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Controlled acoustic-driven vortex transport in coupled superfluid rings
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Atomtronic quantum sensors based on trapped superfluids offer a promising platform for high-precision
inertial measurements where the dynamics of quantized vortices can serve as sensitive probes of external forces.
We analytically investigate the persistent current oscillations between two density-coupled Bose-Einstein con-
densate rings of equal radius and show that the vortex dynamics is governed by low-energy acoustic excitations
circulating through the condensate bulk. The oscillation frequency and damping rate are quantitatively predicted
by a simplified hydrodynamic model, in agreement with Bogoliubov—de Gennes analysis and Gross-Pitaevskii
simulations. We identify the critical dissipation separating persistent oscillations from overdamped vortex local-
ization. Furthermore, we demonstrate that periodic modulation of the interring barrier at resonant frequencies
enables controlled vortex transfer even when the condensates are well separated in density. These results clarify
the role of collective hydrodynamic modes in circulation transfer and establish a framework for employing vortex

dynamics in atomtronic quantum technologies.
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I. INTRODUCTION

Persistent currents in ring-shaped Bose-Einstein conden-
sates (BECs) provide a rich platform for exploring quantum
hydrodynamics, phase coherence, and topological excitations
in superfluid systems. Such flows, quantized due to the single-
valuedness of the macroscopic wave function, are central to
the field of atomtronics, a growing area that seeks to engineer
coherent matter-wave circuits analogous to electronic devices
[1,2]. Systems supporting controllable persistent currents are
particularly promising for quantum technologies such as in-
terferometry [3,4] and precision sensing [5,6].

A growing body of work has explored various mechanisms
for generating, stabilizing, and manipulating persistent cur-
rents in atomtronic circuits. Quantized circulation in strongly
interacting fermionic superfluids across the BEC-Bardeen-
Cooper-Schrieffer (BCS) crossover has been directly detected
via interferometric readout in a ring trap [7], and their metasta-
bility in defect-free geometries has been characterized over
long timescales [8]. In contrast, decay triggered by obstacles
has been linked to vortex-induced phase slips [9]. Theoret-
ical proposals have outlined atomtronic platforms based on
multicomponent quantum fluids and engineered topologies to
support coherent transport [2,10]. Rydberg-ring arrays have
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demonstrated chiral excitation currents imprinted via Raman
dressing, robust to dephasing and disorder [11]. Persistent
flows can also be stabilized by distributing the phase winding
across multiple junctions in a Josephson necklace, increasing
the critical circulation without reducing coherence [12].

Recent advances have highlighted the role of com-
pound geometries, such as coupled or stacked condensate
rings [13-23], in enabling coherent circulation transfer be-
tween topologically distinct superfluid components. Using
a different setup of density-connected coplanar double-ring
Bose-Einstein condensates [24], we previously demonstrated
that vortex-induced current oscillations arise naturally in such
systems when linked by a tunable barrier [25]: in such cases,
angular momentum is exchanged via hydrodynamic coupling
through the interring low-density region, rather than quan-
tum tunneling [20]. This framework was later extended to
include acceleration-driven dynamics, revealing additional
control mechanisms and the influence of dissipation on cir-
culation evolution [26]. Related studies in vertically stacked
toroidal condensates showed that asymmetric preparation can
generate rotational Josephson vortices that propagate across
the junction [19]. Furthermore, circulation transfer driven by
sound-like excitations was observed in coplanar ring configu-
rations subjected to asymmetric acceleration [27], reinforcing
the significance of collective hydrodynamic modes in coupled
superfluid systems.

In this work, we show that the persistent current oscil-
lations previously reported can be understood as the man-
ifestation of low-energy acoustic normal modes circulating
in the double-ring system. Our new approach, which is
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based on bulk condensate physics (as opposed to the earlier
ghost-vortex picture [25]) not only gives additional physi-
cal insight into the nature of persistent current oscillation
in coupled quantum circuits, but also exhibits quantitative
agreement with numerical simulations without the need for
parameter tuning. Using linearized hydrodynamic theory and
Bogoliubov—de Gennes analysis, we derive accurate pre-
dictions for the mode structure, frequency spectrum, and
damping behavior. We note that our study not only demon-
strates the collective excitation within the system, as it was
widely studied in the ring [9,28-30], junction [3,31], or
dumbbell geometries [32—34], but explicitly identifies acous-
tic excitations with the persistent current transport of distinct
vortices, which was not demonstrated previously. The acoustic
picture not only explains the emergence of beating and decay
in the vortex dynamics, but also enables quantitative under-
standing of circulation transfer in a noninertial, accelerating
frame. Furthermore, we demonstrate that periodic modula-
tion of the interring barrier at resonant frequencies induces
controlled phase slips and circulation exchange, even for well-
separated rings, via selective excitation of normal modes.

The paper is organized as follows. Section II introduces
the model and identifies the regime of persistent current os-
cillations. Section III analyzes the excitation spectrum under
dissipation and acceleration. In Sec. IV, we examine resonant
vortex transfer induced by periodic coupling modulation and
discuss the experimental relevance of our findings. Section V
concludes with a summary and outlook.

