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Quantum random walks on d-regular graphs with Haar-random coin operators
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With a unitary coin operator that is a random matrix drawn from a uniform distribution with respect to the
Haar measure, we construct a variant of a discrete quantum random walk using a d-regular undirected connected
simple graph. With each step of the walk, the coin operator random matrix is drawn independently from the
distribution. The expectation value over the distribution of random unitaries for the associated quantum channel
gives a depolarization channel for the coin subspace and resembles the associated classical random walk where
the direction a walker steps depends upon the outcome of a fair coin or balanced d-sided dice. Remarkably,
despite the fact that the averaged channel depolarizes the coin subspace, measurements in the vertex subspace
can be designed that would reveal information about the initial quantum state, even after many iterations of
the channel. We illustrate with examples of quantum walks on Cayley graphs of Abelian groups, such as the
cycle and hypercube graphs. For Cayley graphs of Abelian groups, the averaged channel is dephasing in the
Fourier basis. These quantum walks are examples of bipartite strongly interacting systems, where one subsystem
is strongly perturbed, yet information about the initial state in the other subsystem is potentially measurable
forever. Due to its decoherence, a quantum random walk with a Haar-random coin would not be useful in search

algorithms but could aid in understanding quantum systems with strongly perturbed subsystems.

DOI: 10.1103/rmmp-xdqy

I. INTRODUCTION

For quantum states that are linked via an undirected graph,
a quantum random walk is often described as a product of two
noncommuting local unitary operators that is then iterated,
in analogy with a classical random walk [1-3]. One of the
operators plays the role of a coin and the other conditionally
causes transitions between quantum states, playing the role
of a walker that chooses its direction based on the outcome
of a tossed coin or the throw of a d-sided dice. The basis
states of the quantum system describe the walker position
and the state of the coin. Quantum walks can aid in search
algorithms [4,5] and multiparticle quantum walks are capa-
ble of universal quantum computation [6]. For a review see
Venegas-Andraca [7].

An open quantum random walk is similar to a quantum
random walk as it also involves local quantum operations but
instead of unitary operations applied to a state vector, more
general types of iterated operations are applied to a density
operator [8,9]. With a coin subspace that decoheres, an open
random walk on the line can have position variance 0% o ¢
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that grows linearly with time or walk iteration number ¢, like
that of a classical random walk [10] and unlike that of a
coherent quantum walk, where o2 oc 12 [1].

In quantum mechanics, values obtained through measure-
ment have probability dependent on the measurement operator
and state vector. A quantum random walk or open quantum
random walk is deterministic, as the iteratively applied unitary
operator or Lindbladian superoperator and resulting quantum
state are not functions of a probability distribution. In contrast,
a quantum random circuit consists of a product of local unitary
operators, each operating on a couple of qubits or qudits, with
some of them chosen identically and independently from a
distribution [11,12]. If quantum random circuits are iterated,
they can be described as ergodic quantum processes [13].
Ergodic quantum processes are a class of stochastic quan-
tum operations that includes random and repeated quantum
interactions [14] and collision models [15—-17] which can
describe interactions between a quantum system and one or
more thermal reservoirs. If noise or coupling to a thermal bath
is modeled as a specified completely positive trace preserving
map, then it can be called a stochastic quantum channel even
though the system is described with a fixed superoperator and
is deterministic [18,19].

Quantum random walks that include variations in the
choices of operators, or operators that are chosen from a
distribution (e.g., Ref. [20]), can be described as having a
Markov coin [21] or a Markov shift operator. A Markov coin
usually causes decoherence [21], but certain types of varia-
tions in the operators can allow a quantum walk to illustrate
the phenomenon known as Anderson localization [22,23].

