,
supercell. The convergence of the growth rates r, is illustrated in
the inset.

function of k in Fig. 3(b), which gives a measure of the depth
of the super k gaps.

The accuracy of the estimate in Eq. (11) for quasiperiodic
modulation can be improved by using longer supercells. In
Fig. 4, we show the energy E(¢) for parameter values in a k
gap, along with growth rate estimates for several different Fi-
bonacci unit cells F,,. In the inset plot, we see that the growth
rate estimate converges in the limit of large n. This shows that
an arbitrarily good approximation of the average growth rate
can be obtained by taking a sufficiently long supercell.

To see why the energy growth rate estimates converge,
note that they are given by r, = log(Az,)/F,, where F, is
the nth Fibonacci number (which is the duration of the F,
unit cell). Since det(Mg,) = 1, if we are in a k gap, then
we have that x, = r(Mx£,) = Ax, + 1/Ax,. In a super k gap,
we expect Ar, to be very large when n is large, so we can
approximate x, &~ Az, in this regime. Recalling Eq. (9), when
the values are large, we have that x,.1 ~ x,x,_, or equiva-
lently log(x,+1) =~ log(x,) + log(x,—1). The limiting behavior

of this recursion relation can be characterized by taking the
ansatz log(x,) = p". This yields the characteristic polynomial
0% = p + 1, which shows that log(x, ) will grow according to
log(x,) ~ ¢" when n is large, where ¢ = (1 + «/g)/Z is the
golden ratio. It is also a well-known property of Fibonacci
numbers that [, ~ ¢ when n is large. Putting this together,
we have that the supercell growth rates converge

_ logh7,) _ log(x)

Tn R,
F, Fy

12)

n— oo

for finite R, which is the average growth rate of the energy of
waves in the FTQ.

VI. CONCLUSIONS

Using supercell approximations, we have revealed the in-
tricate pattern of k gaps exhibited by FTQs. This has analogs
with the spectra of equivalent spatially modulated systems.
The key difference is the exponential growth of solutions.
Hence, the key theoretical insight is that supercell approxi-
mations accurately predict the rate of energy growth. Further,
the existence of super k gaps guarantees that these approx-
imations will converge, giving arbitrarily good predictions
of the energy growth rate for sufficiently long temporal
supercells.

Quasiperiodic temporal modulation leads to systems with
exotic spectral and topological properties. It is anticipated that
the methods developed here, which allow amplification prop-
erties to be estimated accurately and efficiently, will accelerate
the use of FTQs for applications. There are many potential
advantages of unlocking new symmetries and topologies, such
as the beneficial robustness properties that have been observed
for temporal quasicrystals [52]. As well as the methods devel-
oped here, we expect that extending the study of quasinormal
modes to quasiperiodic modulation would be a useful tool to
realize the full potential of this [53,54].
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FIG. 5. Stability predictions for high- and low-contrast parameter regimes. Supercell approximations are used to predict the pattern of k
gaps for successive Fibonacci unit cells (top row) and the growth rates within instability regions (shown for n = 5 in the bottom row). (a) and
(b) use the high-contrast parameter values ¢4 = 0.3 and ¢ = 0.2, whereas (c) and (d) use the low-contrast parameter values ¢4 = 0.95 and
ep = 0.9 (in both cases, the background is &y = 1).
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DATA AVAILABILITY

The software that supports the findings of this article is
openly available [55].

APPENDIX: DEPENDENCE ON PARAMETER VALUES

In this study, we have used nondimensional parameter
values to demonstrate the methods for estimating blow-up.
It is worth highlighting that the observed phenomena are
not particular to the values chosen. For the above examples,
we used g4 = 0.8 and e = 0.6, along with a normalized
background value of ¢y = 1. In this nondimensional model,
the most critical property is the contrast between the values
of Q(2).

If we increase the contrast between the values of Q(¢), by
reducing the values of ¢4 and g, then we expect the instabil-

ity gaps to broaden and the blow-up rates to increase. This
is consistent with the behavior of spatial photonic crystals,
where band gaps get wider and deeper for higher contrasts.
This is seen in Fig. 5(a), where we use the values ¢4 = 0.3 and
ep = 0.2 and show the k gaps for successive Fibonacci unit
cells, indexed by n. We see that the k gaps are much broader
and fill most of the range of k shown. In Fig. 5(b), we show
the growth rate r5 corresponding to the F5 unit cell. Notice the
scale on the vertical axis: The growth rate is several orders of
magnitude larger than it was in Fig. 3(b).

For smaller contrasts, we expect the k gaps to be smaller. In
Fig. 5(c), we show the k gaps for the low-contrast parameters
g4 = 0.95 and e = 0.9. Here, the k gaps are much smaller.
Figure 5(d) shows the corresponding growth rate, which is
trivially equal to 1 for many of the k values shown and only
grows significantly within the main k gaps.

