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Use of faulty states in cat-code error correction
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Bosonic codes have seen a resurgence in interest for applications as varied as fault-tolerant quantum
architectures, quantum enhanced sensing, and entanglement distribution. Cat codes have been proposed as
low-level elements in larger architectures, and the theory of rotationally symmetric codes more generally has
been significantly expanded in the recent literature. The fault-tolerant preparation and maintenance of cat-code
states as a standalone quantum error correction scheme remains, however, limited by the need for robust state
preparation and strong intermode interactions. In this work, we consider the teleportation-based correction circuit
for cat-code quantum error correction. We show that the class of acceptable ancillary states is broader than is
typically acknowledged, and exploit this to propose the use of many-component bridge states, which, though not
themselves in the cat-code space, are nonetheless capable of syndrome extraction in the regime where nonlinear
interactions are a limiting factor.
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I. INTRODUCTION

Most quantum-computing architectures encode informa-
tion in discrete qubit codes [1–4], while bosonic modes and
cavities enable tuneable coupling or readout. More recently,
harmonic modes themselves have been proposed as encodings
of finite-dimensional logical spaces [5,6], which can then be
entangled together in a larger discrete lattice encoding [7–9]
and naturally interfaced in modular or distributed architec-
tures using photonic carriers [10–12]. Discrete qudit codes
can be embedded in the phase space of one or more harmonic
oscillators [13–15]. Such encodings are known as bosonic
codes [16]. They define a discrete logical subspace within
a larger continuous-variable Hilbert space and correspond in
phase space to a tiling with discrete symmetry. Here we focus
on single-mode bosonic codes. A prominent example is the
cat code, whose logical states are superpositions of coherent
states; multicomponent cat codes generalize this structure to
an N-fold rotational symmetry in phase space.

For bosonic codes with discrete number-phase symmetries
(including multicomponent cat codes), fault-tolerant measure-
ment of the mean photon number modulo N can be achieved
either by repeating a nondestructive measurement [17], or
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via error detection and postselection [18]. However, in the
absence of code concatenation, reliable diagnosis of rotation
errors appears to require teleportation-based error correction
(telecorrection) [19,20]. This complicates fully fault-tolerant
state preparation [17], since telecorrection requires not only
low-weight parity measurements with locally confined errors,
but also high-fidelity encoded ancillary states. Grimsmo et al.
[17] developed a thorough framework for fault-tolerant cor-
rection and computation with rotationally symmetric bosonic
codes, but the preparation of high-fidelity ancillary states for
correction remains an outstanding challenge.

A range of methods have been proposed to prepare the
superposed coherent states. Two-component cat states can
be produced using nonlinear interactions [14,21,22], pro-
jective measurements [23–28], and reservoir engineering
[29–31]. Fewer schemes prepare more general multicom-
ponent cat-code states, typically extending these ideas via
nonlinear interactions [32–35], or interaction with an ancilla
followed by projective measurements [36–38]. In general,
these methods are not intrinsically robust against errors, and
must be combined with active, measurement-based correction
schemes [17,39,40].

In this paper, we consider the fault-tolerant initialization
of the multicomponent cat codes (the meaning of fault tol-
erance in this context is discussed in Appendix A). To our
knowledge, the only existing proposal relies on code con-
catenation [17], requiring complex multimode entanglement.
Motivated by surface-code ancilla-preparation strategies that
achieve resource reduction by distilling noisy operations and
using early-state postselection [41,42], we propose an alterna-
tive to concatenation for preparing ancillary cat-code states.
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Specifically, we investigate faulty state preparation based on
the generalized Yurke-Stoler schemes of Lee et al. [35], gen-
erating states outside of the code space as a primitive in the
telecorrection procedure.

Is Sec. II we introduce the cat code and discuss the role
of approximate phase measurements through heterodyne de-
tection in the telecorrection circuit. Section III describes the
method of Yurke and Stoler for generating coherent state
superpositions. It outlines how they differ from cat-code states
and the role we propose for them in error correction. Sec-
tion IV describes how the relative phases that distinguish
these Yurke-Stoler states propagate through the telecorrection
circuit, and how we can account for them to recover the logical
state after measurement. Section V provides quantitative esti-
mates for the impact of several noise processes (phase error,
nonlinear overrotation, random displacements, and loss). The
danger of loss during initialization for the fault tolerance of
the circuit is discussed, and a potential avenue for circumvent-
ing this issue is introduced. Finally, Sec. VI concludes with a
discussion of the proposal, conlusions, and open questions.

II. CAT CODE

The cat-code states were first introduced with two coher-
ent state components by Cochrane et al. [14]. These states
were subsequently generalized to incorporate the imaginary
axis in phase space [43], and to fix logical qubit information
in the relative phases [44], before finally being extended to
superpositions with any number of coherent state components
[40]. Cat codes have been used in landmark experimental
demonstrations of encoded bosonic qubits [45,46]. The cat-
code states for a logical qubit may be defined either as a
superpositon of 2D coherent states,

|μα,D〉 = 1

2D
√
Nμ,α,D

2D−1∑
k=0

e−iπkμ|e iπk
D α〉, (1)

or in terms of Fock states as

|μα,D〉 = e− |α|2
2√

Nμ,α,D

∞∑
m=0

α(2m+μ)D

√
[(2m + μ)D]!

|(2m + μ)D〉. (2)

Here μ ∈ {0, 1}, the normalisation constant is

Nμ,α,D = e−|α|2
∞∑

m=0

|α|2(2m+μ)D

[(2m + μ)D]!
, (3)

α ∈ R+ is the cat-code radius (the magnitude for coherent
states equidistant around a circle in phase space) and D ∈ N>0

is the code distance, so that ideally the cat code can perfectly
correct for up to D − 1 lost photons. D is half the number
of coherent state components and also the separation between
Fock state components with nonzero population in an arbi-
trary logical state.

Cat codes may be stabilized passively via reservoir en-
gineering [44,47], but for large D the associated 2D-photon
interactions become increasingly difficult to produce. We will
be interested here in active measurement-based correction,
specifically the telecorrection scheme [17,39,40].

A. Phase measurement

The telecorrection circuit, shown in Fig. 1(a), can be used
in the generation of rotationally symmetric bosonic code
states [17], including cat-code states. This circuit involves
measurement of the phase of the data qubit |ψ〉K , which
provides information not only about the logical state but also
about perturbations due to error.

Measurement inefficiencies have been highlighted as a
dominating source of noise in teleportation-based error cor-
rection circuits [48]. It was recently shown by Oh et al.
[49] that a homodyne measurement is the optimal Gaussian
measurement for the phase estimation problem, achieving
a phase-independent sensitivity bound set by the quan-
tum Fisher information. However, this measurement requires
knowledge of an optimal quadrature angle, whereas multi-
component cat-code states can have an arbitrary degree of
rotational symmetry. For the balanced heterodyne measure-
ment, the angular dependence is removed, but at the cost of
halving the Fisher information, and so doubling correspond-
ing mean-squared error. While recent papers have considered
adaptive homodyne measurements as an alternative [50],
when the coherent state components of the code state are suf-
ficiently separated heterodyne detection nonetheless remains
as a practical choice offering a favorable compromise between
performance and implementability.

The ancillary states used in the telecorrection procedure
of Fig. 1(a) need not be |+〉 states. Suppose that, for known
θ and m, an ancillary state differs from the logical |+〉 state
by a rotation eiθ n̂ about the origin and by an m-photon loss
event âm. The anomalous rotation commutes with the con-
trolled rotation gates of the telecorrection circuit, and can
be accounted for by a rotation of the decision lines for the
heterodyne measurements (see Fig. 2). The anomalous photon
loss event, affecting only the relative phases between coherent
state components, does not affect the measurement outcomes
directly. It does, however, result in a correlated rotation for
other ancillae on commutation through a controlled rotation
gate. So long as m is a known parameter, the angle of this
correlated rotation is also known and can be accounted for
as mentioned above. These considerations amount to a qu-
dit generalization of Pauli-frame tracking, which has already
been proposed for rotationally symmetric bosonic codes [17]
to allow for the random outcomes of the telecorrection and
Hadamard circuits.

Assuming the code distance is large enough for heterodyne
measurements to give accurate results, the final state of the
telecorrection circuit in Fig. 1(a) is approximately

c0√
2

(|+〉N + e−iπk′ |−〉N )

+ c1e−iπk

√
2

(|+〉N − e−iπk′ |−〉N ), (4)

where the input state is |ψ〉K = c0|0〉K + c1|1〉K , while k,
k′ index the coherent state components inferred from the
measurement outcomes, as sketched in Fig. 2. An incorrect
outcome in the first measurement would give an incorrect
result for k, and likewise in the second measurement for k′. If
these incorrect outcomes differ from the genuine result by an
odd amount, then the inferred and actual states are orthogonal.
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FIG. 1. (a) Telecorrection circuit for rotationally symmetric bosonic codes [17], including cat codes, for arbitrary encoded input state
|ψ〉K . Here the state subscripts K, M, N are even and denote the numbers of coherent state components in the encoding. R̂MN represents
the controlled rotation gate: ei(4π/MN )n̂1 n̂2 . Operators φ̂ denote general phase measurements, binned into indices k, k′ by the nearest coherent
state components—the pure output states shown here assume that components are perfectly distinguishable. (b) Projective Hadamard circuit
for rotation codes, which is repeated to form the full telecorrection circuit. (c) Modular photon number measurement. Here P̂k,K represents
projection onto the subspace of photon numbers congruent to k modulo K , and the phase angle in this case is binned into K segments modulo
4π/N .

