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Heterosymmetric states of rotating quantum droplets under confinement
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We investigate the rotational response of confined two-dimensional quantum droplets, which emerge in a bi-
nary Bose mixture that is stabilized against collapse by beyond-mean-field effects. We consider both a harmonic
and an anharmonic external confining potential. We go beyond the widely employed single-order-parameter
model, maintaining separate order parameters for the two components, and calculating the lowest-energy state
for various values of the angular momentum. For a population-balanced quantum droplet and sufficiently strong
confinement, we find that for certain values of the angular momentum the droplet is excited in a “heterosym-
metric” manner, with the two components carrying different vorticities. We additionally investigate the effects
of a small population imbalance in the droplet. Apart from an energy increase associated with the population
difference, the imbalance also lifts the double degeneracy of the heterosymmetric states, which characterizes
the Z,-symmetric balanced droplet. The heterosymmetric mode is found to be favored by the energy term that

captures the beyond-mean-field effects in the mixture.

DOI: 10.1103/sh9r-k9rw

I. INTRODUCTION

Ever since the first dilute atomic Bose-Einstein conden-
sates were realized experimentally roughly 30 years ago
[1-3], the research in the field of cold atomic gases has been
expanding in various different directions. A subfield that has
attracted significant attention is that of mixtures of distin-
guishable atoms [4-6]. Quite generally, one can argue that the
additional degrees of freedom arising from the different com-
ponents, even in the simplest, two-component case, give rise
to a variety of effects which are absent in single-component
gases [7,8].

An interesting example of how the binary character of a
mixture gives rise to novel physics has been demonstrated
theoretically by Petrov [9]. In his seminal work, it was shown
that a two-component mixture with attractive intercompo-
nent interactions in the collapse threshold, unstable from
the mean-field point of view, is stabilized by the effectively
repulsive Lee-Huang-Yang energy term [10]. This term de-
scribes beyond-mean-field effects, namely, the fluctuations
of the Bogoliubov vacuum, which are normally negligible.
Via this mechanism, a self-bound object arises, called a
quantum droplet. The description of this mechanism was
subsequently extended to lower dimensions [11], and the
emergence of quantum droplets was also demonstrated exper-
imentally [12—17]. This novel system has attracted a lot of
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attention in the literature. Here, we point to the review articles
[18-20].

The rotational response of quantum droplets has been a
subject of extensive study, naturally driven by their superfluid
character. One of the characteristic properties of superfluidity
is the formation of quantized vortices when the superfluid
is set to rotation [21]. Quantum droplets indeed exhibit the
superfluid sign of quantized vortices [22-38], and they are
even found to manifest a mixed rotational state, combining
vortex and center-of-mass excitation [32,36], which does not
appear in single-component condensates.

It is interesting to note that the rotational properties of
quantum droplets, a mixture with attraction between its two
components, have a striking difference from the correspond-
ing case of intercomponent repulsion. In the latter case, the
rotating states generally tend to have one component localized
in the vortex core(s) of the other component, e.g., by forming
coreless vortices [39—46]. This arises as a consequence of the
minimization of the interaction energy, which favors phase
separation in the densities of the two components [8,47,48].
Conversely, in the former case, the minimization of the in-
teraction energy favors the overlap of the two components
[8], with the mixture tending to behave similarly to a single-
component condensate, especially in the case of equal masses.
This tendency is exploited widely in the study of quantum
droplets, where the system of coupled, nonlinear differential
equations that describe the system can be reduced to a single
equation, describing a single order parameter which is shared
between the two components [9,11]. The majority of works on
rotating quantum droplets utilize this reduced model. There-
fore, the two components of a rotating droplet have usually
been found to be excited in an identical manner.

The above is not to suggest that the physics of mixtures
with intercomponent attraction can always be reduced to the
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picture of a single-component gas. For example, a rotating
heteronuclear two-component mixture, with attractive inter-
component contact interactions, has been found to exhibit
exotic vortex lattice structures in the ground state, with the
components manifesting different lattice geometries [49]. In
the case of quantum droplets, a heteronuclear system has been
found to host vortices in only the most massive component
[30], with the lighter component hosting partially filled cores
that do not carry actual vorticity. Interestingly, such structures
have also been predicted in homonuclear quantum droplets
with an intercomponent interaction asymmetry [38].

Therefore, the question that arises, and the one we aim to
answer in this work, is with regard to cases where the reduced,
single-order-parameter model of a rotating droplet is insuffi-
cient to correctly describe the system. In other words, we seek
to determine under what circumstances the two components
of the rotating droplet are excited in a different manner. We
place an emphasis on “heterosymmetric” vortex states, where
the two components carry different vorticities. Such states
have been investigated in Ref. [28], for the case of two-
dimensional unconfined droplets. While in the unconfined
system vortex states are not the lowest-energy state for a given
value of the angular momentum [27], this can change in the
case of external confinement [32], as we also see here for the
case of heterosymmetric states.

In this work, we focus on two-dimensional confined quan-
tum droplets, with equal masses in the two components and
equal intercomponent interaction strengths. We consider both
cases of harmonic and anharmonic confinement. We demon-
strate that, for certain values of the angular momentum and
sufficiently strong confinement, the lowest-energy states are
heterosymmetric vortex states, which are naturally missed
by the single-order-parameter model. We determine that the
emergence of heterosymmetric lowest-energy states is due to
the competition among the various energy terms in the system,
with such configurations being favored by the beyond-mean-
field energy contribution. We also consider the effects of a
small population imbalance in the droplet. Interestingly, we
find heterosymmetric lowest-energy states even in the absence
of a population imbalance.

The remainder of the paper is organized as follows: In
Sec. II, we introduce the model we use, where we maintain
two separate order parameters for the two components. In
Sec. III, we present our numerical results for the case of
harmonic confinement, both for a balanced and an imbalanced
quantum droplet. We also present a semianalytic calculation
that supports these results. In Sec. IV, we present our nu-
merical results for the case of anharmonic confinement, again
for a balanced and an imbalanced quantum droplet. Finally,
in Sec. V we summarize and discuss the main results of this
work.

II. MODEL

We assume a binary (i =7, |) mixture with equal masses
of the atoms in the two components, my = m; = m. We also
assume that the mixture is confined to two dimensions via
a very tight harmonic potential along the axis of rotation.
The atoms are interacting weakly via short-range potentials,
which are determined by the coupling constants g4 and g

for the repulsive intraspecies interactions, and the coupling
constant g4 for the attractive interspecies interaction. Setting
m = h = 1, the energy density functional is [11]
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Here, A is an energy parameter introduced so that the (reg-
ularized) energy density does not explicitly depend on the
momentum cutoff. Its value is
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chosen such that §g =gy, + /8118, =0, ie., the mix-
ture is on the collapse threshold. Here, €;» = 4e~% /aizl.,,
where y is the Euler-Mascheroni constant and a;; are the

two-dimensional scattering lengths, related to the three-
dimensional ones via the formula
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where a, is the oscillator length in the confinement direction
and b ~ 0.915 [50]. Substituting €;;, one gets

dra’e
2 3D
a;, = ZT exp(—v2ma./a;)). “
Additionally, the coupling constants for the intra- and inter-
component interactions are given as

_ 4 5)
fir = In(e;ir/A)
Values of the two component densities n; = |W;|? that give

rise to a self-bound quantum droplet; that is, equilibrium
with the vacuum, lie close to the line ny/n, = ,/g,,/811
[9,11]. In the balanced case, the two component densities
are locked to this ratio, for which the first term in Eq. (1)
vanishes. If one additionally neglects any out-of-phase motion
between the components, the system can be described in terms
of a single order parameter, W = \/5% = 2w 1~ Thus, the
single-order-parameter model neglects fluctuations of the spin
channel, as well as vortex configurations characterized by dif-
ferent vorticities in the two components. Here, we go beyond
the single-order-parameter model, maintaining two separate
order parameters ;.