II. PERSISTENT CURRENT OSCILLATIONS
A. Model and trap geometry

To describe the behavior of weakly interacting degenerate
atoms near equilibrium, with weak dissipation, we employ
the quasi-two-dimensional Gross-Pitaevskii equation, with
phenomenological dissipation, widely used in the literature
[26,35,36]

. oy
(i— V)hg

h2
= <—mV2 + Vex[ +M(a 'I‘) +g|¢|2 - Mm)lﬁ- (1)

Here, g is the effective two-dimensional two-body local
interaction coupling strength, V. is an external confin-
ing potential, 0 < y < 1 is a dissipation factor, and psp
is the two-dimensional (2D) chemical potential. This equa-
tion is formulated in a noninertial (accelerating) frame, where
the term Mar represents the inertial potential arising from
the acceleration. Its presence takes into account cases where
the system is moving under constant acceleration a, which
we will cover in this work. Adopting the accelerating frame
perspective, as opposed to modeling acceleration via a time-
dependent potential in the laboratory frame, is essential for a
consistent description of relaxation, as it implicitly assumes
equilibration with a comoving thermal cloud. This avoids the
unphysical scenario in which damping arises from friction
between the accelerating condensate and a stationary ther-
mal background, which would otherwise result from treating
acceleration as an external force acting on a static

environment. By contrast, starting from a laboratory frame
with a time-dependent potential and transforming the Gross-
Pitaevskii equation (GPE) to the accelerated frame generates
additional y-dependent terms beyond the inertial force, corre-
sponding to an effective relative motion between condensate
and reservoir. Therefore, the two approaches are not equiva-
lent, and without an explicit dynamical model for the thermal
cloud (beyond the phenomenological dissipative GPE) these
extra terms cannot be treated in a controlled manner (see
Ref. [26] for a detailed discussion).

We note that the use of the phenomenological dissipative
GPE is well justified in this context. In our previous work [25],
we benchmarked this approach against more advanced finite-
temperature descriptions [37,38], more specifically against
the stochastic projected GPE [39] and the kinetic Zaremba-
Nikuni-Griffin [40] model, and found that all methods
produced qualitatively consistent results for the oscillation
dynamics and damping trends. In the case of a weakly ac-
celerated system, we assume that the acceleration is constant
during the whole protocol so the reservoir and condensate
have relaxed to near-equilibrium and the dissipative GPE is
applicable. The damped GPE thus provides a reliable and
efficient effective model for capturing the dominant features
of vortex-mediated transport considered here, even though it
does not reproduce mode-dependent Landau damping in full
detail.

We proceed using the equal-size double-ring geometry pre-
viously used in the works of Refs. [24-26]. The condensate is
confined in a double-ring potential of two equal-sized parts
forming the “8”-shaped geometry shown in Fig. 1(a). The
trapping potential

Vext(r, 1) = Va(r) + Vo(r, 1) 2)

is composed of the static double-ring potential, with rings of
equal radius R,

M“’% . 2 2
Va(r) = Tmln[(lrJarl —R),(Ir—Rn|—R)], (3)

and a time-dependent repulsive barrier controlling the connec-
tivity between the two tori via

Vo(r, 1) = Vo(t)O(R — [ra])e "/, (4)

This barrier is elongated along the axis connecting the cen-
ters of the rings and can be implemented via a blue-detuned
laser beam. Here, r = (x,y), n = (cos 8, sin6), and 6 is the
angle between the direction of acceleration and the line which
connects the centers of the rings. At time ¢ = Az, the bar-
rier amplitude Vy(¢) is linearly increased from zero. When
the barrier amplitude exceeds the local chemical potential, it
fully depletes the density along its length, merging the two
central holes into a single void, as illustrated in Fig. 1(b).
This configuration, referred to as the open-gate regime, effec-
tively transforms the system from two density-linked toroidal
condensates into a single, topologically connected toroid, fa-
cilitating the transfer of the quantum vortex as discussed in
Ref. [25].

We consider experimentally realistic parameters of the
trap, inspired by the experiment of Ref. [41], but with
atom number N = 10°. This corresponds to *Na atoms
with a;, = 2.75 nm, and we also choose w, = 27 x 134 Hz,
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FIG. 1. Schematic representation of possible persistent current oscillation regimes. Left column: (a) The prepared initial state with a closed
gate and an antivortex in the left ring. (b) The state with an open gate, demonstrating the antivortex’s free oscillation between rings. (c) The
open-gate state, which exhibits decaying oscillations due to dissipation. This results in vortex pinning at the center of the system. (d) Biased
oscillation due to the presence of acceleration, which shifts the antivortex equilibrium position to the right ring. The right column (i) shows
the dynamics of the barrier amplitude, where the vertical dot-dashed magenta lines represent the open-gate part of the protocol. The other
parts on the right are examples of dynamics for the winding number of the left ring (n,) and the angular momentum per particle difference
between the rings (AL;) of the corresponding regimes: (ii) and (iii) correspond to the conservative regime (b); (iv) and (v) correspond to the
weakly dissipative regime (b)-(c); (vi) and (vii) correspond to the highly dissipative, overdamped regime (c); and (viii) and (ix) correspond to
the biased regime with weak dissipation (d). Yellow dashed lines indicate zero angular momentum difference.

R=122.6 ym, and a potential width of [, =3.45 um.
The effective two-dimensional interaction coupling is g =
V8rhtas/(ML.), where [ = h/Mw,, and o.=27 X
550 Hz. The density is normalized to the total atom number
[J 1¥(x,y,1)|*dxdy = N, while the chemical potential wsp,
in our simulation, is adjusted at each time step, to provide
total atom number conservation, similar to that found in
Ref. [36].

B. Regimes of persistent current transport

The overall setup follows our previous works [25,26];
their main results are briefly summarized in this section and
schematically illustrated in Fig. 1.

The initial state [Fig. 1(a)] is obtained via the imaginary
time evolution of an imprinted vortex in a given ring, within
a static double-ring potential [Eq. (3)] at fixed acceleration.
During the first 0.05s of real-time evolution, the system
evolves under strong dissipation y = 0.02, to suppress resid-
ual excitations and obtain a pure stationary state. Thus, after
this relaxation, the subsequent dynamics is determined by
the metastable persistent-current state (its winding number

and stationary density profile), while the specific vortex-
preparation method affects only short-lived transients as has
been previously explicitly studied in the double-ring geometry
by numerical quenched growth dynamics in the context of the
stochastic projected GPE [24].

