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We demonstrate the implementation of A-enhanced gray molasses cooling on the D, line of 35Rb atoms in an
optical tweezer array. This technique yields lower atomic temperatures of 4.0(2) uK compared with red-detuned
polarization gradient cooling, and consequently extends the 7," coherence time of the hyperfine clock qubit by a
factor of 1.5. The method is alignment-free and can be readily implemented on laser beams used for magneto-
optical trapping because it only requires frequency and phase modulation control. Our experimental observations
are corroborated by a numerical model based on a semiclassical force approach extended to a four-level system,
including two hyperfine states of the upper manifold that are 120 MHz apart.
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I. INTRODUCTION

Neutral atoms trapped in optical tweezers have shown
promise as a platform for quantum simulation and quantum
information experiments [1,2], with atoms of the alkali-metal
group commonly used for this purpose [3-5]. For those plat-
forms, efficient sub-Doppler cooling is a requirement for
achieving long coherence times, since the far red-detuned
optical tweezers impose a differential light shift on the atoms.
This results in dephasing that is temperature dependent for
nonmagic wavelength traps [6-8].

A versatile approach to reduce the temperature of single
alkali-metal atoms in optical tweezers—and thereby extend
their coherence times—is Aenhanced gray molasses cool-
ing (A-GMC) [9,10]. This scheme combines blue-detuned
gray molasses cooling on a type-II transition (F’ < F) with
velocity-selective coherent population trapping to minimize
photon-scattering events for the cold atomic population [11].
A-GMC is typically executed on the D, line due to the favor-
able three-level structure [12—15].

A-GMC can also be implemented efficiently on the D, line
if the hyperfine splitting is much larger than the transition
linewidth I'. The technique has been successfully imple-
mented on ®’Rb [16], '**Cs [17], and *°K [18] alkali-metal
isotopes on the D; line, reaching temperatures of several puK.
In contrast, the small ~6 " hyperfine splitting of >*Na limits
the achievable temperature reached by A-GMC on the D,
line to 56 uK [19], whereas 7 uK [15] has been achieved
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using the D line. Still, the use of the D, line is convenient
for most alkali-metal atoms as the required laser is typically
already used for a magneto-optical trap (MOT), although it
introduces the complication that blue-detuned light for the
type-Il F — F’ = F transition is red-detuned from the type-I
F — F' = F + 1 transition.

In this article, we demonstrate A-GMC on the D, line
of 8Rb and explore the cooling efficiency in a four-level
structure. This transition has a natural linewidth of I' /27 =
6.06669(18) MHz [20] and features an intermediate hyperfine
splitting of 19.9T" between the type-I and type-II transitions.
Furthermore, we demonstrate improved coherence times on
the hyperfine clock qubit due to optimized AGMC. To com-
plement the experimental results, we have generalized the
theoretical description of the A-GMC to a four-level system
relevant to the D, line of alkali-metal atoms.

II. A-GMC DEMONSTRATION

A. Method

We implement A-GMC in our neutral atom setup [21,22],
which traps single atoms in a 10 x 10 array of far-red-
detuned, 813 nm, optical tweezers. The core laser in the
setup is 780 nm, which addresses the D, line of 85Rb, as
shown in the energy-level diagram in Fig. 1. This laser
is used for creating a magneto-optical trap, imaging single
atoms, optical pumping into the 5281/2|F =2, mp = 0) state
for qubit operations, qubit state projection via a hyperfine-
selective blowout pulse, and A-GMC. We use an electro-optic
modulator (EOM) to produce frequency sidebands for the
5281/2|F =2) & 52P3/2|F’ = 3) repumper transition during
the MOT stage, imaging of the single atoms, and A-GMC.

The beam delivery system for A-GMC does not require
hardware upgrades on the setup and is directly implemented
on existing three-dimensional (3D) MOT beams. During

Published by the American Physical Society
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FIG. 1. D, line of %Rb, focusing on the four levels
{11}, 12), 13), 14)} involved in A-GMC. The parameters {§;, 2;}
represent the repumper detuning and Rabi frequency (blue,
F =2 — F' = 3), the repumper light is an EOM sideband on the
cooling laser. The parameters {3,, €2,} are the cooling laser carrier
detuning and Rabi frequency (green, F =3 — F' =3),§ =8, — &,
is the Raman detuning, and &, the hyperfine splitting.

