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Space-time trade-off in networked virtual distillation
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In contrast to monolithic devices, modular, networked quantum architectures are based on interconnecting
smaller quantum hardware nodes using quantum communication links and offer a promising approach to
scalability. Virtual distillation (VD) is a technique that can, under ideal conditions, suppress errors exponentially
as the number of quantum state copies increases. However, additional gate operations required for VD introduce
further errors, which may limit its practical effectiveness. In this work, we analyze three practical implemen-
tations of VD that correspond to edge cases that maximize space-time trade-offs. Specifically, we consider an
implementation that minimizes the number of qubits but introduces significantly deeper quantum circuits and
contrast it with implementations that parallelize the preparation of copies using additional qubits, including
a constant-depth implementation. We rigorously characterize their circuit depth and gate count requirements
and develop explicit architectures for implementing them in networked quantum systems—while also detailing
implementations in early fault-tolerant quantum architectures. We numerically compare the performance of
the three implementations under realistic noise characteristics of networked ion trap systems and conclude
the following. First, VD effectively suppresses errors even for very noisy states. Second, the constant-depth
implementation consistently outperforms the implementation that minimizes the number of qubits. Finally, the
approach is highly robust to errors in remote entangling operations, with noise in local gates being the main

limiting factor to its performance.
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I. INTRODUCTION

There has recently been remarkable progress in the
development of quantum hardware, but achieving full fault-
tolerance remains challenging. Algorithms that are relatively
robust to errors and therefore amenable to near-term quantum
hardware have been proposed [1,2], but noise levels on current
devices are still limiting their practical efficacy [3]. Solving
practical problems beyond system sizes that are classically
tractable before achieving full fault tolerance requires miti-
gating errors either in physical gates or logical gates in early
fault-tolerant architectures [4—6]. Since one is often concerned
with a specific observable property of a quantum system in
typical applications of quantum computers, a broad range of
quantum error mitigation (QEM) [7] techniques have been
proposed that suppress errors in observable expectation values
by postprocessing results from an ensemble of noisy quantum
circuits—as opposed to fully correcting all errors in the quan-
tum states.

Suppose we want to obtain the expectation value of an
observable O with respect to some quantum state |¥iq) (i.e.,
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(V1a|O|iq) or equivalently Tr[O|viq) (¥iql]) that would be
prepared by an ideal noise-free quantum circuit. In practice,
due to noise in the quantum hardware, the output of the circuit
is a mixed state p, and an expected value measurement there-
fore yields Tr[Op] # (¥iqa|O|¥iq). Virtual distillation (VD)
[8,9] applies a shallow entangling operation (known as a
controlled “derangement”) to n copies of the noisy state p
as illustrated in Fig. 1(a), where each copy is prepared inde-
pendently by applying the same noisy state preparation circuit
[10]. Then, measuring an ancilla qubit gives rise to an estima-
tor that approaches (y|O|y) exponentially with respect to n.
Here |y/) is the dominant eigenvector of p, which is subject
to a slight deviation from the ideal state, i.e., [{({¥||¥iq)] # 1,
known as a coherent mismatch [11]. In typical practical sce-
narios, this is negligible compared to the incoherent loss of
fidelity, where the latter is suppressed exponentially effec-
tively by VD.

While coherent errors are not suppressed by VD, they can
be addressed either by Pauli twirling [12—15] or by combining
it with other QEM techniques [16—19]. A more serious draw-
back of VD is the considerable overhead in the total number of
qubits due to the preparation of multiple copies, a significant
concern given that scaling qubit number remains the foremost
challenge for almost all proposed quantum computing plat-
forms. The problem can be alleviated by combining VD with
dual-state purification [20,21], in which case the number of
qubits can be halved. A qubit-efficient implementation of VD
was also proposed [22], such that only two quantum registers
are used to store n copies by repeatedly preparing new copies

Published by the American Physical Society
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FIG. 1. (a) Quantum circuit implementing VD using n copies of the noisy quantum state p (dark blue) and a single ancilla qubit (light
blue) initialized in |[+) = (1/ V2)(10) + 1)), A derangement operation is applied to all n copies (denoted by D,), conditioned on the state of
the ancilla qubit, and is followed by a set of controlled Pauli gates (denoted by o) associated with each term in the Pauli basis expansion of
0. A measurement of the ancilla qubit in the X -basis reveals the nonlinear functional Tr[o p"], which is central to the scheme. (b) Conceptual
illustration of applying VD with four copies of six data qubits across a four-node quantum network, where each copy (dark blue) is placed in
a distinct node. The ancilla qubit (light blue) is placed in one of the nodes, and each node has an additional network qubit (orange) used to
establish remote entanglement between nodes. With Bell state generation, local operations, and classical communication enabled, VD can be

applied across the quantum network.

and resetting those that are no longer needed. However, while
reducing the number of qubits required, such implementations
lead to deep circuits which suffer from increased idling errors.
In the present work, we rigorously analyze circuit depth and
gate count requirements of a variety of such implementations,
including a variant that achieves a constant circuit depth,
albeit requiring an increased number of qubits.

With VD protocols requiring at least double the number
of qubits versus unmitigated circuits, consideration of prac-
tical routes to scaling and their corresponding impact on the
implementation of the VD routine are essential in predicting
real-world performance. In widely used trapped-ion quan-
tum architectures, e.g., scaling via producing a long chain
of ions results in slower entangling gate speeds and lower
fidelities, due to increasingly crowded motional mode fre-
quencies; meanwhile, instead using many spatially separated
small chains increases ion shuttling overheads and control
hardware complexity. Beyond the barriers to scaling qubit
number, monolithic quantum architectures pose challenges for
implementing VD and other large-scale protocols due to, e.g,
connectivity constraints. Therefore, in this work we consider
applying VD across a modular network of quantum process-
ing units (QPUs) [23-26] as illustrated in Fig. 1(b).

Coherent quantum operations across distinct nodes cur-
rently represent a bottleneck in modular quantum archi-
tectures due to their relatively slow and noisy operations.
However, typical practical applications, e.g., simulating time
evolution via Trotterization, require state preparation circuits
that are significantly—potentially orders of magnitude—
deeper than the remote entangling operations required for VD
which are applied across the entire network—VD is therefore
well suited to modular architectures [27]. While in this work
we illustrate applications of VD in noisy devices, we will
detail that our implementations are immediately compatible
with early fault-tolerant quantum devices, whereby applying
QEM techniques for mitigating residual, non-negligible log-
ical errors is expected to be a major enable—and VD is

expected to be one of the most promising candidates for the
early fault-tolerant regime [3].

In Sec. II, we describe three general implementations
of VD that represent edge cases in achieving space-time
trade-offs. We then introduce quantum networks and detail
architectures for implementing VD in Sec. III. We also briefly
discuss implementation details of VD in modular early fault-
tolerant quantum architectures in this section. In Sec. IV, we
demonstrate simulation results for comparing the performance
of different VD implementations in a prototypical example of
a quantum network of trapped-ion QPUs, considering errors
that accumulate during initialization, idling time, detection,
and local and remote gate operations. We finally conclude
in Sec. V.

