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We derive a generalized quantum Langevin equation and its fluctuation-dissipation relation describing the
quantum dynamics of a tagged particle interacting with a medium (environment), where both the particle and
the environment are driven by an external time-dependent (e.g. oscillating) field. We specialize on the case of a
charged tagged particle interacting with a bath of charged oscillators, under an external ac electric field, although
the results are much more general and can be applied to any type of external time-dependent fields. We derive the
corresponding quantum Langevin equation, which obeys a modified fluctuation-dissipation relation (FDR) where
the ac field plays an explicit role. The modified FDR is non-Markovian even if the undriven particle-bath system
is Markovian without the external field. We provide an illustration of the usefulness of these results and derive
a new form of the quantum Nyquist noise for the voltage fluctuations in electrical circuits under ac conditions
(finite frequency), which is the most general since it also accounts for the response of the heat bath (e.g. lattice
ions) to the applied ac electric field in the GHz–THz region, of relevance for 5G/6G wireless technologies. This
generalized quantum fluctuation-dissipation relation for driven systems can also find other applications ranging
from quantum noise in quantum optics to quantum computing with trapped ions.
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I. INTRODUCTION

The main goal of the theory of open quantum systems is to
understand the situation in which a quantum system of interest
interacts with other degrees of freedom [1]. This problem is
central to the quantum theory of measurement [2], where the
manipulation of the quantum system in order to produce an
observation implies, necessarily, the interaction of the quan-
tum system with many degrees of freedom (the environment,
which includes the measuring apparatus and the observer).
Hence, this is a crucial step for the most foundational prob-
lems of quantum mechanics, including decoherence [3,4], of
great relevance for quantum computing, the wave-function
collapse [5], and the quantum-to-classical transition [6]. It is
also a crucial question for the understanding of how energy
dissipation and irreversibility arise in systems that are not
at thermodynamic equilibrium. Indeed, historically, a funda-
mental question of how a quantum system dissipates energy
(e.g. the damped quantum harmonic oscillator), suggested by
Fermi to his student Caldirola, marks the beginning of the
theory of quantum dissipative systems [7].

One of the most versatile methods to describe a quantum
system coupled to an environment is the Lindblad master
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equation for the density matrix [8]. The advantage of this
approach is that it can work in both the Schrödinger and
the Heisenberg pictures, and can easily implement continuous
symmetry groups. Its main disadvantage is that it is intrinsi-
cally Markovian, by construction.

The alternative approach to describe open quantum sys-
tems is the Caldeira-Leggett (CL) (or Zwanzig) particle-bath
model. This leads to the quantum Langevin equation,
which is the Heisenberg equation of motion for the (op-
erator) coordinate of a quantum Brownian particle coupled
to a heat bath. While the quantum Langevin equation is
less versatile than the Lindbladian, e.g. it can only work
within the Heisenberg picture, it can naturally accommo-
date non-Markovianity i.e. history dependence, which is
a hallmark of nonequilibrium dissipative systems. Further-
more, the quantum Langevin equation can be extremely
useful in condensed matter and chemical physics to pro-
vide single-particle equations of motion which take the
complexity of the atomic and molecular environment into
account [9,10].

The quantum Langevin equation was derived for the first
time by Ford, Kac, and Mazur [11]. Its modern derivation is
based on the CL particle-bath model [12–14] and leads to the
following (Heisenberg) equation of motion for the coordinate
operator x:

m
d2x(t )

dt2
= −∂V (x)

∂x
+ ξ (t ) −

∫ t

−∞
K (t − t ′)

dx(t ′)
dt ′ dt ′, (1)

which is, indeed, the quantum Langevin equation [14]. Here,
K is the memory function (or friction kernel), which also gives
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the (symmetric) correlation for the random force operator ξ ,

〈[ξ (t ), ξ (t ′)]+〉 =
∑

α

h̄mαν4
α

ωα

coth

(
h̄ωα

2kBT

)
cos[ωα (t − t ′)],

(2)
which has a vanishing mean value:

〈ξ (t )〉 = 0. (3)

In the above formulas, the mean anticommutator has been
used [15]:

〈[ξ (t ), ξ (t ′)]+〉 ≡ 1
2 〈ξ (t )ξ (t ′) + ξ (t ′)ξ (t )〉. (4)

Furthermore, V (x) is a conservative potential, m is the mass
of the quantum particle, α labels the harmonic oscillators of
the heat bath, mα and ωα are the mass and frequency of the
αth oscillator of the bath, να are the particle-bath coupling
coefficients (see below), kB is the Boltzmann constant, and T
is the temperature.

