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Optimal quantum reservoir learning in proximity to universality
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The study of the boundary between classically simulable and computationally complex quantum dynamics is
fundamental to understanding which physical resources may enable enhanced information-processing capabili-
ties. We investigate this within the framework of quantum reservoir computing by introducing a tunable N-qubit
random circuit model, where a fraction p of Clifford gates are probabilistically substituted with nonstabilizing
conditional-7' gates. We establish a direct correspondence between the reservoir’s performance on temporal
processing tasks and its entanglement-spectrum statistics and long-range nonstabilizer resource content. To
assess scalability, we study the scaling of the antiflatness of states in the large-N limit at a fixed circuit depth
ratio d /N ~ O(1). This is taken as a witness to the concentration of measures, a known impediment to learning
in thermalizing systems. We demonstrate that the learnability and scalability of the reservoir can be continuously
controlled by the parameter p, allowing us to navigate from classically tractable to maximally expressive
quantum dynamics. These architecture-agnostic results provide a general strategy for designing tunable and
expressive quantum reservoirs, highlighting how certain nonclassical properties control average-case intrinsic

learnability and functionality.
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Introduction. Quantum machine learning (QML) is among
the most significant near-term applications of quantum de-
vices and computing. The cornerstone in QML circuit design
is the variational parametrization of quantum circuits [1],
analogous to classical neural networks. However, such ap-
proaches suffer from serious trainability problems [2-5].
Despite efforts to remedy the scalability issues, no satisfactory
solution has been found [6-9]. This has led to considering
“postvariational” QML (PVQML) [10], where fixed but suf-
ficiently expressive random dynamics is exploited [11,12]. A
central challenge with regard to this is to design protocols that
exceed the classically simulable limit in a controllable way
while avoiding known pathologies [13,14].

From the Gottesman-Knill theorem it follows that uni-
versal quantum computing requires finite ‘“magic,” i.e.,
resources beyond the Clifford gates, stabilizer states, and
Pauli measurements [15-17]. While it is well known that
non-Clifford resources are an essential ingredient to unitary
designs (pseudorandomness) and genuine quantum chaotic
behavior [18-20], much less is known regarding how such
nonclassical resources shape the performance of PVQML
algorithms. Despite attempts to correlate learnability to en-
tanglement, coherence, and scrambling [21-26], these metrics
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alone cannot reliably predict performance or viability. In
PVQML, particularly quantum reservoir computing, one com-
monly employs many-body Hamiltonians or random circuits
where the influence of distinct quantum resources is in-
separable [27-32], obscuring the causal role in temporal
learning. Rather than directly addressing quantum advan-
tage [33,34], here we aim to analyze how nonlocal physical
resources structure learnability and functionality of quantum
reservoirs (QRs).

In this work, we propose a paradigm of probabilistic
ORs (PQRs) that interpolate between volume-law-entangled
stabilizer and weakly entangled (localized) extremes, host-
ing an intermediate dynamical regime exhibiting finite and
controllable long-range magic. This is induced via proba-
bilistically replacing random Clifford gates by conditional-
T gates, CT :=1®|0)(0| + T ® |1)(1|, T = diag(1, ¢*/*)
[Fig. 1(a)]. We show that, similar to f—doped Clifford circuits,
this provides a resource-efficient and methodological route
to quantum universality [35-40]. The replacement paradigm
additionally allows systematic and controlled generation of
entanglement and magic.

Our main result is that the ensemble-typical learning per-
formance of the PQRs is correlated to entanglement-spectrum
complexity. To unfold this, we consider a measure of entropic
divergence for the spectral distribution of subsystem entan-
glement entropy, and quantify the relative complexity with
respect to a known universal distribution. Emphasizing the
role of mutual magic, we further find that the ideal (nonlinear)
memory and information-processing capabilities are reached
at the crossover between a quantum chaotic and an integrable
regime. Remarkably, in our PQR this is accessed by only
tuning the probability p with a fixed circuit depth d ~ O(N)
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FIG. 1. A probabilistic quantum reservoir computer. (a) The cir-
cuit’s qubits are split into memory M and readout R subsets, and
evolution is captured by an effective contractive channel with the uni-
tary update U, = U, ®j M Iéjy. (6,), followed by (idealized) measure
and reset of readout qubits. Classical inputs, 6,, are encoded as local
rotations R (0) := exp[—i¥'#/2], and the reservoir is iterated for n
steps. (b) Average learnability is characterized via relative distance
to a quantum universal entanglement spectrum, with p*(d) indicating
the depth-dependent onset of a chaotic-integrable crossover. In an
optimal (p, d) window, a linear readout on the model’s observables
accurately reconstructs nonlinear, time-dependent functionals of the
input history. Throughout, “optimal” denotes average-case intrinsic
learnability, not task-driven model optimization.