II. SPACE-TIME TRADE-OFFS IN VD IMPLEMENTATIONS

Given n copies of a quantum state p and some Pauli string
o, VD can be performed via a Hadamard test as illustrated
in Fig. 1(a), where sampling the ancilla qubit allows one to
estimate Tr[o p"]. Doing so for the individual terms o; in the
Pauli decomposition of an observable O = ) ; ¢;0; leads to an
approximation of the ideal expectation value as

5, o'l

=D 2 — (o) + €,
gy = VIO

(D
where £ is an error that decays exponentially with respect to
n and |y) is the dominant eigenvector of p. Please refer to
Refs. [8] and [9] for proofs. In typical practical scenarios, |y)
is a good approximation of the ideal quantum state [11], such
that (Viq|O|v¥ia) = (¥ |O|y¥r). The derangement operation, de-
noted as D, in Fig. 1(a), is an n-cycle permutation of the n
copies of p, which can be decomposed nonuniquely into a
minimum of n—1 pairwise swaps [28]. Therefore, the circuit
requires n—1 controlled SWAP (C-SWAP) operations applied
transversally across each pair of N-qubit registers, and there
is significant flexibility in choosing a specific permutation
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FIG. 2. n-cycles applied as (a) cyclic rotation and (b) brickwork,
shown for the example where n = 4.

pattern. C-SWAP gates can also be implemented in parallel
by introducing additional ancilla qubits, which was studied in
Ref. [29] as a space-time trade-off with respect to both N and
n. In this work, however, we restrict our attention to the space-
time trade-off in n by applying a sequential implementation
controlled by a single ancilla qubit, as this is the most relevant
case to the networked architecture that we consider (Sec. III).

In the following, we present three practical implementa-
tions of VD considering general hardware architectures (i.e.,
either monolithic or modular), where the minimal number of
n—1 transversal C-SWAP gates are applied. The implemen-
tations are each associated with one of the two derangements
shown in Fig. 2, which are called cyclic rotation and brickwork
in this work. We also note that the number of distinct n-cycles
grows rapidly with the number of copies as (n — 1)! [9], but
here we focus on three particular choices to explore edge cases
in space-time trade-offs, summarized in Table I. We anticipate
that the space-time trade-off in the intermediate regime varies
monotonically between these extremes.

In order to minimize circuit depth, we apply each im-
plementation destructively by replacing the final layer of
transversal C-SWAP gates with a layer of transversal Bell
state measurements (BSMs), i.e., pairs of qubits are measured
in the basis spanned by Bell states, as detailed in Appendix A.
Since C-SWAP gates can rarely be implemented natively in
existing hardware platforms, trading them with BSMs can
lead to significantly shallower circuits after compilation. As
we will show, this trick is particularly effective when applied
to the below BW, where half of the C-SWAP gates are in
the final layer, and can therefore be removed, along with a
slight yet experimentally crucial reduction in the size of the
multipartite entangled state that the implementation utilizes.
While further, potentially radical reduction in quantum re-
sources is possible by exploiting the locality of entanglement

in certain many-body systems [30], we do not make use of
those schemes as our aim is to assess the performance of VD
in a general setting.

A. Cyclic rotation

The most commonly applied derangement for VD is shown
in Fig. 2(a), where a set of noisy copies initially prepared
in the order {pi, 02, 03, ..., P} undergoes a permutation to
{on, P1, P2, ..., Pu—1}. While various arrangements of pairwise
swaps can give rise to such cyclic rotation (CR), here we
consider sequentially swapping between registers 1 and k,
where k increments from 2 to n. Due to the sequential nature,
only a single set of transversal C-SWAP gates can be applied
destructively: the final set. The quantum circuit with its final
C-SWAP gates applied destructively is shown in Fig. 3(a).
Cyclic rotation requires in total nN + 1 qubits, ie., n — 1
copies of an N-qubit register and a register with N + 1 qubits
to account for the single ancilla qubit. This implementation
then requires (n — 1)N C-SWAP gates and N BSMs.

B. Qubit-efficient cyclic rotation

By noticing that most registers do not participate in subse-
quent operations after being swapped in CR, a qubit-efficient
version of CR has also been proposed [22], where the same
derangement can be applied with a qubit number that is con-
stant in the number of copies, as shown in Fig. 3(b). While CR
prepares the copies in parallel, the latter does so by resetting
the data register that is no longer in use and repreparing new
copies in it. Noting that the preparation of new copies is
typically the deepest part of the quantum circuit, the drawback
of qubit-efficient cyclic rotation (QECR) is the additional
circuit depth and the resulting accumulation of idling errors.
Only 2N + 1 qubits are required in QECR, consisting of N
and (N 4+ 1)-qubit registers. Due to the same derangement
applied, the number of C-SWAP gates and BSMs is the same
as in CR.

C. Brickwork

While both implementations described above lead to cir-
cuit depths that scale linearly in n, VD can also be applied in a
constant circuit depth [29,31] by considering the derangement
shown in Fig. 2(b). In this third implementation, two layers of
transversal C-SWAP gates are applied in a brickwork (BW)
structure for any n. The resulting quantum circuit, shown

TABLE I. Quantum resources required for qubit-efficient cyclic rotation (QECR), CR, and BW for general architectures, showing a space-
time trade-off. C-SWAP and Bell state measurements (BSM) counts are given by the number of individual operations rather than the number
of transversal set of operations. The bottom row shows the total circuit depth in terms of the circuit depth of preparing each copy (d,) and
applying transversal C-SWAP gates (ds), transversal BSMs (dp), and the controlled Pauli gates (d, ). We assume that d,, is much greater than

d, and the circuit depth required to prepare a GHZ state.

QECR CR BW
Register count 2 n n
Qubit count 2N +1 nN + 1 nN + L%J
C-SWAP count (n—1)N (n— 1N N1
BSM count N N L2 IN

Circuit depth (n—1d, + (n—2)ds +dg

dp+(n—2)ds+d3+dg dp+ds+d3+do
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FIG. 3. Three implementations of VD after replacing the final layer of C-SWAP gates with BSMs: (a) Cyclic rotation (CR), (b) qubit-
efficient cyclic rotation (QECR), and (c) brickwork (BW). The components highlighted in orange are present (absent) when the number of
copies is odd (even). In every case, the controlled derangement in Fig. 1(a) is decomposed into C-SWAP gates and BSMs, where the latter
consists of a CNOT gate followed by X - and Z-basis measurements. The wavy line across multiple ancilla qubits represents a GHZ state. The
amount of quantum resources used in each implementation is summarized in Table 1.

in Fig. 3(c), involves |[(n — 1)/2] ancilla qubits that share a
Greenberger-Horne-Zeilinger (GHZ) state in order to paral-
lelize the transversal C-SWAP gates. In Appendix B, we show
that the circuit construction can be viewed as fanning out [32]
the ancilla qubit and fanning it back in. While also benefiting
from the parallelism in the preparation of new copies seen in
CR, the BW implementation could furthermore lead to much
shallower circuit depths in practice. This is not only due to the
constant-depth nature of the construction but also because half
of the transversal C-SWAP gates (specifically, all of those in
the second layer) can be replaced by BSMs. As a result, this
implementation involves a total of nN + [(n — 1)/2] qubits,
L(n —1)/2]N C-SWAP gates, and |n/2]N BSMs. Each qubit
of the GHZ state is located in every other register, such that
only N or N + 1 qubits is required in each of the n registers.

III. DISTRIBUTED IMPLEMENTATIONS

In distributed, networked quantum computing architec-
tures, multiple QPUs of moderate scale are interconnected
by quantum (and classical) communication links. Each QPU,
equipped with the usual initialization, local gate, and mea-
surement operations, is a module or node of the quantum
network. Crucially, quantum gates can be applied remotely
across pairs of nodes by consuming Bell states prepared be-
tween them [33], enabling universal quantum computation
across the quantum network. One or more qubits per node are

typically dedicated to storing a half of a Bell pair; these are
called network qubits. In this work, we refer to the qubits on
which the main computation is performed (i.e., those storing
the copies p in VD) as data qubits. The controlled derange-
ment operation is applied on these data qubits, conditioned on
the ancilla qubit.

