PHYSICAL REVIEW A 114, 032416 (2026)

Optimal interpolation of entanglement purification protocols

Matthew Barber

and Stefano Pirandola

Department of Computer Science, University of York, York YO10 5GH, United Kingdom

® (Received 12 November 2025; accepted 29 July 2026; published 8 September 2026)

Bipartite entanglement purification is the conversion of copies of weakly entangled pairs shared between
two separated parties into a smaller number of strongly entangled shared pairs using only local operations and
classical communication. Choosing between different entanglement purification protocols generally involves
weighing up a trade-off between the ratio of strongly entangled pairs produced to weakly entangled pairs
consumed, which we call the rate of the protocol, and the degree of the entanglement of the strongly entangled
pairs, typically measured by the fidelity of those pairs to maximally entangled states. By randomly choosing a
protocol according to a probability distribution over a list of protocols for each pair we want to produce, we
can achieve rates and fidelities not achieved by any of the original protocols. Here, we show how to choose
this distribution to maximize the rate at which we produce qubit pairs with a given fidelity to a Bell state or,
equivalently, to maximize the fidelity to a Bell state of the qubit pairs produced at a given rate. We investigate
both the asymptotic case, where the number of initial pairs goes to infinity, and the finite-size regime, where
protocols are restricted to a finite number of weakly entangled pairs.

DOI: 10.1103/v55w-6x44

I. INTRODUCTION

In quantum information, we have resources with no coun-
terpart in classical information. Of these, entanglement is one
of the better understood. Moreover, it is one of the most
useful; among other applications, entanglement is used in
protocols to teleport quantum states [1], double the amount
of classical information that can be communicated per use of
a noiseless qubit channel [2], and share secret cryptographic
keys [3-5]. Like other quantum resources, it is limited by a
fundamental rate-loss scaling law [6], thus requiring the use of
quantum networks for long-distance end-to-end distribution.

Entanglement can only be created locally [7]. Therefore,
two separated parties, Alice and Bob, typically come to share
entanglement by an entangled pair being created locally and
then the two halves being sent to Alice and Bob. This process
introduces noise in the entangled pair and so we cannot
expect Alice and Bob’s state to be maximally entangled.
However, if this process produces pairs whose entanglement
is of lower quality than we require or produces pairs at a
higher rate than we need to use them, Alice and Bob can
choose to sacrifice some of their entangled pairs in the hope of
increasing the quality of the entanglement of the others. This
process is known as entanglement distillation or entanglement
purification [8].

We will not be concerned here with the quantum Shannon-
theoretic task of converting our noisy entangled pairs into as
many perfect maximally entangled states as possible in the
limit as the number of pairs we have to work with goes to
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infinity. Rather, we will be focused on those protocols which
achieve some nonmaximal level of entanglement, measured
by the fidelity of the resulting states with a maximally entan-
gled pair. Moreover, we will focus specifically on the typical
case where our initial states are independent qubit pairs.

Generally, there will be a trade-off between the number
of pairs we expect to purify per initial pair consumed and
the fidelity of the resulting pairs with the chosen Bell state,
known as the Bell fidelity, and different purification protocols
will provide us with different trade-off options. For some
applications, particularly in the context of quantum networks,
we may want to convert our initial states into purified states, at
least at a particular rate or produce purified states with at least
a particular Bell fidelity. For instance, our application might
require a minimum quality of entanglement [9] or there may
be a bottleneck elsewhere in the network that means Alice and
Bob can, up to a point, lower the rate at which they purify pairs
with little to no downside [10].

By randomly choosing a purification protocol for each pair
we produce, which we shall refer to as interpolating between
protocols, we can achieve trade-offs in between the options
provided by our original protocols. A preliminary approach to
protocol interpolation was discussed in Ref. [11]. However, in
that paper, interpolation was only considered between proto-
cols that all aimed to convert the same, fixed number of initial
pairs into one purified pair. Here, we consider an optimal
strategy for interpolation between protocols that may consume
a variable number of pairs to produce one purified pair.

If we have a list of entanglement purification protocols and
want to interpolate between them, we must choose a probabil-
ity distribution over them which tells us with what probability
we will choose any given protocol from our list to purify our
next pair. Different options for this probability distribution
result in different trade-offs between the rate of and fidelity
achieved by the corresponding “interpolated” protocol. In
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Sec. II, we show how to find the probability distribution which
produces pairs with the highest Bell fidelity at a particular rate
or produces pairs with a particular Bell fidelity at the highest
rate. This is done in the limit as the number of initial pairs we
have to purify goes to infinity.

Then, in Sec. III, we investigate the performance of inter-
polated purification protocols in the case where we only have
a fixed, finite number of pairs to purify. Note that although
for convenience we will picture these initial pairs as all ex-
isting simultaneously in a “pool” of states to be purified, this
analysis would also apply in other contexts where many of the
pairs did not exist at the same time, for instance, if two parties
were frequently generating weakly entangled pairs, purifying
them, and then using the purified pairs for their purposes.
In that case, the finite number of initial pairs consumed would
be the number of weakly entangled pairs generated in total,
even though they need not all exist simultaneously.

For concreteness, in both Secs. II and 111, we demonstrate
the application of the general techniques we develop to the
case of interpolating between different numbers of iterations
of the “DEJMPS” protocol [12] acting on initial pairs pro-
duced by sending halves of Bell states through simple noisy
quantum channels. That is, we analyze the performance of
“interpolated DEJMPS” protocols acting on initial states of
the form p = (14 ® Ep)(|P)(P|), where |P) is our chosen
Bell state, 1, is the identity on the half of |®) that Alice keeps,
and &g is a quantum channel applied to the second, transmitted
qubit. We compare the rates achieved by the interpolated
protocols to the rates that would be achieved if we applied the
DEJMPS protocol just enough times to reach a target fidelity
of 0.9 to | D) (P|.

