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Free-electron vortices in photoelectron momentum distributions from molecules
with coupled electronic-nuclear motion
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Counterrotating, circularly polarized, time-delayed pulses generate electron wave packets that interfere in
momentum space and form spiral-shaped free-electron vortices. By numerically solving the time-dependent
Schrödinger equation beyond the Born-Oppenheimer approximation for one-photon single ionization of H2, we
show that these spirals rotate within the polarization plane as a function of the nuclear energy. A kinematical
model, based on the instantaneous sharing of photon energy between the freed electron and the parent molecular
ion, predicts this rotation and agrees quantitatively with the simulations. We further demonstrate that integrating
over vibrational energies diminishes the visibility of the interference structure. Results from fixed-nuclei and
atomlike reference calculations resemble single vibrational channels, whereas incoherent summation over
multiple vibrational states leads to blurring and noticeable shifts of the apparent rotation. The joint-energy
spectrum exhibits pronounced electron-nuclear correlation lines. In the case of corotating pulses, these lines
are related to the interference rings in the momentum distribution. Conversely, for counterrotating pulses, they
originate from a dipolar modulation of the spiral pattern, caused by the nonisotropic molecular orbital.

DOI: 10.1103/s4cm-rhrm

I. INTRODUCTION

Photoelectron momentum distributions (PMDs) are a sen-
sitive probe of ionization dynamics, providing temporal
information through streaking and attoclock-type measure-
ments as well as structural information through light-induced
electron diffraction and photoelectron holography [1–16].
Among the most striking interference patterns in PMDs are
free-electron vortices (FEVs), observed when two counterro-
tating circularly polarized attosecond pulses ionize the target
with a controlled time delay [17,18]. Each pulse launches an
outgoing electron wave packet of the same electron with an
angular momentum character determined by the number of
absorbed photons. Due to the delay, the two wave packets
differ by a relative Ramsey-like phase and interfere at detec-
tion. For a corotating pulse sequence, the magnetic quantum
numbers m of the outgoing wave packets are equal and con-
centric rings appear in the polarization plane. Counterrotating
pulses impose opposite angular momentum changes and the
interference give rise to spirals, with the number of spiral
arms given by twice the number of absorbed photons when
identical central frequencies are assumed [17]. The spiral
winding is governed by the delay τ , with an energy spac-
ing �Espiral = 2π/τ between adjacent fringes in the radial
direction. Free-electron vortices have been demonstrated and
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analyzed across perturbative single- and multiphoton ioniza-
tion, resonance-enhanced multiphoton ionization, and even
above-threshold and tunneling regimes, in both atoms (H, He,
K, Ar, and Na) and molecules (H2

+, H2, CO2, N2, HF, and
Kr2) [17–28]. They have been used to probe ac Stark effects,
retrieve electronic phases, and access electron-electron corre-
lations [21,29–32].

A compact kinematical description of FEVs follows from
first-order perturbation theory for single-photon ionization
[17,20]. The maxima of the interference fringes are approx-
imately described by a Fermat spiral at the azimuth angle
(atomic units are used throughout)

ϕ(p) = φrot − τ p2

4
+ πk, (1)

with an overall rotation angle of

φrot = −τ Ip + φ12

2
, (2)

where p is the electron momentum in the polarization plane,
τ is the pulse delay, Ip is the ionization potential, k ∈ {0, 1}
counts the spiral arms, and φ12 is the relative carrier-envelope
phase, which, for the sake of simplicity, is assumed to be
zero throughout this work. Equation (1) captures the geo-
metric (kinematical) contribution governed by pulse timing
and polarization, while Eq. (2) reflects the energy offset that
sets the absolute angular orientation. Deviations from the
purely kinematical picture, termed dynamical FEVs, arise
from target-specific properties such as dipole transitions mo-
ments, orbital shapes, and multiorbital contributions [22,27].

The energetics of the ionization step constrain the acces-
sible photoelectron momenta. In single-photon ionization of
atoms, the dominant radius of the PMD is set by energy
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conservation

h̄ω = Eel + Ip + Up, (3)

where h̄ω is the photon energy, Eel = p2/2 is the electron
kinetic energy, and Up = E2

0 /(2ω2) the ponderomotive poten-
tial for circular polarization (often negligible for weak fields).
In molecules, the photon energy can be shared between the
photoelectron and the vibrational motion of the ion(s). More-
over, the ionized molecule may fragment, i.e., we may have
dissociative ionization. For a vertical transition in H2 at an
internuclear distance Rion,

h̄ω ≈ Eel + Enuc + VD − EH2 + Up, (4)

where Enuc is the energy corresponding to the internuclear
motion (vibrational binding energy or fragment kinetic en-
ergy), VD is the electronic energy of the fragments (H + H+),
and EH2 is the ground-state energy of H2. The energy sharing
influences both the radius and the angular orientation of the
spiral pattern. The energies are illustrated in Fig. 6 of the
Appendix.

While many molecular FEV studies employ fixed-nuclei
or adiabatic-nuclei approximations and report deformations
of the spiral due to the shape of the contributing molecu-
lar orbitals [22,25,27,33], semiclassical analyses suggest a
measurable sensitivity to electron-nuclear coupling, nonadi-
abatic effects, and intermediate resonances [28]. Here we
solve a non-Born-Oppenheimer (non-BO) time-dependent
Schrödinger equation (TDSE) for aligned H2 in the pertur-
bative single-photon (two-armed FEV) regime to explicitly
include coupled electron-nuclear dynamics for the active elec-
tron. We show that the FEV rotates systematically with the
nuclear energy for both vibrationally bound and dissociative
channels. We also show that this rotation is quantitatively
captured by the kinematical description [Eqs. (1) and (2)]
once electron-nuclear energy sharing is accounted for through
an appropriate molecular definition of the ionization poten-
tial. We further discuss experimental implications: Integrating
over nuclear energies, as in velocity-map imaging without
coincidence resolution, reduces contrast and biases the rota-
tion, whereas electron-ion coincidence measurements enable
a clean observation. Finally, we demonstrate that the mapping
between the spiral’s radius and its rotation angle (1), com-
bined with the nonisotropy of the molecular orbital, results in
correlation lines with subphoton spacing in the joint-energy
spectrum (JES) for a counterrotating pulse sequence. We com-
pare our results with fixed-nuclei and atomic simulations and
with a corotating pulse sequence.

II. NUMERICAL MODEL

In this section we describe a non-BO model with coupled
electronic and nuclear motion optimized for the H2 molecule,
where the non-BO aspect refers to one of the two electrons.
Details about the numerical parameters can be found in the
Appendix.