Although promising experimental progress has been made
in the remote preparation of Bell states [34-36], they are and
will likely remain a bottleneck for such architectures with
regards to achievable rate and fidelity versus local bipartite
entangling gates. In this view, the structures of CR, QECR,
and BW implementations of VD are well suited for imple-
mentation in a distributed architecture: by placing each copy
in a different node, the deepest part of the computation (the
preparation of copies) can be performed independently within
each node, and only a small number of remote operations
bridge them together in the end. Therefore, in this work, we
study the performance of VD across a quantum network when
placing one copy per node at any given time and at most one
ancilla qubit per node.

A. Connectivity

The connectivity requirement of the quantum network de-
pends on the implementation considered, and centers around
the nodes that contain the ancilla qubits. For clarity, we refer
to these nodes that contain ancilla qubits as control nodes and
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FIG. 4. Connectivities between nodes required to apply VD with
six or six copies across a quantum network, where one copy is stored
in each node at every moment, using (a) CR, (b) QECR, and (c) BW
implementations. Each white circle represents a node containing a
single copy, and those with a black solid circle also includes an
ancilla qubit. Bell states can be prepared between each pair of nodes
that are connected by a line. Components highlighted in orange are
present (absent) when considering seven (six) copies.

(c)

the others as target nodes. If CR is applied across a quantum
network, then remote operations will be applied between a
single control node and all the target nodes, leading to a star
graph connectivity [Fig. 4(a)]. If QECR is chosen instead,
only two nodes are sufficient for any number of copies, con-
sisting of one control node and one target node [Fig. 4(b)].
For BW, the [ (n — 1)/2] ancilla qubits that collectively share

a GHZ state are all placed in different control nodes, requiring
at least a linear connectivity between them. If n is odd, then
one of the two outermost control nodes is connected to two
target nodes, and each of the other control nodes is connected
to only one target node. It is similar in the case where n is
even, but the outermost control node on the other end would
also be connected to two target nodes [Fig. 4(c)].

B. Remote operations

The following three remote operations, illustrated in Fig. 5,
are required when applying VD across a quantum network
using the implementations described in Sec. II.

1. Remote C-SWAP gate

One of the copies to be swapped is placed in a control
node and the other in a target node. While it is possible to
decompose the C-SWAP gate into a series of single- and
two-qubit gates and apply the two-qubit gates remotely, such
an attempt would require a suboptimal number of Bell state
preparations that in general cannot be parallelized. A simpler
method considered in this work is to use quantum teleporta-
tion, which transfers the state of the qubit in the target node
to the control node [see Fig. 5(a)], such that the C-SWAP gate
can be applied locally within the control node. Note that in all
implementations, we only teleport a copy to the control node
but never teleport it back. For CR and QECR, this is because
the copy that undergoes teleportation does not participate in
the rest of the computation after the C-SWAP gate. While
most of the copies involved in the C-SWAP layer of BW
are still needed in the operations that follow, the subsequent
operations can be performed from within the control node.
Thus, each remote C-SWAP gate can be applied by consuming
a single Bell pair prepared across one network qubit in each
of the two nodes.

EX;
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FIG. 5. Remote operations used to apply VD across a quantum network. (a) Teleportation of the state of qubit g; to a qubit g, in a different
node, given a Bell pair shared between qubits a; and ¢;. (b) BSM between qubits ¢g; and ¢, in different nodes. A remote BSM outcome of
both 1 corresponds to when both pair of qubits (g, a,) and (a;, g») produce odd parity outcomes. (c) Preparation of an n-qubit GHZ state in
constant time—example for n = 4 where the qubits ¢, ¢2, g3, and g4 are located in distinct nodes and ancilla qubits a, and a3 are used. The
X gates are corrections applied based on the collective outcome of the Z-basis measurements. The scheme scales straightforwardly to n > 4

qubit GHZ states.
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2. Remote BSM

This is applied in the second layer of BW. We consider
the implementation shown in Fig. 5(b), which corresponds to
applying local BSMs after sharing a single Bell pair between
the two participating nodes. The qubits on which remote BSM
is applied do not need to be teleported to a different node after
the C-SWAP layer of BW.

3. Remote GHZ state preparation

This is required to achieve the highly parallel structure
of BW and can be realized in various ways (see, e.g., Refs.
[37,38]). In particular, a GHZ state of Ngyz qubits can be pre-
pared in a constant circuit depth with the help of at most one
network qubit per node using Ngyz — 1 Bell states, along with
local gates and adaptive operations, as shown in Fig. 5(c). The
network qubits used in this step can be erased and reused to
apply VD, such that no additional network qubits are required.

C. Fault-tolerant architectures

While our numerical simulations will assume implemen-
tations in physical qubits using physical gates, all space-time
trade-off considerations apply equally to logical qubits and
logical operations. It has recently been argued that VD is
one of the most promising candidates for error mitigation
in the early fault-tolerant era, whereby logical qubits are in
limited supply and have non-negligible logical error rates
[3]. Applying VD to mitigate the effect of residual logical
errors in expected value measurements may allow—in certain
error regimes—for a more efficient noise reduction than com-
mitting the increased number of physical qubits to increase
the code distance. Furthermore, exploiting modular quantum
architectures for VD remains equally relevant in the early
fault-tolerant context, such that VD can be combined with
error-corrected qubits similarly as concatenating QEC codes
in distributed schemes.

When QEC is applied across a quantum network, the er-
ror correction cycle will be enacted remotely across multiple
nodes, each holding data qubits to be protected. These data
qubits could be individual physical qubits but may even be
logical qubits that are concatenated by the code on the higher
layer. Syndromes can be extracted using single ancillary
registers in the standard approach, but a more architecture-
native method involves measuring parities through GHZ states
[39,40]. Entanglement distillation [25,41-44] can be applied
either physically or logically to improve the fidelity of re-
motely established Bell pairs.

Consider the same distributed implementation of VD as
discussed in the rest of this section but applied to logical
qubits instead of physical ones. Then each copy p is encoded
logically and may deviate from |yi4) due to, e.g., residual
logical errors or compilation errors in randomized compil-
ing [18,45-47]. The controlled derangement operation can be
implemented fault tolerantly and remotely across the quan-
tum network with the use of network qubits—the required
transversal C-SWAP gates can similarly be implemented by
teleporting single logical qubits from the target node to the
control node and by applying local logical C-SWAP gates,

each of which can be decomposed into a sequence of a small
number of Clifford+T gates [48,49].

IV. NUMERICAL SIMULATIONS

In the following, we numerically compare and analyze the
performance of the three practical implementations of VD de-
scribed in Sec. I when applied across a quantum network. In
particular, we consider a noisy quantum network of trapped-
ion QPUs as a concrete example. Moreover, we consider a
practically motivated benchmark problem whereby we esti-
mate an observable expectation value after time-evolving a
simple initial state under a random-field Heisenberg model
[50,51] using Trotterization [52,53] (see Appendix D5 for
details). Thus, the simulations involve the practical implemen-
tations shown in Fig. 3 compiled to the trapped-ion quantum
network, with input states p corresponding to noisy realiza-
tions of Trotter circuits.

