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Multimode Gaussian steady-state engineering in optomechanical systems with a squeezed reservoir
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We investigate a theoretical protocol for the dissipative stabilization of mechanical quantum states in a
multimode optomechanical system composed of multiple optical and mechanical modes. The scheme employs
a single squeezed reservoir that drives one of the optical modes, while the remaining optical modes mediate
an effective phonon-phonon interaction Hamiltonian. The interplay between these coherent interactions and the
dissipation provided by the squeezed bath enables the steady-state preparation of targeted quantum states of
the mechanical modes. In the absence of significant uncontrolled noise sources, the resulting dynamics closely
approximate the model introduced in [Zippilli et al., Phys. Rev. Lett. 126, 020402 (2021)]. We analyze the
performance of this protocol in generating mechanical cluster states defined on rectangular graphs.
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I. INTRODUCTION

The precise manipulation and control of quantum states
is important for the advancement of quantum technologies.
Opto- and electromechanical approaches [1,2] are particularly
interesting as they allow the quantum control of macroscopic
objects and the integration of diverse physical systems [3].
In particular, multimode opto- and electromechanical systems
[4-29], where multiple mechanical modes interact coherently
with multiple modes of the electromagnetic field or with
superconducting devices, offer versatile platforms for the de-
terministic engineering of complex quantum states [30-34],
which may be relevant for various quantum applications. For
example, in quantum communication, such systems can act
as quantum repeaters and routers, enabling the faithful trans-
mission and exchange of quantum information among diverse
physical platforms [13,35-38]; in quantum sensing, quantum
features can enhance the sensitivity of measurements [39,40]
and, in quantum computing, engineered complex quantum
states can serve as building blocks for quantum computers
and simulators [41-49]. In particular the ability to engi-
neer mechanical cluster states may enable measurement-based
quantum computation over mechanical degrees of freedom
[46,50].

In this work, we describe a protocol for the stabilization
of multipartite entangled states of multiple mechanical res-
onators. In this respect, this work is related to Ref. [50].
However, the present protocol relies on distinct dynamics
and operates in a different parameter regime. Specifically, we
show that a multimode optomechanical system can implement
the dissipative model of Ref. [51], where an array of bosonic
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modes is driven into tailored Gaussian steady states (including
Gaussian cluster states [52,53]) via the coupling of a single
mode to a squeezed reservoir [54,55]. In doing so, this work
also generalizes the scheme of Ref. [56] to encompass a
broader class of steady states.

Here, the bosonic modes considered in Ref. [51] are re-
alized by multiple (quasi-)resonant mechanical resonators,
whose interactions are mediated by the optical modes. In
this way, we describe a strategy to engineer an effective
photon-mediated phonon-phonon interaction Hamiltonian,
which enables the implementation of the dissipative prepara-
tion scheme of Ref. [51]. As an application, we show how
this approach can prepare Gaussian cluster states defined on
rectangular graphs.

This article is organized as follows. In Sec. II we introduce
our system. Then in Sec. IIl we review the main findings
of Ref. [51] and in Sec. IV we describe how to engineer
the model of Ref. [51] with our optomechanical system. Nu-
merical results for the preparation of Gaussian cluster states
are described in Sec. V. Finally, we draw our conclusions
in Sec. VI. In the Appendixes we include additional details
on the analytical model (Appendix A), considerations on the
preparation of generic cluster states (Appendix B), description
of the evaluation of the system steady state (Appendix C), and
of the corresponding fidelity and variance of the nullifiers for
the preparation of Gaussian cluster states (Appendix D).

II. SYSTEM

We consider an optomechanical system (see Fig. 1) where
N mechanical modes at frequencies wy interact with M + 1
optical modes at frequencies w,; (the exact value of M de-
pends on the specific state we aim to prepare as specified
below). The mechanical modes are near resonant

wr = wo + Sy, (D
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FIG. 1. Setup: a multimode optomechanical system where N me-
chanical resonators interact with M optical modes (here represented
by different colors inside the cavity). By controlling the external
pump fields it is possible to engineer effective phonon-phonon inter-
actions between the mechanical resonators. The zeroth optical mode
is also coupled to a squeezed reservoir. If uncontrolled dissipation
is sufficiently weak, the interplay between the dissipation due to the
squeezed bath and the coherent photon-mediated interactions is able
to stabilize mechanical cluster states.

with Swy; < wy, and one optical mode (the one with index
j =0) is coupled to a squeezed reservoir [56]. The system
works in a regime in which the other optical modes mediate
an effective unitary phonon-phonon interaction. In particular,
we show that it is possible to engineer the corresponding
Hamiltonian to support the creation of a Gaussian cluster state
following the procedure discussed in Ref. [51].

The optical modes are driven by laser fields at frequencies
wr; detuned by A; = w.; — wrj from the cavity resonances.
The relevant degrees of freedom in quantum optomechan-
ics [50,56] are the quantum fluctuations around the classical
steady state. Here they are described by the bosonic anni-
hilation operators b; and a;, with k€ {l,...,N} and j €
{0, ..., M}, for the mechanical and optical fields, respectively.
The corresponding optomechanical Hamiltonian in the inter-
action picture with respect to the optical Hamiltonian is

M N

Hom =h|:z Aj ajaj—l—z wy b}cbk

j=0 k=1

M N
+§:§:<;“y+gwapwk+bb} )

j=0 k=1

where the coupling strengths are proportional to the amplitude
of the driving fields

G = &5, 3)

where Sk is the bare optomechanical coupling strength that
depends on the system’s geometry, optical and mechanical
modes structure, and operating point [57-62] and «; is the
classical complex steady-state amplitude of the jth optical
mode that can be controlled through the driving lasers’ am-
plitudes E; and phases ¢ ; according to the relation

—iE;j el
o = —I—. )

Kji+1A;
Including optical and mechanical dissipation with rates «;
and y;, respectively, we describe the system dynamics, as is
customary in quantum optomechanics [63], in terms of the

quantum Langevin equations

N
aj=—(;+id)a; =iy Gulbe + b)) +y/2k; al™,
k=1

M
be=—(n+io) b —1) (Gira;+ Giual) + 2y bE".
j=0

®)

Differently from the standard quantum optomechanical set-
ting [50], here the reservoir acting on the zeroth optical mode
is squeezed. In practice, this can be achieved by driving the
optical mode with the output field of an optical parametric
oscillator [54,55] as detailed, for example, in Ref. [56]. We
describe the squeezing reservoir in terms of the correlations of
the corresponding input noise operator ag ™ which, assuming
a sufficiently large squeezing bandwidth, are characterized by
the relations

(al™ @) af™ (@) = 8 — 1)+ (afV (1) af™ (1))
= (1+ny) 8@ —17),
{6 ) @™ @) = ag™" ) @™ ("))
= —e Xy, §@t — 1), (6)

where €79 = w; — wyo 1s the detuning between the central fre-
quency wy of the squeezed reservoir and the frequency of the
driving laser of the zeroth optical field [56], n; = sinh(r)?, and
my = e » sinh(r) cosh(r), with r the squeezing parameter of
the reservoir and ¢, the squeezing phase. The other nonzero
correlation functions involving all the remaining input noise
operators are

(@ @) a (") = 8 — 1),
(B @) BIMT@) = 8t — ') + (BT (1) M (1))
= (1 +n7,) 8t — 1), )

where 717, = (e /%7 — 1)1 is the average number of ther-
mal excitations corresponding to the kth mechanical mode.

Here we aim at engineering a model analogous to the one
analyzed in Ref. [51]. The modes that we expect to entangle in
the steady state are the mechanical ones and their Hamiltonian
is realized by the optical fields that mediate the interactions
between the mechanical modes.

III. MODEL AND RESULTS OF REF. [51]

Let us now briefly review and rephrase the results of
Ref. [51].

