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Quantifying multitime memory in sequential measurement statistics through violations
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We investigate the presence of memory in the sequential measurement statistics of an open quantum system,
as witnessed by the departure from the quantum regression theorem (QRT), that is, the possibility to predict
multitime probabilities from one-time reduced dynamical maps. For factorized initial states, we identify an
exact decomposition of the two-time propagator into a QRT-like contribution, fully determined by the reduced
dynamical map, and a memory term encoding system-environment correlations across the intervention. In the
weak-coupling regime, the memory term yields an explicit second-order correction expressed in terms of the
reduced map and bath correlation functions. Furthermore, we introduce an operational quantifier of QRT viola-
tions based on the distance between exact and QRT-predicted joint probabilities. Benchmarking the framework
on a spin-boson model and using a pseudomode embedding as nonperturbative reference, we comprehensively
analyze the impact of spectral-density parameters, environmental temperature, and measurement protocols on
the non-Markovianity of the multitime statistics. Comparison with a one-time witness shows that reduced-state
non-Markovianity and multitime memory are related but inequivalent: the latter, as probed through sequential
statistics, is intrinsically protocol dependent and can become visible at higher temporal orders even when

lower-order statistics remain compatible with QRT predictions.
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I. INTRODUCTION

In many experimental settings involving open quantum
systems, the quantities of interest are inherently multitime:
they arise, for example, from control protocols, response and
fluctuation functions, photon-counting statistics, and time-
resolved spectroscopy [1-6]. In these cases, the relevant
information is contained in joint probability distributions or
correlators associated with interventions performed at dif-
ferent times, and the reduced dynamical map, which fully
characterizes the evolution of the system state at a single
time, is, in general, not enough to determine such multitime
quantities.

A standard construction to deal with multitime quanti-
ties is provided by the quantum regression theorem (QRT)
[7,8], which expresses them by combining the same reduced
dynamical map that describes one-time expectation values.
This procedure is known to be valid under the weak-coupling
and singular-coupling regime [9], and more generally, when
system-environment correlations generated during the evolu-
tion do not affect the subsequent dynamics relevant for the

*Contact author: paolo.luppi @unimi.it
fContact author: claudia.benedetti @unimi.it
*Contact author: andrea.smirne @unimi.it

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2469-9926/2026/114(5)/052204(13)

052204-1

considered quantities [10]. However, finite bath correlation
times, structured environments, strong coupling, and corre-
lations built up prior to intermediate interventions can all
lead to deviations from the QRT predictions, which calls for
dedicated strategies to describe multitime objects in generic
regimes [11-17].

Violations of the QRT can be associated to a notion of
multitime non-Markovianity, in a sense close to the classical
definition of non-Markovian stochastic processes, as the entire
hierarchy of joint probability distributions cannot be recon-
structed from one-time probabilities and propagators alone.
This idea can be formalized by means of quantum stochastic
processes [18,19] and process tensors [20-24], where multi-
time statistics associated with sequences of interventions are
treated as fundamental objects and Markovianity corresponds
to a suitable factorization of the multitime correlations.

These multitime notions of memory are related to, but
distinct [25-28] from, definitions of non-Markovianity based
on the reduced dynamics. The latter are typically formu-
lated in terms of properties of the dynamical map, such
as positive (P)- or completely positive (CP)-divisibility
[29-33] or even the stronger semigroup property [34,35],
and characterize memory effects at the level of the sys-
tem states. By contrast, QRT violations, and more generally,
quantum-stochastic-processes and process-tensor approaches
are defined in terms of sequential measurements and joint
outcome distributions, so that they provide an operational
notion of memory that is not fully determined by one-
time properties of the reduced evolution. In fact, while in
the weak-coupling and singular-coupling regimes both the
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validity of the QRT and the semigroup property of the
dynamics are ensured [9,34,36], there are semigroup dynam-
ics where the QRT cannot be applied [19]; more generally,
the two properties are not equivalent, as they respond dif-
ferently to the exchange of information between the system
and the environment induced by their interaction [26]. More-
over, recent studies of spin-boson dynamics showed that
single-intervention process tensors can identify quantum
memory more informatively than reduced-map criteria alone
[37], while a complementary line of work relates violations
of QRT in two-point correlations to quantum features in
the non-Markovian evolution, including system-environment
entanglement [38].

In this work, we investigate multitime memory, as wit-
nessed by the breakdown of QRT in sequential measurement
statistics, for fixed projective measurements. First, using
projection-operator techniques adapted to dynamics with
intermediate interventions [12], we derive an exact decompo-
sition of the two-time propagator into a QRT-like term, fully
determined by the reduced dynamical map, and a complemen-
tary contribution that encodes deviations from the QRT into
system-environment correlations across the intervention. In
the weak-coupling regime, this memory contribution can be
expanded perturbatively, leading to an explicit second-order
correction expressed in terms of the reduced map and bath
correlation functions. On the operational side, we formulate
the problem in terms of quantum instruments and introduce
a quantifier of QRT breakdown based on the Kolmogorov
distance between exact and QRT joint probabilities.

As a benchmark, we apply our framework to the spin-
boson model with a Lorentzian spectral density, using
the pseudomode embedding as a nonperturbative reference
[39,40]. This allows us to assess the accuracy of the
perturbative correction and to analyze the dependence of
QRT deviations on time, model parameters, temperature,
and measurement protocols. We further compare the re-
sulting multitime characterization with a one-time witness
of P-divisibility reconstructed from the same reduced dy-
namics. The comparison shows that one-time and multitime
notions capture different aspects of memory in the evolu-
tion: while they are both enhanced by a stronger coupling
leading to large system-environment correlations, multitime
memory depends on the measurement protocol and may
become visible at higher temporal order even when lower-
order quantities coincide with the corresponding Markovian
predictions.

