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Bundling of bipartite entanglement

Maike Drieb-Schön ,1,* Florian Dreier ,1,2,† and Wolfgang Lechner 1,2

1Institute for Theoretical Physics, University of Innsbruck, A-6020 Innsbruck, Austria
2Parity Quantum Computing GmbH, A-6020 Innsbruck, Austria

(Received 2 January 2026; accepted 11 June 2026; published 1 July 2026)

We investigate bipartite entanglement and prove that in constrained energy subspaces, the entanglement
spectra of multiple bipartitions are the same across the whole subspace. We show that in quantum many-body
systems the bipartite entanglement entropy is affected in such a way that it forms “bundles” under unitary time
evolution. Leveraging the structure of the subspace, we present methods to verify whether the entanglement
spectrum of two bipartitions is identical throughout the entire subspace. For the subspace defined by the parity
embedding, we further provide an algorithm that can determine this in polynomial time.
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I. INTRODUCTION

In quantum many-body systems, entanglement plays a
central role in understanding the complex interplay between
individual particles and the collective behavior of the system
as a whole. Unlike classical systems, where correlations are
typically local and additive, quantum entanglement can ex-
hibit nonlocal and highly nontrivial structures, making it a
powerful tool for probing the underlying physics of many-
body systems. For example, it provides insights into a wide
range of physical phenomena, from quantum phase transi-
tions and criticality to thermalization and the emergence of
classical behavior in large systems [1–5]. Beyond its funda-
mental role in condensed matter physics, entanglement is a
key resource driving advancements in quantum technologies.
Extending its application in quantum simulators and error-
correcting codes, understanding and controlling entanglement
is crucial for designing quantum algorithms capable of tack-
ling complex optimization problems on quantum hardware.
Such algorithms include quantum optimization approaches,
such as adiabatic quantum computation in the form of quan-
tum annealing (QA) [6,7], digital quantum computation like
quantum approximate optimization algorithm (QAOA) [8]
and variational quantum algorithms (VQAs) [9]. A common
characteristic of these methods is their reliance on initializing
the computation in a product state, evolving it towards a solu-
tion state that encodes a classical problem and potentially does
not contain any entanglement. Hence, a crucial open question
is how much entanglement in a quantum computing device
is required to reliably achieve a successful solution. Previous
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works examining the behavior of entanglement during anneal-
ing processes, as well as the theoretical connection between
bipartite entanglement and the success probability in adiabatic
quantum optimization, can be found in [10–12].

However, although the study of entanglement provides
valuable insights into quantum optimization, several practical
limitations must be addressed. In general, quantum hardware
graphs are limited in their connectivity and offer no long
range connections while the most optimization problems are
presented by logical graphs with a high connectivity and long
range connections. In such cases, they have to be embedded
into the quantum hardware by using much more qubits and
adding constraints to preserve the degrees of freedom. In
addition, many optimization problems have constraints which
are typically encoded through large penalties [13–18]. On the
other hand, recent works [19–22] have shown that some opti-
mization problems have constraints that can be implemented
in more efficient quantum annealing methods compared to
penalties, where constraints can be encoded directly into
specially designed driver Hamiltonians. All these kinds of
constraints lead to a restriction of the system state to a sub-
space QR ⊂ H which is separated from the rest of the Hilbert
space H and therefore impacts the entanglement behavior
of the quantum state during the evolution process. Here R
denotes a set of basis states in H that spans the subspace QR.
For instance, analog quantum devices typically start in a pure
state |ψ〉 ∈ H being an equal superposition of all physical
basis states and aims to drive the many-body system of qubits
through a quantum spin-glass transition [23,24] to end up in a
classical state or, in the case of a degenerated ground state, in a
superposition of quantum states in R. As shown in [25], when
constraints are incorporated into the optimization problem as
energy penalties, initializing the quantum computation across
the full Hilbert space H rather than a constrained subspace
QR is crucial to potentially achieve a quantum speed-up
in any subsequent quantum-computational process. However,
the authors in [22] demonstrate that remaining within the
constrained subspace QR throughout the whole computation
is also possible with specifically designed driver Hamiltonians
without loosing performance.
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In this work we investigate the impact of these restric-
tions via constraints on the entanglement behavior within a
quantum system. Specifically, we study bipartite entangle-
ment [10,12,26] for all bipartitions when the system state
is a superposition of quantum states in R. We observe that
for quantum-computational processes, which drive the system
state to a final entangled but to the subspace QR restricted
pure state, the entanglement values of different bipartitions
seem to bundle to exactly the same entanglement values at
the end of the process. In the setting of [22], we even show
that the entanglement values of different bipartitions behave
equally during the whole computation process. Based on
this observation, we further provide a mathematical proof of
this phenomenon and show that for multiple bipartitions the
spectra of the reduced density matrix, which are also called
entanglement spectra [2], are exactly the same, independent
of the quantum state restricted by the subspace QR. Since for
pure states, and even for mixed states of spin-1/2 particles,
all measures of bipartite entanglement are functions of the
eigenvalues of the reduced density matrix [27,28], this even
shows that our result is applicable to any bipartite entangle-
ment measure and can be utilized for the analysis of other
properties such as topological order; see, for example. [2,29–
31]. Moreover, we provide a mathematical tool that allows
to determine whether any two bipartitions yield the same
entanglement spectrum across the whole space spanned by R.
Finally, we demonstrate, using two types of embeddings—
the parity embedding and the minor embedding—how these
mathematical tools can be applied in a more efficient way.
For the parity embedding, we even provide an algorithm that
performs this verification in polynomial time.

The remainder of this paper is organized as follows. In
Sec. II we briefly summarize the background knowledge used
throughout this paper. Section II A provides an overview of
how bipartite entanglement arises within quantum optimiza-
tion. From Sec. II B onward, we introduce quantum annealing
and the parity embedding, which we use both for our numeri-
cal example, as well as the minor embedding, which provides
another application example alongside the parity embedding.
Our numerical simulations are discussed in Sec. III A. Sec-
tion III B then follows with a more detailed description of
our theoretical results. In Sec. IV application examples in
quantum optimization are provided. Finally, Sec. V contains
all the details necessary to reproduce and verify our results.

II. BACKGROUND

First, we provide a more detailed description of the en-
tanglement spectrum and the entanglement entropy. Next,
we briefly explain the concept of quantum annealing as an
example of adiabatic quantum computing, along with two
embeddings that can be used to implement quantum opti-
mization problems on real hardware. Both adiabatic quantum
computing and the embeddings are used solely to illustrate
one of the possible applications of our results.

A. Entanglement spectrum and entropy

The entanglement spectrum for a bipartition {A, Ac} of
a set of qubits for a pure quantum state ρ is defined as

the spectrum of the reduced density matrix ρA = trAρ, i.e.,
Spec(ρA) = {λ | λ is an eigenvalue of ρA}. It was first intro-
duced in [2] as a tool to identify topological order. In
subsequent years, it was recognized that the entanglement
spectrum plays a crucial role in the context of eigenstate
thermalization [3], many-body localization [4,5], quantum
criticality [29] and tensor networks [32,33]. In contrast to the
entanglement spectrum, which details the full distribution of
entanglement values, the entanglement entropy reduces this
information by mapping the entanglement spectrum to a sin-
gle value. Well-known examples for entanglement entropies
of pure quantum states include the von Neumann entropy, the
Rényi entropy, the linear entropy, the negativity, the Schmidt
rank, or the geometric measure [1]. In our numerical ex-
periments, we make use of the von Neumann entanglement
entropy SA(ρ) = −tr(ρA ln ρA) = −∑λ∈Spec(ρA ) λ ln λ, which
serves as the standard measure for quantifying entanglement
between two parts of the system.

B. Adiabatic quantum computing

In general, an optimization problem can be described by an
all-to-all connected Ising spin Hamiltonian

Hp =
∑

i

Jiσ
(i)
z +

∑
i< j

Ji jσ
(i)
z σ ( j)

z

+
∑

i< j<k

Ji jkσ
(i)
z σ ( j)

z σ (k)
z + · · · , (1)

where its solution is given by the ground state of this Hamil-
tonian. One method of finding the ground state of a problem
Hamiltonian Hp is to evolve the system from an initial state,
being a trivial ground state, adiabatically to the ground state of
the problem Hamiltonian. Here we consider a quantum system
which evolves from an initial time t = 0 to a final time t = t f

and its time evolution can be described by

H (t ) = g(t )H0 + s(t )Hp, (2)

where g(t ), s(t ) � 0 with g(0) > 0, g(t f ) = 0 and s(t f ) > 0.
We call {g(t ), s(t )} the schedule of the time evolution process.
Such a process is called adiabatic, if the speed of the evolution
is slow enough, such that for all times 0 � t � t f the quantum
system stays in the ground state of H (t ). Otherwise, it is
called a nonadiabatic process. For the numerical simulations
in this paper we use a linear schedule with g(t ) = 1 − s(t ) and
s(t ) = t

t f
for which a higher process time t f means a lower

speed of the evolution.

C. Parity embedding

The parity embedding [34] is a generalization of the LHZ
mapping [35], and it maps an arbitrarily connected logical
problem Hamiltonian as given in Eq. (1) to a Hamiltonian
containing only local three- and four-body interactions by
mapping each product in the logical Hamiltonian onto a single
parity qubit. The problem Hamiltonian for the parity embed-
ding is given by

Hp =
Np−1∑
m=0

J̃mσ̃ (m)
z − HC, (3)
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where we denote the Pauli-Z operators of the parity qubits as
σ̃ (m)

z and

HC =
NC∑
p=1

Cpσ̃
(p1 )
z σ̃ (p2 )

z σ̃ (p3 )
z

(
σ̃ (p4 )

z

)
(4)

is the parity constraint Hamiltonian, where
NC = Np − Nl + D is the number of necessary parity
constraints, which is calculated by the number of parity
qubits Np, the number of logical spins Nl and the number of
spin flip degeneracies D of the logical problem Hamiltonian.
We note that these NC parity constraints are necessary to
end up in a mapping with the same degrees of freedom
as the original problem. Each of the NC parity constraints
consists of a product of three or four Pauli-Z operators of
the parity qubits and a well chosen penalty strength Cp. This
set of parity constraints restricts the system state to being a
superposition of states that are contained in a subspace R,
which we denote in this work by �. An example for the parity
embedding of an all-to-all connected logical problem, which
we use throughout this paper, is given in Appendix A.

D. Minor embedding

The idea of the minor embedding [36] is to map the logical
graph onto one of its minor graphs in such a way that it
matches the hardware connectivity graph. For this purpose,
a single node v in the logical graph is mapped onto Nv physi-
cally connected nodes, which are referred to as a chain in the
minor embedding. Similarly to the parity embedding, where
penalty constraints are implemented by three- and four-body
couplers, penalties are realized as couplers between each two
directly connected physical qubits in a chain to force them
to have the same alignment. These are the constraints in the
minor embedding restricting again the system state to be an
element of a corresponding subspace QR. The specific details
of the Hamiltonian for the minor embedding are not essential
for the purposes of this work.

III. RESULTS

In this section we present our main results of this work,
where we first introduce in Sec. III A numerical experi-
ments demonstrating that different bipartitions yield the same
entanglement entropy value for all quantum states which
are contained in a lower energy subspace. Subsequently, in
Sec. III B we develop a rigorous mathematical framework and
derive theoretical results that provide a formal justification for
the bundling phenomenon observed in our numerical simula-
tions. Our main theoretical result shows that the entanglement
spectra of subsystems belonging to the same equivalence
class, as defined by a certain equivalence relation, are iden-
tical for all quantum states in a given subspace. Therefore, in
this article we suppose that the quantum states correspond to
elements of the sproof proceeds analogously toubspace

QR :=
{ ∑

|ψ〉∈R
c|ψ〉|ψ〉

∣∣∣∣∀|ψ〉 ∈ R : c|ψ〉 ∈ C

× and
∑

|ψ〉∈R

∣∣c|ψ〉
∣∣2 = 1

}
(5)

generated by some R ⊂ Hn, where

Hn := {|i1 . . . in〉 | i1, . . . , in ∈ {0, 1}}
denotes the computational basis and n ∈ N the number of
qubits of the quantum system.