A-GMC, a repumper detuning §; is tuned to the Raman res-
onance condition and can be scanned over a wide range. We
operate an acousto-optic modulator (AOM) to scan the carrier
detuning §, over a range from +6T" to +15.9T from the
SZSl/le =3) < 52P3/2|F’ = 3) transition maintaining con-
sistent laser power levels. The MOT is created at —3 I from
the free-space 52S; o|F = 3) <> 5°P35|F’ = 4) transition.

We investigate the cooling behavior using the recapture
probability after a 40 us release time to study the relative
heating and cooling of the atoms when addressing multiple
transitions of the D, line. The initial temperature of the atoms
before a 20 ms A-GMC pulse is achieved by red-detuned
polarization gradient cooling (RPGC) and an adiabatic reduc-
tion of the trap depth. We determine this temperature to be
9.7(4) uK by the release and recapture method [23].

B. Experimental results

As a first scan, we vary the repump detuning for fixed
carrier detuning over the hyperfine manifold as shown in
Fig. 2(a). We use a carrier detuning of §, = 6 I" with a Rabi
frequency of €, = 1.63T", and a repumper-to-carrier ratio
of (R1/€2)*> = 0.1. The typical recapture probability of the
atoms at the initial temperature before cooling is indicated
by the dashed black line. In the experiment, the Rabi fre-
quencies are kept fixed and are optimized by maximizing the
recapture probability. While the dark state depends only on
the repumper-to-carrier ratio, efficient cooling in practice can
require higher laser intensity to capture a broader velocity dis-
tribution after RPGC. Subsequently, dynamically decreasing
the intensity can lead to lower temperatures [24].

We observe heating when the light is red-detuned, and
slight cooling when it is blue-detuned with respect to the
S]/2|F = 2) <> P3/2|F/ = 1) and S]/2|F = 2> <> P3/2|F/ =2>
transitions. We attribute the heating to the fact that most

scattering events occur on these ‘repumper’ transitions, which
are type-II transitions where sub-Doppler cooling arises when
the light is blue-detuned. This is similar to the condition that
both the cooling and repumper light must be blue-detuned
of their respective transitions to achieve the coldest temper-
atures in a blue-detuned MOT of alkali-metal atoms [25].
Near resonance with the S;;|F = 2) <> P32|F' = 3) transi-
tion (6 & —&;), we observe pronounced cooling, which we
attribute to gray molasses cooling. Finally, near the Raman
resonance condition (§ = 0) we observe the characteristic nar-
row linewidth cooling and heating feature of A-GMC.

We perform similar measurements for various carrier and
Raman detunings, shown in Fig. 2(b), to study the influence
of the type-I Si/|F = 3) <> P3;2|F’ = 4) transition on the
efficiency of A-GMC. For carrier detunings §, ranging from
46T to +12.6 T, the Raman detuning shows three regimes
visible in Fig. 2(b). Blue-detuned of the Raman resonance,
a heating feature is observed. Red-detuned of the resonance,
a cooling feature is observed, and far (|§| > 0.1T) from the
resonance, neither substantial heating nor cooling occurs. As
8 increases, the strength of both the cooling and the heating
features decreases. At §; = 14.3T", minimal cooling is still
achieved, but at §, = 15.9T", no heating or cooling peaks are
observed.

We show the best-fit temperatures for various carrier detun-
ings &, at a fixed optimal Raman detuning of § = —0.016 T
in Fig. 2(c). To quantify the temperature achieved after the
A-GMC, we perform release and recapture measurements and
use a Monte Carlo simulation to fit the temperature [23].
A minimum temperature of 4.0(2) uK is found at a carrier
detuning of §, = 6T, similar to what has been achieved in
87Rb [16]. The temperature after A-GMC is also fitted with a
two-dimensional (2D) quantized model detailed in Appendix
A that takes into account the zero-point motion. The quantum
model yields an average radial motional occupation iz = (.7.