The remainder of the paper is organized as follows. In
Sec. IT we introduce the open quantum system framework and
the description of multitime objects therein, corresponding
to correlators and sequential-measurement joint probability
distributions. In Sec. III we present an exact decomposition
of the two-time propagator into a QRT contribution and a
correction, which we explicitly work out at leading order in
the coupling strength. In Sec. IV we apply our results to the
paradigmatic spin-boson model, quantifying the breakdown
of the QRT description, across different dynamical regimes.
In particular, we compare QRT violations with a one-time
divisibility-based witness of non-Markovianity, and analyze
protocol dependence, temperature effects, and higher-order

temporal statistics. Section V contains the conclusions and
future perspectives of our work.

II. OPEN QUANTUM DYNAMICS
A. System-bath dynamics

We consider a system S with Hilbert space Hg coupled to
an environment (bath) B with Hilbert space Hj, such that the
total space is H = Hs ® Hp. The joint system-environment
state p(t) evolves according to the Liouville-von Neumann
equation [3]

d
Ep(t)zl[ﬂ(t)], L=Ls+Lpg+ L, (1)

where Lx[p] = —i[Hx, p] for X € {S, B, SB} and Hs (Hp)
describes the free system (bath) Hamiltonian, while Hgp de-
scribes the interaction term (units /2 = 1); indeed, £ denotes
the Liouvillian on the global S — B system. We also use the
free Liouvillian £y := Lg + Lp and the interaction-picture
coupling superoperator

Li(t) = e 0 Lgge' 0, 2)

Throughout we assume a coupling that can be written in the
form

Hsg =1 S, ® B, 3)
a
where A is the coupling-strength parameter. We fix a bath
reference state R satisfying

LzR =0, “4)

i.e., R is stationary under the free bath dynamics. Without loss
of generality, we take the bath interaction operators to have
vanishing mean in R,

Trg[B,R] =0 Va, (@)

since any nonzero mean can be absorbed into a renormaliza-
tion of Hy [5]. Further assuming that the bath is Gaussian, its
influence on the open-system dynamics is fully enclosed in
the correlation functions

Cap(t) :=Trp[Bo(t)ByR],  Ba(t) := ¢ "“*[B,],  (6)

which are referred to the environmental interaction operators
evolving under the free bath dynamics.

The reduced state associated with the open system is ob-
tained via the partial trace, pg(¢) = Trg[p(¢)]. In the following
we will consider factorized initial states of the form

p(0) = ps(0) ® R, (7

so that we can define the (one-time) reduced dynamical map
As(1),t =0, by

ps(t) = As®)lps(0)] := Trple'“[ps(0) @RI, (8)

which is a completely positive and trace-preserving (CPTP)
map for each fixed 7.

Standard definitions of one-time Markovianity are related
to the notion of divisibility. Assume that, for all , > #; > 0,
there exists an intermediate map V(1,, t;), i.e., a propagator,
such that

As(r2) = V12, 11) 0 Ag(ty); €))
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indeed, if Ag(#;) is invertible, the propagator can be identified
with

V(tr, 1) = As(t) o As(ty) ™" (10)

If each V(;,1) can be chosen positive, the dynamics is
P-divisible [25,31,32]; if, in addition, each V(z,, t;) is com-
pletely positive, the dynamics is CP-divisible [30]. Both
notions have been used to define one-time quantum (non-
)Markovianity; in the following, we will focus in particular on
the investigation of P-divisibility. This choice is motivated by
the comparison with multitime Markovianity: throughout the
paper, the latter is assessed via sequential measurement statis-
tics generated by instruments acting on the system alone, and
P-divisibility provides a weaker requirement directly testable
at the level of system states, whereas CP-divisibility is a
stronger condition whose operational meaning involves the
presence of an ancilla [41].

B. Two-time correlators and sequential probabilities

We now move to the multitime scenario and introduce the
corresponding notion of Markovianity we will use throughout
our analysis, focusing on sequential protocols where an inter-
vention at #; is followed by a readout at #,, for 0 < #; < 1.

Given an intervention A; at time #; on the open system, we
define the conditioned two-time propagator, for 0 < ) < 1,

., (t2, 11)[p] := Trple™> L o (A} @ Ip) 0 e"“[p ® RI],
(11)

where here and in the following we denote as I the identity
map, and we used the total propagator ¢/ defined by Eq. (1).
Taking into account also the readout at time #,, we can further
define the two-time quantity

Fa, z,(t2, 11) := Trs[Az o @z, (12, 11)[ s (0)]1, 12)

which covers the two main cases of interest for our investi-
gation. Choosing A; = L,, the left multiplication by A;, i.e.,
La,[p] = Aip, Eq. (12) yields the time-ordered correlators

(A2(02)A1(11)) = Fa,.a,(t2, 1) = Trs[A2 D4, (12, 11)[0s(0)]],
(13)
i.e., the two-time correlators associated with the operators A;
and A,, which define, for example, linear-response functions
and emission spectra [2,42,43].
Instead, let {M(gl]) }a,e0, and {Mg)}azeo2 be instruments at
t; and 1, i.e., collections of CP trace-nonincreasing maps
such that )°, MV and )~ M are CPTP, and that describe
the statistics of a two-time sequential measurement with out-
comes (aj, a;) € 01 x O,. The joint probability for outcomes
(ay,ay) at (t1,1,) is obtained by choosing A; = Mg’) and
applying the trace after the second CP map

plaz, tosar, 1) = Fye pon (12, 1)
= Trs [M 0 @ (2. 11)lps0)]].  (14)

From this probability, we can obtain all the information about
the statistics of the sequential measurement; for example, the
two-time expectation value is given by

LA =) aaplar, baih). (15

a,az

We stress that even when the same quantities A; and A, are
considered, correlators and sequential measurement statistics
generally differ because the latter include an explicit state
transformation at the intermediate time, whereas the correlator
does not. Explicitly, let us consider the two self-adjoint oper-
ators A; = A; and A, = Ag, with spectral decompositions