In this study we focus on one-photon single ionization by
two circularly polarized few-femtosecond pulses. To model
this process, we need at least a two-dimensional description
[�r = (x, y)T ] of the freed electron under the influence of
the two-dimensional field polarization. We call it the active

electron. The second (so-called inactive) electron of H2 is
assumed to stay always bound and is restricted to populate
only the two lowest dipole-coupled energy levels ( j = 0, 1) of
H2 (X 1�g

+ and B 1�u
+ ) and H2

+ (1sσg and 2pσu), respec-
tively. Considering at least two levels for the inactive electron
enables us to capture effects such as bond softening [34],
bond hardening [35], electron localization [36], and above-
threshold dissociation [37,38]. The motion of the nuclei is
treated in a one-dimensional description with the internuclear
coordinate R. We do not consider center-of-mass and rota-
tional motion of the molecule, so it remains fixed and aligned
in space while vibrating. We place the molecule along the
y axis with the nuclear center of mass at the origin of the
active-electron coordinate system. This results in a two-level
wave function depending on three spatial dimensions [a two-
dimensional (2D) electron plus 1D nuclei],


(t ) =
(

ψ0(�r, R, t )

ψ1(�r, R, t )

)
. (5)

The interaction between the molecular ion (both nuclei and
the bound electron) and the active electron is modeled by soft-
core interaction potentials depending on the inactive-electron
state ( j = 0, 1),

V int
j (�r, R) =

∑
k=1,2

−Zeff
j (R, |�r − �Rk|)√

|�r − �Rk|2 + α j (R)
, (6)

where �Rk = {−R/2êy, R/2êy} are the positions of the nu-
clei, R = | �R1 − �R2|, Zeff

j is an effective charge, and α j is a
softening parameter. The effective charge and the softening
parameter are adjusted to numerically reproduce the ioniza-
tion potential �Vj (R) = V ion

j (R) − V H2
j (R) for both electronic

states of H2 based on literature values of the potential curves
[39–42]. In the Appendix we give more details on the opti-
mization procedure and the resulting electronic structure of
this model.

Within the inactive-electron state j, the Hamiltonian in
dipole approximation governing the wave function ψ j (�r, R, t )
is given by

Hj = [ �p + �A(t )]2

2
+ P2

2μ
+ V ion

j (R) + V int
j (�r, R) (7)

for j = {0, 1}, where �p is the momentum of the active
electron, �A(t ) is the vector potential of the field, P is the mo-
mentum of the nuclei, μ = mH+/2 is the reduced mass of the
nuclei with mH+ the proton mass [43], and V ion

j are the numer-
ical potential curves of the molecular ion H2

+ [39]. Treating
the active-electron coordinate and the internuclear distance on
equal footing places the model beyond the Born-Oppenheimer
approximation. Note that the interaction potential vanishes for
large distances of the active electron, V int

j (�r → ∞, R) = 0.
This decouples the Hamiltonian into the driven motion of the
active electron and a two-level molecular ion with nuclear
motion. Thus, the remaining ion is effectively described in a
two-level BO approximation.

The inactive (bound) electron can be excited by the exter-
nal field via an interaction potential

W = −�d (�r, R) · �E (t ), (8)
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with the electric field �E (t ) = −∂t �A(t ) and the transition dipole
moment �d . We neglect all nonadiabatic couplings, specifi-
cally other off-diagonal terms arising from electron-electron
[44,45] or bound-electron-nuclear interactions [46]. The full
Schrödinger equation can be written as

i∂t

(
ψ0

ψ1

)
=

(
H0 W

W H1

)(
ψ0

ψ1

)
. (9)

We solve the TDSE (9) on a Cartesian grid using a split-
operator method (SOM) [47,48] with a time step of �t ≈
0.054 a.u. The freed electron may travel a large distance. To
reduce the needed box sizes, we apply a two-grid method
[49]. Outgoing electronic wave packets are projected onto
Volkov states using a complex absorbing potential and then
propagated in momentum space neglecting the interaction
potential. The nuclear motion is treated similarly with a
SOM, but the ion potential is always retained because the
separation of the nuclei remains moderate. In the absorp-
tion step, zero padding is applied to increase the resolution
of the momentum of the freed electron and to enlarge the
box size of the internuclear distance after ionization. We
use a grid of 384 points for each electronic coordinate with
�x = �y = 0.4 a.u. For the nuclei we use 256 points with
�R = 0.05 a.u. The enlarged (due to zero padding) second
grid has 10242 × 512 grid points. The simulations start in
the ground state 
(t = 0) = 
0 = (ψ0(t = 0), 0)T obtained
by imaginary-time propagation [50] followed by the real-time
propagator eigenstate method [51]. We obtain a ground-state
energy of EH2 ≈ −1.1645 a.u. (−31.7 eV), consistent with
values reported in [39,52]. Unlike previous studies [53,54]
that combine analytical ionization with numerical dissocia-
tion, our approach treats both processes on an equal footing.
Furthermore, we extend previous grid-based models [38,55–
57] to arbitrary planar field polarizations, allowing the calcu-
lation of two-dimensional PMDs.

The vector potential �A(t ) is defined as a sum of circularly
polarized pulses

�AR,L (t ) = −E0

ω
f (t )

(
cos(ωt )

± sin(ωt )

)
, (10)

with positive (right, R) or negative (left, L) helicity. Here E0

is the maximal electric-field strength, ω is the frequency, and
f (t ) = cos4( ωt

2N ) is an envelope function. We use the combi-
nations

�A(t ) =

⎧⎪⎪⎨
⎪⎪⎩

�AR(t ) for RCP

�AR(t ) + �AR(t − τ ) for RRCP

�AL(t ) + �AR(t − τ ) for LRCP,

(11)

with time delay τ . Only the left-right circularly polarized
(LRCP) pulse creates FEVs. The right-right circularly po-
larized (RRCP) pulse is known to cause a ring structure in
the PMD [17,18]. We use a wavelength of λ = 40 nm, which
corresponds to a photon energy of approximately 31 eV. The
field strength is set to E0 = 0.005 338 03 a.u. (I = ε0cE2

0 ≈
2 TW/cm2) and each pulse has a duration of N = 8 cycles
(approximately 1 fs). In the following, we delay the two
pulses by 12, 14, and 16 optical cycles (τ1 ≈ 1.6 fs, τ2 ≈
1.9 fs, and τ3 ≈ 2.1 fs), so the pulses are well separated.

