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Quantum annealing is a promising algorithm for solving combinatorial optimization problems. It searches for
the ground state of the Ising model, which corresponds to the optimal solution of a given combinatorial opti-
mization problem. The guiding principle of quantum annealing is the adiabatic theorem in quantum mechanics,
which guarantees that a system remains in the ground state of its Hamiltonian if the time evolution is sufficiently
slow. According to the adiabatic theorem, the annealing time required for quantum annealing to satisfy the
adiabaticity scales inversely proportional to the square of the minimum energy gap between the ground state
and the first excited state during time evolution. As a result, finding the ground state becomes significantly more
difficult when the energy gap is small, creating a major bottleneck in quantum annealing. Expanding the energy
gap is one strategy for improving the performance of quantum annealing; however, its implementation in actual
hardware remains difficult. This study proposes a method for efficiently solving instances with small energy gaps
by introducing additional local terms to the Hamiltonian and exploiting the diabatic transition remaining in the
small energy gap. The proposed method achieves an approximate quadratic speedup of the exponential scaling
exponent in time to solution compared to the conventional quantum annealing. In addition, we investigate the
transferability of the parameters obtained with the proposed method.
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I. INTRODUCTION

Quantum annealing (QA) [1-6] is a quantum algorithm
that has the potential to solve combinatorial optimization
problems more efficiently than existing classical methods. In
QA, the solution of a combinatorial optimization problem
corresponds to the ground state of the Ising model, which QA
is designed to obtain [7,8].

The first commercial quantum annealer [9] significantly
expanded the range of applications for QA. Recently, QA
has been applied to various complex problems, including
combinatorial optimizations with integer variables [10-15],
large-scale combinatorial optimizations [16-22], and black-
box optimizations [23-31]. In addition, QA has been applied
to the fields of physical simulation and computer-aided engi-
neering [32-36].

The guiding principle of QA is the adiabatic theorem in
quantum mechanics [37], which states that a system remains
in its ground state during the evolution of a time-dependent
Hamiltonian provided the evolution is sufficiently slow. The
annealing time required to perform QA while maintaining
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adiabaticity is inversely proportional to the square of the mini-
mum energy gap between the ground state and the first excited
state during the annealing process.

However, the hardware limitations of quantum annealers,
such as decoherence, size restrictions, and energy range re-
strictions, limit their practical applicability. The parameter
tuning proposed in recent studies is crucial in overcoming
these hardware limitations, as they affect QA performance
significantly [21,22,38-40]. The annealing time is restricted
due to the decoherence in the hardware. As a result, com-
binatorial optimization problems that require long annealing
times, particularly when the QA Hamiltonian exhibits a
small energy gap, are especially difficult to solve on current
hardware.

A well-known bottleneck of QA is the occurrence of per-
turbative crossings and quantum first-order phase transitions
during the annealing process. When perturbative crossings or
quantum first-order phase transitions occur, the energy gap
decreases exponentially with system size, as has been analyt-
ically proven [41]. Numerous studies have been conducted to
mitigate these bottlenecks [42—49].

One promising approach to overcoming these bottlenecks
is to expand the energy gap. Previous studies have shown
that adding an extra term, a catalyst, is crucial in achieving
this expansion. A well-known example is the introduction of
antiferromagnetic quantum fluctuations in the fully connected
p-spin model [43], leading to an exponential increase in the
energy gap. In addition, XX catalysts have been shown to im-
prove the scaling of the energy gap in the maximum weighted
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independent set problem, a well-known toy model that ex-
hibits perturbative crossings [48,49]. Moreover, under certain
conditions, diagonal catalyst terms in the computational basis
have been found to exponentially improve the energy-gap
scaling in the fully connected p-spin model [47].

Implementing these approaches in existing QA hardware
remains difficult due to the quadratic terms of these catalysts.
Quadratic terms, such as ZZ interactions and XX interac-
tions used as catalyst terms, are not yet realizable in current
hardware. Since the diagonal catalysts consist only of linear
terms, it is more amenable to implementation on hardware.
However, this study points out that optimization becomes
difficult when the Hamming distance between the global op-
timum and local optima is large [47]. Therefore, exploring
the potential of linear-term catalysts is essential for practical
implementations.

Another practical approach in a quantum annealer is opti-
mizing the annealing schedule. Optimization of the annealing
schedule can reduce the time required to obtain optimal
solutions [50,51]. In a previous study, annealing-schedule op-
timization improved the QA performance for the frustrated
ring model, which exhibits perturbative crossing [50]. Also,
the previous study proposed the optimization method using
Bayesian optimization on a neutral-atom quantum processor
for both QA and reverse annealing [51]. An optimized sched-
ule significantly accelerates the QA process compared to a
linear schedule.

There also exist parameter-optimization approaches based
on quantum computing by coherent cooling [52,53] and quan-
tum walks [54]. Since the system dynamics in these methods
are governed by operating principles different from the adia-
batic theorem, they are expected to be effective for problem
instances that are challenging for QA. However, practical
implementation on current hardware remains challenging due
to the effects of intermediate-state quenches and decoherence.