Reference [51] analyzes an array of N + 1 bosonic modes.
Here we indicate the corresponding annihilation operators
with the symbols ¢, for £ € {0, ..., N}. In our system they
correspond to the zeroth optical mode and the N mechanical
modes (see Sec. IV A below). The modes interact according
to a passive Hamiltonian

N
H=hY" Juwccr, (8)

£,0'=0
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with 7 an (N + 1) x (N 4+ 1) Hermitian matrix and, in the
ideal case, only the zeroth mode is dissipative and coupled,
with rate ky, to a squeezed reservoir, such that the system dy-
namics can be described by the quantum Langevin equations

. . m
C()z—K()Co—lZ Jok ck + 2K()C(() ),
k=0

N
Go=—i) Tiw cu. €))
k

where the input noise operator c(()i“) fulfills the correlation
relations for a squeezed reservoir similar to Eq. (6) but without
the time-dependent phase,

(C(()in)(l) C(()in)-i-(t/)> — ( —¢ )+< (m).(t) C(()in)(t/)>
=1 +n) 8@ —1"),
( (m)(t) C(m)(t/)> — <C(()in)+(t) C(()in)T(t;)>*
= —m; §(t —1). (10)
Reference [51] shows that such a system can have, as unique
pure steady state, a specific Gaussian state obtained by ap-
plying a passive unitary transformation to a set of equally

squeezed modes. Specifically, the steady state can take the
form

W) = (UPUD0)) ® (Uol0)), (11)

with U® and U, the squeezing transformations for all the
modes
Up = 3@ c’=e <)

N
U = [Jeien e ) (12)
k=1

and U'?) a passive unitary for the modes not directly coupled

to the reservoir
UP — e=iXiwm Kiw Ck’y (13)

with IC an N x N Hermitian matrix.

A. Sufficient condition for a pure steady state
of the form of Eq. (11)

A sufficient condition for the model in Eq. (9) to admit a
unique pure steady state of the form given by Eqs. (11)—(13) is
that the system Hamiltonian is passive, as specified by Eq. (8),
and it can be expressed as

H=UPH® U(p)‘r’ (14)
where H) is the Hamiltonian for a linear chain with nearest-
neighbor couplings

W ‘ﬂ
HS =in Z = (Se) ¢, cos (15)
60—

where 7 is the (N + 1) x (N + 1) real antisymmetric ma-

trix
s 0 —J() eT
j( ) = —(S) (16)
J() e j

and where for later convenience we introduced the vector

1
0
e=|. a7
0
and the N x N matrix
0 -/ 0 0
Ji 0 —J
: —JIn-1
0 Jy_1 0

This specific form of the system Hamiltonian (14) guarantees
a unique steady state. Indeed, as proved in Ref. [51], in this
way all the normal modes of the array are coupled to the zeroth
dissipative mode, so that all normal modes can dissipate and
the steady state is unique.

This can be understood by analyzing the system dynamics
in terms of the transformed operators

E} —ygw»t y®T U(j ¢ u®»yg® Up. (19)

An important property of H® (15) is that it is invariant under
the squeezing transformations (12) [51]. As a consequence,
using also Eq. (14), we find that the transformed modes satisfy
the equations

N
A~ ~ i P0— %Pk
co = —Ko Co + E e 2

.o,
& = Zezk@q, (20)

where Ném) = cosh(r) c(m) +e'% sinh(r) c(i“)* describes vac-

uum noise, such that the only nonzero correlat1on function

is (c ('")(t) c(m)T(t )) = 8(t — t'). These equations describe the
dynamlcs of the linear chain (15)—(18) with an open end that
dissipates into a vacuum reservoir. Therefore, these modes
lose excitations during the dynamics and approach the vacuum
|0) in the steady state. In fact, all the normal modes of a
linear chain (whose annihilation operators can be expressed
as the linear combinations Y ,, {v®}x ¢, where v(¥ are
eigenvectors of 7 satisfying 7 v® = i, v¥), have a
finite overlap with the end mode (that is, {v¥}y # 0 for all
k). Hence all normal modes are coupled to the reservoir and
can dissipate through the open end mode ¢,. This means that
the system has no dark modes and that the steady state is
unique. Correspondingly, since H® is invariant under U U,
and U does not operate on the zeroth mode, all the normal
modes of H also have a finite overlap with the original zeroth
mode co. Hence the original system has no dark modes and
its steady state is unique. Specifically, the steady state of the
original modes c; is obtained by transforming the steady state
for the transformed modes ¢ under the unitary U® US,
that relates these modes [see Eq. (19)]—namely, it is equal to
Eq. (11).

In Sec. IV we show that our optomechanical system can
be engineered to approximate the ideal model (9), up to small
uncontrolled noise, with a Hamiltonian of the form (14)—(18).

IO & + V2o &P,
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As a consequence, the steady state of the optomechanical sys-
tem is expected to closely approximate the pure state defined
in Egs. (11)—(13).

B. Convenient rewriting of the system Hamiltonian

For the purpose of this work it is useful to rewrite the pas-
sive system Hamiltonian (14)—(18) that guarantees a unique
pure steady state (11) as follows. We consider the matrix of
coefficient J [see Eq. (8)] and we express it as the block

matrix
0 g(()j)T
J = 21
(g(()J)* W(J)

(the symbol * indicates the element wise complex conjugate),

where the blocks g}’ and W) can be expressed in terms of

the N x N unitary matrix
V=e'k, (22)

where K determines U” according to Eq. (13). In fact, V
defines the transformation of the operators ¢, under the effect
of U™ itself, i.e.,

N
UP qUP" =" (Vilwco, for kefl,....N}.(23)
k'=1

And so, considering also that U ) ¢ UPT = ¢y, the Hamil-
tonians (14)—(18) can be rewritten as

N
. 910 n
H = 1h]és) |:el Ea E Vi c}( co— H.c.]
k=1

N
. —(S) .+
+HAEY Ve TV o Vi a4
kk'=1
where & is the diagonal N x N matrix with nonzero elements
@ = el 7. As aresult, W) in Eq. (21) is given by

W) = Yo7 oyt (25)

(J)

and g;”’ in Eq. (21) is the vector

—%0

gl = —ie T V" e, (26)

This means that given a target state of the form (11), which
is fully characterized by V (22) (i.e., ) and & for any value
of the squeezing parameter z, we can identify the Hamiltonian
(8) [with matrix of coefficient (21)] that supports the given
steady state, directly using Egs. (25) and (26). In particular,
since UP is arbitrary, this strategy allows one to steer the N
modes not directly coupled to the squeezed reservoir into any
zero-average Gaussian pure state

vy =UPU®|0), Q27)

which can be obtained by applying any passive transformation
U over many equally squeezed modes U |0).

C. Application to the steady-state preparation of a cluster state

Reference [51] describes also the application of this gen-
eral result to the preparation of a Gaussian cluster state
[52,53].

An ideal Gaussian cluster state with adjacency matrix A
(symmetric, with nonzero elements equal to one and Ay, =
0) is defined as the eigenstate with zero eigenvalue of the nul-
lifiers, which are linear combinations of quadrature operators
[52,53]

N
X = —i(bpe'® — b-};e—iek) _ ZAkk' (b + b;i,e—i(?,{,).
k=1
(28)

W (ideal)

This means that an ideal cluster state |W .-

by the conditions

) is determined

X [Widey = 0,  Vk. (29)
As a result, it is infinitely squeezed. A realistic cluster state
(as the one introduced hereafter) has finite squeezing and
the nullifiers exhibit finite variances. Cluster states are an
essential resource for measurement-based quantum compu-
tation, where a computation is performed as a sequence of
measurements on this kind of state [64,65].

