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Kirkwood-Dirac (KD) quasiprobability distributions are increasingly used across quantum information sci-
ence, yet their computational significance remains unclear. We classify unitary dynamics that preserve KD
positivity and connect this structure to classical simulation. In contrast with the discrete Wigner setting, we show
that KD positivity preservation, stochastic evolution of quasiprobabilities, and preservation of total nonpositivity
do not coincide. We identify three classes of positivity-preserving unitaries: type I gates, which are exactly the
KD-stochastic unitaries; type I gates, which are nonstochastic yet preserve total nonpositivity by permuting and
conjugating KD entries; and, for Fourier-conjugate bases in dimension d = pq, type III gates, which preserve
KD positivity but can change the total nonpositivity of nonreal distributions. The classification is complete
for Haar-random bases and for Fourier-conjugate dimensions d = p* and d = pq, with p, ¢ distinct primes.
Adapting the sampling algorithm of Pashayan ez al. [Phys. Rev. Lett. 115, 070501 (2015)], we simulate all
of these positivity-preserving circuits efficiently on KD-positive inputs; type III gates, however, create a sharp
distinction between real inputs, which remain efficiently simulable, and nonreal inputs, whose sampling overhead
can grow exponentially. Consequently, for d = pg no resource theory can both treat the KD total nonpositivity

as a monotone and admit every efficiently simulable positivity-preserving unitary as a free operation.
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I. INTRODUCTION

Demarcation between quantum and classical computa-
tional power is a central theme of quantum information
science. Given the ability to implement a fixed set of quantum
gates on an input state, whether the resulting circuit is power-
ful is typically understood in terms of its classical simulation
complexity. The most famous example of this is the stabilizer
formalism, which provides an efficient simulation scheme
for Clifford circuits on stabilizer states that becomes ineffi-
cient upon introduction of additional nonstabilizer resources
[1]. Concurrently, phase-space formulations of quantum me-
chanics have sought to identify nonclassical phenomena in
terms of nonpositivity in quasiprobability distributions [2—4].
In his seminal paper, Gross [5] showed that stabilizer states
form the only pure states with positive Wigner quasiprob-
ability distributions, and that Clifford gates exhaust the set
of positivity-preserving unitary evolutions. As a result, the
discrete Wigner distribution gained a new operational inter-
pretation and has become a popular tool for theorists seeking
to understand when a quantum system achieves computational
advantage [4,6—14]. As the Clifford gates rarely constitute na-
tively implementable operations in quantum hardware, other
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models of computation with sharp classical-quantum bound-
aries have been proposed [15-17]. A promising candidate
for phase-space formulations of non-Clifford computation is
the Kirkwood-Dirac (KD) distribution [18,19], which offers
great flexibility for describing experimental state preparation
and measurement in arbitrary reference bases [20]. The util-
ity of the KD distribution for finite-dimensional systems has
led to its revival, with successful applications to quantum
metrology [21-26], thermodynamics [27-32], and the foun-
dations of quantum mechanics [33-37] (see Ref. [38] for
a comprehensive review). However, the KD distribution has
received little attention in the context of quantum computa-
tion, where KD positivity lacks an operational meaning in
terms of efficient classical simulability. A natural question
is also whether this distribution can resolve issues faced by
the Wigner distribution in even-dimensional systems [39]. In
this work, we address these questions by classifying unitary
evolutions that preserve KD positivity, and thus yield a natural
candidate for free operations in resource theories built on
Kirkwood-Dirac quasiprobabilities. As an application of our
findings, we adapt the quasiprobabilistic Born rule probability
estimation algorithm of Ref. [14] to KD distributions, which
explicitly bounds simulation runtime with respect to the non-
positivity of the initial state and the nonpositivity induced by
its unitary evolution. For our identified classes of positivity-
preserving unitaries, we show that the algorithm proceeds
efficiently on any KD-positive input. However, for a special
class of positivity-preserving unitaries, the algorithm can blow
up exponentially in runtime even if the input contains a very
small amount of nonpositivity. Our insights lead us to identify
a fundamental obstruction for resource theories defined on
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Fourier-conjugate KD distributions in squarefree semiprime
dimensions.

This article is structured as follows: In Sec. II we review the
Kirkwood-Dirac distribution, as well as its vectorized form.
The latter gives a useful representation in which transfor-
mations of KD distributions induced by quantum channels
take on the form of linear matrix multiplication. Section III
contains our main results. We first classify unitaries which
preserve KD positivity on pure states: up to phase, such
unitaries always act as permutations on 4 U BUC, where
A, B are the reference bases of the distribution, and C is
the set of nonbasis KD-positive states. We identify three
types of positivity-preserving unitaries: type I unitaries act
as automorphisms on the sets A, B,C, type II unitaries
act as bijections between A and B, and type III unitaries act
as bijections among A, 13 and subsets of C. We then prove
structural results: whenever C = @, only type I or 1I unitaries
can exist. Both types are covariant transformations which
permute (and for type II additionally conjugate) the entries of
the KD distribution, thus preserving the total nonpositivity of
any input. Out of the three, only type I unitaries correspond
to KD-stochastic unitaries, i.e., evolution which induces a
stochastic superoperator in the vectorized picture. This stands
in contrast with the discrete Wigner distribution, for which
all positivity-preserving (Clifford) unitaries induce stochastic
superoperators. The existence of positivity-preserving uni-
taries is predicated on symmetries between the reference bases
of the distribution. By identifying necessary conditions for
their existence, we show that for KD distributions defined on
Haar-randomly sampled bases A, 3, no nontrivial positivity-
preserving unitaries exist with probability 1. We then focus on
distributions defined on Fourier-conjugate bases. Recent work
[40,41] has shown that for V = DFT, the Weyl-Heisenberg
group is positivity preserving. In our classification, such uni-
taries fall into type I. Similarly, any product of type I unitaries
with the discrete Fourier transform (DFT) matrix itself forms
a type II unitary. We prove that for d = p* (with p prime),
positivity-preserving unitaries can only be of type I or II. On
the other hand, for any d = pg (with p, g distinct primes)
we prove the additional existence of type III unitaries: while
such unitaries are shown to be positivity preserving on any
KD-positive input, they can change the total nonpositivity of
distributions containing complex entries. Furthermore, they
do not form elements of the Weyl-Heisenberg group and
their action is only guaranteed to be covariant on real-valued
distributions. Section IV applies our findings to the quantum
simulation algorithm of Ref. [14]: the original method relies
on superoperator stochasticity (satisfied by type I) to be ef-
ficient; we show how to adapt it to also efficiently simulate
type II unitaries. The existence of type III unitaries poses
an additional problem for the algorithm, due to their general
lack of covariance. We show that for circuits composed of
type III unitaries, if an input distribution is real-valued, the
simulation can proceed efficiently; however, if the input’s
distribution contains complex entries, then the simulation
runtime can blow up exponentially in the worst case. Our
insights lead to a no-go theorem for resource theories de-
fined on V = DFT;?; distributions: any such theory cannot
simultaneously (i) include the efficiently simulable, positivity-
preserving type III unitaries in its free operations, and (ii) treat

the total nonpositivity of the distribution as a monotone under
the free operations. Our findings are summarized in Table 1.
The appendixes mostly contain additional standalone results:
Appendix A shows how to apply the cycle test algorithm of
Ref. [33] for experimental measurement of KD superoperator
elements. Appendix B contains additional structural results on
Fourier-conjugate KD distributions. Appendix C contains new
bounds on the magnitudes of quasiprobabilities for any KD
distribution. Finally, Appendix D presents an extended proof
of Theorem 2 showing that our identified type III unitaries
are positivity preserving beyond pure states, including for
many-qudit systems where V = DFT;’?q”.

II. PRELIMINARIES

In this work, we consider informationally complete
Kirkwood-Dirac (KD) quasiprobability distributions defined
with respect to two orthonormal bases of a d-dimensional
Hilbert space. Here, we state all the relevant properties. For
a thorough review of KD distributions and their applications,
we recommend [38].

Definition 1 (Kirkwood-Dirac distributions [38]). For a
quantum state p, the Kirkwood-Dirac distribution is the set
of complex numbers (quasiprobabilities) Q(p);; given by

0(p)ij = (bjlaiailplb;), (i, j) € [[d11% (1)

where A = {|a;)} and B = {|b;)} are the reference bases of the
distribution, related by a transition matrix V such that |b;) =
Vla;). If V is such that m4 5 = min;; [{a;|b;)| > 0, the KD
distribution is said to be informationally complete.

The name “quasiprobability” arises from the fact that the
quantities Q(p);; satisfy some, but not all, of the Kolmogorov
axioms. For instance, they sum to 1 and correctly reproduce
Born rule probabilities upon marginalization:

> 0 = ailplai), Y Qp)ij = (bjlplb)).
J i

As the KD distribution is invariant under a global change
of basis (where |a;) — Ula;), |bj) — Ulbj), p — UpUY),
it is often convenient to take {|a;)} to be the computational
basis and |b;) = V'|a;) for a unitary transition matrix V. For
mutually unbiased bases (MUBs), [{a;|b;)| = ma 5 = l/\/c_i
for all (7, j), and the corresponding V is a complex Hadamard
matrix. One can also define the KD distribution in terms of
frames A;j, satisfying

Ti(Af;p)
Tr(A;A])

0(p)ij =

where the presence of complex-valued Q(p);; can be directly
seen as a consequence of the non-Hermiticity of A;;. Fi-
nally, given a KD distribution one may reconstruct p via the
weighted sum

la;) (b
p = Q(p)ij» 2)
Zj (bjlas) =~
which is only possible for informationally complete KD dis-
tributions, i.e., when m 4 g > 0.
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TABLEI. Summary of Results. This table summarizes the properties of type L, II, and III unitaries identified in this work. The first four rows
follow from Lemmas 2, 3 and Theorems 2, 3 in Sec. III. The next two rows follow from Sec. IV, where y is the induced permutation of indices
in Q(UpUT),-,- = 0(p),-13;j (types I, III) and Q(UpUT),-,- = Q(p);,,(ij) (type II). For type III unitaries, “real inputs” refer to states p satisfying
O(p)ij € Rforall i, j, directly prior to the action of U. The last three rows provide a complete classification of positivity-preserving unitaries
for three types of KD distributions (see end of Sec. III), where the results for Haar-random V hold with probability 1.

Property Type I Type I Type 11
Positivity preservation v v v

Total nonpositivity preservation v v X

Induces stochastic superoperator v X X

Induces covariant transformation v v v (real inputs only)
Efficient simulation in Ref. [14] v v v’ (real inputs only)

Modification in Ref. [14] None required
Existence for Haar-random V v ({€1} only)
Existence for V = DFT x v
Existence for V = DFT,, v

Set ly = y (Ix-1),
conjugate phases.

Set I, = y(ly_;) on real
inputs; otherwise, none.

X X
v X
v v

Kirkwood-Dirac positivity. When a KD distribution takes
on exclusively real non-negative values, it resembles a classi-
cal joint probability distribution. In those cases we say that it
is KD-positive, or KD-classical.