In this manuscript we focus on discrete time quantum
random walks where the applied coin unitary operators are
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independently drawn from a distribution during each iteration
of the walk. We modify the Hadamard-coin quantum random
walk on the line [1,24] and higher-dimensional ones [2,25] so
that the coin operator is chosen identically and independently
from a distribution. At each iteration of the walk, a different
operator is chosen from this distribution. To facilitate ana-
Iytical computation we choose a distribution that is uniform
with respect to the Haar measure. This allows us to compute
a mean or averaged quantum channel, which is a quantum
channel computed from the expectation value of the map
over the distribution of coin operators. A quantum random
walk with a Haar-random coin operator can be considered a
limiting and special case of a quantum system interacting with
a high-temperature reservoir.

A. Some notation

We work with finite-dimensional Hilbert spaces. We use
notation £(C?) to refer to the set of linear operators that act on
the d-dimensional complex vector space C?. The associated
group of unitary operators is U(d). Many of our quantum
walks use a bipartite quantum space C¢ @ CV that consists of
a tensor product of d-dimensional space, representing a coin,
and an N-dimensional space, representing vertices of a graph.
We refer to the d-dimensional subspace with subscript A and
that in the N-dimensional subspace with subscript B. We use
I; to represent the identity operator on the d-dimensional
subspace and Iy to represent the identity operator on the N-
dimensional subspace.

The density operator p € L(C) in the space of linear
operators operating on the bipartite space C4V is a positive
semidefinite Hermitian operator with a trace of 1. By quantum
channel £(p) we mean a trace-preserving completely positive
linear map operating on the space of density operators. The
quantum channel itself is also a linear operator (often called a
superoperator). Since we work with a bipartite tensor product
space, we can take the partial trace of a density operator. When
tracing over the d-dimensional subspace and giving a density
operator in the N-dimensional subspace, we write pp = tryp.
When tracing over the N-dimensional subspace and giving
a density operator in the d-dimensional subspace, we write
A = trpp.

In the nomenclature of quantum channels, a channel is er-
godic if it contains a unique eigenvector p, where £(p,) = p«
(a fixed point) with eigenvalue 1 and with p, in the space of
density operators (positive operators with trace of 1) [26].

When labeling quantum states in an N-dimensional space,
it is sometimes convenient to index starting from 0, with in-
dices ranging from 0 to N — 1, and other times it is convenient
to index from 1, ranging from 1 to N. In this manuscript,
we use both conventions. Vertices and edges of a graph are
labeled with natural numbers (and in some cases including
Z€ero).

The symbol uy represents a distribution of unitary opera-
tors in U (V) that is uniform with respect to the Haar measure.
We refer to an operator V € uuy as Haar random.

II. QUANTUM RANDOM WALK ON A d-REGULAR GRAPH

Following Aharonov et al. [24], we generate a quan-
tum random walk from a d-regular undirected simple and

connected graph G(V, E) withaset V of N vertices and a set E
of edges. Here, d-regular means that each vertex or node has
d edges, and simple means the graph lacks loops connecting
a vertex to itself and lacks multiple edges connecting the
same pair of vertices. The quantum walk is implemented on
a bipartite quantum space C¢ ® CV. The quantum walk is
described by iterating a unitary operator

U = As(C®Iy), (1

where Ag € £L(C?) is a controlled shift operator and € e
L(C%) is a coin operator that operates on the d-dimensional
subspace.

In this section we index starting from 1 in both 4 and
N-dimensional subspaces. For each vertex v € V we assume
that the d-regular undirected graph allows construction of
a set of d different index functions w(j, v) [3,24] for j €
{1,2,...,d}, where j uniquely labels the edges that contain
the vertex v. Specifically, the function w(j, v) gives the vertex
at the other end of the jth edge that is connected to the vertex
v. For each j the function w(j, v) should give a permuta-
tion that permutes all vertices. So as to generate a unitary
transformation using these functions, we require that the set
{w(j,v):v eV} =V forall j so that w(j, v) = w(j, v') iff
v = v'. For each j we have a unique vertex w(j, v) € V such
that [v, w(j, v)] € E is an edge of the graph and this is true
for every vertex v. All edges in E should be present in the set
{v,w(G,v):veV,je{l,2,...,d}}.