A. Details of noise models

We decompose all quantum gates involved in the Trotter
and VD parts of the circuits into primitives native to trapped-
ion platforms (see Appendix D 3 for details). We model noise
in native single (two) qubit gates by applying ideal gates
followed by single (two) qubit depolarizing error channels.
Coherent errors are expected to be negligible in these systems
due to precise calibration of control pulses [54]. Furthermore,
we model the error associated with remote Bell state gener-
ation via an incoherent mixture of all four Bell states, which
is formally equivalent to a single-qubit depolarizing channel
applied only to one qubit of an ideal Bell pair. We use ex-
perimentally realistic values as reference error probabilities,
assuming performance typical of leading experiments, specif-
ically {p}o: Pho» Phen} = {1074, 1073, 1072} for single-qubit
gates, two-qubit gates, and remote entanglement generation,
respectively. We then conduct a range of simulations consid-
ering a range of errors around these nominal values.

Detection errors occur at midcircuit or final measurements
and correspond to unbiased bit-flips in the measurement out-
comes. In our simulations, we fix this to an error probability
of 1073, Since there are no time constraints in the initializa-
tion of the data qubits in the beginning of the circuit run,
we assume this can be performed with negligible error [55].
Moreover, any midcircuit state preparation that occur during
remote entanglement generation lead only to a marginal re-
duction in the entanglement rate with negligible impact on
the fidelity. We therefore do not explicitly simulate these state
preparation errors. However, the remaining midcircuit state
preparation required to reprepare new copies in QECR are
subject to stricter time constraints, and we model the resulting
errors as unbiased bit-flips of probability 1073, Assuming that
idling errors occur with probability 10~ per 1us, they are
simulated by applying single-qubit dephasing channels with
error probabilities obtained from the accumulated idling times
between consecutive operations.

B. Comparing different implementations

We perform direct density matrix simulations to probe
expectation values free of shot noise for QECR and CR up
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FIG. 6. Comparison between an ideal VD and QECR, CR, and BW (columns) for system sizes N € {4, 5, 6} (rows) and error probabil-
ities {p1q, P2q, Peen}t = {cPiq, cP3q: cPpa} controlled by the parameter ¢ € {1/8,1/4,1/2, 1,2, 4} (line colors). In each case, the base-10

n)

logarithm of the absolute error AE := |(0>§,D — (V¥|O|¥)]| is plotted against the number of copies. BW is only simulated for N = 4 and
ce{1/8,1/4,1/2,1} due to the demanding computation, and estimated standard errors for its Monte Carlo simulation are represented by
shaded areas. By comparing QECR, CR, and BW with the ideal implementation, we observe that errors in the system limits the suppression
power of VD, but it is still able to suppress errors for increased number of copies and high c¢. QECR is less effective than CR and BW due to
the significant idling errors associated with the repeated preparation of copies, highlighting the importance of preparing n copies in parallel in

n nodes.

to six qubits. For BW, we only simulate the case with four
data qubits and use pure-state Monte Carlo simulations for
four and five copies to circumvent high memory requirements
of density matrix simulations. The accuracy of the latter ap-
proximate simulation depends on the number of Monte Carlo
samples used, as detailed in Appendix D 2. Therefore, the
largest simulation we perform uses 5 x 4 + 2 = 22 qubits,
which includes two ancilla qubits that are initialized in a Bell
pair (a bipartite GHZ state). By denoting the error-mitigated
expectation value from an ideal or noisy implementation of
VD with n copies as (O)gl[)), in Fig. 6, we plot the absolute
error from the expectation value obtained from the dominant
eigenvector, i.e., AE := |(0)8'])) — (¥|0|¥r)|, for an increas-
ing number of copies n € {1, 2, 3,4, 5} in each case. In these
simulations, we scale all reference error probabilities by a fac-

but keep idling errors constant. For our BW Monte Carlo

simulations, we use shaded areas to show the estimated stan-
dard errors in the figure, and we do not consider ¢ € {2, 4}
due to its excessive computational cost. The regime where
quantum error mitigation can be effective is when the circuit
error rate is of order 1. We choose the number of Trotter
steps consistently such that the circuit error rate of each
copy is approximately 1 for the ¢ = 1 case, and therefore
the circuit error rate is approximately ¢ for the different
simulations.

While theoretical error bounds indeed decrease monoton-
ically as we increase n, the absolute error may increase for
small n even for an ideal implementation of VD—but then
the absolute error decreases exponentially when the number
of copies is sufficiently high [9]. This increase for small n can
be observed in the case of N = 5 and ¢ = 4 of Fig. 6 and we
further plot in Appendix D 6 that the absolute error indeed
decreases for n > 6. The variations between N = 4, 5, 6 are
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FIG. 7. Performance of QECR, CR, and BW (columns) when varying only two-qubit gate error probability as {piq, P2q, PBen} =
{Plq> cP5q: Pien} (first row) and when varying only entanglement error probability as {piq. p2q, Peen} = {Pig, P5q: CPgen} (second row)
controlled by the parameter ¢ € {1/8,1/4,1/2,1,2,4} (line colors). In each case, the base-10 logarithm of the absolute error AE :=
| (0)% — (¥ |OJyr)| is plotted against the number of copies. BW is only simulated for ¢ € {1/8, 1/4, 1/2, 1} due to the demanding computation,
and estimated standard errors for its Monte Carlo simulation are represented by shaded areas. The robustness of the performance of the three
implementations against entanglement errors relative to two-qubit gate errors shows the compatibility of VD with quantum networks.

expected due to the different random instances of the system
Hamiltonian considered (see Appendix D 5).

The performance of the three practical implementations
is affected to various degrees by the presence of errors in
the derangement subcircuit. For N = 4, we observe that both
QECR and CR lead to improvements consistently when n = 2
but only when ¢ is large enough for n > 3. In the latter
case, their absolute errors plateau, as can be observed for
¢ < 1 in both implementations. The plateau is around 10~
for QECR and around 10~ for CR, indicating that the pres-
ence of significant idling errors in QECR due to repeated
resetting of quantum registers and preparing new copies has
a detrimental impact in practice. Similar features can be
seen for N =5 and N = 6, highlighting the importance of
preparing copies in parallel. The performance of BW for
¢ < 1 is more similar to that of CR than QECR due to the
parallel preparation of copies. Furthermore, it improves the
absolute error up to n =3 and to lower values compared
to CR consistently for all ¢ < 1. This can be attributed to
the reduced circuit depth and two-qubit gate counts given
by its constant-depth nature and the replacement of more
C-SWAP gates to BSMs in the final layer. Nevertheless, the
ancillary GHZ state utilized in BW also introduces additional

error sources, and even BW does not show improvements
forn > 4.

C. Analyzing robustness against different error sources

Next we study how varying the two-qubit gate and entan-
glement generation error probabilities each affect the perfor-
mances of the three practical implementations in Fig. 7. Fo-
cusingon N = 4, we set {p1q, P2q, PBei} = {Plq> ¢P2q: Phen}
in the former and {p1q, p2q. PBen} = {Piq: P3q: CPpen} in the
latter. Since we choose the circuit depth such that the circuit
error rate of each copy is close to 1 when pyq = pj, (see
Appendix D 5), we vary the circuit error rate, along with the
errors in the controlled derangement, when varying psq.