[1] E. R. Morgenthaler, Velocity modulation of electromagnetic
waves, IEEE Trans. Microwave Theory Techn. 6, 167 (1958).

[2] D. Holberg and K. Kunz, Parametric properties of fields in
a slab of time-varying permittivity, IEEE Trans. Antennas
Propag. 14, 183 (1966).

[3] A. A. Oliner and A. Hessel, Wave propagation in a medium with
a progressive sinusoidal disturbance, IEEE Trans. Microwave
Theory Techn. 9, 337 (1961).

[4] J. C. Simon, Action of a progressive disturbance on a guided
electromagnetic wave, IEEE Trans. Microwave Theory Techn.
8, 18 (1960).

[5] E. Galiffi, R. Tirole, S. Yin, H. Li, S. Vezzoli, P. A. Huidobro,
M. G. Silveirinha, R. Sapienza, A. Alu, and J. B. Pendry,
Photonics of time-varying media, Adv. Photonics 4, 014002
(2022).

[6] S. Yin, E. Galiffi, and A. Alu, Floquet metamaterials, eLight 2,
8 (2022).

[7] P. A. Huidobro, E. Galiffi, S. Guenneau, R. V. Craster, and J. B.
Pendry, Fresnel drag in space-time-modulated metamaterials,
Proc. Natl. Acad. Sci. USA 116, 24943 (2019).

[8] A. Cullen, A travelling-wave parametric amplifier, Nature
(London) 181, 332 (1958).

[9] M. Raiford, Degenerate parametric amplification with time-
dependent pump amplitude and phase, Phys. Rev. A 9, 2060
(1974).

[10] A. Nikzamir, K. Rouhi, A. Figotin, and F. Capolino, How to
achieve exceptional points in coupled resonators using a gyrator
or PT-symmetry, and in a time-modulated single resonator:
High sensitivity to perturbations, EPJ Appl. Metamat. 9, 14
(2022).

[11] K. Rouhi, H. Kazemi, A. Figotin, and F. Capolino, Exceptional
points of degeneracy directly induced by space—time modula-
tion of a single transmission line, Antennas Wirel. Propag. Lett.
19, 1906 (2020).

[12] M. C. Rechtsman, J. M. Zeuner, Y. Plotnik, Y. Lumer, D.
Podolsky, F. Dreisow, S. Nolte, M. Segev, and A. Szameit,
Photonic Floquet topological insulators, Nature (London) 496,
196 (2013).

[13] R. Fleury, A. B. Khanikaev, and A. Alu, Floquet topological
insulators for sound, Nat. Commun. 7, 11744 (2016).

[14] T. T. Koutserimpas and C. Valagiannopoulos, Multiharmonic
resonances of coupled time-modulated resistive metasurfaces,
Phys. Rev. Appl. 19, 064072 (2023).

[15] J. R. Zurita-Sanchez, P. Halevi, and J. C. Cervantes-Gonzalez,
Reflection and transmission of a wave incident on a slab with a
time-periodic dielectric function &(¢), Phys. Rev. A 79, 053821
(2009).

[16] E. O. Hiltunen and B. Davies, Coupled harmonics due to time-
modulated point scatterers, Phys. Rev. B 110, 184102 (2024).

[17] R. Tirole, S. Vezzoli, E. Galiffi, I. Robertson, D. Maurice, B.
Tilmann, S. A. Maier, J. B. Pendry, and R. Sapienza, Double-
slit time diffraction at optical frequencies, Nat. Phys. 19, 999
(2023).

[18] Y.-G. Peng, C.-Z. Qin, D.-G. Zhao, Y.-X. Shen, X.-Y. Xu,
M. Bao, H. Jia, and X.-F. Zhu, Experimental demonstration
of anomalous Floquet topological insulator for sound, Nat.
Commun. 7, 13368 (2016).

[19] M. Fink, Time reversed acoustics, Phys. Today 50(3), 34 (1997).

[20] R. Pierrat, J. Rocha, and R. Carminati, Causality and instability
in wave propagation in random time-varying media, Phys. Rev.
Lett. 134, 233801 (2025).

[21] T. T. Koutserimpas and R. Fleury, Electromagnetic waves in a
time periodic medium with step-varying refractive index, IEEE
T. Antenn. Prpag. 66, 5300 (2018).

[22] R. Carminati, H. Chen, R. Pierrat, and B. Shapiro, Universal
statistics of waves in a random time-varying medium, Phys.
Rev. Lett. 127, 094101 (2021).

[23] S. F. Koufidis, T. T. Koutserimpas, F. Monticone, and M. W.
McCall, Enhanced scattering from an almost-periodic optical
temporal slab, Phys. Rev. A 110, L041501 (2024).