False measurement outcomes must be suppressed by increas-
ing α relative to K and M (the circumferential separation
between coherent state components). An approximation to the
error of such a measurement is described in Appendix B.

III. MANY-COMPONENT CAT STATES

Let us now look at generating high-fidelity ancillary states
using the Hadamard and modular photon number measure-
ment circuits respectively depicted in Fig. 1(b) and 1(c). Since
|+〉M corresponds to |0〉M/2 [17], the simplest procedure is
to use two input coherent states with controlled rotation
ei(4π/K )n̂1n̂2 in the modular photon number measurement

FIG. 2. Sketch of the binning procedure for heterodyne phase
measurements in the telecorrection circuit of Fig. 1(a), with the
number of components K = 6 and k ∈ {0 : K − 1}. For example, if
the location indicated by heterodyne detection is given by the red
asterisk, the nearest coherent state component would be represented
by the red concentric circles, corresponding to index k = 0.

circuit. This gives âK/2−k|+〉K . When K is small, however,
generating a nonlinear interaction of sufficient strength to
enact this controlled rotation may not be feasible. To address
this issue, we introduce an ancillary many-component state
generated by the Yurke-Stoler method. Such a state may be
prepared either by cross-Kerr interaction as described above
or by self-Kerr nonlinearity in a single field. The generation of
J-component states for this purpose (for J large) allows us to
simulate modular photon number measurements for small K
using interactions scaling as (KJ )−1. This method of cat-like
state generation is particularly suited to this purpose as the
interaction strength required decreases as the number of com-
ponents is increased, and this number is independent of K . The
Yurke-Stoler method of generating multicomponent cat states
has been considered before in a more general context [51], but
here we consider the impacts of the relative phases between
their coherent state components and of loss on the subsequent
measurements necessary for cat-code telecorrection.

A. Generalized Yurke-Stoler method

In 1994, Lee et al. [35] generalized the method of Yurke
and Stoler [32] to generate multicomponent circular cat states
using Kerr nonlinearities. The Hamiltonian required for this
method,

Ĥ = h̄ωn̂ + h̄λn̂2, (5)

where n̂ is the photon number operator, involves a quadratic
self-Kerr interaction in addition to the standard free energy of
the mode. Lee et al. noted that at times t such that

t = π

λN
, (6)

an N-component circular superposition of coherent states is
obtained. This superposition takes the form

|	〉 = 1√
N

N∑
m=1

eiξm | − αeiφm〉, (7)

where N is a normalization constant, eiφm are the N th roots
of unity and the phases ξm are described below. We will refer
to these as Yurke-Stoler (YS) states. These states have been
considered in prior work for the general creation of bosonic
cat states [51]. The Hamiltonian only contains terms that
preserve the photon number distribution. Consequently, the
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FIG. 3. The full, modified telecorrection circuit. Preparation of |+〉 ancillary states has been replaced by YS-state preparation from coherent
states and modular photon number measurement, and the resulting necessary quadratic corrections to relative phases have been added. n̂2

K

denotes the self-Kerr evolution required to generate an K-component YS state. The magnitude of the nonlinearity required for each such phase
correction scales inversely as the cube of the number of coherent state components typical for an input state.

YS states do not have the modular photon number distribu-
tion characteristic of rotationally symmetric code states—the
relative phases eiξm are incorrect.

The relative phases of the coherent state components using
the generalized YS method of generation are solutions to the
equation

1√
N

N∑
m=1

xmei2πk m
N = e−iπ ( k2

N +k), (8)

with xm = eiξm . We recognize that the relative phases then are
the arguments of solutions to the discrete Fourier transform
for the equation

e−iπ ( k2

N +k), (9)

which we identify as a linear chirp-signal [52]. The solution
to the discrete Fourier transform gives us [53]

ξm = π

4

[
N

(
2m

N
− 1

)2

− 1

]
, (10)

with m ∈ {0, 1, . . . , N − 1}. It can be readily checked that for
the cases N ∈ {2, 3, 4, 5}, these solutions correspond to those
listed in Ref. [35].

B. Role of YS states in the full telecorrection circuit

Our overall goal is to generate ancillary states to take the
places of the |+〉 states in the standard telecorrection circuit
(Fig. 1). We propose to do this in two ways. First, for the
third rail, we claim that the |+〉N state itself can be generated
from a YS state and a coherent state using the modular photon
number measurement described in Sec. IV B. It would in
theory be possible to produce both |+〉 states in this manner,
but in Sec. IV C we observe that the state in the second rail can
be replaced directly by an M/2 component YS state, without
using this YS state to first generate |+〉M . A consequence
of using the YS state directly in the telecorrection circuit
is that the unwanted relative phases between coherent state
components spread through the circuit, affecting measurement
results and affecting the final output state. The self- and cross-
Kerr corrections that are needed to account for this are the
main focus of Sec. IV C.

Putting together these approaches to the input states of the
second and third rails, and denoting by n̂2

M/2 the self-Kerr
evolution required to generate an M/2-component YS state
from an input coherent state, the total circuit is shown below
in Fig. 3. The inputs to the second, third, and fourth rails are
all understood to be coherent states.

IV. PROPAGATION OF PHASES
FOR STATE INITIALIZATION

A. Transfer of relative phases in controlled rotation gates

Suppose we have two states, expressed respectively as su-
perpositions of Fock states and a finite number of coherent
states (of equal intensity and equispaced about the origin), of
the form

|ψ〉 =
∞∑

n=0

cn|n〉, |φ〉 =
N∑

j=1

d j |αei 2π
N j〉. (11)

Applying a controlled rotation of angle 2π
KN between these two

states results in
∞∑

n=0

N∑
j=1

cnd j |n, αei 2π
KN (n+K j)〉. (12)

Next, supposing α � KN and performing an approximate
phase measurement on the second mode (collapsing the state
to a single coherent state component), a measurement result
consistent with a coherent state component at angle 2π

KN M
(where M ∈ {0, 1, . . . , KN − 1}) must satisfy

M ∼= n + K j (modulo KN ),

M ∼= n (modulo K ). (13)

This measurement result leaves the residual state
∞∑

n∼=M(mod K )

cnd jn |n〉, jn = M − n

K
(mod N ), (14)

where we know M−n
K must be an integer because

M ∼= n (mod K ), and the initial range j ∈ {1, . . . , N} ensures
there is exactly one index jn satisfying this equation. The
index jn decrements sequentially (and periodically, with
period N) in unit increments as n increases sequentially in
increments of K in the remaining terms of the sum. These
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FIG. 4. Modular photon number measurement shown in Fig. 1(c). Final state fidelities and their probabilities, with a probe cat state
and a target coherent state of double amplitude. Fidelities are binned into histograms to indicate success rates when postselecting based on
measurement outcome. Histogram bars correspond to measurement outcome indices, as sketched in Fig. 2. Error bars represent Wilson score
95% confidence intervals. Threshold probabilities pth are given for fidelities above 0.9, 0.95, and 0.99 respectively, alongside the mean fidelity
μ and its variance σ 2. (Left) Measuring the photon number mod 2, using a probe cat state with two coherent state components and α = 4, and
heterodyne local oscillators with amplitude β = 6. 105 samples taken. (Right) Measuring the photon number mod 4, using a probe cat state
with four coherent state components and α = 12, and heterodyne local oscillators of amplitude β = 8. 4 × 104 samples taken. (Inset) The
four-component results display a statistically significant difference in high-fidelity probabilities for even and odd indices, located either side of
p = 0.99, a possible artifact of the small choice of β and discretised grid of measurement outcomes.

predictable, sequential increments allow for postmeasurement
correction of undesired relative phases in the coefficients d jn .

In this work, the coefficients d j have the form d j = eiξ j ,

with ξ j defined in Eq. (10). These coefficients are periodic
in j (with period N), so that the now-superfluous modulo
N condition in the above equation can be dropped, leaving
simply

∞∑
n∼=M(mod K )

cneiξ ′
n |n〉, (15)

where

ξ ′
n = π

4

[
N

(
2(M − n)

KN
− 1

)2

− 1

]
. (16)

The M dependence requires only a linear correction to the
angle (up to a known global phase). Extracting the strictly
quadratic term, we have πn2

K2N , and so the angle of the required
self-Kerr correction scales inversely with K2N .

B. Modular photon number measurement

In this section, we describe the application of the YS states
to modular photon number measurement. We will use the
terms probe and target to refer to the measured and output
rails, respectively. In the modular photon number measure-
ment of Fig. 1(c), we are able to account for relative phases
between coherent state components in the probe subsystem.
Using a coherent state |β〉 as the target input subsystem and a
YS state of amplitude α as the probe, we have

1√
N

N∑
m=1

eiξm e− |β|
2

∞∑
n=0

βn

√
n!

|n〉|−αeiφm e−i4π n
KN 〉 (17)

after applying the controlled rotation gate. We observe that
the relative phases on the coherent state components of the
YS state are transferred sequentially to the Fock states in the
modular photon number subspace, as described in Sec. IV A.
A second application of the self-Kerr interaction,

ei 4π

K2N
n̂2

, (18)

removes the quadratic dependence in ξm. The time required
for this interaction is on the order of that for the generation
of the YS states, and becomes shorter as the spacing between
Fock states increases.