To represent traversal along the edge connecting vertex v
to vertex w(j, v), it is convenient to define the operator

N
Wi =Y lw(j. v)l, 2)
v=1

where the sum is over all vertices and j € {1, 2,...,d}. The
conditions placed upon the graph and index functions w(j, v)
ensure that W, is unitary.

With the w(j, v) index functions and associated operators
W', we define the controlled shift unitary operator

AS_ZU J|®Z|wu,v) Mol =

Each |j) ( Jj| is a projection operator onto the jth edge in the
coin subspace. The controlled shift operator permutes the
vertices depending upon the edge that is selected with the pro-
jection operator |j)(j|. Figure 1 illustrates the quantum walk
as a quantum circuit. The controlled shift operator can also be
written as a product of controlled operators as shown in the
illustration: Ay = H NG OW; + (g — 1) (D ® Iv).

Not all d- regular graphs allow construction of functions
w(j, v) that are permutations. An undirected Cayley graph
of a finite Abelian group allows such a construction using
generators of the group to give the edges of the graph [24].
A larger coin space is needed for construction of a quantum
walk for any undirected d-regular graph [2].

Zu Wil®W;. (3)

A. Example 1: The Hadamard coin quantum walk
on the cycle graph

We give an example similar to the quantum walk on the
line [1]. Instead of an infinite dimensional line, the graph is
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FIG. 1. A quantum circuit illustration of a discrete quantum ran-
dom walk based on a d-regular graph that takes place on a quantum
space that is the tensor product of a d-dimensional coin space and
an N-dimensional vertex space. The controlled shift operator Ag
[outlined in green and defined in Eq. (3)] permutes the vertices
with operators Wj [defined in Eq. (2)] depending upon the graph
edge that is selected via one of the states in the coined subspace.
The coin operator C operates on the coin subspace, where it can
induce superposition. The pair of operations is outlined in blue and
is iterated to carry out the walk.

the cycle graph with N vertices (e.g., following Ref. [24]).
Each vertex has two edges, so the graph degree is d = 2. The
quantum space is 2 x N dimensional. We label the vertices
so that v is an integer in {0, 1, ..., N — 1} so that we can use
the modulo function in the conditional shift operator. The coin
space consists of two states, |0) and |1). The index function
if j =0,

v+ 1 modN,
ifi=1 @)

'LU(], U)cycle = {U _ 1 mOdN
The operator associated with the edges of the graph
N-1
Wieyele = Y _ [0+ 1 mod N)(v| (5)
v=0

is equivalent to a Heisenberg shift operator. The quantum walk
on the cycle graph is given by the product

Ucycle = AS,cycle (écycle ® fN) (6)
with shift operator
N-1
Aseyete = 10)(0] ® D |(v + 1) mod N) (|
v=0
N-1
+|1)(1|®Z|(v—1)m0dN)<j|- (N
v=0

For this quantum walk, a popular coin operator is a Hadamard
operator [1]

Ccycle =

1
1 /1 1 ) 1 .
— =—= ) Dkl ®)
V2 (1 =) 2 ]éo /
1. Example 2: The Grover coin quantum walk
on the hypercube graph