When performing QA with an optimized annealing sched-
ule, the evolution of the quantum system does not strictly
adhere to the adiabatic theorem in quantum mechanics.
Instead, the system leverages diabatic transitions and tem-
porarily occupies excited states during annealing, driven by
the optimized annealing schedule. Consequently, the proposed
method leverages diabatic dynamics to enhance performance.
However, a detailed theoretical understanding of the underly-
ing mechanism remains incomplete.

The annealing-schedule-optimization method also faces
practical restrictions arising from hardware limitations. Im-
plementing an optimized annealing schedule that involves
quadratic terms in the Ising Hamiltonian is particularly diffi-
cult since errors arise from the coupled spins and the quadratic
term makes a significant contribution to error accumulation
[55]. Additional physical qubits are necessary when embed-
ding a densely connected Ising model onto hardware with
restricted connectivity. For instance, the minor embedding
[56,57] technique introduces redundant qubits to express the
original dense problem graph onto the hardware topology.
These interactions between the redundant qubits are strong
enough to align these qubits in the same direction.

When optimizing the annealing schedule, the effects
of couplers between redundant qubits must be considered.
Nevertheless, the number of couplers and qubits grows

quadratically with the size of the Ising model, and precise
control of the annealing schedule is required. However, the
precise control of the complex terms is difficult in current
hardware. From this perspective, the scalability of the algo-
rithm is inherently limited.

This study proposes optimizing the annealing schedule
using only linear terms of z fields. Specifically, we intro-
duce additional longitudinal magnetic fields into the QA
Hamiltonian. The schedule of these additional longitudinal
magnetic fields is optimized variationally, while the annealing
schedules of other terms are fixed. The proposed approach
is highly practical for hardware implementation because the
additional local z fields can be realized through scheduling
time-dependent linear coefficients with h_gain_schedule
[58]. Implementing linear z-field terms is significantly eas-
ier than incorporating quadratic z terms, further improving
the feasibility. This makes it possible to harness the ben-
efits of annealing-schedule optimization solely with linear
terms, without relying on the complex control of quadratic
terms, whose implementation remains limited. Numerical
experiments demonstrate that our proposed method solves
maximum weighted independent set (MWIS) problems faster
than conventional QA with a linear annealing schedule.

Our results show that optimizing the local z-field schedule
can improve optimization performance by enabling a hy-
brid dynamical behavior: The system evolves adiabatically
in regions where the energy gap is sufficiently large while
selectively exploiting nonadiabatic transitions only in regions
where strictly adiabatic evolution along a single path becomes
difficult.

The remainder of this paper is organized as follows. Sec-
tion II describes the QA and its evaluation metric, MWIS
settings, and the proposed method. Section III analyzes the
performance of the proposed method via numerical sim-
ulations, focusing on the time to solution, the population
dynamics of the proposed method, the properties of the
optimized annealing schedules, and their transferability. Sec-
tion IV presents a summary and our conclusions and outlines
directions for future research.

II. SETTINGS

We review QA and the MWIS, which we use as a bench-
mark problem with perturbative crossings. We then introduce
the proposed method, which utilizes local magnetic fields as a
catalyst.

A. Quantum annealing

The Hamiltonian of QA is expressed as

H) =AY Hq+B@)Hp,, 0Kt <, (D)
where A(¢) and B(t) are the annealing schedules which satisfy
A(0) > B(0) and A(t) < B(t), Hq is the transverse mag-
netic field, and H, is the Ising model whose ground state
corresponds to the solution of the combinatorial optimization
problem. Thus, finding the ground state of ,, is equivalent to
solving the combinatorial optimization problem. The quantum
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system evolves following the Schroédinger equation

a
iglw(t)) =HOW@)). 2

Here Planck units are used.

According to the adiabatic condition [4], the annealing
time required to remain in the instantaneous ground state
scales as the inverse square of the minimum energy gap during
QA. Consequently, the energy gap is widely used as a key
metric of QA performance. The energy gap A(¢) between the
ground state |¢(¢)) and the first excited state |¢;(¢)) is defined
as

A7) = Ei (1) — Eo(1), 3)

where E;(¢) and Ey(t) denote the eigenenergies of |¢;(¢)) and
|po(2)), respectively.

B. Perturbative crossing in maximum weighted independent set

Under certain conditions, the energy gap closes near the
end of the QA, known as the perturbative crossing. The per-
turbative crossing occurs when the problem Hamiltonian #,
has a very small energy gap between the ground and first
excited states and when these states differ by a large Hamming
distance [41].

The MWIS on a complete bipartite graph G(V; UV;, E)
is one of the combinatorial optimization problems, where
Vi UV, and E are the sets of vertices and edges, respectively.
The vertex set is partitioned into two disjoint subsets V| and
V,, ie., Vi NV, = @, with no edges within each subset and
all-to-all edges between subsets. If |V|| =m and |V5| = n,
the complete bipartite graph is denoted by K, ,, where | - |
denotes the number of elements in the set. We set m =n + 1
to set different c; for vertices in different subsets following the
previous studies [48,49]. The number of nodes is N, which
satisfles N = m + n.

The MWIS on the complete bipartite graph is formulated
as the Ising Hamiltonian

Hy= > (cile—w)oi+ Y Joofoi, (4

ieViuV, (i,j)eE

where J,., ¢;, and w; are the weight of edges, the number
of edges connected to vertex i, and the weight on vertex i,
respectively, and o denotes the z component of the Pauli
matrix on vertex i.

