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Single-qudit control in ¥Sr via optical nuclear electric resonance
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Optical nuclear electric resonance (ONER) was recently proposed as a fast and robust single-qubit gate mech-
anism in ¥’Sr. Here, we demonstrate through numerical simulations that ONER can be extended to single-qudit
control, addressing multiple one-level hyperfine transitions within the ten-dimensional nuclear-spin manifold.
We identify suitable operating regimes and show that ONER enables high-fidelity spin manipulations, with
simulated 7 -gate fidelities exceeding 99.9%, while maintaining coherence under realistic parameter fluctuations.
These results establish a proof of principle for optical qudit control in ¥’Sr and delineate practical parameter
ranges for future experiments, highlighting ONER as a promising pathway toward high-dimensional quantum

information processing.
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I. INTRODUCTION

Quantum information processing relies on the precise
control of quantum states, traditionally implemented using
qubits, which encode information in two-level systems. How-
ever, qudits, which utilize multilevel quantum states, can
offer significant advantages over qubits, including increased
performance per computational unit [1-3], reduced circuit
complexity [4], a more resource-efficient implementation of
quantum algorithms and error-correcting codes [3-5], and
a higher expressibility of model Hamiltonians in quantum
simulation applications [6]. As a result, qudit-based quan-
tum computation has gained increasing interest across various
quantum platforms, including superconducting circuits [7,8],
trapped ions [3,9], and neutral atoms [10-13].

Among the various physical implementations, nuclear spin
states of alkaline-earth atoms in atomic lattices are particu-
larly promising for qubit and qudit control, due to their long-
lived qudit states, the theoretically well-understood hyperfine
structure [14], their naturally emerging multiple spin states,
and the ability to precisely control their interactions with ex-
ternal fields [15,16]. These properties have led to experimental
demonstrations of high-fidelity qubit gates [17-20], erasure
conversion [21], and midcircuit operations [22-24].

While many works focus on the lowest-lying nuclear spin
states for qubit encoding, high spin nuclei offer the possi-
bility for qudit encoding in multiple spin states. The ®’Sr
system, featuring a nuclear spin of / = 9/2, has been a recent
subject of theoretical studies [10,12], where quantum control
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is suggested via magnetic radio fields acting on hyperfine
levels in the electronic ground state, which are Stark shifted
to enable individual addressability. Selectivity and achievable
Rabi frequencies are thus limited by the actual energy splitting
and the capability to localize the radio frequency magnetic
field. Recently, the experimental implementation of single-
qudit control was also realized in ¥’Sr via two-photon Raman
transitions, addressing the lowest four spin states [13].

While standard Raman methods have successfully been ap-
plied for qubit [25] and qudit control [13] in 87Sr, the reported
Rabi frequencies are in the order of 1 kHz, and additional light
shifts are necessary to avoid undesired spin mixing. To en-
hance the achievable Rabi frequencies, we recently proposed
optical nuclear electric resonance (ONER) as an alternative
approach to nuclear spin manipulation [26-28]. ONER lever-
ages the interaction between the nuclear quadrupole moment
and an optically induced electric field gradient and hyperfine
interaction, enabling high-resolution nuclear spin transitions
via amplitude-modulated laser light. Specifically, ONER only
requires a single amplitude-modulated laser beam to enable
nuclear spin control, simplifying experimental implemen-
tation and enhancing localization and individual control
compared to magnetic control mechanisms. While previous
studies demonstrated ONER for qubit control in 8’Sr [28],
achieving Rabi frequencies in the order of tens of kHz, its
extension to qudit control remains, up to now, unexplored.