We give an example for a quantum walk on the hyper-
cube [3,27]. For the d-dimensional hypercube, with N = 24
vertices, the N-dimensional space describing vertices is equiv-
alent to the tensor product of d two-state quantum systems or

d qubits. A vertex on the hypercube can be labeled with its
binary string v = v;v,v3 . .. vg, Where each digit in the string
vj € {0, 1} with index j ranging from 1 to d. Equivalently, v
is an integer ranging from 0 to 2¢ — 1. Instead of a two-state
coin, we have d possible coin states, so the coin is more like a
d-sided dice. The full quantum space for the quantum walk is
C? ® CV. For the coin state we let j range from 1 to d. The
function w(j, v) consists of applying a logical NOT operation
applied to the jth digit of the binary string labeling a vertex v.
In other words,

w(j, ViU . .. vd)hypercube =V03.. .NOT(vj) Loy 9

This implies that |w(j, v))(v| = X;|v){v|, where X; is the
Pauli X operator operating on the jth qubit.
The quantum walk on the hypercube is given by the product

ljhypercube = AS,hypercube (éhypercube ® iN ) (10)
with shift operator

d
AS,hypercube = Z |J) <J| ®X] (11)

J=1

For the quantum walk on the hypercube, the coin operator
Chypercube €an be a discrete Fourier transform operator [2] or
a Grover operator,

CA‘hypercube = 2|)’> (y' - fd (12)

[3,27] with superposition state
1 d
)y =-—=_li- 13)
)= ; j

III. A QUANTUM WALK WITH A MARKOV COIN THAT
IS HAAR RANDOM

We modify the quantum random walk by choosing a coin
operator V from the distribution puy € U(d) that is uniform
with respect to the Haar measure. The coin operator

Co=V®Iy with Vepuy. (14)
In each application of the C;; we choose a different and inde-
pendent random unitary V in U (d). We use a tilde superscript
on V to denote an operator that is based on a distribution for
V. We refer to the coin operator as Haar random to denote that
it is drawn from a distribution that is uniform with respect to
the Haar measure.

The shift operator [Eq. (3)] can be implemented as a uni-
tary quantum channel operating on a density operator p €
L(CNY via

Es(p) = AspAf. (15)

The coin random channel based on C‘V in Eq. (14), and with 1%
drawn from a distribution, is a unitary channel
Ep)=VelypVi®ly) with Vepuy. (16)

The random matrix coined quantum walk consists
of iterating the consecutive application of the two
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channels
Esv(p) = EslEy (p)]
=As(V@Iv) p (VI @ Iy)A} (17)
with V € puy.

A. The averaged quantum channel

To compute an expectation value integrating over possible
values for coin operator V € uy, we use an application of
Corollary 13 by Mele [28] applied to a two state system: For
any operator O € £(C?) (the space of linear operators that
operate on a d-state system) the expectation value

i Iy
Eyeu, [UOU'] = trOE (18)

(via Eq. (50) by Mele [28]), where uy is the distribution
of unitaries in U(d) that is uniform according to the Haar
measure.

We compute the expectation value of the Haar-random
coin quantum channel [defined in Eq. (16)] by averaging over
all possible unitary operators drawn from the Haar uniform
distribution

Ev(p) =Ep,,E(p)
=Eye,, [(VOI)p (VI ®iy)]

~

li o+ (19)
= — T .
4 AP

We have applied Eq. (18) to the d-dimensional subspace. We
use an overline to denote an averaged channel. The averaged
channel depolarizes within the coin space.

Taking the expectation value over the Haar-random com-
ponent [applying Eq. (18) to the Haar-random coin quantum
walk—the channel of Eq. (17)],

~

_ 1
Esv(p) = Eyep, [Esp(0)] = As (Ed ® trA(P)) AL (20)

We insert the shift operator Ag with Eq. (3), giving

_ 1 d d N
Ev(p) == INMII® Y D wlra(o)l)
j=1

j=1vv=1
x [w(j, V) (w(j, V). (2D

The averaged channel can also be written in terms of the
operator W; in Eq. (2) as

d
= 1 N o tE .
Esv(p) == D 1N @ Witra ()W (22)
j=1
Taking the trace of this equation over the coin space, we can
construct a quantum channel operating on the N-dimensional
subspace

d
- - 1 A
Ensv(pp) = walEsv(p)] = = 3 WipsW.  (23)
j=1
This quantum channel describes a quantum process with a
probability of 1/d of transition along each edge of the graph
and illustrates that the quantum channel constructed by taking

the average over the random coin is decoherent and resembles
a classical random walk on the graph with a balanced coin.
The averaged channel resembles the decoherent open quan-
tum channels for quantum walks studied by Brun ez al. [10].