‘We assume an interaction-symmetric system, g4y = g, =
g- Equivalently, ay4 = a,|, = a and €44 = €, = €. Here, the
balanced case reduces to ny = n,, i.e., any imbalance in the
droplet will arise due to an imposed population difference.
Note that an interaction-symmetric balanced droplet is associ-
ated with a Z, symmetry, being invariant under the exchange
of the 1 and | atoms [51]. Under this assumption, we have
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and
4
g= @)
ln(aN/a)
It follows from Eq. (4) that
In(ay, ja) = = (2 - L), (8)
2\ a3P aﬁ

We also assume that the droplet is confined in a two-
dimensional quadratic-plus-quartic potential

o (1+057)
Vip) = s07p | 1+ A=), )
2 a%
where p is the radial coordinate, w is the frequency of the
harmonic potential, ag = +/1/w is the oscillator length, and
A is a dimensionless parameter which controls the strength
of the anharmonic part of the trapping potential. When A = 0
this potential reduces to the familiar harmonic form, V(p) =
%aﬂ 02, which we use in a large part of this work.
Let us introduce the following units: Here, we reinsert
m and 7, in order to make the definition of the units more
transparent. First, the unit of density is

e 21 In(ay) /a)

2
vy =
Taya

(10)

The unit of length is

aay In(ay /a)
== S (11)

while those of the energy Ej and of the frequency wy are

? h24e2r—1
E() = Fla)o = —

5= —————————. (12)
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Finally, the number of atoms is measured in units of Ny, where

In*(ar, /a)
No = W22l = 4—:.

In the rest of the paper, we work in dimensionless units, using
the units presented above.
The extended energy functional takes the form

13)
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where we have set D = In(ay /a), as defined by Eq. (8). Addi-
tionally, u; are the chemical potentials of the two components,
Q is the rotational frequency, and L is the angular-momentum
operator. Here, W; are normalized to the (scaled) number of

atoms in each component, [ |W;|*d*r = N;. We stress that
throughout this work, when we refer to the number of atoms,
we mean the scaled number, using the units of Eq. (13), unless
noted otherwise. In the following, we write N = Ny + N, for
the total number of atoms, and 6N = Ny — N, > 0 for the
population imbalance (thus, 1 and | will refer to the majority
and minority component, respectively). In addition, we refer
to the first nonlinear energy term as the “contact” term, and
the second one as the “logarithmic” term.

The corresponding coupled nonlinear Schrodinger equa-
tions that are satisfied by W; are [23,52-54]

wi¥i =[=3 V2 +V + Dl — Wi [*)
+ (19> + W 1) In(( > + [Wy1?) — QL]W,. (15)

The coupled equations are solved by numerically minimizing
the functional of Eq. (14), using the damped second-order-in-
fictitious-time method [55], which is a method for constrained
minimization. We work under the constraints of a fixed num-
ber N; of atoms in each component and fixed total angular
momentum L. In this scheme, u; and 2 are Lagrange multipli-
ers, corresponding to the conservation of the atom number in
each component and of the total angular momentum, respec-
tively. We use a square spatial grid, with dx = §y = 0.125,
which proves to be accurate enough, in the sense that it
produces results that are converged with respect to the grid
resolution. Also, the size of the calculation domain is larger
than presented in the figures below, in order to avoid boundary
effects.

Finally, we stress that we use a variety of trial order pa-
rameters as initial conditions for the calculations, considering
trial functions that are the same for the two components, as
well as different between them. The use of multiple initial
conditions in the calculation, for each value of the angular
momentum, and the comparison of the corresponding energies
of the solutions, are necessary to verify that we have reached
the lowest-energy state and not some local minimum of the
energy functional, which would correspond to an excited,
metastable state.

III. YRAST STATES OF HARMONICALLY CONFINED
QUANTUM DROPLETS

We initially focus on rotating quantum droplets confined
in a harmonic potential, setting A = 0 in Eq. (9). We generally
set w = 0.05 for the trapping frequency, in order to facilitate
a comparison with the results we have obtained using the
single-order-parameter model in Ref. [32]. Apart from being a
common form for the external trapping, a harmonic potential
also allows for a certain degree of analytic treatment, which
is useful in supporting the numerical calculations. We con-
sider a range of angular-momentum values and focus on the
yrast states; that is, the lowest-energy state for each value of
L. Additionally, we consider both balanced and imbalanced
quantum droplets. It is instructive to first give a brief overview
of some results regarding the low-angular-momentum limit
¢ K 1, where £ = L/N, before moving to vortex states.
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A. Center of mass and surface-wave excitation

A possible rotating state for a harmonically confined quan-
tum droplet is center-of-mass motion with respect to the trap
axis, while maintaining its internal correlations unaffected.
This excitation mode involves a dispersion relation; that is, the
energy as a function of the angular momentum E (L), which is
linear, with a slope equal to the trapping frequency. This is
a well-known result for the harmonic potential, in which the
center-of-mass coordinate separates from the relative coordi-
nates. In fact, for sufficiently weak confinement, this rotating
state appears as the yrast state, whereas beyond this limit
the angular momentum is carried by surface waves in the
lowest-energy state [32].

Let us recall here that there are two relevant length scales
in the problem. One is defined by the oscillator length of the
harmonic potential, ay = +/1/w, and the other by the droplet
radius, py o< +/N [27,32]. Roughly speaking, a weakly con-
fined droplet satisfies py < ag, that is, N or w is sufficiently
small, whereas a strongly confined droplet satisfies o9 > ay,
that is, N or w is sufficiently large. Equivalently, we may say
that the value of Nw is a measure of the confinement strength
for the droplet, with larger values corresponding to stronger
confinement. In particular, in Ref. [32] we have found, for
a balanced droplet within the single-order-parameter model,
that the critical value of Nw below which the droplet performs
center-of-mass rotation is approximately 4. More specifically,
for w = 0.05, the corresponding critical value of the total
number of atoms, which marks the transition to surface-wave
excitation, is N, = 80.5 [56]. Here, we found that these results
are reproduced exactly by the present model, which includes
two order parameters.

Regarding the case of surface-wave excitation, we have
found that the value of Nw also plays a role in determining the
excitation order k, in terms of a 2k—pole excitation; that is, the
shape of the deformation of the rotating droplet [57]. Note that
k corresponds to the number of phantom vortices surrounding
the rotating droplet. In particular, as Nw increases, the yrast
state turns from center-of-mass motion (which, in this scheme,
is associated with the dipole mode, k = 1), to surface waves
with a quadrupole deformation, k = 2. Then, as Nw increases
further, the surface-wave excitation involves an octupole de-
formation, k = 3, then a hexadecapole (16-pole) deformation,
k = 4, etc.

Within the present model, we also investigated the effects
of a nonzero population imbalance in the low-angular-
momentum limit. We found that the physical picture is
qualitatively the same as for a balanced quantum droplet,
apart from a density difference between the two components.
Regarding the crossover from center-of-mass motion to sur-
face waves, we found that the presence of imbalance slightly
modifies the transition in a quantitative manner. Specifically,
it induces a decrease of the critical value of N for which
the droplet turns to surface-wave excitation. This behav-
ior is illustrated in Fig. 1, which we have produced for
D =25 and w = 0.05. We see that as the population im-
balance increases, N, decreases, becoming 79 for éN/N =
0.03. We stress that this decrease is small, correspond-
ing to approximately 75 atoms in physical units, as per
Eq. (13).