We generated 500 MWIS instances under conditions lead-
ing to perturbative crossings. All interactions between the
subsets V| and V, are set to be antiferromagnetic with
J,; = 1, thereby taking J,, as the unit of energy. Specifi-
cally, each instance was constructed with very small weights
w;, randomly assigned from a uniform distribution in the
[—0.005/N, 0.005/N] interval. Due to these small values of
w;, the energy difference between the ground state and the
first excited state becomes extremely small, leading to per-
turbative crossings. Dividing by N preserves the energy scale
of the magnetic field. This prevents the total sum of w; from
becoming excessively large and helps maintain the conditions
under which the energy gap remains small, even for random
choices of w;. Under these conditions, the ground state and
the first excited state are predominantly determined by subtle

Vi

Node —— Edge
O

|:> Spin direction of the ground state

FIG. 1. Conceptual diagram of the Ising model for the MWIS on
K4 5. The circles represent the vertices of K, 3 and the black lines
indicate the edges. The graph consists of two disjoint subsets, shown
as dark blue and red circles. Each spin on the nodes of the graph
has an associated weight denoted by w;. The white arrows represent
the spin directions in the ground state of the Ising model. All edge
interactions in K4 3 have the same value J_..

differences in the summation term ), ..y, w;s;, where s; is
the Ising variable on vertex i.

Figure 1 shows an example of the ground-state configura-
tion of the Ising formulation of the MWIS on Ky 3. Since wj is
negligible compared to J,,, the antiferromagnetic interactions
dominate the spin configuration, outweighing the effect of the
local magnetic fields. Therefore, the spins in V| and V, align
in opposite directions in the ground state, as shown in Fig. 1.

Among 500 MWIS instances, we observed two types:
those in which the ground and first excited states differ by
a Hamming distance of 1 and those in which they differ by
a Hamming distance of N. A useful metric for assessing the
difficulty of classical optimization is the ratio between the
total accumulated energy differences across all two-state com-
binations and those involving states at Hamming distance 1
[59,60]. Instances with only small energy differences at Ham-
ming distance 1 are relatively easy to solve. Because classical
algorithms with O(N) complexity, such as single-spin-flip
methods, can efficiently handle these cases, we focus instead
on instances with Hamming distance N. We further selected
instances in which the energy gap between the ground and first
excited states exhibits a pronounced valley around 7/t =~ 1.
Therefore, the MWIS on a complete bipartite graph with the
Hamming distance N between the ground state and the first
excited state is a crucial benchmark problem.

Figure 2 shows the energy gap A(t) of H(¢) for the selected
MWIS instances. The energy gap A(¢) closes near the end of
the annealing time in all instances, as shown in Fig. 2(a). Fig-
ure 2(b) magnifies the region around the final annealing time,
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FIG. 2. (a) Energy gap A(t) between the ground state and the first excited state as a function of ¢t for MWIS instances with an N-Hamming-
distance configuration. Since the energy difference between the ground state and the first excited state in the problem Hamiltonian is extremely
small, the energy gap A(t) closes near the end of the annealing process. (b) Enlarged view of A(#) in the range 0.99 < ¢/t < 1 on a logarithmic

scale, showing the rapid closure of the gap near the final annealing time.

where A(t) closes sharply in most instances. For these cases,
conventional QA has difficulty reaching the ground state at the
final time, since the small gap makes the system susceptible
to excitations into higher energy levels. We therefore examine
the performance of the proposed method for such hard MWIS
instances.

We also examine the effects of the proposed method in the
Sherrington-Kirkpatrick spin-glass problem in Appendix A.

C. Proposed method

Previous studies have explored various types of catalysts
[43,47-49]. Such catalysts can yield exponential speedups of
QA for specific problems. However, most proposed catalysts
are nonlocal and therefore difficult to implement on existing
QA hardware. In this study, we introduce a linear-term cat-
alyst to investigate the potential of the local catalysts. The
Hamiltonian of the QA with the catalyst is given by

H(t) = A( )Hq + B(t )Hp +C )Hcatalysh @)
where C(t) is the annealing schedule of the catalyst restricted
with C(0) = C(r) = 0 and Hcaiyse is the diagonal catalyst,
which is expressed as

N

— Zz
7_[catalyst - - E o;.

i=1

(6)

Since Hcatlyse contains only the linear term, the optimized
schedule is easier to implement in hardware. Indeed, such a
restricted diagonal catalyst in hardware can be realized using
individual scheduling of local magnetic fields [58].

The C(t) is variationally optimized in the proposed
method. To implement a gradient-based optimization, we em-
ploy optimal control theory [61], which has also been applied
in previous studies [62,63]. The framework enables us to
compute the gradient of the final-time expected energy with
respect to C(t) by making use of the quantum state at each
time 7.