III. FOUR-LEVEL COOLING MODEL
A. Theory

We numerically model the A-enhanced gray molasses
cooling force using a four-level system, motivated by the
strong dependence on temperature as a function of the de-
tuning &, observed in Sec. I B. The A-GMC force has been
studied using the semiclassical force approach in a three-level
system [26], the wave-function Monte Carlo approach [27], or
more recently in atomic tweezers that include trapping poten-
tials [28]. In our study, we extend the one-dimensional model
[26,29] based on the semiclassical force approach to a four-
level system featuring a second-excited state type-I transition.
Although we specifically investigate ®°Rb, this approach is
also generally valid for different atomic species and can also
be used to model A-systems in lithium atoms [11], PK [30],
87Rb [16], among others.

The model includes the ground states F = 2,3 and the
excited states F' = 3, 4 of 3Rb, labeled |1), |2), |3), and |4)
in Fig. 1, respectively. A A configuration is formed between
the |1) <> |3) <> |2) states. The optical transitions are driven
by two polarization standing waves with Rabi frequencies
Q2 and €2, at similar frequencies w; ~ w, = kc, with wave
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FIG. 2. A-GMC and heating features in **Rb. (a) Recapture probability after the traps are turned off for 40 us as a function of the Raman
detuning § for carrier detuning 8, = 6 I'. Approximate 5%S;,, |F = 2) <> 5’P3), |F’ = X) resonances are indicated by the vertical lines for
X e {1, 2, 3}. The probability of recapture without A-GMC is indicated by the horizontal dashed black line. The inset depicts the narrow
cooling/heating feature around the Raman resonance. Error bars (not visible) represent one standard error of the array mean. (b) Release-
recapture probability for a fixed 40 s trap off time as a function of Raman detuning 6 for varying d,. (c) Temperature as a function of §, after
an optimal A-GMC pulse with Raman detuning 6 = —0.016 I'. Temperatures are extracted from Monte Carlo simulations to release-recapture
curves, and error bars are derived from the x? value of the Monte Carlo simulations.

number k, and relative phase difference ¢. As in previous
successful models [26,29], the laser beams are modeled as
independent intensity standing waves along each leg of the
A-system. The |1) <> |4) <> |2) transitions are not part of
the A configuration, as the |1) — |4) transition is dipole-
forbidden by selection rules. However, the addressing laser
can still induce off-resonant scattering to state |4). Con-
sequently, the |2) — |4) transition is treated as a spatially
constant coupling.

The numerical method relies on a Fourier expansion of the
density matrix elements as [29]

oo
ink
pij = Z pie™s,

n=—0o0

(D

with spatial coordinate z and Fourier index n. Since the solu-
tion is obtained through a recurrence equation (Appendix B),
a spatially constant coupling without complex exponential in

the Hamiltonian cannot be correctly captured. Therefore, we
solve the density matrix for two versions of the Hamiltonian,
one with a right-traveling wave Q,(+z) = +2Qe"*, and
one with a left-traveling wave Q(—z2) = \/55226’”‘1, which
correspond to the H*) and H~) Hamiltonian, respectively,
defined as

H® = hQ, cos (kz)(|1) (3] + H.c.)
+ h€2; cos (kz + ¢)(|12) (3| + H.c.)
+ I3 (S2(£2)[2) (4] + H.c.)
+ 18212) (2] + hdi | 1) (1] + hd4|4) (4]. 2)

The force is then averaged over the two individual solu-
tions. A similar averaging procedure is performed in *K,
where Nath er al. add two separate three-level A-systems to
their model [30].

To compute the cooling dynamics of the atom, the force
F®(z, v)is solved from Eq. (2) as the quantum average of the
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gradient of the potential, F ®)(z, v) = —Tr[pVH®]. A more
detailed implementation of this continued fractions method
for the four-level system is given in Appendix B. Since the
typical displacement between the atoms Az >> A, we can limit
ourselves to the force averaged over a wavelength,

s
F® )= % / F®(z, v)dz. )
0

The average force from Eq. (2) over one wavelength can be
rewritten using the Fourier substitution as

itk . .
F®w) = — 7[91 (05" + 013" = 0% — p13)
—1 —1)\ i 1 1)\ —i
+ Q((05; " + 033 ")e? — (0% + p33)e
+v20 3" 7 vV205 )] @)

Although individual forces from Eq. (2) are not balanced
and have a zero crossing at finite velocity v, their combined
force satisfies F(v = 0) = [F*(0) + F7)(0)]/2 = 0. This
behavior is consistent with a physically balanced force, and
the result follows from substituting the Fourier components
of the density matrix into Eq. (2) and using the Hermiticity of
the density matrix.