These delays are short compared to the vibrational period of
H2

+, i.e., we expect the distributions of photoion nuclear en-
ergies to be featureless and broad compared to the vibrational
level spacings. Also, the moderate delays keep the compu-
tational effort for resolving the spiral interference patterns
manageable.

After the end of the pulse sequence we project the outer-
grid wave function onto vibrational bound and discretized
continuum states χ j,v of the nuclei,

ψ j ( �p, R) =
∑
v∈N0

c j,v ( �p )χ j,v (R), (12)

with
c j,v ( �p ) = 〈χ j,v (R)|ψ j ( �p, R)〉, (13)

with χ j,v solving the one-dimensional time-independent
Schrödinger equation(

P2

2μ
+ V ion

j (R)

)
χ j,v (R) = Ej,vχ j,v (R), (14)

with Ej,v the energy of the nuclei. The continuum states
are approximated as the box states of the grid. We obtain
χ j,v by numerically exact diagonalization of the short-time
propagator [51] of Eq. (14) to ensure stationary propagation
without field. The energy of the nuclei is Enuc

j,v = Ej,v − VD,
with VD = V ion(R → ∞) = −0.5 a.u. This energy is positive
for dissociated states and negative for vibrational bound states
of H2

+. The coefficients c j,v can be used to calculate the
energy spectrum of the nuclei,

dWj
(
Enuc

j,v

)
dE

≈
∫∫

dpxdpy|c j,v ( �p )|2
�Ej,v

, (15)

where �Ej,v is obtained from linear interpolation of the differ-
ences of the energies, δEj,v = Ej,v+1 − Ej,v . To calculate the
PMD, we add the individual PMDs of both electronic states
incoherently,

M( �p, Enuc) = M0( �p, Enuc) + M1( �p, Enuc), (16)

with

Mj ( �p, Enuc) =
Enuc

j,v ∈I∑
v

|c j,v ( �p )|2. (17)

The interval I = [Enuc − �E/2, Enuc + �E/2] accounts for
finite resolution in experiments, needed for sufficient yield.
When not stated otherwise, we use an interval of �E =
0.1 eV for dissociation. The discrete bound states for j = 0
can be added in Eq. (17) or analyzed individually. In the
following we restrict our analysis to nuclear energies below
2.1 eV, where we found negligible contributions of the 2pσu

( j = 1) state. In a coincidence measurement the direct single
ionization into the electronic ground state of H2

+ can be
distinguished from other channels by selecting appropriate
energies of the nuclei [58].

III. RESULTS

A. Rotation angle

We first report the results of our TDSE simulations for
an LRCP pulse with a time delay of 12 cycles (τ1 ≈ 1.6 fs).
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FIG. 1. Photoelectron momentum distributions normalized to a
maximum value of 1 for two different energy regions of the nuclei
after ionization by an LRCP pulse with a time delay of 12 cycles
(τ1 ≈ 1.6 fs). (a) Lowest vibrational bound state of H2

+ in 1sσg

with energy E0,v=0 ≈ −0.5975 a.u. The red circle shows the electron
momentum pel ≈ 1.07 a.u. according to energy conservation and the
red horizontal line is the estimated width �pwidth = 0.25 a.u. based
on the frequency spectrum of a single pulse. (b) Integrated PMD for
an energy region of 0–0.1 eV for dissociated nuclei. The red line
represents a spiral arm from the kinematical model (1). The black
dotted line is the spiral arm rotated by π/2.

In Fig. 1, examples of photoelectron momentum distributions
are given for different energy ranges of the nuclei. For com-
parison, a fixed-nuclei and an atomlike result are shown in
Fig. 3 below. Figure 1(a) shows the PMD obtained for the H2

+
photoion in the lowest vibrational state v = 0 of the 1sσg state
( j = 0). The density is located along a ring with central radius
pel ≈ 1.07 a.u. (red circle), estimated by energy conservation
Eel = p2

el/2 = h̄ω − (E0,0 − EH2 ), with E0,0 the energy of the
ion. The width of the ring reflects the spectral width of the
individual pulses. On top of the ring, there is a two-arm spiral
interference structure overlaid with a dipolar modulation that
has its maxima on the px axis. The pulse duration is short
enough that multiple windings of the spiral are visible. The
spiral structure, called an FEV, is caused by the interference
of time-delayed electronic wave packets originating from the

FIG. 2. (a) Vibrational-energy distribution of the molecular ion
at the end of the simulations in the σg state compared to the dis-
tribution expected from Franck-Condon factors (arbitrarily scaled
for better comparison). (b) Rotation angle of FEVs extracted from
the TDSE as a function of vibrational energy in comparison to a
kinematical model based on instantaneous energy sharing [Eq. (19)].
At zero energy we find a rotation angle of approximately −0.08◦,
−30◦, and −60◦ for τ1 ≈ 1.6 fs, τ2 ≈ 1.9 fs, and τ3 ≈ 2.1 fs. Red
arrows highlight the positions of the rotation angles of the spirals
shown in Fig. 1.

FIG. 3. Normalized photoelectron momentum distribution cor-
related with (a) the vibrational bound state v = 4 of H2

+, (b) the
summed PMD of all vibrational bound states, (c) the result of
a 2D fixed-nuclei TDSE simulation at an internuclear distant of
R = 1.4 a.u., and (d) the 2D TDSE result for a model atom. All
PMDs are obtained with an LRCP pulse and a time delay of 12 cycles
(τ1 ≈ 1.6 fs).
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two pulses in Eq. (11). The number of spiral arms confirms
one-photon absorption [17,18]. The pulse sequence ionizes
the molecule with a probability of approximately 0.01% and
the first excited electronic states of the inactive electron (inner
and outer grid) are occupied with probability 0.001% at the
end of the simulation, validating the perturbative character of
the chosen parameters.