To demonstrate the stability of the modular photon number
measurement against measurement error as we increase the
number of coherent state components, in Fig. 4 we sample
measurement outcomes and the final state fidelities with a
coherent state target input and cat state probe. Measurement
outcomes are sampled randomly for circuits implementing
photon number measurements mod 2 and mod 4. Final states
with fidelities above 0.99 are observed with probability
p > 0.985. The fidelity

F = |〈ψactual|ψtarget〉|2 (19)

is taken with respect to the most likely final cat state
âK/2−k|+〉K , not restricted to |+〉.

C. Relative phases in telecorrection

While the relative phases of the YS states can be corrected
in modular photon number measurements, it may be expected
that they would remain detrimental in telecorrection as these
states do not have the photon number distribution of true cat-
code states.

If the YS state is used as the input to the second rail of
the telecorrection circuit, we may interpret the combination
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of both controlled rotations and the central measurement
together as a measurement of the modular sum of photon

numbers in the first and third rails. The resultant state in this
case, prior to measurement, would be

1√
N

∑
n,n′

[
βan,μK/2√
(an,μK/2)!

δbn′ ,νK ′/2√
(bn′,νK ′/2)!

]
|an,μK/2〉 ⊗

[
N∑

m=1

eiξm
∣∣−αeiφm e−i 2π

N (an,μ+bn′ ,ν )
〉] ⊗ |bn′,νK ′/2〉, (20)

for an,μ = 2n + μ, bn′,ν = 2n′ + ν, some normalization
constant N and μ, ν ∈ {0, 1}. The relative phases are again
inherited sequentially by the Fock states in the modular
subspace, as described in Sec. IV A, but in this case a
cross-Kerr interaction

ei 4π

K2N
n̂2

1 ei 4π

K ′2N
n̂2

2 ei 8π

KK ′N n̂1n̂2 , (21)

is required to remove the quadratic dependence. The stable
performance of the telecorrection scheme in this situation
under measurement error is verified in the results of Fig. 5.

V. NOISE AND LOGICAL ERROR

We next consider experimental feasibility from the per-
spective of gate-level noise sources. Figure 3 introduces three
new subcircuits into the standard telecorrection procedure. In
addition to the common loss- and dephasing-noise models
in the original structure, we must also consider how these
subcircuits themselves might constrain performance.

We will consider four sources of noise in the control
of the new subcircuits: dephasing noise, nonlinear over- or

FIG. 5. Final state fidelities and their probabilities for the telecor-
rection as shown in Fig. 1(a), with a Yurke-Stoler input state to
the second rail. The first and third rails are initialised with ideal
|+〉6 states, with |α| = 4. The second rail uses the Yurke-Stoler
state initialization to simulate preparation of a |+〉12 state with
|α| = 8. 80000 samples have been taken, and error bars represent
Wilson score 95% confidence intervals. Fidelities are binned into
histograms to indicate success rates when postselecting based on
measurement outcome. Clustered histogram bars correspond to mea-
surement outcome indices, as sketched in Fig. 2. The probabilities of
achieving fidelities above {0.9, 0.95, 0.99} are {0.977, 0.963, 0.908},
respectively. The mean output fidelity μ = 0.989 and variance
σ 2 = 0.0043 are also shown.

underrotations, loss, and displacement noise at the coherent
state inputs. The first two of these sources, dephasing and
nonlinear rotations, are assumed to result primarily from ef-
fective timing error when implementing the nonlinear self-
and cross-Kerr gates. The third, loss, is particularly relevant
to the comparative discussion of nonlinear materials in Ap-
pendix C (indeed, the ratio between the loss rate and nonlinear
index of refraction has been considered a key quantity in prior
studies [51]). The final source, displacement noise, is a result
specifically of our chosen method for producing superposed
coherent states, which relies on the production of a high-
quality coherent state input.

As will be shown below, discretised error models for de-
phasing, nonlinear rotation, and loss noise sources can all be
framed in such a way as to commute with the rotation gates
in Fig. 3. The key performance metric that we will use to
quantify the effects of these sources of noise is the probability
that one of the heterodyne measurements in the first two rails
gives an incorrect result (after the binning procedure depicted
in Fig. 2). This is equivalent to a packet error ratio, where the
packets in this case correspond to the binary error information
extracted by the telecorrection circuit.

A. Dephasing noise

We begin with dephasing noise. For the self-Kerr
interaction,

eiλn̂2τ+iωn̂τ , (22)

dephasing can arise due to imprecise control over the relative
magnitudes of λ and ω or in the interaction time τ . In the
cross-Kerr interaction,

eiλn̂1n̂2τ , (23)

on measuring the phase of one subsystem via heterodyne
measurement, dephasing can occur due to imprecise control
of the interaction time τ , or due to prior erroneous changes
in the photon number distribution of the measured subsystem
(such as occurs due to loss).

One key observation that simplifies the analysis of this
form of error is that it commutes with all gates in Fig. 3, so that
we can assess the error rate by looking directly at the impact
of the phase rotation on the single measurement error rate. To
quantify the phase rotation error, we write

Ûerr = ei 2π
N θ n̂, (24)

taking the magnitude of the quantity θ to represent a relative
error magnitude. This quantity θ is expressed as an additional
factor multiplying 2π

N , where N represents the number of
coherent state components in the superposition, because all
self- and cross-Kerr rotations include an exponent inversely
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FIG. 6. Binned heterodyne detection measurement error Perr as
a function of the number of superposed coherent state components
N , the coherent state magnitude |α|, and the magnitude θ of an
erroneous phase rotation ei 2π

N θ n̂. Exponential decay in the error rate
with |α| is observed, with no lower bound, for all parameters. θ is
drawn from the set {2−13, 2−12, 2−11, 2−10, 2−9, 2−8}, expressed in the
legend on a log scale for clarity. For θ in this range, the increase
in the measurement error rate due to the erroneous phase rotation
remains comparable to sample error. 106 samples taken for each
point. Sample error follows a binomial distribution.

proportional to N (i.e., θ is expressed here as a relative error
proportional to the total interaction time).

The sampled numerical results for the binned heterodyne
measurement error across a range of values for N , θ and
coherent state magnitude |α| are shown in Fig. 6. In this
figure, θ is expressed as a (negative) power of 2, so that
changes can be conveniently expressed as integer increments
on a log scale as log2(θ ). As expected for this error model,
the measurement error rate Perr is suppressed exponentially as
|α| increases, for all values of θ . We observe no minimum
error rate, and at these scales performance appears unaffected
by θ (within the expected sample error) for even the largest
values considered (2−8 ∼ 4 × 10−3). To explain this behavior,
we invoke an approximation to the error rate through the total
variation distance described in Appendix B. An approximate
expression for the error is

1
2 e− 1

2 [2|α| sin ( π

Ñ )], Ñ ≡ N (1 − θ ), (25)

where Ñ represents an effective number of components for
the purpose of calculating the error rate, determined by the
relative reduction 1 → 1 − θ in the angular spacing between
components. At the upper limit for the range of θ considered,
the relative increase in the expected error as a result of the
transformation N → Ñ ranges between 10−3 and 0.15 as |α|
increases, comparable at all points with statistical fluctuations.

FIG. 7. Binned heterodyne detection measurement error Perr as
a function of the number of superposed coherent state components
N , the coherent state magnitude |α|, and the magnitude θ of an
erroneous nonlinear phase rotation ei 2π

N θ n̂2
. Exponential decay in

the error rate with |α| is observed, reaching a minimum value and
then followed by an exponential increase. θ is drawn from the set
{2−13, 2−12, 2−11, 2−10, 2−9, 2−8}, expressed in the legend on a log
scale for clarity. 106 samples taken for each point. Sample error
follows a binomial distribution.

B. Nonlinear rotation noise

We next consider nonlinear rotation error. This can arise in
self-Kerr interactions

eiλn̂2τ , (26)

as imprecision in either the magnitude of λ or the interaction
time τ .

Just as for the simpler dephasing channel, this form of error
commutes with all gates in Fig. 3. We therefore again consider
its effect directly on the error rate of the binned heterodyne
measurements.

To quantify the nonlinear rotation error, we write

Ûerr = ei 2π
N θ n̂2

, (27)

taking the magnitude of the quantity θ to represent a relative
error magnitude, where N represents the number of coherent
state components. The motivation behind this choice for θ

follows that for the dephasing channel: all self-Kerr rotations
include an exponent inversely proportional to N , and so θ is a
relative error proportional to the total interaction time.

The sampled numerical results for the binned heterodyne
measurement error across a range of values for N , θ , and
coherent state magnitude |α| are shown in Fig. 7. As in Sec.
V A, θ is expressed as a (negative) power of 2. For small
|α|, exponential decay is again observed as the components
initially become distinguishable from one another. Unlike in
the case of simple dephasing however, the angle of rotation for
this nonlinear gate depends explicitly on the photon number,
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the average of which increases as |α|2. The result is that a
θ -dependent minimum error rate is observed, followed by an
exponential increase in the error rate until this rate reaches
O(1). We observe that for a threshold fidelity in the range
0.999–0.99, the four-component state can tolerate θ up to 2−9

or 2−8 (∼ 4 × 10−3), whereas the eight-component case can
tolerate θ only up to 2−11 or 2−10 (∼ 10−3).