In this article, we demonstrate that ONER can be gener-
alized from the previously studied qubit case to full qudit
control across the ten-dimensional nuclear-spin manifold of
87Sr. This requires addressing multiple closely spaced one-
level transitions and mitigating crosstalk, which goes well
beyond the two-level scenario. We demonstrate how ONER
can be used for precise qudit control across multiple nu-
clear spin states of %’Sr, achieving Rabi frequencies in the
order of tens of kHz. We compute optimal magnetic field
strengths and laser parameters to enable selective, high-
fidelity spin transitions. We demonstrate that, in principle, all
one-level transitions can be addressed via the ONER method.
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FIG. 1. Schematic illustration of the optical nuclear electric
resonance (ONER) protocol applied to the level structure of the
(55%) 'Sy — (5s5p) 3P, optical transition in ¥’Sr for qudit control.
Amplitude-modulated laser fields with periods 7,,,, <., +1, frequencies
Wpy>m+1 and electronic Rabi frequency Qg /2w drive the system,
resulting in an adiabatically modulated occupation of the electron-
ically excited state. In the 'Sy ground state, the magnetic nuclear
spin quantum number m; remains well defined. In the 3P, excited
states, the nonzero hyperfine interaction (Q, A # 0) mixes nuclear
spin states. Which states are mixed can be selected via the laser
frequency @y, m,+1, Which is chosen to be in between the respective
spin levels in the m; = —1 manifold. The amplitude modulation is
adjusted to the specific transition, enabling several hyperfine nuclear
spin transitions in the 'S, ground state.

Furthermore, we assess the stability of ONER-based qudit
gates under typical noise sources, showing that single spin
flip fidelities exceeding 99.9% can be achieved at realis-
tic laboratory conditions. Finally, we discuss how ONER is
compatible with possible two-qudit gates and nondestructive
readout techniques.

II. ONER AS SINGLE-QUDIT GATE IN ¥Sr

We concentrate on the (5s%) 'Sy — (5s5p) 3Py transition
in 8Sr for nuclear spin control in the ground state via the
ONER method. We show that several one-level transitions of
the ten-dimensional ground-state manifold can be addressed
by careful selection of the laser parameters. The principle of
ONER for qudit control in 8Sr is illustrated in Fig. 1, where
specific laser frequencies and amplitude modulations can
drive different one-level transitions. In the case of single-qubit
manipulation, encoded in the Am; =2 transition between
the m; = —9/2 and m; = —5/2 states, [28] ONER requires
only moderate magnetic field strengths (200 Gauss), just
so that a Paschen-Back-like regime is entered for the states
of interest in the hyperfine structure of the electronically ex-
cited state. However, for full qudit control within the same
protocol, higher magnetic fields will be necessary to access
multiple spin states with high fidelity, while simultaneously
avoiding spin mixing. The relevant excited-state levels must

be sufficiently spaced in energy, allowing the laser to be po-
sitioned between them while maintaining sufficient detuning
from each transition.

A. 1S, — 3P, transition in ¥Sr

For a theoretical investigation, we consider the Hamilto-
nian of a ¥’Sr atom in an external constant magnetic field B
in z-direction, and an amplitude-modulated laser field with
modulation period T and polarization angle 6 with respect
to the z-axis within the rotating wave approximation (RWA).
The amplitude modulation is set to Qg(¢)/27 = %[1 —

cos(%)]. The total Hamiltonian is then given by
H = H{, + Hz + Hur + Hap(?), (D

with the electronic Hamiltonian in the rotating frame H} =
—AIPP)CP |, with A = wy — w, where w is the central
transition frequency of the (55%) 'Sy — (5s5p) 3P, transition
corresponding to 689 nm, and w is the frequency of the laser
field. Note that we set 7 = 1 throughout the paper. The Zee-
man Hamiltonian Hz and the hyperfine Hamiltonian Hyp are
given by

Hz = (g;uod — giund) - B

34 A A A A2A2
L. AJer-J+n-I7
Hyr = A - 2

HE J+0 20721 — DT — 1)

, 2)

with the electronic total angular momentum J and the nu-
clear spin I, both multiplied by their corresponding magneton
(o and py) and their g factor, g; = 3/2 and g; = —1.0928,
respectively [29]. The hyperfine constants are A = 2w X
—260 MHz and Q = 27 x —35 MHz [30]. We choose a rep-
resentation of the Hamiltonian in the basis |n, my, m;), with
n denoting the electronic state, and my, m; denoting the
magnetic quantum number of the total electronic angular mo-
mentum J and nuclear spin I. In the dipole approximation, we
then write the atom-field interaction Hamiltonian as

1
Hpp(t) = EszE(t) (cos(®)]"So)(’P1, 0| ® 1

sin(6)
+
V2
sin(0)
V2
with 1 denoting the unity matrix in the nuclear subspace.