Definition 2 (Total nonpositivity). The total nonpositivity
of a KD distribution Q(p) is defined as

N(@(p) =Y _10(p)jl > 1.
ij
We call a KD distribution KD-positive if and only if
N(Q(p)) =1, and nonpositive otherwise. Similarly, if
0(p)ij € R for all i, j we call the distribution KD-real, and
nonreal otherwise.

KD nonpositivity has been linked to nonclassical phenom-
ena in quantum noncontextuality, and advantages in quantum
metrology. The bases A, 15 are themselves pure KD-positive
states, for which Q;j(ax) = (Sk,-|(ak|bj)|2 [and similarly for
Q;j(by)]. Recent work [42] has shown that for the vast ma-
jority of KD distributions (i.e., with probability 1, when V is
sampled via the Haar measure on U (d)), the basis states from
A, B are the only KD-positive pure states. Nonetheless, for
some choices of V pure, nonbasis KD-positive states exist, and
there can also exist mixed KD-positive states lying outside of
the convex set of pure KD-positive states [43].

Support uncertainties. For a pure state |y) described on
a KD distribution, it is also useful to define the support un-
certainties n 4, ni, which count the number of nonzero inner
products between |1r) and the two reference bases:

na =|Sal = [{lai) € A: (aily) # 0},
ng = |Sgl = [{Ib;) € B: (b;|¥) # O} 3)

For informationally complete distributions, the product n4np
gives the number of nonzero entries in the KD distribution
O(r)ij, i.e., its support. In Ref. [44], it was shown that for all
pure KD-positive states, the sum n 4 + np satisfies

naga+ng<d+1,

and that for MUBs, all pure KD-positive states also satisfy
[43,45]

nang =d.

KD-positive states. In Sec. Il we classify unitaries which
preserve KD positivity, i.e., unitaries which always map KD-
positive states to other KD-positive states (Definition 3). A
necessary condition for a unitary to satisfy this property is
that, up to phase, it permutes elements of the set of pure
KD-positive states, which we refer to as £gp° . A large factor
in our classification is whether the set C = Egp° \ (AU B)
of pure, nonreference basis KD-positive states is empty. In
general, we write Slggi = AU BUC to cover both scenarios.
Instances where C = ) include Haar-random choices of V
[43], as well as V = DFT, for d prime [45]. On the other
hand, C is nonempty for V = DFT,; when d is composite.
In many KD distributions, the set of all KD-positive states

Ekp+ is known to be the convex hull of X7 . This is true for

Haar-random V [42], as well as V = DFT, when d = pFis a
prime power [40,43,46]. Whenever it holds true that Exp, =
conv(Egpy ), positivity preservation for pure states is a suf-
ficient condition for positivity preservation for all states. In
other cases, whenever Ekpy # conv(ERp’ ) and “exotic” im-
pure, KD-positive states exist (such as for V. = DFTg or V =
H®" [40]), there remains a possibility that unitaries which
permute elements of Egp’ map impure, KD-positive states
from Ekp+ \ conv(ERp) to nonpositive states. For all of our
identified types of positivity-preserving unitaries (Lemma 2
and Theorem 2), we find that this is not the case.

KD distributions as vectors. We make use of vectorization,
which is the process of representing quantum states p € C?*¢
as vectors in C%°, acted on by larger matrices in C¥*4" known
as superoperators. For KD distributions, this representation
was explicitly studied in Ref. [34]. In practice, it allows us to
represent any evolution of KD distributions as a linear trans-
formation of the corresponding vectorized form. We proceed
by stacking the rows of a KD distribution matrix Q(p) into a
single column vector:

[Q(p)) =@ Q12 ... Qi 0O Qdd)T-

It is also useful to define the dual row vector ({1| =
(1,1,..., 1), composed of all 1s. Clearly, all KD distribution
vectors satisfy ({(1]Q(p))) = 1. The total nonpositivity of a
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KD distribution can then be written as the £; norm of |Q(p))):
N@Q(p) = 12N -

KD superoperators. In the context of classical simulation,
we consider the evolution of a KD distribution Q(p) —
Q(E(p)) under a quantum channel (a completely positive,
trace-preserving map) £ acting on p. In the larger space
C4*d* | this may be written as the multiplication of |Q(p)))
by a d? x d* matrix &:

1OE(P))) = EIQ(p))).

If £ is composed of a set of Kraus operators {K,} (such that
Zu K;KM =1,), then the quasiprobabilities Q;; evolve as
follows:

Qi = Y _(bjlai)(ailK,. oK} |b;)

= > > (bjla)ailK,la)(axl plby) (bi| K |b;)

wo okl
(bjla;)
=2 Z il
= Zéij,lekl-
Kl

This allows us to identify the matrix elements é} I

(@il Ky la) (b | K [b)) | Qu

. b;
Gt = 2 Gy il 0161

One may verify that £ preserves the element sum of KD

quasiprobability vectors. This is because its columns sum to
1:

E t]kl

ij

i) (@il Ky lag)

Z(ble Ky law) = (bilax) /(bilax) = 1,

bz|

from which it follows that ((1|E:' = ((1], hence
((LIQE(PN)) = ((1I€]1Q(p))) = 1. In light of this, one
may view the superoperators & as left quasistochastic
matrices acting on KD quasiprobability vectors (recall that
a left stochastic matrix is a square matrix with non-negative
entries whose columns sum to 1). In particular, when &
is stochastic, the triangle inequality implies it can only
dqcrease the ¢; norm of the KD distribution vector as
IE1Q(oN I < [1Q(p))) |I1. For KD-positive inputs |Q(p))),
it follows that the output distribution is also KD-positive,
in full analogy to the evolution of a probability vector by a
Markov chain.

Unitary channels. If £ is an action of a unitary U, we write
the corresponding superoperator as & . In this case, the matrix
elements simplify to

(bjlai)
{Dilax)

Furthermore, each unitary- 1nduced superoperator & must
have an inverse given by 5 = &+, which follows from the

Eijm = (@i|U |ag) (b1|U " |b;). @)

composition rule
EululQ(p))) = EurlOWU pU M) = QU U pUTU)))
=10(p))). (5)

We may relate the elements of 5[7 !to those of &:

5 (bjla;) .
( Ul)ljkl (bl|ak> <al|U‘|ak><bl|U|b1)
_ (bjla i>((ak|U|a,-)(b‘|UT|bz))*
 (bilay) I
(bjla;) ((bjlai) 4 )*
= 5 i
(b1 lax) <<bz|ak>( Ukt
| jlan [P 4
B ’<bl|ak> (6)

Thus, if A, B are mutually unbiased, then éU is always a
unitary matrix on C?**4*_ In this case, the rows of & = EAZ.,.
are the complex conjugated columns of &y+ (which sum to 1),
and therefore & is a doubly quasistochastic matrix.
Positive-operator-valued measure (POVM) elements. Vec-
torization provides a recipe for representing and evolving KD
quasiprobabilities through matrix multiplication in €%, To
make this complete, we also need a way to calculate mea-
surement probabilities, i.e., quantities Tr(FU pU "), where F
is some POVM element. This is very simple and involves dual
vectors ({F| € (C"Z)* which map KD vectors to Born rule
probabilities. The dual vectors ({F | have elements

7. (bilFlai)
Y (bjla;) °

so that measurement probabilities are given by

Te(FUpU") = ((FIEYIQ(0))) = Y Fij(€v)ijuQu.  (7)
ij.kl
If F is a projective measurement in the basis 4 or B (for
example F' = |ay)(ax|), then ({F| has elements

- _ bjladlaa) _ o
ij (bj|ai> ik

and Eq. (7) reduces to the marginalization of the quasiproba-

bility distribution:
D w0 =Y O = {alpla).
ij J

Experimental estimation of KD superoperator elements. In
Appendix A, we offer a straightforward method for estimating
the elements (£ ); .k of a KD superoperator induced by a uni-
tary U on any informationally complete choice of A4, 5. To do
this, one can apply the cycle test algorithm [33,47], originally
proposed for estimating Kirkwood-Dirac quasiprobabilities
QO(p);ij of an unknown state.

Te(Fp) =

III. CLASSIFICATION OF KD POSITIVITY-PRESERVING
UNITARIES

We now classify unitaries which preserve KD positivity
and total nonpositivity, as well as completely characterize
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KD-stochastic unitaries. In Sec. IV we discuss the impli-
cations of these results for the classical simulability of
KD-positive states. Our classification is complete for all distri-
butions where C = ), randomly sampled transition matrices,
and Fourier-conjugate bases with d = p*, pg (with p, g dis-
tinct primes). Here and throughout, we assume informational
completeness (i.e., m4 g > 0), stating otherwise where rele-
vant. We leave other instances of KD distributions for future
work.

Definition 3 (positivity preservation). A unitary U € Unr+
is said to be positivity preserving if and only if for any
density matrix p such that N (Q(p)) =1, it is true that
N(QUpUT)) = 1,ie.,U € Uy, maps KD-positive states to
KD-positive states.

Definition 4 (N preservation). A unitary U € Uy is said
to be A preserving if and only if for any density matrix p,
N(QWU pUT)) = N(Q(p)), i.e., Uy preserves the KD total
nonpositivity of p. If U is A preserving, then it is positivity
preserving.

Definition 5 (Kirkwood-Dirac stochasticity). A unitary
U € Usioen 1s said to be KD-stochastic if and only if its
induced superoperator &y is a stochastic matrix. If U is
KD-stochastic, then by Theorem 3 it is A/ preserving.

Depending on the geometry of £¢yy, , the three notions may
or may not be synonymous. Although an arbitrary stochastic
superoperator cannot increase the £; norm of a complex vector
(and so is positivity preserving), Theorem 3 further implies
that Uech can only contain superoperators which are permuta-
tions, and thus are A preserving. We identify examples where
no such (nontrivial) unitaries exist, as well as examples where
the sets are both nontrivial and distinct. In all cases, they
satisfy Usiocn € Un S U, .

Methodology. A necessary condition for a unitary U to
be positivity preserving for all states p € Ekp. is that it
is positivity preserving on pure states |y) € g . There-
fore, our approach will be to identify all possible families
of unitaries satisfying this necessary condition, and (where
appropriate) verify that they are positivity preserving for p €
Ekp+ \ conv(ERT ). We assume that the set of pure KD-
positive states is finite—to the best of our knowledge, this is
true for all informationally complete KD distributions. Then,
any positivity-preserving unitary must form a generalized per-
mutation of the set A U B U C of pure KD-positive states.

Definition 6 (generalized permutations). The set M, of
unitary generalized permutations (or monomial unitary ma-
trices) is defined as

My = {DP, : D = diag(e", ..., %), o € S,).

We begin with the simplest case where C = J, and the only
pure KD-positive states are the basis vectors from A and B.
For such distributions, we find that {ys can only consist of
two types of generalized permutations, which we call types
I and II. Such unitaries are then shown to be N preserving,
and so preserve positivity on any p € Ekp4 regardless of the
existence of exotic, impure KD-positive states. Thus, for any
distribution where C = @ our classification of Uy = U, into
types I, II is exhaustive.

