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Condensation of vanishing photon emission rates in random atomic clouds
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In the collective photon emission from atomic clouds both the atomic transition frequency and the decay rate
are modified compared to a single isolated atom, leading to the effects of superradiance and subradiance. In
this article, we analyze the properties of the Euclidean random matrix associated with the radiative dynamics
of a cold atomic cloud, previously investigated in the contexts of photon localization and Dicke super- and
subradiance. We present evidence of a phase transition, surprisingly controlled by the cooperativeness parameter,
rather than the spatial density or the diagonal disorder. The numerical results corroborate the occurrence of
such a phase transition at a critical value of the cooperativeness parameter, above which the lower edge of the
spectrum vanishes, exhibiting a macroscopic accumulation of eigenvalues. Independent evaluations based on the
two phenomena provide the same value for the critical cooperativeness parameter.

DOLI: 10.1103/v4vy-wn4p

I. INTRODUCTION

Many-body physics and emerging collective effects present
many surprising features with theoretical, numerical, and ex-
perimental challenges. A fruitful approach to discover novel
features often exploits interdisciplinary research and concepts,
not directly focusing on detailed implementation and applica-
tions. Motivated by the recent development of open quantum
many-body systems, in this article we investigate novel fea-
tures based on a detailed analysis of the eigenvalues of a
random matrix involved in the description of collective decay
processes. Following Dicke’s pioneering article [1], the in-
vestigation of cooperative effects in atom-photon interactions
has attracted increasing attention from both theoretical and
experimental points of view. The interaction of photons with
atomic ensembles produces complex collective phenomena
[2], which profoundly differ from the behavior of individual
components of the system. For instance, in the collective pho-
ton emission from atomic clouds [3] both the atomic transition
frequency [4,5] and the decay rate are modified compared to a
single isolated atom. This rate can be larger or smaller than the
decay rate I' of an isolated atom, yielding superradiance [6-9]
and subradiance [10-13], respectively. The possibility to con-
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trol the emergence of collective phenomena paves the way for
a wide range of applications, e.g., for quantum information
processing and quantum communication [14—17]. Motivated
by this ongoing effort on cooperative effects and light local-
ization in two-level systems, implemented, for instance, in
cold atomic clouds, we focus on the spectral properties of
a Buclidean random matrix, relevant for photon localization
and Dicke super- and subradiance [18-20]. The same ran-
dom matrix was the subject of previous analyses on photon
localization [21] and cooperativeness [22] (see [23] for a
vector-model generalization). We note that phase transitions
in different Euclidean random matrices have been identified
with a phase transition controlled either by the spatial density
of the scatterers [24,25] or by additional diagonal disorder
[26]. In this article we show that a phase transition has been
found in the Euclidean random matrix as studied in [21-23],
surprisingly controlled by the so-called cooperativeness pa-
rameter, which is different from the spatial density and the
diagonal disorder parameter. Even though the approach we
follow is based on eigenvalue statistics rather than observables
of a driven system or the evolution of an interacting many-
body system, understanding an eigenvalue problem allows for
complementary insight into the underlying emerging proper-
ties of complex systems.

II. THE PHYSICAL SYSTEM AND THE MATRIX S

The system under investigation is based on a random dis-
tribution of resonant scatterers, such as in a cold cloud of N
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identical atoms with fixed random positions r;, j = 1,..., N,
independently sampled from a three-dimensional Gaussian
distribution with zero mean and variance o2 > 0[6,11,22,27].
We treat the atoms as two-level systems with transition fre-
quency w, = ck,. For the atom-photon interaction we use a
dipole model in the rotating wave and scalar approximations
[28,29] (the vectorial case was addressed, e.g., in [23]). We do
not consider near-field dipole-dipole coupling and thus resort
to the so-called scalar model. A posteriori, this will be justified
by the low-density nature of the limit [22]. Furthermore, we
work in the weak-excitation limit, restricting ourselves to the
single-excitation sector, with at most one emitted photon or
one atom in the excited state at a time.