The subsequent evolution proceeds under the dissipation
rate specified in the figure. After a brief closed-system evolu-
tion, at time At = 0.1 s, the barrier amplitude (4) [Fig. 1(i)]
begins ramping up to Vo = 1.2u,p, transforming the system
topology into a torus: henceforth, we will refer to this as the
“open-gate” state. (Note that, unless otherwise specified, this
work will use the particular value Vy = 1.2uyp throughout,
with the effects of other values discussed in Ref. [25].)

For the conservative case, this “open gate” allows the
vortex to transfer between rings, which leads to indefinite
oscillations of the persistent current, as shown in Fig. 1(b).
To detect the vortex position at the open-gate stage, we dy-
namically tracked the following quantities: the winding phase
around the left ring, denoted by n;, thus n, = +1(—1) means
that a vortex (antivortex) currently is in the left ring, while
n;, = 0 means absence of vorticity there; and the angular mo-
mentum per particle difference between the rings. The latter
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quantity is defined as AL, = (L, 1) — (L. r

N{LR // (y— B (XiR)_)W dxdy.

Here, Np g is the particle number in the left or right ring,
respectively, and R denotes the respective integration region
of the left or right part of the dimer. However, as our nu-
merous time-dependent simulations show, both quantities are
in agreement, despite producing different values: discrete for
the winding number and continuous for angular momentum,
which can be seen in the dynamics of n; and AL, in Fig. 1.
Therefore, we can establish that phase accumulation in the
interring region is rather irrelevant, as it does not significantly
contribute to angular momentum due to the negligible density
there. Thus, the phase essentially accumulates in the bulk of
the condensate, while the phase in the open-gate region rounds
up this bulk phase to properly match the circulation discrete-
ness. Such overall behavior suggests the collective nature of
the vortex oscillations.

The inclusion of dissipation, naturally, leads to the decay
of persistent current oscillations over time. In the long run,
the difference in angular momentum per particle decays to
zero, trapping the vortex in the system’s center [Fig. 1(c)].
This is an open-gate stationary equilibrium state in which the
angular momentum is distributed equally among the (equal
radius) rings and persistent current oscillations are absent.
Therefore, persistent current oscillations can be presented as
excitations around this stationary state. In the case of small
dissipation, oscillations gradually decay, as can be seen in
Figs. 1(iv) to 1(v). [Note that while the oscillations in the
angular momentum difference persist in such a regime over
the entire probed timescale [Fig. 1(v)], their amplitude after
t 2 0.4 s becomes very small, thus also explaining the visible
glitches of the winding number in Fig. 1(iv).] As anticipated,
the lifetime of oscillations decreases rapidly with higher dis-
sipation (y), however, for y > y, &~ 0.015 [25] we observe
different behavior: the oscillations cease and the persistent
current stays trapped in the initial ring, see Figs. 1(vi) to 1(vii).

These “perturbative” conclusions are also supported by our
work of Ref. [26], where we studied the influence of sys-
tem acceleration, as an asymmetric parameter, on persistent
current oscillations. We showed that the main role of accel-
eration was to introduce a stationary bias in oscillations. In
the open-gate stationary state, the phase accumulated more
quickly in the forward, less populated ring, thereby main-
taining consistency with the continuity equation. This lead
to an angular momentum per particle bias in the complete
protocol with oscillation dynamics: the vortex spent more time
in the forward ring than in the backward one, while the overall
period stayed almost unchanged. Moreover, we showed that
the component along the symmetry’s main axis mostly defined
the overall dynamics. This was expected, as the orthogonal
acceleration component in the plane redistributed the density
equally within each ring.

For some cases, we also include a closure stage in the
overall protocol, where we closed the gate by linearly reduc-
ing the barrier potential [Fig. 1(i)]. This results in the vortex
potentially localizing in a distinct ring. As shown, the pro-
cess occurs smoothly, with the final vortex position consistent

), where

(L (L.Ry)

with the angular momentum immediately before the closure
protocol. In the presence of simultaneous acceleration and
sufficient dissipation, the vortex always settles in the forward
ring (precisely where the phase bias occurs) regardless of its
initial position, as illustrated in Figs. 1(viii) to 1(ix). These
observations further support the idea that persistent current
oscillations are “carried” by system excitations.

III. NORMAL MODES ANALYSIS

As mentioned earlier, persistent current oscillations can be
viewed as disturbances to the open-gate system. Thus, ana-
lyzing elementary excitations can help explain the observed
phenomena. Here, we employ the Bogoliubov—de Gennes
(BdG) formalism [42,43] to describe the collective excita-
tions. As we will demonstrate later, this formalism adequately
explains the observed oscillations. Therefore, we can con-
clude a posteriori that the opening and closing parts of our
standardized protocol cause a small disturbance. The conden-
sate wave function takes the form of

V(r, 1) = yolr) + 8y (r1),

where (r) is the stationary state with corresponding chem-
ical potential uop and §¥ (r, t) is a small perturbation of the
form

SV (r.1) = ) eilu(r)e ™ + v (r)e ],

k

Inserting this into Eq. (1), and taking into account first-
order perturbations, one obtains the following system of
Bogoliubov—de Gennes equations:

[H — pop + 2glvo | lux + g v,
[A — pan + 281W0*1ve + gvrg e,

hop(1 +iy)uy =
—hop(1 —iy)v =

where

. o,
H=—-—V
Y TV,

and V (r) = Ve (r) + Mar is the total potential, including the
acceleration correction, with the usual normalization condi-
tion

f(|uk|2 — Jve[H)dxdy = 1. (6)

This linear system for the eigenmodes (5) can be solved nu-
merically (see, for example, Ref. [44]) for different system
parameters, such as acceleration, dissipation, and the total
winding number. Such results are shown in this section, and
are compared to the results of full GPE real-time simulations.