In the following, for brevity, we write [n] := {1, . . . , n},
denoting the set of all integers between one and n.

A. Numerical results

Here we demonstrate numerical experiments showing how
bipartite entanglement bundles to a common entanglement
value. We simulate an annealing process for a system of 10
qubits placed on a square grid by utilizing the time-dependent
Hamiltonian given in Eq. (2). The employed problem Hamil-
tonian Hp is given by Eq. (3) with equal energy constraints
strengths Cp = C. The appropriate strength of these penalties
allows us to control whether the state of the system remains
in the subspace Q� or not. The problem Hamiltonian is con-
structed by applying the parity embedding of a complete graph
with five vertices, which presents an optimization problem
with all-to-all connectivity. In this example, we use for the
parity embedding the following mapping between the physical
vertices (qubits) and the logical edge indices: 1 → {2, 3},
2 → {1, 3}, 3 → {0, 3}, 4 → {3, 4}, 5 → {1, 2}, 6 → {0, 2},
7 → {2, 4}, 8 → {0, 1}, 9 → {1, 4}, 10 → {0, 4}. For more
details of this embedded problem, we refer to Appendix A.
Figure 1 shows the numerical results for the dynamics of the
entanglement entropy for three quantum annealing processes.
The random problem instance Hp is encoded in the local fields
J̃m defined by the field vector

J̃ = (0.58,−0.5,−0.3,−0.2, 0.41,

− 0.53, 0.48,−0.31,−0.19, 0.39)T .

In Figs. 1(a) and 1(b) we used a sufficiently high penalty
strength C to restrict the system to the subspace Q�, while
in Fig. 1(c) the chosen penalty strength is too low to enforce
the system to stay in an energetic subspace allowing the state
of the system to become an arbitrary superposition of the
computational basis states in H10. Figure 1(a) is expected for
an adiabatic annealing process. The system evolves slowly
enough such that entanglement entropy reaches a maximal
value before decaying to zero. In contrast, Fig. 1(c) depicts
a highly nonadiabatic process, with an entanglement con-
tinuously growing throughout the whole annealing process.
Figure 1(b) illustrates a nonadiabatic process for an inter-
mediate final annealing time, where entanglement decays
after its maximum to a nonzero final value. An important
observation here is that the entanglement entropy of 266 dif-
ferent unordered bipartitions {A, Ac}, which are varying in size
and contain different elements, bundle to only five different
entropy values. Because the penalty strength of the parity con-
straints is sufficiently high, the subspace Q� generated by the
set of all parity states � ⊂ H10 is energetically separated from
H10\�. As long as the speed of the annealing process is lower
than a certain limit, which is determined by the energy gap
between the lower energy subspace and the rest of the Hilbert
space, the entanglement of the different bipartitions bundle to
a common final entanglement value. In Fig. 1(d) we illustrate
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FIG. 1. Dynamics of von Neumann entanglement entropy SA(s) are presented in the top row for three different annealing processes with
linear schedule and final annealing times (a) t f = 800, (b) t f = 100, and (c) t f = 11 of a system with 10 physical qubits laid out on a square
lattice realizing a parity embedding of a complete graph with five vertices. We used the parity constraint strengths in (a) and (b) C = 4 and in
(c) C = 1. Each process presents the entanglement dynamics of 266 different unordered bipartitions {A, Ac} of sizes |A| ∈ {2, 3, 4, 5}. Panel
(d) illustrates a few of the bipartitions of the physical qubits in a square lattice, which belong to one of the five visible bundles in panel (b). The
10 physical qubits are presented with circles labeled with the physical indices from 1 to 10. Each triangle represents one possible bipartition
whose qubits are filled with the color of its associated bundle’s entanglement entropy. Additionally, the bipartitions corresponding to the same
final entanglement value are framed by dashed lines in the same color. On the far right, two examples of the lowest bundle (violet) can be
seen, in the middle one example of the second lowest (green-blue), and on the left four examples of the bundle in the middle (orange). All the
smaller drawn bipartitions are subsets of the larger bipartition {A, Ac} drawn on the far left.

some bipartitions, which belong to one of the entanglement
entropy bundles. Here we consider the reference bipartition
{A, Ac} with A = {5, 6, 7, 8, 9, 10} of the 10 physical qubits
[lower orange subtriangle on the left-hand side in Fig. 1(d)]
and take several subsets from A. This reference bipartition
corresponds to the entanglement value of the orange bundle in
Fig. 1(b). The other three orange colored subsets A1, A2 and
A3 belong to an entanglement value in the same bundle, while
the two violet colored subsystems B1 and B2 correspond to the
lowest and the green-blue one D to the second lowest entropy
bundle.

In Sec. IV B we present an example justifying the exis-
tence of bundles that include the orange bundle shown in
Fig. 1(b), based on our theoretical results. Section V B verifies
the existence of the remaining four bundles in this figure.
Additionally, we estimate for each of the classes how many
bipartitions contribute to each of the entanglement bundles. In
Appendix B we provide an evaluation of the bundles for all
existing bipartitions. It is important to note that the number
of bundles is invariant to the specific values of the local fields
and interaction strengths of the problem instance. However,
as the bundle cardinality depends on the embedding and prob-
lem graph, any modification to either component requires a

recalculation. For the sake of completeness, we present in
Appendix C the instantaneous entanglement spectrum for all
bipartitions in the bundle with the highest entropy value (red)
in Fig. 1(b).

Following the approach in [22], the second numerical
experiment in Fig. 2 presents the results of a quantum compu-
tational process where the system is restricted to a subspace
throughout the whole evolution process. In this example, we
observe in total 16 bundles [Fig. 2(a)], one bundle with 15
and 15 bundles with 16 different bipartitions. Remarkably,
the entanglement dynamics are identical for all bipartitions
belonging to the same bundle. To illustrate this, we have
visualized the dynamics of all bipartitions in Fig. 2(b). The
same result applies to a QAOA process as defined in Ref. [22],
which also restricts the system states to the subspace through-
out the entire evolution.

In general, these entanglement bundles are expected to
occur in any quantum algorithm, and therefore also for any
annealing schedule, in which the system is constrained to
such a subspace QR over an extended period of time. The
bundling emerges once the system becomes confined to a par-
ticular subspace QR, which depends strongly on the specific
algorithm and the corresponding time protocol. For annealing
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(a) (b)

FIG. 2. Bundles and dynamics of the von Neumann entangle-
ment entropy SA(s) for the example with nine physical qubits given
in [22]. As sum constraint we chose 〈σ̃ (3,4)

z + σ̃ (1,4)
z + σ̃ (1,6)

z 〉 = 3 and
the initial state is set to |�(0)〉 = |011111010〉. Panel (a) illustrates
the entanglement bundles containing all 255 bipartitions {A, Ac} of
size |A| ∈ {1, 2, 3, 4}. Each bar corresponds to one entanglement
bundle enumerated from 0 to 15 where the bundles are sorted by
their maximal entanglement entropy value in ascending order. The y
axis shows the number of bipartitions of each bundle and the colors
correspond to the size of A. Panel (b) shows the dynamics of the
von Neumann entanglement entropy of all 255 unordered biparti-
tions. The final annealing time of the adiabatic annealing process
is t f = 500. Further details of the annealing process and the driver
Hamiltonian are available in [22].

instances such as the second example shown in Fig. 2, where
the system is initialized within the constrained subspace and
remains there throughout the evolution, the bundles persist
over the entire annealing process from the very beginning.
In contrast, for standard annealing processes (see Fig. 1),
bipartite and multipartite entanglement typically become sig-
nificant near the intermediate annealing regime where the
driver Hamiltonian and problem Hamiltonian have compa-
rable strength [11]. Since these constraints dominate only
after this intermediate annealing regime, the onset of bundling
occurs after the entanglement maximum, such that a good
reference position for the onset of bundling is given by the
mean position 〈sm〉 = 〈sA

m〉A (averaged over all bipartitions A)
of the maximal entanglement entropy SA(sA

m ) = maxs SA(s).
This means that the point 〈sm〉 and therefore the onset of
bundling depends on the problem Hamiltonian, the strength
of the embedding penalties and the annealing schedule. In Ap-
pendix D we examine in more detail how the bundling onset
changes when the penalty strength C for the parity embed-
ding is varied and the annealing schedule function is slightly
modified. Across 500 random instances, the values of 〈sm〉
exhibit substantial scatter for both different penalty strengths
and modified annealing schedules. Remarkably, however, the
corresponding shifts in 〈sm〉 take only certain values. Larger
penalty strengths C move 〈sm〉 to smaller values, whereas de-
laying the point at which the driver and problem Hamiltonian
become competitive shifts 〈sm〉 to larger values. Additionally,
in Appendix D 3 we demonstrate that thermal noise induces a
dispersive broadening of the entanglement bundles. Depend-
ing on the noise strength, the bundles that form after the point
〈sm〉 progressively separate into distinct entanglement values
in a fanlike manner as the annealing process evolves.

Our simulations of the annealing processes have been
implemented with the Python package qutip. For the

analysis of observable bundles in Fig. 1(b) and Fig. 2 we used
dbscan.

B. Theoretical framework

As already mentioned in the introduction, our main ap-
proach to capturing the observed bundling of entanglement
mathematically relies on the examination of the spectra of the
reduced density matrices given by quantum states in the sub-
space QR. Consequently, if the spectra of the reduced density
matrices of different subsystems are equal, all spectral-based
entanglement measures will yield the same entanglement
value for all of these different subsystems. As we observe in
Fig. 1, the von Neumann entropy of different subsystems are
equal from that time point on where the evolved state lies in
the subspace QR and stays in the subspace QR. Therefore, we
seek for a condition that implies identical spectra for different
subsystems independent of the quantum state in QR. As all
states in QR are a superposition of elements in R and, by
definition of the partial trace, the reduced density matrix of
a state in QR with respect to a subsystem A removes the
subsystem Ac, it seems likely that such a condition is solely
based on the remaining basis states in R restricted on A. Note
that for a computational basis state |ψ〉 = |a1 . . . an〉 ∈ Hn

and a nonempty subset A of indices 1 � i1 < · · · < im � n,
we denote by

|ψA〉 := |ψ〉A := |ai1 . . . aim〉

the restriction of |ψ〉 to the subsystem A. The following def-
inition addresses this point and will be utilized to establish
a condition, which will be introduced subsequently, implying
equal spectra for all quantum states in QR for different sub-
systems.

Definition 1. Let A ⊂ [n] be a nonempty subsystem. Then
we set

|ψ〉 ∼A |φ〉 :⇐⇒ |ψA〉 = |φA〉, |ψ〉, |φ〉 ∈ R. (6)

Moreover, if A = ∅, then we write |ψ〉 ∼∅ |φ〉 for the equiva-
lence relation where all states in R are equivalent.

We emphasize that Eq. (6) defines an equivalence relation
on R and therefore the quotient set of R induced by the
equivalence relation ∼A, which we denote by R/∼A, is a
partition of R.

Based on Definition 1, we now present the key relation
between two subsystems A1 and A2, which compares the quo-
tient sets induced by ∼A1 and ∼Ac

1
against the quotient sets

induced by ∼A2 and ∼Ac
2

on R. Notably, this relation proves
sufficient to establish the equality of spectra across the whole
subspace QR.

Definition 2. We define

A1 ∼R A2 :⇐⇒ {R/∼A1 ,R/∼Ac
1
} = {R/∼A2 ,R/∼Ac

2
}

for two subsystems A1, A2 ⊂ [n].
Similarly to (6), ∼R defines an equivalence relation on the

power set of [n], which we denote by P ([n]).
In the following we set B := P ([n])/∼R, the quotient set

of ∼R, and call each element in B a bundle. Moreover, we call
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B the set of all bundles inR. The subsequent theorem presents
one of our main results in this article. As we will later see in
Sec. IV, the bundles of the subspace in the example of Fig. 1
coincide with the bundles we actually observe in Fig. 1(b),
thereby justifying the term bundle.