Lemmal. If C=10, ie., Eggi = AUB, then any
positivity-preserving unitary U either satisfies U(A) = A
and U(B) = B (type 1), or U(A) = B and U(B) = A (type

II). The set of all such unitaries is given by

Uy, = Mg NVMVHU VM O MV

Type 1I

Type I

Proof. Since the only pure KD-positive states are the basis
states, any positivity-preserving map U must be a generalized
permutation of the vectors in .4 U BB up to phase. Prima facie,
there are three possibilities: type I, where U is a generalized
permutation on A and B, in which case U € M, is a (possibly
distinct) monomial unitary on both bases, hence U € M; N
VM,VT. For type II, U is a bijection between A and B, in
which case U can be written as U = VDP, on the A basis,
andas U = D'P,.VT on the BB basis, hence U € VM; N M,V ™.
The third possibility is that U maps some vectors from A4 to
A, and some to B (and similarly for ). This is not possible.
Suppose Ula;) = ¢%|ay) and Ula;) = € |b;) for some i #
Jj. This would imply that

(@lUTUlaj) = €= ay|by) = =" (ay |V |aj) # 0,

which is a contradiction, since U is unitary and A is an
orthonormal basis. Thus, positivity-preserving unitaries must
be of type I or II. ]

Lemma 2. Positivity-preserving unitaries of type I or II
are also N preserving. In other words, if Uy, = (MyN
VMV U (VMy N MV, then Uy, = Uy

Proof. Clearly, by definition Uy € Uy,. We show that
Un, € Upr. Suppose U € Uy, . We can consider types I and
II separately. In the first case, U acts as

Ula)) = €lasi),  Ulbj) = € |byj)).
Hence,
UTlai)(@|U = lag-1) (o1,
UT1bj)(bj1U = |bei(jy) (brih-

Hence, p — U pU" induces the following transformation on
the KD distribution:

0i;(UpU") = (b;IUU |a;)(a;|U pU"|b;)
= (br-1(plag-14)) {@o-1y | plDr-1())
= Os-13i),c-1(jH(P)-

This implies that AN(Q(U pU")) = N (Q(p)) for all p. For
unitaries of type II, we may write

Ula) = e"1bop),  Ulbj) = e lar;)).
Hence,
U'lai)(ailU = br1) (e,
UT1b) (01U = lag-1(){do-1(j)];
and so
Qij(UpU") = (b;|UU |ai)(ai|U pU” 1)
= (aa*‘(j)lbr*‘(i»(br*‘(i)|p|an*‘(j)>
= Q514,10 (0)-

This again implies that the total nonpositivity is preserved for
any state. Thus, if U € Uy, is of type I or I, it also preserves
the total nonpositivity of any KD distribution. If these are the
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only types of unitaries in Uy, , then any A preserving unitary
must also be positivity preserving, and so Un,, = Ups. ]

Remark 1. If U € Upr4+ is a type I or II unitary, then it
must also form a generalized permutation on C, and be N
preserving for all p € Ekpy-

Proof. We know from Lemma 2 that if U is of type I
or II, then U € Uy and thus maps all KD-positive states to
KD-positive states. The only way for this to be true is if U
also forms a generalized permutation on C. Since type I and II
unitaries always permute entries of the KD distribution, they
also preserve the total nonpositivity of any impure state. H

When C = @, any positivity preserving unitary is also N
preserving. Furthermore, the action of any type I or II unitary
on KD distributions is said to be covariant, meaning that it
corresponds to a relabelling and conjugation of the matrix
elements Q;;. In particular, in Sec. IV we show this implies
that the evolution of positive KD distributions under any
quantum circuit composed of such unitaries can be classically
efficiently simulated.

Fourier-conjugate bases. For a variety of interesting
choices of transition matrices it holds that C # , including
in the case of the discrete Fourier transform. We now prove
that when V = DFTj in dimension d = p* with p prime, the
structure of the set C of nonbasis pure KD-positive states still
forces positivity-preserving unitaries to only be of type I or
II. As such unitaries act covariantly, this will imply that any
positivity-preserving unitary can be efficiently simulated.

Theorem 1. For V = DFT, in dimension d = p* with p
prime, Uy, consists of type I and II unitaries only. Conse-
quently, Un,, = Uy .

Proof. If k =1, then C = ¢ and the result is immediate
from Lemma 1. For k > 1, it has been shown that the set C
of nonbasis pure KD-positive states decomposes as follows

[44,45]:
C= U CLI,Ua

uv=d

where each C,, = {|m, s),.,} is an orthonormal basis on C¢
defined as

|m S)LIU_ \/—Z

Zm

|aku+m>’ me Ly, s €L,

We show that despite C being nonempty for d = p*, any
generalized permutation on the set of KD-positive states .4 U
B UC must be of either type I or II. First, we calculate all
possible inner products between |m, ), , and |x, y),p:

@

v—1 b—1
27“ i
sk yl
<m S|X y e e’ 8ku+m latx-

Ub k=0 1

Il
o

From the delta function, the double sum only receives con-
tributions from pairs (k, [) satisfying ku — la = x — m. This
is a linear Diophantine equation, whose solutions exist if
and only if g|(x — m), where g = gcd(u, a). We therefore as-
sume x = m mod g. We pick a solution (ko, ly). Then, (k, ) =
(ko +ra/g, ly + ru/g) also form solutions. Since u/g and a/g
are coprime, we have uv/g = ab/g, which implies that v =
ha/g and b = hu/g where h = gcd(v, b). Since a/g=v/h
and u/g = b/h, there are h = gcd(v, b) unique solutions in the

allowed ranges. Hence, the inner product can be rewritten as

=

-1

o |, y) = — o stk tr) Hy(lotrt)
9 9 [
vb r=0
Rid Mk g o
( ) eZnir(:‘Efﬁ’,)-
Y vb r=0
From uv = ab, we have 2 @ — ;—Z = giv(y —s), where a/gv =

1/h. Hence, the inner product is given by

(m,slx,y) = ——=—) e’

N , x=mmod g
= y=smodh &
0, otherwise.

Now, suppose that d = p*. For two KD-positive bases C,.,
and C,; with ab=uv =d, the nonzero overlaps satisfy
|(m, s|x, y)|*> = gcd(b, v)*/bv. Since every divisor of d is
now a power of p, we may write b = p" and v = p’, where
r,s € {0, ..., k}. Then, |(m, s|x, y)|> = 1/p"" . For mutually
unbiased bases, we require |r — s| = k, which can only occur
when (r, s) = (k, 0) or (r, s) = (0, k). This implies that A, 5
are the only mutually unbiased pair of KD-positive bases and
that for any state |c;) € C and any other KD-positive state
|¢) € ERpy 1(cil@)|* # 1/d. Since U preserves inner prod-
ucts, its images U (A) and U (8) must also form an MUB pair.
Thus, if U were to map any element of A to an element of C,
then |(bj|UTU|a,-)|2 = |(¢|c;)|> # 1/d, violating the unitarity
of U. This narrows down U to be of type I or II only. From
Lemma 2, it follows that Uy, = Up. |

Interestingly, Theorem 1 does not apply for composite
dimensions d, where additional mutually unbiased pairs C, ,
and C,p can exist. Consequently, we can identify unitaries
which permute A U B U C but are not of type I or II. One class
of such unitaries turns out to belong in U, \ U, meaning
they are positivity preserving but not N preserving on pure
states. To demonstrate this, take d = 6. From the above de-
composition of C, the full set of pure, KD-positive states is

given by £ = AUBUC,3UC3,. The transition matrix

is V = DFTs, with elements Vi; = '/ /+/6, where w = ¢™/3.
Consider the unitary U, defined by

1 0 1 0 1 0

0 v*» 0 1 0 o

U — 111 0 o 0 o 0
T V3|0 1 0O 1 0 1
1 0 o 0 o 0

0 o* 0 1 0
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When applied to B, its image (in the A basis) is given by the
rows of U,V:

10 0 1 0 0
0 -1 0 0 1 0

1o o 1 0 o 1
V=751t o 0o -1 0 o
0 1 0 0 1 0

0 0 1 0 0 -1

Direct calculation thus shows that U,(A) = Cy3, U.(B) =
C32, Uu(Cr3) = A, and U,(C3,) = B. Hence, U, is a gen-
eralized permutation on the set of pure KD-positive states.
However, it is not of type I or II. In addition, its action on
the KD distribution does not preserve the total nonpositivity.
To see this, consider the state |{) = (|a;) + |a2) + |a3))/\/§,
which is nonpositive with N (Q(|¥))) = 4/3. The state U, |v)
is also nonpositive, but with A (Q(U,|v¥))) = 7/3. Hence, U,
does not preserve the total nonpositivity of the KD distribu-
tion, and so U, ¢ Uy .

For this choice of KD distribution, it has been shown that
positive, mixed states outside conv(EPp. ) exist [40]. We now

KD+
show that U, preserves positivity for all states in Egp.., includ-

ing ones outside the convex hull of Sﬁgi, and so U, € Upr4.

Theorem 2. For V = DFT,, the type III unitary U, maps
all KD-positive states to KD-positive states.

Proof. Here we prove the d = 6 case for our given example
of U, explicitly. For any d = pg, the unitary U, can be shown
to always exist (we show this next, in Lemma 3), and the proof
that this choice of U, is N preserving for all KD-real states is
given in Appendix D. We label states from C, 3 as |¢;) = V,|a;)

J

Qo o Qo o B B B
 ay ay oy oy o B B B3
Hae o o3 o3 a3 o +l Bt B B3
6|loas s oy s oy oy 6B B Bs
as o5 Qs o5 o5 Qs B B B
Qg g O Qg O Og Bt B B3

&1 & & & & &
&3 &4 &3 &4 &3 &4
& & & & &5 &g
& & & & & &
&3 &4 &3 &4 &3 &4
& & &5 & &5 &g

Each entry Q(p);; is one of 36 linear combinations of the
coefficients oy, By, v;, &, for some x, y, z, w € [[6]]. Assume
that p is an impure, KD-positive state not in conv(Egp?, ). Al-
though the individual coefficients in Eq. (9) are not necessarily
positive, from the KD positivity of p it follows that each en-

try combination corresponding to a quasiprobability satisfies

and states from Cs , as |d;) = Vy|a;), where

1 1 1 0 0 O

0 0 0O 1 1 1

V—L] o ot 0 0 0
V3|0 0 0 1 o ot

1 o o 0 0 0

0 0 0 1 o o

1 1 0 0 0 O

0o 0 1 1 0 O

y_LJo o 0 0o 1 1

=Ll -1 0 0 0 0

o o 1 -1 0 O

o 0 o0 o0 1 -1

‘We make use of a recent result of Ref. [48], which shows that
any KD-real state p (including p € Ekp;) can be decomposed
as a linear combination of pure states from Sﬁgi, with real
coefficients:

6

o= Z (ailai) (a;l + Bilbi){bil + yilci)(cil + &ildi){d;]),

i=1
9)
where the (real) coefficients sum as

6

D (it pityite) =1

i=1
By linearity [cf. Eq. (1)], we may write any Q(p) as a
linear combination of KD distributions of pure states. Explic-
itly, we get O(p) = > /[;Q(la;)) + BiQ(|b:i)) + viQ(lci)) +
£;0(|d;))]. Even more explicitly, we may write Q(p) as a sum
of four matrices:

Ba Bs Bs i V2 N Y2 W3
Ba Bs Bs Vi Vs Yo V4 V5 Ve
Bs Bs B " Hyv »n »n n n »n
Bs Bs B 6lvs vs Vo Vva Vs Ve
Ba Bs Bs YioVv2 V3 V1 V2 V3
Ba Bs Bs Va Vs Yo V4 V5 Ve

(

Q(p)ij = 0. Now, recall that U, is a generalized permutation
on the set of pure KD-positive states. We can directly compute
U,pU] by conjugating each pure state in the decomposition
of (9), and then taking the sum. This gives us a new linear
combination of pure state KD distributions. Thus, Q(U, pU,’)
is given by

042446-7



JEDRZEJ BURKAT AND SERGII STRELCHUK

PHYSICAL REVIEW A 114, 042446 (2026)

Qp Q@3 Qs o] o3 O Br Bs B
oy g Qy o4 O O Bs B Bs
Ha a3 a5 a1 a3 as —i—l Bs Bs B3
6las o o s o @ 6|8 B+ B
Qp Q@3 Qs o] o3 O Bs B Bs
ay o Ay a4 O B Bs B3

€1 €6 &3 &2 &5 &4
&1 €6 &3 &2 &5 &4

61¢€1 €& & & &5 &4
€1 €6 &3 &2 &5 &4
&1 €6 &3 &2 Es &4

Direct observation shows that of the 36 possible combinations
of coefficients a,, By, ¥;, &, that appear in the entries of Q(p),
each appears exactly once in Q(U, pU,). Hence, each entry of
Q(U,pU]) is a permuted entry of Q(p). Therefore, U, maps p
to a KD-positive state. Since p was an arbitrary KD-positive
state, we conclude that U, maps all KD-positive states to KD-
positive states. We additionally conclude that U, is covariant
on all KD-real states, satisfying Q(U,pr)ij = Q(0)y1ij)
for some permutation y~! of the indices. This permutation
can be explicitly read off by comparing the above expres-
sions for Q(p) and Q(U,pU,). Notably, it is not a product
of row and column permutations. A Mathematica notebook
containing our calculations is provided in the Supplemental
Material [49]. |

Next, we prove that U, always exists for V = DFT,,, with
p, g being distinct primes:

Lemma 3. For V = DFT, in dimension d = pg with p, g
distinct primes, there always exist type III unitaries U, €
Uy, such that U, (A) =C, 4, U(Cpy) = A, U.B)=Cy ),
and U,(C,,,) = B. Furthermore, action by U, is not covariant
on the KD distribution in general, and types I, II, and III
exhaust the set Uy, .

Proof In  this case, &gp, =AUBUC,,UC,,.
Taking (a,b) = (¢, p) and (u,v) = (p,q) in Eq. (8), we
have that |(m,s|x,y)|> = gcd(q, p)*/qp = 1/d. Hence,

the bases C,, and C,, are mutually unbiased. Since
p and g are coprime, we can associate each index

i€”Z; with a par of indices (i, iy) €Z,xZ; as
follows:
(ip,ig) =({ mod p, i mod gq),
i =1ipqq +igpp mod pg, (10)
where p = p~! mod ¢ and § = ¢~! mod p. This mapping is

bijective by the Chinese remainder theorem. We can therefore
define a unitary permutation P, which decomposes C? into a
tensor product C? @ C4:

Pla)) = lip) ® lig),  P(lip) ® lig)) = lai, qg+i, pp)-

where |i,) € C? and |i,) € C?. We can define U, as follows:

U, = P'(1, ® DFT,)P. (11)

Bs B1 B A S R A4
B Bs B s Ys Vs Ys Vs Vs
Bs B3 PBo L PC IR R I SR €
Bs Bi Ba 6lva va va va v v
B Bs B 2oV v v v »r
Bs Bs B Yo Yo Yo Yo Yo Yo

(

Its action on the A basis is

U.la;)) = P'(Ji,) ® DFT,i,))

q—1

1 [
li,) ® — e s,)
14 ﬂ% q

= pt

== Z e q|a1pqq+sq pp)-
\/— 54=0

Now, write n =1i,qd + s, pp € Z as the indices of the A
basis states entering the sum. For all n € Z, we have that
nmod p =i, is fixed, so as s, runs over all of Z, it al-
ways contributes a multiple of p. Therefore, we may write
L =\{ipip+p,...,ip+ (g — 1)p}. We therefore reindex the
sum by writing n =i, + kp, where s, =nmod g = (i, +
kp) mod g enters the exponent:

q—1

1 ;i ok
Uday = —= e " Pa, ;)
ariy 2i
=eq 1" — Zeq“ |Gk p+i,)
i) .
=e 1 "ip, Pig)pg
Therefore, U,(A)=C,,. Similarly, we can show that
U.(B) = C,,,. First we calculate the action of P on the B
states:
1 pq—1 pg—1
Ploj) = —— Y ewPlay)y = — Y ew|L,) ® I1,)
J m ; Z P
1 p=1g-1
— Z Ze oot Uip 4@+Jq PPy 43+, pp)” ) ® |1,)
VP 0120
pP—Y 4
- LSS s oy
1—0 1,=0

= DFT),|q jp) ® DFT,|p jg)- 12)
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Here, between the third and fourth lines, the cross terms in the
exponent are integers. Hence,

U.lbj) = P'(DFT,|q j,) ® DFT;|p j))

= P'(DFT,|g j,) ® | — P jz))

—1
1 S .
=P\ E e s @1 hiy
5,=0
1=

2mi = .
— = SpdJp o
= E er \as, 935 j, pi) >

\/1_7 5p=0

where we used DFT§|1’) =|—imodd) foralli € Z,;. Again,
we reindex the sum, which runs over a set J consisting
of integers n = s, g4 — p j, pp withn mod g = —p j, mod ¢
fixed. Thus, we take n = kg + (—p j, mod g) and substitute
sp = [kq + (—=p jg mod g)] mod p:

-1
= +(—p j, mod
U,lb;) = § :e > 4jplkq+(=p jq mo q)]lakq“iﬁjq mod )
VP S

1 G

2i = - = . 2mi -

— Gjp(=p jq mod q) Jpk

=er ™’ ! er’ |akq+(fﬁj,, mod q)>

N s

qjp(—p jq mod q) |

27i

=er = Plg Jplap:

It follows that U,(B) =C,, Moreover, U} =P'(1,®
DFTZ)P, so U? is a permutation on .4 and B. Hence,
U(Cpq) = UXA) = A and U,(C,,) = UX(B) = B. There-
fore, U, is a positivity-preserving generalized permutation on
the set of all pure KD-positive states. Appendix D additionally
shows it is positivity preserving on any KD-positive state
under V = DFT%".

Next, we show that the action of U, is not covariant
with respect to nonreal KD distributions. Instead, the re-
sulting KD distribution Q(U,pU,) can be expressed as a
complex linear combination over elements of Q(p). First,
we perform a global change of basis. We change into the
P(A) basis |ip, i;) = |ip) ® lig), and the P(B) basis | j,, j;) =
DFT,|q j,) ® DFT,|p j,). The quantum state becomes p =
P,oP*. This gives an identical KD distribution, with entries
indexed by pairs of indices (ip, iy) and (j,, j,) instead:

Qi iviinjs = (b;IPTPlai)(a;|P"PpP P|b;)
= (s Jglips ig)ips igPljps Jig)-

Following the global change of basis, U, is given by PU,P" =
1, ® DFT,. Hence Q; transforms as

lgsJpsJq
Qil’viq;jpsjq - (J.p’ jq|ip9 iq><ipv qu]lP ® DFTq)
x p(L, ® DFT))|jip. jg)-
The second term may be expanded as
(ip» igl(1, ® DFT)B(1, ® DFT))|jp. jig)

o=
= - Z eT(lqsqiquptq)(im sqlﬁljp»ttﬂ’

Sqstg=0

_Q

where we used the fact that (j,, tq|]lp®DFT;|jp,jq) =
(ﬁtq|DFTII| pJjq). From substituting this in along with
(ipa Sqli)ljp» tq> = Qi[,,sq;jp,tq/<jpv tq|ip» sq>7 eXPanding out the
ratio (jp, jqlip, ig)/{Jjp, t4lip, s¢4) and factorizing, we obtain

g—1
2mig: = -
§ : = (ig+ptg)(sq—Plg)
ead B K Qi,,,xq;j,,,lq (13)

Sqstq=0

Qiigijpis = ~

which, in general, is not a covariant transformation. Further-
more, for a generic choice of Q(p) there is no reason to expect
that N (Q(U,pU])) = N(Q(p)), and indeed we have found
examples where this is not the case. Hence, U, ¢ Ur.

Finally, we show that no positivity-preserving unitaries can
exist beyond types I, II, and III. Inner product preservation
under U is again the key constraint. Each set A, B, C, 4, Cy.»
forms an orthonormal basis. The inner products between states
across different sets are as follows:

Basis pair Possible overlap magnitudes
(A, B), (Cpyq, Cyp) 1/J/Pd

(A,Cpq), (B, Cyp) 0.1//4

(A, Cup), (B, Cpy) 0,1//p

Without loss of generality, suppose that the image U (A)
is “split,” so that U maps |a;) and |a;) to two different basis
sets. If these two sets are mutually unbiased—i.e., .4 and B,
or Cy , and Cp 4, then this implies |(a; |UTU|as)| # 0. On the
other hand, if these sets are not mutually unbiased, then no
matter which set U maps |b;) € B to, either |(a;|UTU |b;)| #
1/3/d or |{(a|UTU|b;)| # 1/4/d. In all cases, this implies
that U does not preserve the inner product, so (by the same
reasoning as for A) the image of each basis set cannot be
split across distinct basis sets. In effect, only types I, II, and
IIT unitaries are possible. We also note that by symmetry,
the above lemma straightforwardly applies to the case of
U] = PT(DFT, ® 1,)P, which is another instance of a type
IIT unitary. ]

Although in general the action of U, on nonreal KD dis-
tributions is not covariant, it is still more straightforward to
describe over generic unitaries—for which a full construction
of the superoperator &y is typically required. Regardless of
this fact, the presence of such unitaries in any KD-based
classical simulation algorithm poses an additional difficulty.
We discuss the implications of this result in Sec. IV.

KD-stochastic unitaries. We now turn to the question of
identifying unitaries U which induce stochastic superopera-
tors & in the vectorized picture. Stochastic matrices have
the property of preserving the £; norm of KD-positive inputs.
However, we have seen that positivity-preserving unitaries
do not need to induce a stochastic £, to preserve positivity.
For example, if the transition matrix V is Hermitian, then
the unitary U = V has a nonstochastic KD superoperator, but
maps the KD matrix Q(p) to its Hermitian conjugate:

Q(p)ij — (b;lUTUlai) (iU pU|bs) = Q3i(p).

This corresponds to a A -preserving unitary of type II. In
contrast, for the odd-dimensional discrete Wigner distribution
such a situation does not occur, as all positivity-preserving
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gates induce stochastic superoperators [5,14]. We now show
that KD-stochastic unitaries are precisely of type 1.

Theorem 3. For a KD distribution defined on the bases
A ={|a;)} and B = {|b;)}, a unitary U € Ugoen if and only
ifU € M; NVM,VT. In other words, U satisfies

Ula) = e%aywy), Ulbj) = €?i|b.j)),

where 0,7 € S;. It follows that e, consists of A-
preserving type I unitaries.