Typically, only the lowest-energy excitations are signifi-
cantly excited and play a crucial role in perturbative dynamics.
As it was found a posteriori, due to our one-dimensional (1D)-
like condensate geometry, the lowest modes have a sound-like
behavior, which should be captured by a hydrodynamic ap-
proach, widely used in the literature [45—49]. In the following
subsections, we consider an effective acoustic model that
mimics the original open system and gives a qualitative an-
alytical explanation of the eigenmode behavior.
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A. Effective 1D acoustic model

Here, we analyze the normal modes of the following
simplified model in the Thomas-Fermi approach by approxi-
mating the system as a strip-like configuration having periodic
boundaries along a new axis “z,” where z € [0, L), while being
confined under the harmonic trap V = Mw?r? /2 in a perpen-
dicular r, direction. Also, we define that the initial system’s
left and right rings correspond to the left z € [0, L/2) and right
parts z € [L/2, L) of this strip. Essentially, we reduced our
full system to a “straightened version” of the original system,
a thin annulus, broadly studied elsewhere [29,30,50]. Here,
we extend the hydrodynamic analysis by including dissipation
and accounting for our overall setup of excitation measure-
ment. The system length is estimated as the length of the peak
density of the initial one. It implicitly depends on the chemical
potential and the barrier amplitude, and can be calculated in
the Thomas-Fermi approximation. For our parameters, this
dependence is negligible, of order 1%, and we take a length
equal to L = 4 x 0.88R to account for the overlap region.

The GPE (1) can be recast as the following system of hy-
drodynamic equations, through the Madelung transformation
[y = /pe'®, also note that in a stationary state, the 3,® = 0
according to Eq. (1)]

90 L v (ov) =20y 22
—_— . V) = —_—,
o1 P oY ot
M V. /p P 1 dp
V4 2o |
R N VAT [“z" ot J/2,oaz}

Here p is the density and & the phase, while the equa-
tions represent continuity and momentum conservation laws,
respectively. Hereafter, we consider only small values of the
effective dissipation y <« 1, which is physically relevant for
ultracold atomic gases [51-55]. Additionally, within this con-
sideration, we assume the smallness of the persistent current
velocities compared to the speed of sound and neglect the
effect of acceleration, which alters the ground state and ex-
citation spzectrum. Therefore, under such assumptions, the
;—M V\/‘? and y ﬁ %—f
regime.

For the sake of simplicity, hereafter we proceed to work
in harmonic units, t — tw,, z = z/I,, & — wop/hw,, where
l, = Jh/(Mw,), therefore we have the following hydrody-
namic equations in the Thomas-Fermi approximation:

terms

can be dropped, within the acoustic

ap D
— +V-(pv)=2py—,
Jat ot )
N 1, N 1, 9P
=r v =u— —.
PRI TRV TR T,

The stationary state profile corresponds to an inverse parabola
in the direction of r; and the chemical potential can be

estimated as u = (%)2/ 3. We also assume the nonzero per-

sistent current velocity v = vgpe;, corresponding to a present
vortex with winding number m, as vg = m x 27 /L.

By linearizing Eq. (7) around the given stationary state and
assuming the following form of perturbations:

Sp(r,t) = 3p(rl)ei(qz—wz)’
8P(r,t) = 5q)(rl)ei(qz—wt)’

we obtain the following system for §p(7,) and §®(r, ):
i(Vog — w)3P(r ) = —gdp(ry),
i(vog — @)8p(r1) = q*po(r)8P(ry) — 2ipo(r)y wd®(rL)
= Vilpo(ri)Vi8®(ri)l. )

In the case of ¢ — 0, the lowest-energy solution has a con-
stant radial profile along the r, axis, i.e., §p(r;) and 6P (ry)
constant. Therefore, for the case of small wave number g < 1,
we can ignore its influence on radial profile structure and inte-
grate Eq. (8) within the perpendicular Thomas-Fermi profile,
similar to Refs. [45-47]. Hence, the system (8) simplifies to

i(vog — w)8P = —gdp,
i(vog — w)8p = (po)(g* — 2iyw)sd, )

whose solution corresponds to the following dispersion rela-
tion:

(0 — v9q)* = g{po)(q* — 2iyw). (10)

Here (pg) is the average density in the radial Thomas-Fermi
region. The factor g{py) = 2/3u corresponds to the square of
the speed of sound, in the conservative case; the latter is equal
to ¢ = +/2/3 cp, where cp is the Bogoliubov speed of sound
for the homogeneous case with the same peak density. If we
initially consider a three-dimensional (3D) cylinder configura-
tion, instead of a quasi-2D geometry, we would get the factor
c3p = l/ﬁcB [46,47]. The wave number is g = 2nn/L,
where n is an integer, due to periodic boundary conditions.
Therefore, from Eqgs. (9) and (10), we establish a complete set
of eigenvectors and corresponding eigenmodes.

However, depending on what we are measuring and what
the symmetries of the system and the measurement opera-
tor are, only some modes can be visible. In practice, we
measured the particle and phase imbalance, and as we dis-
cussed for the latter, only the phase imbalance in the bulk
is practically relevant. The phase imbalance (A® = P4 —
DRignt), Tor our effective acoustic model, can be presented as

o, = fvdz = /(vo + dv)dz —

AD = (/ vodz —/ vodz> —i—Zf dvdz
Left Right Left

= APy + 28q>|edges-
Here, somehow schematically, we express the ®; in each
ring by explicitly highlighting the stationary and perturbative
phase distribution. Also, we use the fact that the total per-

turbation equals zero. The same can be done for the number
imbalance to give

N; = fpdz = /('00 +48p)dz —

AN = (/ podz —/ ,oodz> +2/ Sdpdz
Left Right Left

=AN0+2/

Left

Spdz.