[Fig. 1(b)]. We also show that concentration of measures,
typical of scrambling quantum dynamics, can be inferred from
the finite-size scaling of antiflatness of states. We relate this
self-sampling variance to the expected functionality of reser-
voir computing in large-N limit.

Model. We consider a nearest-neighbor brickwork circuit
of fixed depth d and N qubits. The local probabilistic unitary
map is

with probability p

OcpUl,  with probability 1 — p

o A ot

> {C TpCT

where U is a random Clifford gate and p is a quantum state.
The spacetime volume is V = (N — 1)d, and total number
of CT gates is extensive for p > 0, obeying the binomial
distribution with the expected value E[#CT] = pV. The re-
alized density then converges to the expected density, p, with
fluctuations /p(1 — p)/V. Clifford gates are generated by the
set (H,8,CX}, where H is the Hadamard gate (X + Z)/f
=+/Z,andCX =T ®10)(0] + X ® |1)(1] [41]. These gates
conjugate the N-qubit Pauli group Py = {/,X,Y,Z}®" to
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FIG. 2. Properties of entanglement. (a) Entanglement dynamics
starting from a random product state for N = 14. (b) Same vs the
rescaled depth (1 — p)d/N. (c) Mean level spacing ratio (r) for
d/N =2 and (inset) d /N = 1, computed by taking the mean of the
neighboring eigenvalue ratios r over the entire spectrum. The dot-
ted lines mark the standard quantum and classical reference limits,
characterized by the GUE for quantum chaotic complex Hermitian
matrices, and by the Poisson statistics for integrable systems with
uncorrelated spectra, where (rgug) =~ 0.6 and (rpoisson) ~ 0.39, re-
spectively. Plotted for various N by starting from the initial state
|0X0|®N. (d) Relative entropy of distributions for N = 20. p* ~
0.65 % 0.05 denotes the onset of the crossover to the integrable (clas-
sical) regime for d /N = 2. The results are averaged over 200—600
independent realizations.

itself (up to a phase); i.e., for all P € Py one has U ﬁflg €
Pn. Since any Pauli string (across any bipartition) stays a
tensor product under the action of Clifford group, operator
entanglement for such string remains zero at all times [42,43].
For a stabilizer state |stab) = Uc|0)®N [44], the reduced
density matrix on a subsystem R (the readout) satisfies pr
Pg, where Pg = P} is a projector. This implies that the
nonzero entanglement spectrum is highly degenerate and dis-
plays no level repulsion. Such properties render classical
simulation of these circuits highly efficient with polynomial
resources [45]. Interestingly, even a single 7' gate may drive
the entanglement-spectrum distribution to a universal Wigner-
Dyson form [46] and lift its flatness [47,48]. Nevertheless, in
the absence of a universal quantum gate set, the distribution
alone does not necessarily signify either universality or clas-
sical hardness [49].

Entanglement spectrum. We now characterize the dynam-
ics of entanglement and its spectral fingerprints in our model.
In the following we fix the spatial size of the readout R and
memory M to be equal, so that for a measure of state entangle-
ment entropy, say, Sy := —tr[py log Py ], we have Sy; = Sg°,
where §° = S(d = o0). For p = 0 the circuit is Clifford only,
so an initial stabilizer state remains as such while exhibiting
volume-law entanglement with a linear initial growth, saturat-
ing at depth d* ~ O(N) [50,51]. Shown in Figs. 2(a) and 2(b),
when a fraction p of entangling Clifford gates is replaced by

L060401-2



OPTIMAL QUANTUM RESERVOIR LEARNING IN ...