In the original derivation, there is no external driving force
that acts on the particle-bath system as a whole. Previous
work has considered the generalization of Eq. (1) to include
external force fields. For example, Ref. [16] extended the
CL model in a formulation where the coupling is via the
momentum variables, to describe a quantum particle coupled
to the environment, both of which are subject to an external
static magnetic field. While the memory function becomes
dependent on the magnetic field, its qualitative form does
not change with respect to the field-free case. Other works
have considered the effect of an external time-dependent field,
such as an electromagnetic field, as acting on the tagged
particle only, but not on the bath [17]. In these cases, a
term akin to the classical Lorentz force appears in the quan-
tum Langevin equation but the fluctuation-dissipation theorem
(FDT), Eq. (2), does not change its form. The issue of a
charged particle interacting with both an environment and an
external electromagnetic field arises in many areas of physics,
from Landau diamagnetism [18] to the laser cooling and trap-
ping of ultracold atoms and ions [19,20], of relevance also for
quantum computation [21], to the quantum Hall effect [22],
two-dimensional electronic materials [23], and quantum noise
in quantum optics [24].

In most of these problems, it is not only the tagged particle
to be driven by the external time-dependent field, but also
the environment, or thermal bath, in which the particle is
embedded. This is clearly not a physically realistic assumption
for many systems, where the particle is embedded in the heat
bath, and both (the particle and the bath) are subjected to the
external time-dependent force field.

The situation, to the best of our knowledge, has been
considered only in very few previous contributions, i.e. in
Refs. [25–27]. Recently, in Ref. [28], a dependence on time
has been considered in the coupling part of the particle-bath
Hamiltonian. In Ref. [25] it was shown, for the classical gen-
eralized Langevin equation (GLE), that the time-dependent
driving force radically modifies the fluctuation-dissipation
relation (FDR), introducing a new term to it, proportional
to the time autocorrelation of the external field. This result
implies that such driven systems cannot, in any instance, be
reduced to a Markovian dynamics, and are, thus, intrinsi-
cally non-Markovian, due to this new term in the FDR. It

was subsequently shown, in Ref. [29], that this form of the
FDR is responsible for strongly anomalous diffusion behavior
in systems of classical charged particles under an external
time-dependent electric field, leading to the prediction of the
hyperballistic superdiffusion regime in the particle transport.

Here, we extend the classical derivation of the general-
ized Langevin equation for particle-bath systems driven by a
time-dependent external field to the quantum regime. Besides
the quantum GLE for time-driven open quantum systems, we
derive the corresponding FDR, which, also in this case, has
an additional term that depends on the time autocorrelation of
the external force operator. This term renders the FDR intrin-
sically non-Markovian, even if the original undriven system
is Markovian in the absence of the external time-dependent
field.

This result is then used to obtain a new generalized form
for the quantum Johnson-Nyquist noise [30], that accounts for
the effects of the time-dependent driving force on both the
“particles” (e.g. electrons) and the heat bath (e.g. the lattice
ions).

II. THE UNDRIVEN CALDEIRA-LEGGETT MODEL

A. The particle-bath model

We start with the quantum Caldeira-Leggett model by
considering a quantum test particle moving in a generic po-
tential field V (x) and coupled to a bath of quantum harmonic
oscillators:

HCL = HS + HB + HSB (5)

with

HS = p2

2m
+ V (x) (6)

the Hamiltonian of the particle of mass m,

HB = 1

2

∑
α

(
p2

α

mα

+ mαω2
αx2

α

)
(7)

describing a bath of harmonic oscillators carrying masses mα

and oscillatory frequencies ωα , and

HSB = −
∑

α

mα

ν2
α

ω2
α

x xα (8)

the interaction between the system coordinate (x) and bath
oscillator coordinate (xα) with coupling strengths να . For the
latter we follow the notation of Ref. [29] and define them in
units of frequency, unlike other treatments where they are de-
fined in units of frequency squared (e.g. in Ref. [31]), which,
however, has obviously no consequences on the final results.
In the above equations, we follow the convention of Ref. [13],
and we drop hats on all operators and observables of physical
quantities. It remains implied that x, p, xα , and pα are all
Heisenberg operators obeying the usual commutation rules:

[x, p] = ih̄, [xα, pβ ] = iδαβ h̄, (9)

[x, x] = [p, p] = [xα, xβ ] = [pα, pβ ] = 0, (10)

[x, xα] = [p, pα] = [x, pα] = [p, xα] = 0. (11)
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The bath and interaction terms can be conveniently rearranged
as follows:

HB + HSB = 1

2

∑
α

[
p2

α

mα

+ mαω2
α

(
xα − ν2

α

ω2
α

x

)2
]

− 1

2

∑
α

mα

ν4
α

ω2
α

x2 (12)

where the last term is a counterterm representing an initial
shift of bath modes [26,32].