First, we define the control problem as the expected energy
at the final time as

T = W (@IHpl¥ (), @)

where | (¢)) is the quantum state at the time ¢. To obtain the
optimal C(¢) that minimizes the final-time expected energy,
we compute the functional derivative of J with respect to
C@),

N4
aC(t)

= 2Im[(k(t)|7'[catalysth”(t))]s 3

where Im(-) denotes the imaginary part, |k(t)) satisfies
lk(7)) = Hp | (1)), and |k(¢)) is obtained by numerically
solving the Schrodinger equation by using time-reversal prop-
erties of the Schrodinger equation. The derivation of Eq. (8) is
shown in Appendix B. In practice, a more realistic strategy is
to employ variational optimization methods as demonstrated
in a previous study [50].

Using the gradient derived in Eq. (8), we iteratively update
annealing schedule C(¢) as

0T

C(P+1) t C([’) 1) — ,
1) < V0 =3

€))

where C”)(¢) denotes the annealing schedule after p optimiza-
tion steps and 7 is the learning rate. Since previous studies
suggest that the schedule optimization method exhibits weak
sensitivity to initial parameters and typically converges to
optimal or near-optimal solutions [62], we fix the initial pa-
rameters C(t) = 0V¢. The initial schedule design helps avoid
performance degradation compared to conventional QA. In
this study, we use 1000 iterations and n = 0.01.

In this study, the annealing schedules A(¢) and B(t) are
setas A(t) = 1 —t/7 and B(t) = t /7, respectively, while the
optimized C(¢) is used. The time evolution following Eq. (2)
with H(¢) written in Eq. (5) is performed in our proposed
method.
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FIG. 3. Size scaling of the TTS for hard MWIS instances with
T = 512. The vertical axis is logarithmic. Points indicate mean TTS
values, error bars denote standard deviations, and dashed lines show
least-squares fits (see Table I).

III. RESULTS

We numerically examine both the performance of the
proposed method and the transferability of its optimized
schedule. The QA simulation is carried out by solving the
Schrodinger equation with qutip [64,65]. In this study, we set
T = 512, which is a long annealing time compared to J,, = 1.
However, due to a small energy gap, the QA with a linear
schedule fails to reach the ground state at the final annealing
time with T = 512.

A. Performance of the proposed method

This study aims to obtain the optimal solution faster
than the conventional method. There is however a trade-off
between achieving a high ground-state probability in a sin-
gle long run and performing multiple shorter runs with a
lower single-run ground-state probability. The time to solu-
tion (TTS) T quantifies this trade-off by measuring the time
required to achieve the desired ground-state probability py
(typically pg = 0.99), which can reflect the trade-off [66,67].
Since the TTS depends on the annealing time, we denote it by
T (t), which is given by

_ (- p
T = i —pol’

where p(7) is the ground-state probability obtained by QA. In
this study, we set pg = 0.99. The dependence of the annealing
time is shown in Appendix C.

Figure 3 shows the size scaling of the TTS. The TTSs of
the QA with a linear schedule and the proposed method scale
exponentially with N. However, the proposed method yields
consistently shorter TTSs than the QA with a linear schedule.
Table I summarizes the fitting functions obtained using the
least-squares method. As shown in the table, the scaling coef-
ficient for the proposed method (0.46) is roughly half that for
linear-schedule QA (0.85), corresponding to an approximate

(10)

TABLE 1. Fitting functions for the TTS obtained using the least-
squares method. Here C; and C, represent constant parameters.

Method Fitting function

T = Cy exp(0.85N £ 0.0195)
T = C,exp(0.46N £ 0.0440)

Linear schedule
Proposed method

quadratic improvement in the exponential scaling exponent.
These results demonstrate that even a local catalyst has the
potential to enhance QA performance.

B. Energy-level population

The guiding principle of QA is the adiabatic theorem.
Therefore, many previous studies aimed to follow the adia-
batic path [5,68-71]. However, the proposed method aims to
minimize the expected energy at the final time, as given by
Eq. (7). Hence, the path to the ground state in the proposed
method is not necessarily adiabatic. The diabatic path has the
potential to surpass the adiabatic QA.

To investigate the dynamics of the proposed method, we
numerically simulate the energy-level population during QA.
The population at the /th eigenstate is defined as

Pi(t) = Ui (1) 2, (11)

where |¢;()) is the [th eigenstate of H(z).

Figure 4 shows the result of the ground-state population
and the first-excited-state population at time ¢ for the specific
instance with N = 11. For QA with a linear schedule, the
dynamics initially follows the ground state but deviates near
the end of the annealing process as the energy gap narrows. On
the other hand, the dynamics of the proposed method deviates
from the ground state earlier than that of QA with a linear
schedule, and the ground-state population decreases as time

1.0
— z-catalyst \
0.8 4 — linear

0.6 1
0.4

0.2 1

Energy-level population

[

- =
0.0 e

1
0 200 400
t

FIG. 4. Populations of the ground and first excited states dur-
ing the time evolution for a hard MWIS instance with N = 11.
The annealing time is set to T = 512. The blue and red solid lines
show the ground-state populations for the proposed method and the
linear-schedule QA, respectively, while the dashed lines indicate the
corresponding first-excited-state populations, with the color distinc-
tions the same as before.
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FIG. 5. Optimized schedules for hard MWIS instances with N =
11 at annealing time v = 512. The black dashed line represents the
zero reference and different colors correspond to different MWIS
instances.

evolves. Finally, the population of the ground state increases
when the energy gap becomes minimal. Other hard MWIS
instances exhibit similar energy-level population behavior.
This dynamics differs from the adiabatic path and corresponds
to diabatic QA, as previously discussed in Ref. [50]. The
proposed method realizes the diabatic QA by optimizing the
schedule of only the linear terms. This indicates that individ-
ual manipulation of linear terms is sufficient to accelerate the
search for hard instances, while fine-tuning quadratic terms
is unnecessary. The proposed method can obtain the ground
state, which the QA with a linear schedule cannot do, even if
the annealing time increases.