In this setting, let us denote by B;(¢) the probability am-
plitude that the jth atom is excited. The total excitation
probability of the atomic cloud is P(r) = B7(1)B(t), where
B(t) is a column vector with components S;(¢). After the
laser is switched off, the evolution equation of the excitation
probability reads [6,27,30]

P(t) = -T B (t)SB(t), (1)

where I' is the linewidth of the atomic transition. The
emission-rate matrix S is a Euclidean random matrix [31-34],
whose elements are given by

[N
S,-jzsinc< lex,-—x_,-H), i,j=1,....,N, (2

with x; =r;/0 being the rescaled dimensionless atomic
positions. These are independently sampled from a three-
dimensional standard Gaussian probability density function

= —lxI?/2 3
X) = , xeR’, 3
) = o (3)
for which the cooperativeness parameter b is defined as
N
=—. 4)
(kao)

Note that this parameter is proportional to the optical depth
used in other works but differs by a numerical factor. While
photon-mediated interactions also induce coherent dynamics
[22,35], diagonalizing the emission-rate matrix (2) provides
direct information about independent decay channels since its
elements represent, in the Weisskopf-Wigner approximation,
the overlap between the asymptotic states [ dke *7i(ck —
ck, + il /2)~" |k) of photons emitted by atoms in r i [29].

It was shown that the cooperativeness parameter b is the
relevant scaling parameter from both physical and mathe-
matical points of view to describe the cooperative nature of
the cloud emission (see Refs. [6,10,11,22,36]). Henceforth,
we turn to studying the asymptotic behavior of S in Eq. (2)
when both the numerator and the denominator in (4) tend to
infinity, with their ratio kept fixed [22]. More specifically, we
investigate the spectrum of S in the limit N — oo for various
finite values of b. Note that this corresponds to a vanishing
atomic density and finite optical depth limit. Indeed, the di-
mensionless peak density, i.e., the density at the center of the
Gaussian cloud multiplied by the cube of the wavelength A, =
27 /kg, is given by por3 = (27b)*>N~1/2 and hence vanishes
in the limit N — oo with b fixed. Although a vector model of

photon-mediated interaction would generally provide a more
detailed description, we show in Appendix A that the scalar
and vector models provide equivalent information in the limit
of N — oo and a fixed cooperativeness parameter, up to a
rescaling of the latter [23]. Therefore, the results obtained
for the investigated phase transition can be generalized to the
vector model, while the differences between models become
crucial for Anderson localization [25], emerging at finite den-
sity.

The matrix § is positive semidefinite and satisfies the
trace condition TrS = N. Therefore, the eigenvalues 1;, i =
1,..., N, of S are non-negative, satisfy ), A; = N, and have
unit mean. See [22] for more details. The eigenvalue A = 1
corresponds to the decay rate I" of a single isolated atom; 0 <
A < 1 corresponds to the subradiant modes of the matrix S in
(2), with a longer lifetime, and 1 < A < N is associated with
superradiant modes, with a decay rate larger than I'. Figure 1
displays the eigenvalue distribution p(A) for several values of
the cooperativeness parameter b, with a distribution that is
very different for each value considered. For small values of b
the spectrum is symmetric around the isolated-atom emission
peak at A = 1, while for increasing b the effects of super- and
subradiance become more pronounced. For large values of b
[Fig. 1(d)] the spectrum is characterized by an accumulation
of eigenvalues in the subradiant sector, compensated by the
presence of very few large eigenvalues.

In this article we focus on the very subradiant part of the
spectrum when A < 1. It is clear in Fig. 1 that the spectrum
displays a significant accumulation of small eigenvalues as
b is increased. These eigenvalues signal the presence of an
important subradiant component in the dissipative dynamics
of the atomic gas. We want to investigate this feature and, in
particular, scrutinize the phenomenon of the accumulation of
vanishing eigenvalues. We shall see that this corresponds to
a phase transition which is controlled by the cooperativeness
parameter b.

