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We calculate parity-violation-induced E1 amplitudes for the 1s → 2s and 1s22s → 1s23s transitions in H- and
Li-like ions of 40Ca, 48Ca, and 208Pb. In our analysis, we account for neutron skin effects and nuclear uncertainties
for each nucleus. We consider the spin-independent weak-interaction contribution of the Z0 boson described by
the standard model, as well as the effects of a hypothetical new Z ′ boson of varying mass. We conclude that the
neutron-skin corrections in the 40,48Ca isotope pair can mostly be neglected when considering Z ′ boson effects,
which is an advantage for the search for new parity-violating physics. However, both the neutron skin effect and
the sensitivity to hypothetical Z ′ interactions in 208Pb are shown to be significant.
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I. INTRODUCTION

Atomic parity violation (APV) is one of the leading tools
for testing the standard model (SM) and its possible exten-
sions in the low-energy regime [1–4]. Within the SM, the
violation of parity symmetry occurs due to the weak inter-
action [5]. Consequently, if the APV contribution is measured
to be different from theoretical predictions based on the SM,
it may indicate the existence of a new parity-violating inter-
action, for instance, one mediated by a new light Z ′ boson
[6,7]. Alternatively, bounds can be placed on the parameters of
such hypothetical couplings when the APV effects are found
to agree with the SM.

To this day, the majority of APV measurements have
been performed in neutral atoms [8–10]. However, given the
prospect of storage-ring-based spectroscopy exemplified by
the Gamma Factory project at CERN [11], there is a real pos-
sibility of probing APV in photoexcitations of highly charged
ions (HCIs) [12,13]. In these proposed experiments, the ions
moving with relativistic velocities in a storage ring are irra-
diated with a counterpropagating laser beam whose energy is
increased in the ions’ frame of reference due to the Doppler
shift. In the Gamma Factory scenario, the Doppler-boosted
laser photons’ energies are expected to be up to 60 keV, which
would facilitate the spectroscopy of high-energy transitions
from the ground state of many HCIs [13].

There are several advantages of APV experiments with
HCIs over those in neutral atoms or multiply charged ions:
most notably, HCIs have a much simpler electronic structure,
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which is favorable for theoretical calculations, as well as a
larger overlap of electronic wave functions with the nucleus
that results in an enhancement of the APV effect [13].

Apart from the new-physics searches, APV can provide
insights into nuclear neutron distributions, which, in turn, help
determine the parameters of the equation of state for neutron-
rich matter [14]. These distributions are often characterized by
the so-called neutron skin, which is the difference between the
root-mean-square (rms) radii of neutron and proton densities.
While the proton distribution is relatively easy to measure in
experiments relying on the electromagnetic interaction, the
neutron distribution cannot be probed in the same straightfor-
ward way since neutrons lack electric charge. Consequently,
the neutron rms radii are poorly known in comparison to their
proton counterparts. However, when the Z0-boson-mediated
weak interaction is considered, electrons couple to neutrons
much more strongly than they do to protons [5]. Hence, the
dominant part of the APV effect depends on the neutron
density, and as a result, the APV magnitude can be used to
probe neutron distributions.

One can note that APV is not the only way to measure
nuclear neutron density. Recently, neutron skins of 48Ca and
208Pb were determined in parity-violating electron scattering
experiments: in CREX [15] and PREX-II [16] collaborations,
respectively. In the present work, we use these results to calcu-
late the APV amplitudes in H- and Li-like 40,48Ca and 208Pb,
taking into account the difference between proton and neutron
rms radii. The significance of the pair 40Ca and 48Ca arises
from the fact that both isotopes have relatively small neutron
skins and almost equal charge radii. From the new-physics-
search perspective, these characteristics of 40Ca nuclei help
separate new parity-violating interactions coupling to protons
from those coupling to neutrons.

The paper is organized as follows. In Sec. II, we exam-
ine the theory behind the spin-independent standard-model
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(Sec. II A) and hypothetical new-physics (Sec. II B) APV
interactions. Section III deals with the interplay between the
neutron-skin and new-physics effects in APV by considering
the relevant atomic matrix elements (Sec. III A), their dif-
ferences, and their ratios (Sec. III B). We present our results
in Sec. IV and discuss the nuclear parameters (Sec. IV A)
and the calculation methods (Sec. IV B) that we use. Finally,
we analyze our findings in Sec. IV C. The summary is given
in Sec. V.

In this work, most results are presented in atomic units. We
write these explicitly, including all relevant constants, such as
the reduced Planck constant h̄, the speed of light c, and the
fine-structure constant α. We denote the electron mass as m,
the elementary charge as e, and the Bohr radius as aB.

II. THEORY

A. Standard model APV

A major mechanism of APV is the neutral-current inter-
action between electrons and nucleons, mediated by the Z0

boson. For spinless nuclei and low energies, this interaction
can be expressed through an effective four-fermion Hamilto-
nian density [5]

ĤSM = GF√
2

∑
i

C(N )
1i ψ

(e)
γμγ 5ψ (e)ψ

(N )
i γ μψ

(N )
i , (1)

where GF = 1.166 × 10−5(h̄c)3 GeV−2 is the Fermi constant,
γ μ are the Dirac gamma matrices, and γ 5 = −iγ 0γ 1γ 2γ 3 is
the"parity-violation" gamma matrix. In Eq. (1), the sum runs
over all nucleons; ψ (e) designates electron spinors and ψ

(N )
i

nucleon (proton or neutron) spinors, while the coefficients
C(N )

1i characterize the interaction between the electron and the
nucleon. This interaction is described as point-like since we
are interested in APV processes whose characteristic energy
(and momentum transfer) is much lower than the mass of the
Z0 boson, MZc2 ≈ 91.2 GeV.