PHYSICAL REVIEW A 113, L060401 (2026)

diagonal CT gates, the entanglement front slows down with an
approximate effective velocity vg(p) o (1 — p). This behav-
ior follows from the hierarchy in average entangling power,
ecr Legy [52,53], so that in the limit p— 1 entanglement
transport is trivially arrested. Evidently, entanglement curves
collapse when plotted against the rescaled time ~(1 — p)d/N
and saturation depth scales as dg(p) ~ d* (1 — p)~'. Con-
cretely, S(d, N, p) ~ s* min[vg(p)d, N/2], where s> is the
equilibrium entropy density. Since here we take d ~ O(N),
entanglement may remain extensive for any p # 1, imply-
ing that the cost of a tensor-network simulation grows as
~QO( explc(l — p)Ns*°]) [54], with ¢ a constant.

It is imperative to probe how a subsystem’s spectral dis-
tribution, Q, approaches the prediction of random matrix
theory [55]. Let us consider the spectrum of the reduced
density matrix via Q := —log Trg(p), and study the ratio
r; := min(§;, §;+1)/ max(§;, §;1), where §; := €;_1 — €;, with
€ > €1 and g € Spectra(QM) [56-58]. The reference quan-
tum chaotic distribution here is characterized by the Gaussian
unitary ensemble Qgug(r) « (r + r2 )2/(1 + r 4+ r2)*, and the
relative entropy R(Q||Qgur) := Tr[Qlog (Q/OcuE)] is taken
as a measure of informational divergence [59].

Plotted in Fig. 2(c), for nearly any p > 0, the average
spacing ratio converges to the value (r) ~ 0.6 set by the
reference distribution, highlighting the extreme sensitivity of
the Clifford group to nonstabilizing perturbations. The same
is reflected in the behavior of the relative entropy R, plotted in
Fig. 2(d). Importantly, at a d-dependent probability p*(d) the
system evolves smoothly to a weakly entangled state, follow-
ing the decreasing trend of entanglement from its saturation
value. At a relatively lower depth d = N, features qualita-
tively stay the same, yet the crossover naturally takes place
at a lower p*. Crucially, for large enough N, this crossover
admits size-independent statistics. It is in the vicinity of this
chaotic-integrable crossover that an optimal learning regime
emerges and the system’s memory becomes maximal.

Mutual magic. As a proxy to nonlocal magic, we consider
the behavior of the mutual stabilizer Rényi entropy (SRE) for
complementary subsystems of size N/2 [60-65], defined as

Z(p) == M(p) — M(pm) — M(pg). (D

For a mixed-state p, the second SRE is expressed as

M) == —log| 27V Y Te(@P)* | = Sa. ()
PEPN

where S, := —log(Tr p?) is the 2-Rényi entropy. In the fol-
lowing we refer to M(p) as total magic (TM) and Z(p) as
mutual magic (MM). SREs are a measure of spread over the
Pauli basis, indicating deviations from stabilizer states, which
concentrate all Pauli weight on exactly 2V strings. By addi-
tivity, M(py ® pr) = M(pPy) + M(pr), and MM vanishes
for separable subsystems, while TM can be nonzero or even
maximal. Observing Z > 0 thus signals correlations across
a cut and quantifies the long-range magic of states, which
arises when a unitary map entangles Pauli operators over some
spatial distance [66,67]. Evolution of magic measures can be
tracked to identify quantum phase transitions [68] and study
information scrambling [69,70]. Useful to note that local Haar
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FIG. 3. Relative gap of mutual magic. AZ as a function of p at
depth d/N = 2. p* ~ 0.35 4 0.05 denotes the point after which, for
sufficiently large systems, MM becomes relatively submaximal. The
results are averaged over 200 independent realizations.

random circuits saturate TM at depth d o« In N to the value
MP ~N—2+0027N)[71-73].

To capture the behavior relevant to learnability, we con-
sider the relative gap of MM with respect to Haar random
circuits, defined as

y '

Intuitively, at a fixed depth d =2N and for 0 < p < 1,
AZ(p;d) should asymptotically tend to zero as a function
of N up to a point p, i.e., AZ(p < p*;2N) — 0 as N —
oo (note that ZF o< N). For sufficiently large N, AZ then
should increase with p for p > p*. The relative gap is bounded
0 < AT < 1, and pf marks the onset of a regime where the
circuit approaches a non-Haar fixed point and MM stays
submaximal. This follows since, in the absence of basis-
mixing operations, the CT gates can become redundant under
repetition (up to a finite periodicity), thereby limiting the
dynamical growth of non-Clifford complexity. Concurrently,
the resulting state at a fixed depth also becomes progres-
sively less entangled when increasing p. Figure 3 shows
how the above features are realized in the PQR. One also
finds p*(d) < p*(d), implying a quantum system may ex-
hibit universal entanglement-spectrum statistics without MM
or entanglement entropy being necessarily maximal. While
closely related, these quantities fundamentally capture differ-
ent aspects of a quantum chaotic behavior [18,74-80] (see
Supplemental Material [81]). Next we show that learning
performance peaks in an intermediate regime where Z is sub-
stantial yet submaximal. This suppresses the overscrambling
that degrades learnability, implying that the finite relative gap
AZ # 0 can be interpreted as an accessible resource for pur-
poseful computations.