II. THE ASYMPTOTIC SCENARIO

A. The general case
1. Achievable rates and fidelities

Suppose Alice and Bob have a pool of independent qubit
pairs, each in some entangled state p, and want to con-
vert them, via local operations and classical communication
(LOCC), into as many independent pairs as possible with as
high a Bell fidelity as possible where, by the Bell fidelity,
we mean the fidelity to |®)(®|. Naturally, we expect there
to be a trade-off between the Bell fidelity they achieve and the
number of such pairs they produce per pair consumed from
the pool. Here, we will define the fidelity between two density
operators, T and 7/, to be

F(r,7') = (Try/ J/T1'/7). (1)

Moreover, for every F’ € [0, 1], we will let

W1 o) 4 24
3 12

where 14 is the 4 x 4 identity operator, denote the Werner
state of Bell fidelity F’. Now, let H = C? ® C? be the Hilbert
space in which the state of a qubit pair exists. Then, given F’ €
(3. 1) and R € (0, 00), if, for every 8 € (0, R) and € € (0, 1),
there exists an N € N and an LOCC, A, from the space of
density operators on H" to the space of density operators on

Wer =

14, 2

HWE=9T qych that
FIA®), W] > 1 — e, (3)

where W' denotes the Werner state [13] of Bell fidelity F’,
then we will say we can achieve a fidelity F’ with rate R
from p.

2. The interpolated protocol

If Alice and Bob agree on a protocol which will, on aver-
age, consume some finite, nonzero number / of states from the
pool and with probability 1 will produce a single entangled
qubit pair in some state p’, then we will say that the rate
of this protocol is % By the law of large numbers, we can
see that if Alice and Bob repeat the process enough times,
they can ensure that the probability of the number of p’ states
they produce divided by the number of p states they consume
being arbitrarily close to the rate of the protocol is arbitrarily
close to 1. Now, imagine that we have a set of K protocols,
for some K € N, which produce a single copy of the states
Pls P5s - - ., Py, Tespectively. We will denote by 11, b, ..., Ix
the numbers of states the respective protocols consume on
average and by R;, Ry, ..., Rg the rates of our respective

protocols.
Let pi, p2, ..., px be the probabilities of a probability
distribution over {1, 2, ..., K} and let

1
R = .
pili + p2lr + - - + pxlk

Now, choose § € (0,R) and € € (0,1). Given N € N, let
X1, X5, X3, ..., Xjnw—-s) be independent random variables,
each distributed over {1, 2, ..., K} according to the chosen
probability distribution. Now, imagine that Alice and Bob
apply their Xjth protocol, followed by their X>th protocol,
and so on, until they apply the X;yr—_s)th protocol. Let
Yinr—sy = 0 if the number of p states consumed exceeds N
and let Y]'N(R—(S)] = 1 otherwise. If Y[N(R_g)" = 0, then they
declare failure and replace all of their qubits with W% or
some other separable state of their choosing. Otherwise, they
declare success and apply the twirling operation, the operation
described as a random bilateral rotation in [14], to each of
their pairs, converting them into Werner states while preserv-
ing each pair’s Bell fidelity. By the weak law of large numbers,
as N — oo, Pr(Yiyr-s); = 1) — 1. Therefore, we can fix N

so that PI‘(Y[N(R,S)" =1)>J1l—e

“4)

Let Fi, ..., Fx denote the Bell fidelities of pi, ..., pk,
respectively, and let
F'=piFi+ poF+ - + pxFx. )

We then see that Alice and Bob’s interpolated protocol maps
®N
P to

oM =Pr(Yy = DWH + Pr (v, = OW&, (6)
2
where
M
W= 3 XM =ary = DR W, (D
xe(l,...KM i=1

with M = [N(R —§)] and X = (Xi, ..., Xu). Note that
both o™ and W} are Bell diagonal.
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Let Z,,7,,...,Zy be random variables on {1, 2, 3, 4},
conditionally independent given (Xi, ..., Xjr), where, for ev-
eryie{l,2,...,M}andx € {1,2,..., K},

Pr(Zi=11X" =x)=F, (8)
and
Pr(Z; =2|1X" = x) =Pr(Z; = 3|1X™ = x)
=Pr(Z; = 4x" = x)

- 125 ©)
LA

We then associate with each possible sequence of M Bell
states a unique z in {1, 2, 3, AWM 5o that the probability mass
function of ZM over {1, 2, 3, 4}™ corresponds to diagonal ele-
ments of W},l in the Bell basis. Likewise, we define a random
variable Z'Y, which is equal to Z¥ if Yy, equals 1 and, if Y},
equals 0, is a sequence of M independent random variables
over {1, 2, 3, 4}, which are each 1 with probability %, 2 with
probability &, 3 with probability ¢, and 4 with probability
é. Then, the probability mass function of Z corresponds
to the diagonal elements of o in the Bell basis, just as the
probability mass function of Z¥ did for W
Now,

F(U [N(R—6)] , WI,?(N(R_B)] )

- Z VPr(ZM = z)Pr (ZM = z)

WV
=
-t
|
=<
[l
a8
o)
-t
|
N
[l
il
<
[l

> > Pz =zYu=1)

=Pr(Yy = 1)’

>1—e (10)
Therefore, we can achieve a fidelity F’ with rate R with
our iterated interpolated protocol. Before moving on, we
note that we can, if we wish, instead say that with prob-
ability Pr(Y;y—s7 = 1), we succeed in producing a state
with fidelity at least Pr(Y;yr—sy; = 1) to WE,’ INR=DT namely,

WiVEI starting from p®V.