81
80.5+ Surface waves
= 80r ]
79.5 COM J
79 w ‘
0 0.01 0.02 0.03

SN/N

FIG. 1. The critical value of the total number N of atoms for
which the droplet carries its angular momentum via surface waves
instead of center-of-mass motion, as a function of the population im-
balance ratio N/N. Here w = 0.05 and D = 25. This plot may also
be viewed as the low-angular-momentum phase diagram (produced
for £ =0.2) for an imbalanced droplet, involving center-of-mass
excitation below the curve, and surface-wave excitation above it.

B. Heterosymmetric vortex states of balanced droplets

The presence of surface waves in the low-L limit signi-
fies the emergence of vortex states as L increases. We have
investigated such states in detail within the present model,
particularly focused on configurations with different vorticity
between the two components; that is, heterosymmetric states.
For this reason, we are especially interested in values of L
that coincide with the population of either of the components.
We initially focus on the case of a balanced droplet, with
Ny =N, = N/2.

As the angular momentum increases, k — 1 of the afore-
mentioned phantom vortices in the periphery of the droplet
recede while the remaining one approaches the droplet,
progressively penetrating its surface. Within the single-order-
parameter model, we find that the vortex approaches the center
of the droplet as L increases further, settling at the origin for
L = N, in an axially symmetric configuration [32]. Through-
out all these L values, both components of the droplet are
excited in the same manner. We refer to this type of excitation
as the “phase-locked” mode. Within the present model, where
we maintain two separate order parameters, a more exotic situ-
ation arises for values of L &~ N/2. As L approaches this value,
for certain parameter values, a heterosymmetric excitation
mode becomes the yrast state, where a vortex appears only in
one component, accompanied by a partially filled vortex core
in the other component. In this case, the angular momentum is
carried predominantly by the component carrying the vortex.
We found numerically that this heterosymmetric state appears
as an yrast state only for sufficiently high values of Now, i.e.,
for sufficiently strong confinement. To interpret these numer-
ical findings, we developed a simple semianalytic model for
the crossover from the phase-locked to the heterosymmetric
state.

1. A semianalytic model

The energetic preference for the heterosymmetric states
over the states with an off-center vortex in both compo-
nents can be seen to arise due to the interplay between the
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trapping potential and the nonlinear energy terms. To illus-
trate this, let us consider the single-particle eigenfunctions of
the two-dimensional harmonic oscillator ¢,,,(o, 8), describ-
ing the Landau levels. Here, n is the radial quantum number
and m is the quantum number corresponding to the angular
momentum. In particular, we utilize the states

2 2
— e P /(2a0)’ 16
$oo N (16)
1 . 2
fo1 = —=—pe’e /D, (17)
Tag
and
1 ,02 2 /(2a2
b10 = Tea 1- ?>e—0 /@), (18)
0 0

We write Ny = (N +8N)/2and Ny = (N — §N)/2. Here, we
treat the general case of nonzero imbalance, before setting
SN =0 to obtain the final result. We develop the model
for states with angular momentum L = N, or equivalently,
angular-momentum per particle { = L/N = 1/2 — éN/(2N).
For the phase-locked state, where a vortex penetrates the sur-
face of both components, we write

Wi = VNi(W1 = €oo + v Cpon), (19)

where i =1, |. For the heterosymmetric state, with a (central)
vortex only in the minority component, we write

Winh = \/ZTT(\/%%O —Vdi¢o) (20)

and

Wy h = /N o (21

In the case of the phase-locked state, the values of the co-
efficients are fixed by the normalization and the expectation
value of the angular momentum we have chosen. For the 1
component of the heterosymmetric state, the normalization
condition is dy + d; = 1. Here we cannot employ a constraint
based on the angular-momentum value, as the states ¢oo and
@10 are both independent of 9, that is, the angular momentum
of Wy p is zero, regardless of the values of dy and d;. Instead,
we treat the second constraint, which is necessary in order to
determine both coefficients, in a variational manner. In partic-
ular, we choose them in such a way that the overlap between
the component densities is maximized; that is, the value of
f(|\IJT,h 1> — |\Il¢,h|2)2d2r is minimized. From a physical point
of view, this constraint reflects the attraction between the
two components and corresponds to the minimization of the
contact energy term, which has the smallest magnitude among
the energy terms of the system. This constraint, coupled with
the normalization condition, gives dyp = 0.74 and d; = 0.26
for a balanced droplet.

Substituting N, Ny, and £, and employing the binomial
approximation, which amounts to neglecting terms of order
(BN/N)?, we rewrite

N SN
Wyl = %_[(1 + W)%o + ¢01} (22)

and

N SN
W= g[fﬁoo + (1 - W>¢01i| (23)

for the phase-locked state, and

N SN
%,h=\g(1+ )(ﬂom—JdTm (24)

2N

and

W= X (1= g, 25)
v 2 2N

for the heterosymmetric state.
The total energy is

D
E= / |:5nn+ E('WT'Z — W, *)?

W42+ [, 2

Je

where &, denotes the linear energy density terms; that is, the
sum of the kinetic and potential energies

1
+ 5(|\11¢|2 + ¥, ) In i|d2r, (26)

1
Ein=Y (§|vw,-|2+vw,-|2>. 27)
=t

Substituting the order parameters, we obtain the energy of the
phase-locked state

2

pl 872a2| Lpl 271’\/_% 2,pl

— L+ I4,p1:|, (28)
pe_2p2(1 + p% +2pcos)’dodp,

p*e™ (cy +c_p? +2pcosh)’dbdp,

Il
oo p2m 5
L= / / pe " (cy + c_p* +2pcosh)’dbdp,
o Jo
I

and

o0 2
Lip = / / pe ¥ (e +c_p* +2pcosh)?
0 0
x In(cy + c_p* +2p cos0)dOdp. (29)

Here, we have defined c) = 6N/N,cy =1+ 6N/N,andc_ =
1 —6N/N. The Lw term in Eq. (28) is the contribution of
the kinetic-plus-potential energy, relative to the ground-state
energy of the harmonic potential. In addition, the term in-
volving the integral I, ,; represents the contact energy term,
while the rest of the terms arise due to the logarithmic energy
term. In the same fashion, we have for the heterosymmetric
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state

Ey =Lw+ Ncidio+ N DIih+1 N I
= LW C w — n|{ ———-
" T g2 2 Jeal )"

—hLn+ 14,h], (30)
where
00 2 )
L= / / pe > [F_(p))*d6dp,
0 0
o) 2 )
by = / f pe > [Fy(p)*d6dp,
0 0
[ee) 2 5
km==/1 /‘ p e [Fi(p)*dodp,
0 0
and

o0 2
ha= [ [ pe P IE@P 0F s, GD
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Here, for ease of notation, we have introduced the function

Fi(p) = cido + cidi(1 — p*)? = 2c+/dodi (1 — p*)
+c_p2. (32)

We see that the contribution of the kinetic-plus-potential
energy in the heterosymmetric state is increased by the term
Ncidyw, which arises due to the mixing of the second-to-
lowest Landau level ¢;o. We stress that the use of the ¢
state in the linear combination of Eq. (24) is crucial in de-
scribing the partially filled core in the 1 component; that is,
the density decrease close to p = 0. The state ¢y alone is not
adequate to capture this behavior. In particular, if one wrote
Wyh = \/JVT%O instead, the radial profile of W, ;, would re-
semble a bright soliton residing inside the vortex of the |
component (in a situation similar to the coreless vortices that
appear in binary mixtures with repulsive intercomponent in-
teractions), whereas in reality, it resembles a so-called gray
soliton [58—60]. This reflects the fact that the two components
do not phase-separate in the droplet system.