The dipolar pattern is a signature of the nonisotropic
molecular orbital shape and can be viewed as a kind of
two-center Cohen-Fano interference [19,59–61]. Assuming
spherical waves with momentum pw originating from both
nuclei, the PMD is deformed by a factor [19]

cos2[pwR sin(ϕ)/2]. (18)

The dipolar pattern appears also when using only a sin-
gle pulse or in fixed-nuclei simulations [see Fig. 3(c)].
The strength of this modulation is related to the internu-
clear distance at the moment of ionization. An analysis
of the integrand of the Franck-Condon factors PFC(v) =
| ∫ dR χ∗

H2
(R)χ0,v (R)|2 representing the overlap of the vi-

brational state χH2 of the neutral molecule with individual
vibrational states χ0,v of the ion, for the low-lying vibra-
tional states of H2

+, reveals that the peak of the spatial
distribution shifts toward smaller internuclear distances as
the vibrational energy E0,v increases. This occurs because
the H2 vibrational state overlaps primarily with the inner
turning points of the H2

+ vibrational states. Consequently,
the v = 0 state exhibits the most pronounced dipolar pat-
tern in the resulting photoelectron momentum distribution.
Taking into account that the continuum wave function of
the ejected electron deviates from a plane wave near the
core by using in Eq. (18) the Coulomb-related effective
momentum pw = √

2(Eel + Ip) ≈ √
2ω (see [61]) and in-

serting the internuclear distance of maximal overlap of the
Frank-Condon integrand, we can accurately reproduce the
photoelectron angular distribution of Fig. 1(a). The trend of
decreasing R for increasing nuclear energies persists for dis-
sociated nuclei. From a classical perspective, they originate
from ionization events at internuclear distances Rion small
enough so that V ion

0 (Rion ) > VD = −0.5 a.u. This condition is
satisfied for Rion � RD ≈ 1.11 a.u., where RD is defined by
V ion

0 (RD) = VD.
In Fig. 1(b) we show a PMD for dissociated nuclei in-

tegrated in the energy range [0, 0.1] eV [see Eq. (16)]. The
dipolar modulation is weaker, which is consistent with ioniza-
tion at small internuclear distances. However, in this regime,
the effective momentum pw overestimates the energy shift
near the nuclei; as a result, the dipolar pattern in Fig. 1(b)
is less pronounced than expected from Eq. (18). In line with
energy conservation, the radius is slightly reduced, because
more energy is deposited into the nuclear motion. To guide
the eye, we plot one arm of the two-armed spiral as a red line.
This line is a kinematical description of the free-electron vor-
tices (discussed below), showing very good agreement with
the TDSE result. The kinematical description is sufficient to
reproduce the shape of the spiral, despite the dipolar pattern.
A more precise prediction of the spiral shape is provided by
perturbation theory [27].

The population of the bound and dissociated vibrational
states after the end of the pulse is shown in the nuclear-energy

spectrum in Fig. 2(a). The spectrum follows qualitatively the
distribution expected from Frank-Condon factors, although
slightly shifted with a maximum at v = 3 instead of v = 2,
and a less steep exponential decay into the dissociative region.
This difference originates from a preferential ionization at
smaller internuclear distances than the peak position of the
H2 vibrational ground state. We found a shift in the dominant
position of ionization by �Rion ≈ −0.046 a.u. by analyzing
the ionization yield for fixed nuclei. We also performed a
two-level one-dimensional BO calculation with an initial nu-
clear wave packet peaked at R = 1.4 a.u. instead of the H2

vibrational-ground-state peak position 1.45 a.u., which ap-
proximately reproduced the TDSE results in Fig. 2(a). The
nuclear-energy spectrum is approximately identical for all
considered time delays τ .

Assuming that dissociative ionization takes place with zero
initial nuclear velocity at very small radii Rion � RD, nuclear
motion starts on the repulsive part of the ion potential curve.
This fraction, is accelerated up to a kinetic energy of Enuc =
V ion

0 (Rion ) − VD. Instead of the atomic ionization potential Ip

such as in Eq. (1), we introduce the molecular ionization
potential Ip(R) = V ion

0 (R) − EH2 as the difference between the
R-dependent ion potential curve and the initial energy of the
neutral molecule. Inserting into Eq. (2), we end up with a
rotation angle φrot of the spiral depending on the energy of
the nuclei,

φrot (Enuc) = −τ (Enuc + VD − EH2 )

2
. (19)

Thus, measuring the nuclei at increasing kinetic energy re-
leases is directly related to (i) a rotation, (ii) a shrinking
of the radius of the spiral interference structure, and (iii) a
weakening of the dipolar pattern (two-center interference) in
the PMD. We use Eq. (19) also for bound states with Enuc =
E0,v − VD.

To quantitatively compare the kinematical model with
TDSE results, we extract ϕ(p) by finding local maxima along
circles of varying radii. The numerical positions of these max-
ima (ϕ, p) are then fitted with the quadratic form ϕ = a + bp2

[see Eq. (1)] to determine a and b. The results for the rotation
angle are presented in Fig. 2(b) for three values of the time
delay τ . Where necessary, we added or subtracted multiples of
π (similar to phase unwrapping). As expected from Eq. (19),
we obtain a linear behavior. The spiral interference pattern
rotates as a function of the nuclear energy. The model (19) and
TDSE results agree very well within the numerical accuracy
of the fitting process.

Next we consider the PMD in coincidence measurements
for the process H2 + h̄ω → H2

+ + e−, where vibrational
states of H2

+ cannot be resolved. For Fig. 3(b) we summed
over all vibrational bound states of H2

+. The general shape
as well as the spiral interference structure is still visible, but
significantly blurred [62]. We obtain a rotation angle of φrot =
126.6◦, which is comparable to the 133.7◦ rotation angle of
the dominant vibrational state (v = 3). The blurring of the
PMD is caused by contributions from other vibrational states.
As shown in Fig. 2(b), the spiral rotates by more than 180◦
across the vibrational bound states, resulting in an interchange
of the two spiral arms.
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Because the frozen-nuclei approximation is widely used
in attosecond strong-field ionization of molecules [27,28,33],
we performed also a two-dimensional TDSE simulation with
fixed internuclear distance R = 1.4 a.u. under the same phys-
ical conditions as our moving-nuclei model. The resulting
PMD is shown in Fig. 3(c). We find a much sharper pattern
compared to the PMD summed over all vibrational states in
Fig. 3(b). We obtain an extracted rotation angle of 116.6◦,
which is in good agreement with the kinematical model pre-
diction of 113.6◦ using the corresponding Ip = �V0(R) =
V ion

0 (R) − V H2
0 (R) in Eq. (2). The vibrational state v = 4 in

the moving-nuclei calculation is energetically closest to the
fixed-nuclei ionization. For v = 4 we have a rotation angle
of 117.8◦ [see Figs. 2(b) and 3(a)] and a model prediction of
115.3◦, which matches the fixed-nuclei simulation. In other
words, the adiabatic ionization potential Iadi

p = E0,4 − EH2 is
close to the vertical ionization potential of the fixed-nuclei
calculation, leading to similar spirals [see Figs. 3(a) and 3(c)].
For the heavier isotopologue D2, we expect qualitatively the
same results, but with a small shift in the rotation angle
by �φrot = τ1(EH2 − ED2 )/2 ≈ 5.5◦. Finally, in Fig. 3(d) we
show a result of a 2D TDSE simulation for a model atom
matching the ionization potential of the fixed-nuclei calcu-
lation. We used a soft-core potential −1/

√
|�r|2 + αatom with

αatom = 0.334 and obtain a rotation angle of 116.4◦ consis-
tent with the fixed-nuclei results. The major difference is the
absence of the dipolar pattern, confirming that this pattern
originates from the initial orbital shape of the electron.