3. Reparametrizing the interpolation
Now, foreach k € {1,2,..., K}, let
qr = prlx (11)
so that the achieved fidelity is
iR By + pRoFy + - - + grRe Fi
QiR+ @Ry + -+ + gk R

12)

and the rate is
QR + @Ry + -+ - + gk Rk
q1+q+---+qg )

13)

Note that the achievable fidelity and rate would not change if
we multiplied g1, ¢», ..., gk by the same nonzero constant.
Therefore, in what follows, we will drop the normaliza-
tion condition that p; + p; + - - - + px = 1 and instead insist
only that ¢, ¢», . .., gx are non-negative and g¢; + ¢» + - - - +

gk # 0.

4. Optimizing the interpolation

We now turn to the question of how to choose our
q1,---,qxk S0 as to maximize the fidelity achieved at a par-
ticular rate, or vice versa. If one protocol achieved both at
least as high a rate and at least as high a fidelity as another,
then there would be no point in ever using the latter proto-
col. Therefore, we assume Ry > --- > Rxand F; < --- < Fx.
Now, if at least three of ¢, qa, ..., gk are positive, we can
choose three distinct values, i, j, and k, from {1,2,3,..., K}
such that ¢;, g;, and g, are positive and assume, without loss
of generality, that i < j < k. Then, we can choose r € (0, 1)
such that 7R; + (1 — )Ry = R;.

For every [ € {1,2,...,K}\ {i, j, k}, let g; = q;. If we
have rR;F; + (1 — r)RiFy — R;F; > 0, then we let §; = q; +
rqj, Gk = qx + (1 — r)q;, and §; = 0. Otherwise, we let §; =
qi—71x, Gx =qxr— (1 —r)x, and §; = g; +x, where x =
min {£, -}, In either case, we then see that §1, o, ..., 4
are all non-negative, that the number of them that are nonzero
is less than the number of gy, ¢», . . ., gk that are nonzero, that

GiRi+---+4xRx  qiRi + -+ gxRg
qit -t ax Qi+t ax

. (14)

and that

S QR Fe Y akRiF
ZkK=1 Gr Ry Zszl qrRk

By repeating this argument, then, we see that there must be
a way of interpolating between only two of Alice and Bob’s
protocols to achieve at least as high a Bell fidelity as did our
original interpolated protocol at the same rate as our original
interpolated protocol. Therefore, when asking how we can
optimize our choice of g1, qo, ..., gk to maximize the Bell
fidelity of the resulting states for some fixed rate, or vice
versa, we need only consider those choices of ¢, qa, .. ., gk
for which all but two are nonzero. This greatly simplifies the
optimization problem.

Suppose then that we decide to interpolate between two of
Alice and Bob’s protocols, say, the ith and jth protocols. Sup-
pose further that we are interested in producing approximate
ebits at some rate, Ryarger With R; 2> Riager = R, with as high
a Bell fidelity as possible. We can then see that the fidelity we
can achieve in this way is

FiRi(Rtaxget - Rj) + FjRj(Ri - Rtarget)
Rtargel(Ri - Rj) ’

15)

(16)

Hence, provided R < Rigrger < Ry, the maximum fidelity we
can achieve at our target rate by interpolating between the
given entanglement distillation protocols is

X E’Ri(Rlarget - Rj) + FjRj (Ri - Rtargel)
Rtarget(Ri - Rj)

ma
(i,j)€A

. A7
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FIG. 1. The convex hull of four points, corresponding to the
performance of zero, one, two, and three iterations of the DEJMPS
protocol applied to Wy g states. Note that although it is unclear in
the image, the point corresponding to one iteration of the DEJMPS
protocol lies strictly in the interior of the convex hull in this case.

where
A={G, j)efl,....K}* |i < j, Ruget € [R}, Ri1}.

Likewise, the maximum rate at which we can produce ap-
proximate ebits with fidelity Fuger € [F7, Fx] by interpolating
between the given entanglement distillation protocols is
(F; — F)RiR;
max ,
(i,j)€B Ri(Earget - F)+ Rj(Fj - Emget)

(18)

where
B={G,j)ell,...,K} | i < j, Fae € [F;, Fj1}.

Before moving on, we note that it is also possible to
understand this optimization geometrically. By Egs. (4) and
(5), we can achieve some fidelity F’ € (%, 1) at a rate
R € (0, 00) by interpolating between our protocols if and
only if the point (F, %) lies in the convex hull of the
points {(F1, 1), (F3, ), ..., (Fk, Ix)} plotted on the Carte-
sian plane. Optimal interpolations correspond to points on
the boundary of the convex hull. An example is shown in
Fig. 1. From this geometrical perspective, we can see, just
as we proved above, that we need not consider interpolations
between more than two protocols when searching for the
optimal interpolation. We can also see that provided none of
our protocols correspond to points in the strict interior of the
convex hull, an optimal interpolation can always be found by
interpolating between consecutive protocols in our list.

5. Limiting the number of protocols

Suppose Alice and Bob have a sequence of protocols which
achieve fidelities Fi, F>, ... with respective rates Ry, R, ...
with Fi <P <---, Ry >Ry > ---, limj_o Fr =1, and
limy_, oo Ry = 0. They want to find an interpolated protocol
using the above ideas to, say, achieve a fidelity Fiyge at as
high a rate as possible. However, without choosing a value of
K, they cannot use Eq. (18). How can they choose a value of

K and be sure that a larger value would not have allowed them
to find an interpolated protocol that achieved the target fidelity
at a higher rate?

