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Accurate identification of Hamiltonian parameters is essential for modeling and controlling open quantum
systems. In this work, we demonstrate that the multichannel Hankel alternative view of the Koopman (mHAVOK)
algorithm is a robust and reliable spectral data-driven method for retrieving Hamiltonian parameters from the
evolution of first-moment observables in open quantum systems. The method relies on the discrete spectrum
of the Koopman operator to obtain these parameters, which are computed using the mHAVOK algorithm; a
theoretical justification for this approach is presented. The method is tested on noiseless quadratures of an
open two-dimensional quantum harmonic oscillator and shown to retrieve oscillation frequencies, damping rates,
nonlinear Kerr shifts, the qubit-photon coupling strength of a Jaynes-Cummings interaction, and the modulated
frequency of a time-dependent Hamiltonian. The majority of the recovered parameters remained within 5%
of their actual values. Compared with Fourier- and matrix-pencil estimators, our approach yields lower errors
for dynamics with strong dissipation. Overall, these findings suggest that Koopman operator theory provides a
practical framework for studying quantum dynamical systems.

DOLI: 10.1103/v5zg-gybr

I. INTRODUCTION

In recent years, the understanding, characterization, and
control of open quantum systems have become relevant topics
in circuit and cavity quantum electrodynamics, among many
other fields [1-3]. Having an accurate knowledge of oscilla-
tion frequencies, dissipation rates, and nonlinear interaction
strengths is essential for the experimental calibration of quan-
tum devices and for validating master-equation models. All
these topics have also attracted considerable interest in the
context of quantum computing [4,5].

In general, parameters of interest are obtained from experi-
mental data using frequency-domain spectroscopic algorithms
or nonlinear curve-fitting methods, which often require long
acquisition times [6]. Techniques such as the Fourier, Prony,
and matrix-pencil methods have also been used to extract
frequencies and decay rates. However, their precision tends
to decrease under strong damping conditions [7,8]. More re-
cently, machine learning and system identification methods
have been proposed, but these algorithms often operate as
black boxes, lacking physical interpretability and usually re-
lying on large training datasets [9,10]. Consequently, there is
an increasing interest in fast, data-driven techniques that can
directly infer Hamiltonian parameters from experimental data.

In this paper, we demonstrate that the multichannel Hankel
alternative view of Koopman (mHAVOK) algorithm [11] is a
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robust and reliable spectral data-driven method for retrieving
Hamiltonian parameters from the evolution of first-moment
observables in open quantum systems. Such a technique re-
lies on analyzing the spectrum of the Koopman operator and
improves the original HAVOK algorithm [12]. A detailed de-
scription of its functionality and performance can be found in
Ref. [11].

With this considered, the main contributions of this work
are summarized as follows:

(a) First, we demonstrate the theoretical connection be-
tween the Koopman operator spectrum and the mHAVOK
model. This step is essential, as it justifies why the discrete
spectrum of the Koopman operator is retrieved by one of the
dynamical matrices generated by the mHAVOK method.

(b) Second, we show that this spectrum accurately recov-
ers the Hamiltonian parameters of open quantum systems.
To test the method, we simulated the dynamics of an open
two-dimensional quantum harmonic oscillator (2D QHO)
with multiple nonlinear effects and temporal perturbations to
gather relevant data. Specifically, the algorithm was validated
on the expected values of noiseless quadratures, retrieving
oscillation frequencies, damping rates, nonlinear Kerr shifts,
qubit-photon coupling strengths in a Jaynes-Cummings in-
teraction, and the modulated frequency of a time-dependent
Hamiltonian. The majority of the recovered parameters re-
mained within 5% of their actual values. Compared with
Fourier and matrix-pencil estimators, our approach yielded
lower errors for dynamics with strong dissipation.

(c) Third, we contribute to reducing the demand for
fast, data-driven techniques capable of inferring Hamil-
tonian parameters directly from experimental data. Since
closed-form solutions for the master equations governing the
evolution of quantum systems are often unavailable in real-
world experimental settings, our method offers a data-driven,
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spectral-based approach to recover system parameters. For
example, quadrature measurements could be obtained by ho-
modyne detection [13] and subsequently analyzed using our
framework, with the appropriate denoising filters applied.

The paper is organized as follows: Section II provides a
mathematical justification on why the spectral analysis per-
formed on mHAVOK is equivalent to studying the spectrum
of the Koopman operator. In Sec. III, we briefly review some
basic concepts of open quantum systems and the Lindblad
master equation to establish notation and provide necessary
formulas. The numerical results of the simulations and the
operation of the mHAVOK method are included in Sec. IV for
the case of both time-independent and time-dependent Hamil-
tonians. Section V summarizes the main contributions and
limitations of this work. Finally, to keep this work relatively
self-contained, we provide a brief overview of the mHAVOK
method in the Appendix.

II. DEMONSTRATION OF THE KOOPMAN
- mHAVOK CONNECTION

We begin by demonstrating the connection between the
spectrum of the Koopman operator and the mHAVOK algo-
rithm. This connection is crucial, as it provides the theoretical
foundation for applying mHAVOK to the open quantum sys-
tems we are analyzing.

A. Concepts of Koopman operator theory

Consider a smooth dynamical system of the form x = F(x)
evolving on a state space M. Here, F represents the vector
field, x the state vector, and M is assumed to be a smooth
Riemannian manifold.

We now define a smooth function of the state vector g :
M — C, which will acquire a central role throughout this
work. In the literature of classic dynamical systems, g = g(x)
is referred to as an observable, not to be confused with the ob-
servables of quantum mechanics. As an example, in a classic
system, say the double pendulum, the state vector will consist
of position and momentum, and a possible observable could
be the energy, since it is a function of those state variables.