C. Displacement noise at the input

The Gaussian displacement channel for our input states
describes random phase-space shifts applied to a single-mode
coherent state, where the amplitude α of the state follows
a distribution with variance σ 2 = (σ ′|α|)2 that scales with
|α|2. Physically, random displacement can arise from ther-
malization with the environment, imperfect laser sources
(intensity and phase noise) as well as technical jitter in the
optical setup.

The impact of displacement noise on our circuits is
twofold. First, when propagating through nonlinear com-
ponents, the noise induces number-dependent effects. In
self-Kerr interactions (during YS state generation), the chan-
nel becomes photon-number dependent, while in cross-Kerr
interactions (during telecorrection), displacement noise ro-
tates the phase conditioned on excitations in other rails.
In heterodyne detection, it manifests as a broadening of
the outcome distribution. Together, these effects lead to
a small reduction in fidelity, depending on the chosen
scaling σ ′.

We estimate a reasonable magnitude for σ ′ in Appendix D
from assumptions about typical levels of the relative intensity
noise of laser sources. Choosing |α| = 6, we estimate n̄ ∼
1.825 × 10−11, and conclude that a reasonable assumption for
the scaling of amplitude due to displacement is on the order
of

σ ′ = σ/|α| =
√

n̄/2/|α| ∼ 5 × 10−7. (28)

Mathematically, Gaussian-distributed random displace-
ment noise can be expressed as the concatenation of a
pure-loss channel Êl with an amplification channel Âl with
some loss rate γ [54],

Êl =
(

γ

1 − γ

)l/2 1√
l!

âl (1 − γ )n̂/2

Âl =
√

1 − γ Ê†
l , (29)

where l � 0. We simulate the effect of displacement noise
in the input to the second rail in the telecorrection circuit
by taking ideal logical |+〉 states on the first and third rails,
and implementing this concatenated channel on the coherent
state input to the second rail, before then simulating the rest of
the ideal telecorrection circuit and assessing the fidelity of the
output state from the third rail (such fidelities are aggregated
over 104 samples, taking their mean). We conservatively take
σ ′ to be strictly larger than our estimate above, across the
range σ ′ ∈ {10−6, 10−5, 10−4, 10−3, 10−2}.

The results, shown in Fig. 8, illustrate the effect of
displacement noise on state fidelity as a function of the
noise scaling parameter σ ′. The mean fidelity remains above
0.992 for noise scales up to σ ′ ∼ 10−3 with some statistical

FIG. 8. Mean fidelities for an otherwise ideal telecorrec-
tion circuit, when the input coherent state to the central rail
is subject to Gaussian-distributed random displacement noise
with variance σ 2 = (σ ′|α|)2 prior to the self-Kerr interaction.
The relative standard deviations σ ′ are drawn from the set
σ ′ ∈ {10−6, 10−5, 10−4, 10−3, 10−2}. For each σ ′ in this set, we have
taken (listed in order) {6400, 6400, 16040, 12800, 12800} samples.
Ideal |+〉4 states are input to the first and third rails, with |α| = 3 for
these states. For the central rail, the self-Kerr interaction simulates
preparation of a |+〉8 state with |α| = 6. Mean output state fidelities
are {0.9924, 0.9926, 0.9922, 0.9925, 0.6930}. The performance of
the protocol remains stable up to σ ′ = 10−3, but declines sharply as
it approaches 10−2.

fluctuations, indicating that our protocol is robust against
small levels of displacement noise. However, as the noise scal-
ing increases to σ ′ ∼ 10−2, the mean fidelity experiences a
sharp decline. While the protocol is in principle vulnerable to
displacement noise in the input coherent states, it is expected
to maintain high fidelity under reasonable noise assumptions.

For small displacements, we can take the matrix elements
of the displacement operators in the number basis [55]

〈m|D̂(α)|n〉 = e−|α|2/2

√
n!

m!
αm−nL(m−n)

n (|α|2),

m � n, (30)

and expand the Laguerre polynomials to lowest order in |α|2.
The result is proportional to√

n!

m!
αm−n(m − n)n, (31)

a rapidly decaying function of the photon number separation,
which may be protected by increasing the code distance in the
number basis. A particular displacement applied to a coherent
state may be expressed (up to normalization) as

sâ†â|γ 〉 = |s · γ 〉, (32)

for some s ∈ C that depends both on the initial coherent
state and the displacement amplitude. This operator commutes
with all nonlinear and rotation gates in the telecorrection cir-
cuit. While the distribution over s may not follow the same
Gaussian distribution as the arguments α to the displacement
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operator, this commutation ensures that the telecorrection cir-
cuit remains fault tolerant for bounded s.

D. Loss during Yurke-Stoler state initialization

We next consider the effects of loss during the initializa-
tion of the Yurke-Stoler states, beginning by considering loss
events before and after the nonlinear channel (as typically
assumed in a discretized error treatment), and then discussing
the detrimental impact of loss events occuring during the
channel itself.

First, suppose a zero-temperature loss channel [described
by the Kraus operators in Eq. (29)] is applied after coherent
state initialization but before the self-Kerr nonlinearity. Be-
cause the initial state is a coherent state (an eigenstate of â),
this channel is equivalent to applying the operator

(1 − γ )
1
2 â†â, (33)

which has the simple effect of reducing the coherent state
amplitude. The exponent â†â commutes with all gates in the
circuit, and so we may treat directly the impact on binned
heterodyne measurement of this amplitude reduction. We es-
tablished in Fig. 6 how the error scales with |α| (in the
absence of other error sources), so we can read directly from
that figure that the measurement error will increase exponen-
tially as (1 − γ )

1
2 decreases, with a gradient proportional to

the number of coherent state components. Such a reduction
could be compensated by increasing the input coherent state
amplitude.

Second, suppose a pure loss channel is applied after the
self-Kerr interaction. After this point, the only changes in the
extended version of the circuit in Fig. 3 as compared with the
standard telecorrection circuit are the corrective operations
at the end of the circuit. These corrections do not affect the
central rail, however (they commute with this loss channel), so
the error in the circuit should in this case be exactly the same
as for the original telecorrection circuit. A k-photon loss event
occuring on the newly introduced fourth rail with coherent
state |γ 〉 will manifest as an erroneous phase rotation on the
third rail, of angle 4π

JN · k, and is correspondingly suppressed
with increasing J . The measurement error rates associated
with such a rotation were considered in Fig. 6.

Third, more interesting behavior emerges when photon
loss events occur during the self-Kerr interaction. Suppose
initially that the strength of the self-Kerr interaction is time
independent. In this scenario, and scaling the time variable
by the interaction strength λ so that the total scaled time of
the interaction is τ1 + τ2 = 1, the effect of a single-photon
annihilation operator occuring at a time τ1 from the beginning
of the interaction is

ei 2π
M τ2n̂2

âei 2π
M τ1n̂2 |α〉 = αei 2π

M τ2n̂2
ei 2π

M τ1(n̂+1)2 |α〉,
= αei 2π

M τ1 ei 4π
M τ1n̂ei 2π

M n̂2 |α〉. (34)

Here |αei 2π
M τ1 |2 weights the probability of the single-photon

loss event, but the term ei 4π
M τ1n̂ introduces an erroneous phase

rotation that, depending on τ1, rotates the state by an angle
between 0 and 4π

M in phase space. Since there are M/2 compo-
nents generated for this Yurke-Stoler state, if the distribution
over τ1 is uniform, then the population becomes uniformly

distributed about the unit circle. Fault tolerance breaks down
in such a case, as for even a single-photon loss event angular
changes due to interactions with the other rails can no longer
be detected. This is independent of the amplitude α or the
number of components M.

The probability of photon loss is proportional to the in-
tensity of the pulse, while the effective self-Kerr interaction
strength is proportional to its square. Following the treatment
developed in Refs. [56,57], we will introduce an effective
nonlinear interaction strength χeff proportional to the squared
intensity,

χeff = χ0

∫ ∞

−∞
dτ I2(τ ). (35)

For simplicity, we assume that the medium’s nonlinear re-
sponse is much faster than the pulse envelope [allowing
for the definition of an instantaneous effective coupling
χeff(τ ) = χ0I2(τ )], and that effects such as dispersion and
orthogonal-mode coupling are negligible. Instead of the
rectangular pulse implied by a time-independent self-Kerr in-
teraction strength, consider now a pulse with a time-dependent
intensity described by a scalar multiple of some absolutely
continuous probability density function g(τ ). The instanta-
neous pulse intensity at a time τ1 is then I (τ1) = I0g(τ1). The
effective Hamiltonian for the self-Kerr interaction is

Ĥ (τ ) = h̄
χeff(τ )

2
n̂2, (36)

and the evolution operator over the full gate is

e−i 1
2 [

∫ ∞
−∞ dτχeff (τ )]n̂2

, (37)

where we have assumed that the pulse runs into the distant
past and future for convenience.