Naturally, we assume Fgge € (Fi, 1). Now, let K =
max{k € N | Fy < Fiager). Suppose that Alice and Bob have
already found some interpolated protocol which achieves the
fidelity Farger at a rate Rachieved € (0, 00). We will further as-
sume that Rg_, | < Rachieved < R since we can clearly achieve
fidelity Fiarger, Which is less than or equal to Fg, , with a rate
at least as high as Ry, ; and if we could achieve it with a
rate Ry, then the Kth protocol would be strictly worse than
some interpolation of two of our other protocols and could
be omitted from our set of protocols without any loss in
performance. Now, if, for some i € {1,2, ..., K} and some
je{R+1,K+2,.. 1}, itis possible to achieve fidelity Farget
with rate greater than Rychieved by interpolating between the ith
and jth protocols, then, from Eq. (18), we see that

(Fj — F)RR;
Ri(Ftarget - E) + Rj (Fj - Eargel)

and so we have

> Richieved; (19)

R; > (Flarget — Fi)RachievedR;
(Fj — F)R; — (F; — Farget)Rachieved
- (Flarget — Fi)RachievedRi
(1 = F)R; — (1 — Farget)Rachieved
= Q, (20)

where Q2 denotes

. (Earget - Fi’ )RachievedRi’
min .
i'efl,....K} (1—-F)Ry — (1 - Earget)Rachieved

Note that the expression in Eq. (21) is positive and inde-
pendent of i and j. Therefore, Alice and Bob can set K to
max {k € N | R, > Q}, thereby restricting their attention to
a finite number of protocols to interpolate between while
knowing that they could not have achieved a better rate by
setting K to a larger value. We can use an almost identical
formula to limit K if we want to maximize the fidelity that we
achieve at a particular fixed rate.

21

B. The DEJMPS case
1. DEJMPS interpolation

We will now apply these concepts to a specific example.
Imagine Alice and Bob want to produce approximate ebits
with Bell fidelity Fiargec € (%, 1) at the highest rate they can by
interpolating between DEJMPS protocols with different num-
bers of iterations. For a description of the DEJMPS protocol,
see Appendix A. A

Letsy =1 and, fori e N, let s; = t;5,_1 = ]_[’j=1 tj, where
t; is the probability of the DEJMPS protocol succeeding when
applied to two independent pairs, each in the output state
of applying the DEJMPS protocol i — 1 times. If we were
applying successive iterations of the DEJMPS protocol to a
large pool of states, then, for every i € N, the fraction of the
qubit pairs we would expect to survive the ith iteration of
the DEJMPS protocol would be ’5 Then we can see that for
ie€{0,1,2,...}, therate of the DEJMPS protocol performed i
timesis R; = ;—’ For an alternative derivation of this result, see
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Target Fidelity: 0.9

O Interpolated DEJMPS
Standard DEJMPS
o REE Upper Bound
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Depolarizing Probability

FIG. 2. The rates at which we can convert the output states of
the depolarizing channel acting on true ebits into approximate ebits
with fidelity 0.9 to a true ebit using the DEJMPS and interpolated
DEJMPS protocols. The rate achievable by interpolating between
different numbers of DEJMPS iterations is shown in blue. The rate
achievable by simply applying the DEJMPS protocol iteratively
without interpolation until we reach the target fidelity is shown in
orange. The upper bound on the achievable rate shown in green is
based on the relative entropy of entanglement (REE).

Appendix A 3 b. Figure 2 shows the rates at which the Werner
states produced by applying a depolarizing channel to a true
ebit can be converted into states with fidelity 0.9 to a true ebit
via interpolated protocols of this kind.

2. An upper bound on the achievable rate

For reference, it may also be useful to compare the rate at
which the standard, iterated DEJMPS and interpolated DE-
JMPS protocols achieve our target fidelity to some upper
bound on the achievable rate. Suppose a fidelity Fiarge 1S
achievable with rate R from p. Now, let E be an asymptoti-
cally continuous entanglement measure. We can see then that
for all § € (0, R), we must have

E (w2l o) E(o®)
lim < lim —=, 22)
N—oo N N—-oco N

For example, suppose E is the relative entropy of entangle-
ment (REE) and p is some Werner state, Wg, ... Although it is

not additive in general, it is additive with respect to identical
Werner states and so we find [15,16]

1—h Fini ial
< Q’ (23)
1 - h(Earget)
where & is the binary entropy function. See, again, Fig. 2,

where we compare this upper bound with standard and inter-
polated DEJMPS protocols.

III. THE FINITE-SIZE SCENARIO

A. Finite N performance

In practice, the pool of states on which we perform en-
tanglement purification will be finite. Therefore, it would be
useful to be able to quantify how close the protocols described
in Sec. II come to achieving their asymptotic fidelity and rate
in the case where we are limited to a pool of N initial states.
As before, we let F’ denote the fidelity our protocol achieves
in the limit as N — oo. If we aim to produce M’ states and the
joint output state for our protocol acting on p®" is o™’ then
we can define the global infidelity as

€goba = 1= F (™, W) (24)
and the (average) per-pair infidelity as

1
€pair, i = 1 — (1 — €globar,m?) ¥ . (25)

Here, we will be interested in the maximum number of states,
M, that Alice and Bob can aim to produce while keeping
either the global infidelity or the per-pair infidelity below
some chosen threshold, &, in (0, 1). That is, we either set

M = max {M' € {0,..., N} | €gobarr <& (26)
or
M = max {M/ € {01 BRI N} | €pair, M’ g g}s (27)

depending on whether we are interested in the global or the
per-pair infidelity. We will then say that from p®", we have
achieved a fidelity F’ and rate % with a global or per-pair
infidelity at most €.

We reiterate at this point that although, for convenience, we
will speak of a pool of N initial states, these states need not
all exist simultaneously. For instance, suppose two nodes in
a quantum network generate initial entangled states p, apply
their protocol as much as they can to what has been gener-
ated so far, and immediately use their purified pairs as they
produce them. If, for example, they are using an interpolated
DEJMPS protocol, as described in Sec. IIB 1, in which the
largest number of iterations of the DEJMPS protocol they
apply is j, they need only store up to j + 1 qubit pairs at a
time. Then, if we know that, say, in some time period, the two
nodes will generate N copies of p and we want to purify them
into as many copies of Wy as possible, up to some specified
infidelity, then we can achieve this with some number of
purified states, M, even though the copies of p need not all
exist simultaneously.