According to Ref. [53], an approximated Gaussian cluster
state, |Weuser), With adjacency matrix A can be generated
from the vacuum by a multimode squeezing transformation

U = el Tiwa(Zwe L-Z/+H.c.)’ (30)

ie., |Weuseer) = U]0), when the matrix of coefficients Z is
given by

Z=0 Z,0, (€2))
where
A—-il
Zo = —i 32
T T AT (32)

and O is a diagonal matrix with elements ®; ; = e~%, such
that Z is a symmetric unitary matrix. In fact, more in general,
the state | W user) is equivalently generated by UU ™, where

x

U® = ¢ i Ziwa Ky < % with L) Hermitian, is a generic
passive unitary that has no effect on the vacuum U®|0) =
|0), namely | W juster) = U U™ |0). Furthermore, Ref. [53] also
shows that, in this case, the state |W¢ser) can be expressed in
terms of a multimode passive transformation U?) applied to
many equally squeezed modes U |0) such that

Wetusier) = U U™|0)
=UPU®|0) (33)

[see Eq. (27)]. And this entails that it can be generated with
the dissipative model of Ref. [51]. In order to apply the results
of the previous section to the generation of the Gaussian
cluster state (33), we need to determine a relation between the
matrix Z (31), that determines both the cluster state and the
unitary U (30), and the matrix ) (22), that determines the uni-
tary UP (13). This can be achieved by considering how the
mode operator ¢; transforms under both U U™ and U U,
Then, by equating the two transformation relations, we obtain
an equation that expresses the relation between V and Z.

053523-4
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Specifically, introducing V® = ¢=1X" | we find [51,53]

U(X)'I' U'I' a U U(X)
N
= Z (cosh(z) V,Ef,g, cv — i sinh(2){Z V] cl)
k=1
(34)

and

Ut i Cx u»y®
N
= (cosh(z) Vix cx +sinh(){V @}, cf). (35)
k'=1

These two expressions are equal (meaning that U U® =
UPUuS, sothat U|0) = UP US|0)) when V& =V and

Voiyl = —ie 2,0, (36)
that is, when
VY =0,-i2Z) Oy d*, (37)

where O is a generic orthogonal matrix.

In this way, given the adjacency matrix .4 and the matrix ©,
that determine the cluster state through Eqs. (30)—(32), we can
determine V (37) and, correspondingly, using Eqgs. (21), (25),
and (26), the Hamiltonian (8) that support the preparation of
this state. Here the same cluster state can be prepared for any
orthogonal matrix Oy, for any set of phases that determine P,
and for any (nonzero real) value of the entries of the matrix

TS,

IV. APPROXIMATING THE MODEL OF REF. [51] WITH
OUR OPTOMECHANICAL SYSTEM

In this work, we want to implement the model of Ref. [51]
with our optomechanical system. Our goal is to control the
quantum state of the mechanical modes, such that the state
(27) introduced in the previous section is realized for the set
of mechanical modes.

In our system, the mechanical modes do not couple di-
rectly; instead, their interaction is mediated by the optical
modes. In the limit of rapidly evolving optical fields, the
optical degrees of freedom can be adiabatically eliminated,
yielding a reduced model similar to the one of Ref. [51], i.e.,
equal to Eq. (9), but with additional noise affecting all the
modes. This approximate model can therefore exhibit a steady
state that closely approximates a state of the form given in
Eq. (11) when (i) the Hamiltonian of the approximate model
has the form given in Eqs. (14)—(18) or equivalently Eq. (24)
(see Sec. IVB) and (ii) the additional mechanical noise is
sufficiently small (see Sec. IV C).

On the one hand, the required effective mechanical Hamil-
tonian can be engineered by tailoring the optically mediated
phonon-phonon interactions. On the other, weak mechanical
dissipation (compared with the engineered Hamiltonian terms
and with the dissipation in the squeezed reservoir) can be
achieved when the intrinsic mechanical damping rate is small
and the optical detuning is large, such that the optomechanical
processes operate in the dispersive regime, where optically
induced mechanical dissipation becomes negligible.

In what follows, after introducing the approximate model,
we first outline how to choose the optomechanical interac-
tion strengths Gj; such that the resulting photon-mediated
Hamiltonian coincides with Eq. (24). We then analyze the
conditions under which optically mediated mechanical dis-
sipation is smaller than the Hamiltonian terms. Finally, we
describe the coefficients of the Hamiltonian (24) which are
needed for the preparation of a rectangular Gaussian cluster
state.

A. Effective optomechanical model

When the dynamics of the optical fields is much faster
than that of the mechanical degrees of freedom it is possible
to adiabatically eliminate the optical degrees of freedom and
approximate the mechanical dynamics in terms of an effective
model for the mechanical modes that is equal to Eq. (9), but
with additional noise terms. To be specific, under the assump-
tion of fast optical dynamics, that corresponds to

ki +1A > Gk, (38)

we eliminate the optical modes with indices j # 0, and we ap-
proximate the system dynamics in terms of an optomechanical
model where a single optical mode (the one with index j = 0)
interacts with many mechanical modes that, in turn, interact
according to an effective optic-mediated Hamiltonian that we
introduce hereafter.

We establish the equivalence between the array operators
¢ introduced in Sec. III (that corresponds to the model of
Ref. [51]) and the slowly varying operators

ag(t) = ap(t) e o,

bY(t) = bi(t) e ™', (39)
according to
co = ay,
ck = b}, (40)

As discussed in details in Appendix A the effective model,
for the slowly varying operators (39), with €19 = wg = Ag
(indicating that the central frequency of the squeezed reservoir
is resonant with the zeroth cavity mode [56] which, in turn, is
driven on the red mechanical sideband), is given by a set of
quantum Langevin equations of the form

N
ay=—roay—iy  Gox b+ v2k0 aj™.
k=1

N
by == Vew +iWer )by — Gy, af
k'=1

+V2n b ™ 41, (41)

which coincides with Eq. (9) when the mechanical noise terms
are zero, i.e., Vi v = yx = 0 and y; = 0, for all k, k’. We now
define all the quantities introduced in these equations.

The correlations of the slowly varying optical input noise
ag™ are equal to those for (™ in Eq. (10).

053523-5
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The coherent photon mediated mechanical interactions are
described by

M
Wi = Swi S e + Z G Gix Djj (42)
=1

with ; j the Kronecker delta and D the M x M diagonal
matrix with elements
2 AJ-(KJ2 + A? — a)(z))

Py = _(K2 + A2 —a)2)2 + 4 k2 w?
] i 0 j @

. (43)

Therefore, the corresponding effective system Hamiltonian,
that we aim to engineer, can be expressed as

N
ff) (eff) 70f o (eff) o 7.0
H )—hz [Tro” b" ag + T ag" b
=1

N
+h Y TS BB, (44)
2,0'=1

with JCM the (N + 1) x (N + 1) matrix of coefficients
0 T
e (45)
g W

where we introduced the vector of interaction coefficients g,
the elements of which are

{g0}r = Goux- (46)

We rewrite W (42) by introducing the reduced M x N cou-
pling matrix G, which excludes the zeroth optical mode, and
the diagonal matrix WO with elements

W) = Sy, (47)
as
W=w®»4G DG (48)

Moreover, the effective mechanical dissipation (correlated
dissipation involving various mechanical modes or in other
terms dissipative coupling) is described by the matrix of coef-
ficients

M
4 g”fk gj’kr Aj Kj wo
Ve =i Skw + ) -

5 .
= (K]2 + A? —a)g) +4sz a)(z)

(49)

Finally, the photon-mediated noise operators yy (¢) are char-
acterized by the correlation functions

SHGRAG)

1

M
=280t —1)) & Gy G K+ (D) —wo)
Jj J

j=1
GAGRA))
1

M
=268 —1t . g* P
(l I)ZKJ g],k gj,k Kj+i(Aj+wo)

j=1
Or@) yp ) = 03Ty ()) = 0. (50)

B. Conditions for the engineered Hamiltonian

To reproduce, with our system, a dynamics similar to that
of Ref. [51], we require the Hamiltonian (8) from the previous
section to match the effective photon-mediated Hamiltonian
(44), that is,

J =Jem, (51)

Specifically, by comparing Egs. (21)-(26) with (45)—-(48), we
find the necessary conditions for the stabilization of a specific
Gaussian steady state of the form of Eq. (27), namely

g = g(()j),
W =W, (52)
that can be expressed as
Gox = —idoe 7 VY, (53)
WO LG DG=ivo T o Vi, (54)

These relations can be used to determine the values of the
optomechanical couplings G; (3) necessary to achieve the
expected dynamics (see Sec. IV B 2 below).