Inserting the annihilation operator at a time τ1 now gives

e−i 1
2 [

∫ ∞
τ1

dτχeff (τ )]n̂2

âe−i 1
2 [

∫ τ1
−∞ dτχeff (τ )]n̂2 |α〉

= [αe−i 1
2 [

∫ τ1
−∞ dτχeff (τ )]]·

× e−i[
∫ τ1
−∞ dτχeff (τ )]n̂e−i 1

2 [
∫ ∞
−∞ dτχeff (τ )]n̂2 |α〉, (38)

and we are interested in the distribution over the phase in the
operator e−iφ(τ1 )n̂, with

φ(τ1) =
∫ τ1

−∞
dτχeff(τ ) = χ0I2

0

∫ τ1

−∞
dτg2(τ ). (39)

If g(τ ) is Gaussian with mean μ and variance σ 2, then

φ(τ1) = χ0I2
0

2πσ 2

∫ τ1

−∞
dτe−( τ−μ

σ
)2
,

= χ0I2
0

2
√

πσ
�

(√
2
τ1 − μ

σ

)
, (40)

where �(·) is the CDF of the standard normal distribution.
The probability of a single-photon loss event at a time

τ1 is proportional to the intensity of the field at that time.
Conditioned on the occurrence of exactly one single-photon
loss event across the entire pulse, the probability that this
event occurs at a time τ1 is therefore governed by the nor-
malized intensity distribution g(τ1). Changing variables, the
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FIG. 9. The distribution over phase rotation errors conditioned
on single-photon loss events, during self-Kerr evolution. The phase
φ has been normalised to units of twice the total gate angle, 4π/M,
and analytic probability densities are shown for pulses of uniform
(rectangular) intensity and for pulses following a Gaussian intensity
profile. The result for the Gaussian distribution is independent of the
mean time or pulse width, in these rescaled units. Also shown is a
sampled histogram confirming the analytic shape for the Gaussian
profile.

probability density for φ is

P(φ) =
{

1
A
√

2
e

1
2 [erf−1 (2 φ

A −1)]2

, φ ∈ (0, A)

0, else,

A = χ0I2
0

2
√

πσ
. (41)

The mean μφ for a Gaussian intensity pulse is

μφ =
(

χ0I2
0

2
√

πσ

) ∫ ∞

−∞
dτ1�

(√
2
τ1 − μ

σ

)
e− 1

2 ( τ1−μ

σ
)2

√
2πσ

=
(

χ0I2
0

2
√

πσ

) ∫ ∞

−∞
dτ ′

1�(
√

2τ ′
1)

e− 1
2 (τ ′

1 )2

√
2π

,

=
(

χ0I2
0

4
√

πσ

)
, (42)

while for the full gate we require

2π

M
= 1

2

∫ ∞

−∞
dτχeff(τ ),

= 1

2

χ0I2
0

2πσ 2

∫ ∞

−∞
dτe−( τ−μ

σ )2

,

=
(

χ0I2
0

4
√

πσ

)
. (43)

The mean is therefore equal to the angle of the gate, at exactly
the midpoint of the range of possible values for φ. Rescaling
φ by the width of this range to remove the dependence on the
gate angle, we plot the rescaled distribution P(φ) in Fig. 9,
compared against the uniform distribution. This rescaled dis-
tribution is independent of the parameters σ and μ of the
Gaussian intensity pulse.

We observe from Fig. 9 that, relative to the uniform
distribution, single-photon loss events in the Gaussian case
concentrate toward the end points of the self-Kerr evolution.
The Gaussian pulse retains significant population across the
full range of φ, but this initial observation highlights the
possibility that further concentration might be achieved with
other pulse shapes. If so, it would provide an approach toward
retaining the protection offered by the code and the otherwise
fault-tolerant circuit structure, even for loss occurring during
the nonlinear initialization gates.

VI. DISCUSSION

In this work, we considered the component elements of
the telecorrection circuit for rotationally symmetric bosonic
codes. Broadening the class of states allowed as ancillary
inputs, we observed that states generated via a generalized
Yurke-Stoler procedure [35] may be considered valid ancillary
states, despite having population over the entire Fock state
distribution. In support, we present randomized numerical
samples that demonstrate robust output state fidelities in two
instances: When telecorrection subcircuits are used to modify
state amplitudes, and when Yurke-Stoler states are chosen as
inputs to the central, ancillary rail for telecorrection.

It is well documented that in using bosonic codes we must
accept a tradeoff and make a balanced choice of α to effec-
tively reduce back action and stabilize both loss and phase
errors [40,48,54]. The main thrust of our paper has been
the suitability of the Yurke-Stoler state structure for telecor-
rection. However, in proposing many-component states as a
bridge for nonlinear interactions we have also implicitly intro-
duced a further tradeoff between the number of components,
the measurement error, and the photon loss rate (which in-
creases with α). The Yurke-Stoler states, like coherent states,
contain all Fock components. It would be interesting to see,
in light of their unique phase structure, just where the bal-
ance between loss and measurement error might lie for these
states. An early treatment of evolution under simultaneous
nonlinear interaction and loss was provided in Ref. [58]. As
our results from Sec. V D indicate however, modeling the
impact of mid-evolution loss on the syndrome information
obtained during measurement, to assess the circuit for fault
tolerance, will likely require a more detailed consideration
and perhaps optimization of pulse shapes. Loss during the
self-Kerr interaction used to generate the Yurke-Stoler states
proves a stark example of the dangers of working only with
discretized error models for bosonic systems. Our preliminary
observations in this direction have assumed certain effects
such as dispersion are negligible, and this assumption may
also need to be relaxed.

We saw in Fig. 4 that the modular photon number measure-
ment could be used to turn a coherent state into a cat state, but
these circuits are more broadly capable of conversion between
code states of any amplitude and number of components.
Where nonlinear interaction strength is a key limiting factor,
we propose using many-component Yurke-Stoler states as
mediating ancillae to shorten interactions times for such inter-
conversion, facilitating ancillary state generation and repeated
correction.
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Finally, although the use of Yurke-Stoler states as proposed
here allows loss to be traded against the nonlinear interaction
strength, the requirements for implementing such nonlinear-
ities in optical systems remain highly demanding. Our brief
survey of nonlinear materials in Appendix C suggests looking
to near-resonant effects in coherent ensembles. Recent work
has demonstrated the storage and retrieval of single photons
in a hot rubidium vapor ensemble quantum memory [59]. It
would be interesting to explore if such a system could be
adapted to generate coherent nonlinearities in stronger pulses.
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APPENDIX A: WHAT IS MEANT BY FAULT TOLERANCE

Here we discuss the meaning of fault tolerance in the
context of single-mode bosonic codes, which are approximate
quantum error correction codes. Fault tolerance can have
slightly different meanings depending on context and impli-
cation. When applied generally, fault tolerance can refer to
the existence, for a given error model, of an error correc-
tion threshold. For physical error rates below this threshold,
the implication is then that logical errors can be suppressed
arbitrarily with an overhead in resources scaling logarithmi-
cally with respect to the desired reduction in the error rate
(e.g., an exponential suppression for a polynomial overhead).
Crucially, and distinguishing fault tolerant quantum error cor-
rection from the information-theoretic task of efficient code
design, the error model must include the possibility of errors
occuring within the error correction circuitry itself [61]. To
leading order, a failure in such circuitry should have no worse
an effect than a failure in any other unreliable element. This
sense of fault tolerance as the ability to scale the code arbitrar-
ily to suppress the logical error rate cannot however apply to
single-mode bosonic codes, because there is a necessary trade-
off in error suppression between conjugate variables [40,62]
(e.g., position and momentum, or number and phase).

The concept of fault tolerance can nonetheless be useful
even for the bounded and approximate error correction of
single-mode bosonic codes, when used in its restricted sense
as applied to the structures of quantum circuits. Loosely, when
interactions in a circuit can propagate errors, a fault-tolerant
implementation will preserve the dependence (to leading or-
der) of the logical error rate on the code distance—small

physical faults (loss, dephasing, control or ancilla errors)
should not cascade into uncorrectable logical errors. For dis-
crete, multiqubit codes with local noise, this means preventing
the spread of errors between physical qubits within a single
code block.

Code distances for the single-mode bosonic codes we con-
sider are defined for phase errors as rotation angles in phase
space and for loss errors as the separation in photon number
between populated elements in the Fock basis. For phase rota-
tion errors, we have shown in Appendix B by approximation
of the total-variation distance that there is an exponential sup-
pression in the error of logical measurement as the coherent
state components become widely separated. This result can
be directly applied to the phase rotation error model, for the
evolution operator Ûτ = eiθτ â†â, by choosing a time step size
τ to define the increment θτ as a characteristic increment of
local phase error associated with a gate, subroutine or other
unit. The logical error rate per unit then scales exponentially
in ratio between the angular code distance and the magnitude
of this small increment. For the loss error model, a similar
approach can be taken in the superoperator picture. On vec-
torizing the density matrix, the pure loss channel takes the
Gaussian form (1 − γ )

1
2 (â†â+b̂†b̂)eγ âb̂, where b̂ is the transpose

of the creation operator applied from the right in the normal
density matrix picture. At small times, the rightmost factor
can be linearised as 1 + γτ âb̂, with local error in this case
corresponding to a single-photon loss event. The probability
of logical error corresponding to a shift in the Fock basis, for
code distance K , scales to leading order in the exponential
as (γτ |α|2)K . The leftmost factor, scaling coherent state com-
ponents as |α〉 → |α√

1 − γτ 〉, has the effect of reducing the
intercomponent spacing (and thus the effective angular code
distance) by αγτ sin(π/K ) in the small-γ limit (by Taylor
series expansion).