Proof. Suppose U e MyNVM,VT', e, U
Ula;) = e?a, ;) and Ulbj) = e"¢/|b,(‘,-)). Then,

(bjla;)
(bi|UU |ay)

satisfies

Eiju = e (ajlay@y)e " (be)|b))

(bj |a;) UGS D)
(bl ag ) €=

= 8i,0(k)8j,7(1)

= 8i6)0/,c (1)

SO EAU € Sy x Sy is the Kronecker product of two permutation
matrices.

For the other direction, suppose the induced superoperator
&y is stochastic. Then, all of its entries are non-negative. By
Eq. (5), it will always have a quasistochastic inverse SA,j ! By
Eq. (6), this inverse will only contain non-negative entries and
thus also be stochastic. A basic fact of linear algebra [50]
is that if a matrix and its inverse are both stochastic, then
that matrix must be a permutation. Therefore, fU must be
a permutation. Hence, for each pair of indices i, j there is
a unique pair of indices i*, j* such that (éA'U),'j,i*j* # 0. By
Eq. (4), (a;|U|a,-*)(bj|UT|bj*) # 0, therefore (a;|U|a;y) # 0
and (b;|U"|b;+) # 0. Holding i, j, j* fixed, we deduce that
(ai|lU\ax) = 0 for k # i*, and holding i, j, i* fixed we deduce
that (bj|U""|b1) =0 for [ # j*. Hence, U is a generalized
permutation on the bases .4 and 5. ]

Randomly sampled bases. Given the stringent conditions
for their existence, whether Uxr, Unr+, and Ugoen contain
nontrivial unitaries is highly sensitive to the symmetries of the
transition matrix V. Consequently, for most KD distributions
this is not the case.

Remark 2. The vast majority of Kirkwood-Dirac distri-
butions do not admit nontrivial positivity-preserving, N -
preserving, or KD-stochastic unitaries.

Proof. (sketch) We already know from Ref. [42] that for
a generic choice of V [with probability one, under the Haar
measure on U(d)], Ekpy = conv(A U B), and C = . There-
fore, only type I and II can exist. In the first case, U € My N
VM, V. Elements of this set are those which satisfy U € M,
and VUV e M. Hence, for some U = D, P, there must exist
some DgP; such that VIDLP,V = DgP;. Therefore,

Dy PyV = VDgPr — Voiye(j) = %omBrj)Vijs

where P, and P, are permutation matrices, and the above
holds for all i, j. Hence, |V, (i) (j)| = |V;;|, implying that the
modulus matrix |V| must be invariant under some row and
column permutation o, 7. Excluding the identity permuta-
tions, we therefore require at least one pair of distinct entries
of V to have the same modulus (this is a necessary, although
not sufficient condition). Under the Haar measure on U (d)
the probability of this occurring is zero. Hence, for a generic

choice of V, no nontrivial type I unitaries exist. Similarly,
for nontrivial type II unitaries in VM, N M,V to exist, the
necessary condition is that |V; ;| = |[Vjs-1;)| under some
nonidentity pair o, . Again, under the Haar measure this
happens with probability zero. Therefore, for a randomly sam-
pled V, with probability one we have Upnr = Up;, = Usioch =
{e?1). [ |

Examples of type I and Il unitaries. Although type I and
I unitaries are rare, they do exist for symmetric choices of
V. For example, in the Fourier-conjugate distribution in any
dimension, type I unitaries are given by the Weyl-Heisenberg
group [40,41] (see Appendix B for a definition), whereas type
IT unitaries are given by a product of the Weyl-Heisenberg
unitaries and the DFT matrix. In multiqubit systems (where
A and B are the computational and Hadamard-transformed
bases), the positivity-preserving group is generated by single-
qubit Pauli gates and CNOT for type I, and U = H®" for
type II [51]. Notably, single-qubit Hadamard gates are of
neither type and can be shown to not preserve positivity. For
non-Fourier distributions, in the spin-1 distribution presented
in Ref. [43] with an involutory transition matrix (referred
to as U*), one can identify type I unitaries with any 3 x 3
permutation matrix on the A basis, and type II unitaries with
the product of any permutation and U*. As the states in the
set C for the spin-1 system are not pairwise orthogonal, by
a similar argument to Theorem 1 we can show that no other
types of positivity-preserving unitaries can exist. Finally, we
remark that our classification is not exhaustive, since there
may be other positivity-preserving generalized permutations
on AU B UC not of the three types we have identified. For
example, it is in principle possible that such unitaries map
some subset of A to a subset of 3, and some other subset of
A to a subset of C. In our search we have not found any such
examples—whether they could exist for an arbitrary choice of
V can usually be ruled out by symmetry arguments (namely
the preservation of inner products between all the positive
pure states under U, as we have argued in Theorem 1). These
could be used to fully characterize Unr, for DFT; in the
general case, which we leave for future work.

Completeness of our classification. Collecting the results
of this section, we formulate a general method for classify-
ing positivity-preserving unitaries for arbitrary distributions:
if C =0, then only types I, II can exist (Lemma 1). As
they are always A preserving (Lemma 2), this concludes the
classification. If C # @, one must check whether generalized
permutations on Egp° beyond types I, II exist. Typically,
they can be ruled out using symmetry arguments. If they
are found, and Ekpy = conv(Exp, ), then this concludes the
classification. Otherwise, one must also check if they preserve
positivity of p € Ekpy \ conv(ERpy, ). Overall, our classifica-
tion is complete for three cases: for the Haar-random choice of
V, our method terminates at the first step. For V. = DFT , it
terminates at the second. Finally, for V = DFT,,, it terminates
at the third.

pq>

IV. ESTIMATING BORN RULE PROBABILITIES
VIA KD DISTRIBUTIONS

We now apply the results of Sec. III to the prob-
lem of estimating Born rule outcome probabilities via KD
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distributions. Throughout this section, “efficient simulation”
means additive-error estimation of Born outcome probabili-
ties, with sample complexity polynomial in (1/€, log(1/6)),
and the circuit size, assuming efficient access to the rele-
vant KD quasiprobabilities and superoperator elements. To
do this, we modify the algorithm of Ref. [14], which makes
use of a Monte Carlo—style method to estimate the outcome
probability via Eq. (7). Consider an n-qudit input state p, a
quantum circuit U, and a measurement operator F'. We first
decompose U into a product of one- and two-qudit gates
U = Uy ---Uj, and write pairs of indices [summed over in
(N] as (ipjo) =1y, ..., (injv) = Iy. The probability of the
measurement outcome is given by

Te(FUPpU ) = Y F(€u)ni,

- Conn, Eodn 0. (14)

Assumptions. We assume that the objects |Q)), ((F|, and ffu,,,
are efficiently describable (for example, when the state prepa-
ration and measurement is conducted in a product state basis
and each U, acts on at most two qudits), and that individ-
ual elements from their rows and columns can be sampled
efficiently under some probability distribution. We can use
this decomposition to classically estimate Born rule outcome

J

probabilities. We make use of several norms:

oM =Y 10(p)] = N (Q(p))
1

IKCE T

DTIEI=NE) [{(Flls = max |F;|
1

> 1wl
J

|€u i = max ; (€)1l = max | (Eu).alh.

IEw).rlh

where the first two are KD total nonpositivities, the third is
the largest absolute element of the POVM dual vector ({F|,
the fourth is the £; norm of the column / of fU, and the last is
the induced ¢; norm on éU.

The probability estimation protocol. We proceed as
follows: first, take the absolute values of the quasiprobabilities
in |Q)), and randomly sample an index pair (i, jo) = Iy with
probability Pr(lp) = |Q(p),|/N(Q(p)). Then, randomly
sample the index pair [; with probability Pr(f;) =
[Eu)n 11/ I1(Eu,). 1, |I1- Repeat this up to Iy_1, anq then sam-
ple IN Wlth probability Pr(IN) = |(€UN )INJN—I |/||((‘:U}\,)A’1}\,71 || 1.
After sampling Iy, /i, ..., Iy, also compute the complex
phases  Ph(Q1,) = Q(p)i,/IQx|, and  Ph((Ey)s ) =
CEvona/IC€un.,| for kel[[N]]. Finally, calculate
the complex random variable Z(ly,...,Iy) and its
real part:

X, ..., In) =Re(Z(ly, ..., Iy)) = Re <FzN [H 10, N PRCEL i, )}N(Q(p))Ph(on)).

k=1

This is then repeated many times, with the average X
forming an estimate of Tr(FU pU 7). In expectation (over the
choices of random index pairs),

EZ, ..
EX (I, ..

D) =Ti(FUpU”),
LIV =Te(FUpUY).
Now, define the total induced nonpositivity as the product of

induced ¢; norms of the intermediate superoperators &y, and
the largest absolute element of ((F|:

N
N; = []‘[ ||éUk||1]||<<F|||oo

k=1

Each Z(ly, . .., Iy) is then bounded to have magnitude:
1Z(o, ... In)| S N(Q(P)N;.
As Z(ly, ..., Iy) is a complex random variable, in order to

bound the number of samples required we can consider its real
part, also bounded as |X (o, ..., Iy)| < N(Q(p))N;, and use
the Hoeffding inequality (in the same way as was done in Ref.
[14]) to show that estimating the Born rule probabilities up
to precision € (and success probability 1 — §) requires s(e, )

(

samples, where
2
s(6,8) = SN(Q(p)Y' N} In(2/6).

Clearly, the runtime of the estimation algorithm is bounded
by O(N(Q(p))*N}), and thus the efficiency of the estimation
procedure is determined by the total nonpositivity A’ (Q(p)) of
the input state, multiplied by the total induced nonpositivity
N;. In the case of the Wigner distribution, the input and
induced nonpositivities are independent. For example, when
a Clifford circuit satisfies N7 = O(1) the additional sample
complexity of estimation on a nonpositive input is multiplica-
tive in A'(Q(p))*. We show that, for the KD distribution, this
happens by default with type I unitaries. For type II unitaries,
the same holds once their covariance is accounted for. For type
IIT unitaries, the induced nonpositivity implicitly depends on
whether the input distribution contains complex entries.
Incorporating type I, Il unitaries. We now show how to
accommodate KD positivity preserving unitaries in the algo-
rithm. For type I unitaries, we have already established via
Theorem 3 that the induced superoperator & is a permutation
matrix. Hence, for such unitaries the induced nonpositivity
is ||€y]li = 1, and no modification is necessary. For type
II unitaries, in general 1€ 1l1 > 1. However, Lemma 2 as-
serts that for any state p, Q(UpU*)ij = Qj;,,(j)!r,([)(p) for
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some o, T € S;. Suppose that the circuit U contains a type
IT unitary U; at step k. We may write V =Uy - Uy
and W =U;_;---U;, so that U =VUW. Also, writing
(') 7M@) =y ') and QU pU™); = Q* ()11 as a
shorthand, Eq. (14) becomes

Tr(F (VUW)p(VUW)T)
= Z Fu(&v)ui, Eunr (w0

H.I,J,L

= Z Fu (801, (Eu)i. QW pW ),
HI.,J

=Y Fu(€)u i, QUW pW U,
H.,I;

=Y FuE)ui, QW oWy,
H. I

= Y Fu@)us w0000
H.I, L

= > Fu@)uyoEw); 100 (15)
H,J.L

Hence, the algorithm may be modified as follows: When-
ever a type II unitary U is encountered at step k, pro-
ceed deterministically, setting [y = y (ly—), ||(£AU,<).,1k7, I =
1 and Ph((ffuk )i..1._,) = 1. Furthermore, complex conjugate
all phases as Ph(Qj,) — Ph(Q;,)* and Ph((éUm My 1) =
Ph((&y, );,.1,_,)* for all m < k. The rest of the algorithm pro-
ceeds as normal, with X forming the estimate for Tr(FU pU ™).
This modification directly accounts for the covariant transfor-
mations under type II, ensuring that the induced £; norm of
their superoperators does not contribute to N;.