If we assume that the nucleons are nonrelativistic, Eq. (1)
simplifies to an effective spin-independent parity violation
Hamiltonian

ĥSM(�r) = GF√
2

[
C(p)

1 Zρp(�r) + C(n)
1 Nρn(�r)

]
γ 5, (2)

where ρp(�r) and ρn(�r) are the normalized proton and neu-
tron densities, Z is the nuclear charge number, and N is the
neutron number. Here, we distinguish between the coupling
coefficients C(p)

1 for protons and C(n)
1 for neutrons. Their SM

tree-level expressions [5] are

C(p)
1 = 1

2 (1 − 4 sin2 θW ) ≈ 1
2 × 0.045, (3)

C(n)
1 = − 1

2 , (4)

where θW is the Weinberg angle and sin2 θW = 0.23873(5) for
low energies [5]. Including radiative corrections to the 0.1%
level of accuracy [5,17,18] results in the following values for
the coupling coefficients:

C(p)
1 = 1

2 × 0.071, (5)

C(n)
1 = − 1

2 × 0.989. (6)

Note that since |C(n)
1 | � |C(p)

1 |, the dominant effect in spin-
independent APV comes from the neutrons.

The Hamiltonian (2) depends on both proton ρp(�r) and
neutron ρn(�r) nuclear densities. Assuming the simplified case
ρp ≈ ρn ≈ ρ, one finds

ĥSM(�r) ≈ GF

2
√

2
QW ρ(�r)γ 5, (7)

where the nuclear weak charge QW is introduced. Based on
Eqs. (3) and (4), the SM tree-level expression for QW is

QW = −N + Z (1 − 4 sin2 θW ). (8)

When radiative corrections to C(p)
1 and C(n)

1 are included,
as shown in Eqs. (5) and (6), the weak charge is modified
[5,17,18]. In the present work, however, our main focus is
on the instances with ρn �= ρp. In such a case, the spin-
independent Hamiltonian reads as Eq. (2), where C(p,n)

1 are
described by Eqs. (5) and (6). In what follows, we will use
this Hamiltonian for our calculations.

B. New APV forces

In the previous section, we investigate parity violation as
described by the standard model. Here, we consider a hy-
pothetical Z ′ boson of mass mZ ′ , which, in addition to Z0,
couples electrons to nucleons. If we treat nucleons nonrel-
ativistically, the presence of the Z ′ boson will amount to a
parity-violating Yukawa potential [7]

V (�r − �R) = geN
4π

h̄c
e−mZ′ c|�r− �R|/h̄

|�r − �R| γ 5, (9)

where |�r − �R| is the distance between the electron located at
�r and the nucleon located at �R, and the coupling constant geN
quantifies the interaction strength. As before, we are interested
only in the nuclear-spin-independent effect of the Z ′ boson.
Consequently, to obtain a Hamiltonian suitable for atomic
calculations, we need to integrate Eq. (9) over the nucleon
density

ĥZ ′ (�r) = h̄cγ 5 geN
4π

NN

∫
ρN ( �R)

e−mZ′ c|�r− �R|/h̄

|�r − �R| d �R. (10)

Here NN = Z, N is the number of nucleons (protons or neu-
trons) and ρN (�r) the normalized nucleon density. In the
heavy-mass limit mZ ′ → ∞ and assuming the spherical dis-
tribution of nucleons ρN (�r) = ρN (r), Eq. (10) simplifies to

ĥZ ′ (r) = geN
m2

Z ′c4
(h̄c)3NNρN (�r)γ 5, (11)

which has the same structure as the Hamiltonian (2) above.

III. NEUTRON SKIN AND NEW PHYSICS

Weak interaction (2) mixes opposite-parity levels in atomic
systems. As a result, atomic transitions that are forbidden
under parity selection rules become weakly allowed. A tran-
sition of this type, which is especially relevant to experiment
[8,9,19], is the PV-induced E1 transition between two levels
of the same parity. Labeling these levels |a〉 and |b〉, one can
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FIG. 1. APV-induced E1 transition between the ground and the
first excited s states in (a) hydrogen-like and (b) lithium-like ions.
In each case, only the levels providing the dominant contributions
to the sum in Eq. (12) are shown. The PV-mixing introduced by
the Hamiltonian ĥSM between the nearly degenerate s and p1/2 states
is depicted using dotted lines, the electric-dipole-allowed transitions
are represented by dashed arrows.

obtain the amplitude of the photoexcitation |a〉 → |b〉 within
second-order perturbation theory

EPV =
∑

k

(
〈b|D̂z|k〉〈k|ĥSM|a〉

Ea − Ek
+ 〈b|ĥSM|k〉〈k|D̂z|a〉

Eb − Ek

)
,

(12)
where Ea < Eb and the incident light is assumed to be linearly
polarized in the z direction. Moreover, in Eq. (12), D̂z is the z
component of the electron dipole operator, and the sum runs
over all intermediate atomic states k with energies Ek .

In the present work, we consider transitions between the
ground and the first excited s-states in H-like and Li-like ions.
In such a case, the sum in Eq. (12) runs effectively over the
|k〉 = |np1/2〉 intermediate states. The main contribution to
this sum arises from just a few terms corresponding to the
intermediate levels that are nearly degenerate with respect to
either the initial a or the final b atomic state. More specifically,
for the 1s → 2s transition in H-like ions, there is a single
dominant term with |k〉 = |2p1/2〉, and for the 1s22s → 1s23s
transition in Li-like ions, there are two such terms, with |k〉 =
|1s22p1/2〉 and with |k〉 = |1s23p1/2〉, see Fig. 1.