In order to emphasize the distinction between observ-
ables of quantum mechanics and observables in the classic
sense, i.e., functions of the state vector, the latter ones will
be referred to as K-observables. With this considered, the
Koopman semigroup is a linear, infinite-dimensional family
of operators that advances in time K-observables. Let g € H
represent a K-observable that lives in a Hilbert space H. The
Koopman semigroup (U’ ), acts on g as follows:

(U'g)(x) = go ®'(x), 6]

where o represents the composition operator and &’ is the
flow map. For a fixed sampling period Ar > 0, we define
the discrete Koopman operator as U2 := U. Consequently,
along a given trajectory x; = ®**'(x), X9 € M representing
the initial condition, we have

g(x¢) = (Urg)(x0), 2)

8(Xper1) = (U)(Xy). 3)

B. Connection of Koopman theory with delay embeddings

Suppose that we measure g K-observables g; € H, with
j=1{0,1,...,g — 1}, and collect them into a vector-valued
K-observable g : M — C9 of the form

g(x) 1= [g0(X), ... gg-1(0)]". “)
We define a delay-embedded K-observable h : M — C™ as

g(x) g(x)

At
hx) = g(® . (x)) (Ug)(x)

NS

g@m )y | | wrg)

where m is known as the embedding dimension. Assuming N
measurements are made along the trajectory, we define

g = g(xi) = g(P* (x0)) (6)

as the kth measurement, with k ranging from 0 to N — 1. The
corresponding delay-embedded measurements are then given
by

by = (g, 1 ooy b)) - (7
All h, are then stored in a block Hankel matrix,
< hyopl. ®)

Given that the delay vectors in Eq. (7) are evaluations of the
delay K-observable h in Eq. (5) along the trajectory, we have

H=T[hy, h;

hy = h(x¢) = h(®**(x0)) = (U*h)(xo). ©)

Consequently, each column of H corresponds to the consecu-
tive action of the Koopman operator acting on h and evaluated
at the initial condition X,

H = [h(x) (Uh)(xo) (UY""h)(x0)]. (10)

The columns of H in Eq. (10) form a Krylov sequence
Fyvom ={h,Uh,--- ,UN""h} C H whose columns span a
corresponding Krylov subspace [14]. Similarly to the work
in Ref. [14], we will assume the existence of X, a finite-
dimensional subspace of # that is invariant under the action of
the Koopman operator and whose dimension will be denoted
by d. The existence of K is a strong and mainly theoretical as-
sumption. In practice, a singular value decomposition (SVD)
of H yields the best finite-dimensional approximation even
when no exact invariant subspace exists.

Assuming the projection of h onto K is cyclic, i.e., repeated
applications of the operator generate the whole invariant sub-
space, we have

span(Fy—m) =K (1)

forN—m>d—1.
Next, a singular value decomposition is performed on H,

H=US)", (12)

allowing for the existence of two orthonormal bases for the
column and row space of H, each given by the columns of U
and V. If o; denotes the ith singular value and v;[k] the kth
component of the ith right-singular vector, then each column
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of the block Hankel matrix can be expressed as

qm gm
hk = ZO’,‘U,‘[k]Ui = Zyi[k]uh (13)
i=1 i=1
where
vilk] := ojvi[k] (14)

is the coordinate vector of h; in the basis of U.

Subsequently, the first r singular vectors are retained in
mHAVOK and assumed to be the leading SVD modes that
best describe the system dynamics. A fixed value of » is now
assumed; its optimal value is discussed in Appendix A 2. Let
Hp = span{uy, ..., u,_;} C H denote the finite-dimensional
subspace generated by the retained dynamical modes.

Reference [14] showed that for ergodic systems and in the
long-time limit, the SVD of the Hankel matrix converges to
the proper orthogonal decomposition of the Krylov sequence.
In our case, if r > d, then a subset of Hp converges to an
orthonormal basis of K. Otherwise, if r < d or if no exact
finite-dimensional invariant subspaces exist, then Hp is the
rank-r approximation to the span of the sampled Krylov se-
quence. In the following, we assume the existence of anr > d.

C. Projecting observables onto /C

Having discussed the assumptions and connections be-
tween the SVD modes and Krylov-invariant subspaces, two
orthogonal projection operators are defined on H :

P:Hp— K, (15)

0: Hp — Ho, (16)

where K @ Ho = Hp and Q = I — P, with/ representing the
identity operator. Notice how P is a projection over the SVD-
derived dominant modes that span K C Hp. Let h, € Hp
denote the projection of h onto Hp. Hence, h, is uniquely
decomposed as

h, =Ph,+ 0Oh, :=v+u, a7

with v € K and u € H. Considering the discrete-time Koop-
man operator acting on Hp, its action can be decomposed as
follows:

U=IUI=@+QUP+Q), (18)
= PUP+ PUQ + QUP + QUQ. (19)

Thus, the projection operator P isolates the part of h,, that
lives in /C, while Q collects the residual component. The four
blocks in Eq. (19) each describes the action of the operator
that (i) stays within K, (ii) maps residual dynamics onto the
retained space (Ho — K), (iii) describes how the retained dy-
namics interact with the orthogonal complement (X — Hp),
and (iv) evolves entirely within the residual subspace.

If QUP = 0, then PUP gives an exact finite-dimensional
restriction of the Koopman operator on that subspace. In the
general case, however, QU P is different from zero, thereby
being relevant to properly reconstruct the system dynam-
ics, even if they are not captured in a Koopman-invariant
subspace.

Interestingly, the above partition closely resembles the
Mori-Zwanzig formalism in statistical physics, which de-
composes the system dynamics into resolved and unresolved
components via projection operators, yielding closed equa-
tions of motion [15]. Indeed, a connection between Koopman
theory and such formalism has already been reported in
Ref. [16].

D. Regression-based approximation of the Koopman
operator acting on /C

Having discussed the projection operators, the resolved
part after one step is given by

P(Uh,) = PUPv + PUQu. (20)

The mHAVOK algorithm constructs a forced linear model
on the time series of the leading SVD coordinates, i.e., the
first r right-singular vectors, in analogy to Eq. (20). The linear
part of the model describes the dynamics that evolve under
IC, while the forcing is assumed to come from its orthogonal
projection.

Recalling the assumption that a subspace of Hp spans £,
the method performs a regression step [Eq. (A5)] to classify
the ith main dynamical mode (out of the » ones) as linear or
nonlinear. The linear modes are assumed to span /C, while the
nonlinear modes capture the unresolved dynamics.