To investigate the crossover between the phase-locked and
heterosymmetric states, let us set E,; = Ej,. We then have

i (Y9 )y = 1) = 2D L D1y — i)

n(f—— — =—— —c

27_[\/2 2,pl 2,h N 1,h of1,pl
— (B — Bp) + Ian — Iy p1,

(33)

where we have substituted the oscillator length ag = /1/w.

Finally, solving for w, we obtain the critical value of the
trapping frequency for the crossover

2 |: 1 8n2cyd,
We=—exp|=+-—-11-——
N 2 N(IZA,pl - IZ,h)

+ D(hin — c3hp) — sy — Bp) + Ian — I4,p1:|
Lo — by ’

(34)

0.12
Heterosymmetric
0.08
3
0.04 .
Phase-locked
0 L L L L
120 140 160 180 200 220

N

FIG. 2. Solid line, with data points: the critical value of the trap-
ping frequency w for which a heterosymmetric state, with a vortex
only in the | component, appears as the yrast state, as a function of
the total number of atoms N. Here L = N, SN/N = 0, and D = 25.
Dashed line shows the semianalytic result we have derived for the
Crossover.

We have evaluated the integrals of Eqs. (29) and (31)
numerically for D = 25 and §N/N = 0, that is, for the bal-
anced case. In Fig. 2 we present the critical value w, for the
crossover, as a function of N, along with the fully numerical
results. We see that our semianalytic model underestimates the
value of w,. This is more pronounced for lower N, whereas
the agreement improves as the number of atoms increases.
This improvement is justified by the fact that the radius of
the (unconfined) droplet increases with N, and thus, for any
given w, the effects of the confinement also become more
important with growing N, making the use of the Landau
levels an increasingly better approximation. In addition, for
L =N/2 and for relatively low values of Nw, the rotating
droplet is in a state with quadrupole surface waves, rather than
in a state with an off-center vortex. As a result, Eq. (19) is
not as good an approximation for the order parameter in this
range. Here, a better approximation would result from mixing
the ¢ eigenfunction (rather than the ¢, one) with ¢y.

Most importantly, this simple semianalytic model shows
that the crossover to the heterosymmetric state is associated
with the value of Nw, that is, with the confinement strength,
with the heterosymmetric state being favored by stronger con-
finement. This behavior is in agreement with our numerical
results. Let us consider the energy difference Ey, — Ej. In our
model, for a given N, the contribution to Ey, — E, arising from
the kinetic-plus-potential and contact energy terms increases
linearly with w. At the same time, the contribution due to the
logarithmic energy term decreases faster than linearly with
w, due to the logarithmic factor multiplying the integrals /5 i
and I, . For w = w,, this decrease exactly counterbalances
the increase of the rest of the energy terms, making the het-
erosymmetric state the yrast state beyond this line, where
Ey < Ejp . We stress that both the decrease of the logarithmic
energy term in the heterosymmetric state, as well as the cor-
responding increase of the rest of the terms, have also been
observed in the numerical results.

From our model follows that increasing the value of D
moves the crossover toward higher values of w. This has also
been confirmed by our numerical results. The same holds for
an increasing imbalance ratio §N/N. It is worth noting that
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FIG. 3. (a)—(c) The densities (left column, in units of lI-'g) and the
phases (right column) of the droplet order parameters, in the yrast
state, for N = 200, 6N =0, w = 0.05, A =0, D =25, and (a) £ =
0.4, (b) £ = 0.47, and (c) £ = 0.5. The unit of length is x. (d) and (e)
Same as panels (a)—(c) but for £ = 0.57 and 0.6, respectively. (f) The
corresponding dispersion relation in the rotating frame, with Q =
0.03. The unit of energy is Ey, and the unit of angular momentum
is Ai.

both these cases are associated with an increase of the contact
energy term.

2. Numerical results

To illustrate our results regarding the heterosymmetric
states in more detail, let us focus on a specific case, with
N =200 and @ = 0.05. This value of the trapping frequency
places the droplet above the critical line of Fig. 2. In Fig. 3
we present selected numerical results for the yrast states of
the rotating droplet, for various angular-momentum values
close to L = N/2, or equivalently, £ = 0.5. For £ = 0.4 we see

. 16 s
0 -16 -

(@ 16 0 16

s

0.4 0.45 0.5 0.55 0.6

0 I I I I I
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l
FIG. 3. (Continued).

that the droplet exists in the phase-locked state, with a vortex
having penetrated the surface of both components [Fig. 3(a)].
Between ¢ =0.46 and 0.47 there exists a discontinuous
transition from a phase-locked to a heterosymmetric state,
which is shown in Fig. 3(b). Here, a vortex has entered only
component |, along with a partially filled core, in the same
position, in component 1. Note that the phase of the order
parameter of component 1 displays no discontinuity line,
confirming that the density dip is not a true vortex.

As ¢ increases, the off-center vortex moves toward the
center of the trap. For £ = 0.5 the vortex naturally settles at
the origin, in an axially symmetric configuration [Fig. 3(c)].
As the angular momentum increases further, the droplet de-
velops (octupole) surface waves in the heterosymmetric state
[Fig. 3(d)]. Finally, between ¢ = 0.57 and 0.58, there is again
a discontinuous transition, this time from the heterosymmetric
state back to the phase-locked state [Fig. 3(e)]. For £ > 0.58,
the yrast states of the droplet turn out to be the same as those
predicted by the single-order-parameter model [32], which
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FIG. 4. The angular momenta of component 1 (orange line) and
component |, (black line) in the yrast state, as a function of the total
angular momentum per particle £. Here N = 200, 6N = 0, w = 0.05,
and D = 25. The upper dotted horizontal line corresponds to L =
N; = Ny, = N/2. The unit of angular momentum is 7.

means that no other heterosymmetric states appear as yrast
states in this case.

Let us point out here that heterosymmetric states with two
or more vortices in only one component can appear as excited
states. In that sense, the heterosymmetric state with a single
vortex, which we analyze here, is special. In particular, its
axial symmetry allows it to achieve a lower mean density,
which is favored by the logarithmic energy term, and can
make it the yrast state.

In Fig. 3(f) we also present the dispersion relation in the ro-
tating frame, i.e., E;o((€) — E(£ = 0) where E.(£) = E(€) —
QL, for a chosen value of the rotational frequency 2 = 0.03.
Plotting the dispersion relation in the rotating frame instead
of the laboratory frame serves to make the structure of the
curve more clearly visible. We see that the curve displays
a kink for £ = 0.5, that is, a structure with a discontinuity
in the slope of the curve, which corresponds to the axially
symmetric heterosymmetric vortex state. Such a kink also
appears for ¢ = 1, which here corresponds to a phase-locked,
axially symmetric single vortex in both components.

The curve demonstrates that the rotating droplet initially
lowers its energy by entering the heterosymmetric excitation
mode, rather than remaining in the phase-locked mode (which
is displayed by the dashed line in the inset). However, the
emergence of surface waves for £ > 0.5 increases the energy
of the heterosymmetric state. In particular, the energy as a
function of £ increases more rapidly in that excitation mode,
compared with the phase-locked state with an off-center vor-
tex, and eventually the phase-locked state is favored again. In
both transitions, to and from the heterosymmetric mode, there
is a level crossing in the dispersion relation, indicative of the
discontinuous nature of the transitions.