Before analyzing the conditions under which the optically
induced mechanical noise is sufficiently small in Sec. IV C,
we first examine additional constraints on the achievable
steady state imposed by the Hamiltonian that can be realized
in an optomechanical system (see Sec. IV B 1). We then dis-
cuss how to determine the optomechanical couplings G; 4 that
solve Eqs. (53) and (54) (see Secs. IVB 2 and IV B 3).

1. Additional constraints

We note that the relations (53) and (54) entail additional
constraints on the matrix ), which determines also the state
we aim to generate.

First, we notice that all the entries of the vector g, [see
Egs. (46) and (3)] have the same phase determined by the
phase of the driving field of the zeroth cavity mode. So, from
Eq. (53) we find that all the elements on the first column of
the matrix ) must have the same phase modulo 7, i.e.,

arg (Vi1} = arg (Ve 1} +mew 7, (595)

forall k, k" € {1, ..., N} and for ny y» € Z. Secondly, accord-
ing to Eq. (42), the matrix WV is real and symmetric. This, with
Eq. (54), entails that

0=W-W=Ww-wr
=ive 7V eV 4V e 7V e V), (56)
that is,
T2 Vvive+oVv ve 7Y —o. (57)

Equations (55) and (57) define two additional constraints on
the matrix V (22) and hence on the state that can be prepared
in the stationary regime with this approach [see Egs. (11),
(13), and (22)].

2. Determination of the optomechanical coupling strengths G, i

Let us now assume that we have identified the matrix V
corresponding to a given state and that fulfills the required

053523-6
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conditions (55) and (57) (for a given choice of 7 and ®).
The corresponding optomechanical couplings G, that are
necessary to realize the dissipative dynamics of Ref. [51] can
be evaluated using the relations in Egs. (53) and (54).

The values of Gy are directly given by Eq. (53). The other
values of G; ¢, with j # 0, are determined by Eq. (54), namely

they have to fulfill the relation G' D G = W) — W®, with

the constraint that ?T DG € RV*N_ So, in order to determine
the matrix G, we diagonalize W) — W® [see Eqgs. (25)
and (47)], which is real symmetric [as expected when (57)
is fulfilled], in terms of a real diagonal matrix A and a real
orthogonal T, such that

WD — W —ip T ¢ Pt ®
=TT AT. (58)

And thus we find ET DG=TT AT.In particular, we set
the number of optical modes M to be equal to the num-
ber of nonzero elements of A (i.e., nonzero eigenvalues of
W) — W®) and we restrict A and T to the nonzero eigen-
values and corresponding eigenvectors only, by defining the
corresponding reduced matrices A € RM*M and T € RM*V,
such that

G'DG=T AT (59)

Now, by properly selecting the diagonal matrix D [through
the system parameters, according to Eq. (43)] we can make
sure that D~'A > 0. Namely we can select the sign of each
element of D, that is controlled by the signs of A ;, to be equal
to the sign of the corresponding element of A. In this way we

can define the real diagonal matrix vD~! A and we find

G=VvD'A T. (60)

We describe a few specific examples in the following sections.

We note that, in general, in order to make the matrix DA
positive, one has to use both positive and negative values
of A;. This may raise a concern regarding the stability of
the optomechanical system, especially for the modes with
Aj <0 [63]. We will show that when we achieve a good
steady-state preparation, the strong dissipation through the
zeroth optical mode is able to stabilize the whole system even
when A; < 0 for some j (see Sec. V). This is due to the fact
that while the zeroth optical mode is driven resonantly on the
red-mechanical sideband (i.e., Ay = wp) so that the mechan-
ical modes are strongly coupled to the squeezed dissipative
bath, we select the detuning of the other modes to be very
large in magnitude, such that (as discussed in more detail
in Sec. IV C below) the corresponding incoherent processes
that would tend to pump energy into the system and make it
unstable are very small and negligible.

We also note that, if one can also control the mechanical
frequencies, specifically the values of §wy in Eq. (1), then it
is possible to use only positive values of A;. In detail, we
assume that A; > 0 for all j. Correspondingly the sign of the
diagonal matrix D is negative; see Eq. (43). Then we select
the values of 8wy [that define the matrix W (47)], such that

W® = Diag(W') + 1 &, 61)

where Diag(W\)) is the diagonal matrix with elements equal
to the diagonal of W) (25), and

8o = max{eiglW'") — DiagOW'))]}, (62)

where eig[ M] indicates the eigenvalues of a matrix M.
Correspondingly, the matrix W) —W® defined in
Eq. (58), is seminegative definite, meaning that all the el-

ements of A in Eq. (59) are negative, so that vD~! A in
Eq. (60) is real and G is well defined. In this way, the concerns
regarding the system stability are avoided. Nevertheless, as
shown in Sec. V, this gives no specific advantage in the regime
in which the steady-state preparation is optimal.

3. Control parameters

It is important to highlight that, in order to engineer the
required array Hamiltonian [see Egs. (44), (45), and (52)],
which is necessary for the steady-state control of the N
mechanical modes, we need to determine the values of the
N+ 14 N(N + 1)/2 parameters that define the interaction
terms go and W (52). In fact, as discussed in Sec. IV B 1, the
phases of all the elements of g, are equal, so that it consists
of N + 1 independent parameters, while WV is real and sym-
metric and therefore it contributes to N(V + 1)/2 additional
independent parameters. This requires controlling the same
number of optomechanical parameters. For M = N + 1 op-
tical modes, the corresponding optomechanical couplings G «
can in principle provide the required set of control parameters,
provided that they can be tuned independently. In practice,
this means that one must be able to adjust the bare optome-
chanical couplings g(}k independently [see Eq. (3)]. Achieving
such independent control is not straightforward: depending
on the physical implementation, the bare couplings may be
interdependent and subject to various constraints. Neverthe-
less, in principle, one can always introduce additional cavity
modes and hence additional control parameters, so that, for
sufficiently large M, it becomes possible to identify a set of
couplings G, that satisfies Eq. (59), even in the presence
of implementation-specific constraints. This task may require
a numerical approach, which we do not pursue here and is
beyond the scope of the present work. Instead, in the results
presented below, we have assumed a minimal number of opti-
cal modes and applied Eq. (60).

C. Conditions for negligible optically mediated
mechanical dissipation

Once the couplings G, have been fixed, we can use the
full model to determine the steady state of the system. We ex-
pect the dynamics to approximate those of Ref. [51] provided
that both the intrinsic mechanical noise (at rate y;nr ;) and the
optically mediated mechanical noise [described by the matrix
Y (49) and by the correlation functions (50)] remain much
weaker than the dissipative dynamics induced by the squeezed
reservoir. The latter is governed by the competition between
the dissipation of the zeroth optical mode (at rate k() and the
coherent mechanical dynamics characterized by the effective
coupling matrix W (42).