Memory and learnability. To perform computations and
process the stream of inputs {6, }, the reservoir is iterated with
a fixed random template, and expectation values of diagonal
observers (Z,), (ZiZ i)ij are then recorded at each step to be
used for linear regression [27]. Learnability metrics are then
averaged over different inputs and random circuits. The ef-
fective iterative dynamics is given by p,; = Trz(U, On UJ )
10)(0[®K, where U, = Ures ey RY (6,) (cf. Fig. 1). We as-
sume idealized measurements and reset of readout qubits,
with noiseless operations and no restrictions on the number
of shots. The general purpose here is to recover (nonlinear)

AL(p;d) = 3)
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FIG. 4. Linear memory and nonlinear learnability. (a) Linear
memory as function of delay t for various p with (N,d/N) =
(10, 2). Inset shows the mean memory C over the interval 1 < 7 <
12. (b) Nonlinear learnability as a function of p for d/N = 1, 2, with
(r,N) = (10, 10). Each input sequence has ~2000 steps; we discard
the first ~500 (washout) and use the rest for training and testing via
supervised linear regression on standardized features (reservoir ob-
servables). Each data point is obtained by averaging the performance
metrics over 50—100 random configurations and input sequences.

temporally dependent functionals y, = f[{6, }»<,] of the in-
put sequence. Employing a simple linear postprocessing layer
lets us capture the infrinsic computational capacity of the
PQRs. A suitable reservoir must support a contractive tem-
poral map [82-85], which can be diagnosed by the decay of a
measure of averaged state distance [81].

Short-term linear memory is assessed by reconstructing
delayed targets y, = 6,_.. Memory at delay t is quantified
by C; = cov(y, ¥)?/var(y)var(y), where § denotes the ar-
ray of predictions, and cov and var denote covariance and
variance, respectively. Inputs are uniformly distributed in the
interval 6 € [0, 1] and rescaled by 1073. Results presented
in Fig. 4(a) show that the circuit exhibits excellent memory
for intermediate values of p* < p < p*. Notably, for those
parameters neither entanglement nor MM is maximal. Inline
with the recent studies on quantum Hamiltonians [84-86],
the reservoir’s overall learnability peaks near the boundary
of chaotic (ergodic) and integrable (localized) regimes. This
strongly suggests that the behavior is universal, in the sense
that it is insensitive to the details of the underlying dynam-
ical model and the exact mechanism driving the crossover
or transition. Thus the proper operating regime is unambigu-
ously diagnosed via the spectral properties of entanglement
and long-range magic. While the precise optimum can be
task specific, as in classical reservoir computing [87,88], peak
utility in an intermediate order-chaos regime mirrors behavior
seen across complex information-processing and biological
systems [89-91].

To expand the analysis of performance, we also con-
sider a widely studied benchmark, which is the emulation
of a nonlinear autoregressive moving average dynamics.
The 7-th order equation is expressed as y(n+ 1) =ay, +
ﬂYnZ;;é Yn—j + ¥Op—1416, + 8, where y, is the nth tar-
get and (o, 8, y,8)=(0.3,0.05, 1.5,0.1). The input signal
6, is given by the series 6, = 0.1[1 + ]_[X sin(wx n)], where
x € {a, B, 7}, w=2m/T, and constants are chosen as
@, B,7,T)=(2.11, 3.73, 4.11, 100) [27,92,93]. As shown
in Fig. 4(b), the nonlinear learnability exhibits a finite jump
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FIG. 5. Scaling of anti-flatness. (a) Size scaling of antiflatness
and linear fits, plotted in logarithmic scale for various p. (b) The
decay slope a/(p), extracted from a linear fit to log,(F)~ —aN. The
results are averaged over 200 realizations. On the right axis we have
replotted the nonlinear memory for the same depth d = 2N to match
the performance to the obtained points p* and p*.

for any p > 0 and then grows to a maximum near the spectral
crossover. Consistent with earlier results for the entanglement
spectrum, the peak performance occurs at different values of
p for different depths.