B. A numerical illustration of the Haar-random coin quantum
walk on the cycle graph

As previously described [1,3], due to interference caused
by the unitary coin operator, a quantum random walk’s be-
havior differs from that of a classical random walk. To show
that a Haar-random coin gives behavior similar to the asso-
ciated classical random walk, we compare probabilities of
position measurements for the quantum walk on the cycle
graph with a Hadamard coin (described in Sec. Il A) and that
on the same graph with a Haar-random coin (described in
Sec. III). For both cases the dimension of the quantum space
is 2 x N with N = 100 and the system is initialized in the

[Vo) = Lz(|0) +i|1)) ® |N/2) state. After ¢ iterations of the

walk, the system is in the |1/) ") state. In both walks the system
remains in a pure state. In Fig. 2, we plot the probability
Pue =101 ® (nlly¥) V1 + [(1] ® (n||y)“|* as a function of
vertex position n € {0, 1,..., N — 1} at three different itera-
tion times. The top panel shows a Hadamard coin quantum
walk and the bottom panel shows a similar random walk that
has a Haar-random or random matrix coin.

After a series of iterations, the distribution of walkers for
the Haar-random coin resembles a Gaussian distribution and
in that sense is similar to a classical random walk. In contrast,
the quantum random walk has a probability distribution for
position in the N-state subsystem that is much broader than
the classical one. The difference between the two types of
walks is due to interference that is present in the walk with the
Hadamard coin and decoherence caused by the Haar-random
coin in the quantum walk with the Haar-random coin.

C. Expectation values of the iterated Markov coin random walk

On a state p, we apply the random walk twice, each
time with an independently chosen random matrix coin. With
Eq. (17),

Esp €7, (0)] = As(Vi @ Iy)As(Va ® Iy)p
x %' @ AL @ Al (24)

with Vi, V, € uy both uniformly distributed with respect to
the Haar measure in U(d). As V; and V, are independently
drawn from the distribution py, averaging of V, and V, can be
computed in either order:

Eg, 0,cnn [Esv Esr, (0))]
= ]EVI €l [55‘71 (EVzeV.H [55\72 (,0)])]

N

N ~ 1 A ;
= Epcu, {As(vl ® Iv)As (Ed ® trA/)) AV ® IN)A@

I )
= AS(Ed ®trA (As(zd ®tI'A,0>AZ~)>A§

=ED(p). (25)
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FIG. 2. (a) An illustration of the quantum random walk on the
cycle graph with a Hadamard coin. The initial state was %(IO) +
i[1)) ® |50) in a 2 x 100-dimensional state space. Plotted are prob-
abilities of measuring the system to be in the nth vertex state at
iterations 3, 23, and 43. (b) Similar to (a) except we show the
associated quantum walk with a Haar-random coin at iterations 5, 85,
and 165. This quantum walk is begun with the same initial condition
as that in (a). The Haar-random coined quantum walk does not spread
rapidly like the Hadamard walk. It spreads with a distribution that is
approximately Gaussian. Decoherence caused by the coin causes the
vertex distribution to resemble that of a classical random walk on the
same graph with a fair coin.

Taking the average over both Vi,V e Wy is equivalent to two
iterations of the averaged channel of Eq. (20). If the random
walk is iterated ¢ times and during each application an inde-
pendent random matrix coin is chosen, then the expectation
value of the iterated channel is equal to the averaged channel
iterated ¢ times. In other words,

Eg, v viepn [E50, (Est, (- - Esi, (0] = ER)(p). (26)

.....