In particular, a necessary condition, for the effective ap-
proximation of the dynamics of Ref. [51] with our system
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is that the optics-mediated phonon dissipation, described by
Eq. (49), is much weaker than the coherent terms, described
by Eq. (42),

Viwr | K< Wikl (63)

This can be achieved if, for example, y; are sufficiently small
and

|K?+A§—a)§| > 2 kj wo. (64)

In the result section we fulfill this relation by working in the
dispersive regime

|Aj| > Kj, wo, (65)
such that
M
g>.'<k g',k’
We ~ dox S =23 2=, (66)
j=1 !
M GirGjw kjwo
Yk ~ vk Sk +4 - (67)
j=1 J

D. Preparation of a Gaussian cluster state

Let us now consider the preparation of a mechanical Gaus-
sian cluster state (see Sec. [I1 C)

N
|“I'[clus[er> — e—i Zﬁk’:l Ky CZ cp He%(ei‘ﬂk bzz_e*i‘ﬂk b£)|0>’
k=1

(68)
where the matrix K is determined through the matrix V =
e 1% (22) and is related to the adjacency matrix A (symmetric
with nonzero elements equal to one and A ; = 0) and to the
nullifiers (28) by the relation (36),
A-il
A+il

VoY =-0 o, (69)
where ® and © are diagonal matrices with ®; ; = e' % and
O = e ik, Equations (68) and (69) determine a generic
cluster state [53]. When we want to prepare this state with our
optomechanical system, the matrix V has to fulfill not only
the relation (69), i.e., (36), but also the additional constraints
expressed by Egs. (55) and (57). It is possible to verify numer-
ically that, in the case of a rectangular graph (namely, when
the nonzero elements of the adjacency matrix A correspond
to the edges of a rectangular graph) with at least a side with
an odd number of nodes (see Appendix B for considerations
on more general graphs), Egs. (36), (55), and (57) are fulfilled

when the squeezing phases are zero
¢ =0, forallf (70)

(such that ® = 1), the coupling parameters J; (with k # 0) are
equal to the same value

Jo=J for kefl,...,N—1}, (71)

the values of the phases in the matrix ® are equal to

m=@+n%, (72)

and finally

; [ A—il
—ikm
Vk,k’ =e { _—i 1 }k’k,. (73)

See Eq. (69). Equations (68)—(73) define the target state that
we aim to prepare in the Result section.

As discussed in Sec. III, the matrices V and & also deter-
mine the required array Hamiltonian (8) through the relations
(21), (25), and (26). In the case of the model of Ref. [51],
having a Hamiltonian of this form guarantees that the state
(68) is the unique steady state (see Sec. III).

Furthermore, the effective phonon Hamiltonian (44) is
equal to the expected array Hamiltonian (8) when the optome-
chanical coupling strengths G, ; (3) fulfill Egs. (53) and (54).
This, in turn, means that when these relations hold, and if
additional uncontrolled noise is negligible, the system steady
state closely approximates the target state (68). In particular,
the specific values of G; ; for the steady-state preparation of a
rectangular mechanical cluster state can be determined using
the parameters (70)—(73) in Eqgs. (53) and (54), following the
procedure outlined in Sec. IV B 2.

V. RESULTS

We now verify the validity of our previous analysis,
showing that the steady state of the optomechanical system
governed by the quantum Langevin equations (5) indeed cor-
responds to a cluster state when the coupling parameters are
chosen according to the procedure outlined in Sec. I'V.

Before analyzing the numerical results, we summarize the
conditions under which we expect to observe the dynamics of
Ref. [51], which enables the dissipative stabilization of rect-
angular Gaussian cluster states, as discussed in the previous
section.

(a) The mechanical resonators are assumed to be nearly
resonant, dw; < k;j, so that the dominant mechanical pro-
cesses are those that conserve the number of mechanical
excitations; processes that do not conserve the number of
mechanical excitations are off-resonant and negligible.

(b) We assume fast dynamics of the optical modes with
Jj # 0, such that

lkj +1Aj1> Gjx, for j#0.
This allows for the adiabatic elimination of these modes,
resulting in effective optically mediated phonon-phonon in-
teractions and optically induced dissipation.

(c) Weak optically induced dissipation requires operation
in the dispersive regime, according to Eq. (65):

|AJ|>> Kj, wo, for];éO

(d) The zeroth optical mode is pumped on the red mechan-
ical sideband, Ay = wy. This provides an efficient indirect
coupling between the zeroth mode and the mechanical res-
onators.

(e) To obtain an engineered Hamiltonian equal to the one
required by the theorem of Ref. [51], namely the Hamilto-
nian in Eq. (24), the optomechanical couplings must satisfy
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FIG. 2. Fidelity (a)—(c) [Eq. (D1)] and variance of the nullifiers (d),(e) [Eq. (D6)], as a function of the optical decay rate x = «; for all j
(the same for all the optical modes) and of the optical detuning A = |A;]| for all j [the same amplitude for all the optical modes but different
signs as reported in (g)], for the preparation of a Gaussian cluster state corresponding to a graph with N = 3 modes on a line (f). This is the
graph corresponding to the adjacency matrix A introduced in Sec. III C and discussed in Sec. IV D: the edges of the graph correspond to the
nonzero elements of A. The results in (b)—(e) are evaluated for the values of ¥ and A corresponding to the red lines in (a). These results are
evaluated for J, = 3.4 x 103wy and J, =J = 0.6 x 103w, for £ € {1, ..., N} [see Egs. (16) and (18)], which we have found by maximizing
the fidelity, as a function of J; and J, for the specific values of ¥ and A indicated by the red lines in (a) and by the vertical lines in (b)—(e);
(g) shows the values of A; used for this maximization: the amplitude for all the modes is equal to the value indicated by the vertical line in
(c), but the sign can be different. For these specific values of x and A, the values of the optomechanical couplings G, x are reported in (h) and
(i). The values in (h) determine Gy [see Eq. (3)] according to Gox = &5 |ao| €], and here arg[eg] = —7 /2. The other parameters are
Ye = 1078w, forall k, T = 0.01 K, wy = 1 GHz, 8wy = 0 for all k (i.e., resonant mechanical modes), and squeezing parameter of the reservoir
r = 2 [see Eq. (6)]. Regions in (a) where the surface plot is missing indicate parameter regimes where the system is unstable.

Egs. (53) and (54), namely, according to Egs. (72) and (73),

Gox = —idoe™ "=V, —ikm A—il
’ ’ V ;= —
k= Vo A+il

WO 1G pG=ivFO

k,k'

F14

where V depends on the specific state we aim to stabilize (see O =(k+1 2"

below) (and where we set the phases in ® to zero, which Specificall tudv th i frect lar clust
is always allowed; see Appendix B). The solutions of these pecttically, we study the preparation ol rectangu’ar cluster

equations can be found following the procedure discussed in states Of. various d1mens'1ons. For.each casp, we determine
Secs. IVB 1_IVB 3. the required optomechanical couplings solving Egs. (53) and

(60) with the parameters defined by Egs. (70)—(73). We then
compute the steady-state correlation matrix of the full model
(5) using standard techniques (see Appendix C). To assess the
performance of our scheme, we evaluate two key figures of
merit: (i) the fidelity between the steady state of the full
dynamics and the target cluster state and (ii) the variances of
the nullifiers associated with the desired cluster state, com-
puted with respect to the steady state of the full model (see

(g) Finally, we focus on rectangular Gaussian cluster ~ Appendix D). The fidelity tells how close two states are [66],
states, which require a specific form of the required Hamil- while the variance of the nullifiers quantify the strength of
tonian (24) or specifically of the matrix V. At the same time, the entanglement of the cluster state (the smaller the variance
our physical system imposes constraints (see Sec. I[VB 1) on the stronger the entanglement between the various modes) and
the state that we want to stabilize. In the case of rectangular  is a valuable metric to establish whether the state is usable
cluster states, these constraints correspond to fixing specific for fault-tolerance measurement based quantum computation
phases 6; of the nullifiers [see Eq. (28)]. In particular, for a [67-69]. We study systems containing between 6 modes (the
rectangular Gaussian cluster state with adjacency matrix A4, smallest case with N = 3, Figs. 2, 3, and 5) and 18 modes

(f) In addition, the mechanical thermal noise must be
small, i.e., much smaller than both the coherent phonon-
phonon couplings [see Eq. (66)] and the dissipation rate in
the squeezed bath «g:

GixGix

nri <
Ve nr g <K A,

. Ko. (74)
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FIG. 3. Asin Fig. 2 but for J; = 10730 and J = 0.5 x 103wy, which have been found by maximizing the fidelity, as a function of J, and
J, for a smaller value of «, identified by the vertical line in (b). The values of the other parameters are as in Fig. 2.