[24] G. He, B. Ye, R. Gong, C. Yao, Z. Liu, K. W. Murch, N. Y.
Yao, and C. Zu, Experimental realization of discrete time
quasicrystals, Phys. Rev. X 15, 011055 (2025).

[25] D. Shechtman, I. Blech, D. Gratias, and J. W. Cahn, Metallic
phase with long-range orientational order and no translational
symmetry, Phys. Rev. Lett. 53, 1951 (1984).

023502-5


https://doi.org/10.1109/TMTT.1958.1124533
https://doi.org/10.1109/TAP.1966.1138637
https://doi.org/10.1109/TMTT.1961.1125340
https://doi.org/10.1109/TMTT.1960.1124657
https://doi.org/10.1117/1.AP.4.1.014002
https://doi.org/10.1186/s43593-022-00015-1
https://doi.org/10.1073/pnas.1915027116
https://doi.org/10.1038/181332a0
https://doi.org/10.1103/PhysRevA.9.2060
https://doi.org/10.1051/epjam/2022006
https://doi.org/10.1109/LAWP.2020.3014112
https://doi.org/10.1038/nature12066
https://doi.org/10.1038/ncomms11744
https://doi.org/10.1103/PhysRevApplied.19.064072
https://doi.org/10.1103/PhysRevA.79.053821
https://doi.org/10.1103/PhysRevB.110.184102
https://doi.org/10.1038/s41567-023-01993-w
https://doi.org/10.1038/ncomms13368
https://doi.org/10.1063/1.881692
https://doi.org/10.1103/td38-f69r
https://doi.org/10.1109/TAP.2018.2858200
https://doi.org/10.1103/PhysRevLett.127.094101
https://doi.org/10.1103/PhysRevA.110.L041501
https://doi.org/10.1103/PhysRevX.15.011055
https://doi.org/10.1103/PhysRevLett.53.1951

ILYA RUCHIEV AND BRYN DAVIES

PHYSICAL REVIEW A 114, 023502 (2026)

[26] B. Simon, Almost periodic Schrodinger operators: A review,
Adv. Appl. Math. 3, 463 (1982).

[27] Y. Liu, L. F. Santos, and E. Prodan, Topological gaps
in quasiperiodic spin chains: A numerical and K-theoretic
analysis, Phys. Rev. B 105, 035115 (2022).

[28] H. J. Putley, B. Davies, F. J. Rodriguez-Fortuiio, A. Y. Bykov,
and A. V. Zayats, Mixing skyrmions and merons in topolog-
ical quasicrystals of evanescent optical field, Optica 12, 614
(2025).

[29] A. Agazzi, J.-P. Eckmann, and G. M. Graf, The colored Hof-
stadter butterfly for the honeycomb lattice, J. Stat. Phys. 156,
417 (2014).

[30] S. Y. Jitomirskaya, Metal-insulator transition for the almost
Mathieu operator, Ann. Math. 150, 1159 (1999).

[31] D. Morison, N. B. Murphy, E. Cherkaev, and K. M. Golden,
Order to disorder in quasiperiodic composites, Commun. Phys.
5, 148 (2022).

[32] A. Jagannathan, The Fibonacci quasicrystal: Case study of hid-
den dimensions and multifractality, Rev. Mod. Phys. 93, 045001
(2021).

[33] M. Kohmoto, L. P. Kadanoff, and C. Tang, Localization prob-
lem in one dimension: Mapping and escape, Phys. Rev. Lett. 50,
1870 (1983).

[34] Y. E. Kraus, Y. Lahini, Z. Ringel, M. Verbin, and O. Zilberberg,
Topological states and adiabatic pumping in quasicrystals,
Phys. Rev. Lett. 109, 106402 (2012).

[35] M. A. Bandres, M. C. Rechtsman, and M. Segev, Topological
photonic quasicrystals: Fractal topological spectrum and pro-
tected transport, Phys. Rev. X 6, 011016 (2016).

[36] B. Davies and R. V. Craster, Symmetry-induced quasicrys-
talline waveguides, Wave Motion 115, 103068 (2022).

[37] D. Beli, M. I. N. Rosa, L. Lomazzi, C. De Marqui, Jr., and
M. Ruzzene, Interface states in two-dimensional quasicrystals
with broken inversion symmetry, Phys. Rev. Appl. 23, 024039
(2025).

[38] B. Davies, G. J. Chaplain, T. A. Starkey, and R. V. Craster,
Graded quasiperiodic metamaterials perform fractal rainbow
trapping, Phys. Rev. Lett. 131, 177001 (2023).

[39] B. Davies et al., Roadmap on metamaterial theory, mod-
elling and design, J. Phys. D: Appl. Phys. 58, 203002
(2025).

[40] M. A. Shubin, Almost periodic functions and partial differential
operators, Russ. Math. Surv. 33, 1 (1978).