The APy and AN, present a stationary bias, which
is present in the case of some asymmetric factor, like
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FIG. 2. Analytical and numerical predictions of beating effects in vortex oscillations. (a) Population imbalance between rings and
(d) angular momentum per particle difference dynamics for the opening gate protocol at V; = 1.2, obtained in numerical simulations of
conservative GPE (1). (b),(c) Corresponding Fourier spectra, normalized to the maximum value, of (a) population imbalance, at different
frequency ranges. Note how much smaller the scale of (c) is relative to (b). (e),(f) Similar normalized Fourier spectra of (d) angular momentum
difference. Vertical lines denote the corresponding elementary excitation (5) of the open-gate stationary solution. Red lines denote visible,

while gray lines denote inactive modes.

acceleration, that we ignore for now, so both of them are
zero. So, the present imbalance is purely perturbative, and
the eigenmodes, which are symmetric to the main axis, stay
inactive. Therefore, all even modes in our acoustic model
stay inactive in the imbalance dynamics. For the conservative
regime, using Eqgs. (9) and (10), the phase and density imbal-
ance can be written as

- —ig(c+vo)t % ig(ctvo)t
AN = Y [Age ahml 4 pxelaction
g>0, odd

+ [Bye' 1T 4 Blealcmho ),

_8 —ig(c+vo)r * ig(c+vo)t
AG =2 D [Age +Ase ]
¢>0, odd

_ [quiCI(C*vn)f + B;e*iq(cfvo)t]' (11)
Here, A, and B, are complex constants determined by the
initial conditions, i.e., the initiation protocol. Physically, their
amplitudes and phases correspond to those of waves propagat-
ing around the system in opposite directions. In the presence
of a persistent current (vortex), the frequencies of these waves
are shifted, w1 = q(c % vy), analogous to the standard Sagnac
interference setup. For our parameters, the velocity of the
persistent current is much smaller than the speed of sound
(for a single vortex, vy ~ 0.014c), and therefore contributes
only a small correction to the eigenfrequencies. Nonetheless,
the role of the vortex is crucial as it breaks the symmetry of
the system. If one were to consider the same setup without
vorticity, both the phase and density imbalances would vanish
due to the symmetry of the protocol. In such a case, only even
(and thus inactive) waves could be generated, in agreement
with our observations.

B. Comparison of GPE simulations with BAG model
in the conservative regime

Here, we verify our normal mode analysis for the simplest,
but defining, case of the absent acceleration and dissipation
[Fig. 1(b)]. In Figs. 2(a) and 2(d), we present the long-time
dynamics of particle imbalance between rings and angular
momentum difference, for the open-gate protocol, obtained by
numerical simulations of Eq. (1), with a single vortex, initially
placed in the left ring. The Fourier spectrum [Fig. 2(b)] shows
that the spectrum is dominated by two close, almost merged
peaks, around 20 Hz, with minor influence from odd overtones
around 60 Hz, and 100 Hz, correspondingly. Additionally, we
observe that, qualitatively, the spectra for angular momentum
difference and particle imbalance are the same, but the relative
amplitudes differ. Alongside real-time dynamics [Figs. 2(b)
and 2(e)], we also show the spectrum of the BdG system
[Eq. (5)] for the open-gate stationary solution, which we
obtain through additional real-time evolution with small dis-
sipation. This low-energy spectrum has phonon-like behavior,
in agreement with the effective acoustic model. First of all,
one can discern different pairs of BAG modes, where each
one is characterized by the same number of nodes along the
condensate peak density [has the same g relative to the acous-
tic model (11)]. Such pairs have similar eigenfrequencies [see
the five consecutive pairs in Figs. 2(b) and 2(c)]. The lowest
and dominating pair has frequencies wy = 27w x (20.57 +
0.42) Hz, while the prediction of the acoustic model gives an
estimate of wy = q(c £ vy) =~ 27w x (19.47 £0.27) Hz. We
deliberately present these frequencies in such a form because
such modes typically have similar amplitudes, thus generating
a characteristic beating pattern, visible in Figs. 2 and 3. There-
fore, the average frequency characterizes fast dynamics, while
frequency splitting characterizes slow envelope dynamics.
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FIG. 3. Oscillations and beating effects of multiply charged per-
sistent currents. (a) Initial phase, (b) population imbalance, and
(c) angular momentum per particle difference dynamics for the
opening gate protocol for two (left column) and four (right column)
vortices in the system.

As shown in Fig. 2, even modes, marked by gray lines
indeed stay inactive in the overall imbalance dynamics, as
we expected within the effective model approach. To properly
characterize the symmetries of the BAG modes, we use the
same approach as in Ref. [31] in which the authors introduced
the population imbalance operator

1

7 = —(V|Z|¥),
N( |Z|¥)

5oL 1, Rightring: (x > 0),
20 = { —1, Leftring: (x < 0).

For the present case of a BdG perturbation, this turns into the
following excitation coefficient:

Zy = ‘/Z(I/fovk + Klfékuk)dV’~

We directly verified that such excitation coefficients Z; are
significantly smaller for even modes, relative to odd modes, by
two orders of magnitude, so we characterize them as inactive
in terms of the imbalance measurement.