A. Matrix elements

To illustrate the role of different contributions to APV, let
us consider the simplest case of the 1s → 2s transition in a
H-like ion. Additionally, let us limit ourselves to the dominant
term of the sum in Eq. (12)

EPV ≈ 〈2s|ĥSM|2p1/2〉〈2p1/2|D̂z|1s〉
E2s − E2p1/2

. (13)

The matrix element of the operator ĥSM reads

M = 〈2s|ĥSM|2p1/2〉

=
∫

ψ
†
2s(�r)ĥSM(�r)ψ2p1/2 (�r)d�r, (14)

where ψ2s(�r) and ψ2p1/2 (�r) are the relativistic electron wave
functions. By employing the explicit form of the operator ĥSM

[see Eq. (2)], we obtain

M = GF√
2

(
C(p)

1 Z
∫

ρp(�r)ψ†
2s(�r)γ 5ψ2p1/2 (�r)d�r

+ C(n)
1 N

∫
ρn(�r)ψ2s(�r)†γ 5ψ2p1/2 (�r)d�r

)
. (15)

Assuming that both the proton ρp and neutron ρn den-
sities are spherically symmetric and normalized to unity
4π

∫
ρp,n(r)r2dr = 1, we can write

M = GF√
2

(
C(p)

1 Z
∫

drr2ρp(r)
∫ ∫

dφdθ sin θψ
†
2s(�r)

× γ 5ψ2p1/2 (�r) + C(n)
1 N

∫
drr2ρn(r)

∫ ∫
dφdθ

× sin θψ
†
2s(�r)γ 5ψ2p1/2 (�r)

)
. (16)

One can see that both terms have the same angular integral,
which can be evaluated using the standard representation of
Dirac wave functions

ψnκm(�r) = 1

r

(
fnκ (r)
κm(θ, φ)

ignκ (r)
−κm(θ, φ)

)
, (17)

where fnκ and gnκ are the radial components and 
κm are
spherical spinors; n is the principal quantum number, κ the
Dirac quantum number, and m the projection of the angular
momentum. Making use of this expression, we obtain∫ ∫

dφdθ sin θψ
†
2s(�r)γ 5ψ2p1/2 (�r)

= i

r2
[ f2s(r)g2p1/2 (r) − g2s(r) f2p1/2 (r)]. (18)

To illustrate the effect of the neutron skin on the APV, it is
instructive to rewrite Eq. (18) as

i

r2
[ f2s(r)g2p1/2 (r) − g2s(r) f2p1/2 (r)] ≡ i

r2
Nψ fψ (r), (19)

where the normalization factor Nψ is chosen in such a manner
that fψ (0) = 1. One can present Nψ as a product

Nψ = AP, (20)

where A depends exclusively on the electronic configuration,
while P includes nuclear parameters and can be approximated
[20] as

P ≈ (2Zrp/a0)2γ−2, (21)

where a0 is the Bohr radius, rp is the nuclear rms charge
radius, and γ = √

1 − Z2α2. By inserting Eqs. (19) and (20)
into Eq. (15), we can express the matrix element of the opera-
tor ĥSM in the form

M = i
GF√

2
AP (C1pZqp + C1nNqn), (22)

where

qp,n =
∫

fψ (r)ρp,n(r)dr (23)
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is the integral of the normalized function fψ (r) over nuclear
density. One can further simplify the matrix element (22) as

M = i
GF

2
√

2
APQ̃W , (24)

where we introduce an effective weak charge

Q̃W = 2C1pZqp + 2C1nNqn. (25)

Note that for the case qp = qn ≡ q this effective parameter
reads as Q̃W = qQW , where QW is the conventional weak
charge.

Until now, we discussed the evaluation of the matrix el-
ement (15) within the framework of the standard model. A
hypothetical new-physics interaction mediated by a Z ′ boson,
described by the Hamiltonian (10), would modify the matrix
element as

M = 〈2s|ĥSM + ĥZ ′ |2p1/2〉

= i
GF

2
√

2
AP[Z (2C1pqp + �Q̃p) + N (2C1nqn + �Q̃n)],

(26)

where we include small hypothetical new-physics correc-
tions �Q̃p and �Q̃n to the proton and neutron contributions
to the effective weak charge. These corrections can be de-
rived in a similar way to Q̃W , but they imply the interaction
operator (10).

B. Isotopic difference and ratio for 40,48Ca

It is instructive to study how EPV changes between two
isotopes of the same atom. Again, let us consider the simplest
case of the dominant term in the 1s → 2s transition of a H-like
ion, see Eq. (13). Moreover, let us also neglect the isotope
shift in the energy difference E2s − E2p1/2 and the isotopic
correction to the dipole matrix element 〈2p1/2|D̂z|1s〉, which
leaves only the "parity-violating" matrix element M to be
investigated. To quantify the isotopic change in M, let us
consider the difference M′ − M and the ratio M′/M of the
PV matrix elements for two different isotopes, A and A′. We
start with the difference

M′ − M

= i
GF

2
√

2
A{P ′[Z (2C1pq′

p + �Q̃′
p) + N ′(2C1nq′

n + �Q̃′
n)]

− P[Z (2C1pqp + �Q̃p) + N (2C1nqn + �Q̃n)]}. (27)

This expression can be simplified for the particular case of the
Ca isotope pair (A = 40, A′ = 48) by virtue of two observa-
tions. First, as will be shown in Sec. IV A, the proton charge
distributions in 40Ca and 48Ca isotopes are very similar to each
other, leading to r′

p ≈ rp, P ′ ≈ P , q′
p ≈ qp, and �Q̃′

p ≈ �Q̃p.
Hence, the "proton" terms in Eq. (27) cancel out and we can
rewrite the difference as

M′ − M = i
GF

2
√

2
AP

× [N ′(2C1nq′
n + �Q̃′

n) − N (2C1nqn + �Q̃n)].