Additionally, we consider a decay from the 3P| state to the 'S,
ground state with a decay rate of I' = 2w x 7.48 kHz [25,31].

'SP -1] @1

'So){°P1. +1| ® 1+ He), (3)

B. Simulation details and experimental feasibility

We simulate the full time-dependent Hamiltonian given
in Eq. (1) within the python library qutip [32,33] using
the Lindblad master equation [34] with decay I' for the
electronic levels. Via simulations of the full system, we iden-
tify parameters that lead to a spin flip between the m; and
my + 1 hyperfine ground states. For this purpose, we choose
a laser frequency wy,m,+1 exactly between the energies
of the |IS(), 0, m]> — |3P1, —1, m1) and |1S(), O, my + 1) —
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FIG. 2. (a) Amplitude modulation period scan and corresponding nuclear Rabi frequencies of m; <> m; + 1 transitions. We show the
m-pulse fidelity at the first flip P, <41 for all Am; = %1 transitions at By = 3000 G, Qg o/27 = 30 MHz, 6, = 60 deg, and A, .., +1 as
specified in Eq. (4). Full transitions occur at different amplitude modulation periods 7, ..+ for different levels m;. (b) Rabi oscillations of

all Am; = £1 at the optimal amplitude modulation period T, cm+1-

I*P;, —1, m; + 1) transitions, i.e.,

Oy om+1 = %((E(3P1, —1, m[) - E(ISO, O, m]))
+ (ECP1, —1,m; +1) — E('So, 0, m; + 1)),
“4)

as also illustrated in Fig. 1. This choice enhances individual
control of one-level nuclear spin transitions and reduces cou-
pling to other Am; = =1 transitions due to the detuning of the
laser field from other transitions. Simultaneously, this choice
of laser frequency ensures that m; and m; + 1 experience sim-
ilar effective hyperfine interaction and show the same nuclear
spin transition frequency. As illustrative example we choose
a magnetic field of By = 3000 G, a maximal electronic Rabi
frequency Qg o/2m = 30 MHz, a polarization angle 6y =
60 deg, and the laser frequency wy, <m+1, respectively the
detuning A, <m,+1, as specified in Eq. (4). The chosen elec-
tronic Rabi frequency is experimentally achievable; a detailed
discussion can be found in Appendix E. Extended scans over
various parameter settings are also provided in the Appendix.
We note that rather large fields are necessary to obtain suffi-
cient splitting of the relevant energy levels in the excited-state
manifold. While such kilogauss-scale fields are above those
typically used in neutral-atom experiments, high-precision g-
factor measurements [35], Feshbach-resonance studies [36],
and investigations of Rydberg spectra [37] have been car-
ried out in strontium at kilogauss fields, and ytterbium-based
quantum computing experiments have also been performed
in fields exceeding 500 G [24]. This suggests that these field
strengths are experimentally feasible and compatible with spin
control on neutral atoms.

III. RESULTS

A. Nuclear spin transitions

Scanning the amplitude modulation periods 7, full flips
of the nuclear spin typically appear for several equidistantly
placed values of 7[28]. Their actual position depends on the
magnetic field By, the electronic Rabi frequency of the 'y —
3Py transition Qg o/27, and the angle 6. This periodicity is

caused by multiphotonlike transitions, where the amplitude
modulation period matches an effective energy difference be-
tween the target spin states,

2w
ft
AE;L,<—>m1+1 = nT’ (5)

for some n € N. Due to the time-dependent light shifts gen-
erated by the amplitude-modulated laser field, an analytical
computation of the effective energy difference is unfeasible.
While in principle multiple transition peaks occur, we in-
vestigate the first peak for the respective parameters, as the
highest Rabi frequency and the smoothest transitions occur at
this peak.