For the given example of the single vortex, the frequency
split obtained by BdG properly agrees with the corresponding
real-time imbalance dynamics, while the angular momentum
difference dynamics does not have a clear beating pattern
[Fig. 2(d)]. However, for examples with more vortices in the
system, as in Fig. 3, beatings are more pronounced for both
measured values, but the overall patterns still modify with
time. Such behavior could be attributed to the higher-order
interaction between modes, which was ignored in our anal-
ysis. As we can see, the effective acoustic model provides
a good estimate of the average frequency, within 5%, but a
looser estimate of the frequency split, within a factor of 2. In
Fig. 4, we show how the frequency split depends on phonon
wave number 7, and the number of vortices in the system m.
As can be seen, the frequency split is present even when there
is no persistent current in the system. In the case of absent

3.5F On=1 ]
On=2
3 n=3

FIG. 4. The frequency split (envelope frequency) dependence on
the present vorticity in the system (m), for different acoustic waves
n. The points present the solution of Eq. (5); while the lines show
the acoustic model approach, whenever filled points correspond to
quantized vorticity values.

vorticity, the BAG modes have a standing-wave structure. Due
to our geometry, which has the major and minor symmetry
axes (along the x or y axis, respectively, see Fig. 1), the
nodes of the eigenmodes are located on one of these symmetry
axes, predictably having different structures and frequencies.
This “geometric” contribution remains when the persistent
current is introduced, affecting the overall frequency split,
while the BdG modes turn into a superposition of counter-
propagating waves with unequal amplitudes. Nevertheless, for
higher vorticity, this “geometric” effect is less significant, and
the frequency split value aligns better with acoustic model
estimates.

Therefore, as we can see for the conservative case, the
normal-mode analysis of the open-gate stationary state accu-
rately describes the characteristic frequencies observed in full
real-time dynamics. The relative amplitudes of the modes lie
beyond such analysis, as they depend on the barrier-opening
protocol; however, our numerous simulations with different
parameters show that, under the standard opening protocol,
the lowest pair of modes is predominantly excited. Addi-
tionally, we note that the mode mixing naturally presented
within our nonlinear system does not disrupt the qualita-
tive low-energy acoustic picture. We verified that spectral
peaks extracted from the full nonlinear time-dependent GPE
simulations track the BdG eigenfrequencies [e.g., Fig. 2(a)
and Figs. 2(b) and 2(c)] and decay rates of the stationary
open-gate state over a broad range of parameters, including
variations of acceleration and dissipation, which we cover
in the following sections (Fig. 5). This quantitative tracking
shows that, while nonlinearity can redistribute spectral weight
among modes, it does not alter the identification of the dom-
inant low-energy acoustic modes responsible for circulation
exchange and damping, nor the predicted dependence on sys-
tem parameters. Moreover, the simplified analytical acoustic
model also captures these features quite well; its success arises
from the effectively 1D nature of the system, as highlighted
in Ref. [29]. One way to improve this model is to include
the spatially dependent curvature of the waveguide, which
we neglected but which has been addressed in Refs. [56-59].
Incorporating such effects would allow for a more accurate
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FIG. 5. The normalized Fourier spectrum of the GPE (1) without
dissipation (y = 0). Shown is the particle imbalance dynamics, as
a function of the present acceleration along the main axis in the
system. Yellow crosses present numerical results of respective BdG
eigenfrequencies (5) of the open-gate stationary solution, at given
acceleration. More pinkish regions correspond to more active modes.
The vertical (frequency) axis is normalized to wy = 27 x 20.57 Hz,
which is the average frequency of the lowest phonon modes.

description of frequency splitting, providing another avenue
for studying beating effects [29,30,60,61].

C. Influence of acceleration on eigenmodes

The main role of acceleration is to introduce a static bias in
the phase and particle imbalance. Here, we examine the more
subtle effects of acceleration on the normal modes. In Fig. 5,
we present the Fourier spectrum of the particle-imbalance
dynamics, obtained numerically from GPE simulations [as in
Fig. 2(b)] for different values of acceleration. To highlight the
role of excitations, the stationary shift of the particle imbal-
ance was removed prior to the Fourier transform. Overall, the
spectrum again agrees with the corresponding BdG eigenval-
ues of the open-gate protocol (yellow crosses in Fig. 5). All
eigenfrequencies exhibit only a weak dependence on accelera-
tion, decreasing monotonically in a roughly quadratic fashion,
and differing by no more than about 10% even near the criti-
cal acceleration. Interestingly, the visibility of modes shows
a strong dependence on acceleration: even modes become
increasingly prominent at higher acceleration, while the low-
est pair of acoustic modes (¢ = 1) remains dominant across
the explored range. Such behavior lies beyond our effective
acoustic model, but can be qualitatively reproduced by in-
cluding an additional acceleration potential V ~ cos(2mwx/L)
within the hydrodynamic model [30], which can be treated
numerically or perturbatively. We do not pursue these details
further here, as their impact is relatively minor.

D. Oscillation decay within phenomenological dissipation model

While the results of normal-mode analysis are relatively
familiar in the conservative case, similar to single-ring setups

[29,30], here we focus on the influence of dissipation in
our double-ring geometry. In the literature, phenomenolog-
ical dissipation is often introduced in a simplified form to
describe dissipative effects in Bose-Einstein condensate dy-
namics [35,36,62]. The effect of y on the excitation spectrum
has been studied less extensively, and is most commonly
discussed in the context of soliton and vortex antidamping
behavior [43,63-67]. In contrast, the authors of Ref. [68]
obtained essentially the same phonon dispersion relation (10)
within the BAG framework, but explored the role of dissipa-
tion more thoroughly in polariton condensates. Motivated by
this, we investigate how y modifies the phonon spectrum in
our system.

We start our analysis with the effective acoustic model
prediction (11). As mentioned earlier, in the case of a sin-
gle vortex the persistent current can be neglected since vy ~
0.014c¢. The dispersion relation (10) therefore simplifies to

w = —iygloo) £ vg(po)g* — (g(po)y ). (12)

For small y, all sound waves acquire a decay rate I'y =
yg(po), which is predictably proportional to y. However, as
y increases, the system enters an overdamped regime: the
frequencies bifurcate into two purely damped modes at the
critical value

21

— A nx0014. (13)
L/g(po)

Yo =N

For the lowest mode (n = 1), this numerical value coin-
cides with the ratio of the persistent current velocity to the
speed of sound (vy/c =~ 0.014), and is remarkably close to
the overdamped regime observed in Ref. [25], occurring for
¥y > Yo = 0.015. Increasing y further modifies the decay

rate as
Ty =glpo) (v £ /7% — 72).