It is instructive to note how the angular momentum is
distributed between the two components of the droplet in the
various yrast states we have uncovered. This is presented in
Fig. 4, where we have focused on the same range of £ values
as in the inset of Fig. 3(f). In the phase-locked states, the
angular momentum is shared equally between the two compo-
nents. When the yrast state transitions to the heterosymmetric
mode, the angular momentum is carried predominantly by
component |, that is, the component that carries the vortex.

FIG. 5. The vortex profiles for the L = N, state (solid lines) and
the L = N state (dashed lines), with N = 200, SN = 0, w = 0.05,
and D = 25. Black lines refer to component |, and orange lines refer
to component 1. The unit of density is W3 and the unit of length
1S Xp.

More specifically, for £ < 0.5, component 1 carries a minor
fraction of the total angular momentum, which arises from
the deviation from axial symmetry (due to the off-center par-
tially filled core). Then, for £ = 0.5, we have Ly =0 and
L, = N, = N/2, that s, the entirety of the angular momentum
is carried by component |,.. For £ > 0.5, the emergence of sur-
face waves imparts angular momentum to both components,
with the majority still carried by component | . Finally, when
the droplet transitions back to the phase-locked mode, the
angular momentum is again shared equally.

It is important to note that, in the balanced case we treat
here, the vortex appearing in component |, instead of com-
ponent 1 is a consequence of the specific initial conditions
we chose for the order parameters. Indeed, we have just as
straightforwardly produced heterosymmetric states where the
vortex is located in component 1 instead, by interchanging
the trial order parameters between the two components. These
states have the same energy as the states we present here,
i.e., the heterosymmetric states in a balanced droplet are
doubly degenerate for each angular-momentum value, with
each pair related by interchanging the location of the vortex
and the partially filled core between the components. This
double degeneracy is a manifestation of the underlying Z,
symmetry, which is spontaneously broken [61]. In practice,
the presence of even slight deviations from our assumption of
a balanced system, that is, a population asymmetry, will lift
this degeneracy via explicit breaking of the Z, symmetry, as
we demonstrate in the following section. We stress that such
deviations are effectively unavoidable in an experimentally
realistic situation. We also note that in a balanced droplet with
an interaction asymmetry, the populations N, | are different;
that is, the system is not Z,-symmetric under the exchange of
the 1 and | atoms, so this degeneracy does not arise [38].

Another interesting aspect of the heterosymmetric states
is that the radial width of the vortex core exhibits a marked
decrease, compared with that of a vortex existing in both com-
ponents. This is illustrated in Fig. 5, where we plot the vortex
profiles for L = N, and L = N. According to our numerical
results, the radius of a vortex existing in only one component,
calculated at the density half maximum, is approximately 37%
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FIG. 6. (a)—(d) The densities (left column, in units of \1/3) and
the phases (right column) of the droplet order parameters, in the
yrast state, for N = 200, w = 0.05, . =0, N =5, D =25, and
(a) £ =0.4, (b) £ =0.47, (c) £ = 0.4875, and (d) £ = 0.5. The unit
of length is xj. (e)—(g) Same as panels (a)—(d) but for £ = 0.5125,
0.57, and 0.6, respectively. (h) Solid line, with data points: The corre-
sponding dispersion relation in the rotating frame, with 2 = 0.035.
The dashed vertical lines mark the values L = N and N;. Dashed
line: The dispersion relation of the balanced droplet (6N = 0). The
unit of energy is Ey, and the unit of angular momentum is 7.
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FIG. 6. (Continued).

smaller than the width of a vortex existing in both compo-
nents. From a physical point of view, the nonzero density at
the partially filled core in component 4 induces an attraction
to the particles in component |, which in effect decreases the
vortex width. A similar decrease of the vortex radius in the
heterosymmetric state has also been noted in the case of a
heteronuclear quantum droplet [30].
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C. Heterosymmetric vortex states of imbalanced droplets

Let us now turn to the case of an imbalanced self-bound
droplet, investigating the effects of a small population asym-
metry between the two components. An obvious characteristic
of the imbalanced droplet is that the two components will
display a density difference between them. Regarding the
heterosymmetric states in particular, an interesting feature of
the imbalanced system is that there exist two different values
of the angular momentum, L = N, and L = N;, which are
expected to support an axially symmetric, heterosymmetric
state, lifting the aforementioned degeneracy that appears in
the balanced system. Here, we repeat that 1 and | refer to
the majority and minority components, respectively. In other
words, the presence of a nonzero population imbalance ex-
plicitly breaks the Z, symmetry, as the system is no longer
invariant under the exchange of the 1 and | atoms. As a
result, the double degeneracy of the heterosymmetric yrast
states is lifted. Indeed, we have found that when the angular
momentum increases toward N the droplet transitions to a
state where the vorticity is carried by component |, and when
it approaches Ny, it transitions to a state where the vorticity is
carried by component 1, instead.

The requirement of strong enough confinement for the
heterosymmetric states to appear as yrast states also holds for
the imbalanced case. In particular, and as we have mentioned
above, the presence of a population imbalance moves the
crossover toward slightly higher values of w. This is confirmed
by both the numerical results and the semianalytic model we
have developed.

For the presentation of specific numerical results, we focus
on N = 200 and w = 0.05, as in the balanced case, while we
additionally set SN = 5. We have varied the angular momen-
tum per particle from ¢ = 0 up to 3, calculating the yrast
state for each value. Selected results from these calculations
are presented in Fig. 6. For £ = 0.4 [Fig. 6(a)], the droplet
exists in a phase-locked state. For £ = 0.47 [Fig. 6(b)], the
yrast state turns out to be a heterosymmetric state, with an
off-center vortex in component |.. As in the balanced case, the
transition from the phase-locked to the heterosymmetric state,
which is located between £ = 0.46 and 0.47, is first-order,
i.e., the slope of the dispersion relation exhibits a disconti-
nuity, associated with a level crossing. For ¢ = 0.4875, that
is L =N, the vortex in component | settles at the origin
[Fig. 6(c)]. Between £ = 0.49 and 0.5 there exists another
discontinuous transition, from a heterosymmetric state with
a vortex in the component | to another heterosymmetric
state, with an off-center vortex in component 1 [Fig. 6(d)].
For £ = 0.5125, that is L = Nj, this heterosymmetric state
again turns axially symmetric [Fig. 6(e)]. Then, for ¢ >
0.5125, it also develops surface waves at both components,
as shown in Fig. 6(f) for £ = 0.57. Finally, another discon-
tinuous transition appears between ¢ = 0.58 and 0.59, and
the yrast state turns out to be a phase-locked one, as shown
in Fig. 6(g). Beyond this value of the angular momentum,
the vortex in both components continues approaching the
origin, until, as expected, it settles at the center of the droplet
for¢ = 1.

In general, for an imbalanced rotating droplet, we have
found that, for sufficiently high values of the angular

momentum (in our specific case £ > 0.59), the two com-
ponents are excited in the same manner, and the picture
is qualitatively similar to the balanced case, apart from the
noted density difference among the two components. In the
case presented here in particular, for ¢ > 1, a second singly
quantized vortex eventually enters both components of the
droplet. At this point, the droplet becomes saturated with
vortices, in the sense that it is not energetically favorable to
host additional vortices as the angular momentum increases
further. Then, for £ > 2.4, the additional angular momentum
is carried via center-of-mass excitation of the state that hosts
two vortices. This “mixed” mode of excitation constitutes a
novel aspect in the rotational response of self-bound quan-
tum droplets, and has been studied in detail for the balanced
case [32,36].