Our strategy is as follows. We first analyze the behavior of
the minimum eigenvalue A, and prove that it vanishes above
a threshold value b, of the cooperativeness and in the N — oo
limit. Then we compute the limit of the fraction of vanishing
eigenvalues Ny/N. We anticipate that this corresponds to a
finite fraction of eigenvalues vanishing in the N — oo limit,
which appears at the value b = b, at which the density of
eigenvalues touches the value A = 0. All these features point
to the presence of a phase transition.

III. SMALL-EIGENVALUE DISTRIBUTION

Let us first analyze the cumulative distribution

A
P) = /0 p(y)dy )

of the emission rates for small A’s (A < 1072) for different
values of the cooperativeness b. The cumulative distribution
is displayed in Fig. 2 for different values of b in the range
[3,7]. The numerical precision of our simulations is 10713,
which means that eigenvalues below 10~'3 are, in practice,
indistinguishable from zero. We note the absence of eigenval-
ues in the interval between A = 0 and A, > 0 in Fig. 2(a)
for b < 4.7, which becomes smaller as b tends to a critical
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FIG. 1. Histograms of the normalized eigenvalue distribution p(}) obtained from 10 realizations of the matrix S in Eq. (2) with N = 20 000

and different values of the cooperativeness parameter b.

value b. ~ 4.7. In Fig. 2(b) the cumulative distributions in the
range 10713 < A < 1073 for 4.3 < b < 5 are monitored, and
we observe that the interval shrinks to zero at

b. = 4.73(5). (6)

At this point, a single nondecaying mode is born, with an
infinite lifetime (in the N — oo limit). As the cooperativeness
b is increased above b., we also observe the appearance of
the fast increase of P(0). As we can observe in Fig. 2(c), for
4.8 < b < 7, this behavior is compatible with a finite fraction
of vanishing eigenvalues and therefore nondecaying modes,
which increases as b is increased beyond b.. The asymptotic
extent of this fraction will be scrutinized in what follows.

A. Study of the minimum eigenvalue

Let us now focus on the minimum eigenvalue of the spec-
trum of S, corresponding to the most subradiant state. We have
taken into account several values of b and computed the mean
minimum eigenvalue An,, averaged over several realizations
of the matrix S, for different values of the atom number N. Ev-
idence of the transition at b, emerges in Fig. 3, where A, is
plotted as a function of b. Note that, here, A, is the minimum
eigenvalue obtained for the corresponding b and for the largest
achievable matrix. For all the values of b > 4.735, A, falls

below our numerical precision, thus being compatible with
zero. Also, Anin displays a scaling which is fully compatible
with zero in the N — oo limit( see Appendix B).

The presence of the transition at b, = 4.735 can also be
deduced from Fig. 3 from the first derivative of the A, Vs b
curve: In correspondence of the critical point, it has a tangent
compatible with the vertical (note the log scale on the vertical
axis).

We conclude that the behavior of the minimum eigenvalue
represents quantitative evidence of a phase transition at b,.
Indeed, phase transitions related to the eigenvalue distribution
touching the origin have been observed in other physical
systems, e.g., in the entanglement spectrum of a bipartite
system [37].

The occurrence of a phase transition associated with the
sudden divergence of p(0), driven by increasing b, is made
evident by the study of the convergence of the locator expan-
sion perturbation theory [38—42]. This argument, presented in
Appendix C, captures the origin of the transition as well as the
correct scaling with N, predicting a critical value that overes-
timates the numerical result by a factor ~2. However, what
that argument cannot explain is the fact that the minimum
eigenvalue A, touches zero exactly at the same time at which
a finite eigenvalue density forms at A = 0, as shown below.
Controlling A, requires a degree of control over the large
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FIG. 2. Cumulative distribution P (1) = foA p(y)dy of small eigenvalues for (a) b < b, (b) b close to b., and (¢) b > b.. The distributions

are obtained with N = 20 000.
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FIG. 3. Plot of the minimum emission rate A, as a function
of b below the critical value b. = 4.735. Note the log scale on the
vertical axis. Here, Ay, is the minimum eigenvalue obtained for the
corresponding b and for N = 30 000, which is the largest achievable
matrix size in numerical simulations.

deviations of the density p()), which typically is not captured
by perturbative calculations. We are therefore left to rely on
the numerical results, which, however, seem quite robust.