B. Bounding M

In practice, it may be computationally expensive to find
M. Therefore, we will find upper and lower bounds on it
instead by placing upper and lower bounds on F (o™, WF@?M )
for different values of M’. Inequality (10) tells us that we will
have

F(o™ , WEM) = Pr (Y = )%

If we do not use an interpolated protocol but rather one which
always produces independent Wg: states, then we can use the
independence of Z¥' and ), to modify the argument used to
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derive Ineq. (10) and obtain a tighter lower bound,

F(o™, wg")
2

> > \/Pr (ZM =2’ Pr (Y = 1)

me{l1,2,3,44M
=Pr(Yy =1). (28)

For instance, Ineq. (28) would apply if our protocol consisted
in applying enough iterations of the DEJMPS protocol for the
Bell fidelity of the resulting output states to exceed F’ and then
applying a twirling and a depolarizing operation to convert our
output states into Wy states. We can obtain an upper bound on
F(oM', W2™') by using the fact that the fidelity between two
states increases under the action of the partial trace on any of
the subsystems. Let F};, equal

Pr (YM/ = O)

K
5 + Y Pr(Xy =k Yy = DF;. (29)

k=1

Then, taking the partial trace over all but the last qubit pair,
we find that

F(o™ WS < F(Wer, W)

_ (\/F/FA;’, n \/(1 — F))(1 = Fl)2. (30)

We will use these upper and lower bounds to put upper and
lower bounds on M, allowing us to compare the performance
of our new, interpolated protocols to our original protocols.
For concreteness, we will assume that we want to limit the
global infidelity of our protocol’s output to be less than &, that
is, we are defining M using Eq. (26). If we instead wish to
use Eq. (27), what follows can be adapted straightforwardly
to that case.

We have

M > max Oy, (31)
where O; denotes
M e{0,...,N}|Pr(Yyy =1) > 1 —E)}. (32)

If our protocol only produces independent Wy states upon
success, we can improve this using Ineq. (28) and write

M > max O,, (33)
where
O,={M €{0,....,N} |Pr(Y)yy =1)>1-¢}. (34
Finally, based on Ineq. (30), we have
M < max Os, 35)
where O3 denotes
{M’e{0,...,N}|F(Wpr,WFﬁ;/) >1-¢}. (36)

Hence, if we have a method for calculating Pr(Xyy = k, Yy =
1) for different values of M’ and k, then we can bound M.
In Appendix B, we describe two such methods that we have
applied to our interpolated DEJMPS protocols to produce
Figs. 3 and 4. These figures provide an example of the im-
proved performance that can be obtained in certain regimes

using the interpolation techniques described in this paper. In
particular, we see how the interpolated DEJMPS protocol is
able to clearly outperform the rate of the standard one in
various intermediate regimes. Appendix C provides additional
such figures.

IV. CONCLUSION

Interpolating between different protocols often allows two
parties to purify weakly entangled pairs into pairs with a
given target Bell fidelity at a higher rate or to purify at a
particular rate input pairs into output pairs with a higher Bell
fidelity than could have been done by any of their “unin-
terpolated” protocols. This is particularly true when, as will
typically be the case when choosing between a discrete set
of protocols, none of our protocols achieve the target fi-
delity or target rate without excess. Therefore, interpolating
between entanglement purification protocols is likely to be
a useful technique for any application for which we require
pairs to be purified at a particular rate or to a particular
quality.

For simplicity, we have only considered protocols that pu-
rify just one pair at a time, so-called n — 1 protocols, here,
but our results could be extended to protocols that produce
multiple purified pairs together, so-called n — m protocols.
When we use n — m protocols, the situation is complicated
by the fact that the purified pairs are no longer independent,
but are correlated with pairs that were produced with them.
For instance, if all our protocols produce two Werner states
of a particular Bell fidelity, rather than one, then if you know
what the state of the first purified pair is, you will also know
the state of the second. For some applications, these correla-
tions between states may not matter, but for others they might.
To produce a global state which is approximately equal to
a tensor product of Werner states with the target fidelity, as
measured by the fidelity of our average global output state
to that global target state, we could purify many pairs and
then perform a random permutation of the purified pairs. One
disadvantage of this would be that we would not be able to
use the purified pairs as soon as they were purified. Rather,
we would have to wait until we had purified many pairs so we
could perform our permutation.

One question not considered here is how to optimally in-
terpolate in the finite-size scenario. The interpolation that is
optimal in the asymptotic scenario is not necessarily optimal
when we have a finite NV, as can be seen, for example, in Fig. 3,
where the standard DEJMPS protocol performs better than
our interpolated protocol for certain channel parameters and
values of N. This could be an interesting avenue for future
research.

A natural next step would be to apply the results devel-
oped here in a realistic setting. For instance, it would be of
interest to model how effectively they can be applied as part
of a practical entanglement distribution protocol in a realistic
quantum network [17-22]. Note that while we have chosen
to use the DEJMPS protocol to illustrate the interpolation
idea, when designing an entanglement distribution protocol,
we may be able to achieve better performance by considering
other practical entanglement purification protocols.
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FIG. 3. Lower and upper bounds on the maximum number of output pairs per input pair at which the DEJMPS and interpolated DEJMPS
protocols achieve the target fidelity of 0.9 within a global infidelity of 10~ against the number of initial pairs, generated by applying a
depolarizing channel to one qubit of our chosen Bell state. The Bell fidelities of the initial states are linearly spaced, ranging from 0.55 in
the top-left figure to 0.9 in the bottom-right figure. At the top of each panel, we show the depolarizing probabilities corresponding to those
fidelities to three significant figures. If the depolarizing probability is p, then the Bell fidelity of the initial states is #. The lower and upper
bounds for the DEJMPS protocol are in red and green, respectively, and for the interpolated DEJMPS protocol, they are in yellow and magenta,
respectively. The asymptotic rates of the DEJMPS and interpolated DEJMPS protocols are shown in blue and cyan, respectively. Note that the
lower bounds for the interpolated protocols are based on Ineq. (31), the lower bounds for the uninterpolated DEJMPS protocols are based on
Ineq. (33), and the upper bounds are based on Ineq. (35).
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APPENDIX A: THE DEJMPS PROTOCOL

1. The basic description

The DEJMPS protocol [12] is a well-known entanglement
purification protocol. It is very similar to another well-known
purification protocol, often referred to as the “BBPSSW”
protocol [14], although the DEJMPS protocol is regarded as
more efficient [23]. As we have used the DEJMPS protocol to
illustrate the interpolation techniques developed in this paper,
we will briefly describe it here.