Theorem 1. Let A1, A2 ⊂ [n] be two nonempty subsys-
tems with A1, A2 �= [n] satisfying A1 ∼R A2. Then, for all
|�〉 ∈ QR the relation Spec(ρA1 ) = Spec(ρA2 ) holds, where
ρA1 and ρA2 denote the reduced density matrices of |�〉 with
respect to A1 and A2. Conversely, the equality of the spectra of
the reduced density matrices of all quantum states in QR with
respect to two subsystems A1, A2 ∈ P ([n]) does not necessar-
ily imply that A1 ∼R A2.

A proof of Theorem 1 is given in Sec. V. Note that the
above theorem can also be interpreted as an extension of the
well-known result in quantum computation and information
theory stating that the entanglement spectra of a quantum state
with respect to some subsystem A and Ac are identical.

In Sec. V A we will show that equivalent subsystems un-
der the relation ∼R implies not only equal spectra for all
pure states in QR, but also equal spectra for all mixed states
in QR. Moreover, in Sec. V A we will show that there ex-
ist subspaces R ⊂ Hn of arbitrarily large size greater than
three with growing n ∈ N satisfying the conditions in the
second statement of Theorem 1. We further note that the
time complexity to verify for two subsystems A1, A2 ⊂ [n]
the condition A1 ∼R A2 is of order O(n|R|2) as validating
condition (6) takes O(n) computations and determining the
quotient sets requires O(n|R|2) evaluations. As such sub-
spaces are typical exponentially large, this verification can
be extremely costly. However, as demonstrated by the parity
embedding, in Sec. IV we derive an algorithm applicable
for Hamiltonians, which are transformed via embeddings, re-
ducing this exponential-time verification to polynomial time.
Note that the same entanglement spectrum does not imply that
the entanglement structure is the same, which would require
that also the eigenvectors of the reduced density matrices are
equal.

We conclude this section with a simple example to further
familiarize the reader with our notation and compute the set of
bundles of the subspace spanned by R = {|ψ1〉, |ψ2〉, |ψ3〉},
where

|ψ1〉 := |000〉, |ψ2〉 := |100〉 and |ψ3〉 := |111〉.
Defining

A1 := {1}, A2 := {2}, A3 := {3} and A4 := {1, 2, 3},
we deduce the following quotient groups:

A R/∼A

A1 {{|ψ1〉}, {|ψ2〉, |ψ3〉}}
Ac

1 {{|ψ1〉, |ψ2〉}, {|ψ3〉}}
A2 {{|ψ1〉, |ψ2〉}, {|ψ3〉}}
Ac

2 {{|ψ1〉}, {|ψ2〉}, {|ψ3〉}}
A3 {{|ψ1〉, |ψ2〉}, {|ψ3〉}}
Ac

3 {{|ψ1〉}, {|ψ2〉}, {|ψ3〉}}
A4 {{|ψ1〉}, {|ψ2〉}, {|ψ3〉}}
Ac

4 {{|ψ1〉, |ψ2〉, |ψ3〉}}
and thus, we obtain the bundles B1 := {A1, Ac

1},
B2 := {A2, Ac

2, A3, Ac
3}, and B3 := {A4, Ac

4}, yielding the
set of all bundles B = {B1, B2, B3}. Hence, applying

Theorem 1 shows that for each i = 1, 2, 3 the entanglement
spectrum with respect to any subsystem A in the bundle Bi is
identical for every state in QR.

IV. APPLICATIONS TO EMBEDDING-BASED QUANTUM
OPTIMIZATION

In this section we demonstrate several examples illustrat-
ing how the results presented in the previous section can be
applied to quantum optimization. Specifically, we examine
cases where an original problem graph is transformed via
an embedding to a new problem graph. This allows to for-
mulate an equivalent problem that can be implemented on
contemporary quantum devices with limited qubit connec-
tivity, circumventing the hardware’s connectivity constraints.
In order to obtain an equivalent optimization problem, such
embeddings typically add constraints to the new problem that
have to be satisfied, yielding naturally an energetic subspace
spanned by R which can be uniquely mapped back to the
space of the logical problem.

Given an embedding and the resulting basis set R, we
first introduce in Sec. IV A an operator-based formulation of
Definition 2. In Sec. IV B we investigate concrete embed-
dings and derive efficient algorithms based on Sec. IV A for
the parity embedding and for the minor embedding, which
verify whether two subsystems are equivalent under ∼R. In
case of the parity embedding, we will even observe for this
verification a reduction in time complexity from exponential
to polynomial scaling. Moreover, in Sec. IV B we utilize the
operator-based formulation to characterize certain bundles
and determine their elements with respect to sets R, which
results from the application of the parity embedding on com-
plete problem graphs.

A. Operator-based formulation of equivalent subsystems

We begin by introducing an operator-based condition and
we will show that this is equivalent to the equivalence relation
∼R presented in Definition 2. To formulate this alternative
condition, we require the existence of a collection T of opera-
tors that act on the spanning set R, each mapping elements of
R to other elements of R, and satisfies certain properties we
will specify subsequently. As we will later see in Sec. IV B,
such operator sets can be found by employing the individual
characteristics of the embedding.

Note that in the following, given a set M and a subset F of
the set of all functions from M to M, we denote the closure of
F under composition by G(F ).

Definition 3 (Generator set). We call T a generator set of
R if the following properties are satisfied:

(i) For all P, T ∈ G(T) it holds PT = T P, i.e., operators
in G(T) commute.

(ii) For all |ψ〉, |φ〉 ∈ R there exists an operator P ∈ G(T)
such that P|ψ〉 = |φ〉.

(3) (local invariance) Let P ∈ T, A ⊂ [n] be nonempty and
suppose that there exists |ψ〉 ∈ R such that (P|ψ〉)A = |ψA〉.
Then (P|φ〉)A = |φA〉 for all |φ〉 ∈ R.

Moreover we call each element in G(T) a product operator
over T.
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Next, we introduce so-called bipartite operator sets, which
will define the operator-based condition given on the left-hand
side in Eq. (7).

Definition 4 (Bipartite operator set). Let A ⊂ [n]. If A is
nonempty, we define

OA := {P ∈ G(T) | ∀|ψ〉 ∈ R : (P|ψ〉)A = |ψA〉}
and for A = ∅ we set O∅ := G(T). We call OA operator set of
the subsystem A and {OA,OAc} a bipartite operator set.

Finally, we present the main result of this section, showing
that the operator-based condition is equivalent to ∼R.

Theorem 2. Let T be a generator set of R and A1, A2 ⊂ [n].
Then we have

{OA1 ,OAc
1
} = {OA2 ,OAc

2
} ⇐⇒ A1 ∼R A2. (7)

A proof of Theorem 2 is given in Sec. V B. As we observe
in Eq. (7), the operator-based condition has the identical struc-
ture as the original one, which defines the equivalence relation
in Definition 2, except that the quotient sets are replaced by
their corresponding operator sets. The reason is that for a
subsystem A ⊂ [n] the operator set OA uniquely determines
the quotient set R/∼A and hence, relating operator sets (and
the resulting bipartite operator sets) to the equivalence relation
∼A. This relation is stated in Proposition 1. Moreover, suppos-
ing the existence of a generator set of R which, in addition, is
pointwise-disjoint, i.e., for all P, T ∈ G(T) and some |ψ〉 ∈ R
with P|ψ〉 = T |ψ〉 it follows P = T , and where each element
is self-inverse, will also show that the number of elements of
each equivalence class in R/∼A is constant and corresponds
to |OA|, highlighting another feature of the operator-based
formulation.

B. Embedding examples

In this section we demonstrate how the preceding results
can be applied to two embeddings used in quantum optimiza-
tion.

The first example we examine in more detail is the parity
embedding, which we introduced in Sec. II C. As already
mentioned, the penalty terms (4) of the parity Hamiltonian
(3) create an energy gap that isolates a subset of physi-
cal states from the remaining Hilbert space. We define this
subset of physical states as �, the set of all parity states
(Definition 8). For the parity embedding, we choose the set
of all logical line operators (Definition 11), denoted by Λ, as
a generator set where each logical line operator 	v maps the
change of the state of a single logical qubit (weight of a given
vertex v ∈ V ) to the change of the states of the respective set
of physical qubits (weight of all edges containing the vertex
v). In Definition 10 we introduce this set of physical qubits
as a logical line of v and denote it by Lv (H ). The reason
why this set is a natural choice and serves as a candidate for
a generator set lies in the main characteristics of the parity
embedding: Each parity state defined by a parity weight on E
can be mapped back to its corresponding logical state defined
by some weight on V . Thus, given two different parity states
and their corresponding logical states, applying the logical
line operators of all vertices where the state of the qubit differs
between the two logical states transforms one parity state into
the other. As logical line operators change the states of qubits

independently of their current state, Λ forms a generator set
(for more details, see Lemma 6).

Recalling Definition 4, we observe that an operator set
on a subsystem A covers all operators in G(Λ) which leave
all states restricted on A unchanged. In the next lemma, we
derive generators for such operator sets, hence simplifying
the verification whether two operator sets on two subsystems
are equal. Moreover, it enables a systematic way of construct-
ing operator sets of A and thus, determining all equivalence
classes with respect to ∼A on � (see also Proposition 1).

Lemma 1. Let H = (V, E ) be a hypergraph and A ⊂ E .
Furthermore, let V1, . . . ,VN ⊂ V be the connected com-
ponents of H |A = (VA, EA) and Hk := H |Ek the induced
sub-hypergraphs of H |A where Ek := {e ∈ E | e ⊂ Vk} for
k = 1, . . . , N . Define

Uk :=
⎧⎨
⎩
∏
v∈Ṽ

	v

∣∣∣∣∣∣Ṽ ∈ Vk

⎫⎬
⎭,

where

Vk := {Ṽ ⊂ Vk| Ṽ �= ∅ ∧ ∀e ∈ Ek : |Ṽ ∩ e| even}. (8)

Then we have

OA = G(U ∪ Q),

where

U :=
N⋃

k=1

Uk

and

Q :=
{

	v ∈ Λ

∣∣∣∣∣ v ∈ V

∖ N⋃
k=1

Vk

}
.

Moreover, if H is a graph, then Vk = {Vk} for k = 1, . . . , N .
By Lemma 1, comparing all elements of two operator sets

of two subsystems A1, A2 is equivalent to verifying whether
all generators of one operator set is contained in the other
and vice versa. Thus, by Theorem 2, we can derive for
the verification of A1 ∼� A2 the following algorithm: Let
V = {v1, . . . , vn} and E = {e1, . . . , en}. Moreover, for A ⊂ E
let v

(A)
k,1 , . . . , v

(A)
k,mk

∈ Zn
2 with mk � |Vk| be a basis of Vk ,

where we identified subsets W ⊂ V by elements in Zn
2 via

bW = (b1, . . . , bn) with bi = 1 if vi ∈ W and bi = 0 other-
wise for all i = 1, . . . , n. Note that a basis of Vk can be
determined using O(|Vk||Ek| min (|Vk|, |Ek|)) calculations by
applying Gaussian elimination on the matrix B(k) ∈ Z|Ek |×|Vk |

2
defined by

B(k)
i, j :=

{
1, wk, j ∈ fk,i,

0, else,

where we use the enumerations Vk = {wk,1, . . . ,wk,|Vk |} and
Ek = { fk,1, . . . , fk,|Ek |}. Hence, applying Lemma 7 and using
the properties of product operators, we deduce from (8) that
	W ∈ OA1 for some W ⊂ V , where 	W := ∏

w∈W 	w, if and
only if the linear system with coefficient matrix

BA := [
v

(A)
1,1 , . . . , v

(A)
1,m1

, v
(A)
2,1 , . . . , , v

(A)
N,mN

, δi1 , . . . , δiM

]
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and right-hand side bW has a solution over Z2. Here
M := |V \⋃N

k=1 Vk|, i1, . . . , iM are chosen such that

{vi1 , . . . , viM } = V

∖ N⋃
k=1

Vk

and δil denotes the il th standard basis vector for l = 1, . . . , M.
This implies that the condition OA1 ⊂ OA2 can be verified
by applying Gaussian elimination on the extended coefficient
matrix [BA1 | BA2 ]. Since the number of columns of each coef-
ficient matrix is less than or equal to n, this verification needs
O(n3) computations. Using that calculating a basis of a Vk for
all k = 1, . . . , N requires in total O(|VA||EA| min (|VA|, |EA|))
computations, we deduce that verifying A1 ∼� A2 yields a
total cost of O(|V ||E | min (|V |, |E |)). As the dimension of the
parity state space � is polynomial in |V | and |E | (see [34]),
and thus the cardinality of � is exponential, this reduces the
cost of verifying A1 ∼� A2 from exponential time to polyno-
mial time.