(the largest case with N =9, Fig. 7); see Fig. 9. For each
configuration, we compute the steady-state covariance matrix
of the full model, then extract the reduced covariance ma-
trix of the mechanical modes alone, from which the above
quantities are evaluated. The results presented hereafter are
evaluated by setting the detuning of the zeroth mode to Ay =
wy, indicating that this mode is driven on the red mechanical
sideband, and providing a relatively efficient indirect coupling
between the squeezed reservoir and the mechanical resonators
[56]. Moreover, the mechanical frequencies are w; ~ 1 GHz,
consistent with recent multimode opto- and electromechanical

experiments [13,15,18,23,28,29,33]. In Figs. 2-7 and 9-11
the quality factor is wy/yx ~ 10® and the temperature T =
10 mK. These are relatively demanding values which indicate
that the dynamics we are describing is quite sensitive to ther-
mal noise.

Figures 27 are evaluated as follows. First we selected spe-
cific values of the cavity decay rate «; (relatively small, so that
the corresponding noise induced on the mechanical dynamics
is weak) and of the optical detuning |A ;| [relatively large, so
that the relation (64) is fulfilled]. For simplicity both values
are assumed equal for all the optical modes and we use the
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FIG. 4. As in Fig. 2, but for nonresonant mechanical resonators. The values of §w; are reported in (j); they are chosen so that the average
mechanical frequency Zk wy/N = wy. Here Jy = 3.9 x 103wy and J = 0.7 x 1073 wy. The values of the other parameters are as in Fig. 2.
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graphs (left column) with N = {1, ..., 9} (e) and to square graphs
(right column) with N = {3, 6, 9} (the results with N = 3 are the
same in both columns). All results are evaluated for x = 1073w,
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red lines in Figs. 3(a) and 6(a)]. The optomechanical couplings are
determined following the procedure detailed in Sec. IV B 2, with the
values of Jy and J reported in panels (g) and (h). The other parameters
are as in Fig. 2.

symbols « = kj and A = |Aj| for j € {1,..., M}. These are
the values identified by the red lines in the surface plots and
by the vertical lines in the other plots. Then, the values of the
coupling constant Jy, for £ € {0, ..., N}, that constitute the
auxiliary chain Hamiltonian (15), and determine the expected
ideal Hamiltonian (see Sec. III), are chosen as the values that
maximize the fidelity as a function of J,, and at fixed « and
A. In particular, here we have selected all the couplings with
£ > 0 equal to the same value J = J, for £ € {1,...,N}. In
this way, the maximization is performed over the two param-
eters Jo and J. Finally, the shown plots are found for these
specific values of Jy and J, by varying the values of ¥ and A
themselves. Since the values of the optomechanical couplings
Gjr depend on both the cavity parameters (k, A) and on the
parameters that determine the expected Hamiltonian (Jy and
J), the values of Gj; are determined and actualized at every
different value of «, A, Jy, and J in all our calculations (i.e.,
both in the maximization process and in the evaluation of the
plots).

In general, we observe that optimal preparation is achieved
at large detuning A and relatively small but finite « (in the
resolved sideband limit). Comparing Figs. 2 and 3, we note
that it is possible to achieve good preparation for smaller
and smaller values of « provided also the values of J; are
properly adjusted. In fact, in this case the preparation results
in even greater efficiency. This is due to the fact that overall
the relative strength between the optically induced coherent
couplings [described by Eqs. (42) and (43)] and the optically
induced dissipation [described by Eq. (49)] in fact increases
with decreasing k [see Eqs. (66) and (67)]. In any case this
improvement is feasible only if « is not too small. At very
small « the system dynamics is inevitably too slow to over-
come natural mechanical thermal decoherence.

Figures 2-5 show the results for the simplest case with
N = 3 mechanical resonators. In Figs. 2 and 3, we assumed
the mechanical oscillator to be resonant with frequency equal
to wy, i.e., Sy = 0; see Eq. (1). In this symmetric case the
matrix W) — W® [see Eq. (58)] has a zero eigenvalue and,
as a consequence, two additional optical modes (excluding the
zeroth mode) are sufficient to engineer the effective Hamil-
tonian for the three mechanical modes. If the mechanical
resonators have different frequencies, in general, the matrix
W) —W® has no zero modes and one should use an ad-
ditional optical mode to control the mechanical dynamics.
An example of this situation is reported in Fig. 4, where
the frequencies are chosen so that the average mechanical
frequency is equal to the frequency used in Figs. 2 and 3.
In any case, we observe that, as far as the frequency dif-
ferences between the mechanical modes are much smaller
than the cavity decay rate «, the state preparation is still
good.

In the surface plots of Figs. 2-4, 6, and 7, the white areas
correspond to parameter values for which the system becomes
unstable. Specifically, in these regions, at least one of the
eigenvalues of the drift matrix [i.e., the matrix of coefficients
of the system of equations (5)] has a positive real part. For
these parameters, the linearized Eqs. (5) are not valid and can-
not be used to determine the long time behavior of the system
(see Appendix C). These instability regions can appear when
the optical detunings are negative, such that light-induced
heating processes dominate over cooling ones [63]. As ex-
plained in Sec. IV B 2, negative detunings are needed to match
the signs of the eigenvalues of the matrix W) — W® (58).
However, if we can control also the mechanical frequencies
we can select specific mechanical frequencies to make the
W) — W® seminegative definite [see Egs. (61) and (62)]
and to both reduce the number of the optical modes by hav-
ing zero eigenvalues and avoid any instability by using only
positive values of A;. This is described by Fig. 5. In any case,
this gives no specific advantage for parameters corresponding
to the largest fidelity, which remains at levels analogous to the
other cases.

When we increase the size of the cluster state the prepara-
tion becomes more difficult (see Figs. 6-8). Larger fidelities
are achievable only if thermal effects are reduced by either
reducing the mechanical natural decay rate y or the temper-
atures; see Fig. 8. In any case, we observe, in Figs. 6 and 7,
that even if the fidelities do not reach very large values, the
variance of the nullifiers (see Appendix D2) is still at the
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FIG. 10. Fidelity (a),(b) and variance of the nullifiers (c),(d) for the preparation of Gaussian cluster states corresponding to linear graphs
with N = 3 (e). The thick red lines in (a),(b) and the thick blue lines in (c),(d) are equal to the corresponding result in Fig. 9. The thin gray lines
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FIG. 11. Asin Fig. 10 but evaluated for the parameters of Fig. 9 corresponding to the 2 x 3 rectangular graph.

053523-14



MULTIMODE GAUSSIAN STEADY-STATE ENGINEERING ...

PHYSICAL REVIEW A 113, 053523 (2026)

same level of the other plots. This indicates that even if the
state is not exactly equal to the expected cluster state we aim
to generate, its entanglement properties (that are relevant for
tasks such as measurement based quantum computation [50])
are less sensitive to the system size.

The scaling with the system size is analyzed in more details
in Fig. 9. Here, we study the behavior of the fidelity and the
variance of the nullifiers for linear and rectangular graphs. In
general, the state preparation becomes less efficient as the
array size increases. Moreover, the fidelity exhibits similar
scaling for both geometries, while the variance of the nullifiers
is more strongly affected in the square geometry, which has
more connections and a more complex entanglement struc-
ture.

Finally, in Figs. 10 and 11 we analyze the stability of the re-
sult under small random variation of some system parameters.
In particular, we vary the optomechanical couplings and the
mechanical frequencies and we notice that larger arrays are
more sensitive to these random imperfections. Interestingly,
Fig. 11 shows that it is even possible to tweak slightly the
couplings and the frequencies to achieve better preparation
(i.e., large fidelity and smaller variance of the nullifiers) than
that achieved by following exactly our protocol.