In Fig. 2(a), we present nuclear spin-flip probabilities (col-
ored lines),
2

(6)

Poyom+1 = max [{'So, 0. my + 1]y (1)

together with the resulting nuclear Rabi frequencies Qn/27
(colored crosses) at the transition peaks, as a function of the
modulation period 7. The probabilities are evaluated within a
simulation interval T = [0, 50 us], where | (¢)) is the time-
dependent wave function of the driven system, with [ (0)) =
'S0, 0, m;). Essentially, the flip probability P, ., can be
interpreted as the m-gate fidelity at the first flip for levels
my and m; + 1. Rabi oscillations at the maximum of the re-
spective m; <> my 4 1 transition are illustrated in Fig. 2(b).
For this parameter choice, all Am; = +£1 transitions can be
independently addressed with high fidelity. Thus, ONER en-
ables independent and high-fidelity control across the entire
87Sr nuclear spin manifold, a critical requirement for practi-
cal qudit quantum operations. The corresponding gate times,
ranging from a few to tens of microseconds, ensure that these
high-fidelity operations occur well within the typical coher-
ence times of optical tweezer or lattice platforms, allowing
the computational advantages of high-dimensional encoding
to be realized at practical gate speeds.

For lower magnetic fields, however, only transitions of
low-energy hyperfine ground states can be addressed with
high fidelity. The reason for this limitation is spin mixing,
which affects transitions to higher states if a sufficiently
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TABLE 1. Tolerances for qudit control with ONER at By, =
3000 G, Qg o/2m =30 MHz, 6, = 60 deg, and the corresponding
Ayyom+1 and Ty 11 We show tolerances for the minimal flip
probability P, both for 99% and 99.9% target fidelities. Deviations
smaller than the listed tolerances yield spin-flip control for all one-
level transitions with the respective fidelity.

|6T| |6B] |6Q2E /27| |66] [§A]

(ns) (mG) (kHz) (deg) (kHz)
99.9% 0.1 300 8 0.03 500
99% 0.6 3000 80 0.2 5000

Paschen-Back-like regime is not reached, and the level split-
ting in the excited state manifold remains too small to allow
a laser placement between the relevant states. Nevertheless,
one-level transitions between the ground and first excited
hyperfine ground state can still be addressed with high fi-
delity. To enable transitions at lower magnetic fields, Am; = 2
level transitions may be considered due to the larger level
splitting. In this case, high-fidelity control also at lower field
strength becomes a possibility, but at the cost of a reduced
(halved) number of levels available. A more detailed analysis
of Am; =1 transitions at different magnetic field strengths
is provided in the Appendix C; a discussion of the lowest
Amy = 2 transition is provided in Ref. [28].

B. Stability analysis

We now investigate the stability of the proposed ONER
protocol for m; — my + 1 qudit transitions in the electronic
ground state for the reference parameters given above. The
stability is checked with respect to the laser parameters 6,
A, and Qg. Also, the robustness against variations in the
magnetic field B and the amplitude modulation period T is
tested. Concerning the role of heating and atom loss due to
spontaneous scattering, we note that the simulation of the
total system reveals that the occupation of the excited state
is bounded by P3p; < 0.01. The decay rate I' for the 3Py state
of 87Sr leads to

Ny = B T4 004 7)
QN
as the total number of spontaneously scattered photons per
Rabi cycle, assuming a nuclear Rabi frequency of Qn/27 2
20 kHz. Therefore, we can neglect heating and atom loss in
this case.

To evaluate the stability with respect to the laser param-
eters and the magnetic field, we perform simulations with
perturbed parameters and investigate the transition probability
of the respective target states. We simulate the time evolu-
tion and calculate the -pulse fidelity of the |'Sy, 0, m;) <>
|'So, 0, m; + 1) transition under perturbed parameters. The
simulation results are summarized in Table I, where we show
the minimum fidelity over all one-level transitions,

Pmin = nrlnin Pm1<—>m1+l' (8)
1

Thus, if the deviation of each parameter is below the given
threshold value for the target fidelity of 99% or 99.9%, all

Amy = %1 transitions can be addressed with the respective
fidelity.