When varying only two-qubit gate error probabilities, we
observe the same qualitative features as the comparison in
Fig. 6 for N = 4. This shows that the relative performance
between the three practical implementations depends strongly
on two-qubit gate error probabilities. On the other hand,
varying only errors in remote entanglement preparation has
a minimal impact on the performance of BW when n < 3,
where only at most 2N remote Bell pairs are generated, and
for all n of QECR and CR. In particular, the absolute error
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improves monotonically for all n for CR and at least for all
n < 4 for BW in all entanglement error probabilities con-
sidered. Thus, while entanglement errors do compromise the
performance of VD when applied across a quantum network,
the effects are much less concerning than local two-qubit gate
errors for realistic error rates, confirming the compatibility
between the technique and the hardware.

V. CONCLUSION

In this work, we considered practical implementations of
VD and compared their performance in realistic scenarios
where the qubits and operations involved in VD are subject to
errors. We focused on implementation variants of VD that can
be applied across a quantum network, including three specific
edge cases in space-time trade-offs. In particular, we consid-
ered the standard CR, its qubit-efficient variant (QECR), and
a depth-efficient variant that can be implemented in a constant
circuit depth (in the number of copies) that we term BW. We
comprehensively detailed implementations of these variants
in general and characterized the total numbers of qubits, gate
counts and circuit depths required. Furthermore, we explicitly
constructed optimized architectures assuming characteristics
of networked ion-trap platforms.

We then performed comprehensive numerical simulations
assuming realistic noise characteristics of ion trap systems,
using density matrix and Monte Carlo simulation methods
the largest systems we simulated involved 22 noisy qubits.
We confirmed that the accumulation of idling errors in QECR
limits its performance and underscores the advantage of CR
and BW, which both prepare copies in parallel. While entan-
gling many copies may present a challenge for monolithic
quantum devices, the circuits involved are particularly well
suited to networked quantum devices. The primary challenge
then becomes the generation of remote entanglement between
nodes for the controlled derangement operation, a process we
assume will suffer from considerably lower fidelity than can
be achieved via local two-qubit gates. However, we observed
that, for realistic assumptions, the performance of VD remains
primarily limited by the fidelity of local gates, demonstrating
its robustness to errors in remote operations. We conclude
that, when applied across a quantum network, VD can poten-
tially be effective with more than three copies if the copies
are prepared in parallel and reliable implementations of local
operations are available.

While our numerical simulations focused on physical gate
error characteristics, we highlighted that our implementations
of VD can be applied in a networked architecture in an early
fault-tolerant setting. In this scenario, each copy stores error-
corrected qubits that are manipulated by logical quantum
operations [3] and VD is used to mitigate residual logical
errors or algorithmic errors due to, e.g., approximate random-
ized compiling [18,45-47].

Rather than storing each copy in a different node, one can
also envision placing individual logical qubits in each node,
which is often of interest in distributed logical architectures,
where each node can only accommodate a limited number
of physical qubits. In this case, the use of one logical an-
cilla qubit per logical data qubit could be utilized to enable
more flexible choices of network connectivities. One can even

distribute single logical qubits across physical data qubits
placed in distinct nodes. However, these implementations
would require logical gates to be applied remotely, leading to
higher susceptibility to errors. Combining VD with classical
codes applied on quantum architectures with highly biased
noise [56] could also serve as a resource-efficient means of
suppressing errors. Integrating VD into modular early fault-
tolerant quantum devices presents a promising direction for
future exploration.
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APPENDIX A: REPLACING C-SWAP GATES WITH BSMS

For each of the three implementations introduced in Sec. I,
all C-SWAP gates on the final layer are replaced by BSMs.
The quantum circuits for the three implementations prior to
performing this replacement are shown in Fig. 8. Since the
C-SWAP gate is not typically available as a native operation
in today’s quantum architectures, replacing it with BSMs can
lead to significant reductions in the compiled circuit depth.
Furthermore, this replacement is most effective for BW, since
it involves | 5] transversal C-SWAP gates on the final layer,
whereas each of the other methods only has 1. Here we use
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FIG. 8. Three implementations of VD before replacing the final
layer of C-SWAP gates with BSMs: (a) CR, (b) QECR, and (c) BW.
The components highlighted in orange are present (absent) when the
number of copies is odd (even). As opposed to the circuits shown
in Fig. 3, all circuits shown here involve n — 1 C-SWAP gates and
no BSMs. The wavy line across multiple ancilla qubits represents a
GHZ state.

the destructive swap test as a minimal example to describe
how to arrive at this replacement for VD.

The swap test evaluates the overlap Tr[p; p2] between two
quantum states p; and p, using the quantum circuit shown
in Fig. 9(a). While this is its traditional nondestructive imple-
mentation, it is known that the swap test can also be performed
destructively as in Fig. 9(f), where the ancilla qubit is removed
and the C-SWAP gate is replaced by a BSM [61,62]. Their
equivalence can be understood by noticing that the state of
the ancilla qubit, which is the only qubit that is measured
in the end, is unaffected by the application of subsequent
operations on all other qubits. In particular, an additional BSM
can be applied across the two quantum registers as shown
in Fig. 9(b). The circuit can be simplified by decomposing
the C-SWAP gate into a Toffoli gate sandwiched by a pair
of CNOT gates, leading to Fig. 9(c) following a cancella-
tion of two neighboring CNOT gates. Changing the X -basis

Decomposed C-SWAP

n—o—D
®
FIG. 9. Sketch of equivalence between the nondestructive and

destructive swap tests. The same argument allows us to replace the
final layer of C-SWAP gates in VD with BSMs.

measurements to Z-basis measurements and commuting the
Hadamard gates over to the left, we arrive at Fig. 9(d), where
the ancilla qubit is the target of the Toffoli gate. By the
principle of deferred measurement, the Toffoli gate can be
changed to an X gate conditioned on classical measurement
outcomes as in Fig. 9(e). Since, at this stage, only classical
information processing is performed on the ancilla qubit, this
qubit can be removed from the quantum circuit, noting that the
probability of measuring 1 on the ancilla qubit in the original
circuit is now translated to whether or not both measurements
in Fig. 9(f) produce 1s in this destructive version.

The same procedure can be applied to each of the C-SWAP
gates on the final layer of any VD implementation. Note that
bringing the controlled Pauli gates to before the derangement
does not change the final measurement outcomes, so we do
so to maximize the number of C-SWAP gates that can be
replaced by BSMs. When 7 is even in BW, we also notice that
this replacement makes one of the ancilla qubits uninvolved
in the derangement, such that we can remove this qubit as
highlighted in orange in Fig. 3(c). This is advantageous in
practical implementations, since this implies that VD can be
applied with the same number of copies but consuming a
smaller GHZ state.

APPENDIX B: GATE PARALLELIZATION
WITH QUANTUM FAN-OUT AND FAN-IN

The quantum fan-out and fan-in primitives have been
utilized to parallelize quantum gates conditioned on ancilla
qubits, and they are particularly well suited for modular quan-
tum architectures [32]. Here we review the fan-out and fan-in
primitives to describe how fanning out the ancilla qubit in CR
[Fig. 8(a)] leads to BW [Fig. 8(c)].