Under an external electric field, the Caldeira-Leggett sys-
tem is supplemented by an additional term representing the
external time-dependent electric force,

Hext,S = −qE (t )x, (13)

where q is the tagged particle’s electric charge, and E (t ) is
the time-dependent electric field. We use the notation Hext,S to
make it explicit that, in this case, the external field acts only
on the tagged particle, i.e. on the system (S), while it does not
act on the bath. Hence, the total Hamiltonian of the system is
given by

HT = HS + HB + HSB + Hext = HCL + Hext,S (14)

and a generic quantum observable A satisfies the canonical
commutation relation with the Hamiltonian operator:

dA

dt
= i

h̄
[HT , A] (15)

which gives the Heisenberg equations of motion for all
the variables of interest, i.e. coordinates and momenta of
the tagged particle and of the bath oscillators. In turn, the
Heisenberg equations of motion are exactly like the classical
equations of motion, with the only difference that the variables
are time-dependent Heisenberg operators. The same proce-
dure that one uses to derive the classical GLE can be used
here, leading to the quantum GLE [31,33–35]. One could also
work in the second quantization formalism and obtain exactly
the same result (see pp. 44–58 in Ref. [15]).

Here, a caveat is in order due to the semiclassical nature
of the external perturbation Hext,S = −qE (t )x. Including this
term in HT , as done above, is standard and meaningful at
the level of semiclassical quantum dynamics [16], where the
electric field E (t ) is treated as an explicitly time-dependent,
c-number function [36]. Although E (t ) is not, strictly speak-
ing, an operator, it can still be included in the Heisenberg
equation of motion Eq. (15) as long as one recognizes that
the Hamiltonian is now explicitly time dependent [14,36], so
that Eq. (15) becomes [37]

dA

dt
= i

h̄
[HT (t ), A(t )] +

(
∂A

∂t

)
explicit

(16)

where the last term is identically zero if the (generic) operator
A has no explicit dependence on time, i.e. if it is time inde-
pendent in the Schrödinger picture. The time evolution is thus
nonunitary (i.e. not generated by a single time-independent
operator), but is still well defined [36,37]. One can take the
commutator [HT (t ), A(t )] in the usual way, even though HT

contains the c number E (t ), which can be treated as a scalar
prefactor of operators. Furthermore, the Heisenberg evolution

operator becomes time ordered because the Hamiltonians at
different times no longer commute. These considerations ap-
ply to all the derivations that are reported in what follows,
regardless of whether the external time-dependent electric
field acts on the tagged particle only or on both the tagged
particle and the heat bath.

B. Generalized Langevin equation

From the Hamiltonian Eq. (5), for the case of an external
field acting only on the tagged particle but not on the bath,
one derives the Heisenberg equations of motion for the tagged
particle,

m
d2x(t )

dt2
+ ∂V [x(t )]

∂x
=

∑
α

mαν2
αxα (t ) − qE (t ), (17)

and for the bath coordinate operators xα ,

d2xα

dt2
= −ω2

αxα + ν2
αx. (18)

In (18), x appears as a source term for the xα . The solution of
(18) is

xα (t ) = xhom
α (t ) + xp

α (t ) (19)

where

xhom
α (t ) = xα (t0) cos(ωat ) + pα (t0)

mα

sin(ωαt )

ωα

(20)

and

xp
α (t ) =

∫ t

−∞

sin[ωα (t − t ′)]
ωα

ν2
αx(t ′)dt ′. (21)

Plugging Eq. (19) into Eq. (17), we have

m
d2x(t )

dt2
+ ∂V [x(t )]

∂x
=

∑
α

mαν2
αxhom

α (t )

+
∑

α

mαν2
αxp

α (t ) − qE (t ) (22)

where xp
α depends on x(t ′) with t ′ < t , so it can be interpreted

as a memory effect. Integrating by parts, the term containing
xp
α becomes − 1

m

∫ t
t0

K (t − t ′)p(t ′)dt ′, where

K (t ) = θ (t )
∑

α

mα

ν4
α

ω2
α

cos(ωαt ) (23)

is the time-retarded memory kernel of the frictional force,
with θ (t ) the Heaviside step function [15].

The first term in the right-hand side of Eq. (22),

ξ (t ) =
∑

α

mαν2
αxhom

α (t ), (24)

depends on the {xα, pα} at time t0. Upon averaging under the
assumption that the bath is initially at thermal equilibrium,

〈ξ (t )〉 = 0 (25)

and 〈[ξ (t )ξ (t ′)]+〉 is given by Eq. (2) [13,15,33].
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From Eq. (22) one retrieves the standard generalized
Langevin equation

m
d2x(t )

dt2
+

∫ t

−∞
K (t − t ′)

dx(t ′)
dt ′ dt ′ + ∂V [x(t )]

∂x
(26)

= ξ (t ) − qE (t ). (27)

In the classical limit, the noise operator ξ satisfies

〈ξ (t )ξ (t ′)〉 = mkBT K (t − t ′), (28)

as one can demonstrate by imposing that the system is initially
at equilibrium, and the initial conditions for momenta and co-
ordinates of the bath oscillators are drawn from the Boltzmann
distribution [31].