We conclude that the visual impression of the PMD for
summed vibrational states is dominated by only a few bound
states of H2

+, while the other states cause a significant blur-
ring and a small shift in rotation angle compared to the
dominant state. The fixed-nuclei and the model-atom simula-
tions match very well the spiral from a single vibrational state
with similar Ip. This shows that frozen-nuclei simulations can
be indeed helpful, but experimental results might be notably
different when multiple vibrational states are involved. The
kinematical model, extended to instantaneous energy sharing
at the moment of ionization, reproduces the numerical rotation
angles of the FEVs very well.

B. Contrast

This section addresses the limitations caused by integration
over nuclear energy ranges, which can be interpreted as a
decoherence effect where the nuclear degree of freedom is
a subsystem that we trace out [60]. In Fig. 4(a) we compare
normalized cuts along the positive px axis of the PMDs shown
in Figs. 3(a)–3(c). While the positions of the maxima and
minima agree well, the contrast of the oscillation differs. For
better comparison, we define the contrast

C = |ψ |2max − |ψ |2min

|ψ |2max + |ψ |2min

, (20)

where |ψ |2max is the global maximum of the cut and |ψ |2min
is the smaller of the values at the minima neighboring the
global maximum. Table I underlines the visual impression of
Fig. 4(a) that the summed vibrational states has worse contrast
compared to individual energies and also in comparison to the

FIG. 4. Analysis of the contrast in PMDs, shown by cuts of
PMDs along the positive px axis. (a) Comparison of the vibrational
state v = 4, fixed-nuclei results, and the integrated PMD of all vi-
brational bound states of H2

+. (b) Comparison of small and large
integration regions of energies for the dissociation channel. (c) Con-
trast (purple line, left y axis) and relative shift of the rotation angle
with respect to a small integration region (green dashed line, right y
axis) as a function of the right boundary of the integration range for
dissociation. Results are obtained for τ1 ≈ 1.6 fs.

fixed-nuclei simulation. For the dissociation channel, the blur-
ring effect is studied in Figs. 4(b) and 4(c). First, we compare
the cuts of PMDs for two different integration regions. The
narrow integration region, covering a kinetic energy release
of 0–0.1 eV, exhibits a high contrast and a well-defined rota-
tion angle that remains essentially unchanged even when the
integration window is further reduced. The large integration
region from 0–2.1 eV shows a strongly shifted rotation angle
of approximately 33◦. A systematic scan through integration
ranges [0,�E ] is shown in Fig. 4(c). The contrast (purple line,
left y axis) systematically decreases when more energies are
summed. The contrast starts for very small integration ranges
at approximately 1, similar to a single vibrational bound state,
but decreases for �E = 2.1 eV to below 75%. For even larger

TABLE I. Contrast values C for distributions as in Fig. 4(a).

State C

lowest vibrational state v = 0 0.997
dominant vibrational state v = 3 0.9992
highest vibrational state v = 18 0.990
fixed nuclei 0.9998
summed over all bound states 0.48
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integration intervals the contrast does not change anymore,
because of the small signal at high energies [see Fig. 2(a)].
The shift of the rotation angle, �φrot = |φ0−�E

rot − φ0–0.05 eV
rot |,

increases as a function of the integration range [see Fig. 4(c)].
While large integration regions are often preferred to improve
the signal-to-noise ratio, they may inadvertently obscure the
measurement of the precise spiral rotation angle.

C. Electron-nuclei correlations

In this section we report on the joint-energy spectrum of
the photoelectron energy and the nuclear energy for different
pulse configurations. The JES is obtained by integrating the
density along narrow rings in the photoelectron momentum
plane and fixed bins of the nuclear energy.

Single ionization with an RCP pulse creates a ring-shaped
PMD, without spiral structure but with a dipolar pattern, with
the radius depending on the energy of the nuclei. This yields a
broad distribution in the JES in Fig. 5(a) following the energy
correlation line (red line) defined by energy conservation (4)
with neglected Up. The width along the electron energy axis
corresponds to the spectral bandwidth of the laser pulse. The
extension of the distribution along the nuclear energy axis
results from the nonzero width of the initial H2 vibrational
ground-state wave function, yielding a range of nuclear ener-
gies that is only weakly sensitive to variations in the pulse
parameters. Not shown in this figure is that this structure
repeats for larger electron energies in a distance of one pho-
ton energy h̄ω ≈ 31 eV with smaller signal (above-threshold
ionization).

Adding a second either left circularly or right circularly po-
larized pulse causes a Ramsey-like interference as discussed
in [17,18,20]. In contrast to the single-pulse JES, we see on
top of the broad distribution in Figs. 5(b) and 5(c) a variation
of the yield with maxima following a slope of −1 and re-
peating with a spacing �Ecor = 2π

τ1
= 2.58 eV (orange dashed

lines). For corotating circularly polarized pulses (RRCP) in
Fig. 5(c) these correlation lines can be easily understood by
looking at PMDs for a fixed nuclear energy. The PMDs show
multiple concentric interference rings. Integrating along the
angle at a radius with a large signal leads to a corresponding
maximum in the JES. Our results show that the electron en-
ergy of these peaks shifts, according to energy conservation,
linearly with the energy of the nuclei, giving rise to the struc-
ture of diagonal lines in the JES.