In Fig. 6(h) we present the corresponding dispersion re-
lation in the rotating frame, for a chosen value of Q =
0.035. We also plot the dispersion relation of the balanced
droplet, measured against the nonrotating ground-state energy
E(€ = 0) of the imbalanced droplet. The inset of Fig. 6(h)
focuses on the region 0.4 < £ < 0.6. We see that the dis-
persion relation here displays two separate kinks (points of
slope discontinuity), for L = N, and N;, which correspond to
the two axially symmetric heterosymmetric states discussed
above. This is the most striking difference between the bal-
anced and the imbalanced case regarding the heterosymmetric
rotating states. Essentially, when SN takes a nonzero value,
the single kink that appears for L = N, = Ny = N/2 (with
0N = 0) separates into two kinks, as shown in the inset, which
signifies that the degeneracy of the two heterosymmetric states
is effectively lifted by the population asymmetry. As in the
balanced droplet, another kink appears for £ = 1, which is
actually the global minimum of the curve for this particular
value of Q. Finally, for £ > 2.4 the dispersion relation turns
linear, with a slope equal to @ = 0.05. This is a characteristic
of the center-of-mass motion of the (vortex-carrying) droplet
[32], as the nonlinear energy terms do not depend on L for
£ > 2.4. Quantitatively, and as is apparent in Fig. 6(h), the
dispersion relation of the imbalanced droplet exhibits an en-
ergy increase compared with the balanced one, owed to the
positive contribution of the contact energy term (which is
identically zero for the phase-locked states in the balanced
system).

As in the balanced case, it is interesting to see how the
angular momentum is distributed in the two components in
the region of heterosymmetric excitation. This is presented
in Fig. 7. We see that in the phase-locked states, the angular
momentum is shared between the two components, albeit not
equally, but rather proportionally to each population. When
the droplet transitions to the heterosymmetric state with a
vortex in component |, the angular momentum is carried
predominantly by this component (in particular for L = N,
L, =N, and L, = 0). The opposite happens when the droplet
transitions to the heterosymmetric state with a vortex in
component |,. Here, the angular momentum is carried pre-
dominantly by component 1, and in particular for L = Ny,
we have L, =0 and Ly = N;. The abrupt crossings of the
angular momenta L,  signify the discontinuous nature of
these transitions. Finally, when the droplet transitions back
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FIG. 7. The angular momenta of component 1 (orange line) and
component |, (black line) in the yrast state, as a function of the total
angular momentum per particle £. Here N = 200, 6N = 5, w = 0.05,
and D = 25. The dotted vertical lines correspond to L =N, and
N;, as do the upper dotted horizontal lines. The unit of angular
momentum is 7.

to the phase-locked mode, the angular momentum is again
shared proportionally.

IV. YRAST STATES OF ANHARMONICALLY
CONFINED QUANTUM DROPLETS

Let us now turn to the case of anharmonic confinement of
rotating quantum droplets. An interesting feature of such a
potential is that it effectively obtains a sombrero shape for
Q > w, with its minima located in a circular region around
the center of the trap. This has important consequences for
the rotational response of the droplet.

One hallmark of anharmonic confinement is the appear-
ance of multiply quantized vortex states, for certain values
of the angular momentum, facilitated by the sombrero shape
of the effective potential. This is also the case for droplets in
particular, for an appropriate set of parameter values [34]. In
the light of the heterosymmetric states that we have uncovered
in the case of harmonic confinement, a natural question here is
whether a similar picture arises for an anharmonic potential,
with heterosymmetric multiply quantized vortex states ap-
pearing as yrast states. To explore this possibility, we focus on
an anharmonically confined droplet with N = 200, v = 0.05,
A =0.05, and D = 25, calculating the yrast state for various
values of ¢. This particular set of values is useful in directly
comparing our present results with those of the single-order-
parameter model of Ref. [34].

A. Heterosymmetric multiply quantized vortex
states of balanced droplets

Initially, we have set SN = 0, focusing on the balanced
case. We have varied the angular momentum per particle up to
£ = 7. Naturally, for the heterosymmetric multiply quantized
vortex states that we seek, half-integer values of ¢ are of
particular interest. For such values, a possible rotating state
is a multiply quantized vortex in each component, but with
the quanta of circulation (i.e., the winding number) differing
by one unit between the components.

In particular, the yrast state we have found for ¢ =
0.5 is a heterosymmetric state with a vortex only in

component |,. This state is essentially the same as the one
we identified and analyzed for the harmonic potential. Then,
for 0.5 < £ < 3, we have produced a series of phase-locked
yrast states, holding up to three singly quantized vortices in
both components. In this range of ¢ values, the results are
identical to those of the single-order-parameter model [34].
For ¢ = 3, the yrast state is a phase-locked, triply quantized
vortex state. Moving further, £ = 3.5 constitutes a candidate
value for a heterosymmetric multiply quantized vortex state.
However, the yrast state produced by our calculation is a
phase-locked state with three singly quantized vortices in an
asymmetric configuration, as in the single-order-parameter
model [34].

The picture becomes more interesting for £ > 4. In Fig. 8,
we focus on the range 4 < ¢ < 6. For £ = 4, the yrast state is
a phase-locked, quadruply quantized vortex state [Fig. 8(a)].
Then, for ¢ = 4.5, the yrast state turns out to be a het-
erosymmetric multiply quantized vortex state, with winding
numbers Sy =4 and S| = 5, as is apparent in the phase plots
of Fig. 8(b). Contrary to the phase-locked states, in which
the angular momentum is shared equally between the two
components, here it is distributed according to the carried
vorticity: we have Ly = 4Ny =2N and L, = 5N, = 2.5N,
given that Ny = Ny = N/2. Naturally, this state is missed by
the single-order-parameter model, which predicts a phase-
locked quadruply quantized vortex that deviates from axial
symmetry [34]. For £ = 5, the yrast state is a phase-locked,
multiply quantized vortex state, with a winding number S =
Sy =8, =5 [Fig. 8(c)]. For £ = 5.5, we have another candi-
date for a heterosymmetric state. Rather, the calculation has
produced a phase-locked localized yrast state which breaks
the axial symmetry, as shown in Fig. 8(d). Then, for £ = 6,
the yrast state is again a phase-locked vortex state, with § =
Sy =8, = 6 [Fig. 8(e)]. Finally, for 6 < £ < 7, the yrast state
has been found to be a phase-locked localized state, similar to
the one that appears for £ = 5.5.

Figure 8(f) presents the corresponding dispersion relation
in the rotating frame, with Q2 = 0.063 > w and focused on the
range 4 < £ < 6. For each of the integer values of ¢, which
in this range correspond to phase-locked multiply quantized
vortex states, there is a familiar kink, i.e., slope discontinuity.
In the plot, this is more apparent for £ = 5, which is the global
minimum of the curve for this value of Q. Another such kink,
albeit shallower, appears for £ = 4.5 and corresponds to the
heterosymmetric state. The dashed line connecting ¢ = 4.4 to
4.6 is the energy of the phase-locked state. Again, we see
that the rotating droplet lowers its energy by entering the
heterosymmetric state (via a discontinuous transition). Con-
versely, no kink appears for ¢ = 5.5, where the yrast state is a
phase-locked state.