B. Fraction of eigenvalues in the condensate

For b 2 b, the spectrum of S starts to exhibit an accu-
mulation of eigenvalues close to zero, which becomes larger
for increasing values of b. We count the fraction of these
eigenvalues for different values of b and N. Considering the
finite numerical precision, we count as part of this condensate
all the eigenvalues of S smaller than 10713,

At fixed b, we count the fraction Ny/N of vanishing
eigenvalues and, as explained in Appendix D, extrapolate for
N — oo the fraction of the condensate at zero. The evolution
of this fraction as a function of b is presented in Fig. 4. In
Fig. 4(a), the presence of a transition at a critical value close
to 4.7 can be observed. Below this threshold there is no van-
ishing eigenvalue (even for large matrix sizes), while above

o
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FIG. 4. Asymptotic fraction of vanishing eigenvalues as a func-
tion of b. (a) shows that for b < 4.7 there are no eigenvalues below
10713; for b = 4.9 the condensate fraction is less than 0.1, and it
increases as b grows, approaching unity for b = 20. (b) shows the
linear relationship between log,,(Ny/N) and log,,(b — b..), where
b, = 4.735 is the critical value above which the spectrum exhibits
an accumulation of vanishing eigenvalues. The slope of the linear
fit yields the critical exponent 8 ~ 0.623 of the power law (7). This
power law was used to fit the transition region in (a) (red dashed
curve). Note that the critical value b/, coincides with the value of b,
determined by studying the minimum eigenvalue.

the threshold the asymptotic fraction of vanishing eigenvalues
grows. It approaches unity for b = 20, indicating that almost
all eigenvalues vanish in this regime.

It is interesting to estimate the critical value b, above which
the spectrum exhibits the transition toward an accumulation of
vanishing eigenvalues and to assess whether near this critical
point the fraction of subradiant vanishing eigenvalues grows
according to a power law:

%aw—%ﬂ ™)

where B is a critical exponent. To this end, we focus on the
data in Fig. 4(a) corresponding to values of b from 4.75 to
10. These data are used to plot log,,(No/N) as a function of
log,o(b — b.) for several values of &/, close to 4.7, and for each
of them we perform a linear fit, thus checking whether Eq. (7)
is satisfied. From this protocol, we estimate the critical value
b, as the one yielding the best linear-regression fit.

The result of this fitting procedure is shown in Fig. 4(b)
for the optimal value of 4/, indicating that indeed, the frac-
tion of vanishing eigenvalues obeys the power law (7) near
the transition, with a critical exponent 8 >~ 0.623. Note that
the critical value b, is compatible with the value of b, in
Eq. (6), found for the birth of the nondecaying eigenmode,
thus demonstrating the consistence between the different ap-
proaches in characterizing the transition. The power law (7)
is used to fit the transition region in Fig. 4(a) (red dashed
curve). We note that the occurrence of weak phase tran-
sitions with the resulting formation of a nonzero singular
component at the edge of the eigenvalue spectrum is a uni-
versal phenomenon which has been reported in many physics
problems related to random matrices [43,44] and in random
networks [45,46].

We finally remark that the Markovian assumption of ne-
glecting photon propagation delays is well motivated for
optical atomic transitions (see [11]), where non-Markovian
effects cannot emerge at distances smaller than tens of
meters.

IV. CONCLUSIONS

The results obtained point to the existence of a phase tran-
sition, occurring at a critical value b, of the cooperativeness
parameter b. As b increases beyond b, the smallest eigenvalue
Amin Of the matrix S approaches the extremely subradiant
boundary A = 0, and the spectrum starts exhibiting an accu-
mulation of vanishing eigenvalues in the subradiant sector. In
other words, there is a single transition point at which both
phenomena occur, which we found to be at b, = 4.73(5):
For b > b, the smallest eigenvalue in the asymptotic limit
N — 400 reaches zero, and the spectrum begins to display
an accumulation of vanishing eigenvalues. We identified a
mechanism for which the presence of eigenvalues at zero can
occur by analyzing the perturbation theory for small b for the
density of eigenvalues p(0), showing that it diverges above a
certain 0. Our perturbative value of b2 = 11.2 overestimates
the numerically obtained b, = 4.73(5), in line with our under-
standing of the validity of this kind of derivation.