Following Eq. (14), if r. and r; each denotes the index
sets of linear and nonlinear components, then the following
coordinate vectors are defined:

i = [yjlkl : j e r.]T e Cl 2D
w = [y;lk]: j e rf]T e Clrl, (22)

with | - | representing the cardinality of the sets. With this
considered, the algorithm models the dynamics as

Yi+1 = Ay + Buy, (23)

where A and B are obtained from a least-squares regression.
Considering y; and w; are coordinate vectors of Ph, and
Oh, in the {u;} basis, A and B can be thought of as finite-
dimensional approximations to the Koopman blocks

A~ PUP|, B%PUQ|HQ. (24)

In this view, A approximates the action of U on the invari-
ant subspace spanned by the linear modes, while B quantifies
how the nonlinear components influence the resolved coordi-
nates.

Moreover, the spectrum of A approximates the spectrum of
the Koopman operator restricted to /C. Let

o(A) = {1 € C|det(A — AI) = 0} 25)

represent the set of retrieved eigenvalues A;. Although
the Koopman operator has both a continuous and a dis-
crete spectrum [17], A recovers the latter, since finding a
finite-dimensional realization of the Koopman operator in a
Koopman-invariant subspace is, in general, equivalent to the
existence of the pure point spectrum in that subspace [14].
Furthermore, on the invariant subspace X, the evolution of the

042222-3



JORGE E. PEREZ-GARCIA et al.

PHYSICAL REVIEW A 113, 042222 (2026)

projection of any K-observable onto K can be expressed as

gy~ Y cie'y), (26)
Jj

with ¢; € C and ¢; representing the Koopman eigenfunction
associated with the jth eigenvalue.

It is important to note, however, that the existence of a
purely discrete spectrum on a dynamical system is largely
a theoretical condition [18]. In practice, the majority of the
systems exhibit both a continuous and discrete spectrum.
mHAVOK overcomes such a limitation by allowing the ex-
istence of B, a (possibly) rectangular matrix that contains
information of nonlinear components. Hence, we hypothesize
that such a matrix might be related to the continuous spectrum.
Considering that the spectral analysis of A alone is sufficient
for a proper recovery of Hamiltonian parameters, as will be
shown later, such a hypothesis is therefore not pursued in the
current work.

In summary, by obtaining the eigenvalues of Eq. (25), we
approximated the pure point spectrum of the Koopman oper-
ator and thus established the link between Koopman operator
theory and the Hankel matrix from the mHAVOK method.
In the following, we will use these results to interpret the
retrieval of Hamiltonian parameters in open quantum systems
with the mHAVOK algorithm.

III. PRELIMINARY CONCEPTS AND CONSIDERATIONS
OF THE PROBLEM

In this section, we briefly recall some basic concepts of
open quantum systems to establish notation and provide nec-
essary formulas.

The dynamics of open quantum systems can be character-
ized by the Lindblad master equation, mainly in the Born and
Markov approximations [19]. Its standard form reads as

d i 1 +
L= . p) + ; (Lijj - SlLiL], p}>, @7

where p is the density matrix, H is the Hamiltonian, {-, -}
denotes the anticommutator, L; are jump operators that model
system-environment interactions, and - represents the com-
plex conjugate. The master equation can be shortly written as

p = L(p), (28)

with the Liouvillian superoperator £ acting linearly on p.
Hence, the solution of Eq. (27) reads as follows:

p(t) = e~ p(0). (29)

A comprehensive derivation of Egs. (27)—(29) can be found
in Ref. [20]; for a deeper explanation, we refer the reader to
Ref. [21].

In the context of Koopman theory, the superoperator e
can be viewed as the flow map @' from Eq. (1), but now acting
on the state space of density matrices. With this considered,
the solution of the Lindbladian can be expressed as

p(t) = e~ p(0) = @, (py). (30)

Lt

Moreover, the solution of the eigenvalue problem L(R;) =
AjR; allows for expressing the density matrix as

p(t) = &R, (31
J

with both ¢ A A; € C. Expressing the density matrix in the
basis of the Liouvillian eigenoperators strongly resembles
the approximation of a K-observable in terms of the Koop-
man eigenfunctions [Eq. (26)]. Indeed, as the K-observables
analyzed in this work are functions of the density matrix,
i.e., g(t) = go p(t), their time evolution inherits the same
exponential rates as in Eq. (31). Consequently, the real and
imaginary parts of the eigenvalues of the matrix A obtained
via mHAVOK, having proved to approximate the discrete
spectrum of the Koopman generator in Sec. II, correspond
directly to the physical decay rates and oscillation frequen-
cies given by the exponential rate constants A; in Eq. (31).
As will be discussed later, this theoretical connection al-
lows these parameters to be obtained via the mHAVOK
method.

Throughout this work, we model an open 2D QHO solving
Eq. (27) under a common environment for both the x and y
Cartesian components of the oscillator. The nature of the bath
follows.

The emission of photons from the system to the bath, also
known as a decay, is given by

L. =a,+ ei¢a),, (32)

with ¢ being the relative phase between the two system modes
and a; representing the annihilation operator for the ith com-
ponent. Physically, the bath does not recognize whether the
emission came from the x- or y component; it only couples
both emissions to the linear combination in Eq. (32). On the
other hand, absorption of photons from the bath to the system,
a process also known as excitation, is given by £/

Additionally, the bath has a temperature 7 > 0 and is
modeled as a collection of harmonic oscillators, from which
the system can both emit and absorb quanta. The average
number of photons in the bath at frequency w; is given by the
Bose-Einstein distribution [21]:

-1
T 1) = |:exp (%) _ 1] , 33)

where i = {x, y} and kg is the Boltzmann constant. Taking this
into account, the jump operators defined in Eq. (27) are given

by
LY = Lo/i@i + 1), (34)

Liexcitatinn — EI\//Tﬁz’ 35

with « denoting the damping rate. Note that decay occurs
even in the absence of photons, such as in a vacuum. These
phenomena can be attributed to quantum fluctuations within
the system [21].

IV. RETRIEVING HAMILTONIAN PARAMETERS

The spectral analysis performed to retrieve the Hamilto-
nian parameters using mHAVOK is illustrated in Fig. 1. We
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(1) Acquire n observables of interest by
simulating p = L(p).

e Block Hankel matrix

~

(Oo(tr))
gL 1=

~

(On-1(tr))

o Classification of first

(4) The eigenvalues of A recover Hamiltonian
parameters of the open quantum system.