For counterrotating circularly polarized pulses (LRCP) in
Fig. 5(b), the previous argumentation cannot be applied, be-
cause a spiral has no preferred radius. In this case the yield
variation is caused by the combination of the dipolar pattern
(two-center interference) and the spiral interference. To illus-
trate the appearance of the modulation, we sketch one spiral
arm and two circles in Fig. 5(e). At a given radius the spiral
arm crosses a circle at a specific angle, in Fig. 5(e) at 270◦
for the smaller circle (yellow point) and at 180◦ for the larger
circle (red point). The yield at these angles is different, due
to the dipolar pattern. We obtain a higher yield at electron
energies corresponding to radii for which the circle crosses
the spiral on the px axis in the PMD, where the dipolar pattern
maximizes. The rotation of the spiral as a function of the nu-
clear energy (see Fig. 2) leads to a linear shift of the crossing

FIG. 5. Normalized joint-energy spectrum of nuclei and photo-
electrons for (a) a single RCP pulse, (b) an LRCP, and (c) an RRCP
pulse sequence, showing correlation lines (red and orange lines)
spaced by �Ecor = 2π

τ1
= 2.58 eV, which is much smaller than the

photon energy (h̄ω ≈ 31 eV). (d) Normalized electron-energy spec-
trum for an LRCP pulse. The magenta solid and orange dotted lines
show the spectrum for the atom and the fixed-nuclei molecule with
R = 1.4 a.u., respectively. The blue dashed line shows the JES from
(b) integrated over the nuclear energy. (e) Illustration of intersections
of a spiral with circles of different radii. Yellow and red points mark
intersections corresponding to minima and maxima in the electron
energy spectrum (see the text for details). All distributions are nor-
malized to the maximal value 1.

angle and thus to the correlation lines in the JES. Note that
the PMDs exhibit two spiral arms rotated by an angle of π

relative to each other. This matches the π -periodic structure of
the dipolar pattern so that both spiral arms produce the same
correlation pattern in the JES.

In Fig. 5(d) we compare the electron-energy spectra, ob-
tained by integrating the PMDs along rings of constant energy,
for the fixed-nuclei simulation, for the atom, and for the full
H2 model. The latter is calculated by integrating the JES
in Fig. 5(b) additionally over all shown nuclear energies.
In the case of the atom, the energy spectrum is similar to
that of a single pulse: In the absence of the dipolar pattern
the aforementioned mapping between the angle, radius, and
corresponding signal in the PMD [see Fig. 5(e)] yields no
modulations. The fixed-nuclei simulation and the full coupled
TDSE result show a modulation with distinct maxima and
minima. The yellow and red points serve as references for the
two exemplary radii in Fig. 5(e), which correspond to a yield
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minimum and maximum within the dipolar pattern for fixed
nuclei. More complicated dynamical FEVs of molecules (see,
for example, for CO or HF in [27]) might lead to structures
other than equidistant peaks. The difference between fixed-
nuclei and moving-nuclei results in Fig. 5(d) is caused again
by integrating over different vibrational states.

Finally, we mention some additional aspects not shown
in this article. When the alignment angle of the molecule
is changed, the dipolar pattern rotates accordingly, but the
spiral (slope and rotation angle) stays the same. The resulting
horizontal shift of the correlation lines in Fig. 5(b) implies
that for randomly oriented molecules the modulation in the
JES and in the electron-energy spectrum might average out,
leading to an atomlike result. This does not apply to the
RRCP setup, which shows the correlation lines regardless of
the dipolar pattern. Similarly, averaging over orientations may
wash out the dipolar pattern of Fig. 3(b), but the blurred spiral
should persist. When the H2 molecule is aligned parallel to
the field propagation axis [27], we also expect that the dipolar
pattern and the LRCP correlation lines are absent. Hence,
misalignment away from the polarization plane may cause a
weakening of the contrast in Fig. 5(b).

IV. CONCLUSION

In this article we have demonstrated a quantum-mechanical
calculation of free-electron vortices for coupled electronic-
nuclear motion. We have shown that the spiral interference
obtained in the PMD from one-photon single ionization of
aligned H2 with a counterrotating pulse pair rotates as a func-
tion of the energy of the nuclei. The rotation can be described
very accurately by a kinetic formula assuming instantaneous
energy sharing between the photoelectron and the nuclei.
The rotation is washed out when the measurement includes
integration over the nuclear energy. Thus, although the inter-
ference is still visible for the H2

+ + e− channel integrated
over all vibrational bound states, the rotation angle of the
spiral differs notably from any specific vibrational state. Ad-
ditionally, we have compared our moving-nuclei results to a
fixed-nuclei simulation showing that the general shape is well
reproduced, but the rotation agrees only if a single vibrational
state of the moving-nuclei photoion is considered such that
the ionization potential is similar to the fixed-nuclei case.
For the dissociation channel we have shown an increasing
shift of the rotation angle as a function of the integration
range of the kinetic energy release. We have demonstrated
for counterrotating pulses the appearance of correlation lines
in the joint-energy spectrum. These lines are caused by the
dipolar pattern in the photoelectron momentum distributions,
which originates from the nonisotropic shape of the molecular
orbital undergoing ionization.

The reported rotation of the vortices can be used to gauge
the time delay τ , gain information about the energy sharing
process, or extract properties of dynamical FEVs. The relative
carrier-envelope phase φ12 has a similar effect, i.e., rotation
in the polarization plane. The induced correlation between
electron and nuclei may provide a new tool for controlled
nuclear dynamics. Future projects may apply the developed
TDSE model to other settings such as tunnel ionization, dif-
ferent field polarizations, e.g., bicircular polarization [16,63],

or longer pulses with significant nuclear motion during
ionization. For a recent application of the model to entan-
gled electron-nuclear dynamics in D2, see [64]. Furthermore,
certain phenomena in the creation of free-electron vortices,
such as the synchronization of the pulse sequence with nuclear
motion, have been previously described using semiclassical
models but still require validation through a full quantum-
mechanical treatment [28].
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APPENDIX: NOTES ON THE
NON-BORN-OPPENHEIMER MODEL

In this appendix we elaborate on the non-BO TDSE model
and provide numerical details to ensure reproducibility. In
addition, we discuss prospects for improving the model.

We start with the full Hamiltonian of the four particles with
masses mk , charges qk , and positions �xk , with k = {1, 2} for
the nuclei and k = {3, 4} for the electrons,

H = Te1 + Te2 + Tnuc + Ve1e2 + Ve1,nuc

+ Ve2,nuc + Vnuc + Hint (t ), (A1)

where the T ’s contain the kinetic energies of each electron
and each nuclei, Ve1e2 is the repulsive electron-electron in-
teraction, Ve1,nuc and Ve2,nuc are the attractive electron-nuclei
interactions, Vnuc is the repulsive nuclear-nuclear interaction,
and Hint (t ) is the time-dependent interaction with the laser
field. We pursue two avenues of simplification: (i) physi-
cally motivated modifications of the Hamiltonian reducing the
complexity and (ii) a separation ansatz for the wave func-
tion distinguishing between an active electron, which can be
ejected, and an inactive electron, which is assumed to stay
always bound.