Aside from the derivation of this algorithm, Lemma 1
can also be used to establish the existence of bundles in �

containing multiple bipartitions. As an example, we inves-
tigate bundles that are equivalent to logical lines Lv (H ) for
v ∈ V in a complete graph H = (V, E ) with |V | > 3. For a
subsystem A ⊂ Lv (H )c with |A| > |Lv (H )c| − (|V | − 2) we
observe that the restricted graph H |A is connected and has
the vertex set V \{v}, since removing less than |V | − 2 edges
from H |Lv (H )c does not split H |Lv (H )c into two disconnected
graphs and shrink the vertex set of H |Lv (H )c . Therefore, using
Lemma 1 and the identity∏

u∈V \{v}
	u = 	v,

we obtain OA = {1,	v}. Moreover, since Lv (H ) ⊂ Ac,
we have OAc = {1}, which, by Theorem 2, shows that
A ∈ [Lv (H )]� and thus, [Lv (H )]� has at least

|V |−3∑
p=0

( |Lv (H )c|
|Lv (H )c| − p

)
(9)

bipartitions. To determine whether a subset belongs to the
same class [Lv (H )]�, it is required verifying that its associated
graph preserves the same connectivity structure, which means
that it still contains the same set of vertices as H |Lv (H )c . We
also want to remark that from Proposition 1 it follows that the
parity state space can be partitioned into pairs of parity states
which are identical in their weights for all edges in Lv (H )c.

For a complete graph, there are |V | different bipartition
classes [Lv (H )]� of this type, with one class associated to
each v ∈ V . In Fig. 1(b), the orange data points correspond
to the von Neumann entropy of the bundle [L3(H )]� with
v = 3 and L3(H ) = {{0, 3}, {1, 3}, {2, 3}, {3, 4}}, where
H is the complete graph on five vertices. Therefore,
we can deduce that the orange colored subsystems
in Fig. 1(d) A = Lc

3(H ), A1 = {{0, 2}, {2, 4}, {1, 4}},
A2 = {{0, 2}, {2, 4}, {1, 4}, {0, 1}} and A3 = {{0, 2}, {2, 4},
{1, 2}} belong to the equivalence class [L3(H )]� and bundle
to the same final entanglement value in Fig. 1(b), while the
violet and green-blue subsystems B1 = {{0, 1}, {1, 4}, {0, 4}},
B2 = {{0, 1}, {1, 4}} and D = {{0, 2}, {2, 4}, {0, 4}} belong to

other classes and do not bundle to the same final entanglement
value as L3(H ). Furthermore, we now can prove that the total
number of unordered bipartitions contributing to this bundle
is 38. With Eq. (9) we have for all subsystems of size
3 < |A| � 6 in total 22 unordered bipartitions. For all subsets
A ⊂ L3(H )c with |A| = 3 we count in total 16 for which
the corresponding subgraph H |A = (V \{3}, A) is connected
and has the same vertex set. For all smaller subsets it is not
possible to find any connected subgraph containing all four
vertices and thus we have in total 38 unordered bipartitions
contributing to this bundle.

Finally, we demonstrate that, analogous to the parity em-
bedding, a generator set also exists for the minor embedding
and show the existence of multiple bipartitions yielding the
same entanglement spectrum. Similar to the parity embed-
ding, we can define a physical space H(VM ) and a minor
state space M ⊂ H(VH ) for a minor graph M = (VM, EM ) and
chains Cv for v ∈ V (Definition 12). Furthermore, analogous
to the logical line operator in the parity embedding, we can
define the chain operator (Definition 14) �v of a vertex v ∈ V
for the minor embedding, which changes the weights of all
vertices w ∈ VM that are contained in the chain Cv . From this,
it can be shown that the set of all chain operators Γ is a
generator set of the minor state space M. Analogous to the
parity embedding, we can determine a bipartite operator set
for each bipartition and use it to verify whether two bipar-
titions belong to the same class by applying Theorem 2. To
conclude, we show by Theorem 2 the existence of multiple
bipartitions which are equivalent under ∼M. In the following
we assume that there exists a chain Cv in the minor embedding
that has at least length |Cv| � 3. Then we observe that for all
A ⊂ Cv with |A| < |Cv|, the bipartite operator sets are identi-
cal and given by OA = G({�w | w ∈ V \{v}}) and OAc = {1}.
To demonstrate another example, we consider subsystems
A ⊂ VM consisting of exactly |V | elements, where each ele-
ment in A associated with a different chain, i.e., |A ∩ Cv| = 1
for all v ∈ VM . Again, all bipartite operator sets are equal and
correspond to {{1}, {1}}.

V. METHODS

In the final section of this article, we introduce the remain-
ing mathematical tools and deliver the proofs of the theoretical
claims established in the earlier sections.

A. Bundling of spectral-based entanglement measures

First, we present a full proof of our main result presented
in Theorem 1 which will be refined in Theorem 3. In the
following we denote by

Mix(QR) :=
{

m∑
i=1

pi|ψi〉〈ψi|
∣∣∣∣∣m ∈ N,

∀i ∈ [m] : |ψi〉 ∈ QR and pi � 0,

m∑
i=1

pi = 1

}

the set of mixed states whose pure components lie in the
subspace QR.
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Theorem 3. Let A1, A2 ⊂ [n] be two nonempty subsys-
tems with A1, A2 �= [n] satisfying A1 ∼R A2. Then, for all
ρ ∈ Mix(QR) we have that Spec(ρA1 ) = Spec(ρA2 ). Con-
versely, there exists R ⊂ Hn of arbitrarily large size greater
than three with growing n ∈ N and A1, A2 ⊂ [n] with
A1 �∼R A2 such that Spec(ρA1 ) = Spec(ρA2 ) for all pure states
ρ in Mix(QR).

In order to prove Theorem 3, we need the following two
lemmas.

Lemma 2. Let A1, A2 ⊂ {1, . . . , n} be two nonempty sets.
Furthermore, let S ⊂ Hn such that for all

∀|ψ〉, |φ〉 ∈ S : |ψA1〉 = |φA1〉 ⇐⇒ |ψA2〉 = |φA2〉.
Moreover, let d|ψ〉,|φ〉 ∈ C for |ψ〉, |φ〉 ∈ S. Then the spectrum
of the operators

ρ1 :=
∑

|ψ〉,|φ〉∈S

d|ψ〉,|φ〉|ψA1〉〈φA1 |

and

ρ2 :=
∑

|ψ〉,|φ〉∈S

d|ψ〉,|φ〉|ψA2〉〈φA2 |

are equal.
Proof. In the following we choose |ψi〉 ∈ S for

i = 1, . . . , m such that

S/∼A1 = {[|ψ1〉]A1 , . . . , [|ψm〉]A1},
where m := |S/∼A1 |.

(i) First, we observe that

ρ1 =
∑

1�i, j�m

∑
|ψ〉∈[|ψi〉]A1|φ〉∈[|ψ j〉]A1

d|ψ〉,|φ〉|ψA1〉〈φA1 |

=
∑

1�i, j�m

di, j |ψi〉A1
〈φ j |A1

, (10)

where

di, j :=
∑

|ψ〉∈[|ψi〉]A1|φ〉∈[|ψ j〉]A1

d|ψ〉,|φ〉

for 1 � i, j � m.
(ii) Since |ψ1〉A1

, . . . , |ψm〉A1
are linearly independent in

H|A1|, there exist |ψm+1〉, . . . , |ψ2|A1 | 〉 ∈ H|A1| such that

{|ψ1〉A1
, . . . , |ψm〉A1

, |ψm+1〉, . . . , |ψ2|A1| 〉} (11)

constitute an orthonormal basis in H|A1|. From (10) it can be
easily deduced that

(
M 0
0 0

)
∈ C2|A1|×2|A1|

, M :=

⎛
⎜⎜⎝

d1,1 d1,2 · · · d1,m

d2,1 d2,2 · · · d2,m
...

...
. . .

...

dm,1 dm,2 · · · dm,m

⎞
⎟⎟⎠

is the matrix of ρ1 with respect to the basis (11). Therefore

Spec(ρ1) = Spec(M ). (12)

(iii) Finally, by our assumption, we observe that
S/∼A1 = S/∼A2 and hence, by repeating the steps (i)
and (ii) where A1 is replaced by A2, we deduce again

Spec(ρ2) = Spec(M ), which together with (12) proves the
desired statement. �

Lemma 3. Suppose R ⊂ Hn and A1, A2 ∈ P ([n]) such that

R/∼A1 = {B, D},
R/∼Ac

1
=

⋃
|ψ〉∈B∪D

{{|ψ〉}},

R/∼A2 = {B} ∪
( ⋃

|ψ〉∈D

{{|ψ〉}}
)

,

R/∼Ac
2
=
( ⋃

|ψ〉∈B

{{|ψ〉}}
)

∪ {D}, (13)

where B, D ⊂ R with B ∩ D = ∅ and |D| = 2. Then
A1 �∼R A2 and for all |�〉 ∈ QR the entanglement spectra of
the pure state |�〉 with respect to A1 and A2 are equal. The
size of R is limited by

4 � |R| � 2n−|A1∪A2| + 2. (14)

Proof. (i) First, we show that the spectra are equal. In
the following we denote by |ψ1〉 some element in B and by
|ψ2〉 and |ψ3〉 the two distinct elements in D. Moreover, let
|�〉 ∈ QR with

|�〉 =
∑

|ψ〉∈R
c|ψ〉|ψ〉

with c|ψ〉 ∈ C for |ψ〉 ∈ R. Using Eq. (15) and the relations
of the quotients sets as depicted in (13), it can be deduced
that reduced density matrices of the subsystems A1 and A2

correspond to

ρ1 =
(

M1 0
0 0

)
∈ C2|A1 |×2|A1 |

and

ρ2 :=
(

M2 0
0 0

)
∈ C2|A2 |×2|A2 |

,

where

M1 :=
(∑

|ψ〉∈B |c|ψ〉|2 0
0 |c|ψ2〉|2 + |c|ψ3〉|2

)

and

M2 =
⎛
⎝
∑

|ψ〉∈B |c|ψ〉|2 0 0
0 |c|ψ2〉|2 c|ψ2〉c

∗
|ψ3〉

0 c∗
|ψ2〉c|ψ3〉 |c|ψ3〉|2

⎞
⎠,

where have chosen orthonormal bases such that the first two
basis vectors in C2|A1 |

are |ψ1〉A1
and |ψ2〉A1

, and the first three
basis vectors in C2|A2 |

are |ψ1〉A2
, |ψ2〉A2

, and |ψ3〉A2
. Thus, we

see that the spectra of both matrices equal⎧⎨
⎩0,

∑
|ψ〉∈B

|c|ψ〉|2, |c|ψ2〉|2 + |c|ψ3〉|2
⎫⎬
⎭.