A=Y am?,
a;

i=1,2, (16)

with I1{ the projector into the eigenspace of the eigenvalue
a; of the operator A;, along with the projective measurement
associated with it via the Liiders instrument [44]

MP[p] =119 p11Y. (17)

Introducing the full-dephasing map associated with the first
intermediate measurement

Dalpl =Y MPlpl=> 0Ppm,  (18)

we can express the discrepancy between the correlator and the
sequential-measurement average as

(A2(n)A1(t1)) — Ax(02)A1 (1)
= Trs[A2 @ 7-p, oLy, (12, 11)[ps(0)]]. (19)

This relation shows that the mismatch is entirely due to the
off-diagonal (coherence) component (I — Dy, )[A1ps(t1)] re-
moved by the Liiders update, but potentially converted into
populations relevant to A, by the subsequent dynamics. The
sequential statistics depends on the choice of the instrument,
and a full agreement with the correlators can occur only when
the coherences in the measurement basis at #; vanish or are
dynamically irrelevant for the readout measurement at time
t, [45].

The Markovianity criterion associated with multitime ob-
jects we consider consists in the validity of the QRT [3,8]. In
our notation and restricting to two-time quantities, the latter
means that one can perform the replacement

g, (12, 11) = As(ty —t1) o Ay o Ag(ty), (20)

into Fia, 4, (t2, t;) defined in Eq. (12), for any initial state pg(0)
and readout map A,. Microscopically, such a replacement is
justified when the system-environment correlations built up
by the interaction up to time #; are irrelevant for the quantities
at time 7, [10]. Indeed, the difference between averages of
sequential measurements and two-time correlators manifests
itself in the applicability of the QRT, as there are situations
where it can be applied to the latter but not to the former,
even when the same quantities are involved. In particular, for
a two-level system undergoing pure dephasing due to the in-
teraction with a single continuous degree of freedom initially
distributed according to a Lorentzian profile, the QRT holds
for any two-time correlator [26], while it fails for the average
of sequential projective measurements performed in a basis
different from the dephasing one [45,46].
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III. BEYOND-QRT TWO-TIME PROPAGATORS

A. Exact expression via projection superoperators

The expression of the two-time quantities can be rewritten
by means of the projection superoperators, to single out in full
generality the term leading to a violation of the QRT.

In particular, introducing the standard projection
superoperators [3]

Ple] := Trplp] ® R, Q:=I-7P (21)

that act on operators on S 4 B, and replacing the identity
7 = P + Q in the definition of the conditioned two-time prop-
agator Eq. (11), we can rewrite it as

D, (2, 11)[p] = Trple® " o (A} @ Tp)
o (P+Q) oeL[p @RI
= 05 (. 1)lp] + R (2. 1)l (22)
Since
Pe"Llp ® Rl = As(t)[p] ® R (23)
by definition of Ag(?), we get
%) (12, 1)[p] = Trgle® L o (A} ® Tp)[As(t1)[p] ® R]]
= Ag(t2 —11) o Ay o As(t1)[p], (24)

ie., (Df;l)(tg, t1) exactly corresponds to a term in the form
given by the QRT, see Eq.(20). Therefore,

CD(y%)(tz, t)lp] == Trple™ % o (A ® Ip)
oQoe"L[p @RI (25)

is the QRT-violating contribution: it isolates the part of the
two-time propagator that is not fixed by the reduced state
and the dynamical map only. The size of the possible QRT
violation is therefore controlled jointly by (i) how many
system-environment correlations and changes in the environ-
mental state are present at time f, i.e., the magnitude of
Qpsp(ty), and (ii) how strongly the chosen intervention map
can convert them into an observable effect for the chosen
readout at time #,. In particular, the back-action of the first
measurement and the readout share a nontrivial interplay with
the correlations built up by the dynamics: an intervention may
amplify QRT deviations by conditioning on bath-correlated
degrees of freedom, or suppress them when it reduces pre-
cisely those coherences that would feed into the later readout.

The term dD(;%) admits a double-convolution representation

h—h n
L (6, 1) = / dfz/ dtuiAs(t; — 1 — 12)
0 0

o KM (12, T1) 0 As(t; — T1), (26)

for the multitime kernel (here and in the following we imply
the composition o within the kernel)

KM (12, 11)[p] 1= Trp[Lspe™ QA @ Ip)
x e"¥QLis[p @ R, (27)

which is obtained by adapting the projection-operator
multitime-kernel framework of Ref. [12], originally devel-
oped for multitime correlation functions, to a two-time

propagator with a generic intermediate intervention Aj.
This extension makes explicit the connection between the
multitime-kernel construction and QRT violations in sequen-
tial measurement probabilities.

Focusing on the case where the interventions consist of
sequential measurements, we quantify the difference between
the exact joint probability distribution p given by Eq. (14) and
the joint distribution pgrt obtained by applying the QRT, i.e.,
replacing Eq. (20) into Eq.(14), by means of the Kolmogorov
distance

1
eqrr(f2, 1) == 3 Z |p(az, tr; ar, t1) — porr(az, t; ai, t1)|.
ap,a

(28)

Note that since p and pgrr are normalized joint distribu-
tions, eqrr(t2, t1) € [0, 1], with eqrr = O if and only if they
coincide. Using Egs. (22) and (24), such a difference can be
compactly expressed as

)

1
eqrr(t2,11) = 5 | Trs [M) 0 @8 (12, 1)L o5 (0)]]

ag,az

(29)

which directly relates the deviations from the QRT expression
in the joint probability distribution to microscopic details of
the system-environment interaction.

In the following analysis, we will also consider the ¢-
average QRT violation, for a fixed final time #, = 7, namely,

1o
gqrr(ly) == ;/ eqrr(ty, t)dty. (30)
rJo

Operationally, Eqrr(ff) is the expected QRT error when the
first intervention time #; is drawn uniformly at random in
[0, 7] and it is indeed more suitable for a comparison with
the single-time non-Markovianity.