First, we perform a coordinate transformation into the Ja-
cobi coordinates

�Rc.m. =
4∑

k=1

mk �xk

M4
, (A2)

�R = �x1 − �x2, (A3)

�r1 = �x3 − m1�x1 + m2�x2

M2
, (A4)

�r2 = �x4 −
∑3

k=1 mk �xk

M3
, (A5)
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with Ml = ∑l
k=1 mk . We drop the center-of-mass motion and

assume the rotation of the molecule to be negligible. This
reduces the dimensionality from 12 to 7. We set the reduced
masses appearing in the transformed kinetic energy terms of
the electrons to 1, which is justified by the large difference in
mass between electrons and nuclei, me � M2. The interaction
of the external electric field with the internuclear distance
R = | �R| vanishes for H2, because the nuclei have identical
masses and charges. The interaction with the electric field
reads, in Jacobi coordinates,

Hint = (−�x1 − �x2 + �x3 + �x4) · �E (t ) = (κ�r1 + �r2) · �E (t ),
(A6)

with κ = M4/M3 = 2(me + mH+ )/(2mH+ + me), the charges
q1 = q2 = −q3 = −q4 = 1, and the masses m1 = m2 = mH+

and m3 = m4 = me.
Next we introduce the distinction between active and in-

active electrons. We assign �r1 to the inactive electron and �r2

to the active electron (equivalent to �r in the main text). The
total wave function is expanded in time-independent func-
tions φ j (�r1; �r2, R), which describe the inactive electron’s wave
function, parametrically dependent on the active electron’s
coordinate and the internuclear distance, for the jth state, and
time-dependent functions ψ j (�r2, R, t ),


(�r1, �r2, R; t ) =
∞∑
j=0

φ j (�r1; �r2, R)ψ j (�r2, R, t ). (A7)

The time-independent part φ j is assumed to be orthonormal,
〈φm|φ j〉 = δm j, and should fulfill the one-particle Schrödinger
equation

He1φ j (�r1; �r2, R) = E eff
j (�r2, R)φ j (�r1; �r2, R), (A8)

with

He1 = Te1 + Ve1e2 + Ve1,nuc + Vnuc + Ve2,nuc. (A9)

This yields an effective interaction potential E eff
j (�r2, R) be-

tween the active electron and the nuclei for each energy level
j of the inactive electron. Up to this point, the expansion is
exact. Inserting the expansion into the TDSE, i∂
 = H
, and
projecting onto an arbitrary inactive-electron state φm yields
a matrix-vector form of the TDSE. As in the original Born-
Oppenheimer ansatz [46], where the time-independent part
φ j contains all electronic coordinates and the time-dependent
part describes only nuclear motion, we obtain nonadiabatic
coupling terms, i.e., derivatives of φ j with respect to the
active-electron and nuclear coordinates arising from the ki-
netic energy operator. Whereas in the standard BO ansatz the
nonadiabatic couplings scale with the inverse reduced nuclear
mass and are usually small, our formulation includes electron-
electron interactions in both diagonal and off-diagonal matrix
elements, which can be substantial. Nonetheless, we neglect
all nonadiabatic couplings [44,45],

〈
φm

∣∣∣∣ �p 2

2
+ P2

2μ

∣∣∣∣ψ jφ j

〉
≈

( �p 2

2
+ P2

2μ

)
ψ jδm j . (A10)

Instead of solving Eq. (A8) to obtain the potential energy
surface E eff

j (�r2, R), we model the interaction with soft-core

potentials (6) and the BO potential curves of the ion,

E eff
j (�r2, R) ≈ V int

j (�r2, R) + V ion
j (R). (A11)

Bypassing Eq. (A8) reduces the computational load dramati-
cally and allows us to approximately correct for the missing
diagonal coupling terms of the electron-electron interaction.
The BO potential curve V ion

j ensures the correct energies
of the ion when the active electron is far away and the
interaction potential V int

j (�r2, R) fixes the correct ionization
potential. However, the model misses off-diagonal electron-
electron interaction, which would be relevant for excitation of
the inactive electron in recollision events needed, for example,
in high-order above-threshold dissociation [38].

We restrict the sum in Eq. (A7) to only two terms as a
compromise between required computational resources and
accurate description of H2 and H2

+. Two levels are suffi-
cient to model a variety of effects including bond softening
and bond hardening [34,35,65], above-threshold dissociation
[37], and electron localization [36]. As we invoke the dipole
approximation and we use only planar field polarizations, we
restrict the coordinate of the active electron to two dimensions
�r2 = (x, y)T . The two-level three-dimensional TDSE reads

i∂t

(
ψ0(�r2, R)

ψ1(�r2, R)

)
=

(
H0 W

W H1

)(
ψ0(�r2, R)

ψ1(�r2, R)

)
, (A12)

with W = 〈φ1|Hint (t )|φ0〉(�r1 ) = −�d (�r2, R) · �E (t ). We trans-
formed the interaction term �r2 · �E from the length gauge to
the velocity gauge to arrive at Eq. (7). The active electron is
not restricted to a certain number of states. It can populate
all intermediate states and continuum states after ionization,
as long as they are numerically available on the grid. This
method is an improved single-active-electron approach with
coupled electron-nuclear motion, hence, beyond the standard
BO approximation. The effective charge and the softening
parameter are defined similarly as in [66] as

Zeff
j (R, |�uk|) = 1

2

(
1 + z je

−|�uk |2/σ j (R)2)
, (A13)

α j (R) = δ j1R + 1
2 , (A14)

where δ j1 is a Kronecker delta and �uk = �r2 − �Rk with k =
{1, 2}. Equations (A13) and (A14) model the screening of the
nuclei by the inactive electron. The constant parameters are
given by z0 = 1 and z1 = 2. The limits of the effective charges
are Zeff

j (|�u| → 0) = {1, 3/2} for j = {0, 1} and Zeff
j (|�u| →

∞) = 1/2 for both j. We had to increase the effective charge
for the second level ( j = 1) beyond the physically motivated
charge of 1 to numerically reach the correct ionization po-
tential �V1(R) for all R in combination with an R-dependent
softening parameter to stabilize the optimization procedure
and keep all parameters in a reasonable definition range. We
applied the Newton-Raphson method [67] with imaginary-
time propagation and the real-time propagator eigenstate
method [50,51] for the fixed-nuclei two-dimensional TDSE

He2 (σ j )ψ j (�r2) = −�V j (R)ψ j (�r2), (A15)

with

He2 = Te2 + V int
j (�r2, R), (A16)
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FIG. 6. Energy potential curves of H2 and H2
+ used in the model.