Incorporating type Il unitaries. For type I1I unitaries, there
is an additional complication. As remarked in Lemma 3, such
unitaries do not generally induce a covariant transformation
on the KD distribution, and thus the induced nonpositivity
satisfies | &y |l; > 1. On the other hand, as shown in Theorem
2, the type III unitary U, exhibits covariance on KD-real
inputs, permuting their entries as Q(U*pr),'j = 0(p)y-1(ij)
for some y~! € S;2. The exact form of y is given in Ap-
pendix D: the mapping is obtained via the Chinese remainder
theorem (CRT) decompositions of (i, j) and modular arith-
metic, which is computationally efficient to implement. Thus,
if the state (Ug_; ---U)pUi_; - --Up)" is KD-real, type III
unitaries can be incorporated into the estimation algorithm in
a similar way to type II unitaries, i.e., by deterministically
setting [|(Ey, )., It = Ph((Ey g 1) =1 and Iy = y (k1)
[cf. Eq. (15)] whenever they appear. On the other hand, if
the input at step k is nonreal, covariance fails, and this mod-
ification is not possible. Instead, sampling from the columns
of & becomes necessary, contributing a multiplicative fac-
tor to N7 for each instance of a type III unitary. This leads
to a sharp increase in sample complexity between KD-real
and nonreal distributions. Consider, for example, a positivity-
preserving circuit containing type III unitaries. If the input
state is KD-positive (and thus KD-real), then the total induced
nonpositivity A is at most O(1), and the output probabilities
can be efficiently estimated. However, if any Q(p);; € C then

in the worst case A grows exponentially large in the number
of type III unitaries, and efficient classical estimation fails
(such circuits may still be efficiently simulable with other
methods, however). In this sense, the presence of type III uni-
taries makes the induced nonpositivity of the circuit implicitly
dependent on the reality of the input distribution. We find that
classical simulation via KD distributions is a more intricate
problem than in the Wigner case, where “conditional” covari-
ance of gates does not occur.

Finally, we note that the above amendments can also be
easily incorporated into the sampling algorithm by Mari and
Eisert [4], which leverages covariance to efficiently sample
from the output distribution of a quantum circuit with pos-
itive Wigner function inputs and Clifford gates. Hence, for
circuits composed only of I, II, III unitaries, if the input state
is KD-positive, then each deterministic modification can be
applied, and the output distribution can be efficiently sampled.
In circuits containing other gates, the type III unitary rule is
only justified when the KD distribution of the state preceding
the unitary is known to be real.

Consequences for resource theories. We conclude by com-
bining the results of Secs. III and IV into a no-go result for
resource theories of KD nonpositivity on V = DFT%”.

Theorem 4. For KD distributions defined on V = DFT?;,
any resource theory that takes KD nonpositivity as a mono-
tone cannot also declare all positivity-preserving, efficiently
simulable unitaries to be free operations. In particular, it must
either exclude the unitary U®" from its free operations, or
else abandon monotonicity of KD nonpositivity under its free
operations.

Proof. As proven in Lemma 3, for d = pg the type III
unitary U, always exists. In Theorem 2 and Appendix D,
we show that U, preserves N(Q) for all KD-positive states.
However, it does not generally preserve N'(Q) for nonreal
states. From U, = PT(]lp ® DFT,)P [Eq. (11)] we also have
that U? is a permutation and U} = 1. Suppose that U, is
included in the free operations of a resource theory of KD non-
positivity. If there exists a state p such that N (Q(U,pU))) <
N(Q(p)), then (writing pr = Urp(U])*) it must hold true
that N(Q(U,pxU])) > N(Q(pi)) for some py; otherwise,
it would hold that N'(Q(p)) = N (Q(U,p3U,))) < N(Q(p)),
which is a contradiction. Similarly, if N(Q(U,pU])) >
N(Q(p)), there must exist a state p; such that the total non-
positivity decreases under U,. Unless U, is A preserving for
all states (which we have shown is not the case), there will ex-
ist states such that the total nonpositivity increases under U,.
Thus, A (Q) is not a monotone under the free operations. On
the other hand, we have shown that for any KD-positive state
p evolution by type I, II, Il is classically efficiently simulable,
as such unitaries are covariant with respect to positive KD dis-
tributions. Hence, if U, is not included in the free operations,
then there exist positivity-preserving, efficiently simulable
unitaries which are not free, and the resource theory fails to
capture the full set of classically simulable operations. ]

Theorem 4 implies that constructing resource theories of
KD nonpositivity on the V = DFT;’?; family of KD distri-
butions is likely to be challenging. We remark that as U, is
KD reality preserving, one possible avenue to bypass this
no-go result is to consider the real part of the KD distribu-
tion as a resource, in effect working with the Margenau-Hill
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FIG. 1. (left): The cycle test for estimating Re[Q(p);;] (s = 0), and Im[Q(p);;] (s = 1). H is the Hadamard gate, and § = diag(1, 7). After
many measurements, Q(p);; is estimated from the outcome frequencies via p(0),—o = {1 + Re[Q(p);;]1}/2 and p(0),=; = {1 + Im[Q(p);;]1}/2.
(right): The cycle gate may be implemented by a cascade of qudit controlled-SWAP gates.

distribution [52,53]. This forms an intriguing open question
for future work.

Note added. Recently, the results of Remark 2 and Lemma
1 were introduced in a revised preprint of our paper. A re-
vised version of Ref. [42] also appeared containing analogous
results, obtained independently of ours in the Ph.D. thesis of
one of its authors [54].
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APPENDIX A: ESTIMATING KD SUPEROPERATOR
ELEMENTS

In this section, we extend the cycle test algorithm of Refs.
[33,47] to provide a new method for experimental measure-
ment of KD superoperator elements (éU )ij.« induced by an
unknown unitary U and any informationally complete choice
of bases A, B.

In general, it is not possible to directly sample from the
KD distribution Q(p);; = Tr(|b;)(b|a;){a;|p), since the outer
products (b;|a;)|b;){a;| are not positive semidefinite and thus
cannot form POVM elements. However, a procedure was
given in Ref. [33] for estimating the quasiprobabilities Q(p);;
using a generalization of the SWAP test, known as the cycle
test [47]. The circuit is shown in Fig. 1. Similarly to the case
of KD distributions, one can estimate elements ((‘:’U )ijki of a
KD superoperator induced by a unitary U, assuming A, BB are
informationally complete. To do this, we can modify the cycle
test algorithm. First, we rewrite the superoperator elements of
Eq. (4) as

Ev)iju = Tr(la;) {a;|U |a) {ax|U”

_
[(bilag)1*
x Ulbr) (iU |b;){b1).

The quantity |(b;|a) |2(€U )ij.«i then forms a Bargmann in-
variant, which (given access to U and the ability to prepare
states from A, B) can be estimated using a four-state cycle
gate Cy4, as shown in Fig. 2. One may estimate this quantity
and divide by |(b;|ay)|?, which may also be estimated sepa-
rately via the SWAP test if the states from A, B are unknown.
Unfortunately, as this method relies on an insertion of U U =
1 it does not allow for the estimation of matrix elements of
nonunitary completely positive and trace-preserving (CPTP)
maps; we leave the extension of our procedure to nonunitary
CPTP maps as an open question.

APPENDIX B: SELF-SIMILARITY OF KD DISTRIBUTIONS

During our study of Fourier-conjugate KD distributions we
identified a self-similarity property, which allows for a more
compressed representation of KD distributions. We present
it here as a standalone result, which may be of independent
interest.

Lemma 4. The multidimensional discrete Fourier trans-
form Q of a Kirkwood-Dirac distribution on n qudits with
transition matrix V = DFT?” is self-similar, satisfying the
constraint:

0d —x,d —y) = o*¥[O(x, y)I". (B1)

Proof. Substituting Eq. (2) into p = p' and taking ap-
propriate inner products, we obtain the following set of

o

a:)

Csy

FIG. 2. Cycle test for estimating KD superoperator ele-
ments. The circuit estimates the quantity |(b,|ak)\2(c‘:‘u )ijki>
where P(O)xzof {1+ |<b1Iak)lzRe[(éU)ij,kl]}/z’ and p(0),—; = {1 +
[(brla) 1PIm[(Ey )ijal} /2.
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constraints on Q;;:

(ailby) (bylau) (aulbj) .
Ouw = Z (ailb;) ’ Qi (B2)

ij
For the Fourier-conjugate KD distribution, we label the refer-
ence bases as follows:

A={li) =1i) ® i) ® - lin) |1 € 23},
B = {DFT§"|j) = DFT4lj1) ® - -- ® DFTalja) | j € 2},
where i, j € Z!; are vectors with inner product
n
i-j=) ijx modd,
k=1
and entry-wise addition modulo d:
i+j=>+/

We also write d = (d, d, ...,d) as a vector with d in each
entry. The inner products then take the form

mod d, ...,i,+ j, modd).