B. Second-order expression

The explicit evaluation of the two-time quantity in Eq. (12)
is, in general, as complicated as the solution of the global
dynamics. In the next section, we will perform the numerical
simulation, in generic parameter regimes, for the spin-boson
model we are interested in. Here, instead, we report the lowest
order of a perturbative expansion that can be applied to any
model in the weak coupling regime.

Since Lsg = O()L), the leading order of the kernel is O(A?),
which is obtained by replacing the Q-projected propagators by
their zeroth-order approximation in A,

eQ(L(H‘LSB)T — eQ,E()T + O(}u), (3])
so that
KM (12, 11)p] 1= Trp[Lspe? QA @ )

x e QLgp[p ® RI + O(WY) =: K™ (12, 71)[p] + OLY).
(32)

To proceed further, we note that

[Lo, Q] =0, (33)
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since, for any S — B operator X,

PL[X] =Trp[LoX]® R = (Ls[Trp X1+ Trp[LpX]) ® R
= Lg[Trg X1 ® R = Lo[Trp[X] ® R] = LoPIX],

where we use that Trg[LX] =0 (cyclicity of Trg) and
LR = 0. Exploiting the idempotency relation @ = Q and
the power series of the exponential, we then have

QX = T QX. (34)
Moreover, Eq. (5) implies

PLsplp @ R] = —ir » [Sa. p] Trp[B.R] ® R=0, (35)

while, using once more Eq. (33) and P(A; @ I5) = (A ®
Ip)P, one has

P(A; @ Tp)e™"Q[X] = 0. (36)

All in all, replacing Egs. (34) to (36) (along withQ = 7 —
%) into Eq. (32), we arrive at the following expression of the
kernel’s leading order

KM (12, T1)p] = TrplLspe™™ (A, ® Tp)e™™ Lsg(p ® R)],
(37)

and therefore at the following leading expression of the QRT-
violating term

h—t n
(1, 11) = / de/ dvy As(t, —t1 — 1)
0 0

o KM (12, 11) 0 As(ty — 7). (38)

While the decomposition in Eq. (22) is exact at arbitrary
coupling strength, Eq. (38) provides a perturbative correc-
tion controlled in the weak-coupling regime, where QRT
violations are already observable and the leading memory
contribution remains analytically accessible.

IV. MULTITIME NON-MARKOVIANITY IN THE
SPIN-BOSON MODEL

We are now ready to apply the general expressions derived
in Sec. III to investigate deviations from the QRT in multitime
probabilities within a paradigmatic open quantum system,
namely, the spin-boson model [47]. This model provides a
simple yet powerful framework to describe the interaction
between a two-level system and a dissipative environment,
capturing essential features of the evolution in diverse dynam-
ical regimes.

A. Model

We consider the spin-boson Hamiltonian

H = Hs + Hp + Hsp

= %oz + Z oy + 0y ® ;(gnan +gial). (39)

i.e., a two-level system linearly coupled to a bosonic envi-
ronment where o;, i = x, y, z, are the Pauli matrices of the
two-level system, a,, afl are the annihilation and creation op-
erators of the nth bosonic mode, wy (w,) is the free frequency

of the system (nth mode), and g, is the coupling between the
two-level system and the nth mode. Assuming an initial global
product state, see Eq .(7), and an initial thermal state of the
environment at inverse temperature 8

_ expl—Bw,a a,]
R= @ — (40)
with
Z, = Tr[exp[—Bw,a’a,]l, 41)

the reduced two-level system dynamics is fixed by the corre-
lation function, see Eq. (6),

Ct) = TrB[ Y (gne ™ @, + ghe " ] ) (gmam + g*ma,L)R]
n.m

= / doJ(w){e '[1 + ng(w)] + “'ng(w)}, (42)
0
where we introduce the spectral density [3]

J@) =" g8 — wp), (43)

and the mean occupation number at inverse temperature § of
the nth mode

ng(w,) := : = Trpla’a,R]. (44)

on —

The expression in Eq. (42) allows one to readily take the
continuum limit of the bosonic modes, by simply replacing the
spectral density defined in Eq. (43) with a positive continuous
function of w, for @ > 0 [and extending the definition in Eq.
(44) to a generic value of w > 0].

In particular, we take into account a Lorentzian spectral
density centered at n with width y [48,49]:

Ay

ml(@—n)?+y?)
which describes, for example, the coupling with a damped
cavity mode. In fact, for such a choice of the spectral density
in the regime where the Lorentzian is sufficiently narrow
and well separated from the zero-frequency boundary, the
open-system dynamics can be obtained using a Lindbla-
dian embedding in an enlarged setting S+M with a single
damped pseudomode M [39,40,50]. Explicitly when y < n,
the reduced state pg(¢) at time ¢, defined by Eq. (8), is well
approximated by the reduced state

ps(t) = Try[psm ()], (46)

obtained from the S + M state pgy(¢) that is the solution of
the master equation

J(w) = (45)

d
EPSM(I) = Loulosm ()] := —ilHsp, psm(t)]

+ 2y (ng(n) + DDyl osm (1))
+ 2yng(n)Dyi[psm (t)]. 47

Here, the coherent system-pseudomode coupling is given by
the Hamiltonian

=2 b f 4
HSM ZUZ—G—T}b —{-)de(b—f—b), ( 8)
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where b and b are the annihilation and creation operators of
the pseudomode, while the dissipator is fixed by the operato-
rial structure

Dylp] = LpL" — 3{L'L, p}. (49)

Moreover, the initial condition is a product state, with a ther-
mal state of the pseudomode, at inverse temperature S:

exp[—Bnb'b]
Tr [exp [—BnbTb]]’

the case of a zero-temperature environment is indeed recov-
ered for py(0) = |0) (0] and ng = 0. The system-pseudomode
evolution is thus fixed by a time-independent master equa-
tion, a Gorini-Kossakowski-Lindblad-Sudarshan master equa-
tion [34,35], which means that the S + M compound evolves
in a Markovian (time-homogeneous) way; crucially, the
reduced two-level system evolution will generally be non-
Markovian: all the memory effects are encompassed in the
interaction with the pseudomode. Even more, such a pic-
ture concerns not only the dynamics, but also the multitime
expectation values — being them correlators or sequential
probabilities: Eq. (12) can be evaluated by means of the QRT-
expression on the enlarged S + M system [51,52],

osm(0) = ps(0) ®

(50)

Fay.a (2, t1) = Trsy[(Ax @ Ty) o e271Lsm

o (A ® Iy) o T [psy ()], (51)

indeed, this expression includes all the violations of the QRT
with respect to the reduced S dynamical map.