(28)

Second, the proton and neutron densities in the 40Ca isotope
are also very similar (see Ref. [21] and the discussion in
Sec. IV A below) since N = Z = 20, which leads to qp ≈ qn.
To proceed further, let us introduce a neutron skin contribution
to the integral qn:

δq′
n,nsk ≡ q′

n − q′
p ≈ q′

n − qn, (29)

where we use the fact that q′
p ≈ qp ≈ qn in the 40,48Ca iso-

tope pair. However, it is reasonable to expect that the new
parity-violating neutron coupling is very weak, so that we can
neglect its neutron skin contribution

δQ̃′
n,nsk ≡ �Q̃′

n − �Q̃′
p ≈ �Q̃′

n − �Q̃n ≈ 0, (30)

since δQ̃′
n,nsk 
 δq′

n,nsk. By employing this fact and Eq. (29),
we finally obtain

M′ − M = i
GF

2
√

2
APN ′

×
[
�N

N ′ (2C1nqn + �Q̃n) + 2C1nδq′
n,nsk

]
, (31)

where �N = N ′ − N . We see that the difference of the PV
matrix elements in the 40,48Ca isotope pair contains no terms
arising from proton new-physics couplings, and that the neu-
tron new-physics contribution �Q̃W is somewhat suppressed
by the factor �N/N ′. However, for the 40,48Ca isotope pair,
�N is relatively large and �N/N ′ ≈ 0.3. In this way, the large
�N difference in 40,48Ca provides an advantage for the search
for new physics.

Now let us turn to the ratio of the dominant PV matrix
elements. For a H-like ion, this ratio reads as

M′

M = P ′

P
Z (2C1pq′

p + �Q̃′
p) + N ′(2C1nq′

n + �Q̃′
n)

Z (2C1pqp + �Q̃p) + N (2C1nqn + �Q̃n)
. (32)

The correction to �Q̃p due to the variation of the nuclear
charge radius between two isotopes is very small; hence, one
can assume that �Q̃′

p ≈ �Q̃p. Additionally, |C1p| 
 |C1n| ≈
1/2 according to Eqs. (5) and (6). Thus, we can obtain a rough
estimate

M′

M = P ′(−N ′ + �Q̃′
W )

P (−N + �Q̃W )
≈ P ′N ′

PN

[
1 + Z�N

NN ′ �Q̃p

]
, (33)

which shows that the ratios of PV matrix elements for dif-
ferent isotopes are primarily sensitive to the new proton
couplings �Q̃p.

While Eq. (33) presents an estimate of a matrix element
(ME) ratio for arbitrary isotopes, more detailed analysis of
the general Eq. (32) can be performed for the 40,48Ca pair.
For this particular case, as noted above, r′

p ≈ rp, P ′ ≈ P ,
q′

p ≈ qp, �Q̃′
p ≈ �Q̃p, and qp ≈ qn. By making use of these

approximations and Eqs. (29) and (30), we obtain the matrix
element ratio

M′

M ≈ N ′

N

(
1 + δq′

n,nsk

qn

)

×
[

1 − Z�N

N ′N
2C1n

qn
(2C1pqp + �Q̃p)

]
, (34)

where the new-physics contribution is again suppressed by
�N/N ′ ≈ 0.3.
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TABLE I. Fermi distribution parameters, namely, half-density
radius c and diffuseness z [see Eq. (35)], as well as the root-mean-
square radius rrms, for the nuclear charge densities of 40,48Ca and
208Pb. They are chosen to reproduce the Barret moments given in
Ref. [24] and the ratio of fourth to second moment from two different
methods. For 40Ca, we either use the sum-of-Gaussians (SOG) or
Fourier-Bessel (FB) parametrizations. For 48Ca, we consider the
SOG parametrization for 40Ca and the isotopic difference from either
the upper or the lower curve in Fig. 3 of Ref. [21]. For 208Pb, we
consider either the parametrization in Ref. [25] or that in Ref. [26],
respectively.

Isotope c (fm) z (fm) rrms (fm) Method

40Ca 3.629 0.552 3.480 SOG [25,27]
3.803 0.493 3.476 FB [25]

48Ca 3.749 0.515 3.478 SOG [27], Ref. [21]
3.739 0.518 3.478 SOG [27], Ref. [21]

208Pb 6.663 0.513 5.502 [25,28]
6.668 0.509 5.501 [26]

As seen from Eqs. (31) and (34), the neutron skin δq′
n,nsk

and the new-physics �Q̃n,p corrections enter the matrix el-
ement difference and ratio on an equal footing. Therefore,
to investigate the new-physics PV effects, knowledge of the
neutron skin corrections is required. In what follows, we
will calculate those corrections for the 40,48Ca isotope pair.
Moreover, even though it is not the main focus of our study,
we will present the neutron skin and new-physics corrections
for 208Pb since its neutron skin, similarly to 48Ca, has been
measured [16].

IV. RESULTS

A. Nuclear parameters

In our calculations, we use a normalized spherically sym-
metric Fermi distribution for nuclear charge densities

ρp(r) = ρ0

1 + exp
(

r−c
z

) , (35)

where the normalization ρ0 is chosen in such a way that
4π

∫
ρp(r)r2dr = 1. The values of the radius parameter c and

the diffuseness z for 40,48Ca and 208Pb nuclei are displayed in
Table I. They are based on a combined analysis of electron
scattering and muonic spectroscopy data.