We note that while the Anderson localization transition has
been predicted for a fixed atomic density [24,25], the transi-
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tion reported here occurs, in the large-N limit, at a vanishing
atomic density, but at a finite optical depth. In this sense, it is
directly related to the cooperativeness of the system (4), which
is the control parameter for super- and subradiance [2]. In the
dilute limit, vanishing two-body interactions are compensated
by both their long-range nature and the growing number of
coupled atoms, providing another signature of the cooperative
nature of the transition. In this context, it would be particularly
interesting to understand how disorder of the energy coupling,
either from the dipole-dipole excitation-exchange (Hamilto-
nian) terms or from energy broadening (diagonal disorder),
could affect the emission-rate condensation transition. Finally,
we note that in an experimental setup, the vanishing emission-
rate transition may compete with decoherence mechanisms
other than spontaneous emission, such as finite-temperature
effects [47—49], which may set a lower bound on the emission
rates [50].
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APPENDIX A: CONNECTION
WITH THE VECTOR MODEL

Consider the imaginary part of the vector Green’s matrix
that describes the pairwise interaction between dipoles in po-
sitions {r;}ieq1,....ny [23]:

.....

Ao, jp = S1(katij)PLap(Fij) + Sa(karij)Plap(Fij),  (Al)

with rij=ri—rj rj;= |r,-‘,-|, and i‘,] = r,-j/r,-j, where the
distance-dependent functions are defined as

S1(x) = ;(sinx(x) N XCOS(X)X; sin(x))’ (A2)

3 x cos(x) — sin(x)

Sr(x) = — (A3)

3
and

P og(F) = 8ap — Fufp, Plapg(F) = Fulp (A4)

are the transverse and longitudinal projectors, respectively.
The terms Ay ;g = 8qp are consistent with the x — 0 limits
of S; and S,. This immediately provides the result

Tr(A) = 3N. (AS)
The computation of
N
Tr(A%) = Z Z (Aiajp )
i,j=1a,f=x,y,z
=N+ D (Aiajp)’ (A6)
i#j o,f=x,y,2
is simplified by considering that
Z[PL ap (P = Z Pl aa(®) =2, (A7)
Z[P" ap (P = ZP” o) =1, (A8)
D PLap (P ap () = (A9)
B
Therefore,
Tr(A®) =3N + Y [287(karij) + S3(karip)].  (A10)

i#]
If the dipole positions are random, with independent and
identical distributions, the expectation value of Tr(A?) can be

used to estimate the second moment of the distribution of the
eigenvalues A of A:

(Tr(A%)) N

() = N ‘”T[ (STkar)) + (S5 (kar))]-

(Al1)

In the case of an isotropic Gaussian distribution with the stan-
dard deviation o along the three directions, the dimensionless
distances R = r /o are distributed according to the probability
density [22]

P(R) (A12)

1 = ( R2>
= —— X — .
Jam P 4

Defining the dimensionless parameter M = (k.o )?, we obtain

(83 (kor)) = f dR S*(v'MR)p(R)
0

64M3 ——_[12M?* 4+ 6M + 1 — 8/ M *erf 2V/M)