Numerically, to solve the master equation (47) and the two-
time expression (51), we truncate the pseudomode Hilbert
space to a finite Fock cutoff np,, and verify convergence of
all reported quantities upon increasing nm.x. In particular, we
work in the column-stacking (Liouville) representation and
exploit QUTIP libraries [53,54]. The dynamics of the enlarged
S 4+ M system is propagated through the exponential of the
corresponding Lindblad generator, while multitime probabili-
ties are computed by applying the relevant intervention maps
on the system at the prescribed intermediate times, retaining
the full S + M state across the intervention, and propagating
to the subsequent readout time under the same generator.

B. Two-time non-Markovianity

The focus of our investigation is the characterization of
the multitime probabilities emerging from sequential mea-
surements in general, non-Markovian, regimes where the QRT
cannot be applied. In particular, as explained in Sec. IIT A, we
use eqrr(f2, 11) defined in Eq. (28) to quantify the deviations
from the QRT and then the multitime non-Markovianity.

In Fig. 1 we report eqrr(f; + 7,#) as a function of the
intervention time #; and of the subsequent delay t = #, — 1,
for projective measurements in the o, basis at both times.
This representation distinguishes the two short-time limits:
for t{ — 0, small system-environment correlations have de-
veloped before the intervention, whereas for t — 0 such
correlations may already be present but have essentially no
time to affect the subsequent readout; indeed, Cbg) (t1,t1) =0.

0.08

Eqrr(ty + T, t7)

e
=}
@

0.02

0.01

0.00
0 5 10 15 20 25 30 35 40

FIG. 1. Two-time landscape of QRT violation. Heatmap of the
QRT-violation quantifier eqrr(f; + 7, ;) defined in Eq. (28) over the
(t;, 7) plane, with T =, — t;. Parameters: y = 0.1, wy = n = 4.5,
A = 0.1, ps(0) = |0) (O]; zero-temperature environment; and pseu-
domode cutoff n,,,x = 8. The dashed line indicates the characteristic

timescale y .

The QRT violation reaches its largest values at interme-
diate #; and t, with the relevant delay being of the order of
the characteristic pseudomode damping timescale y ~!. The
maximum is slightly delayed with respect to y !, reflecting
the fact that QRT violations depend on memory accumulated
over a finite time interval, rather than on the instantaneous
memory contribution alone. At longer delays, the violation
progressively decreases, while a similar suppression is ob-
served when the intervention is performed after the dynamics
has moved toward its stationary regime.

To better understand the non-Markovianity of the two-time
statistics, we compare it with the non-Markovianity of the
dynamics. As stated in Sec. I A, we identify the latter with
a violation of the P-divisibility of the dynamics, i.e., the non-
positivity of the propagator V(#,, t;) in Eq. (9). Since we are
dealing with a two-dimensional open quantum system, we can
take advantage of a direct characterization of the dynamical
map and propagators associated with it. In fact, any two-level
quantum system state is univocally associated with a Bloch
vector r € R3, |r|| < 1, so that any map A : p — A[p] is
associated with an affine transformation [55]

r—r =Mr+v, (52)

where M is a 3 x 3 real matrix and v € R3. A two-level
system map is trace preserving and positive if and only if
it maps the Bloch ball into itself, which is equivalent to the
requirement

max ||[Mr +v| < 1. (53)
Iel<1

Thus, we quantify the nonpositivity of the propagator V(5, t;)
as

q(t2, 1) := max{0, max M (2, tOr 4 v(t2, t)] — 1}, (54)
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FIG. 2. Average two-time non-Markovianity versus average one-time non-Markovianity. (Left) £qrr(#;) defined in Eq. (30) over the (wy —
1, ¥) plane, for the sequential-measurement protocol with p5(0) = |0) (0] and projective o, measurements at#; and 1, = 10; n = 4.5, A = 0.1,
nmax = 10, and zero-temperature environment. (Right) N (A; ¢ ) defined in Eq. (55) for the corresponding one-time reduced dynamics, evaluated

for the same parameter values and final time.

where M(;,t;) and v(f;, 1) denote the affine representa-
tion of V(t,, t;) according to Eq. (52), and we estimate the
maximum by sampling a set of directions & = {ry} on the
unit sphere using Fibonacci sampling [56,57]. In addition,
to facilitate the comparison between two-time and one-time
non-Markovianity, we consider the time-average quantifier
of QRT violation, gqrr(fy) [see Eq. (30)], and introduce the
corresponding average quantifier for the one-time case