(ii) Next, we prove the bounds in Eq. (14). As a first
step, we derive the upper bound in Eq. (14). Without loss
of generality, suppose B �= ∅ and choose |ψ〉 ∈ B. Thus, we
have for all |φ〉 ∈ B that |φ〉A1

= |ψ〉A1
and |φ〉A2

= |ψ〉A2
,
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and therefore, B ⊂ {|φ〉 ∈ Hn | |φ〉A1∪A2
= |ψ〉A1∪A2

}. This
implies |B| � 2n−|A1∪A2|, which, by using |D| = 2, shows the
upper bound in Eq. (14). Now, we prove the lower bound of
|R|. For |B| = ∅ we deduce

R/∼A2 = R/∼Ac
1
=

⋃
|ψ〉∈D

{{|ψ〉}},

R/∼Ac
2
= R/∼A1 = {D},

and hence A1 ∼R A2. For |B| = 1 we similarly deduce

R/∼A2 = R/∼Ac
1
= {B} ∪

⋃
|ψ〉∈D

{{|ψ〉}},

R/∼Ac
2
= R/∼A1 = {B, D},

which shows the desired statement. �
Proof of Theorem 3. (i) Without loss of generality we

may assume that R/∼A1 = R/∼A2 . Now, let |�〉 ∈ QR and
c|ψ〉 ∈ C for |ψ〉 ∈ R such that

|�〉 =
∑

|ψ〉∈R
c|ψ〉|ψ〉.

Furthermore, we choose |ψi〉 ∈ R for i = 1, . . . , m such that
R/∼A1 = {[|ψi〉]A1 , . . . , [|ψm〉]A1} where m := |R/∼A1 |. Us-
ing that R/∼A1 is a partition of R, we observe that

|�〉 =
m∑

i=1

∑
|φ〉∈[|ψi〉]A1

c|φ〉|φ〉.

Thus, we obtain

ρ =
m∑

i, j=1

∑
|φ〉∈[|ψi〉]A1|χ〉∈[|ψ j〉]A1

c|φ〉c∗
|χ〉|φ〉〈χ |.

Next, we apply the properties of the partial trace to deduce

ρA1 =
m∑

i, j=1

∑
|φ〉∈[|ψi〉]A1|χ〉∈[|ψ j〉]A1

c|φ〉c∗
|χ〉〈φAc

1
| χAc

1
〉|φA1〉〈χA1 |

=
m∑

i, j=1

( ∑
|φ〉∈[|ψi〉]A1|χ〉∈[|ψ j〉]A1

c|φ〉c∗
|χ〉〈φAc

1
| χAc

1
〉
)

|φi〉A1
〈φ j |A1

=
m∑

i, j=1

di, j |φi〉A1
〈φ j |A1

, (15)

where

di, j :=
∑

|φ〉∈[|ψi〉]A1|χ〉∈[|ψ j〉]A1

c|φ〉c∗
|χ〉〈φAc

1
| χAc

1
〉. (16)

Since A1 ∼R A2 we have that 〈φAc
1
| χAc

1
〉 = 0 if and only

if 〈φAc
2
| χAc

2
〉 = 0 for |φ〉 ∈ [|ψi〉]A1 and |χ〉 ∈ [|ψ j〉]A1 . This

implies that

ρA2 =
m∑

i, j=1

di, j |φi〉A2
〈φ j |A2

,

which together with Lemma 2 shows the desired statement
for pure states. Note that the logic of the proof for mixed

states remains identical. As the partial trace is linear, the only
difference is that calculating the coefficients di, j in Eq. (16)
requires an additional sum over all components of the mixed
state.

(ii) To prove the second statement, we first define

|ψ4,1〉 := |0000〉, |ψ4,2〉 := |0001〉,
|ψ4,3〉 := |1010〉, |ψ4,4〉 := |1100〉

as well as R4 := {|ψ4,1〉, |ψ4,2〉, |ψ4,3〉, |ψ4,4〉} ⊂ H4. For
n > 4, we denote by |ψn,1〉 the state in Hn which satisfies
|ψn,1〉{1,...,n−1} = |0〉⊗(n−1) and |ψn,1〉{n} = |1〉. Furthermore,
we recursively set |ψn,i〉 as the state in Hn defined by

|ψn,i〉{1,...,n−1} = |ψn−1,i−1〉 and |ψn,i〉{n} = |0〉
for i = 2, . . . , n and

Rn := {|ψn,1〉, |ψn,2〉, . . . , |ψn,n〉} ⊂ Hn.

Next, we show for each n � 4 that A1 := {1} and A2 := {2, 3}
are the right candidates for proving our statement. By
Lemma 3, we are left to show that

Rn/∼A1 = {{|ψn,1〉, . . . , |ψn,n−2〉}, {|ψn,n−1〉, |ψn,n〉}},
Rn/∼Ac

1
= {{|ψn,1〉}, . . . , {|ψn,n〉}},

Rn/∼A2 = {{|ψn,1〉, . . . , |ψn,n−2〉}, {|ψn,n−1〉}, {|ψn,n〉}},
Rn/∼Ac

2
= {{|ψn,1〉}, . . . , {|ψn,n−2〉}, {|ψn,n−1〉, |ψn,n〉}}.

For n = 4, the relation can be easily verified. Now, suppose
that the statement holds for some n � 4. By the recursive
definition of states |ψn,1〉, . . . , |ψn,n〉 ∈ Rn, we observe that

|ψn+1,i〉 ∼B |ψn+1, j〉 ⇐⇒ |ψn,i−1〉 ∼B\{n+1} |ψn, j−1〉
for all i = 2, . . . , n + 1 and B ∈ {A1, Ac

1, A2, Ac
2}. Thus, by

using our induction hypothesis and the definition |ψn,1〉, the
claim for n + 1 follows. �

B. Applications: Proofs and further details

This section presents proofs of the claims made in Sec. IV
along with further details on the embeddings discussed there.
Moreover, we extend these results and present additional the-
oretical results.

1. Proof of Theorem 2

In order to prove Theorem 2, we introduce the following
notation: For a nonempty set A ⊂ [n] we set G0 := OA. Then
we choose |ψ0〉 ∈ R and for each q ∈ N

Pq ∈ G(T)

∖ q−1⋃
i=0

Gi

as long as G(T)\⋃q−1
i=0 Gi �= ∅ and define

Gq := {PqP | P ∈ G0}. Let m be the largest q ∈ N such
that G(T)\⋃q−1

i=0 Gi �= ∅. Then we set

Ri := Ri(OA, |ψ0〉) := {P|ψ0〉 | P ∈ Gi}
for i = 0, . . . , m.

Proposition 1. It holds

R/∼A = {R0, . . . ,Rm}. (17)
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Thus, each Ri corresponds to an equivalence class of ∼A.
Moreover, if all elements in T are self-inverse and T is
pointwise-disjoint, then every equivalence class in R/∼A has
the same size and its cardinality corresponds to |OA|.

Proof. (i) To show Eq. (17), it is sufficient to verify that
Ri = [|ψi〉]A for all 0 � i � m where |ψi〉 := Pi|ψ0〉. The
remaining statement follows from Definition 3 (ii) and the
definition of m. Suppose |ψ〉 ∈ Ri. Then there exists P ∈ G0

such that

|ψ〉 = PiP|ψ0〉 = PPi|ψ0〉 = P|ψi〉,
where we used the commutativity of the product opera-
tors in the second equality. Since P ∈ G0, we can imply
|ψA〉 = (P|ψi〉)A = |ψi〉A, and hence, Ri ⊂ [|ψi〉]A. Con-
versely, suppose that |ψ〉 ∈ [|ψi〉]A. Then Definition 3 (ii)
implies that there exists P ∈ G(T) such that

|ψ〉 = P|ψi〉 = PPi|ψ0〉 = PiP|ψ0〉, (18)

where we again used the commutativity of the product opera-
tors. Moreover, from our assumption we have

(P|ψi〉)A = |ψ〉A = |ψi〉A.

Thus, from Definition 3 (iii), we have P ∈ G0 and hence, from
Eq. (18) we deduce |ψ〉 ∈ Ri.

(ii) To prove the final statement, it suffices to show
that the mapping ri : R0 → Ri : P|ψ0〉 �→ PiP|ψ0〉 for
1 � i � m is well defined and bijective. Using that generator
set is pointwise-disjoint, we have for P, Q ∈ G0 with
P|ψ0〉 = Q|ψ0〉 that P = Q which shows that ri is well
defined and hence |R0| = |OA|. The surjectivity follows
from definition of the set Ri. Since all elements in T
are self-inverse and T is pointwise-disjoint, we obtain for
P, Q ∈ G0 with PiP|ψ0〉 = PiQ|ψ0〉 the relation P = Q,
implying the injectivity of ri. �

Proof. The “only if” direction follows immediately from
Proposition 1 and the fact that the sets Ri depend only on
operator sets. For the other direction, it is sufficient to verify
that for two distinct nonempty sets A, B ⊂ [n] with OA �= OB

it holds R/∼A �= R/∼B. Without loss of generality suppose
that there exists P ∈ OA such that P /∈ OB. Then there exists
i > 0 such that P|ψ0〉 ∈ Ri(OB, |ψ0〉). From Proposition 1 we
deduce

R0(OB, |ψ0〉) ∩ Ri(OB, |ψ0〉) = ∅,

which implies P|ψ0〉 /∈ R0(OB, |ψ0〉). Hence,
R0(OA, |ψ0〉) �= R0(OB, |ψ0〉), which together with
Proposition 1 shows the relation. �

2. Parity embedding: Technical details and results

In this section we give a technical introduction to the parity
embedding and recap some of the definitions presented in
[37]. Furthermore, we introduce some new definitions and de-
rive new results required to prove the existence of a generator
set for the parity embedding.

A hypergraph H is a pair (V, E ), where V is the set of
all vertices and E ⊂ P (V ) is the edge set of H . Here P (V )
denotes the power set of V , and P (E ) denotes the edge space
of E , which is defined as the power set of E . An element of the
edge space C ∈ P (E ) is called a constraint of H if it satisfies

the following condition:

∀v ∈ VC : |{e ∈ C | v ∈ e}| is even, (19)

where the set VC of all vertices contained in the constraint C
is given by VC := {v ∈ V | ∃e ∈ C | v ∈ e}. In this article, in
addition to the terminology used in [37], we define a constraint
C with |C| = p as a p-body constraint. The constraint space of
H is defined by CH := {C ∈ P (E ) | C is a constraint}, which
forms a vector space over Z2.

Now, let us introduce some new definitions. In the fol-
lowing we denote by H a hypergraph with vertex set
V and edge set E . Moreover, for p ∈ Z2, we define
p := (p + 1) mod 2 = p ⊕ 1 the negation of p. For a func-
tion f : M → Z2 on some nonempty set M we denote by
f : M → Z2 : v �→ f (v) the negation of f .

Definition 5 (Weight of a vertex and edge set). We call a
function f : V → Z2 a weight of V and a function
w : E → Z2 a weight of E .

Definition 6 (Logical configuration state). For a
weight f of V we define |φ f 〉 := | f (v1) · · · f (v|V |)〉
as a logical (configuration) state and denote by
H(V ) = {|φ f 〉 | f is a weight of V} the set of logical
configuration states.

Definition 7 (Physical configuration state). For a
weight w of E we define |ψw〉 := |w(e1) · · · w(e|E |)〉
as a physical (configuration) state and define
H(E ) := {|ψw〉 | wis a weight of E} as the set of physical
configuration states.

Definition 8 (Parity states). We call a weight w : E → Z2

of E a parity weight if and only if there exists a weight f of V
such that for all e ∈ E

w(e) =
⊕
v∈e

f (v). (20)

Moreover, for a parity weight w we call the physical
state |ψw〉 a parity state and the set of all parity states
� := {|ψw〉 | w is a parity weight} the parity state space.