Re(o)

* SVD

r columns of V

e Forced linear model

» (2) Perform a data-driven analysis using mHAVOK:

hy = [gk Bhin,- - 7gk+(m*1)TE]T’

H = [h(] h 1 hn—m] .
= X X
Linear Nonlinear

V.= [Vilier,. V= [Viliez,.

» Regression procedure Ilillél HVC - VcAT - VfBT‘ | P

x = Ax+ Bu.

¥

(3) Calculate the eigenvalues of A..

FIG. 1. Overview of the pipeline employed in this work. (1) The expected values of observables are first obtained by simulating the
Lindblad master equation. (2) Such data are then analyzed through the mHAVOK framework, where two dynamical matrices are retrieved.
The eigenvalues are calculated for one of such matrices (3), allowing recovery of the Koopman generator’s discrete spectrum and, thus, the

Hamiltonian parameters of the open quantum system (4).

begin by generating the expected values for n observables
of the open quantum system of interest using an accurate
numerical solver of the Lindblad master equation [22]. These
data are then used as input for the mHAVOK algorithm,
which allows us to (1) retrieve a forced linear model of
the system dynamics and (2) utilize the spectrum of the
matrix A to estimate the desired Hamiltonian parameters
for the open quantum system. It is worth emphasizing that
the recovery of such parameters is entirely data driven, as
the algorithm only requires time series of the measured ob-
servables and does not rely on analytical solutions of their
dynamics.

In this work, we will consider a 2D QHO as our test system,
incorporating various time-independent and time-dependent
nonlinear effects. The initial state chosen for our simulations
is a coherent state with an eigenvalue of @ = 1. The param-
eters used in these simulations are detailed in Table I. The

TABLE I. Simulation parameters employed in this work.

Variable Value
Simulation time ty =50
Time step At =0.01
Oscillation frequencies W, =27
Wy =T
Environment temperature T=20
Damping rate Kk =0.1
Fock-state truncations n, = 10
n, =10

evolution of the quadrature phase-space vector

(1))
()
(1)) (36)
(0, (1))

is obtained by solving the Lindblad master equation Eq. (27)
with the QUTIP solver [22]. These data are then provided as
input to the mHAVOK algorithm for all the studied systems,
except for a Jaynes-Cummings interaction (see Sec. IV C).
The user-defined threshold used in the algorithm for discern-
ing linear from nonlinear components was set to T = 0.95;
the purpose of this parameter is further explained in the Ap-
pendix. Additionally, the embedding dimension was set to
m = 100, consistent with previous research on the HAVOK
method [11]. This parameter is also part of the mHAVOK
input configuration and is further elaborated in the Appendix.

In the following, a hat over a variable indicates that the
corresponding value was numerically recovered from the
spectrum of A. Conversely, if the variable lacks a hat, it
represents the original parameter used to solve the Lindbla-
dian. With this considered, the percent error between the two
quantities will be denoted as e, ; and calculated as

Y

e = 100, (37)
with |-| denoting the absolute value. In general, the ac-
ceptable value of the obtained percent error is application
dependent. In high-fidelity quantum control settings (e.g.,
qubit calibration for high-fidelity gates), subpercent preci-
sion is typically required, as coherent frequency or coupling
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mismatches have a direct impact on gate infidelities [23,24].
In contrast, for system identification, model validation, or ini-
tial quantum device characterization, percent-level accuracy
is often sufficient for capturing the main dynamical parame-
ters [25], especially when finite coherence times limit spectral
resolution.

In the following, multiple examples will demonstrate how
mHAVOK enables accurate parameter recovery, even in the
presence of nonlinearities and time-dependent Hamiltonians.
The percent error obtained will be compared with that from
traditional methods for recovering oscillation frequencies,
such as the fast Fourier transform (FFT) and the generalized
pencil-of-function (matrix pencil) method [7]. Specifically,
the matrix pencil method is an algorithm that effectively ex-
tracts damping factors and oscillation frequencies from an
input signal, assuming that a sum of complex exponentials
provides a suitable basis for it [8].

A. Two-dimensional quantum harmonic oscillator
The Hamiltonian of a 2D QHO is given by

Hy = hoyaal + hoyayal, (38)

where ; are the oscillation frequencies and a; denote the
creation operators. For notational convenience, the zero of the
energy has been shifted upwards by 7i(w, + w,)/2, merely by
redefining the reference of the energy. Throughout this work,
the ladder operators and, hence, the quadratures, are expressed
in dimensionless units.

Considering that the Hamiltonian in Eq. (38) is quadratic
and the jump operators in Egs. (34) and (35) are linear, then
the Heisenberg equations of motion for the first moments
evolve linearly and have closed-form expressions [21]. Con-
sequently, the evolution of the quadrature vector [Eq. (36)] is
given by the following ordinary differential equation (ODE):

X = Sx, (39)
where
—Kk/2 Wy 0 0
| o k)2 0 0
§= 0 0 —Kk/2 wy (40)
0 0 —w, —k/2

Note that S depends on the oscillation frequencies and
damping coefficients, but not on the bath occupations ;. In
Fig. 2, we illustrate the system evolution for two different
values of the damping rate « and data taken from Table I.
The subplot 2(a) shows the trajectory of the expected value
of the particle in the (x,y) plane, where we see that the x
mode oscillates twice as fast as the y mode, in agreement with
the simulated oscillation frequencies. Furthermore, the sys-
tem follows a parabolic Lissajous curve, with the amplitudes
decaying and collapsing towards the origin due to the open
setup. In contrast, Fig. 2(b) shows a substantially faster col-
lapse towards the origin resulting from an order-of-magnitude
increase in the damping rate. Consequently, no parabolic tra-
jectories are identified.

Regarding the mHAVOK model, the optimal cutoff rank
Tope Was found to be r = 4, which coincides with the number
of input observables. This correspondence is not a general

(z) (z)

FIG. 2. mHAVOK phase-space reconstruction of an open 2D
QHO for the x- and y components using a damping rate of (a) x = 0.1
and (b) ¥k = 1.0. No nonlinearities were introduced.

feature but rather a consequence of the system dynamics:
since the input quadrature vector obeys the linear ODE in
Eq. (39), higher-order modes do not contribute significantly
to the reconstructed dynamics.