— e M12M? + 10M + 1)), (A13)
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® N=1000 2 Y R
ol e A with b=1 (Sz(ka”)) = A dR Sz(«/MR)P(R)
] =
o &N S with b=3/2 = i[l — 6M + 4/TM> *erf (2 M)
S N *.. 16M3
= ’ +e MM - 1)]. (A14)
I3 ,
el e As in the scalar case, the variance (AA)? = (A%) — (1)2 =
. '..~ (A?) — 1 converges to a finite value in the N — oo limit only
34 - "\ if M scales linearly with N. In this case, defining
s N N
o \_ V= o (A15)
00 10 szo E we obtain
(%) > 1+ 3b, (A16)
Q ]
@\ N=1000 with the only nontrivial contribution coming from (S? (k,r)).
0 | e A with b=8/3 The above result shows that the first and second mo-
o e S with b=4 ments of the eigenvalue distributions of the scalar model
g 4 matrix
< @ o sinthari) \/y N
S - Sij = K = smc( bx,] (A17)
b ., coincide in the N — oo case, up to a scaling of the parameter
o | b, which must be smaller by a factor of 2/3 in the vector-
o] \ model matrix (see Eq. (22) in Ref. [22] for the scalar model
o result; see Ref. [23] for considerations on the scaling factor
s L ‘ . | ‘ ‘ ; between the two models). Moreover, in Fig. 5 we numerically
0 1 2 }% 4 5 6 show that the analogy goes well beyond the second moment:
In the reported cases, with b = 3/2, 4, 5, the two eigenvalue
distributions practically overlap already at N = 1000.
: N=1000
< e A with b=10/3 APPENDIX B: EVALUATION OF THE
e S with b=5 MINIMUM EIGENVALUE
™ - Here, we further detail the protocol to obtain the minimum
< eigenvalue Ay, presented in Fig. 3 in the main text and its
= ~ scaling. At a fixed value of b we compute the minimum
eigenvalue obtained from the diagonalization of S, and aver-
age it over several realizations of the particle positions. The
— e behavior of Ay, with the atom number N is shown in Fig. 6.
.\ We emphasize that all eigenvalues must be non-negative.
o 4 For b > 4.735 we find an accurate linear dependence be-

FIG. 5. Comparison between the eigenvalue distributions of the
scalar-model S matrix and the vector-model A matrix defined
in Eq. (Al). The S matrix is diagonalized with the values b =
3/2,4,5, while the value of b for A is scaled by a factor of
2/3. The distributions, represented as histograms with a bin size
of 0.04, are obtained by accumulating the spectra of 20 matri-
ces each, referred to N = 1000 atoms. Note that the discrepancies
observed in the first bin of the middle panel (0.11) and bottom
panel (0.10) are smaller than the corresponding standard errors for
both the scalar-model distribution (0.19 for b =4, 0.26 for b =
5) and the vector-model distribution (0.20 for b = 8/3, 0.20 for
b =10/3).

tween 1/logo(Amin) and 1/log,y N. It is worth noting that
such scaling has been predicted in infinite-dimensional lo-
calization [40—42]. Remarkably, the linear fit holds for small
values of N as well. This fit is valid up to the working
precision (107!) of the numerical diagonalization algorithm
(yellow area in Fig. 6).

For b < 4.735 the dependence is no longer linear [see
Fig. 6(b)], but rather bends towards a nonvanishing asymptotic
value (that is, A% > 0), indicating the presence of a gap.
One may try to estimate such an asymptotic value, but that
would depend on some (arbitrary) nonlinear fitting function.
Figure 3 displays the smallest (average) Ani, that we are able
to simulate, corresponding to the case with N = 30 000. Since
all curves tend to decrease monotonically with 1/log;, N, this
yields a conservative estimate for A . Nonetheless, Fig. 3
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FIG. 6. Plots of 1/10og;(Amin) vs 1/1log,, N obtained for differ-
ent values of b. The horizontal yellow region corresponds to the
working precision (107'3) of the diagonalization algorithm. The
eigenvalues falling in this area are considered to be zero within the
numerical precision.

displays a vertical tangent corresponding to the critical point
be.

The values of A, obtained for b > b. = 4.735, numeri-
cally obtained for smaller values of N, cannot be distinguished
from zero within our numerical precision. However, above the
threshold, as can be observed in Fig. 6(a), it is expected to go
to zero in the N — oo limit.

Finally, we note that, as emphasized in the main text, it
is by no means obvious that the fraction of the condensate
and the gap of the minimum eigenvalue point to the same
phase transition at b = b,.. The simultaneous occurrence rather
suggests that they are complementary manifestations of the
phase transition.