Scalability and antiflatness. We now discuss the feasibility
of accurate information processing in the limit N — oco. In
fast-scrambling circuits [94,95], expectation values of local
observables converge toward ensemble-typical values, and
their long-time fluctuations may shrink exponentially with
system size [1,20,96]. As a result, in practical situations,
the number of measurements required to resolve expectation
values and distinguish different input states may also grow
exponentially [13,97-100]. We address this via the scaling of
antiflatness of a state [47], defined as

N N A2\2
F(p) = Tepp — (Tepz) 4)

which is the variance of a reduced pure state with respect to
itself; F(p) = vary,(pg) where pg = Try 0. Similar to nonlo-
cal magic, one has F = 0 for both stabilizer states (entangled
or not) and random product states (which only have local
magic) [101]. For an equal bipartition and in the absence of
symmetries, the ensemble-averaged antiflatness of Haar ran-
dom states satisfies Fyy = Eg[F(pu)]~27" [72], the typical
behavior of a sufficiently random (nonintegrable) quantum
dynamics.

Demonstrated in Fig. 5, one can continuously control the
behavior of flatness by tuning p and infer the concentration of
measures in the reservoir. Writing log,(F) = —aN + ¢, we
may interpret o = «(d, p) as the concentration rate, where
for Haar random states oy = 1. In the limit N — oo, such
states admit reduced subsystems that approach the maximally
mixed state ~I /2N and are locally flat (i.e., information is
“hidden” from local observers) [102,103]. This implies that
the expected optimal regime in terms of both performance
and scalability may only be achieved when F/Fy > 1 and
0 <€ o < ap [see Fig. 5(b)]. A weak decay o < ay (strictly
when F # 0) signals a weakly entangled (localized) nonstabi-
lizer state. Taken together, the relative value of the antiflatness
and its scaling discriminate physical phases, and are a proxy
for both the computational performance and practical readout
cost in the large-N limit.
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Conclusions and outlook. In this work we introduce a
PQR computer with a single control parameter for robust
temporal quantum learning. By quantifying ensemble-typical
intrinsic learnability via the circuits’ distance to a quan-
tum chaotic spectral law, we have shown that the averaged
performance peaks in proximity to a quantum universal en-
tanglement spectrum, where nonlocal qunatum resources,
namely, entanglement and mutual nonstabilizerness, are ex-
tensive yet submaximal. Our findings suggest that for QRs
targeting nontrivial temporal learning tasks requiring both
long intrinsic memory and rich nonlinear processing, only
this intermediate regime may provide the required balance
between quantum expressivity and operational accessibility.
Same principles carry over to other tasks such as the predic-
tion of a chaotic input series [104]. Given the “second law of
quantum complexity” [105], the gap to maximal complexity
(“uncomplexity”) is a consumable resource for directed com-
putations. Accordingly, dynamics that drive states rapidly to
near-Haar typicality (maximally scrambling) may in general
be suboptimal for learnability.

The family of brickwork circuits studied here pro-
vides tight control over dynamics, and enables QML archi-
tectures grounded in simple physical principles. Our findings,
however, are largely independent of the specific quantum dy-
namics considered here. The robustness and practicality of our
approach can be readily evaluated in both noisy and symmet-
ric settings [106—108]. The findings are also relevant to other
learning frameworks, particularly quantum kernel methods

and extreme learning [13,14], where the same expressivity-
induced concentration is observed. As established, a near-flat
spectrum for the reduced density matrix points to insensitiv-
ity to input data series. This motivates a resource-theoretic
formulation of quantum learning based on deviations from
thermodynamic flatness [109], which naturally connects to
classical simulability at the level of both dynamics and ob-
servables. In particular, assuming noiseless dynamics, it is an
open question to what extent some observables around the
optimal point may remain classically simulable in an average-
case sense [9,110].

For experimental realizations, one can imagine a concep-
tually identical setup with random single-qubit Clifford and
parametrized conditional gates (tailored to a device’s native
gate set), using the well-known Cartan decomposition [70].
This allows one to formalize a predictive link between learn-
ability and the joint profile of entangling and nonstabilizing
powers of a circuit.
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