Noise in the magnetic field up to 3 G (~0.1% for By =
3000 G) is tolerable for a m-pulse fidelity exceeding 99%.
These tolerances are readily achieved with commercial power
supplies and can be exceeded with modern stabilization tech-
niques [36]. Similar fidelities can be achieved with detunings
from the optimal laser frequency of up to 5 MHz, a polariza-
tion angle perturbation of up to 0.2 degrees, and perturbations
in the amplitude modulation period of up to 0.6 ns (~0.1%
for 7,0 ~ 0.5 us). Noise in the electronic Rabi frequency
Qg is tolerable up to 0.25%, equivalent to about 80 kHz.
This translates into tolerable intensity noise of 0.5%, by using
the relation Qg ~ VT and thus § QEp/QE = %SI /Z. Commer-
cial stabilization systems readily achieve an intensity stability
of 0.05%, which corresponds to 0.025% in electronic Rabi
frequency. Details on the relation between electronic Rabi
frequency and laser intensity are provided in the Appendix E.
For small variations and fine-tuned control parameters, also
fidelities exceeding 99.9% are possible. Thus, we observe
stable results with respect to magnetic field perturbations,
detuning, polarization angle, amplitude modulation period,
and intensity, for experimentally reasonable parameter values
and variations.

The stability analysis performed above shows the depen-
dence of the tuning parameters and the stability with respect
to quasistatic variations. The analysis remains valid as long
as the timescale of the variations is large compared to the
timescale of the gate operation. If this is not the case, the time
dependence of the variations has to be described with a suit-
able time-dependent noise model, fitted to the experimentally
observable variations of the individual parameters.

IV. CONCLUSION AND OUTLOOK

In summary, we demonstrated that optical nuclear electric
resonance (ONER) is a powerful method for rapid and robust
single-qudit control in trapped neutral atoms. By selectively
addressing multiple one-level nuclear spin transitions with
tailored amplitude-modulated laser fields, we achieved fast
qudit operations with high fidelity even in the presence of
typical noise sources. This technique provides a compelling
alternative to methods based on radio frequencies [10,12] and
standard two-photon Raman transitions [13,25], by achieving
higher nuclear Rabi frequencies and providing improved spa-
tial localization, compared to magnetic control. While we fo-
cused our analysis on 87Sr, which offers a total of d = 10 spin
states, the method is equally applicable to other alkaline-earth
and alkaline-earth-like atoms. Note that a ten-dimensional
Hilbert space translates into log,(10)~3.3 effective qubits.
This higher information density reduces circuit width and
depth by factors of about three to ten, depending on algo-
rithmic scaling [3,4]. With ONER-based single-qudit Rabi
rates of tens of kHz, these reductions suggest faster circuit
execution on experimentally realistic timescales. Full access
to SU(V) with N <10 enables compact implementations of
error-correcting codes that can tolerate up to [(d —2)/2 = 4]-
level errors within a single atom [5], and native realization
of higher-spin Hamiltonians [6]. Paired with nondestruc-
tive, state-resolved readout and two-qudit interactions—both
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compatible with ONER—this provides a concrete and experi-
mentally viable route towards utilizing the computational ad-
vantages of high-dimensional qudits in neutral-atom systems.

Even though large magnetic fields are required, ONER
should remain compatible with two-qudit gate mechanisms.
At the time of writing, no direct experimental studies on Ry-
dberg interactions in strontium at kilogauss fields exist. Still,
prior work shows that Rydberg spectra and interactions re-
main tractable even under strong fields [37—40], and recent Yb
experiments have demonstrated blockade at several hundred
Gauss [24], suggesting that the extension to higher fields is re-
alistic. Alternative schemes, such as controlled collisions [41],
superexchange [42], or SU(N)-symmetric interactions in
Sr [6], might also provide viable routes for two-qudit gates.

Among the possible pathways for realizing two-qudit
interactions, Rydberg blockade appears particularly
promising in combination with ONER. The excitation scheme
commonly used for neutral-atom qubits, via the *p; or 3p,
intermediate states into high-lying n 3S; Rydberg levels,
extends to qudits [10] and should remain applicable even in
the presence of large magnetic fields. Studies of strong-field
Rydberg spectra in alkaline-earth systems suggest that such
operation is feasible [37-39], and the expected Rydberg
transition rates of several megahertz would readily support
fast, high-fidelity conditional-phase gates. In the simplest
implementation, only a single, selected control level (e.g.,
m; = —9/2) may be optically coupled to a Rydberg state,
while all other nuclear-spin levels remain off resonant. This
state-selective Rydberg excitation produces a conditional
phase (CZ) operation between two qudits, and additional
single-qudit rotations can compensate residual phases in the
remaining sublevels. Together with universal single-qudit
control provided by ONER, such an entangling operation is
sufficient for universal qudit computation [43].