_ 1 [
N(A;tp) = ;[ dtig(ts, tr). (55)
rJo

The left panel of Fig. 2 reports the average two-time non-
Markovianity quantifier Eqrr(f7) over the (wp, y) plane at
fixed bath peak 7 (and fixed ¢, A, and measurement protocol).
The plot highlights a region where QRT yields appreciable
errors in sequential statistics. As expected, the largest val-
ues occur for long bath memory (small y), while in the
short-memory regime (large y) the QRT error becomes neg-
ligible over the explored range of wy. The average one-time
non-Markovianity, as quantified by 1\7(A;tf), is shown in
the right panel of Fig. 2. The right panel is evaluated for
the same parameter values and final time as the left panel,
and the comparison illustrates that one-time and two-time
non-Markovianity are related but not equivalent: while both
quantifiers tend to increase in long-memory regimes, their de-
tailed dependence on (wo, y) differs. Operationally, Eqrr(?5)
probes multitime, protocol-dependent memory across the in-
tervention at ¢;, whereas N (A;ty) is constructed solely from
properties of the one-time map Ag(t). The P-divisibility vi-
olation N(A; tr) is confined to a narrow strip at small y and
exhibits two off-resonant maxima, with a local minimum at
wy = n. By contrast, the QRT violation gqrr(Zy) displays a
single peak centered at resonance and extends to substan-
tially larger values of y. This shows that the two quantifiers
probe different aspects of memory. The quantity N(A;ts) is
determined solely by the behavior of the reduced propagator

and, in particular, by the loss of positivity of the intermedi-
ate map V(tr, 1), indicating a back flow of information to
the open system during the time interval [, ¢¢]. The quan-
tity Eqrr(ts), instead, is sensitive to the system-environment
correlations generated up to time #; and that subsequently
impact the measured sequential statistics. For the protocol
considered here, this effect is strongest near resonance, where
the system and pseudomode are most efficiently coupled, and
thus stronger correlations are built up. Accordingly, there are
parameter regions in which no appreciable deviation from P-
divisibility is detected within the chosen observation window,
while the sequential statistics still display a clear breakdown
of the QRT factorization. This provides a direct illustra-
tion that operational multitime memory is not determined
by one-time divisibility properties of the reduced dynamics
alone.

We stress that the numerical values of Eqrr and N should
not be directly compared since the two quantities have
different definitions and scales. In particular, Eggrt is a prob-
ability distance, so that values of order 102 correspond to
percent-level deviations between the exact and QRT-predicted
sequential statistics, whereas N quantifies the extent of the
positivity violation of the reduced intermediate propagator.
Accordingly, the comparison in Fig. 2 should focus on the
location and parameter dependence of the non-Markovian
regions, rather than on the absolute magnitude of the two
quantifiers. In particular, the distinct parameter dependence of
the two quantifiers suggests that they are sensitive to different
dynamical mechanisms and timescales. As shown in Fig. 1,
the QRT violation develops once system-environment corre-
lations have had time to build up and reaches its largest values
for delays of the order of the pseudomode damping timescale
y~!. Together with the resonance-centered structure of Eqrr
in Fig. 2, this is consistent with the QRT breakdown being
primarily sensitive to the buildup and subsequent influence of
system—environment correlations, rather than requiring a pro-
nounced violation of P-divisibility in the reduced dynamics.
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FIG. 3. Second-order correction beyond-QRT. QRT violation
eqrr(tz, 1) as defined in Eq. (28) and residual error after including
the second-order correction, €;2(f, #;) [Eq. (57)], as a function of
the coupling strength A. Parameters: y = 0.1, wy = n = 4.5, zero-
temperature environment and ny,,x = 8. Protocol: ps(0) = [+) (+];
Liiders projective measurement in the o, basis at #; = 5 and readout
in the o, basis at t, = 10.

1. Perturbative analysis: Improvement from the
second-order correction

The benchmark with the exact two-time statistics pro-
vided by the system plus pseudomode configuration further
allows us to check the quality of the second-order correc-
tion to the QRT we derived in Sec. III B. In particular, we
compare the exact two-time probability p(as, t2;ay, t;), eval-
uated via Eq. (51), and the approximated two-time probability
pi2(an, tr; ay, 1), which includes the second-order correction
to the QRT given by Eq. (38), i.e., that is obtained by replacing
the latter, along with Egs. (22) and (24), into the definition of
the two-time probability, Eq. (14), so that

pi2(az, tr;ar, 1Y) = porr(az, by ay, ty)
+ Trs [M) 0 B2, (2, 1) 05 ()]
al
(56)

To quantify the difference between p(ay,f;a;,t;) and
pi2(az, tr;ay, 1)), we use once again the Kolmogorov distance
[compare with Eq. (28)], namely,

et r)-—12| (a3, a1, 1) — pra(az, s ar, 1)
22 \02, 11 =3 plaz, x;ai, I D2laz, ;s ap, iy ).
a,a
(57)
Figure 3 shows that the second-order correction yields a
substantially smaller residual discrepancy, compared to the
whole QRT violation eqrr(#2, #1), confirming that the leading
memory term captured by Eq. (37) significantly moves the
sequential statistics in the correct direction; indeed, the resid-
ual error grows as the coupling strength increases, providing
anyway at least an order of magnitude of improvement in the
considered parameter regime.

C. Protocol dependence: Temperature, initial states,
and measurement bases

We now analyze how the average QRT violation depends
on the details of the multitime protocol, namely, the initial
state, environmental temperature and the choice of the sequen-
tial measurements.

First, we repeat the scan over the parameter space (wy, ¥)
at fixed final time #, = t7, for different values of 8; moreover,
we fix the protocol to sequential projective measurements
in the o, basis, with a Liiders instrument, and the initial
state pg(0) = |0) (0|. Figure 4 shows Eqrr for representative
inverse temperatures 8, and hence thermal occupations ng.
Across all cases, the region where QRT deviations are appre-
ciable remains localized in the long-memory regime (small )
and is typically enhanced near resonance wy =~ n. Increasing
the temperature leads to a quantitative enhancement of the
average QRT violation in the same long-memory region, indi-
cating that thermal fluctuations amplify the two-time memory
for the present spin-boson setting. This behavior can be un-
derstood in terms of the $ — Q decomposition introduced in
Sec. IIT A. At finite temperature the pseudomode is thermally
populated, which increases the number of pathways through
which system-mode correlations can build up prior to inter-
vention at time #;. As a consequence, the Q-component of the
joint state at #; [the sole source of QRT violation in Eq. (25)]
can have a stronger impact on the observed subsequent
statistics.