C. Optimized schedule transferability

The proposed method in Sec. III A achieves a significantly
shorter TTS than QA with a linear schedule. However, it
incurs additional optimization costs to obtain this improve-
ment. Therefore, considering the time required to obtain an
optimized schedule, the proposed method is not necessarily
superior to the conventional approach for overall computa-
tional efficiency. Thus, eliminating the schedule optimization
cost is crucial for the practical applicability of the proposed
method.

In previous studies, parameter transferability [72-74] was
numerically investigated in the context of the quantum ap-
proximate optimization algorithm [2], a variational algorithm
that exploits adiabatic evolution similar to QA. Transfer-
ability allows the reuse of an optimized schedule across
different problem instances, thus avoiding repeated schedule
optimization. If the parameters are transferable, the compu-
tational overhead of schedule optimization can be effectively
eliminated.

We examine the transferability of the optimized schedule in
the proposed method. Figure 5 shows the optimized schedules
for different MWIS instances. The variations among these
schedules are negligible compared to the overall scale of
the annealing schedule for both the transverse field and the
Ising model. This close similarity indicates a strong struc-
tural resemblance, implying that the optimized parameters

! o}
1
50000 : o
_ | ]
g [
£ 40000+ |
@ I S
£ | XM
2 300004 I
0 1
8 1
o
o 1
& 20000 ,
- [
w0
= i |
10000 | (@)
‘ O Optimized
0 - X Transfer
|
1

T T T T
0.0 0.5 1.0 1.5 2.0
TTS (conventional method) 1x107

FIG. 6. Comparison of the TTS between QA with a linear sched-
ule and the proposed method for hard MWIS instances with N = 11
at T = 512. The blue circles represent TTSs of the proposed method
with an individually optimized additional schedule, while the red
crosses represent TTSs of the proposed method with an additional
schedule transferred from an arbitrarily selected hard MWIS in-
stance. The black dashed line represents the equal TTSs between the
proposed method and the QA with a linear schedule.

are transferable across MWIS instances. The dependence of
the optimized schedule on the annealing time is provided in
Appendix D.

The optimized annealing schedules decay during the first
half of the anneal and oscillate while approaching positive
values during the second half. Near the initial time, adding
z-field terms that do not commute with the transverse field en-
ables the state to approach the computational basis rapidly. As
aresult, the optimized schedule applies a relatively strong lon-
gitudinal field at early times. This behavior is consistent with
what has been described as a bang-bang regime in previous
studies, and we interpret it as a closely related phenomenon
[62,63].

As the evolution proceeds toward the final time, oscillatory
behavior emerges in the optimized schedule. We attribute this
to the need for the system to increasingly reflect the structure
of the problem Hamiltonian near the end of the anneal. In
particular, the direction of the added longitudinal field differs
from that of the target ground state. In the present problem
setting, the ground state consists of configurations with half
of the spins pointing up and the other half pointing down. The
longitudinal fields required to align individual spins therefore
compete with each other, leading to oscillations in the sched-
ule. Consequently, we expect the optimized longitudinal field
to exhibit alternating positive and negative amplitudes as the
evolution approaches the classical limit.

Figure 6 compares the TTSs between QA with a linear
schedule and the proposed method. The blue circles represent
the proposed method with an individually optimized schedule
C(t), while the red crosses indicate the proposed method
using a schedule C(¢) transferred from an arbitrary MWIS in-
stance. As shown in Fig. 6, the proposed method outperforms
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FIG. 7. Schematic diagrams of the energy spectrum of the orig-
inal Hamiltonian and the replaced energy-level Hamiltonian. The
Hamming distance between the original Hamiltonian’s ground state
and the first excited state is N. The Hamming distance between the
ground state and the first excited state of the replaced energy-level
Hamiltonian is 1 while preserving the same energy levels, since only
the spin configuration is replaced.

QA with a linear schedule even when using the transferred
schedule. These results demonstrate the feasibility of omitting
schedule optimization costs for similar MWIS instances.

In Fig. 6 the transferred schedule yields a shorter TTS than
the optimized schedule in some instances. This discrepancy
arises from the slight variations in the optimized schedule
shown in Fig. 5. Because the optimization process in the pro-
posed method converges differently across MWIS instances,
the degree of convergence can vary even when the number of
iterations and the learning rate are identical.

Understanding the underlying reason for the transferability
is crucial for extending these results to other combinatorial
optimization problems. In MWIS instances, the energy gap
becomes small near the end of QA. According to the adiabatic
theorem in quantum mechanics, the energy gap between the
ground state and the first excited state during QA is a key
property that strongly depends on the configuration of the
problem Hamiltonian.