The net effect is that the A system drives the familiar sub-
Doppler cooling mechanism based on coherent population
trapping at the Raman resonance [31], while the additional
excited-state coupling to |4) provides position-independent
off-resonant scattering. In principle, the resulting force can
then be combined with a diffusion coefficient to obtain an
estimate of the equilibrium temperature. However, from our
simplified approximation to the total atom dynamics, we do
not expect a reliable steady-state temperature to be given.

We restrict the results to the force-velocity relation, from
which we derive the friction coefficient «, and analyze the
photon-scattering rates I" p33 and I" p44 to reveal the underlying
physical mechanisms. The friction coefficient « is obtained in
the low-velocity region (v < I'/k) as a linear fit from

F(v) = —av, 5

where @ > 0 (o < 0) indicates cooling (heating). If we as-
sume that the phase ¢ between the two transitions fluctuates
randomly on fast timescales, the phase-averaged force can be
calculated from Eq. (2) as

1 2
(F(v))p = E/o F(v)dg. (6)

B. Numerical results

The phase-averaged force defined in Eq. (2) is plotted in
Fig. 3(a) at the Raman condition where § = 0. For small
velocities [kv/T"| < 0.01, cooling is observed, as indicated by
the negative slope, and the cooling efficiency is reduced for
larger carrier detuning 8,. The phase-averaged force agrees
with existing three-level calculations for §, < 84 [11] and is
plotted for different § around the Raman resonance condition
in Appendix B.

In Fig. 3(b), the friction coefficient « is plotted as a func-
tion of the repumper detuning §; for various fixed carrier
detunings &,. The Raman resonance can be observed in the

curves at § = §; — 6, = 0. Upon scanning the repumper de-
tuning, d;, first a narrow cooling peak is visible at the Raman
resonance, followed by a heating feature. By moving the
Raman resonance closer to the |4) level when increasing §,,
both the cooling and heating efficiency reduce, until they are
barely resolved at 6, = 17 I". We attribute this reduction to a
combination of decreased Raman coupling between the two
ground states, scaling as €2;€2,/8,, and increased off-resonant
scattering to state |4) leading to “quasidark state” cooling.

The populations of state |3) and |4) provide more insight
into the cooling dynamics at the Raman resonance, as shown
in Fig. 3(c). Here, the populations p33 and p44 are calculated
using the continued fractions method, resulting in the scat-
tering rates I"p33 and I"p44. For detunings §, = {5, 11} I, the
populations exhibit a clear minimum at the Raman resonance,
consistent with the suppression of excitations from the dark
state [32]. At 6, = 11T, roughly 84/2, a crossover region is
visible where the populations p33 and p44 are comparable in
magnitude. At larger detunings, §; = 17", the characteristic
dispersive feature no longer exhibits a pronounced minimum
but instead reveals only a small heating peak, and p44 domi-
nates over p33. In this regime, the reduction of scattering at the
Raman resonance is absent, thereby eliminating the velocity
selective cooling mechanism.

IV. COMPARISON SIMULATION AND EXPERIMENT

In Fig. 4 we present the experimental release-recapture
data together with the simulated friction coefficient « in a
combined plot at the experimentally optimal detuning 8, =
6 T". The simulated friction coefficient « indicates the pres-
ence of a cooling force at the Raman resonance (§; = §, =
6 I'), which aligns with the experimental observations, al-
though a quantitative agreement is not expected.

We experimentally studied the reduction and eventual dis-
appearance of the characteristic A-GMC feature around the
Raman resonance as the carrier detuning §, increases. Similar
to observations in 8’Rb [16], as the detuning of the type-I
transition is reduced, the heating feature reduces in amplitude.
In #Rb we observe that the maximum cooling and heating oc-
curs at 5, = 6 I', which is the minimum detuning that we are
able to investigate in our experiment due to AOM bandwidth
limitations, and both the heating and cooling are reduced with
increasing 6,. At §; = 15.9T", which is 4 I red-detuned of the
type-I transition, no heating or cooling is observed near the
Raman resonance.