After determining the optimal cutoff rank, we obtained the
retrieved dynamical matrix A. By applying Schur decomposi-
tion [26], we found that this matrix takes the form of S as in
Eq. (39). Furthermore, its four eigenvalues, up to numerical
error, appeared in conjugate pairs of the form —k /2 £+ @;. As
discussed in Sec. II, these eigenvalues correspond to those
of the Koopman operator restricted to the invariant subspace
spanned by our observables, thereby providing a linear de-
scription of the system dynamics.

Once the spectrum of A was obtained, the percent error
between the retrieved Hamiltonian parameters and their true
values was calculated. For the case in Fig. 2(a) where « = 0.1,
the average percent error between w; and @; was €y =
0.08%, whereas e,; = 7.2 x 10~*%. On the other hand, when
increasing 10 times the value of x in the simulation setup
[Fig. 2(b)], a notable increase is observed in the oscillation-
frequency error, with e, = 8.58%. Interestingly, the error
for the damping rate decreased almost 4 times once we in-
creased its value, with e,; = 1.8 x 107*%. Figure 3 compares
the percent error associated with three different methods for
retrieving the oscillation frequencies as the damping rate

10
101 i
ewioﬁ;i

0]

10 —e— mHAVOK
¥ --#-  Matrix pencil
10~ —a—- FFT
0 1 2 3
K

FIG. 3. Percent error comparison among three different meth-
ods for determining the oscillation frequencies @; of the 2D QHO.
mHAVOK exhibits a slower increase in percent error compared to
existing alternatives.
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increases. Although the matrix pencil scheme is more
effective for weak damping rates (¢ < 0.5), mHAVOK sig-
nificantly improves recovery at stronger damping rates.

B. Kerr nonlinearities

In classical optics, the Kerr effect appears in a nonlinear
medium whose refractive index depends on the intensity of
the electric field [27]. In quantum optics, this effect shifts
the oscillation frequencies by an amount proportional to the
number of photons present at a given time. The Hamiltonian
that describes this phenomenon is given by [28]

Hyerr = h(%aizai + %a;ﬂai + Xxynxn}), “41
withn; = aiai+ denoting the number operator and yx; represent-
ing Kerr strength coefficients. The resulting energy spectrum
forms an anharmonic ladder [29], with the transition fre-
quency between successive Fock states following w; + y;n;,
with n; being a natural number.

The Hamiltonian of the tested system is then

H = HO + HKerra (42)

where Hj is given by Eq. (38). Considering that Eq. (41)
contains quartic terms like afzaiz, the Heisenberg equation of
motion for any ladder operator (and hence any quadrature)
depends on higher-order moments such as (a'aa). This de-
pendence prevents the closure of the moment hierarchy,
making it impossible to derive a closed expression for their
evolution [29].

Truncating the Heisenberg equations to first-order mo-
ments yields a time-dependent shift in the oscillation fre-
quency proportional to the number operator, capturing the
intensity-dependent phase rotation characteristic of the Kerr
effect. In the steady state, these effective oscillation frequen-
cies take the form

Q;ff =y + X ({ny)ss — 1) + Xxy(ny>sxa (43)

Q= oy + 4 () — D+ Aylideee (44)

with (n;) ;s representing the mean value of the number operator
of the ith mode in the steady state.

Kerr nonlinearities were introduced into the simulations,
with strength parameters set to x, =2 and x, = 3, while
keeping a damping rate k = 0.1 and no cross term x,,. The
optimal cutoff rank increased to rop = 20, five times more
than in the previous case. Taking into account that the value
of rope determines the number of main dynamical modes
identified, 4 of those 20 were classified as nonlinear. Their
appearance can be regarded as a consequence of the lack of a
closed-form expression for the evolution of the quadratures,
as previously discussed. Although this represents a theo-
retical limitation, the algorithm can successfully reconstruct
the system dynamics using the forced linear model built on
the quadratures. Figures 4(a) and 4(c) illustrate the recon-
structed phase space, showing a spiral trajectory that collapses
smoothly towards the origin, with each turn occurring at a
slightly different instantaneous frequency, consistent with the
presence of a Kerr nonlinearity.

(y)

FIG. 4. Phase-space reconstruction considering (a), (¢) xx, Xy =
2,3 and (b), (d) xr = xy = 5. In both cases, the framework suc-
cessfully recovered Kerr strengths with few numerical errors. No
cross-coupling terms were included.

Regarding the retrieval of Hamiltonian parameters, the
eigenvalues of A appeared in complex-conjugate pairs, similar
to the previous case. Their real parts, associated with damping
rates, did not exhibit any identifiable pattern. In contrast, the
imaginary part followed the relation +(&; + nx;), where n €
N. Hence, mHAVOK was capable of recovering Kerr nonlin-
earity coefficients alongside the oscillation frequencies. Such
a pattern successfully reproduces the characteristic frequency
ladder of Kerr-type nonlinear oscillators.

To retrieve the coefficients ¥;, the 20 eigenvalues of A were
first sorted by magnitude. For instance, the imaginary parts
of the first 8 eigenvalues were £&y, £(®y + Xy), £y, and +
(&y + Xx)- Considering wy, + x, < w,, the method ordered the
imaginary parts starting from the ones associated with the
y mode. Based on this ordering, the Kerr coefficients were
estimated by subtracting the absolute values of the imagi-
nary parts of the third and first eigenvalues to obtain y,, and
similarly, from the seventh and fifth eigenvalues to obtain
Xx- By applying this procedure, the obtained average percent
error was ey,3, = 0.04%. Additionally, the associated error
for the oscillation frequencies remained remarkably low, with
ewiiy = 0.02%.

To observe the evolution of percent error for various Kerr
strengths, the simulation was performed over a combination of
values (xx =2+ 0.3n, x, = 3+ 0.2n), where n € N ranged
from O to 10. The optimal cutoff rank was calculated for
each pair of strengths. Figure 5(a) shows that the percent
error remains below 5% across all cases, even when both ¥,
and y, are relatively high (greater than 3.0). Interestingly, the
error in recovering the oscillation frequencies in the presence
of strong nonlinearities remained below 5%. Additionally, as
the damping rate increased, mHAVOK outperformed the FFT
and the matrix pencil, as Fig. 5(b) exhibits. In general, the
error tended to increase when w, + X, A~ w, as closely spaced
frequencies needed to be resolved. However, this increase
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FIG. 5. (a) Error comparison for a variation of Kerr nonlinear
strengths. The percent error was below 5%, even for strong non-
linearities. To achieve this, the optimal rank 7., was calculated and
considered for each simulation. (b) Percent error comparison among
three different methods for determining the oscillation frequencies
@; of the 2D QHO. Kerr nonlinearities were included, with strength
parameters set to x, = 2 and x, = 3, respectively.

remained relatively low, with the maximum being 4.96% for
the case when x, = 4.1 and x, = 3.2.