Given an arbitrary pure single-qubit state |¢") = «|0) +
BI1), a single fan-out expands it to |¢®)) = «|00) + B|11)
for complex amplitudes o and S. This can be achieved by
applying a CNOT gate controlled by the qubit storing |¢'")
and targeted on another qubit initialized to |0). The technique
can be scaled straightforwardly by applying CNOT gates from
the same qubit targeted on additional |0) states, from which
we obtain the s-qubit state [¢®) = «|00...0) + B|11...1) for
some s > 2. When a quantum circuit relies on separable gates
that are controlled by a qubit in |¢(1)), as in the case of VD,
fanning it out into |¢*)) enables parallel applications of the
controlled gates. After using the fanned-out state for parallel
gate operations, a reverse fan-in operation brings |¢®)) back
to |¢1) before its measurement. While the most conceptu-
ally simple way to perform fan-in is by applying the same
set of CNOT operations as in the fan-out part, the fact that
the additional qubits always return to |0) can be utilized to
arrive at a destructive fan-in circuit that does not require
any two-qubit gate.

In VD and in many other quantum circuits (e.g., the
Hadamard test), an ancilla qubit is initially prepared in the
|+) state and finally measured in the X (or Y) basis after
being used as a control qubit for the main computation. In
this case, the ancilla qubit will be fanned out to the Bell
state |¢?) = \%(|00) + |11)) for s = 2 and more generally to
s-partite GHZ states. Thus, instead of performing sequential
CNOT gates after initializing the ancilla qubit to |4), this
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fanned out state can be prepared using existing GHZ state
preparation techniques that could be more efficient, includ-
ing those discussed in Sec. III. Similarly, fan-in can also be
simplified in this case by noticing that a Z gate conditioned
on a classical measurement outcome only induces a bit flip
on the final X- or Y-basis measurement. This means that all
the classical communication and the following conditional
Z gates are redundant, provided one simply keeps track of
the parity between the measurement outcomes. These two
simplifications are reflected in the quantum circuit for BW in
Figs. 3(c) and 8(c).

APPENDIX C: PHYSICAL CHARACTERISTICS
OF A QUANTUM NETWORK OF TRAPPED IONS

As a concrete example of a quantum network, we con-
sider for the purposes of this study a trapped-ion quantum
architecture in which qubits are encoded in a long-lived tran-
sition within some Group-II or Group-II-like ionic species.
Such systems exhibit very long coherence times, often
via encoding in hyperfine “clock” transitions [63-66] with
first-order-insensitivity of frequency to magnetic field. Al-
ternatively, other metastable transitions (e.g., ground-state
Zeeman qubits) can be used in combination with ultrastable
magnetic bias fields; in either case decoherence is generally
dominated by qubit dephasing. Qubits within each node are
assumed to be confined in one or more linear Paul traps such
that all-to-all connectivity is achieved either across a single,
long chain of ions [67] or via shorter chains of ions, shuttled,
split, and combined across numerous discrete trapping poten-
tials [68].

Depending on the qubit type and physical details of the
platform, gates may be realized via the application of radiation
at optical, microwave, or radiofrequency bands. Whatever the
mechanism used, this gives rise to a native single qubit gate
set consisting of rotations Rx(0), Ry(6), Rz(0), parameter-
ized by angles 6 about the three perpendicular axes X, Y, and
Z. While Rx and Ry are noisy physical operations applied
over a 1-us timescale [69], Rz is typically an instantaneous
noiseless virtual Z gate [70]. A wide variety of two-qubit gate
operations have been demonstrated in recent decades, which
achieve entanglement via conditional rotations of a two-qubit
state around either equatorial or azimuthal axes [71]. For the
purposes of this work, we assume that local entangling oper-
ations are achieved via a geometric phase gate which applies
a maximally entangling Rzz(6) rotation in 10 us [69,72,73].
These single- and two-qubit gates together form a universal
gate set within each node.

By enabling remote entanglement, universal quantum com-
putation can be performed across the quantum network. This
can be achieved by entangling the internal state of the par-
ticipating ion in each of two nodes with a state of a photon
emitted from that ion. A variety of photonic flying-qubit en-
codings can be used, including frequency, photon number,
polarization, or time bin. The photons from the two nodes to
be entangled are then directed such that they interfere on a
beamsplitter, and their subsequent coincident detection on the
far side of this beamsplitter projects the entanglement onto
the ions, resulting in an ion-ion Bell state heralded by the
coincidence pattern measured.

Remote entanglement rates are a significant bottleneck
in quantum network performance, with leading experiments
demonstrating Bell-pair generation rates on the order of
100 Hz [34]. While remote rates are likely to remain lower
than those achievable locally, significant increases in perfor-
mance are anticipated via the use of optical cavities to mediate
network ion-photon coupling. In this work we assume that
remote entanglement can be achieved at a rate of 10 kHz with
fidelities an order of magnitude lower than local two-qubit
gates. Both fidelity and rate assumptions exceed the state-
of-the-art in current cavity-mediated remote entanglement
experiments [35] but are consistent with realistic engineering
assumptions and stand-alone demonstrations of photon col-
lection efficiencies achievable with optical cavities [74].

Qubits can be initialized or reset during computation by
applying a sequence of cooling techniques, such as Doppler
cooling and sideband cooling, followed by optical pumping.
The duration of the entire process is on the order of 1us
for the preparation fidelity required for midcircuit remote en-
tanglement generation (~99%); high-fidelity state preparation
(~99.99%) is typically at least an order of magnitude slower
but is only required during initialization of data qubits p, be-
fore the circuit is applied. The detection of ions is performed
by collecting photons from state-dependent fluorescence. The
probability of detection errors depends on the duration of the
illumination and collection efficiency, but high-fidelity detec-
tion is possible in ~100 s.

APPENDIX D: SIMULATION DETAILS

The results presented in Sec. IV analyses the performance
of VD when applied across a quantum network of trapped
ions. Here we describe details of the simulation.

1. Exact simulations

In this work, exact simulations are adopted whenever com-
putational resources are manageable for the system sizes of
interest. This includes simulations of the ideal VD and also
noisy VD for the single-copy case, CR, QECR, and up to three
copies of BW. All final measurements in the quantum circuits
are computed as exact expectation values of observables in-
stead of sampling random shots.

In an ideal VD, only the copies are noisy and the VD part
of the circuit is entirely error free. Therefore, the simulation
can be performed simply by obtaining the density matrix p
of one noisy copy and computing Tr[Op"] without explicitly
constructing the entire circuit. The resource required to per-
form this computation is not problematic for the system sizes
(N = 4,5, 6) considered in this work.

The single-copy limit of a noisy VD corresponds to not
applying VD, so it can be performed in an ancilla-free fashion
using N qubits. After preparing a single copy and storing it
in memory, a noisy measurement in the o basis is performed
for all Pauli term o in the Pauli basis expansion of the observ-
able O. The desired quantity Tr[Op] can then be obtained by
combining the results. which can be done easily for the circuit
depths considered.

For QECR, 2 registers of N qubits each store copies onto
which VD is applied, with the help of a single ancilla qubit
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and 2 network qubits. Therefore, the total number of qubits is
15 when N = 6, which is manageable. Since the simulations
for [ and [/ + 1 copies (I > 2) only differ by an additional
preparation of the copy followed by a layer of C-SWAP gates,
we store the intermediate result from the /th copy so that the
simulation of the / + 1th copy does not need to repeat the
simulations for all copies up to the /th. Similarly, the circuit
for each / is equivalent up to the final layer of controlled
Pauli gates for each term in the observable, so we also store
intermediate results within each / to minimize the amount of
redundant computation. Since most of the gates of the whole
circuit are used to prepare each copy, this significantly reduces
the time-complexity of the simulation.