Alternative schemes employing multiple Rydberg transi-
tions to address different control states may also be feasible,
provided that the relevant transitions can be spectrally sep-
arated. In either case, the achievable interaction strengths
are comparable to those demonstrated in qubit-based Ryd-
berg systems, indicating that ONER-assisted two-qudit gates
could, in principle, operate on similar timescales. A detailed
investigation of Rydberg blockade and level mixing in the
high-field regime will be an important next step toward a
quantitative assessment of this approach.

High-fidelity readout is likewise feasible: large Zeeman
splittings in the excited state manifold enable state-selective
fluorescence on the 'Sy — 3P, transition, as demonstrated in
Yb arrays [24], while shelving to 3py or 3P, combined with
blow-away detection [15] provides a complementary destruc-
tive read-out approach. Moreover, large magnetic fields are
not only compatible with typical cooling schemes but might
even enable spin-coherent cooling [44,45].

This establishes ONER as a promising approach for scal-
able high-dimensional quantum computing, reducing circuit
complexity and improving algorithmic efficiency. Given its
robustness and experimental feasibility, the protocol opens
new opportunities for qudit-based quantum error correction,
high-dimensional entanglement, and quantum simulation. Fu-
ture work will focus on lowering the required magnetic fields,
extending ONER-based schemes to multiqudit entanglement

operations, and exploring their integration into large-scale
neutral-atom quantum processors.
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APPENDIX A: OVERVIEW

In this Appendix, we provide an extended scan of the
amplitude modulation T to illustrate the multiple equidistant
transition peaks in Appendix B. We provide scans of the
amplitude modulation period for different system parameters
in Appendix C and discuss resulting Rabi oscillations in more
detail. Finally, details on the overall computational imple-
mentation are presented in Appendix D, while details on the
necessary laser intensity can be found in Appendix E

APPENDIX B: EXTENDED T SCAN:
MULTIPLE TRANSITIONS

In this Appendix, we show that full transitions occur for
equidistantly spaced amplitude modulation periods 7', for all
one-level transitions. As explained in the main text, this is due
to multiphotonlike transitions that obey the equation

2

ff
AErilem,-&-l = n?’ (B1)

with n € N. The effective energy difference AE;flf(_)ml 41 of
the ground-state hyperfine levels is state dependent, so the
periodicity is different for different transitions m; <> m; + 1.
Figure 3 shows the multiple transition peaks for the pa-
rameters By = 3000 G, a maximal electronic Rabi frequency
Qg 0/2m = 30 MHz, a polarization angle 6y = 60 deg, and
the laser frequency wy,<m+1. We can see that the nuclear
Rabi frequency approximately drops in a straight line for

higher-order transition peaks.

APPENDIX C: T SCAN FOR OTHER PARAMETERS

The main text is dedicated to transitions for By, = 3000 G,
a maximal electronic Rabi frequency Qg ¢/2m = 30 MHz,
a polarization angle 6y = 60 deg, and the laser frequency
Wm, >m+1, respectively the detuning A, ., +1, since all one-
level transition can be addressed with a fidelity exceeding
99.9%. However, the ONER method is also applicable at
lower magnetic fields. In these cases, not all one-level transi-
tions may be addressed with a fidelity this high—but a subset
remains usable. Therefore, it makes sense to look at scans over
various system parameters for these scenarios as well. Again,
we focus on one-level transitions, in contrast to Ref. [28],
where two-level transitions have been considered. We
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FIG. 3. Amplitude modulation period scan and corresponding nuclear Rabi frequencies. We show the m-pulse fidelity at the first flip
Py m+1 for all Am; = %1 transitions at parameters By = 3000 G, Qg o/2m = 30 MHz, 6, = 60 deg, and w,,; <., +1 as specified in the main
text. Full transitions occur at different amplitude modulation periods 7, <., +1 for different levels m;. Moreover, multiple equidistantly spaced

transitions occur for each level.