The disappearance of cooling and heating features can
also be identified in the simulations in Fig. 3 at 6, = 17T.
With increasing §;, the cooling force is significantly reduced
around the Raman resonance, partly due to the increase in off-
resonant excitation to the |4) state, redistributing the overall
scattering rates. This redistribution can be observed in the
populations p33 and ps44 and spans several orders of magni-
tude, giving insight into the competing roles of the two excited
states in the heating and cooling mechanisms.

The loss of cooling efficiency in simulations at carrier
detuning 8, = 17" and Raman detuning § = 0T is specific
to four-level systems with intermediate excited-state hyperfine
splitting and therefore applies to 35Rb. This contrasts with
87Rb, which has a large hyperfine splitting, or three-level
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FIG. 3. Simulation of cooling mechanisms around the Raman resonance. (a) Normalized phase-averaged force (F (v))4 defined in Eq. (2)
at the Raman resonance (§ = 0) as a function of normalized velocity for 2; = 0.58 I', 2, = 1.63T", 6, = 19.9T', and varying carrier detuning
8,. The cooling is most efficient at §, = §; = 5T, and the phase-averaged force is presented for different § around the Raman resonance in
Appendix B. (b) Friction coefficient « as a function of repumper detuning 6, for varying carrier detuning 8, using the parameters ; = 0.58 T,
Q, =1.63T, §, =19.9T, and phase ¢ = 0. (c) Population p33 and ps4 averaged over relative phases ¢ as a function of detuning §;. Using

standard parameters from panels (a) and (b) and kv/T" = 0.01.
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FIG. 4. Comparison experiment and simulation. The circular
data points (dark blue, left y axis) represent the experimental release-
recapture results shown previously in Fig. 2(a). The right y axis
(yellow) corresponds to the simulated friction coefficient «. Both
experimental and simulation results are presented as a function of
8 for fixed 8, = 6T.

systems, where reduced cooling persists at the same abso-
lute detuning. In general, a reduced two-photon coupling is
observed for three- or four-level systems with increasing the
carrier detuning §, at the Raman resonance condition.

V. EXTENDED T;* OF HYPERFINE QUBITS

To investigate the coherence properties of the hyperfine
clock qubit, defined as |0) := |F =2,mp =0) and [1) :=
|FF =3, mp =0), we measure the 7;* coherence time in-
cluding the A-GMC pulse. The measurement is executed
with a Ramsey-type pulse sequence using 2 kHz detuned mi-
crowaves on the |0) <> |1) transition at 3 GHz.

In Fig. 5 the Ramsey oscillation is shown with and without
a A-GMC pulse (8, = 6T, § = —0.016T"), and corresponds
to the ensemble-average coherence time (7,°) of 5.3(2) ms
and 3.4(1) ms, respectively. We analyze the array site individ-
ually to prevent trap depth inhomogeneities from dominating
the decay of the array averaged signal. The fit to the measure-
ments is of the form

Poy =A+a(t, T,')Beos[(tA + «(t, T5°) + ¢)],
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FIG. 5. Damped Ramsey oscillation including fit for a single
array site. The circular data points (dark blue) represent the Ramsey
signal after A-GMC, and triangular data points (yellow) represent
the Ramsey signal without A-GMC. Error bars are statistical and
represent one standard error of the mean.

where A is the microwave detuning and «(¢, 7;°) and « (¢, T,°)
are the time-dependent oscillation amplitude and phase shift,
respectively, and A and B are fit parameters [6].

There exist also other dephasing mechanisms in addi-
tion to the finite atom temperature, and the combined effect
leads to the total measured 7* times. One of such dephasing
mechanisms can be related to magnetic field noise, which
we have previously estimated to be §B < 1.8 mG [21]. This
level of magnetic field noise would limit the 75 time of the
clock (mp = 0) qubit to 55 ms when considering the quadratic
Zeeman effect. A second effect could be fluctuations in the
depths of the tweezer traps. We stabilize the tweezer intensity
with a proportional-integral controller [33] using a photodiode
located before the spatial light modulator (SLM). Moreover,
the beam after the SLM may suffer from SLM phase flicker at
1.4 kHz.