Let |04) and |14) denote the two computational basis states
for Alice’s qubit and |0g) and |15) denote the same for Bob’s
qubit. Now, let

[04)108) + 114)115)

|oF) = 7 . (A1)

o) = |0A)|OB>J§|1A)|13)’ (A2)

W) = |0A)|1B>:/+‘§| 1A>|OB>7 (A3)
and

o) = 104)I15) — [14)105) (Ad)

7 .
We will let |®*) be our target Bell state, which we referred
to simply as |®) in the main body of the paper. Note that we
may repeat the argument for any other target Bell state.

Suppose that Alice and Bob share two qubit pairs in the
joint state p ® p’, where p is the state of the first pair and p’
that of the second pair. If C denotes either A or B, let Uc be
the unitary operation that acts on one of Alice or Bob’s qubits
accordingly and satisfies

_10e) = ille)

Uc|0c) = A5
cl0c) 7 (AS)
and
[1c) —il0c¢)
Uclle) = ———. A6
cllc) 7 (A6)

Now, Alice applies Uy to both of her qubits and Bob ap-
plies U; to both of his. Alice and Bob then each perform a
CONTROLLED-NOT operation on their respective qubits, with
the qubits from the first pair being the source qubits and the
qubits from the second pair being the target qubits. Finally,
Alice and Bob measure their target qubits in the computational
basis. If their measurement results are the same, they keep the
first qubit pair and otherwise they discard them.

Let A, B, C, and D denote the diagonal elements of p in
the Bell basis in the order |®*), | ™), |WT), |®~) and let A/,
B', C’, and D’ denote the corresponding terms for the state p’.
In that case, the probability that the protocol succeeds and we
keep the source pair is

t=A+B)A +B)+ (C+D)C' +D. (A7)

If the protocol succeeds, the diagonal elements of the resulting
state in the Bell basis with the same ordering as before are
given by

AA’ + BB’

A = + (AS)
CD' +C'D

B = % (A9)
CcC' + DD’

c”=+, (A10)

and

AB +A'B

pr= 22 A5 (Al1)

t

2. Iterations of the DEJMPS protocol

In the main body of the paper, we speak of performing
multiple iterations of the DEJMPS protocol. Here, we clarify
what we mean by this. Suppose we start with a large pool of
independent qubit pairs in some weakly entangled state p.

Performing zero iterations of the DEJMPS protocol means
leaving the initial state alone. Performing one iteration of the
DEJMPS protocol means repeatedly applying the standard
DEJMPS protocol to pairs of qubits until we succeed in pro-
ducing a more entangled pair. Performing two iterations of the
DEJMPS protocol means applying one iteration of the DE-
JMPS protocol two times to produce two pairs more entangled
than the initial pairs and then applying the DEJMPS protocol
to the resulting two pairs to produce an even more entangled
pair or to fail, in which case we repeat the whole procedure
until we succeed in producing our even more entangled pair.
This pattern then continues. An example of what applying
three iterations of the DEJMPS protocol might look like is
shown in Fig. 5. Whenever we speak of applying the DE-
JMPS protocol or some other purification protocol until our
states reach the target fidelity, we are talking about applying
Algorithm 1. Algorithm 2 is equivalent to Algorithm 1 when
we are applying the DEJMPS protocol.

ALGORITHM 1. Applying an entanglement purification pro-
tocol until we reach a target Bell fidelity, F'. P(p, N) denotes the
probability distribution for the number of pairs we will purify if
we apply the protocol once, Q(p) denotes the states of the purified
pairs after one successful application of the protocol, and ~ denotes
sampling from a probability distribution.

while (®|p|P) < F’ do
N~ P(p,N)
p < Q(p)

end while

p <~ W
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FIG. 5. An example of what performing three iterations of the
DEJMPS protocol might look like. The black lines represent the ini-
tial pairs. The purple lines represent pairs produced via one iteration
of the DEJMPS protocol. The green lines represent pairs produced
via two iterations of the DEJMPS protocol. The red line represents a
pair produced via three iterations of the DEJMPS protocol. The black
crosses denote failed applications of the protocol.

3. Pairs consumed and pairs produced
a. Pairs produced from fixed pool

In the main body of the paper, we measure the error of our
purification protocols by the infidelity between the average
output state of the protocol and the desired number of copies
of the target Werner state. We do this because it allows us
to compare our interpolated protocols to our uninterpolated
protocols. However, when simply performing a fixed number
of iterations of the DEJMPS protocol to a pool of independent
and identical initial states, the only variable is the number
of output pairs we successfully purify. For completeness, we
show one way in which the distribution of this random vari-
able may be calculated.