In our analysis, we assume that electron scattering ex-
periments are best for measuring ratios of moments (mostly
affected by the nuclear shape), while muonic atom x-ray
spectroscopy is best for measuring a certain integral quantity
called the Barrett moment. For each of the three nuclei that we
consider, we adjust the c, z parameters until both the relevant
Barrett moment (from muonic atoms) and the measured ratio
of the fourth and second moments 〈r4〉/〈r2〉, where 〈rn〉 =∫

rnρp(r)r2dr, are reproduced [22].
The reported experimental uncertainty in scattering ex-

periments is often small compared with the variation when
considering different datasets and analysis methods [23]. In
light of this, we consider two different parametrizations of

the charge distribution for each isotope, with their differences
approximating the uncertainty in the nuclear model.

To model neutron densities in 40Ca and 208Pb, we use the
Fermi distribution (35) as well. For each nucleus, we take the
parameters from Table I as a starting point, and while keeping
diffuseness z intact, change the radius c so that the difference
between the root-mean-square radii rrms =

√
〈r2〉 of neutron

and proton distributions �rrms = rn,rms − rp,rms correspond to
the experimentally known neutron skins. For 40Ca, for exam-
ple, we assume a small negative neutron skin

�rrms(
40Ca) = −0.01(1) fm, (36)

based on the measurement in Ref. [21] and an error estimate of
100%. Neutron skins for 48Ca and 208Pb come from Calcium
Radius Experiment (CREX) [15] and Lead Radius Experi-
ment II (PREX-II) [16] experiments, respectively,

�rrms(
48Ca) = 0.121(35) fm, (37)

�rrms(
208Pb) = 0.283(71) fm, (38)

where the experimental and model errors are combined in
quadrature.

B. Numerical calculations

In Sec. III, we investigate the interplay between the
neutron-skin and new-physics contributions for the model
case of the 1s → 2s transition in H-like ions and by restrict-
ing the intermediate-state summation in Eq. (12) to a single
dominant term. In what follows, we present numerical results
for the general case: we calculate parity-violating amplitudes
EPV (12) for H- and Li-like ions by employing a summation
over intermediate states. The calculations consist of two tasks:
finding the matrix elements in the numerator and assessing
the energy differences in the denominator. Let us start with
the latter. Energy levels of H-like ions with principal quan-
tum numbers n = 1, 2 are tabulated in Ref. [29], where ab
initio QED calculations performed to all orders in αZ are
presented. For levels with n � 3 we take the eigensolutions
of Dirac equation with finite nuclear size, which are found
using the QM-DISH package [30] and where QED corrections
are neglected. This approximation is justified because inter-
mediate summation terms with n � 3 provide only a minor
contribution to EPV.

However, in Li-like ions the few first terms of the
sum in Eq. (12) have comparable magnitudes. Hence, we
use the Configuration Interaction and model QED operator
(CI-QEDMOD) approach described in Ref. [31] to cal-
culate the energy levels 1s2nl in Li-like 40Ca and 208Pb
for n � 6, and GRASP2K [32] for the levels with n =
7, 8. Our results for Li-like energies are summarized in
Table II. The energy isotope shifts in H- and Li-like ions were
found to be smaller than the numerical uncertainty; hence, we
neglect them in our calculations.

Now let us turn to the matrix elements of the z component
of electronic dipole operator D̂z and of the parity violating
Hamiltonians ĥSM and ĥZ ′ in Eq. (12). Using standard angular
momentum algebra, one can split the relevant matrix elements
into angular and radial parts. To calculate the radial integrals
for H-like ions, we generate relativistic Dirac wave functions
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TABLE II. Energy levels 1s2nl of Li-like 40Ca and 208Pb. Levels
with n � 6 are calculated using CI-QEDMOD method [31], includ-
ing numerical uncertainties and isotope shifts in 48Ca with respect
to 40Ca. Energies for n = 7, 8 are found using GRASP2K [32]; we
estimate the errors for n = 7, 8 in 40Ca by comparing our results
to NIST data [33], and in 208Pb by comparing to an AMBIT [34]
calculation.

Level En(40Ca) (eV) �En(40,48Ca) (eV) En(Pb) (eV)

1s22s 0 0 0
1s22p 35.961(1) 0.0017(4) 230.65(5)
1s23s 651.828(2) 0.0015(4) 14 179.98(8)
1s23p 661.783(2) 0.0019(4) 14 241.51(8)
1s24p 879.564(2) 0.0022(4) 19 037.23(8)
1s25p 980.2(1) 0.0023(4) 21 215(2)
1s26p 1035.7(1) 0.0024(4) 22 439(2)
1s27p 1067.1(2) 0.0025(4) 23 068(64)
1s28p 1088.3(2) 0.0025(4) 23 514(64)

in a finite-size-nucleus potential using the QM-DISH package
[30]. For Li-like ions, we employ the Dirac-Fock radial wave
functions obtained from GRASP2K [32]. For both cases, we
use Fermi nuclear charge densities with the parameters from
Table I. Moreover, a fully relativistic formula presented in
Ref. [35] for the matrix elements of D̂z is used since the
transition frequencies in H- and Li-like ions are high.

To calculate parity violating operators ĥSM and ĥZ ′ , one
needs to know the proton and neutron nuclear densities, see
Eqs. (2) and (10), which are described by Fermi distributions
(35). For protons, the distribution parameters are listed in
Table I, while for neutrons they are derived from the neutron
skin data, as discussed in Sec. IV A.

The dominant uncertainty for the PV matrix elements
〈ψ1|ĥSM|ψ2〉 and 〈ψ1|ĥZ′ |ψ2〉 arises from the uncertainties
of neutron skin and nuclear charge distribution. We estimate
these uncertainties by calculating the matrix elements for
two sets of parameters for each isotope, Table I, and with
different neutron skins within the error bars, see Eqs. (36)
and (38). Based on these calculations, the matrix element
〈ψ1|ĥZ′ |ψ2〉 for lighter Z ′ bosons turns out to be much less
sensitive to the fine details of nuclear distributions than its
standard-model counterpart 〈ψ1|ĥSM|ψ2〉. Therefore, we do
not typically present the corresponding errors for the hypo-
thetical bosons with masses mZ ′ � 10 MeV.