Note that both Eq. (2), in the quantum limit, and Eq. (28)
in the classical limit have the same form as the corresponding
forms of the FDR of a free particle, which is because the
external time-dependent force acts only on the tagged particle
but not on the bath. Indeed, if the external time-dependent
force field acts only on the tagged particle, we then retrieve
the classical Langevin equation (in the classical limit) and the
quantum Langevin equation (in the quantum limit) with the
standard forms of fluctuation-dissipation theorem reported,
respectively, in Ref. [31] and in Refs. [13,14].

We now pose the question: what happens if the external
time-dependent force field acts not only on the tagged particle
but also on the bath?

In the next section this more general model is studied in de-
tail and a mathematical solution is developed which will lead
to a modified fluctuation-dissipation theorem in the quantum
limit. While the modified FDT has been studied and reported
already for the classical case, it has not been derived yet for
the quantum case.

III. THE TIME-DRIVEN PARTICLE-BATH MODEL

Let us now consider an external time-dependent driving
field, which acts on both the tagged particle and the heat bath:

Hext,SB = −qE (t )x −
∑

α

qαE (t )xα, (29)

where qα are constants representing the effective charge car-
ried by the αth oscillator. Here, we use the notation Hext,SB to
make it explicit that, in this case, the external time-dependent
field acts both on the system or tagged particle and on the heat
bath.

We can describe the driven bath under the effect of the
external field via the Hamiltonian Eq. (12):

HB + HSB = 1

2

∑
α

[
p2

α

mα

+ mαω2
α

(
xα − Fα

mαω2
α

)2
]

− 1

2

∑
α

F 2
α

mαω2
α

(30)

where now

Fα (t ) = mαν2
αx(t ) + qαE (t ) (31)

is the force operator acting on the αth oscillator. See Fig. 1 for
the intuitive meaning of the last term (“counterterm”) in the
right-hand side of Eq. (30).

FIG. 1. The αth harmonic well undergoes a shift of Fα/(mαω
2
α ),

due to the coupling with the perturbation Fα . The zero-point energy
of the αth oscillator is not modified by the presence of the perturba-
tion Fα . Only the rest elongation xα of the αth harmonic oscillator
is displaced by the presence of the perturbation Fα , while its energy
levels are not displaced.

Here, the time-dependent electric field E (t ) is implemented
by the following protocol:

E (t ) =
{

0, t < 0
E0 sin(
t ), t � 0 (32)

where E0 is the magnitude and 
 is the loading frequency.
The total Hamiltonian, in this case, is thus given by

HT = HS + HB + HSB + Hext = HCL + Hext,SB (33)

with the various terms given by the above equations, and
where Hext is an external field. From this total Hamiltonian
Eq. (33) and the Heisenberg equations of motion (15), follow-
ing the same steps as before, mutatis mutandis, we derive the
following GLE:

m
d2x(t )

dt2
+ ∂V [x(t )]

∂x

= qE (t ) + η(t ) −
∫ t

−∞
K (t − t ′)

dx(t ′)
dt ′ dt ′ (34)

where the new effective noise operator η absorbs additional
contributions from the charged bath oscillators

η(t ) = ξ (t ) −
∫ t

0
M(t − t ′)

dE (t ′)
dt ′ dt ′. (35)

The second term in the right-hand side of Eq. (35) reflects
the effect of the field on the test particle via its coupling
to the surrounding bath oscillators, which themselves respond
to the ac electric field. As we will elucidate explicitly in the
next section, such effect amounts to a new, additional term in
the Nyquist theorem for quantum noise. We also note that, as
usual, the memory function in the damping term, the last term
on the right-hand side of Eq. (34), has the same form given in
Eq. (23).
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In the above Eq. (35), M is the force delay kernel,

M(t ) =
∑

α

qα

ν2
α

ω2
α

cos(ωαt ), (36)

which is independent of temperature and is only a function
of the bath oscillators parameters. This kernel incorporates
the spectral density of the thermal bath oscillators and their
coupling to the external field. It describes the additional effect
of the bath on the noise accounting for the fact that the bath
statistics is altered due to its being driven by the external
field. These results are consistent, apart from differences in
the notation, with previous derivations [25,26]. If we take the
continuous limit for the sum over oscillators α, we can write
Eqs. (23) and (36) as integrals over a (e.g. Debye) density of
states of the set of bosonic oscillators [15,25,31].