27i

(ailb) = d™*oM, w=e7.
We write elements of the KD distribution as Q(i, j), where
they take the explicit form:
06, j)=d" Y M (ily) (k). (B3)
keZ}
The constraints of Eq. (B2) simplify into the following:
Q(u, V) — dfn Z wi-V7u<V+ll-j7i-jQ*(i’j)

i,jez);

=d™" Y o TV )

ijezy

=d™" ) o*"Q*u-a,v-h),
a,beZ)

where we have seti —u = —a and j — v = —b in the penul-
timate sum. This is a convolution of Q*(u, v) with a matrix
Q*, where Q(a, b) = d"0®? = d’”/z[DFTff’”]a,b (here, the
superscript * denotes complex conjugation whereas * denotes
a convolution). Taking complex conjugates of both sides, we
may write

0*(u,v) = Qx Q(u, v).
The convolution theorem then implies that
0" (x,y) = Q(x, y)O(X, y), (B4)

where Q(x, y) is the multidimensional, discrete Fourier trans-
form of the KD distribution Q(x, y). To obtain Eq. (B1) we
calculate Q2(x, y) and O*(x, y):

Qxy)=d" Y oo

a,beZ)

=d" Z w X Z w o
ac”Z) beZ}

=d™" E o X (d"8y ) = 0. (BS5)
ac’Z);

Similarly, the DFT of Q*(a, b) is given by

x.y)= Y o PY0%a,b)

a,beZ);

— Z wa-(d—x)+b-(d—y)Q*(a, b)

n
a,beZ)

Z w*a'(d*X)*b(d*Y)Q(a’ b)

a,beZ)
=[0d —x,d —y)I". (B6)

Substituting Egs. (B5) and (B6) into (B4) gives us the follow-
ing:

[0d—x,d - y)]"' = 0 *Y0(x, ), (B7)

and the complex conjugate of Eq. (B7) gives (B1). |

Lemma 4 shows that Q is determined by choosing one
representative from each orbit of the involution (x,y) —
(—x, —y). For example, if n =1 this simplifies to Q(d —
x,d—y)=e [@(x, y)]* and the number of independent
entries is approximately half of d*. For odd d, there is
one fixed point (0, 0), so one may choose (d* +1)/2 rep-
resentatives to describe Q. For even d, there are four
fixed points (0, 0), (d/2,0), (0,d/2), (d/2,d/2), so one may
choose (d* + 4)/2 representatives. Then, the remainder of the
matrix can be reconstructed through taking complex conju-
gates of the entries and multiplication by the relevant phase
factors. In this sense, the discrete Fourier transform ‘“com-
presses” the KD distribution. R

In addition to showing the self-similarity of Q, we can
relate this object to the discrete Wigner distribution. Here, it is
convenient to use a slightly different convention to Egs. (B1)
and (B6). We denote the multidimensional Fourier transform
by O(a, b) instead. From Eq. (B3), this is given by

O(a.b)=d™" Y o "0, j)

2mixy
d

i.jez!
— d—Zn Z w*i-a+j-h+k-j7i~j <i|w> <Ip |k>
ijkez
=d7" ) i) (YKo Y oD
ikez J
N———’
k+b—i=0 mod d
=d™" ) (K+bly)(y Ko P
keZ!
=d™" ) (m[y)(y/m —b)o ™
meZ}

=d"Tr[|[Y ) (¥ |(X®)' (2",

where all of the bit-string addition and subtraction is per-
formed modulo d, and Z2?, XP are the Weyl-Heisenberg
unitaries, defined for single qudits as

d—1 d—1
Z="2 o"lmiml, X =" lm+1)(ml,
m=0 m=0
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and for n qudits as

7A=71®...QZ% = Z @*™|m) (m|,

n
meZ}

Z Im 4 b)(m

n
meZ}

X"=xg.. QX" =

Once we take the complex conjugate of the final expression,
the DFT of our KD distribution forms a matrix of expec-
tation values of |¢) with respect to the Weyl-Heisenberg

J

unitaries, [Q(a, b)]* = d " Tr(|y)(¥|Z*XP). We then multi-
ply each entry of the resulting matrix by a phase @~ @2
where 27! is the multiplicative inverse modulo d (for odd d).
The resulting matrix 7 (a, b) contains elements of “phased”
Weyl-Heisenberg unitaries:

o=@ [O(a, b)]*
= d"Te(|y) (|~ @2 Z2x D),

T(a,b) =

Taking the symplectic Fourier transform of this matrix, we
obtain a new matrix with elements:

Wp.@) =d™ 3 o ST ) =d 7 Y o () (le” " ZX)

r,seZ)

= d‘"Tr(h/x)Wd‘" > w"'S‘“(w‘“‘S”‘ZfXS)) = d~"Te(jy) (Y ]AP9),

n
r,seZ);

which for odd d are precisely the elements of the discrete
Wigner distribution [5,55], i.e., expectation values of |¢) with
respect to the phase point operators AP [defined implicitly
in the last line of (B8)]. Performing the inverse of the above
similarly allows one to start with a Wigner distribution and
obtain the KD distribution for V = DFT{;@”. Thus, the two
representations of quantum states are related by an invertible
sequence of DFTs and diagonal phase multiplications. This
was previously shown for the continuous case in Refs. [56,57].

APPENDIX C: BOUNDS ON KD QUASIPROBABILITIES

Here, we offer some general bounds on the magnitude of
Kirkwood-Dirac quasiprobabilities, which may be of inde-
pendent interest. The first result is a general bound on the
magnitude of quasiprobabilities in any informationally com-
plete KD distribution. To this end, we define m 4 5 and M 4
as the smallest and largest absolute values of inner products
between A, B:

mag = min

¢min [{ailb;)I,

M.A,B = max

(i, )Helld1?

These relate as 0 <map < 1/vV/d < Map <1 [44]. We
also make use of the support uncertainties n 4, ng, defined in
Eq. (3).

Lemma 5. The magnitudes of all Kirkwood-Dirac
quasiprobabilities Q(v);; for a pure state |) with support
uncertainties (n_4, ng) are upper bounded as

10| < M2y g/nans.

For KD-positive distributions, we also have the lower bound
on the nonzero elements Q(v);;:

o)i;-

Proof. We make use of a pair of projectors onto the support

of |Y) in A and B:
> k)b,

> laida
1bj)eSs

[{ailbj)].

(CI)

3
myp <

lai)eSa

r,seZ)

(B8)

(

Clearly, the rank of I14 is n4, the rank of Ilz is ng, and
[M4lY¥) = Op|Y) = |¢¥). Inserting these into the expression
for |Q;;], we get

1Q()ij| = [{bjlai)|{ail s | ¥ ) [[{ [TLalbj)|

=|(bjlai)l| Y (ailbe)bel¥)|| Y (Wla(alb;)
|bk)eSB la;)eS 4

<M,34,B< > Kby )( 3 W) )
|br) €SB lar)eSa

< M3y gy/nans,

where we have used the triangle inequality and definition of
M 4 3 in the third line, and the Cauchy-Schwarz inequality in
the fourth.

For the lower bound, we use an argument similar to that
of Ref. [44]. Using the global phase invariance of the KD
distribution, we can adjust the phases and indices of the basis
vectors in A, B so that {(a;|y) and (b;|y) are real and positive
fori, j € [[na]] x [[n5]] and zero otherwise. It follows that if
the KD distribution is positive, the inner products (a;|b;) are
real and non-negative for |a;) € S 4, |b;) € Sg. We can thus
write

Q)i = (bjlai) Y (ailbi)(bely) D (Wla)alb;)

|bk)ESB lar)eSa
>mi,s( > <bk|w>>< > <w|al>) m .
|bk)eSB la;)eS a4

where the last line follows from the ¢; -£, norm inequality
T 2 1Y) 2. u

The upper bound given in Lemma 5 generically constrains
the maximum attainable magnitudes of pure state quasiprob-
abilities in any (including informationally incomplete) KD
distribution in terms of the value of M 4 5 of the distribu-
tion, as well as the support size n4npg of the state. Recent
work characterizing Bargmann invariants [58-61] (which KD
quasiprobabilities form an instance of) implies that when
more fine-grained information about Q(p);; is known—
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namely, the phase 6 = arg(Q(p);;) € [0, 27 )—a more precise
bound may also be constructed:

01 < cos* (5 ) s (9 . ”).

Thus, the bounds (C1) and (C2) are complementary, and may
be used at will depending on information available about
Q(p). An example of their consequence is given below:

Remark 3. Let Q(y) be a Kirkwood-Dirac distribution of
a pure state defined on a pair of MUBs. If N (Q(v)) = 1, then
all its nonzero quasiprobabilities are uniformly Q;; = 1/d.

Proof. Here M43 =1/ Vd, and for MUBs all pure KD-
positive states satisfy n4np = d. Substituting these into
Eq. (C1) we get |Q();j| = Q(¥);j < 1/d. The number of
nonzero Q();; is also given by nanp = d. Because the
quasiprobabilities must also sum to 1, this can all be satisfied
only if (C1) is saturated, so Q(y);; = 1/d or 0. |

Remark 3 further implies that all nonzero amplitudes of
KD-positive states on MUBs satisfy [(y]a;)| = /1/n4 and
|{(y|b;)| = /1/ng. Because we can write the inner product
between any two pure states |/), |¢p) as

Qi (¥)Qij(9)
2 Kailbj) >

(C2)

(W]p)]* =
ij

the inner product of any two KD-positive states on MUBs

satisfies
Ik
[(¥lo)| = 7

where the integer k is the overlap of the support of their
distributions. Note that the above holds true for all MUBs,
not just the case of V.= DFT,.

Taking an MUB system of n qudits, Remark 3 tells us
that every pure KD-positive state is a uniform mixture on
its support with the nonzero quasiprobabilities reading 1/d".
In particular, this implies that the distribution becomes expo-
nentially large, with exponentially small probabilities. In the
discrete Wigner distribution setting, the exact same property is
satisfied by the stabilizer states, i.e., all pure Wigner-positive
states [62,63]. In a recent result, Gross, Nezami, and Walter
[63] have used this to devise an efficient property test for
whether an unknown state is a stabilizer state. Whether such
tests exist for the V = DFT?” KD distribution (or in general)
remains an open question. Finally, we note that Eq. (C3)
closely resembles Theorem 11 of Ref. [64] satisfied by sta-
bilizer states.

(C3)

APPENDIX D: PROOFS FOR TYPE III UNITARIES

1. Extended proof of Theorem 2

Here, we prove Theorem 2 for the general case of V =
DFT, where d = pq for any pair of distinct primes p, g.

Proof. The strategy is the same as in the d = 6 case. We
write |a;) € A, |bj) € B, |x,¥)p.q € Cpq and |u, v), , € Cy p.
The linear decomposition of any p such that Q(p);; € R (es-
tablished in Ref. [48]) then becomes

p= aila)al+)_ Bilb)b
i J

+ Zw YN Ylpg + D Eulits V), vlg.p-

u,v

Similarly, by linearity of (1) we may write Q(p) as a linear
combination of the pure state KD distributions:

0(p) =Y _aiQ(a;) + Z BiQ(b))

+ D v, 0((x, y>pq)+ZeuuQ(<u V)g.p)-

X,y
From Egs. (1) and (8), the pure state distributions can be
shown to satisfy
Qap = d™ "8,
O =d '8,
O, Y)p.g )t = d ™ 8x.k mod p Sy, mod g
O, v)g p)it = d ™" 8k mod g 8.1 mod p-

Therefore, assuming p € Expy, we get d? linear equations of
the form:

1
(Pl = 3(
Recall that U, = PT(1 » ® DFT,)P. We know from Lemma
3 that U,|a;) « |i mod p, pi mod q),, and U,|b;) x| —
pjmodgq, jmod p),,, where p=p 'modg and §=

¢~ ! mod p. We can explicitly calculate the action of U, on

|x, Y>p,q:

) + Bi + Vi mod pd mod g + €k mod g,1 mod p)-

-1

<

L
q

P|X,y>p,q = yplakarx)

Sl-
M

~
Il
=)

<
|

Sl-
(S

:

I

o

e%kﬂkp +x mod p) ® [kp + x mod q)

1 CI*] 27i .,
=10 ® = ¢ lkp +xmod g).
k=0

Now sett = kp + x mod g sothatk = p(t — x) mod ¢q. Rein-
dexing the sum, we get

-1
1 &S ow,
=) ®—=) eI
’ Va ;)

 |x) ® DFT,|py).