Due to heating during the state preparation procedure (see
Appendix A), we expect that a further performance increase
in coherence times can be expected using alternative state
preparation methods [4,34]. We can establish an upper bound
for the coherence time without heating during state prepa-
ration by decomposing the measured 7," time into a known
temperature-dependent contribution and an unknown residual
term accounting for other dephasing processes, and extrapo-
lating to 4.0(2) uK [9]. Assuming Gaussian decay processes,
we estimate this upper bound to be 7;* ~ 6.5 ms, correspond-
ing to a factor 1.9 x improvement compared with RPGC.

VI. DISCUSSION AND OUTLOOK

We have experimentally demonstrated A-GMC of single
8Rb atoms in optical tweezers on the D, line, reaching
temperatures of 4.0(2) uK with the recommended operat-
ing parameters of a carrier detuning 8, = 6" and Raman
detuning of § = —0.016". Based on the quantized model
(Appendix A), this corresponds to an average radial motional
level of =~ 0.7. The use of the D, line is convenient be-
cause a single laser with an EOM sideband can be used to

operate an MOT, single-atom imaging, hyperfine qubit state
preparation, qubit state detection, and A-GMC. Using MOT
beams for A-GMC also eliminates the need to perform any
further alignment. The inclusion of A-GMC was shown to
extend the 7" coherence time of hyperfine qubits in nonmagic
traps, up to a factor of 1.5. This demonstration of A-GMC
in Rb shows that the technique can be applied to prepare
dual-species arrays of 3°Rb and ®’Rb atoms to similarly low
temperatures using the D, line.

We have extended the continued-fractions model to a four-
level system in order to evaluate the role of additional excited
states, and the approach is readily generalizable to other four-
level systems. The calculated force and friction coefficient
indicate maximum A-GMC at carrier detuning of §, =5T.
Furthermore, for carrier detunings approaching the excited
state |4), the efficiency of the A-GMC decreases sharply, in
agreement with the experimental observations for °Rb. For
future work, a full three-dimensional calculation in tweezers
could be performed that includes all relevant ground and ex-
cited states [28], providing more precision than the simplified
four-level model.

Note added. Recently, we became aware of an unpublished
experimental implementation of A-GMC on the D, line of
85Rb in a free-space molasses [35].
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APPENDIX A: RELEASE-RECAPTURE
TEMPERATURE MEASUREMENT

In this section, we provide example release-recapture
curves and the method for the temperature data shown in
Fig. 2(c), which are based on a classical Monte Carlo analysis
[23]. The classical release-recapture technique can overesti-
mate the temperature when the probability of occupying the
motional ground state is significant [37]. To more accurately
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FIG. 6. Release and recapture measurements. Curves after
A-GMC with and without state preparation (SP) after cooling, in-
cluding the best-fit Monte Carlo simulation curves as faint lines. The
yellow-green line shows the fit of the quantum model to the coldest
dataset after optimal A-GMC, and the yellow dashed line depicts
the radial expansion due to the zero-point motion energy in the trap.
Error bars are statistical and represent one standard error of the array
mean.

determine the temperature in this regime, we also fit the lowest
temperature dataset using a quantized model that accounts
for zero-point motion. This model initializes the atom as a
freely expanding thermal state of harmonic-oscillator states
[38]. The recapture probability is calculated by computing the
overlap between this expanded state and the bound states of a
Gaussian potential [39].

The coldest dataset after optimal A-GMC is fitted with the
quantized model in Fig. 6, which gives a temperature of 7, =
2.48(1) uK and corresponds to an average radial motional
occupation 7 &~ (.7 and ground-state population pg = 0.6.
The best-fit classical temperatures extracted from the Monte
Carlo simulations are 4.0(2) uK after A-GMC. Although the
classical temperature is higher than the quantized model tem-
perature, we quote the classical temperatures to allow for a
more direct comparison with the existing literature.