IV. FLUCTUATION-DISSIPATION THEOREM
WITH THE DRIVEN BATH

For ergodic systems, there is no difference between the
ensemble average and the long-time average of observables.
However, when the system is subject to an external driving, as
in our case, the ergodicity usually breaks down. We thus look
at the time average of an operator A,

〈A(t )〉 = 1

T

∫ t+T

t
A(t ′)dt ′, (37)

and its self-correlation

〈A(t )A(t + τ )〉 = 1

T

∫ t+T

t
A(t ′)A(t ′ + τ )dt ′. (38)

The bath is at thermal equilibrium before the external
driving field is switched on at t = 0. Assuming that the equi-
librium system (for t � 0) is ergodic, the time average in
Eq. (37) is equal to the following ensemble average (see p.
103 in Ref. [31]):

〈A(t )〉 = Tr[A(t )e−HB/kBT ]

Z
(39)

with

Z = Tr[e−HB/kBT ], (40)

where we used the equilibrium density matrix defined as

ρeq = 1

Z
e−HB/kBT , (41)

which is itself a quantum operator in the Heisenberg
picture [31].

Upon averaging Eq. (24) (the noise operator), we get zero
as in Eq. (25): the average noise of an equilibrium system
vanishes, as expected. The symmetric self-correlation of the
random force operator acting on the quantum tagged particle,
for the case where the external time-dependent field does not
act on the bath, is

C(t, t ′) ≡ 〈[ξ (t ), ξ (t ′)]+〉

=
∑

α

h̄mαν4
α

ωα

(2n̄α + 1)cos[ωα (t − t ′)], (42)

where n̄α is the Bose-Einstein occupation factor, evaluated at
t = 0 (when the bath is still at equilibrium). We then have

C(t, t ′) =
∑

α

h̄mαν4
α

ωα

coth

(
h̄ωα

2kBT

)
cos[ωα (t − t ′)]. (43)

Equation (43) is shown in the Appendix.
It is interesting to note that, at high temperature, coth(x) ∼

O(1/x), so in that limit (kBT � h̄ω) one recovers the classical
result [31]:

C(t, t ′) =
∑

α

2kBT mαν4
α

ω2
α

cos[ωα (t − t ′)]. (44)

Equation (43) describes the autocorrelation of the noise, ξ .
However, in the presence of a dynamical coupling between
the external driving and the bath, the effective noise on the
tagged particle is given by Eq. (35). Since the bath oscillators
respond to the driving field [see Eq. (29)], such effect must be
accounted for explicitly, and will lead to a modification of the
canonical FDR, similar to what happens in the classical limit
[25]. Indeed, when an ac electric field is applied to both the
particle and the bath, the average of Eq. (35) incorporates the
additional field effect on the noise. This average is computed
under the assumption that the system is at equilibrium at
t � 0. Shortly afterward at t ≈ 0, while the system remains
near equilibrium, we evaluate the average of Eq. (35) using
Eq. (39) with HB = HB(t = 0), following the approach in
Refs. [29,31]. This procedure yields the correlation function

〈[η(t ), η(t ′)]+〉 = C(t, t ′) +
(∫ t

0
M(t − s)

dE (s)

ds
ds

)

×
(∫ t ′

0
M(t ′ − s)

dE (s)

ds
ds

)
(45)

=
∑

α

h̄mαν4
α

ωα

coth

(
h̄ωα

2kBT

)
cos[ωα (t − t ′)]

+
(∫ t

0
M(t − s)

dE (s)

ds
ds

)

×
(∫ t ′

0
M(t ′ − s)

dE (s)

ds
ds

)
(46)

where t and t ′ are defined on the positive real semiaxis.
Equation (46) is a new form of the quantum FDT valid when-
ever both the tagged particle and the bath are driven by a
time-dependent field. Comparing Eq. (46) to the equilibrium
form of the quantum FDT [13], we notice the presence of a
new correlation term, the second term on the right-hand side
of Eq. (46).

This new nonequilibrium correction term depends on the
external electric field E (t ), which is a c-number function of
time, not a quantum operator or observable. We should recall
the caveat at the end of Sec. II A: E (t ) does not belong to the
system’s Hilbert space. It does not evolve under Heisenberg
time evolution, and it does not satisfy canonical commutation
relations. But, the total Hamiltonian HT , which includes E (t ),
still satisfies commutation relations with any generic quantum
observable A according to Eq. (16). Furthermore, the evolu-
tion is time ordered. The role of E (t ) is akin to a background
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input or an external control parameter, and this is a valid and
common treatment in linear-response theory [38], Keldysh
theory [39], and open quantum systems [1].

Hence, the second term appearing in the right-hand side
of Eq. (46) reflects higher-order response or modifications to
the fluctuation spectrum due to external driving of the thermal
bath, and we shall look at it more closely, along with its
physical implications, in the next section.