As an example, for the case where both x, = x, =5,
i.e., strong nonlinearities, the average percent error for Kerr
strength parameters was e,,y, = 1.3%, while e, = 1.5%.
Figures 4(b) and 4(d) show the reconstructed phase space
for the above configuration, where now the trajectories form
lobes, each corresponding to an instantaneous variation of the
phase due to the amplitude-dependent term y; (n;(¢)) discussed
earlier.

As a final comparison, we examined whether the algorithm
could accurately reconstruct the oscillator shown in Figs. 4(b)
and 4(d), but under a closed system. Since mHAVOK had
successfully recovered the quantities of interest for the open
system exhibiting strong Kerr nonlinearities, one might expect
that reconstructing a closed setup would be straightforward.
However, while the reconstruction was successful, as shown
in Figs. 6(b) and 6(d), the method proved to be highly sensitive
to the cutoff rank r. This contrasts with previous cases, where
choosing a rank close to the optimal one generally produced
similar results. This is not generally the case, as illustrated in
Figs. 6(a) and 6(c).

1. Retrieving cross-coupling Kerr terms

We also simulated several cross-term couplings x.,, while
keeping x. = 0 and x, = 0. In this case, the imaginary part

ZZ27
=
= Z

=

==

==

2
S
NS

AN

N
=

A
==

N

S

FIG. 6. (a)—(d) Phase-space reconstruction of a closed system
considering strong Kerr nonlinearities (x, = x, = 5). The dark-blue
trajectories show the reconstruction using a cutoff rank close to (but
not exactly at) the optimal value, while the light-blue plots show the
reconstruction using the optimal cutoff rank.

of the eigenvalues of A is given by Q; = w; + & j{n;), which
is consistent with Eqs. (43) and (44). After retrieving the
oscillation frequencies @;, we determined the value of %,
using the relationship mentioned above. To achieve this, we
tracked the expected value of the number operator for both
modes throughout the simulation using QUTIP. After applying
this procedure to various values of y,,, we summarize the
corresponding results in Table II. Generally, the method strug-
gles to provide an accurate approximation for moderate and
strong cross-coupling terms. This limitation arises because the
forced linear model of mHAVOK does not accurately recon-
struct the evolution of the number operator. As a result, the
oscillation frequencies obtained are only approximated based
on the value of the number operator in the steady state.

C. Jaynes-Cummings interaction

The Jaynes-Cummings model describes the interaction be-
tween a two-level atom, or qubit, and a single mode of the
electromagnetic field [30]. For the following analysis, we

TABLE II. Predicted versus actual values of multiple cross-
coupling Kerr nonlinearities.

Real value y, Predicted value %,

0.05 0.07
0.10 0.09
0.15 0.18
0.20 0.19
0.25 0.15
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assume a coupling on the x mode of the electromagnetic field.
In this situation, the qubit can exist in either the ground state
|g) with energy E, or in the excited state |e) with energy E,.

The Hamiltonian of the system is H = Hy + Hjc, where
the Jaynes-Cummings Hamiltonian reads as

HJC = Hatom + Himeractionv

Q
= 0.+ ghlaoy +ajo), (45)

where Q = E, — E,, g denotes the coupling strength, o, is the
third Pauli matrix, and (o4, o_) represent, respectively, the
raising and lowering qubit operators. Additionally, the qubit
can spontaneously emit a photon and end up in the ground
state. This procedure is known as relaxation and is modeled
through a jump operator of the form [31]

=./yo_, (46)

where y is the relaxation rate. Similarly, the process by which
the qubit’s coherence decays is known as dephasing. If y,
denotes the dephasing rate, then this process is represented
by the jump operator [31]

Ldephasing — \/)/_¢O“z . (47)

Lrelaxation

In this case, the equation of motion for the annihilation
operator is coupled with the qubit lowering operator o_. As-
suming the atom remains mostly in the ground state allows us
to approximate o, & 1, leading to the linear set of equations

()= ) @

The eigenvalues of this matrix yield the dressed frequen-
cies that describe the oscillations of the combined qubit-cavity
system [30]. Mathematically,

Wy = %[(a)q + ) £ 42 + A?], (49)

with w, being the qubit frequency and A = w,; — w, repre-
senting the detuning, i.e., how far apart both oscillators are in
frequency [31].

Along with the simulation parameters presented in Ta-
ble I, we simulated the Jaynes-Cummings interaction with
the initial state of the qubit |g) and an oscillation frequency
wy = 2m. The coupling strength was set at g = 0.15, while
the relaxation and dephasing rates were, respectively, y = 0.1
and y, = 0.01. For this case, mHAVOK was provided with
the observables

(x(1))
(pa(0))

A e

=1 ey | (50)
(Re(o4)(1))
(Im(o (1)

Figure 7(a) shows how the forced linear model successfully
reconstructs the parabolic Lissajous curves with decaying am-
plitudes. In contrast to Fig. 2, this parabola does not collapse;
instead, it changes orientation due to the interaction between
the qubit and the field. Furthermore, the evolution of the rais-
ing qubit operator is also recovered and visualized in Fig. 7(b).
Here, coherent Rabi oscillations are prominent at early times,

U\h wwle“w,ﬂw

50

t

FIG. 7. (a) Phase-space reconstruction under a Jaynes-
Cummings interaction. (b) Retrieved evolution of (o, (¢)) via
mHAVOK s forced linear model.

whereas the long-term behavior indicates decay, which can be
attributed to the gradual loss of energy and coherence through
the jump operators. The optimal cutoff rank was determined to
be r = 20, with all identified components classified as linear.