[41] B. Davies and C. Thalhammer, Convergence of super-
cell and superspace methods for computing spectra of
quasiperiodic operators, Proc. R. Soc. A 481, 20240894
(2025).

[42] D. Damanik, M. Embree, and A. Gorodetski, Spectral prop-
erties of Schrodinger operators arising in the study of
quasicrystals, in Mathematics of Aperiodic Order, edited by J.
Kellendonk, D. Lenz, and J. Savinien (Birkhiuser, Basel, 2015),
Vol. 309, pp. 307-370.

[43] N. Wellander, S. Guenneau, and E. Cherkaev, Two-scale cut-
and-projection convergence; homogenization of quasiperiodic
structures, Math. Methods Appl. Sci. 41, 1101 (2018).

[44] E. Lustig, Y. Sharabi, and M. Segev, Topological aspects of
photonic time crystals, Optica 5, 1390 (2018).

[45] F. Biancalana, A. Amann, A. V. Uskov, and E. P. O’Reilly,
Dynamics of light propagation in spatiotemporal dielectric
structures, Phys. Rev. E 75, 046607 (2007).

[46] A. Naweed and M. S. Akhtar, Unconventional optical response
of time-domain Fibonacci quasicrystals, Opt. Lett. 50, 4746
(2025).

[47] K. A. Lurie, An Introduction to the Mathematical Theory of
Dynamic Materials (Springer, Cham, 2017).

[48] G. W. Milton and O. Mattei, Field patterns: A new mathematical
object, Proc. R. Soc. A 473, 20160819 (2017).

[49] B. Davies and L. Morini, Super band gaps and periodic approx-
imants of generalised Fibonacci tilings, Proc. R. Soc. A 480,
20230663 (2024).

[50] L. Morini and M. Gei, Waves in one-dimensional qua-
sicrystalline structures: Dynamical trace mapping, scaling and
self-similarity of the spectrum, J. Mech. Phys. Solids 119, 83
(2018).

[51] If either |xo| < 2 or |x;| < 2, then we can apply corollary 3.10
of Ref. [41]. If not, then we are in the standard case of com-
bining two unit cells with gaps, see, e.g., Ref. [56]. Once {x,}
is outside [—2, 2] and is growing, a simple argument can be
used to show it will keep growing forever, as in Theorem 3.1 of
Ref. [49].

[52] D. Marripour and J. Abouie, From time crystals to time qua-
sicrystals: Exploring quasiperiodic phases in transverse field
Ising chains, Phys. Rev. B 112, 174307 (2025).

[53] B. Vial and R. V. Craster, Quasinormal modes of Floquet media
slabs, Phys. Rev. B 112, 214201 (2025).

[54] C. M. Hooper, 1. R. Hooper, and S. A. R. Horsley, Quasinormal
modes in dispersive photonic time crystals, Phys. Rev. A 113,
043526 (2026).

[55]1 I. Ruchiev, Fibonacci modulation in time-modulated
wave systems [Computer software], Zenodo, 2025, doi:
10.5281/zenodo.17191922.

[56] J.-I. Hori and H. Matsuda, Structure of the spectra of disordered
systems I: Fundamental theorems, Prog. Theor. Phys. 32, 183
(1964).

023502-6


https://doi.org/10.1016/S0196-8858(82)80018-3
https://doi.org/10.1103/PhysRevB.105.035115
https://doi.org/10.1364/OPTICA.554623
https://doi.org/10.1007/s10955-014-0992-0
https://doi.org/10.2307/121066
https://doi.org/10.1038/s42005-022-00898-z
https://doi.org/10.1103/RevModPhys.93.045001
https://doi.org/10.1103/PhysRevLett.50.1870
https://doi.org/10.1103/PhysRevLett.109.106402
https://doi.org/10.1103/PhysRevX.6.011016
https://doi.org/10.1016/j.wavemoti.2022.103068
https://doi.org/10.1103/PhysRevApplied.23.024039
https://doi.org/10.1103/PhysRevLett.131.177001
https://doi.org/10.1088/1361-6463/adc271
https://doi.org/10.1070/RM1978v033n02ABEH002303
https://doi.org/10.1098/rspa.2024.0894
https://doi.org/10.1002/mma.4345
https://doi.org/10.1364/OPTICA.5.001390
https://doi.org/10.1103/PhysRevE.75.046607
https://doi.org/10.1364/OL.564000
https://doi.org/10.1098/rspa.2016.0819
https://doi.org/10.1098/rspa.2023.0663
https://doi.org/10.1016/j.jmps.2018.06.007
https://doi.org/10.1103/1tzt-3h5x
https://doi.org/10.1103/xxnd-7d55
https://doi.org/10.1103/m5ww-n7ws
https://doi.org/10.5281/zenodo.17191922
https://doi.org/10.1143/PTP.32.183