V. GENERALIZED QUANTUM NYQUIST NOISE

Following Refs. [15,40], we can use the above results to
infer a fluctuation-dissipation relation for the random fluc-
tuations of the voltage in a circuit, in the quantum regime.
In Fourier space, for an unconstrained particle, Eq. (34)
becomes [15]

[−mω2 + iωK (ω)]x(ω) = qE (ω) + η(ω), (47)

where ω is a generic driving frequency. Following Ref. [40],
we divide Eq. (47) through by a uniform charge density pa-
rameter, λ = qnA, where q is the elementary charge, n the
medium’s density of charge carriers, and A the cross section of
the circuit. Then we introduce the following quantities: the
electric current I = λẋ, induction L = m/λ2, and alternating
voltage V (ω) = qE (ω)/λ with random fluctuations VI (ω) =
η/λ. We also define the frequency-dependent resistance

R(ω) = mK (ω)/λ2. (48)

This turns Eq. (47) into

iωLI (ω) + R(ω)I (ω) = V (ω) + VI (ω). (49)

Equation (49) describes the current in an LR circuit subjected
to an ac voltage, which crucially includes new contributions
to the fluctuations because of the response of the charged heat
bath environment to the external voltage.

The role of the random voltage fluctuations VI is analogous
to that of the random force η in Eq. (35), and it, too, accounts
for the additional effect of the external driving field on the
bath statistics. As a matter of fact, the charge carriers flowing
through a resistor are subject to random noise due to the
continuous thermal motion of the surrounding charges (the
ions of the lattice), which constitute the “charged oscillators”
of the thermal bath, in our model.

Upon introducing the above described quantities, Eq. (46)
takes the form

〈VI (t )VI (t ′)〉 =
∑

α

mα h̄ωαR(ωα ) f (ωα )cos[ωα (t − t ′)]

+ 1

q2

(∫ t

0
M(t − s)

dV (s)

ds
ds

)

×
(∫ t ′

0
M(t ′ − s)

dV (s)

ds
ds

)
(50)

which generalizes the conventional form of the Johnson-
Nyquist theorem [41–44] and is valid for t > 0. Here,
f (ωα ) ≡ coth(h̄ωα/2kBT ). In particular, the second term on
the right-hand side of Eq. (50) is new (it is not present
in the standard Johnson-Nyquist form of the FDR) and is

caused by the response of the charged bath to the applied
voltage. In the classical limit, setting V = 0, and defining R =
1
2

∑
α mαR(ωα ), by following similar steps as in Ref. [15],

pp. 48–49, we recover the standard Johnson-Nyquist theorem.
To get further insight into the effect of field-responsive bath

statistics on the voltage fluctuation 〈VI (t )VI (t + τ )〉, following
Refs. [45,46], we define the noise spectrum as the average

S(τ ) = � f

4π

∫ 2π/� f

0
〈VI (t + τ )VI (t )〉dt (51)

where � f is the frequency bandwidth of the circuit. In this
definition, the spectral density S(τ ) has units of V2. Taking
the integral over a finite time window equal to the inverse of
the frequency resolution is a common trick in signal process-
ing to estimate correlations without needing to go to infinite
time [47].

Combining this with Eq. (50), the noise spectrum is

S(τ ) =
∑

α

mα h̄ωαR(ωα ) f (ωα )cos(ωατ )

+ 1

q2

� f

4π

∫ 2π/� f

0
dt

(∫ t+τ

0
M(t + τ − s)

dV (s)

ds
ds

)

×
(∫ t

0
M(t − s)

dV (s)

ds
ds

)
. (52)

Now we apply the following initial conditions for Eq. (47) in
the form of a protocol for V (t ) being switched on at t = 0,
similar to Eq. (32):

V (t ) = qE0

λ
sin(
t )θ (t ). (53)

Upon applying this protocol for the externally applied voltage,
we obtain the following form of the fluctuations spectrum:

S(τ ) =
∑

α

mα h̄ωαR(ωα ) f (ωα )cos(ωατ )

+ � f E2
0

4πλ2

∫ 2π/� f

0
dt

(∫ t+τ

0

 M(t + τ − s)cos(
s)ds

)

×
(∫ t

0

 M(t − s)cos(
s)ds

)
. (54)

This equation represents a generalized Johnson-Nyquist
relation valid in the quantum regime (and of course also in the
classical regime upon taking the relevant limit). It describes a
system where not only the electrons, but also the ions of the
lattice of the conductor, which form the heat bath, respond
to the applied ac voltage. At frequencies used in standard
electrical and electronic circuits, the actual values of electric
field inside the conductors are very low and the motion of the
ions in response to the applied ac field is negligible. How-
ever, at very high frequencies, GHz and especially THz, the
dynamics of the lattice ions will be affected by the ac field. In
that regime, we expect that this new term in the fluctuation-
dissipation relation may be an important contribution to the
noise.
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The first term on the right-hand side of Eq. (54) coincides
with the standard fluctuation-dissipation relation of quantum
systems [14]: by following standard steps that can be found
in the textbooks (see pp. 60–61 in Ref. [15]), and assuming
a frequency-independent damping (resistance) R, it recovers
the classical limit of the standard Johnson-Nyquist noise,
S(τ )/� f → 4 R kBT , where � f is the bandwidth. The second
term on the right-hand side of Eq. (54) is new, and has been
derived here for the first time. This is an additional contribu-
tion to the expected spectral amplitude, which can be observed
experimentally in ac circuits. Importantly, a fundamental im-
plication of this result is that, due to the field-dependent new
term on the right-hand side of Eq. (54), the noise spectrum
will always be non-Markovian, i.e. it will depend on the fre-
quency of the driving field. This feature has been observed for
example in a recent realistic model of quantum transport in ac
fields in Ref. [45]. In the next section we shall analyze this
correction term in more detail.