Lemma 4. A weight w of E is a parity weight if and only
if

∀C ∈ CH : |{e ∈ C | we = 0}| is even, (21)

or equivalently, for all C ∈ CH we have
⊕

e∈C we = 0.
Proof. First, suppose that w is a parity weight and f a

weight of V satisfying (20). Then, for C ∈ CH , we have⊕
e∈C

w(e) =
⊕
e∈C

⊕
v∈e

f (v) =
⊕
v∈VC

⊕
e∈C
v∈e

f (v).

By definition of a constraint [Eq. (19)], for each v ∈ VC the
inner sum is an even number of additions modulo two, i.e., we
have that ⊕

v∈VC

⊕
e∈C
v∈e

f (v) = 0.

Thus,
⊕

e∈C w(e) is equal to zero for C ∈ CH .
Now, suppose that w is a weight of E such that (21) holds.

In order to show that w is a parity weight, we see from (20)
that this is equivalent to show that the linear system with co-
efficient matrix A ∈ Zm×n

2 and right-hand side b ∈ Zm
2 defined
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by

Ai j :=
{

1, if v j ∈ ei,

0, else, and bi := wei

has a solution. Let P ∈ Zm×m
2 an invertible matrix such that

A′ := PA has reduced row echelon form, and denote b′ := Pb.
Note that the linear system with coefficient matrix A′ ∈ Zm×n

2
and right-hand side b′ ∈ Zm

2 has a solution if and only if
for all i = 1, . . . , m for which the ith row of A′ is the zero
vector, the ith entry of b′ is zero. Since the matrix P per-
forms row operations, we can find for such a row with
index 1 � i � m row indices 1 � j1 < · · · < jl � m satisfy-
ing

⊕l
k=1 Ajk p = 0 for all 1 � p � n. We are left to prove

that b′
i = ⊕l

k=1 b jk is zero. By definition of the matrix A
and the modulo two addition, we see that

⊕l
k=1 Ajk p = 0

for all 1 � p � n if and only if for all v ∈ V the num-
ber |{k ∈ {1, . . . , l} | v ∈ e jk }| is even. This implies that
C := {e j1 , . . . , e jl } is a constraint and hence, by our assump-
tion, |{e ∈ C | we = 0}| is even. Therefore, |{e ∈ C | we = 1}|
is even, implying

⊕l
k=1 b jk = ⊕

e∈C we = 0. �
Definition 9 (Logical negation). For a weight w of E we

call the mapping

lw : E × V → Z2 : (e, v) �→ lw(e, v)

with

lw(e, v) :=
{
we, if v ∈ e,
we, else,

for v ∈ V and e ∈ E a logical negation of the weight w. For
brevity, we write lv (we) := lw(e, v).

Next, we define the logical line Lv (H ) and the correspond-
ing logical line operator 	v of a vertex v ∈ V . As we will later
see in Lemma 6, logical line operators can be used to define a
generator set of the parity state space.

Definition 10 (Logical line). For v ∈ V we call

Lv (H ) := {e ∈ E | v ∈ e}
the logical line of the vertex v in the hypergraph H .

To define logical line operators, we need the following
lemma.

Lemma 5. Let w be a weight of E , v ∈ V and define

	v (|ψw〉) := |lv (we1 ) · · · lv (we|E | )〉. (22)

(i) If |ψw〉 ∈ �, then 	v (|ψw〉) ∈ �.
(ii) If |ψw〉 ∈ H(E )\�, then 	v (|ψw〉) ∈ H(E )\�.
Proof. We only prove the first statement. The second state-

ment can be proven analogously. Suppose that v ∈ V and let
w be a parity weight. Then we observe for a constraint C ∈ CH

that⊕
e∈C

lv (we) =
⊕
e∈C
v∈e

lv (we) ⊕
⊕
e∈C
v /∈e

lv (we)

=
⊕
e∈C
v∈e

(we ⊕ 1) ⊕
⊕
e∈C
v /∈e

we =
⊕
e∈C
v∈e

1 ⊕
⊕
e∈C

we.

Hence, since C is constraint we deduce from Lemma 4 that
the above sum equals zero. Applying Lemma 4 again shows
that 	v (|ψw〉) is a parity state.

Definition 11 (Logical line operator). For v ∈ V we call
the mapping 	v : � → � defined by Eq. (22) a logical line
operator of v and Λ := {	v | v ∈ V } ∪ {1} the set of all logical
operators, where 1 denotes the identity operator on �. Note
that 	v is a well-defined operator as shown in Lemma 5.

We conclude this section by showing that Λ forms a gener-
ator set of the parity state space. In the following we write
	v	p as the composition of two logical line operators for
p, v ∈ V .

Lemma 6. The set of all logical line operators Λ is a
pointwise-disjoint generator set of � whose elements are self-
inverse.

Proof. The first property in Definition 3 and that each logi-
cal line operator is self-inverse can be easily verified. Next,
we show that for all |ψ〉, |φ〉 ∈ � there exists an operator
P ∈ G(Λ), such that

P|ψ〉 = |φ〉.
By definition of the parity states, we can find two weights
f1, f2 of V such that Eq. (20) holds, replacing w and
f with w1 and f1, and w2 and f2 respectively. Define
V̂ := {v ∈ V | f1(v) �= f2(v)} and set

|ŵe1 . . . ŵe|E | 〉 := P|ψw1〉,
where P := ∏

v∈V̂ 	v ∈ G(Λ). Using the the definition of log-
ical line operators, we deduce for 1 � i � |E |

ŵei = w1(ei ) ⊕
⊕

v∈V̂ ∩ei

1 = w1(ei ) ⊕
⊕

v∈V̂ ∩ei

1.

Hence, applying Eq. (20) on w1 shows that the right-hand side
of the above equation equals⊕

v∈ei

f1(v) ⊕
⊕

v∈V̂ ∩ei

1 =
⊕

v∈ei\V̂

f1(v) ⊕
⊕

v∈V̂ ∩ei

f1(v)

=
⊕
v∈ei

f2(v),

where we used in the last equality the relation
V̂ = {v ∈ V | f1(v) = f2(v)}. Thus, using Eq. (20) with
weight w2 proves the desired statement.

Finally, we prove that for P, T ∈ G(Λ) and |ψ〉 ∈ �, if
P|ψ〉 = T |ψ〉, then P = T . The local invariance follows from
the definition of the logical line operators. Since all ele-
ments in G(Λ) are self-inverse, it is sufficient to prove that
Q := PT = 1. Let Ṽ ⊂ V such that Q = ∏

v∈Ṽ 	v . Since
Q|ψ〉 = |ψ〉 we deduce from the definition of the logical line
operators that |Ṽ ∩ e| is even for all e ∈ E , which immediately
shows that Q|φ〉 = |φ〉 for all |φ〉 ∈ �. �

3. Proof of Lemma 1

Here we give a proof of Lemma 1.
Proof. (i) Let P ∈ OA and Ṽ ⊂ V such that P = ∏

v∈Ṽ 	v .
First, we show that there exists K ⊂ {1, . . . , N} such that

Ṽ =
⋃
l∈K

Ṽl ∪
(

Ṽ

∖ N⋃
k=1

Vk

)
, (23)
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where Ṽl ∈ Vl for all l ∈ K , which implies P ∈ G(U ∪ Q).
Define Ṽl := Vl ∩ Ṽ for l = 1, . . . , N and set
K := {l ∈ [N] | Ṽl �= ∅}. Since P ∈ OA we deduce that
|e ∩ Ṽ | is even for all e ∈ A. Hence, we have for l ∈ K that
|e ∩ Ṽ | = |e ∩ Ṽl | is even for all e ∈ El , showing that Ṽl ∈ Vl .
This shows that P ∈ G(U ∪ Q). Note that the definition of U
and Q implies that each P ∈ G(U ∪ Q) is also contained in
OA.

(ii) Second, we prove Vk = {Vk} when H is a graph.
Suppose by contradiction that there exists Ṽ ⊂ Vk such
that Ṽ �= ∅ and Ṽ �= Vk . Thus, we can choose v0 ∈ Ṽ
and w ∈ Vk with w /∈ Ṽ . Since H |Ek is connected, we
can find a path (v0, e1, v1, . . . , em, vm) in H |Ek such
that vl ∈ Vk , el ∈ Ek for l = 1, . . . , m and vm = w.
Define p := min{l ∈ [m] | el �⊂ Ṽ }. If p = 1, then
|e1 ∩ Ṽ | = |{v0}| = 1. For p > 1 we deduce ep−1 ⊂ Ṽ
and hence |ep ∩ Ṽ | = |{vp−1}| = 1, showing that both cases
lead to a contradiction. �

4. Characterization of further bundles under the parity embedding

In Sec. IV B we investigated bundles of logical lines and
derived a lower bound on the total number of subsystems they
contain.

In the following we analyze the remaining types of bundles
which appear in Fig. 1 and determine for some cases the total
number of subsystems inside these bundles.

For the subsequent analysis, we make use of the following
lemma.

Lemma 7. Let H = (V, E ) be a hypergraph.
(i) For V1,V2 ⊂ V we have 	V1	V2 = 	V1�V2 .
(ii) Let W ⊂ V . If H is a connected graph and 	W = 1,

then W = V or W = ∅. Here we set 	∅ := 1.
Proof. The first property can be easily verified. The second

property can be proven analogously to the second statement in
Lemma 1. �

The first type of bundle we investigate contains all sub-
systems which are equivalent to a three-cycle. Two of these
bundles are depicted as the lowest (violet) and the next higher
(green-blue) line in Fig. 1(b).

Example 1 (Three-cycles). For a complete graph
H = (V, E ) with |V | > 3 each of the closed loops
A := {{v, u}, {u,w}, {w, v}} with three different vertices
v, u,w ∈ V , the equivalence class [A]� consists of eight
elements.

Proof. (i) First, since H |A is connected and H is a complete
graph, implying that H |Ac is connected and its vertex set
equals V , we deduce from Lemma 1 that

OA = G({	A} ∪ Q) and OAc = {1},

where Q := {	v ∈ Λ| v ∈ V \{v, u,w}}. Furthermore, for B ⊂
A with |B| = 2, we similarly obtain OB = OA and OBc = OAc ,
showing |[A]�| � 8.

(ii) Next, we have to prove that for all subsystems other
than in (i) (and their complements) do not belong to [A]�.

First, suppose B ⊂ A with |B| = 1, and without loss of
generality, let B = {{v, u}}. Define W := {v, u} and assume by
contradiction that 	W ∈ OB is an element of OA. Hence, using
Lemma 1 we can find cA, cv ∈ {0, 1} for v ∈ V \{v, u,w} such

that

	W = 	
cA
{v,u,w}

∏
v∈V \{v,u,w}

	cv

v , (24)

which, by Lemmas 6 and 7, implies that

W �cA{v, u,w}�
⋃

v∈V \{v,u,w}
cv{v} ∈ {V,∅}.

However, for cA = 0 as well as cA = 1, it can be easily seen
that the above set does not correspond to V or ∅, which is a
contradiction. Since OBc = {1}, we conclude by Theorem 2
that B /∈ [A]�.

Finally, we assume B ⊂ E with B\A �= ∅. If H |B is discon-
nected, we can find v′ ∈ V \{v, u,w} which is contained in the
vertex set of H |B. Then, using similar arguments as above [see
Eq. (24)], we can deduce that 	v′ ∈ OA and 	v′ /∈ OB, which
shows that B /∈ [A]�. If H |B is disconnected, it is sufficient to
consider the case where the vertex set of H |B equals V and the
vertex set of H |Bc is not equal to V . The case where the vertex
set of H |B is not equal to V and the vertex set of H |Bc equals
V can be proven analogously. Excluding the previous choices
of B (and their complements), we find v ∈ V in vertex set of
H |Bc such that v is not in the vertex set of H |A. This shows that
	v ∈ OA and 	v /∈ OBc , implying the desired statement. �

We note that the lowest (violet) bundle in Fig. 1(b) com-
prises the subsystems B1 = {{0, 1}, {1, 4}, {0, 4}} and B ⊂ A
with |B| = 2. The next higher bundle in green-blue consists of
the subsystems D = {{0, 2}, {0, 4}, {2, 4}} and all subsets of D
with size two. For a complete graph of five vertices the parity
embedding produces 10 three-cycles, which are represented
by the green-blue bars in Fig. 4.