C. Analysis

Having reviewed the calculations of atomic energy levels
and matrix elements of the operators D̂z, ĥSM, ĥZ ′ , we discuss
the obtained results below. In particular, we move our focus
onto the interplay between neutron skin and new physics. For
the purposes of our discussion, we split the SM and new-
physics (NP) PV matrix elements into neutron and proton
parts. Following Eq. (2), the SM leading matrix element for
H-like ions can be written as

M(SM) = C(p)
1 Zm(SM)

p + C(n)
1 Nm(SM)

n , (39)

where

m(SM)
p,n = 〈2s|ĥSM,p,n|2p1/2〉, (40)

are the matrix elements of the partial operator

ĥSM,p,n = GF√
2

ρp,n(�r)γ 5. (41)

By rewriting the matrix elements for all intermediate states in
the form analogous to Eq. (39), we arrive at the PV amplitude

E (SM)
PV = C(p)

1 Zε
(SM)
PV,p + C(n)

1 Nε
(SM)
PV,n , (42)

where the partial amplitudes ε
(SM)
PV,p,n are calculated with the

operators ĥSM,p,n (41) instead of the full operator ĥSM (2), see
Eq. (12)

ε
(SM)
PV,p,n =

∑
k

(
〈2s|D̂z|k〉〈k|ĥSM,p,n|1s〉

E1s − Ek

+ 〈2s|ĥSM,p,n|k〉〈k|D̂z|1s〉
E2s − Ek

)
. (43)

Here the sum runs over the intermediate states |k〉 = |np1/2〉.
Furthermore, we rewrite the NP counterparts of the SM

matrix elements and amplitudes in a similar way, distinguish-
ing proton and neutron contributions, see Eq. (10)

M(NP) = h̄3

m2
Z ′c

(
gepZm(NP)

p + genNm(NP)
n

)
, (44)

E (NP)
PV = h̄3

m2
Z ′c

(
gepZε

(NP)
PV,p + genNε

(NP)
PV,n

)
. (45)

Here, gep and gen designate the unknown coupling strengths of
a hypothetical Z ′ boson to protons and neutrons, respectively.
The PV matrix elements

m(NP)
p,n = 〈2s|ĥZ ′ p,n|2p1/2〉, (46)

are calculated with the NP partial operators

ĥZ ′ p,n = 1

4π
γ 5

(mZ ′c

h̄

)2
∫

e−mZ′ c|�r− �R|/h̄

|�r − �R| ρp,n( �R)d �R, (47)

which correspond to Eq. (10) divided by the square reduced
Compton wavelength of the Z ′ boson, λ−2

c,Z ′ = h̄2/(mZ ′c)2.

TABLE III. Standard-model spin-independent APV in the 1s →
2s transition of H-like 40,48Ca and 208Pb. Proton (p) and neutron
(n) partial matrix elements m(SM)

p,n (40) and amplitudes ε
(SM)
PV,p,n (43)

are calculated with the Hamiltonians ĥSM p,n (41). The values of the
total leading matrix element M(SM) (39) and total amplitude E (SM)

PV

(42) are derived from ĥSM (2). The units of matrix elements and PV
amplitudes are 10−15 iα2mc2 and 10−15ieaB, respectively.

40Ca 48Ca 208Pb

m(SM)
p −372.14(2) −372.122(3) −826 378(24)

m(SM)
n −372.15(3) −371.98(4) −819 257(1792)

ε
(SM)
PV,p −950.12(6) −950.08(4) −2667(3)

ε
(SM)
PV,n −950.15(6) −949.7(1) −2644(7)

M(SM) 3.4164(3) × 103 4.886(1) × 103 4.86(1) × 107

E (SM)
PV 8.722(1) × 103 1.2475(2) × 104 1.570(4) × 105
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TABLE IV. Standard-model spin-independent APV in the
1s22s → 1s23s transition of Li-like 40,48Ca and 208Pb. Proton (p) and
neutron (n) amplitudes ε

(SM)
PV,p,n (49) are calculated using the Hamilto-

nians ĥSM p,n (41) and the total EPV is determined using ĥSM (2). The
units are 10−15ieaB.

40Ca 48Ca 208Pb

ε
(SM)
PV,p 9.129(4) 9.128(4) 946(2)

ε
(SM)
PV,n 9.129(4) 9.125(4) 938(3)

E (SM)
PV −83.80(4) −119.9(1) −55 707(185)

Likewise, the partial amplitudes are

ε
(NP)
PV,p,n =

∑
k

(
〈2s|D̂z|k〉〈k|ĥZ ′ p,n|1s〉

E1s − Ek

+ 〈2s|ĥZ ′ p,n|k〉〈k|D̂z|1s〉
E2s − Ek

)
. (48)

Up to now, we discussed how the hydrogenic matrix el-
ements and amplitudes can be split into proton and neutron
parts. A similar analysis can be performed for Li-like ions,
leading to formulas for the SM and NP total amplitudes equiv-
alent to Eqs. (42) and (45). For the Li-like case, the partial
amplitudes would read

ε
(SM)
PV,p,n =

∑
k

(
〈1s23s|D̂z|k〉〈k|ĥSM,p,n|1s22s〉

E1s22s − Ek

+ 〈1s23s|ĥSM,p,n|k〉〈k|D̂z|1s22s〉
E1s23s − Ek

)
, (49)

ε
(NP)
PV,p,n =

∑
k

(
〈1s23s|D̂z|k〉〈k|ĥZ ′ p,n|1s22s〉

E1s22s − Ek

+ 〈1s23s|ĥZ ′ p,n|k〉〈k|D̂z|1s22s〉
E1s23s − Ek

)
, (50)

where both sums run over |k〉 = |1s2np1/2〉 intermediate
states.