VI. DRIVEN-BATH CONTRIBUTION TO THE NYQUIST
NOISE AT HIGH FREQUENCIES

We shall now analyze the contribution of the ac-driven bath
(crystal lattice ions) to the spectral density of the noise. We
focus on the second term on the right-hand side of Eq. (54),
and we first solve the integrals analytically, by recalling the
form of the force delay kernel, M(t ), from Eq. (36). We obtain(∫ t

0
M(t − s)cos(
s)ds

)

=
∑

α

qα

ν2
α

ω2
α

∫ t

0
cos[ωα (t − s) cos(
s)]ds (55)

=
∑

α

qα

ν2
α

ω2
α

ωα sin(ωαt ) − 
 sin(
t )

ω2
α − 
2

. (56)

Now we convert the sum over discrete phonon frequencies ωα

to a continuous integral, as is standard (see p. 23 in Ref. [31]):

∑
α

qα

ν2
α

ω2
α

· · · → q̄
∫ ωD

0
ρ(ω)

ν2

ω2
. . . dω (57)

where ω is the phonon frequency and ρ(ω) is the phonon
density of states of the conductor. Furthermore, for simplicity
we also took ν, the electron damping rate, to be a constant,
again following Ref. [31], and we took the average charge of
the lattice positive ions, q̄, out of the integral. This will of
course depend on the valence state of the lattice ions, e.g. q̄
will be equal to the elementary charge if the ions have valence
+1. Also, there is an ultraviolet cutoff in the integral, which
is, as usual, given by the Debye frequency of the solid, ωD,
typically in the THz. Hence we evaluate

q̄
∫ ωD

0
ρ(ω)

ν2

ω2

ω sin(ωt ) − 
 sin(
t )

ω2 − 
2
dω. (58)

For the phonon density of states we take a Debye form:

ρ(ω) = AD ω2 (59)

where AD = 9/ω3
D and ωD is the Debye frequency of the solid.

The above integral (58) admits an analytical solution, which

is lengthy and contains SineIntegral and CosIntegral func-
tions. The SineIntegral and the CosIntegral functions, in the
solution, contain expressions like 
 ± ωD as their argument.
Considering that ωD is a very big number (typically THz) and
that the SineIntegral function for large values of its argument
can be approximated with π/2, and also considering that the
CosIntegral function, instead, goes to zero for large values of
its argument, and that terms like log(ωD + 
) − log(ωD − 
)
cancel each other because ωD is big compared to 
, then the
result of the integral over ω, barring prefactors, becomes

1
2π cos(
t ). (60)

For the factor (
∫ t+τ

0 M(t + τ − s) cos(
s)ds) the calculation
is exactly the same, with the only difference that we have t +
τ instead of t , leading to

1
2π cos[
(t + τ )]. (61)

Hence by putting all things together we get, for the driven-
bath contribution SDB(τ ) to the noise spectrum,

SDB(τ ) = π3

8
A2

D ν4� f 
 cos(
τ ) q̄2 E2
0

λ2
, (62)

where the group q̄2 E2
0

λ2 has dimension of volts.
We notice the explicit frequency dependence of the noise,

which implies that there is intrinsic non-Markovian character
to it, as one could expect. Also, this form indicates that the
new noise contribution from lattice ions response to the ac
field has cyclostationary properties.

We can attempt to estimate the upper bound (when the
cosine in the above formula is equal to 1) for this new con-
tribution for a copper wire at room temperature. The Debye
prefactor for copper is 6.72 × 10−41 s3, the characteristic
damping rate for electrons in copper is 4 × 1013 s−1, and we
take a THz frequency, 
 = 1012 Hz, and a bandwidth 1012 Hz.