A fault-tolerant circuit should preserve the magnitude of
logical errors to leading order in θτ and in γτ . The telecorrec-
tion circuit makes extensive use of the rotation gate R̂MK . This
gate commutes with phase rotation errors, but transforms pho-
ton loss events on either input subsystem into phase rotation
errors in the other. Specifically,

R̂MK â1 = â1e−i 4π
MK n̂2 R̂MK . (A1)

There is a manifestation here of the tradeoff between the pro-
tection offered by single-mode bosonic codes against number
and phase error: increasing the numbers M and K decreases
the angular code distances, but to preserve the magnitude of
phase errors to leading order we nonetheless require a choice
of M and K so that the angle 4π

MK is consistent with the larger
of γτ and θτ . In this way, the demand for fault tolerance in
the telecorrection circuit puts an upper bound on the code dis-
tance, once characteristic error magnitudes have been defined.

Aside from the propagation of existing errors, additional
sources of noise arising in the circuit itself are the initializa-
tion noise in newly introduced ancillae, readout back action,
and control imperfections. While discretized error models are
common in the analysis of logical error in quantum error
correction, realistic noise for bosonic codes may depart sig-
nificantly from this picture (we discuss an example of this in
Sec. V D).
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APPENDIX B: MEASUREMENT ERROR THROUGH THE
TOTAL VARIATION DISTANCE

We can look at the probability of error in the final state to
leading order by concentrating only on incorrect measurement
outcomes with support on neighboring coherent state com-
ponents. The total variation distance (TVD) and associated
single trial error perr for distinguishing between two Gaussian
distributions of equal variance are given by

TVD = erf

( |μ1 − μ2|
2
√

2σ

)
,

perr = 1 − TVD

2
. (B1)

When the coherent state components are distributed evenly in
phase space at 2D points around a circle of radius |α|, the dis-
tance between two components |α〉 and |αe

iπ
D 〉 is 2|α| sin( π

2D ),
as shown in Fig. 2. The total variation distance then becomes

TVDα,D = erf
[√

2|α| sin
( π

2D

)]
,

≈ 1 − e− 1
2 [2|α| sin( π

2D )]2
, (B2)

where the final line approximates the error function to only
the first-order term in the Bürmann expansion [63]. When the
local oscillator of the heterodyne measurement is weak, the
measurement error depends on the discrete lattice of hetero-
dyne detection outcomes and must be determined numerically.

APPENDIX C: UTILITY THRESHOLDS FOR THE
THIRD-ORDER NONLINEAR SUSCEPTIBILITY

The Hamiltonian terms in a perturbative expansion involv-
ing electric fields at fourth order are proportional to [64,65]

V ε0χ
(3)E4

0 , E0 =
√

h̄ω

V ε0
, (C1)

where V is the volume populated by the field, ω is its angular
frequency, and χ (3) is the third-order nonlinear susceptibility
of the medium. We have suppressed any dependence of χ (3)

on frequency or polarization, and are treating the field distri-
bution as an average over the volume V .

To generate the N-component Yurke-Stoler states, we re-
quire

V

h̄
ε0χ

(3)E4
0 τ ∼ π

N
, (C2)

with τ the interaction time (for which, again, an averaged in-
teraction strength has been assumed). The physical constants
are approximately

h̄ ≈ 10−34 J · s,

ε0 ≈ (36π )−1 × 10−9 F · m−1,

c ≈ 3 × 108 m · s−1. (C3)

For fields in the optical-telecom range we have
ω ∼ 4π × 1014 rad s−1, and as a rough approximation
we take a beam cross section at the diffraction limit, of scale
( πc

ω
)2 ≈ 10−12 m2 (∼ 1 µm2 [66]), with a characteristic pulse

Material χ (3) (m2V −2)

GaAs 1.4 × 10−18

Si 2.8 × 10−18

As2S3 glass 4.1 × 10−19

CS 3-68 nanoparticles in glass 1.8 × 10−16

gold nanoparticles in glass 2.1 × 10−16

PTS polymer −5.6 × 10−16

4BCMU polymer −1.3 × 10−19

Ag 2.8 × 10−19

Au 7.6 × 10−17

time τp resulting in an effective beam length cτp. Substituting
these quantities into the equation above gives

Nχ (3) ∼ V τ−1 πε0

h̄ω2
,

≈ τpτ
−1

192π2
10−7. (C4)

The characteristic pulse time τp might be anywhere in the
range 10−8 ↔ 10−12 s depending on laser characteristics and
timing accuracy constraints, where the lower end of this range
corresponds to a ∼ 1% relative width for a central angular
frequency ω. The interaction time τ is limited by the atten-
uation rate in the medium, which for many optical nonlinear
media is expressed on a cm scale [67,68], though there is wide
variation. As a first approximation we take the interaction
length to be on the 0.1 mm scale, which for a typical range of
condensed matter refractive indices 1 � n � 3 [65], suggests
an interaction time τ in the range 10−12 ↔ 10−13 s. We then
have a range of estimated threshold values for Nχ (3),

5 × 10−11 � Nχ (3) � 5 × 10−6. (C5)

At and above this range, the generation of N-component
Yurke-Stoler states might be feasible in principle.

1. Surveying nonlinear materials

The nonlinear susceptibilities of many materials are too
small for the application described in this work. For example,
solid materials described in Boyd [65] with the largest χ (3)

values are
Nonlinearities in silicon-nitride waveguides at ∼ 1.5 µm

have seen much development in the past several years [66,69–
71]. As representative numbers, Krückel et al. [72] measure

n2 = 1.1 × 10−18 m2W−1,

n0,eff = 2.2, (χ (3) = 1.9 × 10−20), (C6)

while Lacava et al. [73] observe

n2 = 2 × 10−18 m2W−1,

n0,eff = 2.71, (χ (3) = 5.2 × 10−20). (C7)

Alam et al. [74] report n2 in indium tin oxide at 1240 nm of

n2,(eff) = 0.11 cm2/GW,

= 1.1 × 10−14m2W −1 (χ (3) ≈ 1.3 × 10−16) (C8)
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via laser-induced heating of electrons in the conduction band
(taking n0 = 1.8 [75]). We have used the relation [65]

n2 = 3

4n0Re[n0]ε0c
χ (3) (C9)

in the formulas above. The susceptibilities of all these materi-
als are several orders of magnitude below our lower threshold
∼ 10−11, so it is unlikely that they can be used to implement
our proposal even for very large N ∼ 100.

Sychev et al. [76] have recently reported very high nonlin-
ear refractive indices in a silicon SPAD, of

n2 = −3.3 × 10−4 m2W−1 (χ (3) = −1.4 × 10−5), (C10)

and

n2 = 1.3 × 10−2 m2W−1 (χ (3) = 5.6 × 10−4), (C11)

(taking n0 = 3.5 [75]) arising, respectively, from an electron
avalanche effect populating the conduction band, and subse-
quent thermalisation.

However, rapidly thermalising processes may not be suit-
able in applications where it is necessary to maintain quantum
coherence. If Êl represents the Kraus operator for l-photon
loss [54], then, operating in a macroscopic medium well be-
low any saturation limit, an intensity-dependent phase shift
induced via thermal effects (or other absorbing processes cre-
ating rapidly decohering macroscopic states) will likely have
a form similar to

∞∑
l=0

eiθl n̂Êl ρ̂Ê†
l e−iθl n̂, θl ∝ l. (C12)

A channel of this kind will produce an intensity-dependent
phase shift, as the probability of an l-photon loss event de-
pends explicitly on the mean photon number of the pulse.
However, it will not do so via the coherent self- or cross-
Kerr evolution assumed in this paper, and cannot create the
entanglement necessary for telecorrection.

Caspani et al. [77] exploit a related mechanism to that of
Alam et al. mentioned above, but in aluminium-doped zinc
oxide, achieving |χ (3)| ∼ 10−19 at 1.5 µm. The novel aspect
of their work that may be relevant to our purposes is the use of
a strong pump beam to modify the effective linear refractive
index. This allows them to modify the values n0Re[n0] we
used in the relation above, increasing the sensitivity of the
nonlinearity while avoiding loss in the weaker probe beam.
Though we are led to observe then that rapidly thermalizing
processes are likely unsuitable, applied directly, it could be
interesting to explore whether coherent nonlinearities could
be similarly enhanced by thermalising pumps.

While thermalising absorption processes may lose co-
herence, virtual processes far below resonance have the
frequency-independent form [65]

χ (3) ≈ 8Nμ4

ε0 h̄3ω3
0

, (C13)

where μ is a typical dipole matrix element, N a molecular
density, ω0 an atomic resonance frequency, and a typical value
is of order 10−22 m2V−2. Closer to resonance, strong effective
nonlinearities have been implemented with low-dimensional
systems [78,79], and measurement-based schemes have been

proposed based on single-photon detection [80–82]. These
approaches do not preserve the fault-tolerant property of the
telecorrection circuit, however.

Turning to coherent ensembles, in an ultracold atomic gas
in 1999 Hau et al. [83] measured

n2,(eff) = 0.18 cm2/W,

= 1.8 × 10−5 m2W−1 (χ (3) ≈ 6.4 × 10−8) (C14)

(which we have assumed is dilute). Such ensembles seem
promising.