investigate the system parameters By = 1000 G, Qg ¢/27w =
15 MHz, 6y = 75 deg, and the corresponding A, o, +1 in
Fig. 4. In Fig. 5 we look at the transitions for system parame-
ters By = 1500 G, Qg o/2mw = 20 MHz, 6y = 75 deg, and the
corresponding A, ., +1. In both cases, we obtain fidelities
exceeding 99.9% for the lower four levels. For higher levels,
however, the fidelity is quenched, but still exceeding 99%, as
illustrated in Figs. 4(a) and 5(a). Thresholds, determined by
a scan over small variations of the system parameters, are
provided in Tables II and III for each individual transition.
In both cases, high-fidelity transitions can still be reached for
reasonable parameters and tolerance thresholds. Note that the
given thresholds are estimated from below, based on the simu-
lated transition probability with perturbed parameters. Larger
perturbations might therefore still yield accurate results,
especially since different parameters can be codependent.
This is analyzed in more detail in Ref. [28].

For both parameter sets, nuclear Rabi frequencies between
10 and 25 kHz are achieved. The corresponding Rabi os-
cillations are illustrated in Figs. 4(b) and 5(b). The Rabi
oscillations display a steplike behavior, which stems from the
amplitude modulation: Each step corresponds to one cycle in
the periodic modulation of the amplitude. In order to obtain
smooth Rabi oscillations, the amplitude modulation frequency
should be as high as possible.

APPENDIX D: COMPUTATIONAL DETAILS

As a first step, the total time-dependent Hamiltonian
is set up according to Eq. (1) of the main text. As ba-
sis states we choose |n, my, m;), with n € {ISO,3P]}, my =
0 for 'Sy state and my € {£1,0} for 3p, state and m; €
{=9/2,-7/2,...,9/2} as discussed in the main text. Initial
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FIG. 4. (a) Amplitude modulation period scan and corresponding nuclear Rabi frequencies. We show the m-pulse fidelity at the first flip
Py, m+1 for all Am; = %1 transitions at parameters By = 1000 G, Qg o/2m = 15 MHz, 6y = 75 deg, and w,,; <., +1 as specified in the main
text. Full transitions occur at different amplitude modulation periods 7, .., +1 for different levels m;. (b) Rabi oscillations of all Am; = £1 at

the optimal amplitude modulation period 7., < m;+1-
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FIG. 5. (a) Amplitude modulation period scan and corresponding nuclear Rabi frequencies. We show the 7 -pulse fidelity at the first flip
P, omy+1 for all Am; = %1 transitions at parameters By = 1500 G, Qg ¢/27 = 20 MHz, 6, = 75 deg, and w,, .m,+1 as specified in the main
text. Full transitions occur at different amplitude modulation periods 7,,,, .+ for different levels m;. (b) Rabi oscillations of all Am; = £1 at

the optimal amplitude modulation period 7, <, +1-

states are chosen as

[vo) € {|'So, 0, my) | my = =9/2,...,9/2}. (D1)

Since the excited 3P, state decays with rate I' =2m %
7.48 kHz into the 'Sy ground state [25,31], an open quantum
system has to be considered with density matrix p. The time
evolution of the system can then be described by a Born-
Markov master equation [34] of the form

ihd,p = [H. p] +ih Y _ kaLlcalps. (D2)

with decay strengths k, = I' and the Lindblad superoperator
L defined by

Llclps = cpsc’ — L(c'eps + pscie) (D3)

for a collapse operator c. In our case, the collapse operators
are given by

co = |"So){*P1. 0| ® 1,
Ccy = |IS(), 0)(3131, —‘rl| ®1,

c- = 'S, 0)°Py, —1| ® 1, (D4)

and model the spontaneous decay from the excited state to
the ground state under the emission of a linearly, right- or
left-circularly polarized photon. We simulate the time evolu-
tion given by Eq. (D2) in a time interval r with the python
library qutip [32,33], using the mesolve function. From the
simulation results, we extract the occupation of the respective
states.