From Lemma 1 it follows that for a graph H = (V, E )
and a subsystem A ⊂ E which we can be decomposed
as A = ∪n

i=1Bi, where Bi ∩ Bj = ∅ for all 1 � i < j � n,
and where the corresponding graphs H |Bi are connected
for all i ∈ [n], that OA = G({	VBi

| i ∈ [n]} ∪ Q) with
Q = {	v ∈ Λ | v ∈ V \ ∪n

i=1 VBi}. Here we give an example
for such a subset A with n = 2 in a complete graph with
|V | = 5.

Example 2 (Disconnected subgraphs). Let H = (V, E )
be a complete graph with |V | = 5 and C := {{v, u},
{u,w}, {w, v}} be a three-cycle with three different vertices
v, u,w ∈ V . Furthermore, define A := C ∪ {V c

C }, where
VC := {u, v,w}. Then the equivalence class [A]� consists of
eight elements.

Proof. (i) Using Lemma 1 and that H is complete, we again
see that OA = G({	VC ,	V c

C
}) and OAc = {1}. Moreover, for

each

B ∈ {D ∪ {V c
C } | |D| = 2 and D ⊂ C}, (25)

we similarly deduce that OB = G({	VC ,	V c
C
}) and OBc = {1}

(see also proof of Example 1), showing that B ∈ [A]� and thus
|[A]�| � 8.

(ii) Suppose by contradiction that there exists B ∈ [A]�
such that B ∩ (E\A) �= ∅. Thus, we can find e ∈ B ∩ (E\A)
and a vertex set V ′ which is a connected component of H |B
such that e ⊂ V ′. Using similar arguments as in the proof of
Example 1 shows that 	V ′ /∈ OA but 	V ′ ∈ OB, which is a
contradiction. Therefore, any subsystem B has to be contained
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in A. For the case |B| = 3 we have in total four subsets
B ⊂ A, where three of them are already an element of the
set in Eq. (25). For B = C and q ∈ V c we have 	q ∈ OB but
	q /∈ OA and hence, B /∈ [A]�. If |B| = 2, we see that both
OB and OBc are not equal to {1}, implying that |[A]�| = 8. �

The (dark blue) bundle with the second highest entan-
glement value in Fig. 1(b) consists of the four unordered
bipartitions contained in the equivalence class [A]� where
A = C ∪ {{0, 2}} and C = {{1, 3}, {3, 4}, {1, 4}}. We note that
there exist exactly 10 bundles of this type, which are illus-
trated in Fig. 4 as the blue-violet bars.

Finally, we provide an example of a bundle that includes
the bundle in Fig. 1 with the highest final entanglement value.

Example 3 (Double spanning tree bipartition). Let
H = (V, E ) be a graph and A ⊂ E .

(i) If H |A and H |Ac are connected and their vertex sets
correspond to V , then {OA,OAc} = {{1}, {1}}.

(ii) Under the same assumptions as in (i), for all c|ψ〉 ∈ C,
|ψ〉 ∈ � with

∑
|ψ〉∈� |c|ψ〉|2 = 1 and |�〉 := ∑

|ψ〉∈� c|ψ〉 we
have

Spec(ρA) = {|c|ψ〉|2 ||ψ〉 ∈ �}, (26)

where ρA denotes the reduced density matrix of |�〉 of the
subsystem A.

Proof. (i) The first statement follows immediately from
Lemma 1.

(ii) To prove the second statement, we deduce from Propo-
sition 1 that each equivalence in R/∼A has size one. Using
Eq. (15) and (16) in the proof of Theorem 3, we derive

ρA =
∑

|ψ〉,|φ〉∈�

d|ψ〉,|φ〉|ψA〉〈φA|

with

d|ψ〉,|φ〉 = δ|ψ〉,|φ〉c|ψ〉c∗
|φ〉,

which shows Eq. (26). �
We note that determining the number of ways to partition

the edge set E of a graph H = (V, E ) into two connected span-
ning subgraphs H |A = (V, A) and H |Ac = (V, Ac) is known to
be a hard combinatorial enumeration problem. There is no
simple closed formula but it is related to the spanning tree
packing problem and Tutte’s theorem. In our experiments, we
used for the example in Fig. 1 a brute force counting algorithm
to count all these bipartitions where 120 unordered biparti-
tion with |A| = 4 and 96 unordered bipartition with |A| = 5
has been detected. Thus, in total we found 216 unordered
bipartitions and hence, 432 subsystems inside this bundle.
Moreover, we observe that for all subsystems B �∼R A that the
von Neumann entropy calculated with respect to B is smaller
than the von Neumann entropy calculated with respect to the
subsystem A. We also emphasize that for all subsystems in
[A]�, the entanglement spectrum provides information about
the composition of the entangled system state. Since the en-
tanglement spectrum is experimentally measurable (see [31]),
our theory could be used to identify a subset A that lies in
the equivalence class with {OA,OAc} = {{1}, {1}} which, by
Eq. (26), then allows to experimentally determine how many
basis states are present in the superposition of the system state
as well as how their weights are distributed.

5. Minor embedding: Technical details and results

In the final section we introduce some notations to describe
the minor embedding and define the generator set of this em-
bedding similar to the parity embedding. Let M = (VM, EM )
be a minor graph of the logical graph H = (V, E ) and for each
vertex v ∈ V

Cv = {(v, i) | i = 1, . . . , Nv} ⊂ VM,

the corresponding chain of v, where Nv is the number of
physical vertices in the chain Cv . Moreover, we define for
a weight f of VM the physical (configuration) state as
|ψ f 〉 := | f (n1) · · · f (n|VM |)〉, where

VM = {(v, i) | v ∈ V, 1 � i � Nv} = {n1, . . . , n|VM |}
is an enumeration of VM , and the set of all physical configura-
tion states H(VM ) := {|ψ f 〉 | f is a weight of VM}.

Definition 12 (Minor states). We call a weight
f : VM → Z2 of VM a minor weight if and only if for all v ∈ V
and for all i, j ∈ {1, . . . , Nv} f ((v, i)) = f ((v, j)), i.e., f is
constant on each chain Cv for v ∈ V . Moreover, for a minor
weight f , we call the physical state |ψ f 〉 a minor state and the
set of all minor states M := {|ψ f 〉 | f is a minor weight} the
minor state space.

Analogous to the parity embedding, we can define the
logical negation in the minor embedding along a chain Cv .

Definition 13 (Logical negation in the minor graph). For a
weight f of VM we call the mapping

l f : V × VM → Z2 : (v, n) �→ l f (v, n)

with

l f (v, n) :=
{

f (n), if n ∈ Cv,

f (n), else,

for v ∈ V and n ∈ VM a logical negation of the weight f .
Furthermore, we write lv ( fn) := l f (v, n).

Similar to Definition 11, we make use of the following
lemma to define the chain operator �v of a vertex v ∈ V as
follows.

Lemma 8. Let f : VM → Z2 be a weight of VM and v ∈ V .
Moreover, define

�v (|ψ f 〉) := |lv ( fn1 ) · · · lv ( fn|VM | )〉. (27)

(i) If |ψw〉 ∈ M, then �v (|ψw〉) ∈ M.
(ii) If |ψw〉 ∈ H(VM )\M, then �v (|ψw〉) ∈ H(VM )\M.
Proof. The proof proceeds analogously to that of

Lemma 5 and is therefore omitted. �
Definition 14 (Chain operator). For v ∈ V we call the

mapping �v : M → M defined by Eq. (27) the chain op-
erator of v and Γ := {�v | v ∈ V } ∪ {1} the set of all chain
operators, where 1 denotes the identity operator on M. As
for product operators, �v is a well-defined operator, as shown
in Lemma 8.

We note that, analogous to the parity embedding (see
Lemma 6), it can be shown that the set of all chain operators
Γ is a pointwise-disjoint generator set of M whose elements
are all self-inverse.
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VI. CONCLUSION

This work reveals an equivalence in entanglement be-
havior, demonstrating through numerical simulations that
different bipartitions can exhibit equal entanglement entropy
within a constrained subspace. We develop a theoretical
framework to describe this bundling effect in such subspaces
and derive a sufficient condition implying equal spectra for all
mixed states within that subspace. Beyond these theoretical
insights, our results also provide crucial practical applications.
Utilizing our theoretical framework, an a prior classification
of the bipartition classes enables to selectively measure the
entanglement of bipartitions which belong to different bipar-
titions classes. Depending on the quantum states that generate
the constrained subspace, this can reduce the experimental
time required to determine the total entanglement significantly
as measuring the entanglement of just a few bipartitions al-
ready suffices to obtain the total entanglement. Moreover,
based on our theoretical results, we derive efficient algorithms
that are applicable for the a prior determination of the bipar-
titions equivalences classes for constrained subspaces that are
generated through embeddings used in quantum optimization,
verifying the equivalence of two subsystems and can even
run in polynomial time. Finally, our analysis of the full en-
tanglement spectrum highlights the broad applicability of our
derivations, extending beyond entanglement entropy analysis
to quantum many-body physics in general.
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APPENDIX A: PARITY EMBEDDING EXAMPLE

The initial optimization problem (Fig. 3, left) of the embed-
ded problem analyzed at the beginning of Sec. III A is given
by the Ising spin Hamiltonian

H =
4∑

i=1

Jisi +
∑

1�i< j�4

Ji jsis j .

To implement local fields, the logical problem is first mapped
to the logical graph in Fig. 3 (middle) by introducing the
auxiliary vertex with index 0. Here the local fields Ji corre-
spond to the edges {0, i} and the interactions Ji j to {i, j} for
1 � i < j � 4 in the logical graph. As a second step, the log-
ical graph is mapped via the parity embedding to the physical

FIG. 3. Parity encoding applied to the optimization problem used
for the numerical simulations in Fig. 1. The left graph illustrates
the initial optimization problem, the middle graph the corresponding
logical graph and the right picture the physical graph embedded by
the parity encoding. The logical spins and the physical qubits are
presented by black cycles. The logical vertices are labeled by indices
0, 1, 2, 3, 4 inside the cycles and the vertices of the physical graph are
labeled in red above the cycles with indices 1, . . . , 10. The indices
inside the vertices of the physical graph indicate the corresponding
edges of the logical problem graph. The local fields of the Ising
Hamiltonian are presented by interactions with a logical ancilla spin
with index 0. The red triangles (blue squares) are three-body (four-
body) parity constraints. The logical line of vertex with index 3 is
marked in green.

graph given in Fig. 3 (right), where each of the 10 edges of the
logical graph corresponds to a vertex in the physical graph.
The local field J̃k of each physical vertex equals the weight of
its corresponding edge of the logical graph. The Hamiltonian
after applying the parity encoding, represented by the physical
graph in Fig. 3 (right), reads

Hp =
10∑

i=1

J̃iσ̃
(i)
z + HC,

where the penalty constraints are given in

HC =C1σ̃
(1)
z σ̃ (2)

z σ̃ (5)
z + C2σ̃

(5)
z σ̃ (6)

z σ̃ (8)
z

+ C3σ̃
(8)
z σ̃ (9)

z σ̃ (10)
z + C4σ̃

(2)
z σ̃ (3)

z σ̃ (5)
z σ̃ (6)

z

+ C5σ̃
(3)
z σ̃ (4)

z σ̃ (6)
z σ̃ (7)

z + C6σ̃
(6)
z σ̃ (7)

z σ̃ (8)
z σ̃ (9)

z .

The physical vertices are laid out in a square grid, where the
parity constraints are presented by three-body (red triangles)
or four-body (blue squares) plaquettes. Note that HC , and
therefore the physical graph, is not unique because differ-
ent sets of constraints can in principle be chosen. The only
requirement is that the chosen constraints span the entire
constraint space.