To analyze the impact of this energy-gap structure, we
construct a replaced energy-level Hamiltonian in which the
Hamming distance between the ground state and the first
excited state is set to 1 while preserving the energy spectrum
of the original Ising model for MWIS. In contrast, the original
Ising model for MWIS has a Hamming distance of N between
these states. Using this replaced energy-level Hamiltonian,
we examine the properties of schedule optimization and its
transferability. Figure 7 shows schematic diagrams of the
energy spectrum of the Ising Hamiltonian and the replaced
energy-level Hamiltonian.

Figure 8 shows the instantaneous ground-state population
of the proposed method for hard MWIS instances under three
different scheduling conditions: an optimized schedule, a
transferred schedule, and a transferred schedule applied to the
replaced energy-level Hamiltonian. In Fig. 8 the ground-state
population for the replaced energy-level Hamiltonian deviates
significantly from that of the original Hamiltonian.

The proposed method with the optimized schedule and
transferred schedule leverages adiabatic transitions during the
time evolution, whereas the proposed method using the trans-
ferred schedule for the replaced energy-level Hamiltonian
fails to effectively exploit diabatic transitions. Consequently,

1.0

C

2 0.8

(]

=

Q- -

Q 0.6

o

>

8 0.4 1

5‘ — Optimized

@ 9.2 { —— Transferred

- —— Transferred (Replaced #,)
0.0 T T

0 200 400
t

FIG. 8. Ground-state population during the time evolution for a
hard MWIS instance with N = 11. Similar behavior is observed in
other hard MWIS instances. The blue solid line denotes the ground-
state population of the proposed method, the red solid line that of the
proposed method with a transferred schedule, and the green solid line
that of the replaced energy-level Hamiltonian, where the Hamming
distance between the ground and first excited states is set to 1.

schedule transferability does not hold between Ising models
with the same energy spectrum but with different Hamming
distances between the ground state and the first excited state.
This indicates that transferability is governed by the Hamming
distance when diabatic transitions play a significant role in
QA.

These findings suggest that the energy gap between the
ground state and the first excited state during the annealing
process alone cannot determine the performance of QA.

IV. CONCLUSION

We investigated the effects of local diagonal catalysts on
MWIS instances with a small energy gap near the final stages
of QA. In particular, we focused on the potential of local
diagonal catalysts by optimizing the catalyst schedule for hard
instances that are challenging to solve using conventional
QA. Our results demonstrate that the local diagonal catalyst
significantly improves QA performance on the MWIS. The
scaling analysis indicates that the proposed method achieves
a quadratic speedup of the exponential scaling exponent.

Moreover, the dynamical properties of the system play a
crucial role. Diabatic transitions are essential for efficiently
exploring the ground state in the proposed method. We also
examined the transferability of the catalyst schedule. Our
findings reveal that, in certain cases, the catalyst schedule
optimized for complex MWIS instances can be transferred to
other MWIS instances, particularly when QA with a linear
schedule requires a long annealing time to reach the ground
state. This investigation is restricted to systems with the same
number of spins; extending transferability to systems of dif-
ferent sizes remains a subject for future work.

By analyzing the replaced energy-level Hamiltonian,
which preserves the energy spectrum of the original model
while altering the Hamming distance, we revealed that the
schedule optimization depends on both the energy levels and
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the Hamming distance from the ground state of the Ising
model. These results highlight the crucial role of the energy
landscape of the Ising model in diabatic QA. Therefore, the
energy landscape transformation of the Ising model may pro-
vide an effective strategy to reduce the cost of scheduling
optimization [75-77].
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APPENDIX A: PROPOSED METHOD FOR SPIN GLASS

In this appendix we examine the performance of the pro-
posed method on the Sherrington-Kirkpatrick (SK) spin-glass
problem. The size of the SK spin-glass problems is N = 8
with both longitudinal magnetic fields and interactions ran-
domly generated from a normal distribution with zero mean
and unit variance. We generated 100 such SK instances and

0.25

0.50
t/t

FIG. 9. Energy gap A(t) between the ground state and the first
excited state as a function of ¢ for 100 different SK spin-glass prob-
lems with N = 8. Different colors correspond to the energy gap for
the different SK spin-glass problems.

0.1 -

£ 0.0
]

-0.1

0.50 0.75 1.00

t/t

0.00 0.25

FIG. 10. Optimized schedules for different 100 SK spin-glass
problems with N = 8 at annealing time T = 100. The black dashed
line represents the zero reference and different colors correspond to
different SK spin-glass problems.

investigated the properties of the proposed method. Here we
set the annealing time to T = 100, which is motivated by the
observation that this annealing time yields dynamics close to
adiabatic evolution.

Figure 9 shows the energy gaps obtained when conven-
tional QA is applied to the 100 generated SK instances.
As seen from Fig. 9, the energy-gap structure varies sig-
nificantly from instance to instance in this problem setting.
Figure 10 shows the annealing schedules of the catalyst
term optimized by the proposed method for these instances.
The optimized schedules differ substantially across problem
instances, indicating that schedule transferability is not ob-
served for general SK models with varying problem structures
and energy-gap magnitudes. At first glance, this result may
appear unfavorable, as it suggests limited effectiveness of the
proposed approach. However, problem instances with large
energy gaps are intrinsically easy to solve using conventional
quantum annealing. Since the 100 generated instances exhibit
a wide range of energy-gap sizes and corresponding degrees
of difficulty, this observation should not be interpreted pes-
simistically.