APPENDIX E: CONVERSION OF RABI FREQUENCY
AND LASER INTENSITY

For the ONER protocol, the electronic Rabi frequency
Qg/2m of the 'Sy — 3p, transition in ¥Sr provides a con-
venient measure of the required laser intensity. The relation
between Rabi frequency and intensity is determined by the
dipole matrix element of the transition,

0.151
NG

together with a Wigner factor of 1/+/3 [46]. The connection
between laser intensity Z and Rabi frequency follows from

D = |['sofd] Py =

au.,

hQ = —('So|d*Py) - Eo,

TABLE II. Tolerances for qudit control with ONER at By = 1000 G, Qg o/2m = 15 MHz, 6, = 75 deg, and the corresponding A, <., +1
and T, .;+1. We show tolerances individually for each Am; = +£1 transition, both for 99% and 99.9% target fidelities. Deviations smaller
than the listed tolerances yield spin-flip control for the corresponding transition with the respective fidelity.

18T (ns) |6B| (mG) 162 /27| (kHz) 160| (deg) [8A[ (kHz)

Transition 99.9% 99% 99.9% 99% 99.9% 99% 99.9% 99% 99.9% 99%

-9/2 < -7/2 0.8 35 380 >1000 10 35 0.15 0.7 >5000 >5000
=7/2 < =5/2 0.8 35 380 >1000 10 60 0.15 0.9 >5000 >5000
—5/2 < =3/2 0.8 4.0 400 >1000 20 60 0.15 0.9 >5000 >5000
—-3/2 < —1/2 0.8 4.0 400 >1000 15 80 0.15 1.0 >5000 >5000
—-1/2 - 1/2 3.8 >1000 80 1.0 >5000
1/2 < 3/2 3.8 >1000 80 1.0 >5000
3/2 << 5/2 3.0 >1000 80 1.0 >5000
5/2<17/2 2.5 >1000 80 1.0 >5000
7/2 < 9/2 2.0 >1000 80 1.0 >5000
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TABLE III. Tolerances for qudit control with ONER at By = 1500 G, Q¢ o/2m = 20 MHz, 6, = 75 deg, and the corresponding A, <., +1
and T, <. +1. We show tolerances individually for each Am; = =1 transition, both for 99% and 99.9% target fidelities. Deviations smaller
than the listed tolerances yield spin-flip control for the corresponding transition with the respective fidelity.

I5T'| (ns) |3B] (mG) 189 /27| (kHz) 16| (deg) I5A] (kHz)
Transition 99.9% 99% 99.9% 99% 99.9% 99% 99.9% 99% 99.9% 99%
-9/2 < -17/2 0.5 1.8 350 >1000 8 40 0.10 0.45 >5000 >5000
—-7/2 < —=5/2 0.5 2.0 450 >1000 10 50 0.10 0.60 >5000 >5000
—5/2 < =3/2 0.5 2.0 450 >1000 15 70 0.10 0.70 >5000 >5000
=3/2 < —1/2 0.5 2.5 450 >1000 20 70 0.15 0.80 >5000 >5000
—1/2 < 1/2 2.0 >1000 70 0.80 >5000
1/2 < 3/2 2.0 >1000 70 0.80 >5000
3/2<5/2 1.8 >1000 70 0.80 >5000
5/2 < 7)/2 1.8 >1000 70 0.80 >5000
7/2 < 9/2 1.4 >1000 70 0.60 >5000
with Z = % goCEg_ This gives optical power. Thus, the above intensities translate to a laser

power of several microwatts to a few milliwatts for beam

IhQe| =D, /2 (E1) diameters between 20 and 100 um.

goc”

From this relation, electronic Rabi frequencies of
Qg/2m = 20, 40, 60 MHz correspond to intensities of Z =
1, 4, 10 W/cm?, respectively. For a Gaussian beam of waist
wo, the peak intensity is given by 7 = 772—;,], where P is the

These values show that MHz-scale Rabi frequencies are
readily achievable with only tens of microwatts to a few
milliwatts of optical power, which is well within the reach
of current strontium tweezer and lattice platforms. A similar
discussion is provided in Ref. [28].
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