VI. CONCLUSIONS

We have demonstrated how the quantum steady state
of a multimode optomechanical system can be controlled
using a single squeezed reservoir. The system consists of
multiple mechanical and optical modes, with the squeezed
reservoir coupled to a single optical mode. By tuning the
optomechanical interaction strengths, one can engineer an
effective photon-mediated phonon-phonon interaction Hamil-
tonian with the properties required for the quantum state
preparation protocol of Ref. [51]. This protocol enables the
dissipative stabilization of complex quantum steady states
of the mechanical modes, including Gaussian cluster states
[52,53].

We presented results for a squeezed reservoir with large
squeezing bandwidth. In the resolved sideband limit (k <
wy), which we studied in this work, large squeezing bandwidth
means that the bandwidth has to be much larger than the
frequency range spanned by the normal modes of the effective
mechanical array. In this way all the normal modes experience
roughly the same degree of squeezing and the infinite band-
width model used here is valid (see similar considerations
in a related setting in Ref. [70]). For a smaller bandwidth,
the transfer of quantum correlations from the reservoir to the
system is inevitably degraded and the preparation of the target
state is expected to be less efficient [56,70].

In particular, we have shown that high-fidelity rectangu-
lar Gaussian cluster states of the mechanical modes can be
prepared using mechanical oscillators with GHz frequencies
and quality factors of the order of 10%. Such parameters are
either already within reach of current experimental technology
or are expected to become accessible in the future [20,71].
Mechanical resonators in the GHz range with sufficiently
high quality factors have already been demonstrated [71]. To
observe the dynamics discussed here, similar performance
levels will need to be achieved in devices that also sup-

port multimode operation [20]. In fact, reported experiments
with a multimode optomechanical system are still far from
the parameter regime needed to demonstrate the dynamics
discussed in the present work. Nevertheless, recent progress
in this direction has been reported. For example, Ref. [24]
demonstrates quantum behavior in the collective dynamics of
six mechanical oscillators, but at MHz frequencies and with
quality factors around 107.
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APPENDIX A: EVALUATION OF THE EFFECTIVE MODEL

In order to estimate the values of the coupling constant
necessary to realize the dynamics of Ref. [51] we determine
the effective phonon-phonon interaction strengths by adiabati-
cally eliminating the optical fields with j # 0. Specifically, we
consider Eq. (5) and we assume that condition (38) is fulfilled,
meaning that the optical dynamics is much faster than that of
the slowly varying mechanical operators

by(t) =€ ' by(t). (A1)

Accordingly we consider the steady value of the optical oper-
ators, with j # 0,

aj(t) = a;(t)|g=o + Flbr(w), b} ()], (A2)

where, with the symbol”~; we indicate quantities in Fourier
space X(w) = \/% f dt e'®’ x(t), we introduced the steady-
state optical operators in the absence of the mechanical modes

aj(t)lg=o = /—]/ dowe ™ ¥i(w) a?n)(w), (A3)
T J-co
with X;(w) the cavity susceptibility

1

- - Ad
Ki+i(A; —w) (Ad)

Xi(w) =
and where the interaction with the mechanical modes is de-
scribed by the term

[e.¢]

Flbi(w), bl ()] = L [T dwerter Xj(0)

\/27‘[ —00

N
x 3 Gialbi(@) + bi(@)].  (AS)
k=1

Then we approximate Eq. (A2) and the corresponding result
for the creation operators, as described in the following, and
substitute them in the equation for b}(¢) by keeping only the
resonant terms, and eventually we find Eq. (41) of the main
text.

053523-15



YAZDI, ZIPPILLI, AND VITALI PHYSICAL REVIEW A 113, 053523 (2026)

Specifically, we approximate F' [Ek (w), 5,1 (w)] assuming that the slowly varying mechanical operators b (¢) are essentiually
constant over the cavity dynamics, such that

N

Flbi(@), bl ()] =~ —i/ do e Xj(@) Y Gjald(@ — wo) b (1) + 8(w + wo)b ()]
- k=1
N . .
= —i Y Gl T (@0)e ™ B) + Xj(—wo)e b (). (A6)

k=1

Thereby the equation for b}(¢) can be approximated, keeping only the resonant terms, as

N
- Z (Vi Sk + 18wy S +1 Fra) b —1 Gy yag + /2 vk by (1) + ¥ (1), (A7)
K=l

where we have introduced the photon-mediated phonon-phonon interaction matrix

M
Fiw = DG GinlXi(@0) = Xj(=w0)"], (A8)
j=1
the corresponding photon-induced mechanical noise operator
M

W) = =i " Y [GT, aj(t)lg=o + Gju (1)l g=o]

j=1

. 00 M
=— \/;_ﬂ / do ™13 2k [GF, Xi(@) @™ (@) + G Xi(—w) TV ()] (A9)
o =

(note that here we use the notation [x(w)]" = xT(—w)), and the slowly varying zeroth optical mode ag(t) = ao(t) el €007 which,
in turn, fulfills the equation

= —[ko + i(Ag — €0)] af — i Z Gox(b} + e ' b2y + /210 a (). (A10)
k=1

In Eq. (41) of the main text we also neglected the nonresonant terms from this equation and we have used the definition

Frw +F
Vew = Vi S + T"" (Al1)
for the dissipative part of the dynamics [which is equal to Eq. (49) of the main text] and
Fiw — Fig
Wi = Swy Skir — IT (A12)

for the Hamiltonian part [which is equal to Eq. (42) of the main text].

Finally we study the correlation of the photon induced noise operators (A9) and we show that they can be approximated by
Eq. (50).

Specifically we note that the correlation function (y;(¢) y,:/*(t + 7)) should decay over the fast time scale of the cavity
dynamics. Hence, if o(7) is a generic slow quantity we can approximate

M
/dl’ o)W yp Tt + 1)) ( ) / / do / d o el@—®) tg—ilwto) (t+1) Z

J.Jj'=1
X 2 /5K Gy Giwe Xj(@) Xy (=) (@ (@) @7 (@) (A13)

and using (a (m)(a)) a(m)T(w ) =36;; 8(w+ w') we find

/dro(r)(yka)yk,*(tﬂ) ()f / dwe 0~ w“ZzK,g,kg,m,(w)F (A14)

= o(t) sz,- " G | X(@o)l, (A15)
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indicating that we can approximate

M
RO yp (@) =280 —1)Y 1 Gy G 1K (@o)l

j=1
(Al6)

Similarly we find

M
0P O @) =28 = 1)) i G G 1T (=)
j=1

(A17)

The correlations (y;(¢) y; (t')) and (y,:'r ) yo f(t')), instead,
include fast rotating terms, at frequencies +2 wy, that mediate
to zero their effect on the mechanical dynamics. And thus we
find the results of Eq. (50).

APPENDIX B: CONSIDERATIONS ON THE PREPARATION
OF CLUSTER STATES DEFINED ON GENERIC GRAPHS

In general, given a cluster state determined by an adjacency
matrix A, it can be generated by a multimode squeezing
transformation (30), that is defined in terms of a matrix Z (31)
and (32). We have found that Eq. (36) expresses the relation
between the matrix Z and the matrices V (22) and @, that also
determine the Hamiltonian (8) according to Egs. (21), (25),
and (26). Equation (36) entails that

Vo=+-iZ0
=0 v —12) Oy, B

where O and O, are generic orthogonal matrices related by
O =0z O, (B2)

with Oz the real orthogonal matrix

Oz=KW-12)" 0 {-iZ2,. B3)

The fact that Oy is real orthogonal can be easily proved by
showing that OL Oz =1 and O Oz =1 (note that both
+/—i Z and 4/—i Z; are unitary symmetric).

As discussed in Sec. IV B 1, in our case, the matrices V and
@ have to fulfill also the relations in Egs. (55) and (57). Using
Eq. (B1) in Eq. (55), we find that the phases in ® are fixed
(up to multiples of ). Specifically, for any k, we can choose
O such that arg{[® /—12Zy Oy ©*]x.1} = ¢» + ny 7 for any
specific value ¢, (the same for all k) and an integer ny, that is,

O, = arg{[y/—i Zo Oolka} — % — ¢ —mrm. (B4

Moreover, using Egs. (B1)-(B3), the relation (57) can be
expressed as

Tox+x7% =0, (BS)
with the symmetric unitary matrix
xX=i0"z0
= -0l /=2, 0% /=i Z, 0. (B6)

In this way we obtain the matrix V by finding the orthogonal
matrix O (or Oy) that fulfills Egs. (B4) and (B5).