We therefore focus on the three instances among the
100 that exhibit the smallest minimum energy gaps. Fig-
ure 11 shows the energy gaps for these three instances under

2.0 1
1.5~
S
£ 1.0 A
<
0.5 A
0.0 T T T T T
0.00 0.25 0.50 0.75 1.00

t/t

FIG. 11. Energy gap A(z) between the ground state and the first
excited state as a function of 7 for three SK spin-glass problems with
N = 8. Different colors correspond to the energy gap for the different
SK spin-glass problems.
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FIG. 12. Optimized schedules for three SK spin-glass problems
with N = 8 at annealing time 7 = 100. The black dashed line repre-
sents the zero reference and different colors correspond to different
SK spin-glass problems.

conventional quantum annealing. Among them, two instances
display similar gap behaviors and have comparable minimum
gap values. Figure 12 shows the optimized catalyst annealing
schedules obtained for these three instances using the pro-
posed method. As seen in Fig. 12, the two instances with
similar energy-gap structures also exhibit similar behaviors
in the optimized catalyst schedules. Figure 13 shows the
corresponding energy-level populations. By introducing the
catalyst term, nonadiabatic transitions are exploited, leading
to a significant enhancement of the ground-state population at
the final time.

These results indicate that the proposed method is particu-
larly effective for problem instances in which purely adiabatic
time evolution is difficult. The underlying mechanism for the
performance improvement can be understood as follows. The
system initially follows an approximately adiabatic evolution;
however, near regions where the energy gap between the
ground state and the first excited state becomes small during
the annealing process, nonadiabatic transitions are intention-
ally induced. The mechanism allows population transfer from
the first excited state back to the ground state when the gap is
small, enabling performance enhancement through dynamics
that actively exploit nonadiabatic transitions. These results are
consistent with the results of the proposed method on MWIS
instances.

J

1.00 A

0.98 1

0.96

0.94 ~

Solution fidelity

0.92 A

0.90

0.50 0.75 1.00
t/t

0.00 0.25

FIG. 13. Ground-state population during the time evolution for
three SK spin-glass problems with N = 8. The annealing time is
set to T = 100. The blue and red solid lines show the ground-state
populations for the proposed method and the linear-schedule QA,
respectively. The different lines correspond to the different SK spin-
glass problems.

APPENDIX B: DERIVATION OF THE GRADIENT
OF THE SCHEDULE

In this appendix we derive the gradient of the schedule
by using optimal control theory. First, we define the control
problem as

J = (WO Hply (). (BI)

Equation (B1) indicates the expected energy at the final time
of QA. Therefore, the schedule optimization aims to reduce
energy. Here we introduce the time-evolution operator

U(t,0) = T[exP <—i / H(t’)dt’)], (B2)
0

where T represents time-ordered product. Therefore, the
control problem defined in Eq. (B1) is expressed using time-
evolution operator written in Eq. (B2) as

T = (@O (zr,0)H,U (z, 0)[¥(0)). (B3)

Here, when we assume the time difference is negligible, the
Hamiltonian can be considered as H(¢) from ¢ to t + At. The
time-evolution operator is approximated as

U(t + At, t) ~ exp[—iAtH(1)]. (B4)

By using Eq. (B4), the integration in Eq. (B2) can be written
as

U(r,0) = lim U(r,r—%)U(r——,t—2£>-~-U<2£,£>U<%,O)

n—oo

n n

= lim U(r,t = ADU(x = At T = 2A0)---U(2A1, ADU (AL, 0), (B5)
t—

where we set T /n = At. Here we use the short-time approximation for a small time step A¢. The differentiation of Eq. (BS) is

WO 0 [y, — AU - At T — 280+ UQAL ADU (AL, O)]
ac) aco T T AL - , ,
9
= —8C(t)[U(r, T —ADU(t — At, T —2At)---UQRAt, At)U (At, 0)
+U(‘C’T - At) [U('C —At, T _2At)]U(2Al, At)U(A[,O)—i—

aC (1)
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+U(t, Tt — A)U(t — At, T —2At)---

L[U(ZAI AU (At, 0)

aC(7)

+U(r, 7 — AHU(t — At, T —2At)-- - U(QAt, At)ac(?(t)[U(At, 0)] (B6)

n n m—1

. . d . .

= 2 ,»zl;L U@iAt, (i —1)Ar) WU(mAt (m — I)At)(g U((i+ 1)At, zAt)) . B7)

Here the empty product is unity. Using the Duhamel formula, Eq. (B7) is expressed as

_ 1

8U(mA;C('Z) DAD _ inr / expl—(1 — KIAIH ()] (( )) expl—kiArH(1)]dk. (BS)

Here, by taking the limit A+ — 0 (n — c0) and retaining only
first-order accuracy, we obtain

exp[—i(1 — k)AtH(t)] = 1 4+ O(At), (B9)
expl—ikAtH ()] = 1 + O(A?). (B10)
This in turn leads to
oU(mAt, (m — 1)At) nzoo . OHE) OH(t) B11)
aC(t) Ac()”

Therefore, the differentiation of the time-evolution operator
from O to T is

aU(z,0)
AC(t)

)ﬂy(l 0).