We next consider the dependence on the specific measure-
ment protocol: The quantity Eqrr(#) is defined in terms of
joint outcome probabilities and therefore depends on both the
initial state and the measurement scheme. In particular, the
initial preparation determines how correlations develop up to
time t;, while the choice of measurement basis affects both
the back-action at #; and the components of the state probed
at the final time. To assess these effects, we repeat the param-
eter scan for two initial states, |0) and |4+) = (|0) + |1))/ﬁ,
and for projective measurements in either the o, or o, basis
(using the same basis at both times). The results, shown in
Fig. 5, indicate that the magnitude of the average QRT er-
ror depends on the protocol: changing either the initial state
or the measurement basis can suppress or enhance Eqrr(?y),
consistently with the fact that different protocols are sensitive
to different components of the memory due to the system-
environment interaction. At the same time, the location of
the region where QRT violations are largest is compar-
atively robust: across all panels, it remains concentrated
in the long-memory regime (small y) and near resonance
wy = 1.

The behavior in Fig. 5 can be qualitatively understood
from the interplay between the system Hamiltonian, Hs
0,, and the system-bath coupling, Hsp o, ® B. Projective
measurements in the o, basis prepare eigenstates of the cou-
pling operator, thereby initially reducing its fluctuations and
tending to suppress the buildup of system-environment cor-
relations. Conversely, o, measurements prepare eigenstates
of the free Hamiltonian but superpositions of the coupling
eigenstates, making the subsequent dynamics more sensitive
to the system-bath interaction. Since [Hs, Hsg] # 0, however,
the free evolution continuously rotates the system relative to
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FIG. 4. Temperature dependence of the average QRT violation. Eqrr(#) as defined in Eq. (30) over the (wy — 7, y) plane at fixed bath
peak n = 4.5 and coupling A = 0.1, using the sequential measurement protocol consisting of ps(0) = |0) (0| and projective o, measurements
with Liiders update. The three panels refer to different environmental temperatures: zero temperature (left panel), 8 = 0.25 (central panel),
corresponding to a mean occupation number ng = 0.48, and 8 = 0.154 (right panel), corresponding to a mean occupation number ng = 1.002;

the pseudomode has been correspondingly truncated at different values of the maximum level n,,: 8 (left), 13 (center), and 20 (right).

the coupling basis, so that the reduced sensitivity associated
with the o, basis is only transient.

D. Higher-order sequential-measurement memory:
Three-time QRT violations

The two-time analysis conducted until now probes the QRT
across a single intervention in the course of the evolution.
It is interesting, however, to look at the impact of a larger
number of intermediate-time interventions, which is what we
are going to do now by comparing the two-time QRT error
with its three-time analog.

Consider three interventions at 0 < #; < #, < #3 described
by the instruments {Mﬁ,ﬂ)}aj (CP, trace nonincreasing maps,
see Sec.II B). Generalizing Eqgs. (14) and (51), the joint distri-
bution can be computed from the pseudomode embedding by
propagating psy and applying the corresponding instruments
on § at each intervention time

plas, t3;a2, tyar, 1) = Trgy [(Mg) ® Iy) o el sm
° (M[(Z) ® IM) o e(tz—fl).CSM

o (MY ® Iy) o e [psy(0)]].
(58)

-2 -1 0 1 2 -2 -1 0

Wo —n

Wo—n

The QRT prediction generalizes instead the two-time expres-
sion following from Eq. (20), thus providing
porr(az, t3; a2, by ay, ty) = Trg [MEZ) o Ag(ts — 1)
o MP o As(ty —11)
o M o Ag(t)lps(O)]].  (59)

i.e., it concatenates the same one-time reduced map Ag(?)
between successive interventions. Also here, we quantify the
three-time QRT error by the Kolmogorov distance

1
3
8((31%T(f3,t2,f1)= 7 Z |p(as, t3; a2, tr; a1, 1)

ap,daz,as

— porr(as, t3;az, By ag, t)|, (60)

and define the average version corresponding to uniform sam-
pling [compare with Eq. (30)]

3) Lo 1"
EQRT(tf) = t_/ dty l‘_/ SQRT(tf’ b, t1)dty; (61)
fJo 2 J0

more explicitly, Eq. (61) is the expected three-time QRT er-
ror for fixed #3 =y, when f, is drawn uniformly in [0, /]
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n
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FIG. 5. Protocol dependence of the average QRT violation. Eqrr(Zy) over the (wy — 1, ) plane for three sequential measurement protocols.
Left: o, basis, ps(0) = |0) (0] (reference protocol, same as Fig. 2 left). Center: o, basis, ps(0) = |+) (+]| (different initial state). Right: o, basis,
ps(0) = 10) (0| (different measurement basis). All other parameters are the same as in Fig. 2.
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FIG. 6. Protocol and temporal-order dependence of QRT violations. (Left) Average two-time QRT violation Eg];T for the protocol (o;, o),
with o4 = cos ¢po, + sin ¢o,. The QRT error vanishes for ¢ = 7 /2, corresponding to the (o, 0,) protocol. (Right) Average three-time
QRT violation ESQT for the family (o, 0y, 0,), With g = cos o, + sinHc,. The first and final measurement bases are kept fixed while
the intermediate basis is varied. The dashed line denotes the exactly vanishing two-time QRT error for the (o, o,) protocol. Initial state
ps(0) = |0)(0|, zero-temperature environment, wy =17 =4.5, y = 0.1, A = 0.1, npe = 8, and 1, = 10.

and, conditional on #,, the earlier time #; is drawn uniformly
in [0, 5,].