APPENDIX D: RANDOM DISPLACEMENT
WIDTH FROM RELATIVE INTENSITY NOISE

To assess whether the chosen scaling σ ′ of the coherent
state displacement in Sec. V C is physically reasonable, it
is useful to relate it to experimentally measurable quantities
such as the intensity noise (optical power fluctuations) of a
laser. The relative intensity noise (RIN) is the power noise
normalised to the average power level [84]. Then the root-
mean-square (rms) value of the power for a RIN distribution,
constant over a given frequency range �ω, is

�P

P̄
|rms ∼ RIN · �ω, (D1)

when RIN is quoted in units Hz−1. This expression corre-
sponds to the standard deviation in the mean photon number
per unit time, integrated across the relevant frequency range,
under the assumption that the frequency distribution is flat
in the region of interest. We now consider a typical RIN
measurement value ∼10−15 Hz−1 and the frequency range
�ω ∼ 109 Hz based on a typical laser pulse length ∼1 ns [85].
We then deduce an estimate:

�P

P̄
|rms ∼ 10−6 ∼ K

2
(D2)

with spread factor K = �ω/ω where ω is the characteristic
optical frequency—visible lasers are in the region of hundreds
of terahertz, i.e., ω ∼ 5 × 1014 Hz.

Expanding the rms relative power fluctuations in terms of
mean photon number, we expect(

�P

P̄
|rms

)2

= 〈â†2â2〉 + 〈â†â〉 − 〈â†â〉2

〈â†â〉2
− 1

|α|2 , (D3)

where the term 1/|α|2 is further subtracted to take into account
the variance of the input coherent state (shot noise limit). For
our noisy state of interest, we identify the coherent state input
as a displaced thermal state, where the initial thermal state
prior to displacement has mean photon number n̄ = 2σ 2. Us-
ing the known formula for general normally ordered moments
of the displaced thermal state [86,87],

〈â†qâr〉 = q!αr−qn̄qL(r−q)
q (−|α|2/n̂), r � q, (D4)

we can identify the mean photon number after displacement
as n̄ + |α|2,

�P

P̄

∣∣∣∣
rms

=
√

1
N

∑
i(Pi − P̄)2

P̄
=

√
〈(â†â − 〈â†â〉)2〉

〈â†â〉2
.

(D5)
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With normal-ordering and squaring both sides we re-
trieve the earlier equation. The Laguerre polynomial
L(0)

2 (x) = (x2 − 4x + 2)/2 [88] gives

〈â†2â2〉 = 2!n̄2L(0)
2 (−|α|2/n̄)

= |α|4 + 4|α|2n̄ + 2n̄2, (D6)

leading to the relative power fluctuations in terms of n̄ and α:(
�P

P̄
|rms

)2

= (|α|4 + 4|α|2n̄ + 2n̄2) + (n̄ + |α|2)

(n̄ + |α|2)2

− 1 − 1

|α|2 = 2|α|2n̄ + n̄2 + n̄ + |α|2
n̄2 + 2n̄|α|2 + |α|4

− 1

|α|2 ∼ (10−6)2. (D7)
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ponent superpositions of coherent states of light with quantum
amplifiers, J. Opt. Soc. Am. B 11, 1118 (1994).

[36] G. S. Agarwal and P. K. Pathak, Mesoscopic superposition of
states with sub-Planck structures in phase space, Phys. Rev. A
70, 053813 (2004).

[37] J. Hastrup, J. S. Neergaard-Nielsen, and U. L. Andersen, Deter-
ministic generation of a four-component optical cat state, Opt.
Lett. 45, 640 (2020).

[38] R. Nehra, M. Eaton, O. Pfister, and A. Marandi, All-optical
quantum state engineering for rotation-symmetric Bosonic
codes, in Conference on Lasers and Electro-Optics (Optica, San
Jose, 2022), p. FF2I.2.

[39] S. Glancy, H. M. Vasconcelos, and T. C. Ralph, Transmis-
sion of optical coherent-state qubits, Phys. Rev. A 70, 022317
(2004).

[40] L. Li, C.-L. Zou, V. V. Albert, S. Muralidharan, S. M. Girvin,
and L. Jiang, Cat codes with optimal decoherence suppression
for a lossy bosonic channel, Phys. Rev. Lett. 119, 030502
(2017).

[41] T. Itogawa, Y. Takada, Y. Hirano, and K. Fujii, Even more
efficient magic state distillation by zero-level distillation, PRX
Quantum 6, 020356 (2025).

[42] C. Gidney, N. Shutty, and C. Jones, Magic state cultivation
growing T states as cheap as CNOT gates, arXiv:2409.17595.

[43] Z. Leghtas, G. Kirchmair, B. Vlastakis, R. J. Schoelkopf, M. H.
Devoret, and M. Mirrahimi, Hardware-efficient autonomous
quantum memory protection, Phys. Rev. Lett. 111, 120501
(2013).

[44] M. Mirrahimi, Z. Leghtas, V. V. Albert, S. Touzard, R. J.
Schoelkopf, L. Jiang, and M. H. Devoret, Dynamically pro-
tected cat-qubits: a new paradigm for universal quantum
computation, New J. Phys. 16, 045014 (2014).

[45] N. Ofek, A. Petrenko, R. Heeres, P. Reinhold, Z. Leghtas,
B. Vlastakis, Y. Liu, L. Frunzio, S. M. Girvin, L. Jiang, M.
Mirrahimi, M. H. Devoret, and R. J. Schoelkopf, Extending the
lifetime of a quantum bit with error correction in superconduct-
ing circuits, Nature (London) 536, 441 (2016).

[46] A. Grimm, N. E. Frattini, S. Puri, S. O. Mundhada, S. Touzard,
M. Mirrahimi, S. M. Girvin, S. Shankar, and M. H. Devoret,
Stabilization and operation of a Kerr-cat qubit, Nature (London)
584, 205 (2020).

[47] V. V. Albert, C. Shu, S. Krastanov, C. Shen, R.-B. Liu, Z.-B.
Yang, R. J. Schoelkopf, M. Mirrahimi, M. H. Devoret, and L.
Jiang, Holonomic quantum control with continuous variable
systems, Phys. Rev. Lett. 116, 140502 (2016).

[48] T. Hillmann, F. Quijandría, A. L. Grimsmo, and G. Ferrini,
Performance of teleportation-based error-correction circuits for
bosonic codes with noisy measurements, PRX Quantum 3,
020334 (2022).

[49] C. Oh, C. Lee, C. Rockstuhl, H. Jeong, J. Kim, H. Nha, and S.-
Y. Lee, Optimal Gaussian measurements for phase estimation
in single-mode Gaussian metrology, npj Quantum Inf. 5, 10
(2019).

[50] L. S. Martin, W. P. Livingston, S. Hacohen-Gourgy, H. M.
Wiseman, and I. Siddiqi, Implementation of a canonical phase
measurement with quantum feedback, Nature Phys. 16, 1046
(2020).

[51] S. Glancy and H. M. De Vasconcelos, Methods for producing
optical coherent state superpositions, J. Opt. Soc. Am. B 25,
712 (2008).

[52] S. W. Smith, Digital Signal Processing (Newnes, Elsevier,
2003).

[53] B. C. Berndt and R. J. Evans, The determination of Gauss sums,
Bull. Am. Math. Soc. 5, 107 (1981).

[54] V. V. Albert, K. Noh, K. Duivenvoorden, D. J. Young, R. T.
Brierley, P. Reinhold, C. Vuillot, L. Li, C. Shen, S. M. Girvin,
B. M. Terhal, and L. Jiang, Performance and structure of single-
mode bosonic codes, Phys. Rev. A 97, 032346 (2018).

[55] K. E. Cahill and R. J. Glauber, Ordered expansions in boson
amplitude operators, Phys. Rev. 177, 1857 (1969).

[56] P. D. Drummond and M. Hillery, The Quantum Theory of Non-
linear Optics, 1st ed. (Cambridge University Press, Cambridge,
2014).

[57] B. Brecht, D. V. Reddy, C. Silberhorn, and M. G. Raymer,
Photon temporal modes: A complete framework for quantum
information science, Phys. Rev. X 5, 041017 (2015).

[58] G. J. Milburn and C. A. Holmes, Dissipative quantum and
classical liouville mechanics of the anharmonic oscillator, Phys.
Rev. Lett. 56, 2237 (1986).

[59] S. E. Thomas, L. Wagner, R. Joos, R. Sittig, C. Nawrath,
P. Burdekin, T. Huber-Loyola, S. Sagona-Stophel, S. Höfling,
M. Jetter, P. Michler, I. A. Walmsley, S. L. Portalupi, and
P. M. Ledingham, Deterministic storage and retrieval of tele-
com quantum dot photons interfaced with an atomic quantum
memory, arXiv:2303.04166.

[60] M. Hanks, S. Lee, N. Lo Piparo, S. Nishio, W. J. Munro, K.
Nemoto, and M. S. Kim, Cat-code Telecorrection, Sampled
Figure Data [Data set], Zenodo (2026), https://doi.org/10.5281/
zenodo.19049557.

[61] P. Shor, in Proceedings of 37th Conference on Foundations of
Computer Science (IEEE Comput. Soc. Press, Burlington, VT,
USA, 1996), pp. 56–65.