An experimental realization of CR would require a total
of n(N + 1) 4+ 1 qubits (n registers with N + 1 qubits each,
including the network qubit, and the ancilla qubit), which
is generally much more than the 2N + 3 qubits needed in
QECR. However, in our model, CR can be simulated using
the same amount of resources as QECR. Since the difference
between the two implementations only lie in the errors asso-
ciated with the preparation of new copies, the simulation of
CR can be done by simply switching off these errors that only
QECR suffers from.

The simulation of BW gets increasingly challenging with
the number of copies for fixed N. To alleviate the memory
requirement of the simulation, we leave out all network qubits
that would otherwise be present in a real experiment. Since
we only simulate up to five copies, the largest GHZ state
that needs to be prepared across the ancilla qubits is a Bell
state, which can be prepared directly on the ancilla qubits, so
network qubits are not needed for this step. However, errors
associated with the other remote operations, namely quantum
teleportation and BSMs, must be simulated in slightly modi-
fied ways compared to QECR and CR due to the suppression
of network qubits. Since we model an entanglement error as
a single-qubit depolarizing channel acting on one side of an
ideal Bell state, this error can be simulated by directly ap-
plying the same depolarizing channel on the teleported qubit
without explicitly performing the teleportation (see Fig. 16
in Ref. [27]). Similarly, having a depolarizing entanglement
error of probability pgey in the remote BSM is identical to
having a detection error of probability pge;/3 after the con-
trol qubit and 2pge /3 after the target qubit of the CNOT
gate. While idling errors would have accumulated also on the
network qubits, those are ignored in our simulations since
they are small when network qubits are initialized after the
copies are prepared in parallel and are repeatedly reset and
reinitialized for remote operations. After removing network
qubits, the quantum circuit involves nN + L%J qubits total,
such that the largest quantum circuit for BW that we simulate
exactly (N =4 and n = 3) involves 13 qubits.

2. Approximate simulations

When exact simulations are not feasible, approximate re-
sults can be obtained via Monte Carlo sampling. In this work,
we do so for four and five copies of BW. Instead of apply-
ing generally nonunitary operations on density matrices as in
exact simulations, in this case we only store state vectors, thus
quadratically reducing the memory requirement.

Each nonunitary channel involved in the simulation, ex-
cluding measurements, can be defined as a linear combination
of tensor products of Pauli operators, so the Monte Carlo
simulation can be performed by sampling its terms with
probabilities corresponding to its coefficients. For example,
a single-qubit depolarizing channel of probability A is defined
as

A Al A
A==+ X+ Y+ 22, (D1)

3
where Z, X, ), and Z are quantum channels that apply the
identity, Pauli X, Y, and Z operators, respectively. In a Monte
Carlo simulation, this channel is replaced by an identity chan-
nel with probability 1 — A and either one of the Pauli X, Y, or
Z gates with probability A /3.

Given that each of those choices are unitary operations,
in a Monte Carlo sampling one needs to only simulate pure
states that undergo these random unitary errors. We denote
the expected value of the Pauli string o that we obtain from
each random circuit variant as the random variable A, , ,
whose mean value is the noise expected value as E[A, ;] =
Tr[o p"]. Ultimately, we want to estimate the ratio that ap-

proaches the expectation value with respect to the dominant
E[Apn0]

E il where we defined

eigenvector shown in Eq. (1), as

Apno = i Cipno-

The inaccuracy of the simulation, quantified by standard
errors, can only be suppressed by taking enough samples.
In this work, and in particular for error bars in Sec. IV B,
the standard error of the biased estimator is estimated by
the following procedure: (1) Obtain M samples of A, ,, o and
A, .1, Where M is chosen as a multiple of 100. (2) Split the
samples forA, ,, o and A, ,, 1 into 100 batches each, labeled by
j €{1,2, ..., 100}, and compute the mean values /Lg) and ,u(]l")
within each batch. (3) Take the standard deviation between the
100 ratios p1’ /).

To analyze the sampled data, consider the example where
N =4, n=2, and {piq, p2q, Pen} = {Piq- P3q: Pen}- The
ratios of batches are distributed as shown in the histogram in
Fig. 10(a) for M = 50 000. To better visualize the distribution,
here we resample from the original dataset to obtain 100 000
batches that each contain M /100 = 500 random samples, and
obtain ratios of batch means. The dashed vertical red line
shows the average value obtained from the sampled data and
is situated close to the exact density matrix simulation result,
which is the solid vertical line. An agreement with the stan-
dard Monte Carlo scaling of 1/+/M is observed by fitting the
standard deviation against 500 to 50 000 number of samples
per 100 000 resampled batches, as shown in Fig. 10(b). The y
intercept of the linear fit shows that the underlying standard
deviation of a single sample is 100406204 ~ 2 92533, and the
number of samples required to obtain some target error can be
extrapolated from the fit.

During the Monte Carlo simulation, many sampled quan-
tum circuits correspond to the ideal quantum circuit for small
enough error probabilities. Therefore, we save the ideal case
in memory and retrieve it whenever the sampled circuit is
ideal to avoid performing redundant simulations. Specifically,
we store |1;q)®", which is the quantum state corresponding
to preparing all the ideal copies in parallel. We also store the
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FIG. 10. Analysis of data sampled for Monte Carlo simulation
with N =4, n =2, and {piq. p2q. Peen} = {Plq: Piq: Phan}- (a) Dis-
tribution of 100 000 ratios of batch means, resampled from a dataset
of M = 50000. The solid and dashed vertical red lines are the exact
and approximate simulation results, where the latter case corresponds
to the ratio between the average over M samples. (b) Standard devi-
ations (turquoise circles) across 100000 resampled ratios of batch
means, where the number of samples per batch is varied from 500 to
50000. A linear fit (orange line) in the log scale reveals an agreement
with the standard 1/+/M scaling from Monte Carlo sampling via
the slope and the value of the underlying standard deviation via the
y-intercept.

ideal results Ay, »,0, from single runs for all terms indexed
by i of the observable. Thus, when the entire circuit is ideal,
Ajy).no; 18 returned without any further computation. If, in-
stead, the copies are ideal but the VD part is noisy, then the
prepared ideal copies |;q)®" are retrieved from memory and
applied with the noisy VD operations. The entire circuit is
simulated otherwise. This is most effective for simulations
with low error probabilities, where the probability that the
sampled circuit corresponds to the ideal circuit is high.

3. Native-gate decompositions

For all noisy simulations, we decompose quantum gates
into those native in the ion trap hardware described in Ap-
pendix C. Here we describe how the gates are decomposed,
using equal signs to denote equalities up to global phases and
order gates temporally such that those on the left are applied
before those on the right. Noting that Rz is a virtual Z gate, the
Hadamard gate can be applied (on some qubit g) with a single
physical gate as H;, = Rz,(5)Rx,(F)Rz,(7). The controlled
Pauli gates that correspond to the terms of the observable are
each decomposed into single Rzz gates as

ngsz,,( Rz( )qu<2)qu(n)Rzzg<%)Hq
(Sxa()

x RzzP %)qu )qu ()

<

)
cY? = Rzp( JRx
(

czy = Rzp<%>qu(%)Rzzg(%), (D2)

where p and g are the control and target qubits of the
controlled Pauli gates, respectively. A decomposition of the
C-SWAP gate was obtained using a recompiler, as described
in detail in Ref. [9]. The decomposition of the C-SWAP gate
is shown in Fig. 11 for the native gates considered in this work
and includes six Rzz gates.