To isolate more directly the effect of the additional interme-
diate intervention, we compare two- and three-time protocols
with the same first measurement and final readout. We con-
sider projective measurements along

0y = cosfHo, + sinfoy, (62)

and fix the initial state to pg(0) = |0)(0]. The reference two-
time protocol is (o;, o, ), while at three times we consider the
sequence (0, 0y, Oy).

Importantly, the QRT error of the reference two-time pro-
tocol (o, 0,) vanishes exactly, as a consequence of the parity
symmetry of the dynamics. Defining Py = ¢™*'? and IT =
o, ® Py, conjugation by IT leads to

Mo, Il =0,, IloyIl = —oy,

[bIl = —b, TIH'TI = —b", (63)

so that both the Hamiltonian term Hgy, [58] and the dissipators
Dy, Dy in Eq. (47) are parity invariant, and then the system-
pseudomode dynamics L1 s invariant, as well. In addition,
the chosen initial state is invariant under parity transformation
and HMgll)[,o]H = Mfll])l'[[,o]l'l, for Mflll) corresponding to
the Liiders instrument of the o, measurement, see Eq. (17).
Therefore, recalling the expression of the conditioned two-
time propagator in Eq. (11) (indeed, with the bath B replaced
by the pseudomode configuration M and thus with R replaced
by 04(0)), we have

o @ (12, 1)l ps (0)]oy = @y (12, 1)l s (0)], (64)

which means that the expectation value of o, on
@ (2, 11)[ps(0)] is equal to zero and then, see Eq. (14),
al

plaz, iy, 1) = Trs [MZ 0 @y (62, 11)lps (O] (65)

does not depend on the outcome a, of the final o, measure-
ment; hence, finally, p(a,, t>;a;,t1) = p(ai, t1)/2 for either
a, = %1, as follows from the marginalization over a,.

However, the invariance of the initial pseudomode state
under Py, conjugation implies that the parity symmetry of the
S + M configuration leads to a reduced dynamical map, see
Eq. (46),

As(®)p] = Tryle ™" [p ® par(0)]] (66)

that satisfies

As(Dlozpo:] = o:As(t)[plo. (67)

Therefore, applying the same reasoning as above to the QRT
expression, see Eq. (20), we also get pgrr(az, h;ar, t) =
p(ay, t1)/2 for either a, = %1. Since the first-outcome proba-
bility p(ay, t) is the same in the exact and QRT constructions,
the two joint distributions coincide, and thus eqrr(%2, 1) = 0.
We stress that the vanishing of eqrr(f2, 11) is a special feature
of the (o;, 0,) sequence, reflecting the parity invariance of the
model: as shown in the left panel of Fig. 6 a different choice of
the second measurement is enough to lead to QRT violations.

Even more interestingly, the right panel of Fig. 6 shows
that, despite the exact validity of the two-time QRT for
the (o, o,) protocol, the insertion of a further intermediate
projective measurement produces a finite three-time QRT vi-
olation over all choices of intermediate bases. A particularly
transparent case is 6 = m /2, corresponding to the sequence
(0;, 0y, 0y). Here, the two-time statistics associated with the
first two interventions is exactly compatible with the QRT,
while the corresponding three-time distribution displays a
finite QRT violation, showing that the additional measure-
ment can reveal memory that is invisible to the corresponding
two-time protocol. More generally, increasing the temporal
order does not necessarily increase the QRT error for every
protocol; rather, the visibility of multitime memory depends
jointly on the temporal order and on the chosen sequence of
interventions.

V. CONCLUSION AND OUTLOOK

We analyzed multitime memory effects in open quantum
systems through deviations from the QRT in sequential mea-
surement statistics. At the structural level, we showed that the
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two-time propagators and probabilities can be decomposed
into a QRT-like contribution, fully determined by the reduced
dynamical map, and a complementary term that accounts for
system-environment correlations across the intervention and
thus the subsequent memory effects. This provides an explicit
characterization of the part of the sequential dynamics that is
not captured by one-time reduced evolution.

In the weak-coupling regime, we derived a second-order
correction to the QRT, expressed in terms of the reduced map
and bath correlation functions. In the spin-boson model, this
correction significantly improves the prediction of sequen-
tial statistics compared to the standard QRT approximation.
Framing the analysis in terms of quantum instruments, we
also introduced an operational quantifier of QRT breakdown
based on the distance between exact and QRT-predicted joint
probabilities.

The results highlight that multitime memory, as probed
through sequential statistics, depends on the specific mea-
surement protocol and is not fully characterized by one-time
properties of the reduced dynamics, such as divisibility. In
particular, different choices of initial state and measurement
basis can lead to different sensitivities to system-environment
correlations. Moreover, higher-order sequential statistics can
reveal memory effects that are not present at the level of a
given two-time protocol.

Our quantifier is by construction tied to a specific choice
of instruments, which is what makes it operationally easy
to access. A complementary protocol-independent character-
ization can instead be formulated at the level of the full
multitime object, i.e., the process tensor or quantum comb
[20,21,23]. In this setting, eqrr for a fixed protocol pro-
vides a lower bound to the distinguishability obtained by
optimizing the Kolmogorov distance over all admissible, pos-
sibly ancilla-assisted, testers, thereby defining an operational

distance between the exact process and its QRT counterpart.
Reconstructing the full multitime object requires information-
ally complete sets of interventions at each time and becomes
increasingly demanding as the number of intervention times
grows, which motivates fixed-protocol witnesses such as the
one considered here.

Possible extensions of our analysis include the systematic
investigation of higher-order temporal protocols, stronger-
coupling corrections beyond the leading order term, and the
treatment of initially correlated system-environment states.
It would also be interesting to investigate how the memory-
mediated corrections arising in driven open quantum systems
[59] affect sequential-measurement statistics and QRT vi-
olations. More broadly, the present framework could be
connected to notions of temporal nonclassicality formulated
directly at the level of multitime probability distributions,
for example through violations of Kolmogorov consistency
conditions in sequential measurement protocols [23,60-63].
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