After state preparation, which we currently implement
based on a microwave-assisted optical pumping type process
[22], we extract a classical temperature of 7.6(3) uK. Our state
preparation method thus leads to significant heating of the
A-GMC precooled atoms. We anticipate that with millisecond
switching of the magnetic-field coils alternative state prepara-
tion methods can be executed with reduced heating [4].

APPENDIX B: SIMULATION MODEL

The model for A-enhanced cooling assumes a simpli-
fied one-dimensional configuration where the polarization-
dependent coupling is introduced as a spatially varying Rabi
frequency as in Refs. [26,29]. The extended Hamiltonians for
a four-level system defined in Eq. (2) are then solved using
the continued fraction method. To simplify the solution in the
steady-state limit, we introduce the hydrodynamic derivative,
which is valid under the condition v < I"/k, as

d d N ad
— = —4+v—.
dr ot 0z

Upon substitution in the Lindblad equation [40], the fol-
lowing sets of equations are obtained in the steady-state limit
for the Hamiltonians H® defined in Eq. (2) making use of
the notation £2,(z) = %e“‘zz

apn . 4
v—— =iQ(2)(p13 — p31) + =T'p33,

0z 9

0022

”a_z = iQ(2)(p23 — p32) + i(Q(F2)p2s — Q(£2)pa2)

5
+T (—,033 + ,044),

9
0044 . 2
Ua_z = —Ipas — iQ0(Fz) P24 + i€22(£2) 042,
9013 . 1 . .
Ua_z = | —id — EF P13 +i21(z)(p11 — p33) + iL2:2(2) P12,
0014 . . 1 . &
Ua_z = |ids — 16 — EF P14 — i21(2)p3a + i22(£2) 12,
dp o 1 .
v 2 = (—isy—=T P23 — i822(2)(033 — p22)
0z 2
+ i1 (2)p21 — i0(£2)pa3,
0 1
P2 i84 — 18y — =T ) p2a — i22(2) 034
0z 2
+ i€ (£2)(p22 — pas),
0021

Ua_z = (i8) — i82)p21 — i22(2) 031

— i€0(£2)par + Q1 (2)p23,
0043

v = (=84 — D)paz +i22(2) pa2

— i€ (F2)p23 + i1 (2)pa1-

We then expand the density matrix as a Fourier series.
More precisely, we expand the density matrix for the popu-
lation differences as

o0

Bi = (p33 — pii) = Z ﬁi(in)ei”kz,

n=—00

and for the coherences we use Eq. (2). The total system con-
sists of nine equations, but can be further reduced to seven
equations by expressing the coherences pi3, 023, P14, and py4
in terms of the populations and p;, and p34. By making this
substitution, we arrive at the recurrent matrix equation

AX,_2 + ByX, + CnanrZ = y8n09 (BD

defined by the 7 x 7 matrices A,,, B,,, C,, and the vectors
A1y
B3
Bia -
Xo = | PPy |- J
03
P
Pi3
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FIG. 7. Phase-averaged force around the Raman resonance. The
force (F(v)), defined in Eq. (2) is shown for various detunings
& around the Raman resonance with Q; = 0.58T, @, = 1.63T,
64=199Tand 6, =5T.

The explicit forms of A,, B,, and C, can be found
from substitution and are provided in the supplemen-
tal data. The continued fractions problem is solved
by repeatedly applying the recursion relation defined
in Eq. (B1).

In Fig. 7, the phase-averaged force defined in Eq. (2) is
shown for various detunings around the Raman resonance
for § = 5T. For small and negative detunings §, a cooling
force is observed, which transitions to heating around § =
0.5T. The cooling slope near zero velocity for § = 0.5 and
6 = 1T corresponds to velocities of the order of the recoil
velocity, consistent with previous observations [11]. It should
be noted that the heating feature at § = 0.5 depends on
the phase and becomes more pronounced for a smaller ratio
(Q1/923) < 0.1. Depending on the relative phase, alternating
intervals of heating and cooling are observed, which combine
in the phase-averaged results.

The simulation model can be adjusted to other four-level
systems; however, the predictions depend on system-specific
parameters such as the branching ratios of the excited
states and the involved transitions. For accurate model-
ing, it should be kept in mind that any four-level scheme
typically represents a simplification of the full atomic
structure.
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