4. Artificial gates

In all numerical simulations that involve explicit simula-
tions of the quantum circuit, the final measurement outcomes
are obtained by taking expectation values of observables in-
stead of sampling random shots as would be done in real
experiments. For example, considering that we have applied
single-qubit gates in the end such that all measurements are in
the Z basis, BW requires a measurement of the observable

Xz Q1 -2z, ~Zp), (D3)
i J

where i runs over all L”glj indices of the ancilla qubits of

BW and j = (ji, j2) are | 5]N pairs of indices corresponding
to the two qubits involved in individual BSMs. This shows
that the number of terms of the observable is 421V, which
becomes prohibitive for the larger choices of » in this work.

To overcome this issue, we introduce instantaneous and
noiseless artificial gates, which do not contribute to the main
circuit but are inserted for the sole purpose of converting
the measurement observable into a single Pauli string in the
numerical simulations. The artificial gates are Toffoli gates
(or CCX gates) applied after each conversion to the Bell basis
and any one of the ancilla qubits, such that the outcome of
the ancilla qubit is flipped when both outcomes of the BSM
are 1. Note that this can be seen as applying the final layer
of C-SWAP gates as in Fig. 9(d) instead of reducing it further
down to Fig. 9(f). After applying these artificial gates, the full
observable in Eq. (D3) would not be needed, and a single Pauli
string ), Z; would be sufficient.
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FIG. 11. C-SWAP gate decomposed into native gates in the ion trap architecture considered in this work (see Appendix C), where rotation

angles are all integer multiples of /4.

For QECR and CR, the observable without any artificial
gates is given by

#Q

where o is the index for the ancilla qubit and j =
(Jg1s Jals Jq2» Ja2) correspond to all four qubits involved in the
Jjth remote BSM according to the notation in Fig. 5(b).

To convert the factor for BSMs in Eq. (D4) into the same
form as that in Eq. (D3), we store the parities between qubits
¢1 and a, into ¢g; and between a; and ¢, into g,. This is done
by including artificial CNOT gates controlled by a, (a;) and
targeted to g; (g) for each of the remote BSMs.

While the number of terms for simulations of QECR and
CR is only 4" due to the fact that only a single set of C-
SWAP gates can be replaced by BSMs, applying the artificial
Toffoli gates is still crucial. This is due to the complication
that network qubits are reinitialized after being used for each
remote BSM, while our measurement of Eq. (D4) requires that
all qubits involved be stored in memory after being prepared
in the appropriate bases. By inserting the artificial Toffoli
gates, along with the artificial CNOT gates, the observable
simplifies to Z,, so that a final measurement of the ancilla
qubit is sufficient.

Zi,Zi,) (1 = 2;,Z;,). (D4)

5. Random-field Heisenberg model and Trotterization

We consider the example problem to be a one-dimensional
spin chain with nearest-neighbor interactions and random
magnetic fields, known as the random-field Heisenberg model
[50,51]. Its Hamiltonian is generally given by

N N
H=T) 8-S+ hz,
j=1 j=1

where § i = (X;,Y;,Z;) denotes a vector of Pauli operators
acting on site j, J is an interaction strength assumed to be
uniform across all pairs of interacting spins, and /; are random
magnetic field strengths that are extracted uniformly from the

(D5)

-l-ll—I—I--l
) L e L

FIG. 12. Quantum circuit that prepares each copy of p consid-
ered in this work when applied onto |y;), shown for N = 4. All
gates, which are noisy except for the (virtual) Rz gates, are repeated
K times, corresponding to K Trotter steps. The preparation of |Wiy;)
can be combined with the first layer of Ry gates in the first Trotter
steps, since |,;) is a computational basis state.

interval [—h, h]. We impose periodic boundary conditions,
i.e., site N + 1 is identified with site 1, and choose / = h = 1.
Denoting the N-dimensional vector of random field strengths
as h™), their values in the three system sizes studied in

Sec. IV B are
% = (—0.887, —0.925, —0.72, 0.08)

7S = (0.206, —0.649, 0.598, —0.826, 0.702)

h© = (—0.859, 0.396, —0.354, 0.634, —0.893, 0.198)
(Do)

to three decimal places.

The ideal state |/;4) corresponds to a time evolution under
this Hamiltonian, approximated with the Lie-Trotter-Suzuki
formula [52,53]. In this context, an evolution of duration ¢ is
separated into K uniform time steps ¢ = ¢ /K, within which
the time-evolution operator generated by H can approxi-
mately be split into simple quantum rotation gates. Suppose
we know how to write the Hamiltonian as H = ) ; Hi, where
all terms in H; in the Pauli basis commute with each other, but
[Hi,, Hi,] # 0 for [; # L. The ideal state would then be

|ia) = (l_[e’““”) [Winie) ~ ¢ Yim). (D7)

The initial state |v/y;) is chosen to be the computational basis
state with only site 3 being |1) for all N considered, and we
fix §t = 0.01 such that longer time evolutions are simulated
by increasing K. The algorithmic error in Eq. (D7) depends

0.0
—0.5¢
= -1.0f ]
3
n% -C=1/8
o -15f c=1/4 ]
c=1/2
-—C =1
-2.0p —_—Cc=2 ]
- C =4 ]
-2.50 ‘ ‘ ‘ ‘ | ‘j

1 3 5 7 9 11 13 15
Number of copies

FIG. 13. Ideal implementation of VD with N = 5 simulated with
the same parameter choices as in Sec. [V B but up to 15 copies. Even
though, as in the corresponding plot in Fig. 6, the absolute error AE
in the ¢ = 4 case increases in the range n € {1, 2, 3, 4, 5}, it starts to
decrease as n is increased further.
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on 8¢, but its choice is unimportant for this work, since we are
only interested in suppressing physical errors.

The Hamiltonian in Eq. (D5) can be grouped into sums of
mutually commuting Pauli terms by splitting the sites into an
even and odd part. This gives rise to a Trotterized quantum
circuit consisting of three layers of two-qubit gates (for three
interaction directions) interleaved by single-qubit rotations, as
shown in Fig. 12 for N = 4 after compiling for the ion trap
quantum hardware described in Appendix C. Since the initial
state is a computational basis state, its preparation is combined
with the first layer of Ry gates in the first Trotter step. Within
each Trotter step, all single-qubit gates except for the final
layer of Rz gates are rotations either by % or —7. The Rzz
gates all share the angle 2J6¢, and the final layer of Rz gates
have angles given by the random field strengths, 24,6t for j €
{1, 2, ..., N}.In line with the applicability of QEM techniques,
we choose K = |1/(3N p’z‘Q)J such that the circuit error rate
of each copy is approximately 1, where 3N is the number of
two-qubit gates in a single Trotter step.

6. Performance of VD for N = 5 and ¢ = 4 up to 15 copies

In practice, increasing the number of copies leads to an
exponential increase in the sampling cost, such that a value of
n Z, 10 may be considered prohibitive. Nevertheless, we may
numerically simulate the effect of VD for higher number of
copies under an infinite number of circuit runs to study the
behavior of the N =5 and ¢ = 4 case in Fig. 6, for which
the absolute error with the ideal expectation value increases
as the number of copies increase in n € {1, 2, 3, 4, 5}. With
the same parameter choices as in Sec. IV B, we simulate the
ideal implementation of VD up to 15 copies, and the result
is shown in Fig. 13. As we can see, the absolute error begins
to decrease from the 6th copy and falls below the n = 1 case
beyond the 10th copy. This shows that even in this high error
rate, the ideal state remains to be the dominant component,
but it is less dominant than the rest of the values of ¢ such that
the exponential error suppression was not observed from the
low number of copies considered in Fig. 6.
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