The results of our calculations are summarized in Tables
III and IV for the standard-model APV, and in Tables V–VII
for the hypothetical new Z ′ boson effects. In both cases, we
present the matrix elements and PV amplitudes evaluated with
the respective partial operators (41) or (47), and include their
corresponding uncertainties. For the standard-model APV re-
sults, we also show the total values of M(SM) and E (SM)

PV ,
as in Eqs. (39) and (42). While the uncertainty of the ma-
trix elements arises, as discussed above, from the incomplete
knowledge of proton and neutron distributions, the errors in
the APV amplitudes are primarily due to the uncertainties in
the energy difference denominators.

From the comparison of the matrix elements m(SM)
p

and m(SM)
n as well as the amplitudes ε(SM)

p and ε(SM)
n in

Tables III and IV, it is evident that the neutron-skin con-
tribution to the standard-model APV is much stronger in
208Pb than in 40,48Ca. For example, in 48Ca, the difference
between ε(SM)

p and ε(SM)
n is 0.03%, while in 208Pb it is 0.8%.

This is a consequence not only of the thicker neutron skin
in 208Pb (38), but also of the higher nuclear charge Z [13].
The relatively large effect in 208Pb would potentially allow
for a neutron-skin detection through APV in highly charged
208Pb ions, a measurement complementary to the PREX-II
experiment [16].

However, the APV effect of a hypothetical light Z ′ bo-
son is not particularly sensitive to the neutron skin. Again,
this can be seen from the matrix elements m(NP)

p,n and am-
plitudes ε(NP)

p,n for different masses mZ ′ of a hypothetical
new-physics boson, which are presented in Tables V–VII.
As seen from these tables, neutron-skin effects begin to
matter only for masses exceeding mZ ′ = 0.1 GeV. This fact
can be readily explained by the consideration that lighter
bosons have larger Compton wavelength and therefore can-
not "sense" the fine distinction between proton and neutron
distributions. Additionally, even for a heavy boson case the
difference between ε(NP)

n and ε(NP)
p is below 0.9% for 208Pb

and even smaller for 40,48Ca, which is similar to the SM
APV effect.

The weak sensitivity of PV new-physics amplitudes to
the neutron-skin effects in the case of 40,48Ca ions consti-
tutes an advantage for the search of new physics. When the

TABLE V. Spin-independent effects of a hypothetical Z ′ boson of mass mZ ′ in the 1s → 2s transition of H-like 40,48Ca. Proton (p) and
neutron (n) partial matrix elements m(NP)

p,n (46) and amplitudes ε
(NP)
PV,p,n (48) are calculated with the Hamiltonians ĥZ ′ p,n (47); see also Eqs. (44)

and (45). The units of the presented partial matrix elements and PV amplitudes are iα2/a3
B and iemα2/h̄2, respectively.

40Ca (p) 40Ca (n) 48Ca (p)

mZ ′ (eV) m(NP)
p ε

(NP)
PV,p m(NP)

n ε
(NP)
PV,n m(NP)

p ε
(NP)
PV,p

101 −1.2329 × 10−7 −3.1466(1) × 10−7 −1.2329 × 10−7 −3.1466(1) × 10−7 −1.2329 × 10−7 −3.1466(1) × 10−7

102 −1.2329 × 10−5 −3.1466(1) × 10−5 −1.2329 × 10−5 −3.1466(1) × 10−5 −1.2329 × 10−5 −3.1466(1) × 10−5

103 −1.2323 × 10−3 −3.1451(1) × 10−3 −1.2323 × 10−3 −3.1451(1) × 10−3 −1.2323 × 10−3 −3.1451(1) × 10−3

104 −0.11862 −0.30280(1) −0.11862 −0.30280(1) −0.11862 −0.30280(1)
105 −4.9000 −12.5099(6) −4.9000 −12.5099(6) −4.9000 −12.5100(5)
106 −17.950 −45.829(2) −17.950 −45.829(2) −17.950 −45.830(2)
107 −22.339 −57.033(3) −22.339 −57.034(3) −22.339 −57.034(2)
108 −23.534(1) −60.085(3) −23.534(1) −60.086(3) −23.5335(1) −60.084(3)
109 −23.677(1) −60.451(4) −23.678(2) −60.453(4) −23.6763(2) −60.449(3)
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TABLE VI. Spin-independent effects of a hypothetical Z ′ boson of mass mZ ′ in the 1s → 2s transition of H-like 48Ca and 208Pb. Proton
(p) and neutron (n) partial matrix elements m(NP)

p,n (46) and amplitudes ε
(NP)
PV,p,n (48) are calculated with the Hamiltonians ĥZ ′ p,n (47); see also

Eqs. (44) and (45). The units of the presented partial matrix elements and PV amplitudes are iα2/a3
B and iemα2/h̄2, respectively.