=-UED500

(B12)

The differentiation of the gradient of the control problem
shown in Eq. (B1) is calculated as

oJ d
0CQ) ac(t)[(lﬁ(f)l’HpW(f)H
(P ()l |y (0))
2CQ) Hplyr () + (W (DIH, 0CH) (B13)

The conjugate of the first term in Eq. (B13) satisfies the
equation

(%!f(f)l
aC(t)

8|1/f(r))
aC@)

§
’le’#(f))> (Y (D)IH, (B14)
Therefore, note that the first term and the second term in
Eq. (B13) are conjugate to each other and Eq. (B13) can be
rewritten as

07 31y (0)

aC(r) _2R6<<‘”( Ry )
B U (<, 0)
—2Re(<w<r>mp oo |w<0)>> (B15)

where Re(-) indicates the real part of the complex number. As
a result, the gradient of the annealing schedule is expressed as

07 H()
00 = 2Re<<w(r>m U, ’)aC( Jua. 0)|w(0)>)
= 2Re<<k<z>|Hp BC(( ))wf( )>> (B16)

(

where |k(t)) satisfies the equation

k(@) = Hplr (1)). (B17)
Assigning H in Eq. (5) to Eq. (B16) results in
0T
o 2 Im[{k(0)[ Heatatyse ¥ ()], (B13)

where Im(-) indicates the imaginary part of the complex num-
ber. In this study, the gradient shown in Eq. (B18) is calculated
by solving the Schrédinger equation.

APPENDIX C: ANNEALING TIME DEPENDENCE
OF TIME TO SOLUTION

Figure 14 shows the annealing-time dependence of the
TTS and Table II summarizes the fitting functions obtained
using the least-squares method. In Fig. 14(a), for T = 16 and
N = 11, the linear-schedule QA achieves a shorter TTS than
the proposed method. In this condition, the system remains
in its initial state, with the QA of a linear schedule, similar
to uniform random sampling. Also, the scaling of the TTS
with N deviates from the exponential fitting function. Ac-
cording to the comparison of Figs. 14(a)-14(d) and Table II,
performance gains from the proposed method become more
pronounced as 7 increases. These results indicate that the
proposed method is effective only for sufficiently long t.
When t is too short to reach the ground state, the system
moves to the local minimum to reduce the energy instead.
Since the proposed method minimizes the final-time energy
[Eq. (7)], it still yields lower energies than conventional QA.
However, this mechanism explains why the proposed method
exhibits worse TTS in the short-t regime. In the case of
a linear schedule, Fig. 14 shows that the TTS increases as
the annealing time becomes longer. This phenomenon arises
when the annealing time is extended but remains insufficient
to overcome the small energy gap. In general, increasing the
annealing time is expected to enhance adiabaticity, thereby
raising the ground-state population. However, in the present
problem setting, the energy gap is so small that nonadia-
batic transitions cannot be avoided even with longer annealing
times. Consequently, the ground-state population does not
increase with annealing time, leading to a longer TTS. This
behavior can also be observed in the proposed method, reflect-
ing the trade-off between extending the annealing time per run
and performing multiple repetitions of QA. It indicates that
the improvement in TTS obtained by further increasing the
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FIG. 14. Scaling of the TTS with system size for hard MWIS instances with annealing times (a) T = 16, (b) T = 32, (¢) v = 100, and
(d) T = 256. The vertical axis is logarithmic. Points show mean TTS values, error bars denote standard deviations, and dashed lines indicate

least-squares fits.

annealing time cannot surpass the improvement achieved by
executing multiple QA runs.

APPENDIX D: ANNEALING TIME DEPENDENCE
OF THE OPTIMIZED ANNEALING SCHEDULE

Figure 15 shows the dependence of the optimized an-
nealing schedule on the annealing time in the proposed
method. Figures 15(a)-15(d) show the optimized annealing

schedule for different MWISs with N = 11 when 7 = 16.0,
32.0, 100.0, and 256.0, respectively. When the annealing time
is sufficiently long, differences in convergence are minor.
Across different annealing times, the variations among these
schedules remain negligible compared with the overall scale
of the annealing schedules for both the transverse field and the
Ising model. Therefore, the optimized schedule transferabili-
ties are confirmed.

TABLE II. Fitting functions for the TTS obtained using the least-squares method. Here C; and C, represent constant parameters.

Annealing time

Linear schedule

Proposed method

=16
T =32
T =100
T =256

T = C; exp(0.34N £ 0.0826)
T = Cyexp(0.62N £ 0.0519)
T = C,exp(0.83N £ 0.0559)
T = C; exp(0.80N £ 0.0221)

T = C, exp(0.55N + 0.0377)
T = G, exp(0.58N £ 0.1124)
T = C, exp(0.45N £0.0132)
T = C, exp(0.45N + 0.0821)
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FIG. 15. Optimized schedule for hard MWIS instances with N = 11 and annealing durations (a) T = 16, (b) T = 32, (¢) = = 100, and (d)
T = 256. The black dashed line represents the reference line at zero. Different colors indicate the results for different MWIS instances.
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