Let us mention here that the appearance of multiply quan-
tized vortex states (both heterosymmetric and phase-locked)
only for a certain range of £ values is due to the nonmonotonic
dependence of the energy on the density. The mean density of
the droplet decreases with increased vorticity, and that makes
these states favored by the logarithmic energy term only up
to a limit. For the heterosymmetric states in particular, this
dependence makes the £ = 4.5 state energetically favorable
over the phase-locked state, while the opposite is true for
£ =3.5and5.5.
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FIG. 8. (a)—(c) The densities (left column, in units of \Ilg) and
the phases (right column) of the droplet order parameters, in the
yrast state, for N = 200, v = 0.05, A = 0.05, SN = 0, D = 25, and
(a) £ =4, (b) £ =4.5, and (c) £ = 5. The unit of length is xy. (d)
and (e) Same as panels (a)—(c) but for £ = 5.5 and 6, respectively.
(f) The corresponding dispersion relation in the rotating frame, with
2 = 0.063. The unit of energy is Ey, and the unit of angular momen-
tum is /.

In total, we have found that the present model generally
reproduces the results of the single-order-parameter model,
with the important exceptions of the heterosymmetric states
that appear for £ = 0.5 and ¢ = 4.5. The latter in particu-
lar is a manifestation of the anharmonicity of the confining
potential. We have found that the requirement of strong con-
finement for the appearance of heterosymmetric yrast states,
as established for the harmonic potential, also applies for
the anharmonic case we treat here. For example, for a de-
creased value of the trapping frequency, w = 0.04, and the
rest of the parameter values unchanged, the heterosymmetric
state with £ = 4.5 does not appear as an yrast state, as a

0.36

0.18£

FIG. 8. (Continued).

phase-locked state has lower energy. Conversely, for w =
0.04, the heterosymmetric state with £ = 0.5 remains the yrast
state, even though for a purely harmonic potential with the
same frequency it is not the yrast state. We therefore deduce
that the introduction of anharmonicity in the confining poten-
tial, which in effect strengthens the confinement, has the effect
of slightly lowering the value of w,, which is required for the
crossover to the heterosymmetric state with a vortex only in
one component. This effect may also be accounted for in the
semianalytic model we have developed by treating the quartic
part of the potential as a perturbation.

The discussion regarding the double degeneracy of the
heterosymmetric yrast states in a balanced droplet, as laid out
in the previous section, also applies for any possible multiply
quantized vortex state. In particular, the heterosymmetric state
we have uncovered for £ = 4.5 has the same energy as a
state where the circulations are interchanged between the two
components. It is also interesting to note that we have not
uncovered any heterosymmetric yrast state with the vorticities
of the two components differing by more than one unit. From
our calculations of such states, we have noted that they are
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FIG. 9. (a)—(c) The densities (left column, in units of \Ilg) and
the phases (right column) of the droplet order parameters, in the
yrast state, for N = 200, v = 0.05, A = 0.05, SN = 5, D = 25, and
(a) £ =4.4875, (b) £ = 4.5, and (c) £ = 4.5125. The unit of length is
Xo- (d) and (e) Same as panels (a)—(c) but for £ = 5.4875 and 5.5125,
respectively. (f) The corresponding dispersion relation in the rotating
frame, with 2 = 0.063. The dashed vertical lines mark the values
L= 4N¢ + SNl’ 5N¢ +4N¢, SNT + 6N¢, and 6NT + 5N¢ The unit
of energy is Ep, and the unit of angular momentum is /.

associated with a significant increase of the kinetic energy,
which precludes them from appearing as yrast states, at least
for the parameter values that we have explored.

B. Heterosymmetric multiply quantized vortex
states of imbalanced droplets

Finally, let us turn to the case of a rotating imbalanced
droplet, focusing on how the heterosymmetric multiply quan-
tized states are affected by a small population asymmetry.
A qualitative difference in that case is that, in seeking such
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states, one is particularly interested in angular-momentum
values that constitute linear combinations of integer multiples
of the two component populations, rather than half-integer
values of £. In essence, for L = mN; 4+ nN, with m and n pos-
itive integers, a possible rotating state is an axially symmetric,
heterosymmetric vortex state, with m quanta of circulation in
component 1 and n quanta in component .. As in the balanced
case, we have found that, when such configurations appear
as yrast states, they differ by one unit of circulation; that is,
n =m =% 1, and the corresponding angular momenta of such
states are L = mN; 4+ (m £ 1)N, neighboring a half-integer
£ value.

We have set SN =5 and have again varied the angular
momentum per particle up to £ = 7. For £ = 4.4 we have
found a phase-locked state. Then, for £ = 4.4875, that is, L =
4N} 4 5N, we have found a heterosymmetric vortex state
with winding numbers Sy =4 and S, =5 [Fig. 9(a)]. For
£ = 4.5 we have found a similar yrast state, which, however,
slightly deviates from axial symmetry, as shown in Fig. 9(b).
This asymmetry is more apparent in the phase plot, where the
discontinuity lines appear slightly shifted. This illustrates the

033301-13



NIKOLAOU, KAVOULAKIS, AND OGREN

PHYSICAL REVIEW A 114, 033301 (2026)

fact that the heterosymmetric states we present here do not
appear only for singular values of the angular momentum, but
rather for a small range of values, surrounding each axially
symmetric state with L = mNy + (m &= 1)N. For £ = 4.5125,
that is, L = 5N; + 4N, we have found another heterosym-
metric vortex state, now with §4 =5 and S, = 4 [Fig. 9(c)].
Again, we observe a lifting of the degeneracy between the
states of Figs. 9(a) and 9(c) due to the population imbalance.

For 4.6 < £ < 5.4, we have again found the yrast states
to be phase-locked, as in the balanced system. Interestingly,
for £ = 5.4875 (L = 5N; + 6N|) we have found a heterosym-
metric, multiply quantized yrast state, with winding numbers
Sy =5and S, = 6 [Fig. 9(d)], even though such a state does
not appear as an yrast state in the balanced case. Similarly,
for £ = 5.5125 (L = 6N; + 5N) the yrast state is again het-
erosymmetric, with Sy = 6 and §| = 5 [Fig. 9(e)]. Therefore,
we observe that the presence of a population imbalance has
the effect of increasing the number of heterosymmetric states
that appear in the yrast curve. It is also interesting to note
that, for £ = 5.5, the yrast state is not heterosymmetric but
rather phase-locked, similar to the state of Fig. 8(d). Finally,
for 5.6 < £ < 7, we have found that the yrast states are again
phase-locked, similarly to the balanced case.

In Fig. 9(f) we present the corresponding dispersion rela-
tion in the rotating frame, again for Q = 0.063. Overall, the
result is similar to the balanced curve of Fig. §(f), although
there is an energy increase compared with the balanced curve
(not shown in this plot). We now observe two separate kink,
i.e., slope discontinuity for £ = 4.4875 and 4.5125 (instead
of one for £ = 4.5) which correspond to the heterosymmet-
ric states of Figs. 9(a) and 9(c). Additionally, we observe
two kinks for £ = 5.4875 and 5.5125, corresponding to the
heterosymmetric states of Figs. 9(d) and 9(e), whereas the
balanced curve has a continuous slope in this region of ¢
values. The ¢ = 5.5125 kink is only slightly apparent in the
plot, due to its energy being very close to that of the corre-
sponding phase-locked state. We note here that the transitions
between different heterosymmetric states, as well as between
heterosymmetric and phase-locked states, are discontinuous.
This means that, between £ = 5.4 and 5.6, there exist four
discontinuous transitions, all in a relatively small range of
angular-momentum values. Consequently, in this range of ¢
values there are six discontinuities in the slope of the curve:
four corresponding to the phase transitions (which are not
displayed in the plot), and two corresponding to the axially
symmetric vortex states.