For (k,n) € {0, 1,2, ...)2, let M} denote the random vari-
able representing the number of pairs we can purify from
k iterations of the DEJMPS protocol from n initial pairs.
Likewise, for all k € N, let #; denote the probability that the
DEJMPS protocol will succeed when applied to two pairs
produced via k — 1 iterations of the protocol. Then, for all
(m,n) €{0, 1,2, ...)%, we have

Pr (M = m) = 8,0, (A12)
where § is the Kronecker delta, and
IE(M(’}) =n. (A13)

Similarly, we can see that for all n € {0,1,2,...}, M}
follows a binomial distribution. For every ¢ € [0, 1] and n €
{0,1,2,...},let B} be a B(n, t) random variable. Then, for all
me{0,1,2,...},

Pr (M} = m) = Pr (B}* = m) (Al4)

ALGORITHM 2. An equivalent alternative to Algorithm 1 in
the case where we are applying the DEJMPS protocol. We adopt
the notation of Algorithm 1 and use B( L%J, t) to denote a binomial
random variable with L%J trials and a trial success probability of 7.

A < (DF|p|DT)
B« (V7 |p|¥7)
C <~ (WH|p|¥t)
D« (7 [p|®7)
while A < F’ do
t < (A+B)*+ (C+ D)
N ~B(¥].1)
2 2
a o s
S
€ ot
D « @
A< A
B <~ B
C <« (C
D <« D
end while
p < Wp

and

E(M!) = {thl. (A15)

Now, we can derive a recurrence relation relating the dis-
tribution of M}’ to the distribution of M}’ , by conditioning on
how many pairs we will be able to purify after k — 1 itera-
tions of the protocol. Forall k € N and (m, n) € {0,1,2.. Y,
by conditioning on the number of pairs distilled after k — 1
iterations, we find that Pr(M;} = m) is given by

Lyt ]
Pl s

> Pr(Mp_, =m1)Pr(B, " =m) (A16)
my_1=0
and
Ly ] "
E(Mp) = Y Pr(Mi, =mi)| 5 Ju
m/(,1=0
Mn
=#( %))
_[EGE)-PrLe0)]

2

where O is the set of positive odd integers.
As an example, let us use Eq. (A17) to find E(M?) for all
ne{0,1,2...}. Wesee that foralln € {0, 1,2, ...},

Pr(Mje0)= > (L§J>t;"1(1—t,)m'"'
mellas..p N
1 — (1 =23
=%, (A18)
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Hence, foralln € {0, 1,2, ...},

n — 5] _
E(M2) = n[2]5 |0+ 0 —2n) 1]'

7 (A19)

b. Pairs consumed to produce M' pairs

Alternatively, given (k,m’) € {0, 1,2, ...}%, we might be
interested in the number of pairs from our pool that will be
consumed in the production of m’ output pairs generated via
k iterations of the DEJMPS protocol, I,:”'. The distribution of
this variable can also be calculated using the results of the
previous section because it can only take even values and, for
all (k,m) € {0,1,2,...}%>andn € {0, 2,4, ...}, we have

Pr(I'=n) =Pr (M} >m)—Pr(M”" >m), (A20)

where Pr(M,” '>m)=0. Alternatively, we could use the
method of Appendix B2, which is not restricted to the DE-
JMPS protocol.

Having shown how we might calculate the exact distribu-
tion of the number of initial pairs required to purify M’ output
pairs, we also now give a description of the asymptotic behav-
ior of this distribution in the limit as M’ goes to infinity. For
allk €{0,1,2,...},asM — oo, %
to a normal distribution with mean u; and variance J—kz,, where
W is the mean number of states the DEJMPS protocol with k
iterations consumes to produce one output state and o2 is the
variance in the number of states consumed to do so. Hence,
for all k£ and large M’, I,ﬁ”’ is approximately distributed as a
normal random variable with mean M’y and variance M /okz.

For k € N, to apply the DEJMPS protocol k times, we must
produce two pairs by applying it k — 1 times and, if we fail to
apply the DEJMPS protocol to them successfully, produce two
more pairs by applying the DEJMPS protocol k — 1 times, and
so on until we succeed. Letting J; denote the number of pairs
we produce by applying the DEJMPS protocol & — 1 times
before ultimately succeeding, we have

converges in distribution

e =Y _PUx = 2mE(I}|J; = 2n)

n=1

oo
=20l — 1)

n=1
2k—
= ZHkt (A21)
Ik
Then, by induction, we have, for all k € {0, 1, ...},
2k
Mg = —, (A22)
Sk
where so = 1 and, forall k' € N, sy = tpsp_1 = ]_[f‘=1 t;.

Similarly, for all k € {0,1,2...}, we let O’k2 = Var(Ikl).
Then, by the law of total variance, for every k € N, we have

of = E[Var(L} |J)] + Var[E(L} | J)]

202, 2%Var(%)
= + 5
I Sk—1
202 2%(1 — ¢
_ %1 ( i k)‘ (A23)
1y Sy

We can then see by induction that 002 =0 and, forall k € N,
we have

2 _
o =

Skt [2"‘1 — Sk(l + 30 29_71)]

2
Sk

(A24)

APPENDIX B: CALCULATING Pr(Xy =k, Yy =1)
1. The Markov chain method

One way of calculating Pr(X;; = k, Yy = 1) for different
values of k and M’ is to characterize the process of repeatedly
applying our protocol as a Markov chain in which each step
corresponds to consuming one more state from our initial
pool. Then, we find the probability distribution for the Markov
chain’s state after N steps, from which we can find the prob-
ability distribution for the number of purified pairs produced
by our protocol and the protocol used to produce the final pair
by the time it has consumed N pairs from the pool. Of course,
the exact specifications of the Markov chain will depend on
the protocol we are working with. We will now aim to make
this method clear by looking at the Markov chain in the case
in which we apply one of our interpolated DEJMPS protocols,
although it could be straightforwardly adapted to general in-
terpolated entanglement purification recurrence protocols.

Suppose that the two protocols we are interpolating be-
tween involve applying the DEJMPS protocol i and j times
with i < j and we apply the former protocol with probability
p. Now, let the maximum number of states we could produce
in this way from our initial N states be denoted by T = lelij.
In total, our Markov chain will then have 2T — 1)(2/ +2/ +
2) + 2 states, as follows.