042621-15

https://doi.org/10.1103/PhysRevLett.100.030503
https://doi.org/10.1103/PhysRevLett.101.233605
https://doi.org/10.1088/0953-4075/46/22/224001
https://doi.org/10.3389/fict.2014.00001
https://doi.org/10.1038/s41534-017-0019-1
https://doi.org/10.1103/PhysRevLett.57.13
https://doi.org/10.1103/PhysRevA.45.R7674
https://doi.org/10.1103/PhysRevA.49.535
https://doi.org/10.1364/JOSAB.11.001118
https://doi.org/10.1103/PhysRevA.70.053813
https://doi.org/10.1364/OL.383194
https://doi.org/10.1103/PhysRevA.70.022317
https://doi.org/10.1103/PhysRevLett.119.030502
https://doi.org/10.1103/thxx-njr6
https://arxiv.org/abs/2409.17595
https://doi.org/10.1103/PhysRevLett.111.120501
https://doi.org/10.1088/1367-2630/16/4/045014
https://doi.org/10.1038/nature18949
https://doi.org/10.1038/s41586-020-2587-z
https://doi.org/10.1103/PhysRevLett.116.140502
https://doi.org/10.1103/PRXQuantum.3.020334
https://doi.org/10.1038/s41534-019-0124-4
https://doi.org/10.1038/s41567-020-0939-0
https://doi.org/10.1364/JOSAB.25.000712
https://doi.org/10.1090/S0273-0979-1981-14930-2
https://doi.org/10.1103/PhysRevA.97.032346
https://doi.org/10.1103/PhysRev.177.1857
https://doi.org/10.1103/PhysRevX.5.041017
https://doi.org/10.1103/PhysRevLett.56.2237
https://arxiv.org/abs/2303.04166
https://doi.org/10.5281/zenodo.19049557


MICHAEL HANKS et al. PHYSICAL REVIEW A 113, 042621 (2026)

[62] Y. Ouyang and E. T. Campbell, Trade-offs on number and phase
shift resilience in bosonic quantum codes, IEEE Trans. Inf.
Theory 67, 6644 (2021).

[63] H. Schöpf and P. Supancic, On Bürmann’s theorem and its
application to problems of linear and nonlinear heat transfer and
diffusion, Math. J. 16, 1 (2014).

[64] C. Gerry and P. Knight, Introductory Quantum Optics, 1st ed.
(Cambridge University Press, Cambridge, 2004).

[65] R. W. Boyd, Nonlinear Optics, 4th ed. (Academic Press, San
Diego, 2019).

[66] R. Hosseini and K. Jamshidi, Analysis of Kerr nonlinearity en-
hancement in silicon nitride waveguides using one-dimensional
slow light structure, Opt. Commun. 421, 25 (2018).

[67] D. N. Nikogosyan, in Nonlinear Optical Crystals: A Complete
Survey (Springer-Verlag, New York, 2005), pp. 5–74.

[68] Z. Tu, D. Chen, H. Hu, S. Gao, and X. Guan, Characterization
and optimal design of silicon-rich nitride nonlinear waveguides
for 2 μm Wavelength Band, Appl. Sci. 10, 8087 (2020).

[69] K. J. A. Ooi, D. K. T. Ng, T. Wang, A. K. L. Chee, S. K. Ng,
Q. Wang, L. K. Ang, A. M. Agarwal, L. C. Kimerling, and
D. T. H. Tan, Pushing the limits of CMOS optical parametric
amplifiers with USRN:Si7N3 above the two-photon absorption
edge, Nature Commun. 8, 13878 (2017).

[70] Z. Tu, X. Guan, D. Chen, H. Hu, X. Wang, and S. Gao, 2 μm
mid-infrared silicon-rich silicon nitride/silicon hybrid nonlinear
waveguides, Opt. Commun. 481, 126544 (2021).

[71] D. P. Permana, Y. Klaver, D. Marpaung, and A. Iskandar, In-
vestigation of Kerr nonlinearity in multi-layered silicon nitride
waveguides, Optica Open. Preprint. (2024).

[72] C. J. Krückel, A. Fülöp, Z. Ye, P. A. Andrekson, and V. Torres-
Company, Optical bandgap engineering in nonlinear silicon
nitride waveguides, Opt. Express 25, 15370 (2017).

[73] C. Lacava, S. Stankovic, A. Z. Khokhar, T. D. Bucio, F. Y.
Gardes, G. T. Reed, D. J. Richardson, and P. Petropoulos, Si-
rich silicon nitride for nonlinear signal processing applications,
Sci. Rep. 7, 22 (2017).

[74] M. Z. Alam, I. De Leon, and R. W. Boyd, Large optical non-
linearity of indium tin oxide in its epsilon-near-zero region,
Science 352, 795 (2016).

[75] M. N. Polyanskiy, Refractiveindex.info database of optical con-
stants, Sci. Data 11, 94 (2024).

[76] D. V. Sychev, P. Chen, Y. Chen, M. Yang, C. Fruhling, A.
Lagutchev, A. V. Kildishev, A. Boltasseva, and V. M. Shalaev,
All-optical modulation with single photons using an electron
avalanche, Nature Nanotechnol. 21, 71 (2025).

[77] L. Caspani, R. P. M. Kaipurath, M. Clerici, M. Ferrera, T.
Roger, J. Kim, N. Kinsey, M. Pietrzyk, A. Di Falco, V. M.
Shalaev, A. Boltasseva, and D. Faccio, Enhanced nonlinear
refractive index in ε-near-zero materials, Phys. Rev. Lett. 116,
233901 (2016).

[78] M. Brune, S. Haroche, J. M. Raimond, L. Davidovich, and
N. Zagury, Manipulation of photons in a cavity by dispersive
atom-field coupling: Quantum-nondemolition measurements
and generation of “Schrödinger cat” states, Phys. Rev. A 45,
5193 (1992).

[79] Y.-x. Liu, L. F. Wei, and F. Nori, Preparation of macroscopic
quantum superposition states of a cavity field via coupling
to a superconducting charge qubit, Phys. Rev. A 71, 063820
(2005).

[80] S. Scheel, K. Nemoto, W. J. Munro, and P. L. Knight,
Measurement-induced nonlinearity in linear optics, Phys. Rev.
A 68, 032310 (2003).

[81] L. S. Costanzo, A. S. Coelho, N. Biagi, J. Fiurášek, M. Bellini,
and A. Zavatta, Measurement-induced strong kerr nonlinearity
for weak quantum states of light, Phys. Rev. Lett. 119, 013601
(2017).

[82] T. Chalermpusitarak, K. Schwennicke, I. Kassal, and T. R.
Tan, Programmable generation of arbitrary continuous-variable
anharmonicities and nonlinear couplings, arXiv:2511.22286.

[83] L. V. Hau, S. E. Harris, Z. Dutton, and C. H. Behroozi, Light
speed reduction to 17 metres per second in an ultracold atomic
gas, Nature (London) 397, 594 (1999).

[84] R. Paschotta, Relative intensity noise, RP Photonics Encyclope-
dia, 2007, doi:10.61835/xx3.

[85] H. Aghaee Rad, T. Ainsworth, R. N. Alexander, B. Altieri,
M. F. Askarani, R. Baby, L. Banchi, B. Q. Baragiola, J. E.
Bourassa, R. S. Chadwick, I. Charania, H. Chen, M. J. Collins,
P. Contu, N. D’Arcy, G. Dauphinais, R. De Prins, D. Deschenes,
I. Di Luch, S. Duque, et al., Scaling and networking a mod-
ular photonic quantum computer, Nature (London) 638, 912
(2025).

[86] K. E. Cahill and R. J. Glauber, Density operators and quasiprob-
ability distributions, Phys. Rev. 177, 1882 (1969).

[87] P. Marian and T. A. Marian, Squeezed states with thermal noise.
I. Photon-number statistics, Phys. Rev. A 47, 4474 (1993).

[88] M. Abramowitz and I. A. Stegun, Handbook of Mathematical
Functions: With Formulas, Graphs and Mathematical Tables,
10th ed., Applied Mathematics Series No. 55 (United States
Department of Commerce, National Bureau of Standards, New
York, 1972).

042621-16

https://doi.org/10.1109/TIT.2021.3102873
https://doi.org/10.3888/tmj.16-11
https://doi.org/10.1016/j.optcom.2018.03.048
https://doi.org/10.3390/app10228087
https://doi.org/10.1038/ncomms13878
https://doi.org/10.1016/j.optcom.2020.126544
https://doi.org/10.1364/opticaopen.27174036.v2
https://doi.org/10.1364/OE.25.015370
https://doi.org/10.1038/s41598-017-00062-6
https://doi.org/10.1126/science.aae0330
https://doi.org/10.1038/s41597-023-02898-2
https://doi.org/10.1038/s41565-025-02056-2
https://doi.org/10.1103/PhysRevLett.116.233901
https://doi.org/10.1103/PhysRevA.45.5193
https://doi.org/10.1103/PhysRevA.71.063820
https://doi.org/10.1103/PhysRevA.68.032310
https://doi.org/10.1103/PhysRevLett.119.013601
https://arxiv.org/abs/2511.22286
https://doi.org/10.1038/17561
https://doi.org/10.61835/xx3
https://doi.org/10.1038/s41586-024-08406-9
https://doi.org/10.1103/PhysRev.177.1882
https://doi.org/10.1103/PhysRevA.47.4474