V. COMPARISON WITH THE REDUCED MODEL

Clearly, part of the value of the present study lies in
determining the range of accuracy of the simpler, single-order-
parameter model, which is very often employed. Naturally, if
one wishes to study an imbalanced droplet, only the present
full model is applicable. Even in the balanced case, significant
care should be taken when investigating angular-momentum
values that are candidates for supporting heterosymmetric
yrast states, especially in cases of strong confinement, as the
single-order-parameter model does not reproduce such config-
urations. For a harmonic potential, we have demonstrated this

for a range of £ values close to 0.5, where we have identified a
series of heterosymmetric states. For an anharmonic potential,
we have found that heterosymmetric yrast states additionally
appear in certain ranges of the angular momentum per parti-
cle, close to half-integer values. Therefore, when investigating
the lowest-energy configuration for such values of the angular
momentum, the full model is irreplaceable in determining the
correct state when this is a heterosymmetric state.

The calculations in this work have been carried out un-
der the constraint of fixed angular momentum. However, the
knowledge of the dispersion relation, that is, the yrast en-
ergy as a function of the angular momentum, allows us to
determine how the system behaves for a fixed value of the
rotational frequency instead. This is achieved by producing
the dispersion relation in the rotating frame, for a given value
of @, and determining the global minimum of the curve.
Interestingly, for the parameter values we have investigated in
this work, the heterosymmetric yrast states we have uncovered
do not appear as global minima in the rotating frame, for any
value of the rotational frequency. This means that our results
regarding fixed values of €2 in Refs. [32,34] still hold in the
light of these new results. Conversely, working with fixed
values of the angular momentum instead, we have seen that
the results of these studies are modified by the presence of the
heterosymmetric states.

The above observation may appear to indicate that the
single-order-parameter model is a reliable tool when working
with fixed Q2. However, we have to stress that this reported ab-
sence of heterosymmetric configurations in the lowest-energy
state—for fixed values of the rotational frequency—only per-
tains to the specific parameter values we have considered in
this work. A more extensive investigation of this problem
could be the subject of future work.

VI. SUMMARY

In the present paper, we investigated the rotational response
of two-dimensional confined quantum droplets, which arise in
a binary Bose mixture. We considered both cases of harmonic
and anharmonic confinement, and we treated droplets with
equal populations in the two components, as well as droplets
with a small population imbalance. We went beyond the usual
model, which reduces the description to a single order pa-
rameter that is shared between the two components, instead
treating the order parameter of each component separately.

We have focused on the yrast states, and we have placed
a major emphasis on states where the two components are
excited in a topologically different manner. More specif-
ically, we have uncovered a number of heterosymmetric
vortex yrast states, where the two components carry different
vorticities. Importantly, such states are missed by the single-
order-parameter model.

In the case of harmonic confinement, the heterosymmetric
states we have found take the form of a vortex in only one
component, accompanied by a partially filled core in the other
component. These appear as yrast states when the droplet is
under sufficiently strong confinement. In the opposite case,
the droplet exists in a phase-locked state, where the two com-
ponents are excited in the same manner. Interestingly, we have
found that, while the kinetic, potential, and contact energy
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terms increase in the heterosymmetric state (compared with
the phase-locked one), the logarithmic energy term decreases.
This competition determines the crossover to the heterosym-
metric state, as a function of the trapping frequency. Since
the logarithmic energy term captures the effects of quantum
fluctuations, the appearance of such heterosymmetric states
in the yrast curve can be regarded as a manifestation of
beyond-mean-field physics. It is interesting to note that such
states appear as yrast states even in the case of zero mass,
interaction, and population asymmetry. Thus, the appearance
of heterosymmetric yrast states cannot be attributed solely to
some manifest asymmetry in the system.

In the case of anharmonic confinement, heterosymmetric
vortex yrast states are also present, and indeed more nu-
merous. This is owed to the propensity of the anharmonic
potential to support multiply quantized vortex states, for ap-
propriate values of the angular momentum. Apart from states
with the same form as those we found in the case of harmonic
confinement, here there also exist heterosymmetric multiply
quantized vortex states, with the circulation differing by one
unit between the two components.

The nonmonotonic dependence of the energy on the den-
sity of the droplet, which is a novel aspect of the system, plays
arole in determining why heterosymmetric states appear only
for certain values of the angular momentum. In particular, the
heterosymmetric yrast states we have uncovered are axially
symmetric, while the corresponding competing phase-locked
states are axially asymmetric. The added symmetry generally
allows the droplet to lower its (mean) density, and in par-
ticular ranges of the angular momentum this is energetically
favorable over the asymmetric states. Conversely, this density
decrease is not favorable for angular-momentum values where
the phase-locked states have lower energy.

The use of the full model also allows for the treatment of
nonzero population imbalance in the system. We investigated
the effects of such an imbalance, with regards to both the
phase-locked and the heterosymmetric states. In both cases,
we noted a small increase in the energy of the droplet, owed
to the positive contribution of the contact energy term (which
is quadratic in the density difference). In the case of phase-
locked states, the differences to the balanced case are simply
quantitative, i.e., the aforementioned energy increase, as well
as a corresponding density difference between the two com-
ponents.

In the case of heterosymmetric states, the effects of a pop-
ulation imbalance are more profound. Apart from the energy
difference, the presence of a population asymmetry induces
a qualitative change in the structure of the yrast curve. In
a perfectly balanced droplet, for each heterosymmetric state
there exists a second, essentially identical state, but with
the vorticities interchanged between the two components.
These states are degenerate, which is a manifestation of the
spontaneous breaking of the Z, symmetry underlying the bal-
anced droplet. In the presence of a nonzero imbalance, which

explicitly breaks the Z, symmetry, these two states corre-
spond to different values of the angular momentum and have
different energies. Thus, the presence of a population imbal-
ance lifts the degeneracy of the heterosymmetric states.

The results of this work have been presented in the dimen-
sionless units defined in Sec. II. Let us now make a connection
with the physical units, which are more relevant to actual ex-
periments. To begin with, D = 25 corresponds to a’® ~ 10.1
nm, a3? ~ —10.0 nm, and a. ~ 0.1 um, as per Eq. (8). We
stress that the dependence on the intra- and intercomponent
three-dimensional (3D) scattering lengths, and on the oscil-
lator length in the transverse confinement direction, make
D an experimentally tunable parameter. Then, according to
Eq. (13), we have Ny =~ 50. For N = 200, this corresponds to
approximately 10 000 atoms in an experiment. Regarding the
population imbalance, SN = 5 corresponds to approximately
250 more atoms in the majority component. In addition, ac-
cording to Eq. (11), the unit of length x( is on the order of
1 um, and the size of the droplets we have investigated is
on the order of tens of wm. Finally, a typical value of the
trapping frequency is on the order of hundreds of Hz, while a
typical value of the (dimensionless) anharmonicity parameter
is ~1072 [62].

An interesting question that arises is how the heterosym-
metric states may evolve if the droplet is released from the
trap. The evolution of two-dimensional unconfined droplets
with heterosymmetric vortices has been studied in Ref. [28].
Depending on the carried vorticities, the released droplet may
be unstable against breakup, or evolve in relative stability over
large times. A detailed investigation of this question can be the
subject of a dedicated publication.

Finally, let us comment on some additional possible ex-
tensions of the present work. A natural avenue would be to
investigate the presence of heterosymmetric states in two-
dimensional, heteronuclear and/or interaction-asymmetric
quantum droplets. Such states have attracted attention in the
literature for the three-dimensional case [30,38]. Although the
asymmetry of masses or intracomponent interaction strengths
is not a prerequisite for heterosymmetric states to arise in the
yrast curve, as the present work has demonstrated, it is never-
theless interesting to study how the additional asymmetry may
modify or even enrich such exotic structures in this intriguing
quantum phase of matter.
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