Two states correspond to us having successfully produced
T pairs. The first of these corresponds to having produced the
T'th pair by performing i iterations of the DEJMPS protocol
and the second corresponds to having produced the T'th pair
by performing j iterations of the DEJMPS protocol. Both of
these states are absorbing as there is no hope of us producing
any more pairs using only N initial pairs.

Suppose we wish to apply i iterations of the DEJMPS
protocol. Along the way, there are 2/~ stages we must pass
through that we must consume input pairs to move on from.
The first of these is the stage where we have produced nothing.
The second is the stage where we have produced one pair
via one iteration of the DEJMPS protocol. The third is the
stage where we have produced one pair via two iterations of
the DEJMPS protocol. The fourth is the stage where we have
produced one pair via two iterations of the DEJMPS protocol
and one pair via one iteration of the DEJMPS protocol. The
fifth is the stage where we have produced one pair via three
iterations of the DEJMPS protocol. This continues until the
2i~!th stage, where we have produced one pair via i — 1
iterations of the DEJMPS protocol, one via i — 2 iterations
of the DEJMPS protocol, and so on, down to one pair via 1
iteration of the DEJMPS protocol.

Now, the DEJMPS protocol consumes two pairs from our
initial pool each time it moves between two of the above
stages. Therefore, to ensure that each transition in the Markov
chain corresponds to using one more pair from the initial pool
of states, we must, in fact, associate to each of the above stages
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FIG. 6. The same as Fig. 3, except the initial states were generated by applying a dephasing channel to the chosen Bell state.

not one, but two states of the Markov chain, one correspond-
ing to being at that stage and another which transitions into
the former with probability 1. Associated with these stages,
then, we have a total of 2/ states in our Markov chain.

On top of this, forn € {0, 1,2, ..., T — 1}, we need states
from which we transition to a state corresponding to having
produced our n 4 1th purified pair. In fact, we must have two
such states for each n, one corresponding to us being about
to produce the n 4 1th pair via i iterations of the DEJMPS
protocol and one corresponding to us being about to produce
the n + Ith pair via j iterations of the DEJMPS protocol.
This gives us 2/ + 2/ 4 2 states corresponding to having pro-
duced n purified pairs and being in the process of producing
our n + 1th. However, to keep track of whether our most
recent pair was produced via i iterations or j iterations of
the DEJMPS protocol, we actually need twice as many states,
unless n = 0.

In total, then, we have, as claimed, (2T — 1)(2/ 4+ 2/ +
2) 4+ 2 states in our Markov chain. Each state corresponds
to the two parties having produced a particular number of
purified pairs, being at a certain stage in the production of
the next pair and having produced their most recent state
via a certain number of DEJMPS iterations. Each transition
corresponds to one more pair being consumed from the pool
of initial states.

The transition probabilities of the Markov chain are deter-
mined by the success probabilities of different iterations of the
DEJMPS protocol. The probability distribution for the initial
state reflects the fact that we start by trying to produce a state
via i iterations of the DEJMPS protocol with probability p;
and by trying to produce a state via j iterations of the DEJMPs
protocol with probability p; = 1 — p;. Then, the probability
distribution for the state of the Markov chain after N steps al-
lows us to calculate Pr(Xy, = k, Yy, = 1) for different values
of k and M'.

2. The iterative method

We will now describe an alternative method which is
sometimes faster than the Markov chain method described
above. Given n € {0, 1,2, ...}, imagine we are trying to
purify a single pair from a pool of »n initial pairs using
our interpolated protocol and let Y;, =1 if we succeed,
and Y; , = 0 otherwise. Moreover, imagining that we have
an infinite pool of initial states, for M’ € {0,1,2,...},
let I denote the number of states we consume in the
process of distilling M’ pairs. Then, for every M’ € N and
ke{l,2,...,K}, we can calculate Pr(Y), = 1, Xy = k) as

N
pe) Pr Tt =mPr(iyo, = 11X =k, (BD
n=0

We might calculate Pr(Yy y_, = 1| X; = k) for different
values of k and n using the Markov chain method de-
scribed above. Then, we note that for every M’ € N and
ne{0,1,2,...}, we can calculate Pr(/ = n) as

n—1
Z Pr(M ' = n)Pr(I' = n—1n'), (B2)
=0
and, for every n’ € N,
Pr(l' =n)=Pr(Yiy =1)—Pr (Y, ,_; = 1). (B3)

Therefore, we can iterate over the values of M’ we must
consider and calculate the distribution of I, for each of them,
allowing us to find M.

APPENDIX C: ADDITIONAL FINITE-SIZE PLOTS

Figures 3 and 4 of the main text showed the performance
of DEJMPS and interpolated DEJMPS protocols when our
initial states are produced by applying a depolarizing channel
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FIG. 7. The same as Fig. 3, except the initial states were generated by applying a Pauli channel where, conditional on the channel affecting
the state, a phase flip is applied with probability %, a bit flip with probability %, and a bit and phase flip with probability % to the chosen Bell

state.

to one-half of a Bell pair. As further examples, we show in
Figs. 6-8 the corresponding results for examples of other
standard qubit channels, namely, dephasing channels, Pauli
channels, and amplitude damping channels. Note that in all
of these cases, we assume that before applying the very first
iteration of the DEJMPS protocol, whether or not they are
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interpolating between different numbers of iterations, Alice
and Bob apply local unitary rotations to permute their Bell
states so as to maximize the Bell fidelity of the output states
upon success of one iteration of the DEJMPS protocol. This
ensures our results are invariant under a relabelling of the Bell
states.
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FIG. 8. The same as Fig. 3, except the initial states were generated by applying an amplitude damping channel to one-half of the chosen

Bell state.
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