Furthermore, the group q̄2 E2
0

λ2 , which has dimension of volts,
can be set equal to the applied voltage in the circuit, which for
THz antennas and waveguides is of the order of 1 V. Over a
time period T (not to be confused with temperature) that we
take much longer than the inverse oscillation frequency, we
thus have an average noise:

S̄DB(
) = π3

8
A2

D ν4� f 


(
1

T

∫ T

0
cos(
τ )dτ

)
q̄2 E2

0

λ2
(63)

= π3

8
A2

D ν4� f
sin(
T )

T
q̄2 E2

0

λ2
(64)

and with the above typical values and taking sin(
T )
T to be of

order 1 we thus get a maximum noise

SDB ≈ 10−11 V2 (65)

which leads to a root mean noise of 3 µV. This is a meaningful
correction if compared to typical values of Johnson-Nyquist
noise in THz devices, which are on the order of 1 mV.
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VII. CONCLUSIONS

In summary, we have studied the Caldeira-Leggett model
of quantum dissipation in open quantum systems subjected
to an external time-dependent force that acts simultaneously
on both the particle (the system) and the heat bath (the en-
vironment). This setup is important for both technological
applications (from noise in ac-current quantum electron-
ics especially at high frequencies, GHz–THz, to qubits
decoherence) and foundational quantum physics (e.g. the
quantum wave-function collapse problem, where typically the
“measurement” is conducted with an optical field). We started
from the standard Caldeira-Leggett coupling Hamiltonian and
added an external time-dependent (electric) field semiclas-
sically. We thus considered the dissipative dynamics of an
electrically charged tagged particle that interacts with a bath
of charged bosonic oscillators, where both the particle and the
bosonic oscillators are driven by an external time-dependent
(ac) electric field.

A new fluctuation-dissipation relation for the tagged parti-
cles interacting with the time-driven bath is derived, Eq. (46),
which is valid in the quantum regime (low temperature and/or
very high frequencies) and reduces to the Johnson-Nyquist
noise upon taking the classical limit for a nondriven bath.
We then used this generalized fluctuation-dissipation relation
for driven systems to obtain a closed-form expression for the
spectral density of the noise. We attempted to estimate the
contribution from the driven bath to the overall Nyquist noise
and found that, for THz devices, this could amount to a few
μV, to be compared with an expected Nyquist noise (which
neglects the contribution from the driven bath) of about
1 mV. This effect may be important in future quantum tech-
nologies operating at high frequencies, as well as for tackling
the decoherence problem in presence of optical fields [48].
Moreover, it provides a generalized framework for nonequi-
librium quantum systems under external driving, with many
potential applications ranging from quantum computing [49]
to quantum optics applications [50].
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APPENDIX: FLUCTUATION-DISSIPATION RELATION

In this Appendix, we briefly recall the derivation of
the standard quantum fluctuation-dissipation relation for the
Caldeira-Leggett model leading to the quantum Langevin

equation, in the limit of an undriven bath (see e.g. Ref. [15]).
This will clarify the meaning of quantities and relations used
throughout the main article.

Introduce ladder operators aα and a†
α for the bath, such that

xα − Fα

mαω2
α

= i

(
h̄

2mαωα

)1/2

[aα (t ) − a†
α (t )], (A1)

pα =
(

mα h̄ωα

2

)1/2

[aα (t ) + a†
α (t )], (A2)

with aα (t ) = aαe−iωαt , a†
α (t ) = a†

αeiωαt , and Fα given by
Eq. (31). The term ξ (t ) appearing in Eq. (35) reads explicitly

ξ (t ) =
∑

α

mαν2
α

[(
xα (0) − Fα (0)

mαω2
α

)
cos ωαt + pα (0)

mα

sin ωαt

ωα

]

=
∑

α

imαν2
α

(
h̄

2mαωα

)1/2

({aα − a†
α} cos ωαt

− i{aα + a†
α} sin ωαt )

=
∑

α

imαν2
α

(
h̄

2mαωα

)1/2

(aαe−iωαt − a†
αeiωαt ). (A3)

This quantity ξ (t ) depends on the bath phase space
{aα, a†

α}α=1...N at t = 0, and is oscillating with the bath’s char-
acteristic frequencies ωα . We can estimate its correlations as

〈ξ (t )ξ (t ′)〉 =
∑

α

h̄mαν4
α

ωα

e−iωα (t−t ′ )〈{aα, a†
α}〉

=
∑

α

h̄mαν4
α

ωα

e−iωα (t−t ′ )〈2a†
αaα + 1〉

=
∑

α

h̄mαν4
α

ωα

e−iωα (t−t ′ )(2〈nα〉 + 1), (A4)

with nα = a†
αaα . Using (39), we have

〈nα〉 ≡ 〈a†
α (0)aα (0)〉

= 1

Z
Tr(a†

αaαe−HB/kBT )

=
∑∞

α=0 nαe−h̄ωα(n+ 1
2 )/kBT∑∞

α=0 e−h̄ωα(n+ 1
2 )/kBT

= coth(h̄ωα/2kBT ) − 1

2
, (A5)

where HB is the Hamiltonian of the bath, as introduced in the
main article.

Using (A5) in (A4), and taking the real part,

〈ξ (t )ξ (t ′)〉 =
∑

α

h̄mαν4
α

ωα

(2〈nα〉 + 1) cos[ωα (t − t ′)]

=
∑

α

h̄mαν4
α

ωα

coth(h̄ωα/2kBT ) cos[ωα (t − t ′)],

(A6)

which is Eq. (43) in the text.
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