Moreover, the imaginary part of the eigenvalues of A
enables the retrieval of the dressed frequencies defined in
Eq. (49). When solving for g=0.15 in this equation, a
retrieved value of § = 0.13 was obtained, resulting in a per-
cent error of eg = 13.33%. These results were sensitive to
moderate-to-strong dephasing and relaxation rates. However,
they improved substantially when the qubit frequency was not
a multiple or exactly equal to w,. For example, choosing w, =
7 /e resulted in an estimate of ¢ = 0.16, which has a percent
error eg = 6.67%, half of that obtained when w, = 27. This
occurs because when the two frequencies coincide, the system
is in resonance, making it more difficult to reliably identify the
coupling strength.

Varying over multiple values of g, the method accurately
recovered only weak and moderate coupling strengths. For ex-
ample, for g = 0.25, the method recovered g = 0.28, yielding
a percent error eg; = 12.00%. However, when the coupling
strength was doubled to g = 0.50, the method yielded a
percent error of 26%. Therefore, the algorithm provides a
reasonable estimate of the coupling parameter when the qubit
frequency is not close to the field’s oscillation frequency,
and the coupling strength remains in the weak-to-moderate
regime.

D. Parametric frequency modulation

The Hamiltonians analyzed so far have been time in-
dependent. In this section, we demonstrate that mHAVOK
accurately recovers parameters in open systems with time-
dependent Hamiltonians. Let us consider the Hamiltonian

H = Hy + H(2), (28
where the 2D QHO Hamiltonian Hy [Eq. (38)] is modified by
a time-dependent Hamiltonian with a modulation frequency
on the x mode of the form

Hy(t) = § cos(wt )aay, (52)

where § denotes the modulated amplitude and w, the modu-
lated frequency.
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FIG. 8. Evolution of the imaginary part of the eigenvalues of A,
which are denoted as A;. Complex-conjugate pairs are obtained, each
representing a linear combination of the oscillation frequencies w,,
wy, and wy.

For the Hamiltonian in Eq. (51), the ladder operator and,

hence, the quadratures, evolvessi as
= 8

(ax(t» = (ax(()))e_m/z Z Jm<_>e_i(wx+mwf)l~ (53)

m=—oco \Of

Equation (53) exhibits sidebands at w, + mw; weighted
by the Bessel coefficients J,,(8/wy). In the presence of Kerr
and cross-Kerr terms, these sidebands are shifted by the effec-
tive frequencies fof, combining the effects of frequency and
intensity-dependent phase rotations.

By simulating with a modulated amplitude § = 4 and fre-
quency wy = 7 /e, we verified that the algorithm successfully
recovered @, within 1.74% of their actual value. Figure 8
shows how the imaginary part of the spectrum grows and re-
covers all oscillation frequencies, even when time-dependent
Hamiltonians are present. These can be identified as the ex-
pected sidebands presented in Eq. (53). Moreover, as detailed
in Sec. II, their appearance can be interpreted as eigenvalues
of the Koopman generator restricted to the space of quantum
observables, and whose realization is given by A. This allows
us to approximate a Koopman-invariant subspace from the
observables, providing a well-behaved linear evolution of the
dynamics, even in the presence of time-dependent parameters.
To achieve this, all relevant frequencies must be captured,
which is indeed the case.

As a limitation, the method had difficulty retrieving wy
for large modulation coefficients (6 > 3). For instance, when
the modulation amplitude was increased to § = 10, the spec-
trum exhibited no recognizable pattern. One of the retrieved
frequencies was identified as @, with an error of 0.06%.
However, the preceding and following frequencies could not
be expressed as a linear combination of &, or @¢. As § in-
creases, it brings in contributions from more Bessel functions
in Eq. (53), leading to the appearance of multiple neighboring
and closely spaced sidebands. Therefore, the algorithm cannot
isolate and retrieve the modulated frequency &y. However, the
forced linear model can still reconstruct the system dynamics,
primarily because the additional nonlinear dimensions cap-
tured in B are expressed in terms of multiple Bessel functions.
Despite this capability, the model does not accurately retrieve
the modulated frequency.

V. CONCLUSIONS

We demonstrated that the mHAVOK method provides
an efficient spectral framework for recovering the Hamil-
tonian parameters of open quantum systems directly from
first-moment observables. By connecting the spectrum of the
Koopman generator with the eigenvalues of the mHAVOK
matrix A, we established a formal bridge between data-driven
linear models and the underlying physical dynamics. This
connection enables the discrete spectrum of A to serve as a
reliable estimator of the relevant parameters of the system
without requiring an analytic solution of the corresponding
master equation.

By constructing a forced linear model for the expected
value of first-moment observables, spectral analysis accu-
rately recovers oscillation frequencies, damping rates, and
Kerr nonlinearities, even in the presence of time-dependent
Hamiltonians. A reasonable, though not ideal, estimation is
achieved for recovering the coupling strengths of a Jaynes-
Cummings interaction. Most recovered parameters differ from
their actual values by less than 5%, while one of the Jaynes-
Cummings coupling strengths shows a maximum deviation of
15%. In these cases, the mHAVOK framework identified more
nonlinear components, thereby increasing its influence on the
system dynamics. Since spectral analysis is performed on the
matrix that effectively captures the evolution of the linear
components, a slight decrease in parameter retrieval accuracy
is expected. Additionally, the matrix describing the nonlinear
components is generally rectangular, which precludes spectral
analysis.

An advantage of the mHAVOK algorithm is its ability to
recover strong damping rates, even in the presence of non-
linearities. This value was increased by almost an order of
magnitude and was still accurately recovered, at least in the
absence of Kerr nonlinearities or Jaynes-Cummings interac-
tions. Furthermore, the method was compared with the FFT
and matrix pencil techniques for recovering oscillation fre-
quencies and damping rates. It outperformed both techniques
in strongly damped cases and yielded results equivalent to
those of the other methods in other regimes.

Finally, we remark that the method relies on Koopman op-
erator theory to reconstruct the system dynamics. One of the
dynamical matrices represents a finite-dimensional realization
of the Koopman operator on a Koopman-invariant subspace
spanned by the expected values of the observables. Such
results motivate further exploration of Koopman theory as
a practical framework for characterizing quantum dynamical
systems.
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APPENDIX: OVERVIEW OF THE mHAVOK METHOD

The HAVOK algorithm was originally introduced as a
method for studying classical nonlinear dynamical systems
via forced linear models [12]. The methodology was mainly
applied to attractors and used Takens’ embedding theo-
rem, which guarantees a diffeomorphic attractor from delay
embeddings of a K-observable [32]. Although HAVOK suc-
cessfully reconstructs several dynamical systems, multiple
limitations have been identified [33,34]: first, only one func-
tion of the system’s state variables could be provided as input.
Second, out of the r main dynamical modes identified in the
schema, it was arbitrarily assumed that the system’s forcing
only came from the rth mode. Third, no objective criterion
for selecting such r was provided.