Plx, y)p,

Hence,
U.Ix,y)pq = P'(1, ® DFT,)P|x,¥) 4
o P'(lx) ® DFT2|py))
< P'(Ix) ® | = py))

O [@xgg-py pp)s
where xqg + (—py) pp mod d is of the form in Eq. (10).
Similarly for states in Cy,
15w
Plu, v), er

|akq+u
p k=0
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pP—
=?Z Ulkg 4+ u mod p) ® |kq + u mod q)
k=0

mkv

lkg + umod p) | ® |u)

& DFT,|gv) ® |u),
so that by Eq. (12)

Uslu, v)g.p o PH(DFT,|gv) ® DFT,[u))
X |by gg+pupp)-

In summary, we have

Uila;) o« |i mod p, pi mod gq), 4,
U.lbj) | — pjmod g, j mod p), p,
Uslx, ¥)p.g X |axgq-pypp)s

Ui, v)g,p X by ggpupp)-

Hence,
QWU,pU)) =y Qi mod p, pi mod q),.4)

+ Y B;Q((—pj mod q. j mod p), ,)
J

+ Z VeyQ(@xgg—py pp)

X,y

+ Z Su,vQ(bv qzj+pupﬁ)~

u,v

Therefore, the entries of Q(U,pU.") are given by
Q(UPUT)H:lZOI'(S' d p.kmod p Opimod g.I mod
* * d i i9i mod p,k mod p 9pi mod g, mod ¢

1
+ g E ﬁjafﬁjmodq,kmodq (Sjmodp,lmodp
J

1
+ 4 Z YayOkxqg—py pp

X,y

1
+ g Z 8u,v81,u qq+pupp-
We may simplify the sum into the following:

1
Q(U*pU:)kl = E(ak’ + ﬂl’ + Yk mod p,—pk mod ¢

+ €51 mod ¢,I mod p)7

where we have set

= (k mod p)qq + (pl mod q)pp,
I'= (I mod p)qq + (—pk mod q)pp. (D1)

Our choice of indices (k', ") satisfies

k"mod p=kmod p, k' modgqg = plmod g,

I''mod p=Imod p, [!'modqg=—pkmodgq.

Giving Q(U*,on);d = Q(p)rr. Therefore, conjugating p by
U, corresponds to a permutation of the entries of Q(p)
as (k,l) — (k’,1") via the bijective mapping defined in
Egs. (D1). Assuming p € &py, we have Q(p)y = 0 for all
k, 1, even if some of the coefficients («, 8, y, €) are nega-
tive. Therefore, Q(U, pU, )z, > 0 for all k, I. Hence, U, pU,| €
Exp+, and the KD positivity of p is preserved under conjuga-
tion by U,. Finally, note that for our proof it does not matter
whether Ekpy = conv(ERp: ) holds, or not. For d = pg # 6,
to the best of our knowledge, this remains an open question.
Similarly to Lemma 3, by symmetry the above also applies to
U] = PT(DFT, ® 1,)P, which is another type IIl unitary. W

2. Multiqudit systems

We now prove that Theorem 2 generalizes to the multiqudit
case of V = DFT?q”. Although for such distributions there
may exist positivity-preserving unitaries beyond types I, II,
and 111, here we show that the unitary U®" acts covariantly and
preserves the total nonpositivity for any KD-real distribution
Q(p), and so Theorem 4 remains valid for n > 1.

Theorem 5. For V = DFT;?;, the unitary U®" acts covari-
antly on any KD-real distribution Q(p). As a consequence, it
is positivity preserving.

Proof. We begin similarly to Lemma 3, and rewrite
the action of U2" on the state p in the V = DFT}"
distribution as the action by U, = 15" ® DFT" on an iden-
tical distribution obtained by a global change of basis by
P®". In the new distribution, we write the basis states
as A= {|i,) ® li;)} and B = {DFT%"|7j,) ® DFT®"|5j,)},
where

|1p) = |(ll)p> Q& |(ln)p> € ((Dp)®n’
1Big) = 1P(1)g) ® -~ @ |p(jn)g) € (CH®",

and similarly for [i,), 1gj,). The transformation under U,
straightforwardly generalizes from Eq. (13):

i+t
T X R D)

sq ty€Z;

Qil’ ? iq ;jlz vjz/

Next, we make use of general constraints on quasiproba-
bility distributions from Appendix B. We assume that the
quasiprobability distribution is KD-real, so that O i, s,.j, 18
equal to its complex conjugate. Equation (B2) then takes on

the form:
> ip,tij/njq ...
E § (’C)u,,,uq;vp,vqle,lq;J,,,Jq’

B0y €20 iy Jg€Zs

Qu,,.ut,;v,,ﬁvq =
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A . 2n 2n . .
where K is a superoperator matrix on C*" 4™ with entries
(Ie)ip'iq;jﬂ’jq _ 1 ez;;’(v,, =Jjp)(ip,— “p) 211("4 —Jq)-(ig—uy)

U, Uy, vy T dn
L i L2 6,0
P q"

= (KP)y% @ (KO,

. . 2n .
Taking O ;i ;j,.j, as a real-valued vector in C?", we can write
the above in the vectorized picture:

K10)) = KP @ K910)) = |0)). (D3)

Therefore, by our assumption that Q(p) is KD-real we have
obtained a linear eigenvector equation (D3) for the quasiprob-
ability distribution vector. This implies that any KD-real |Q})
resides in the +1 eigenspace of K, and we may isolate its
eigenvectors to obtain the general form of KD-real distribu-
tions. Furthermore, since K factorizes into a tensor product
of two superoperators, the +1 eigenspace of K is spanned
by the tensor products of eigenspaces of K and K@ with
reciprocal eigenvalues.

J

We next find the eigenbasis for K®. Due to the tensor
product structure, its eigenvectors reside in C”". Consider the
vectors |¢y, m,}) with entries:

plptipm,
((lpva|¢l,, m,,)) —e ,, iy 1+ m,)

There are p" x p” such vectors; as they are orthonormal, they
form a basis for C”":

Ui (1), —1, )+ p-(m), —m,,
((d’l,,,m,,l(pl;),m;,)) Zn Ze Lip- (1, —1p)+ip (m),—my,)]

ip.dp

_ s Ea 1>262;:'J,,<m -m,)
p2n

Ip

= 81,,,1;,5m,,,m;,

Each vector |¢, m,}) forms an eigenvector of K®:

KP11,m)) =3 (i pldn, m DK Plip 5,0 = Y3 (L. dpld,m D EP Nk 1wy, v,))

ip,jp vy ipp

E:E: (v, —jp)-(p—tp)+(ipely+ip-m,)] _ i (Ly+v,—jp) —p (Vp—jp)+ipmy,]
2n e’ p—Ip)Up—Hp pipTIpHp Iu Vp)) 211 e p trNPTYP T P \Vp—Jp) Ty ’Iupavp))

Uy, Vp ip.Jp

U, Vp ipip

1 omips u. 1 i : . 2miy
— Z Z‘Sjp,l,,+vpe T Lpr (mytuy)—u, v,,]lup’ Vp)) — ; Z er 1, mptu,l,+v, m,,)lup, Vp)) — e 1, mp|¢’l,,,m,,))o

w,.vy jp

Similarly, for K@ each vector |y, m,)) with entries

(Gl m,)) = 47" 7 rletiemo)
eigenvalue e Temg Therefore, the +1 eigenspace of K is
spanned by the tensor products |¢y, m,)) ® |¥1,.m,}), such that

is an eigenvector with

2:
'”l -m,

e M T lmy

Since p and g are coprime, this condition is equivalent
to requiring that 1, -m, =0 mod p and 1, - m; = 0 mod ¢.
Therefore, a +1 eigenvector of K is a tensor product of +1
eigenvectors of K and K@,

J

up.v,

Next, we study the action of the superoperator SAU' on

the +1 eigenspace of K. From Eq. (D2) the superoperator
elements are given by

& ~\ip.d J J ip.J ig.j
ki — APy @ (F@yh

_ (]]_(P))ln dp _e%(“zﬂrﬁjd)-(iq*ﬁvq).

u,, V,,

We only need to consider the eigenstates |, m,)):

TOW,m)) = Y (g Jlva,m DT Pl i)y = > > (g dgl¥a,m DT 10y, v,))

ig, _|q Uy, Vg ig.jg

§ : § : B [ig -1y g My + g+ iy )- (g — V)] _ B[ (g Fug 4Pl )+ig My — V- (U +ig )]
2n e ¢ “17aTae q q)"\Yq q Iu Vq)) 2n e q 1 q q g Mg q'\Yq q |uqavq))

Uy, Vg ig.jg

Uy, Vg ig.Jg

i 1 i m, 4By, -
z : z : i, —p(,+u, )€ 7 lig-mg—pvy (“q+PJq)l|uq’ Vq)) =— § e [—p(g+ug)my+pv, lqlluq’ Vq))

Uy Vg g

—2m

U, v,

2 “omi )
— plg-my Z e 4 g (=pmg)+vy: (qu)]luq’ V) =e Ply mqllﬂ—pmq,ﬁlq))-

7'!
Uy, Vg
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In general, this is a phased permutation of the eigenbasis of
K@. However, if |y, m,)) is a +1 eigenvector, thenl, - m, =
0 mod ¢, and the phase factor is unity. The resulting vector
|¥_pm,.71,)) is also a +1 eigenvector of K@, since (—pm,) -
(ply) = —pp(my - 1;) = 0 mod q. Therefore, the superopera-
tor EA’U' permutes the +1 eigenspace of K and preserves KD
reality.

Finally, we explicitly show that the action of ffa permutes
the entries of any KD-real distribution. The entries of a KD
distribution are given by

OBiyigid, = (lip g3 Jps Jg1 Q(PI)).
Then,
QBTN i, = ((ip igidp. Jg1 QT PTU))
= ({ip. ig:Jp. Jg1€0,10(B))).

Since Q(p) is KD-real, it expands over the +1 eigenvectors of
K as

oEM = Y

1,-m,=0 mod p,
1,;m;=0 mod ¢

a,.m,1,m, [91,m,)) ® [Y¥1,m,)).

It follows that
& 10PN =1 © TO10(5)))
= Z Cl/,,mp,lq.mt,|¢l,,,mp)) ® |w—pmtl,ﬁlq))-

1,-m,=0,
1, m;=0

Furthermore, we have

i s PO
(g, o1 W—pm, 1)) = g e’ CPamatPielo

= ({Pig, —Pigl¥n,m,)).
Putting everything together, we obtain
Q. PU N, iy,
= ({ip. ig30p- Jgl€0,10(B)))
= > Aumptym, (S Jplon,m ) (g gV pm,.1,))

1,-m,=0,
1,;m;=0

= > cumptm, Ko Jplon,m ) ((Plg. —Piglt,m,))
1,-m,=0,
1,;m,=0

= QP i, pigiip —pig-
This is a permutation of the index set. A permutation of
entries preserves the total nonpositivity as well as KD-reality;
hence, the total nonpositivity of a KD-real Q(p)—and equiv-
alently of a KD-real Q(p)—is preserved under the action
of U,. This proves that U®" is positivity preserving for the
V = DFT®" distribution. The induced bijection I' ™! between

indices takes on the same form entrywise as in the n = 1 case
[Eq. (DD)]:

', j) = (i,9q + pigpP. §pad — PigpP)-
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