We note the following.

(1) The values of the squeezing phases ® are not fixed by
the condition (B4) and (B5) meaning that we can select any
value for @ (in particular, we can always set & = 1).

(i) The matrix O (and Op) depends both on the specific
choice of the values of the coefficients J; that constitute the
matrix 7(S) [see Eq. (B5)] and on the values of the phases 6
that constitute the matrix ® [see Egs. (B4) and (B5)].

(iii) The steady state of the model of Ref. [51] is inde-

pendent from the values of the entries of both 7(S) and O.

In fact, on the one hand, 7(8) determines the auxiliary chain
Hamiltonian in Ref. [51] and the results of Ref. [51] are inde-
pendent from the specific values of the interactions strengths

in 7(S); on the other hand, the phases in ® correspond to local
rotations of the modes that constitute the cluster state, so that
its global entanglement properties are independent from these
phases, and any cluster state with different ® (and equal Zj)
can be considered equivalent. As a consequence, in the present
work, the matrices 7(5) and ® can be adjusted to determine
the matrix Oy corresponding to a given cluster state.

(iv) Equation (B4) fixes the matrix ®, given Oy. So, we
can express ® as the function of Oy that corresponds to
Eq. (B4),

0 = 0[0], (B7)
and Eq. (BS) can be expressed as
—(8) . = :
j Og vV -1 Z() @[Oo]z Vv —1 Z() O()
+OF =i 2 B0 V=12 Oy T =0. (BS)
(v) Additionally, Oy have to be orthogonal

0y Of =1. (B9)

(vi) Finally, the matrix V, which determines the system
Hamiltonian that can be realized with our optomechanial sys-
tem, for any given cluster state is

VY = B[OV —i 2 Oy,

where Oy is the solution of Egs. (B8) and(B9).

We have not found a general solution for this problem.
However, we have identified simple solutions for the cases of
rectangular graphs with at least one side of the graph made by
an odd number of nodes (see Sec. IV D). It should be possible
to find more general solutions by approaching this problem
numerically.

(B10)

APPENDIX C: STEADY-STATE SOLUTION AND
COVARIANCE MATRIX

To evaluate the results of Sec. V we have computed the
steady-state correlation matrix C, corresponding to the full
model (5). The correlation matrix C is the 2(N + M + 1) x
2(N + M + 1) matrix with elements C; » = (a;, a,), where
the symbol a indicates the vector of operators

b))
(CH

T I Al
a:(ao,...,aM,bl,...,bN,aO,...,aM,bl,..
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Using Eq. (5) it is straightforward to determine the corre-
sponding equation for C. It can be expressed in matrix form
as

C(t)y=MC@t)+Ct) MT + N (@), (C2)

in terms of drift matrix

K ig 0 ig

s o - AT 0

Moo| 9 Y0 )
0 —ig* JC* —ig*
—igt 0 —igh Y

where K € CMTD*M+D) g diagonal with entries K; ; = «; +
iA;, )Y e CN*N is diagonal with entries M x = yx + 1wy, and
G € CM+DxN ig the coupling matrix defined in Eq. (3). Fi-
nally, N'(¢) is the diffusion matrix, which is time dependent
because of the correlation functions of the squeezed bath (6)
[56]. It can be decomposed as

N(@) = Ny + N, + N e=2ient 4 \rh) e2iewt (g

where
0 0 K+K* 0
0 0 0 O)+y*)(ﬂ+JVT,b)
No = ,
0 0 0 0
0 YV+YNry 0 0

(C5)

with the zeros indicating null matrices and N7, € CV*V di-
agonal with entries {./T/'T,;,}k,k = 7y x; N, is a matrix with only
two nonzero elements [those with indices (1, N + M + 2) and
(N + M + 2, 1)] that are equal to

{ML}I,N+M+2 = {Ml}N+M+2,1 = 2K ny (Co)
and finally \V{™) and V(P both have a single nonzero element
NG = NS v imss = 2komg. (CT)

When the system is stable, that is when the real parts of all the
eigenvalues of M are negative; then the steady-state solution
can be formally expressed as [56]

Co= LNy +N,) — (L +2i€r0) ' W) g2iewr

m

— (L —2i€) TN 2wt (C8)

where L is the linear operator defied by LC = M C +C MT.
The reduced correlation matrix for the mechanical modes can
be written as

cP =8¢, ST (C9)
with the 2(N + M + 1) x 2N matrix
(0 1y O O
§= (O 0 0 ]1N>’
where the zeros indicate null matrices and 1y is the N x N

identity matrix. Here we are interested in the slowly vary-
ing mechanical variable (39) and their correlation matrix is

(C10)

given by

) ei Iy wot 0 @) ei Iy wot 0
Cst = 0 efi Iy wyt Cst 0 efi Iywot |-

(C11)

It is useful to also introduce the covariance matrices in
the canonical quadrature basis, that is the symmetric matrix
of correlation for the quadrature operators x; = b} + b;"' and

pr=—iby + ib;". Introducing the vector of operators
X:()C],...,XN,pl,...,pN), (ClZ)
the elements of the covariance matrix are é‘libk), = ({(x} Xp') +

(Xx Xx))/2 and the steady-state mechanical covariance matrix
can be expressed, using the 2N x 2N matrix

11
R= (—iJl iﬂ)

T
e+
2

In general, the steady state is time dependent [see Egs. (C8)
and (C11)] and exhibits residual oscillations that are due
to nonresonant blue-sideband transitions [56]. In the limit
studied here €9 = wq (such that the zeroth optical mode is
resonant with the central frequency of the squeezed reservoir)
and small «;, this effect is very small so that deviations in
the results at different times are very small (see Ref. [56] for
a detailed discussion of this effect). The results reported in
Sec. V are evaluated by setting ¢ = 0 in Egs. (C8) and (C11).

(C13)

as

EP =R RT. (C14)

APPENDIX D: FIDELITY AND VARIANCE
OF THE NULLIFIERS

In Sec. V we reported results for the steady-state fidelity
and for the variance of the nullifiers. They are evaluated using
the steady-state covariance matrix é’s(tb ) (C14) as shown below.

1. Fidelity

The fidelity measures how close two states are. The fidelity
between the steady state of our system and the target state can
be expressed in terms of the covariance matrices as [66]

ZN
Fee—o=™ (D1)

[e®) | o)
gsl + gtarget

where the target covariance matrix &, ®)

rger 18 €Valuated as fol-

lows. The elements of Et(al?ge[ are

b Xi Xp + Xp Xg
{5t(ar¢)gct}k,k/ = <‘I}cluster|f

with |Weseer) given by Eq. (33). Using Egs. (33) and (35),
and the equivalence between operators given by Eq. (40), one
can show that the target covariance matrix can be expressed in
matrix form as

| qjcluster > (D2)

0 1
Egmet =R B (M o ) B' R, (D3)
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where

_ cosh(z) V

o (sinh(z) V* @*2 (D4)

sinh(z) V ®?
cosh(z) V*

2. Variance of the nullifiers

The other quantity that we study in Sec. V is the variance
of the nullifiers (28).

The variance of the nullifiers (X,f), evaluated over the
steady state, can be expressed in terms of the covariance

matrix (C14), by rewriting the nullifiers as X; = {Q X}, in
terms of the N x 2N block matrix
Q= (@(S) _ ‘A®(0)7 @(C) 4 AG)(S)), (D5)

where O = (©* + ®)/2 and O = (0* — ®)/2i. Using
this expression we find that the steady-state variance of the
nullifiers is given by the diagonal elements of the matrix

QED QT ie.,
(X2l ={Qel Q") (D6)
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