The limitations mentioned above were recently addressed
in a methodology named mHAVOK [11]. The proposed
extension allowed the method to include multiple time mea-
surements, included a framework for identifying linear and
forcing terms among the main r dynamical modes, and
presented an objective criterion for selecting r. Such improve-
ments remarkably improved the reconstructed dynamics, even
in complex nonlinear systems. Here, we present an explana-
tion of how mHAVOK works; for a detailed discussion, we
refer the reader to Ref. [11].

1. Review of the mHAVOK algorithm

Consider the evolution of the expected values of K-
observables of a (possibly nonlinear) dynamical system. In
this work, we study the expected values of n quantum ob-
servables, each represented by a N-dimensional vector and
stacked in a vector g,

(Oo(t1))
g = : , (Al)
(On_1(t1))

where k € N ranges from 0 to N — 1. The method performs a
delay embedding on g; as follows:
T
hy o= (g 8irys - Brm—tyz, | (A2)

where m is the embedding dimension and 7, = 1 is known as
the delay time. All hy are stored in a block Hankel matrix,

H=T[hy h, hy_p]. (A3)

Then, a singular value decomposition (SVD) is performed
on H,

H=US)", (A4)

where the first » columns of VT are retained; let V denote
this matrix and r be referred to as the cutoff rank. With this
considered, a first regression procedure is performed on V
in order to obtain C, which is defined as the matrix that
minimizes

min IV —VCT||f, (A5)

with || - || denoting the Frobenius norm and V the temporal
derivative of V. Afterward, the coefficient of determination
between each of the columns of V and VC is performed,

ey = Vel

_é, A6
' (Vi — 0; - 1]|? (A0)

where (¢;, V;) are, respectively, the ith columns of C and V, ] -
|| denotes the Euclidean norm in L?, ¥; is the temporal mean
of v;, and 1 is a vector of ones. Each of the r columns of V is
classified as linear or nonlinear according to their R? value:

I ={i: R} >t} (A7)

I ={l,....r\T.. (A8)

with 7 being a user-defined threshold and (Z., Zy) repre-
senting, respectively, the index sets of linear and nonlinear
dimensions. If v; is the ith column of V, then such components
are separated into two different matrices:

Ve :i=I[viliez., Vg :=[Viliez;- (A9)

Next, a second regression problem is defined to obtain two
matrices each model, respectively, the evolution of the linear
(A) and nonlinear (B) components. Mathematically,

min [[Ve — VAT — V/BT||r, (A10)
where A € CIZIxIZl and B € CZ<*IZsl and | - | denoting the
cardinality of the sets. Subsequently, the following forced
linear system is numerically solved:

% = Ax + Bu, (Al1)

with u := V; and x representing the simulated state vector.
The initial condition x(0) is a column vector given by the first
row of V.. Finally, the simulated block Hankel matrix H is
retrieved by reapplying the SVD factorization:

H=Uzx.x', (A12)

where U, and X. represent the SVD matrices of the lin-
ear components. The reconstructed K-observables defined in
Eq. (A1) will be given by the first block of H. With this pro-
cedure, mHAVOK provides a forced linear model that allows
the quantities of interest to be obtained.

2. On the identification of the optimal cutoff rank

The optimal cutoff rank r,p is identified by calculating the
condition number of the dynamical matrix B [11], which is
defined as the quotient between its highest and lowest singular
values [35]. Mathematically,

Omax(B)
Omin (B) '

with o (+) and opin(+) each representing the maximum and
minimum singular values of B. Physically, this value repre-
sents an optimal, nonredundant choice of dynamical modes
from which the system can successfully construct a forced lin-
ear model of its dynamics. In general, exceeding such a value
may lead to overfitting, while not reaching it may prevent
crucial dynamical modes from being perceived, precluding a
successful reconstruction from being obtained. The condition

k(B) = (A13)
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number, being an indicator of how sensible a matrix is to
changes in its input [35], successfully captures these phenom-
ena, therefore being an objective criterion for the cutoff rank
selection.

Considering each choice of r has an associated B, the
condition number was calculated over a sweep of values
[7min> Fmax]> With rpin being the minimum number from which
mHAVOK identified at least one linear dimension and rp,x =
30 an arbitrary upper value. The optimal rank used throughout
this work was the one with the highest condition number
within the selected interval.

3. On the selection of the embedding dimension and the number
of employed K-observables

In general, the accuracy of the recovered parameters cannot
be made arbitrarily good by increasing m or by changing its
value arbitrarily. For a given dataset, there exists an optimal
embedding dimension beyond which the approximation does
not improve and may even deteriorate due to overfitting. Thus,
increasing the value of m does not necessarily enhance the ac-
curacy of the recovered parameters. Indeed, its optimal value
has been a major focus of research in the delay-embedding
literature; we refer the reader to Ref. [36] for a comprehensive
review of this topic.

On the other hand, increasing the number of observables
q tends to improve the approximation, as Ref. [37] showed
that at least for classical delay embeddings, noise correlation
is decreased by introducing more K-observables, notoriously
improving the reconstruction of the system dynamics.

4. Computational requirements demanded by mHAVOK

Considering an input of C-vector valued of K-observables,
each of length N, an embedding dimension m, and a cut-
off rank r in the SVD procedure, the computational cost of
mHAVOK is

O[mC(N — m)] + O[mC(N — m) min(mC, N —m)]
+ O[(N — m)r* + ). (A14)

The first term corresponds to the construction of the block
Hankel matrix, the second to its SVD factorization, and the
third to the regression procedures and the state-space simu-
lation of the forced linear model. In practice, N > mC and
the SVD term dominates. Hence, the time complexity re-
duces to O[(mC)?N], i.e., it increases quadratically with the
embedding dimension and linearly with the length of each
vector-valued K-observable.
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