When y > y., the decay rates become I'y; ~ 2g{po)y and
Cp =~ g(,oo)yczr/ (2y). Thus, instead of two counterpropagat-
ing waves with wave number ¢ (as in the low-dissipation
regime), the system supports two purely decaying (or “spa-
tially frozen”) modes. One of these modes decays rapidly,
while the other decays more slowly and becomes domi-
nant over all remaining modes. This is in agreement with
the observed overdamped dynamics in Ref. [25], as well
as with Figs. 1(vi) and 1(vii), where y = 0.02 is used.
In Refs. [43,67], a similar, but antidamping, bifurcation is
observed for soliton dynamics. Our acoustic model results
with included dissipation also accurately match the direct
numerical BAG spectrum, presented in Fig. 6, especially in
describing the decay rate behavior. For small values, all
phonon pairs have similar decay rates, while at y &~ 0.015
and y ~ 0.030, the first and second pairs bifurcate into an
overdamped regime. We also verified that the given decay rate
complies with real-time simulations. We would note that the
inclusion of persistent current presence modifies the spectrum,
including decay rates, although for the studied case of a single
vortex, it is indeed insignificant (Fig. 6). In Appendix, we
address this interplay more closely.
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o
2o,

FIG. 6. Excitation spectrum of real (left) and imaginary part
(right) of the lowest two acoustic modes for the open-gate stationary
solution, as a function of dissipation parameter y. The points present
the numerical solution of Eq. (5), while the lines show the effective
acoustic model approach (12). Squares and circles denote the n = 1
mode, while crosses and diamonds denote the n = 2 mode.

IV. CONTROLLED PERSISTENT CURRENT TRANSFER
AND EXPERIMENTAL RELEVANCE

A. Resonant vortex transfer

The phononic nature of the persistent current oscillations
revealed here provides a simple mechanism for enabling con-
trolled phase slips in ring condensates: periodic modulation of
the barrier potential at resonance with the phonon frequency,
similar to the protocol employed in Refs. [69,70], can allow
vortex transport, even in the case of density-separated rings. In
Fig. 7, we demonstrate a successful example of a resonant pro-
tocol, where we periodically modulate the barrier amplitude
(4), Vo(t), during the open-gate stage of the protocol for the
dissipative GPE system (1). The maximum barrier amplitude
Vo = 0.93w,p, is well below the chemical potential, which, for
the “standard” protocols with unmodulated barrier amplitude
(as in Fig. 1), prohibits any vortex transitions due to the dis-
tinct two-ring topology. The resonant frequency here is 25 Hz,
slightly different from the ~21 Hz of the open-gate protocol,
as expected due to the different geometry. Moreover, for the
given fixed dissipation and oscillation amplitudes, transitions
occur only within the window 22 Hz < w < 26 Hz, which we

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time (s)

FIG. 7. Example of resonant current transfer protocol, with dis-
sipation y = 0.001, similar to Fig. 1. Dynamics of (a) modulating
barrier amplitude, (b) winding number at the left ring, and (c) angular
momentum per particle difference.

Vo / H2D

0 o0l 02 03 04 05 06 07 08 09 1
Time (s)

FIG. 8. Example of a single resonant current transfer for tem-
porary modulation, with dissipation y = 0.001. The initial part is
identical to Fig. 7. Dynamics of (a) modulating barrier amplitude,
(b) winding number in the left ring, and (c) angular momentum per
particle difference.

explicitly verified for frequencies up to 85 Hz. Transitions are
also observed in the conservative case; however, there the
angular momentum per particle dynamics are less regular than
in Fig. 7, owing to the survival of additional initial modes.

We also note that the reported transition (Fig. 7) indeed
corresponds to angular momentum transfer. As clear evidence,
Fig. 8 shows a protocol where we suspend modulation after
the first transfer [see ¢+ > 0.57 s in Fig. 8(a)], after which the
antivortex remains in the right ring while excitations gradually
decay. Regarding the density dynamics, we further note that in
these routines one can observe the vortex transfer directly, as
Vo < uop the density in the interring region is nonzero, and
the vortex core is visible.

The transfer period in Fig. 7 is roughly 0.28s, but it
depends on several factors such as modulation frequency,
modulation amplitude, and dissipation. The dynamics of the
angular momentum difference [Fig. 7(c)] can be qualitatively
understood by analogy with the classical driven harmonic os-
cillator. Of course, the present case is more complex, as many
modes are excited (see the hydrodynamic model of Ref. [46]);
however, near resonance one can argue that a single mode
remains dominant. Our observations under parameter varia-
tion agree with expectations: higher dissipation slows down
the transfer, while larger modulation amplitude accelerates it.

Here, we focus on identifying the resonance frequencies
at which vortex transfer occurs, leaving a systematic analysis
of the dependence on drive amplitude and dissipation to future
work. Nevertheless, the existence of a robust resonant window
provides a clear experimental target and demonstrates that
phonon-mediated vortex transfer can be controllably induced
by barrier modulation.

B. Experimental implications

Our results predict the experimentally accessible sig-
natures of acoustically mediated circulation exchange in
coupled rings. The required ingredients (two annular con-
densates with independently prepared flow states and a
tunable weak link enabling controlled coupling and driving)
are available with current atomtronic technology, including
ring-superconduction quantum interference device (SQUID)
architectures [1,3,4,41].
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A particularly robust test of persistent-current transfer is
based on final-state readout: preparing a known winding, one
identifies circulation exchange by measuring the final circula-
tion after a controlled drive, e.g., through phase-slip-mediated
switching at a weak link [3,4,41]. When time-resolved dy-
namics are required, the population imbalance AN(¢) can be
monitored by in situ or time-of-flight imaging, while circu-
lation can be tracked using minimally destructive Doppler
readout [29].