48Ca (n) 208Pb (p) 208Pb (n)

mZ ′ (eV) m(NP)
n ε

(NP)
PV,n m(NP)

p ε
(NP)
PV,p m(NP)

n ε
(NP)
PV,n

101 −1.2329 × 10−7 −3.1466(1) × 10−7 −3.1737 × 10−6 −1.022(1) × 10−8 −3.1736 × 10−6 −1.022(1) × 10−8

102 −1.2329 × 10−5 −3.1466(1) × 10−5 −3.1737 × 10−4 −1.022(1) × 10−6 −3.1736 × 10−4 −1.022(1) × 10−6

103 −1.2323 × 10−3 −3.1451(1) × 10−3 −3.1736 × 10−2 −1.022(1) × 10−4 −3.1735 × 10−2 −1.022(1) × 10−4

104 −0.11862 −0.30280(1) −3.1675 −0.01020(1) −3.1675 −0.01020(1)
105 −4.9000 −12.5099(5) −283.73 −0.915(1) −283.73 −0.915(1)
106 −17.950 −45.830(2) −7268.6 −23.45(3) −7267.9(2) −23.45(3)
107 −22.3382(1) −57.032(2) −29417.4(3) −94.9(1) −29384(8) −94.8(1)
108 −23.528(2) −60.070(5) −50330(1) −162.4(2) −49985(87) −161.3(3)
109 −23.667(3) −60.426(7) −52555(2) −169.6(2) −52103(114) −168.1(4)

neutron skin is not "felt" by the lighter Z ′ bosons and has
only a minuscule effect upon the standard model APV, one
can disregard the nuclear distribution error, which is otherwise
a major source of uncertainty in isotopic differences (31) and
ratios (34). Hence, for the search of new physics, one may
assume that proton and neutron densities in Ca are equal,
i.e., the neutron skin �rrms = 0. Moreover, since the root-
mean-square charge radii rp in 40Ca and 48Ca are similar (see
Table I), it is safe to assume that rp(40Ca) = rn(40Ca) =
rp(48Ca) = rn(48Ca). At the same time, the neutron difference
�N = 8 between the 40,48Ca nuclei is significant, which leads
to the total value of the SM APV effect being 1.5 times
larger in 48Ca than in 40Ca. In the experiment, these properties
of the 40,48Ca isotope pair allow for a clear separation be-
tween the hypothetical Z ′-boson coupling strengths to protons
and neutrons. Furthermore, the unique combination of almost
equal proton and neutron radii with a relatively large neutron
number difference translates into an advantage for the search
of new physics in neutral or multiply charged 40,48Ca as well.
However, given the ∼Z3 scaling of the APV effects in neutral
atoms and multiply charged ions [36], the parity-violation
measurements in Ca+ are rarely considered, in comparison to
those in heavier atoms.

V. CONCLUSION AND OUTLOOK

In summary, we present a theoretical investigation of
atomic parity violation amplitudes in H- and Li-like ions.
Special attention is paid to the effects that arise from neutron-
skin and hypothetical new-physics particles. To explore these
effects, detailed relativistic calculations for H- and Li-like
40,48Ca and 208Pb ions are performed. Based on their results,
we argue that the isotope pair 40Ca and 48Ca provides a unique
testing ground for the search for new physics. That is because
the PV amplitude in this isotope pair is barely sensitive to the
neutron skin effects, and the nuclear charge radii rp(40Ca) and
rp(48Ca) are almost equal. However, a prominent neutron-skin
effect is predicted for 208Pb, which makes highly charged
ions of this isotope favorable for neutron-skin detection by
means of APV, in a way complementary to the PREX-II [16]
experiment.

In the present work, we focus on even-even spinless iso-
topes and therefore do not consider nuclear-spin-dependent
(NSD) APV effects. Even though they are typically of the or-
der of 1% of the absolute size of the nuclear-spin-independent
APV, NSD effects are expected to be measurable in HCIs
as well, for instance, in the hyperfine transitions of He-like

TABLE VII. Spin-independent effects of a hypothetical new Z ′ boson of mass mZ ′ in the 1s22s → 1s23s transition of Li-like 40,48Ca and
208Pb. Proton (p) and neutron (n) partial amplitudes ε

(NP)
PV,p,n (50) are calculated with the Hamiltonians ĥZ ′ p,n (47); see also Eqs. (44) and (45).

The units of ε
(NP)
PV,p,n are iemα2/h̄2.

40Ca (p) 40Ca (n) 48Ca (p) 48Ca (n) 208Pb (p) 208Pb (n)
mZ ′ (eV) ε

(NP)
PV,p ε

(NP)
PV,n ε

(NP)
PV,p ε

(NP)
PV,n ε

(NP)
PV,p ε

(NP)
PV,n

101 3.797(1) × 10−9 3.797(1) × 10−9 3.797(1) × 10−9 3.797(1) × 10−9 4.055(9) × 10−9 4.054(9) × 10−9

102 3.795(1) × 10−7 3.795(1) × 10−7 3.795(1) × 10−7 3.795(1) × 10−7 4.055(9) × 10−7 4.054(9) × 10−7

103 3.771(1) × 10−5 3.771(1) × 10−5 3.771(1) × 10−5 3.771(1) × 10−5 4.054(9) × 10−5 4.054(9) × 10−5

104 3.340(1) × 10−3 3.340(1) × 10−3 3.340(1) × 10−3 3.340(1) × 10−3 4.029(9) × 10−3 4.029(9) × 10−3

105 0.11816(5) 0.11816(5) 0.11816(5) 0.11816(5) 0.3244(7) 0.3244(7)
106 0.4400(2) 0.4400(2) 0.4400(2) 0.4400(2) 8.12(2) 8.12(2)
107 0.5480(2) 0.5480(2) 0.5480(2) 0.5480(2) 33.63(8) 33.59(8)
108 0.5773(2) 0.5773(2) 0.5773(2) 0.5772(2) 57.6(1) 57.2(2)
109 0.5808(2) 0.5808(2) 0.5808(2) 0.5806(2) 60.2(1) 59.7(2)
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ions with closely lying 23P1 and 21S0 states, such as 77Se34

[13,37]. The NSD APV measurements in HCIs are intriguing
because they could provide a test for potential new spin-
dependent parity-violating interactions, as well as insights
into the quadrupole deformation of nuclear neutron distribu-
tions [38]. The analysis and prospects of such measurements
will be addressed in our future publications.
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