APPENDIX C: A PERTURBATIVE ESTIMATE
OF THE TRANSITION

One can obtain a rough understanding of the nature of the
transition with the following reasoning, which is perturbative
for b <« 1. Note that for b = 0 the matrix is diagonal with
a degenerate spectrum A; = 1. For small b, the off-diagonal
matrix elements are small, with typical values

(=1

Siiy —— C1
' UNJb;; €D

where ¢;; = ||x; — x|l is the distance between points i and
J. We approximate sin(4/N/b¥¢;;) with a random sign. The
transition occurs when the edge of the band of eigenvalues
reaches A = 0. Note that if the matrix were not positive defi-
nite, the band would go from localized around A = 1 to being
a semicircle of size \/]V centered around 1.

The eigenvalue density is expected to be

1 1 .
p(x>=ﬁglm<z|mm. (C2)

The value p(0) will be nonzero only if there are delocalized
states at A = 0, while all the unperturbed localized states
are at energy XZ(O) = 1. In the localization perturbation theory
[38,39], the condition for this to happen is that the amplitude
to get from any localized state i to any other j becomes of
O(1). In perturbation theory this is proportional to

S
> A_—k)l\f” (C3)

pePath(i— j) (kl)ep

Ai—)j =

Using approximation (C1) and setting A = 0 and AEO) =1, we
obtain

p/2\Y 1
Ay = D—U"”’(ﬁ) e (C4)

where ¢, is the random sign assigned to the amplitude of the
path p.

The presence of +/N in the denominator means that any
single path will contribute a vanishing fraction to this sum.
The largest contribution will come from the nonrepeating
paths that are largest in number. In this case it is easy to
see that choosing any sequence i — i} — -+ —> iy_p = J
gives (N — 2)! ~ N! paths. Now we must assume that £
are independent and identically distributed numbers, which
leads to

i o (P7\" 1
Ay =Y (=) <—> - (C5)
p=1 VN !

where £ is the geometric average of £;;, which can be com-
puted (under the assumption of statistical independence) using
the distribution of points in Eq. (3), which leads to ¢ =
exp(l — y/2) = 2.037. Hence, we find the typical value of
the random amplitude is

b1/2 N 1 N! .
Sacke (7) i 2D
p=1

12\ N ] N/2
NG RO

Z ) NN

with
b =Te=11.277. (C7)

Thus, under all the above approximations, a transition can be
found at a finite value of » which overestimates by approx-
imately a factor of 2.4 the one found numerically. However,
reexamining the approximations, one can identify several
factors (the dressing of the denominators, the role of large
fluctuations of the amplitudes, the correlations of the variables
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FIG. 7. Fraction N,/N of eigenvalues below 10~'3 as a function
of 1/log,, N for b =15.5,6.5,10,20. The intercept of the linear
fits with the vertical axis corresponds to the asymptotic fraction of
eigenvalues in the condensate as N — 400. As can be seen, the
intercept increases with b, approaching unity for b = 20.

£;1, etc.) which can lead to a decrease in the b, estimate. In
any case, this qualitative calculation captures the origin of the
transition (based on a large delocalization of the eigenstates
hypothesis) and the correct scaling with N (the N factors of
VN which are compensated by +/N!): These properties are
shared with the exact solution.

APPENDIX D: FINITE-SIZE CORRECTIONS
FOR THE CONDENSATE FRACTION

We explain here how to deal with finite-size corrections
when deriving the fraction of subradiant vanishing eigenval-
ues for b > b, (Fig. 4 in the main text). At fixed values of b
and N, we count the number N, of eigenvalues below 1073,
our machine numerical precision, and compare it to the total
number of eigenvalues N. This procedure is repeated for at
least 10 realizations of the matrix S. We then vary N. A
few examples are shown in Fig. 7, where we plot Ny/N vs
(log;, N)™!, obtaining a linear fit. This allows us to extrapo-
late the fitting line back to the vertical axis (N — 00). This is
the value plotted in Fig. 4.
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