The persistent-current exchange mechanism investigated
here is controlled, in the weak-link low-energy regime, by
acoustic modes whose frequencies and damping are set by the
barrier parameters and dissipation. For weak barrier modula-
tion, periodic driving of the barrier height or position produces
a resonant response when the drive matches a normal-mode
frequency, yielding peaks in the spectral response of AN(t)
and circulation proxies [33,69]. Mode frequencies can be
obtained from the driven response of AN(¢), while damping
rates can be extracted from the decay of the imbalance os-
cillations after the drive is switched off (ringdown) or from
the resonance width in a frequency sweep; circulation is then
determined from winding-number readout in the final state
(or via repeated stroboscopic snapshots). The primary con-
trol parameters are the weak-link height and driving protocol
[3.4,69], an imposed bias between the rings implemented via
trap asymmetry or acceleration [26], and the effective dis-
sipation set by temperature [71]. Circulation exchange can
be confirmed by correlated winding changes (phase slips)
together with the response of AN(¢) and circulation-sensitive
diagnostics such as Doppler readout [3,29,41].

V. CONCLUSION

We showed that persistent current oscillations in coupled
superfluid rings originate from low-energy collective excita-
tions with phonon-like character. These oscillations arise from
angular momentum transfer mediated by sound waves propa-
gating through the system. Our Bogoliubov—de Gennes anal-
ysis confirms that the dominant frequency corresponds to the
time required for a sound mode to circulate the effective ring
length, matching dynamical Gross-Pitaevskii simulations.

In the experimentally relevant regime of slow interring bar-
rier modulation, only the lowest normal mode is significantly
excited, effectively setting the characteristic oscillation fre-
quency across different interaction strengths and geometries.
Such circumstances also ensure the use of the phenomenologi-
cal dissipation, so, in principle, one can adjust the value of the
phenomenological dissipation parameter y to match experi-
mentally realistic decay rates. A simplified one-dimensional
hydrodynamic model captures the essential features of the
dynamics, including beating and damping, and yields quan-
titatively accurate predictions.

The acoustic description we develop here emphasizes the
role of bulk condensate physics in governing circulation ex-
change. This stands in contrast to our previous ghost-vortex
model [25], which was built on the notion of a point-like
vortex propagating outside the Thomas-Fermi radius along
the condensate boundary. That earlier framework was suc-
cessful in the qualitative description of persistent current
oscillations’ properties: their frequency and critical damping

behavior. However, it relied on fine-tuning of the initial vortex
position to match numerical data. This tuning was necessary
because the continuous range of ghost-vortex orbits resulted
in a continuous set of values of physical observables, which
are discrete for the actual system. By contrast, the present
acoustic-mode approach naturally incorporates discreteness
via sound-like modes in a restricted geometry. It requires no
adjustable parameters, and achieves quantitative agreement
with full Gross-Pitaevskii and Bogoliubov—de Gennes calcu-
lations. The success of the acoustic approach demonstrates
that the oscillatory exchange of angular momentum between
the rings is a collective hydrodynamic phenomenon rather
than the motion of an individual vortex core.

Extending beyond previous studies [25,26], we demon-
strated that periodic modulation of the barrier at resonant
frequencies enables controlled vortex transfer even for lower
barrier amplitudes (V) < wop), where a finite density per-
sists in the central region of the double-ring system, through
selective excitation of collective modes. Although density
modulations are often emphasized in hydrodynamic analyses,
our results highlight the central role of the inhomogeneous
phase distribution. In the presence of quantized vorticity, it is
the phase dynamics that governs circulation exchange, placing
it at the core of the system’s coherent evolution.
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APPENDIX: VORTICITY INFLUENCE
ON THE DISSIPATIVE EIGENSPECTRUM

As noted earlier, accounting for the persistent current
leads to frequency splitting (10), which, in the conservative
case gives wy = q(vo £ c), corresponding to different group
velocities of excitations in the laboratory frame. As discussed
in Ref. [26], the phenomenological equations (1) implicitly
assume that dissipation occurs relative to a stationary thermal
cloud, resembling a classical background wind. Consequently,
faster excitations are expected to decay more strongly, which
is also in agreement with the Landau damping mechanism
[72].

In Fig. 9 we show the excitation spectrum, similar to Fig. 6,
but restricted to the lowest acoustic pair (n = 1) for the case
of four vortices. Here, oppositely propagating modes have
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FIG. 9. Excitation spectrum of real (left) and imaginary part
(right) of the lowest acoustic modes for the open-gate stationary
solution with four vortices in it, as a function of dissipation parameter
y. The points present the numerical solution of Eq. (5), squares
present in-flow excitations, circles counterflow excitations; the lines
show the acoustic model approach.

different decay rates, and no bifurcation appears, allowing
us to distinguish between them. At low y, their decay rates
are proportional to their group velocities, resembling viscous
resistance. This agrees with Ref. [72], where the dissipation
rate was shown to be proportional to frequency in a pertur-
bative approach. At higher y, the decay rates approach those
of the vy = 0 case, but both waves retain a finite real part.
One finds that the initially faster mode becomes a rapidly
decaying excitation with velocity *2v,, while the slower
mode turns into a spatially and temporally “frozen” mode,
as both its frequency and decay rate tend toward zero with
increasing y.

The high-y behavior may appear puzzling; however, such
values are already near the physical limits of the model param-
eters [51-55]. Although y is a small dimensionless constant,
waves with length scales larger than £y~! (where £ is the
healing length) enter an overdamped, nonperturbative regime.
This highlights another caution: The phenomenological dis-
sipation model should be applied carefully for very large
systems.
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