APPENDIX B: BUNDLES OF ENTANGLEMENT IN THE
PARITY EMBEDDING

Here, for the sake of completeness, we present the results
of the entanglement entropy bundle analysis across all 511
bipartitions of the numerical example in Fig. 1(b). We used
dbscan to find all bundles of the final entanglement values
SA(t f ) of all existing 511 unordered bipartitions {A, Ac}. Be-
cause of numerical rounding errors and their propagation,
we used a radius of 10−4 in the DBSCAN algorithm. The
bundles of all 511 unordered bipartitions are presented in
Fig. 4, where the determined groups of the final entanglement
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FIG. 4. Bundles of von Neumann entanglement entropy. On the left, all numerically detected entanglement entropy bundles for all 511
bipartitions for the first numerical example in Sec. III A are represented with bars. The bundles are enumerated from 0 to 50 along the x axis
and sorted by their maximal entanglement entropy value in ascending order. The y axis shows the number of bipartitions of each bundle. The
different colors of the bars indicate the number of bipartitions of varying size |A|. On the right a zoomed-in view of the first 50 bundles from
the left figure is shown.

entropy values are enumerated from the lowest to the highest
entropy value. Bipartitions with equal size |A| are presented
in the same color. We identified 26 entropy values consisting
of 20 bundles with four bipartitions, five bundles with 38
bipartitions and one bundle containing 216 bipartitions. The
remaining 25 values correspond to bundles containing a single
bipartition of size |A| = 1 (red boxes), or of size |A| = 2
(green boxes) if the subsystem A is a set of two disjoint
edges in the logical graph. In our example, where we consider
a complete graph with five vertices, the number of pairs of

disjoint edges is 15 that we can count using the green boxes
of height 1. We observe that there are two different types of
bundles of size four. One bundle, which corresponds to type
in Example 1, consists of three bipartitions of size |A| = 2
and one bipartition of size |A| = 3. The other type consists of
three bipartitions of size |A| = 3 and one of size |A| = 4, and
corresponds to bundles of the form that are presented in Ex-
ample 2. For both types of bundles we count 10 bundles. The
five bundles with 38 bipartitions can be identified via logical
lines and have been examined in Sec. IV B in more detail. The

(a) (b) (c)

FIG. 5. Entanglement spectrum dynamics for all bipartitions of the largest bipartition class given in the example at the beginning of
Sec. III A, which contains all bipartitions of the highest entropy bundle in Fig. 1(b). We present the entanglement spectra for all elements of
this class for each of the different annealing process Fig. 5(a) (adiabatic and restricted to �), Fig. 5(b) (nonadiabatic and restricted to �) and
Fig. 5(c) (nonadiabatic and not restricted to the �).
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FIG. 6. Dependency of bundling dependency on constraint
penalty strength. Illustration of the von Neumann entropy of the
bipartitions of three selected bundles of a six-qubit parity embedded
problem with three different penalty strengths (a) C = 3, (b) C = 4,
and (c) C = 5. Each annealing processes is realized with a linear
annealing schedule with t f = 50. The green dashed line marks the
average time 〈sm〉 of the entanglement entropy maxima, averaged
over all bipartitions.

bundle with the most bipartitions (216) corresponds to a type
of bundle investigated in Example 3.

APPENDIX C: ENTANGLEMENT SPECTRUM

To underline our theoretical results in Theorem 1, we illus-
trate in Fig. 5 the entanglement spectra of all 216 bipartitions
of the largest bipartition class for all three annealing processes
presented in Fig. 1. We observe in Fig. 5(b), where the an-

nealing process is not adiabatic and restricted to the parity
subspace � at the final annealing time, the final entanglement
spectra of all bipartitions is the same.

APPENDIX D: DEPENDENCE OF BUNDLING ON THE
ANNEALING IMPLEMENTATION

Here we examine the dependence of the bundling dynam-
ics on implementation parameters of the annealing process,
including the penalty strength C of the embedding constraints
and the selected annealing schedule. In addition, we investi-
gate the impact of thermal noise on the bundling dynamics.
In the following we consider an example with six parity em-
bedded physical qubits. The Hamiltonian for the annealing
processes is given by

H (t ) = A(t )H0 + B(t )(HJ − HC ),

where we call the first term A(t )H0 the driver Hamiltonian
and the second term with B(t )(HJ − HC ) the problem Hamil-
tonian. The first part of the problem Hamiltonian is given by

HJ =
5∑

m=0

J̃mσ̃ (m)
z ,

and the second part represents the constraint term

HC = C
(
σ̃ (0)

z σ̃ (1)
z σ̃ (3)

z + σ̃ (3)
z σ̃ (4)

z σ̃ (5)
z + σ̃ (1)

z σ̃ (2)
z σ̃ (3)

z σ̃ (4)
z

)
.

For the examples in Figs. 6, 8, and 10, we used the same logi-
cal problem, which, in the parity embedding, is characterized
by the local fields

J̃ = (0.96, 0.38,−0.56,−0.39,−0.54, 0.47)T . (D1)

1. Varying penalty strengths for embedding constraints

We investigate the dependence of the bundling dynamics
on the penalty strength C by simulating for each of 500

FIG. 7. Onset of bundling 〈sm〉 for different penalty strengths C. Illustration of the mean position 〈sm〉 for each of the 500 random instances
is determined for the penalty strength (a) C = 3, (b) C = 4 and (c) C = 5. (d) Distribution of mean position values 〈sm〉 for each of the three
penalty strengths C. The lower row shows the differences in the mean values for two different C values. Differences for the individual problem
instances are shown for (e) C = 3 versus C = 4, (f) C = 3 vs C = 5, and (g) C = 4 versus C = 5. Panel (h) compares the corresponding
distributions. Each of the presented results uses the same set of 500 random instances.
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(a) (b)

(c) (d)

FIG. 8. Dependency of annealing schedule. Entanglement dy-
namics for the same problem as in Fig. 6(b) with C = 4. Each of
the four plots shows on the y axis the time dependent von Neumann
entanglement entropy and on the x axis the normalized timescale
s(t ) = t/t f . As the parameter α, we chose (a) α = 1.25, (b) α = 1.5,
(c) α = 1.75, and (d) α = 2.

random problem instances an annealing process for three
different values of C. As the annealing schedule, we again
employ the linear schedule introduced in Sec. II B, defined by
s(t ) = t/t f and A(t ) = 1 − s(t ) and B(t ) = s(t ).

For this class of annealing protocols, entanglement is
known to develop in the regime where the driver and problem
Hamiltonians compete and to peak shortly before the problem
Hamiltonian takes over the dynamics [11]. Only thereafter
can the constraint term efficiently confine the system to QR,
giving rise to the emergence of bundling. Consequently, the
entanglement maximum SA(sA

m) = maxs SA(s) constitutes a

natural reference point for identifying the onset of bundling.
Hence, we take the mean position 〈sA

m〉A over the values sA
m

with maximal entanglement entropy as a reference point for
the onset of bundling and write for short 〈sm〉. The results
are presented in Figs. 6 and 7. While Fig. 6 demonstrates the
shift of the bundling onset of the Hamiltonian using the local
fields (D1) toward earlier times for larger values of C, Fig. 7
additionally shows the difference between the onset times for
various C values across 500 random instances with local fields
Ji, which were randomly chosen from the interval [−1, 1]. In
Fig. 6, we observe that the onset of bundling (indicated by
the green dashed vertical line) shifts to earlier times as the
penalty strength increases. For Fig. 7 we determined for each
of the 500 random instances the mean position 〈sm(C)〉 of
the maximal entanglement entropy for each of three different
C values and calculated the differences between them. As
we can see, the consistently positive difference shows that
increasing values of C shift the onset of bundling toward
earlier times.

A second noteworthy observation is that, although the 〈sm〉
values of the individual random instances are distributed rel-
atively uniformly over a broad range for each value of C,
the corresponding shifts in 〈sm〉 take only quantized values.
Which of these discrete difference values arises for a given
pair of C values still appears to depend on the specific ran-
dom instance. This raises several further intriguing questions
whose answers remain to be explored in future work.

2. Different annealing schedules

Similar to the investigations of the dependence of the mean
position of the maximum entanglement 〈sm〉 and the onset of
the bundle on the penalty strength C, we analyze here the
behavior of these entanglement characteristics for different
annealing schedules. To this end, we consider different an-
nealing schedules for a fixed C = 4 by varying the function

FIG. 9. Onset of bundling 〈sm〉 for different annealing schedule parameters α. The mean position 〈sm〉 for each of the 500 random instances
is determined for the schedule parameter (a) α = 2.0, (b) α = 1.5, (c) α = 1.0. (d) Distribution of mean position values 〈sm〉 for each of the
three schedule parameters α. The lower row shows the differences for two different α values. Differences for the individual problem instances
are shown for (e) α = 1.5 versus α = 2.0, (f) α = 1.0 versus α = 2.0, and (g) α = 1.0 versus α = 1.5. Panel (h) compares the corresponding
distributions. Each of the presented results uses the same set of 500 random instances.
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B(t ) = sα (t ) through the parameter α. The choice α = 1 cor-
responds to the linear annealing schedule used for the results
in Figs. 6(b) and 7(b).

In Fig. 8 we present the resulting entanglement dynamics
for the same bipartitions of the same problem instance (D1) as
in Fig. 6. We observe that increasing the value of α shifts the
onset 〈sm〉 to later time values. Compared with the variation
across different C values, a similar behavior is observed: when
the constraint term HC of the Hamiltonian H (t ) reaches a
certain relative weight with respect to the driver Hamiltonian
at later times, both the onset of the bundling and the maximum
entanglement are shifted to later times.

For the 500 random instances, we observe again that the
differences between the 〈sm〉 of two different α values cluster
to a few distinct values [Figs. 9(e)–9(g)], although the individ-
ual 〈sm〉 values of the random instances are broadly distributed
across a certain time interval [Figs. 9(a)–9(c)]. In this case,
the clustering of the 〈sm〉 shifts is even more pronounce than
that observed for different penalty strengths C. The medians of
these time ranges increase with increasing α, while the widths
of the ranges remain approximately constant [Fig. 9(d)]. A
similar behavior is observed for the ranges of the time dif-
ferences [Fig. 9(h)]: their widths remain nearly unchanged,
whereas their medians exhibit a clear shift. Moreover, all time
differences between a larger α value and a comparatively
smaller one are positive.

3. Thermal noise

In this section we investigate the effect of thermal noise
on the entanglement bundles. To this end, we consider the
entanglement dynamics for selected bipartitions of Example
D1 under weak to moderate thermal noise in a linear annealing
process with C = 4. Thermal noise was simulated using the
mesolve function of the python package QuTiP together
with the c_ops formalism for thermal dissipation. The results
are shown in Fig. 10. For thermal noise, we apply for each
physical qubit the emission operator

√
γ (δth + 1)σ+ and the

absorption
√

γ δthσ
†
+, where we use δ−1

th = e
ω
T − 1. In this

(a) (b)

(c) (d)

FIG. 10. Bundling with thermal noise. Illustration of the entan-
glement entropy of an annealing process with linear schedule for
a six-qubit parity embedding (a) without noise, (b) with very low,
(c) with low noise, or (d) with medium thermal noise. For the case
without noise, we used the von Neumann entanglement entropy as
a measure. For the three other cases with thermal noise we used the
logarithmic negativity NA as a measure for bipartite entanglement
entropy.

example, we used ω = 1, T = 0.05, and γ = 0.001 for very
low, γ = 0.005 for low and γ = 0.01 for medium noise.

As expected, coupling the system to a thermal bath leads
to a progressive reduction of the total entanglement entropy
within the system due to the loss of quantum information to
the environment. We observe that the onset of the bundling
of the entanglement still emerges around the point of maxi-
mal entropy. However, in the presence of thermal noise, the
bundles gradually disperse into distinct individual values dur-
ing the later stages of the annealing process. Moreover, the
final width of the distribution around the mean bundle value
increases with increasing noise strength.
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