The large arrow labeled h̄ω shows the photon energy. Numbered
arrows (1–4) illustrate different mechanisms how population can
be transferred between the states: 1 and 3 by removing the active
electron |�r| → ∞, and 2 and 4 by population transfer in the two-
level system driven by the interaction potential W = −�d (�r, R) · �E (t ).
Vertical lines labeled Enuc, Eel, Ip1 = Ivert

p (R = 0.95 a.u.), and Ip2 =
Iadi

p (v = 3) illustrate two examples of the described energy sharing
(4) with neglected ponderomotive potential Up.

to search for σ j (R) leading to the correct ionization potential
�Vj (R) = V ion

j (R) − V H2
j (R) for both states of H2. Thus, the

parameter σ j (R) in the interaction potential V int
j fixes only the

ground-state energy of the active electron, which depends on
the state j of the second electron. The optimized parameters
are given in Fig. 7(a). Excited states of the active electron
deviate from literature values and do not exhibit the correct

FIG. 7. (a) Optimized parameters σ j (R) for both states of H2.
(b) Transition dipole moments between the two lowest dipole-
allowed electronic states of H2 and H2

+ as a function of the
internuclear distance, obtained from the literature [68–71].

R dependence. For instance, the first excited state of the active
electron dissociates to the same asymptotic energy as the
ground state. This happens because the interaction potential
V int

j (�r2, R) is symmetric with respect to �r2 along the molec-
ular axis. Nevertheless, we expect this incorrect behavior to
not influence the results much, because the ionization is fast
compared to the nuclear motion.

We show the used BO potential curves V ion
j (R) and V H2

j (R)
for j = {0, 1} in Fig. 6. These are obtained by analytical
approximations from [39] for the H2 ground state and the H2

+
ground and excited states. The dipole-allowed excited state
of H2 (B 1�u

+) is taken from [40,41]. To adjust the provided
curve to the R grid used, we extrapolated the data for small R
as EHe,1 + 1/R + a1R + a2R2 with EHe,1 the first excited state
of He [42] and for large R as −0.625 − ∑8

k=5 ak/Rk leading
to a sufficiently smooth curve. The a parameters are obtained
by fitting the extrapolation functions to a few of the outer
points from the provided data. The gray arrows numbered
1–4 in Fig. 6 illustrate the possibilities how population can
be transferred between the states within this model. First,
both up arrows 1 and 3 illustrate the ionization process when
|�r2| → ∞ and the interaction potential vanishes, V int

j (|�r2| →
∞, R) → 0. This process is nonreversible for two reasons.
First, when the electron is removed by a circularly polarized
pulse, it will not return. Second, the two-grid method prevents
an absorbed electron wave packet from returning to the parent
ion. In processes 2 and 4, which can go in both directions,
population is transferred by the electric field via the interac-
tion potential W of the two-level Hamiltonian (9). The dipole
moment differs between H2 and H2

+. Because the φ j’s from
Eq. (A7) are not available to us, we model this transition using
a three-dimensional function

�d (�r2, R) = f (u1, u2) �dH2 (R) + [1 − f (u1, u2)] �dH2
+ (R),

(A17)

with uk = |�r2 − �Rk| and k = {1, 2}, and we set κ = 1. We
assume êy ‖ �dH2 (R) ‖ �dH2

+ (R), motivated by the symmetry of
the states, with | �dH2 (R)| and | �dH2

+ (R)| given in Fig. 7(b), taken
from the literature [68–71]. The transition area is a combined
region of two circles around each nucleus. The transition
function is given by

f (u1, u2) = max[g(u1), g(u2)], (A18)
with

g(u) = e−u/3. (A19)

Within the two-grid method, the dipole moment reduces to
�dH2

+ (R) in the outer region. We expect this model to be
physically reasonable as long as the ionization proceeds at
small internuclear distances. The soft-core potentials with
optimized parameters allow us to tune the model for a variety
of diatomic molecules. A natural choice could be H2

+, in
order to extend the previous fixed-nuclei results [19]. Also
heteronuclear molecules such as HeH+ could be investigated
(cf. [56]).

To improve the model (e.g., to take inelastic recollisions
in low-frequency linearly polarized fields into account), ex-
plicit electron-electron interactions could be introduced in the
off-diagonal matrix elements of Eq. (A12). When necessary,
more than two levels could be used. Further, one could check
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whether Eq. (A11) holds, by estimating the φ j functions based
on quantum-chemistry calculations. In this way, also a better
approximation of the dipole interaction (A17) could be found.

Finally, we want to summarize the molecular ionization
potentials introduced. The difference between BO potential
curves,

Ip = �Vj (R) = V ion
j (R) − V H2

j (R), (A20)

is used in fixed-nuclei simulations and for finding the pa-
rameters of the soft-core potentials. In contrast, in the
moving-nuclei simulations, the energy of the nuclei has to be
considered as a part of the energy conservation. For the direct
dissociation channel, we assume ionization of the molecule
at small internuclear distances Rion < RD with the vertical
ionization potential

Ip = Ivert
p (Rion ) = V ion

0 (Rion ) − EH2 . (A21)

When the molecular ion ends up in a vibrational bound state,
i.e., for ionization at larger internuclear distances Rion > RD,

we use a generalized adiabatic ionization potential

Ip = Iadi
p (v) = E0,v − EH2 . (A22)

With the definitions of Enuc from the main text, we end up in
both cases with the expression

Ip = Enuc + VD − EH2 . (A23)

Figure 6 shows two examples for the energy conservation (4)
with the nuclear energy Enuc as red vertical lines, the energy
of the electron Eel as blue vertical lines, and the ionization
potentials as thick black vertical lines in comparison to the
black vertical arrow indicating the photon energy h̄ω. When
the internuclear distance is smaller than RD, the nuclear en-
ergy is continuous and positive. Potential energy is built up
in the ionization process and released by motion along the
ion’s potential curve. Thus, the energy needed to ionize (ion-
ization potential) is partially converted into kinetic energy of
the nuclei. The ionization potential is the difference between
the initial vibrational state and the ion’s BO potential curve.
When the internuclear distance is larger than RD, the nuclear
energy is negative and the molecular ionization potential is the
difference between the initial and final vibrational states.
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