D. The averaged channel is not ergodic

We consider a Haar-random coined quantum walk on a
d-regular undirected connected and simple graph (not nec-
essarily a Cayley graph). We show here that as long as we
can construct a unitary shift operator in the form of Eq. (2),
the averaged channel [Eq. (22)] of the quantum walk is not
ergodic.

To construct the channels discussed in this manuscript, the
d-regular undirected, simple, and connected graph must allow
construction of the index labeling index functions w(j, v)
described in Sec. II. With the edge labeling index functions
on a graph with N vertices it is convenient to compute

N A
1 ) . Iy
v ; [w(j, ) (W, )l = 5. 27)
This follows because the set {w(j, v) : V vertices v} must con-
tain all the vertices, and this must be true for all values of
j€{0,1,...,d}. We also compute

1 N
N D Tw, v W, )] = [Nyl (28)

v,v'=1

with superposition state |y) = LN Zﬁ/: 1 ).

A basis for operators (with respect to the Frobenius inner
product) in the vertex subspace is the set of elements |v)(v’|
with v, v" € {1, ..., N}. The averaged channel is that given by

Eq. (22). We compute

_ (i 1 &
Esv <—d ® |v><v/|) = = DI ® lwli v) (Wl vl
j=I

d
29
‘We consider two states,
A N A
1; 1;
— — . 30
y ®;'”“”'d ® [yl (30)

When we operate on these states with the averaged channel,
Eqgs. (27)—(29) imply that they are both eigenstates of the
averaged channel with eigenvalue 1. Since these states have
trace of 1 and are positive, they are both in the space of density
operators. The averaged channel has more than one fixed point
(in the space of density operators) and consequently it is not
ergodic. We find that the averaged channel of a quantum
random walk with a Haar-random coin is not ergodic when
constructed on any d-regular graph that allows ordering of
edges giving unitary operators in the form of Wj [Eq. (2)].

The first of the states in Eq. (30) is proportional to the
identity and is completely depolarized. However, because the
averaged channel is not ergodic, iteration of the channel does
not necessarily cause a density operator to approach the de-
polarized state. This implies that information about the initial
density operator is retained even when the channel is iterated
many times. In other words, F3 gv) (o) retains information about
po even if ¢ is large. In examples discussed in Sec. IV of
Cayley graphs on Abelian groups (including the cycle and
hypercube graphs) we find additional fixed points of the av-
eraged channel.

E. The probability distribution of vertex measurements

Following Aharonov et al. [24], a quantum walk can be
characterized with the probability distribution of vertex po-
sition measurements. The measurement of vertex or node
position is a projective measurement with a set of ver-
tex measurement operators {P, : v € {l,...,N}} with each
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projection operator associated with a single vertex
Py =1 ®v)(vl. (3D

For a specific density operator p € £(C") describing a quan-
tum state, we can compute the probability

po(p) = (P, p) (32)

for the quantum system to be measured at a vertex v. As
Zf)v:l P, =I; ® Iy is the identity, the set of non-negative real
numbers {p, : v € {l,...,N}} is a normalized probability
distribution. After ¢ iterations of a quantum walk, we can
determine whether the vertex probability distribution {p,(p) :
Vv} approaches a stationary distribution in the limit of many
iterations (large t). Equivalently, for initial density operator
po, if

1
: () I
lim po[£%(p0)] = N (33)

for iterations of the channel &, then the vertex probability
distribution approaches a stationary distribution.

For the quantum walk with a Haar-random coin and using
Eq. (26),

]EVthqukEI/-H [tr(ﬁvé'sv] (55‘72 ( te ESVA((’O)))))]
= (£ (0)) = pu(€R) (). (34)

If the averaged channel obeys Eq. (33), then on average the
vertex probability distribution approaches a stationary distri-
bution for the iterated stochastic channel.

We show below in Sec. IV that after iteration of the av-
eraged channel, a density operator can approach one with a
stationary and uniform vertex probability distribution, while
maintaining correlations that would allow measurements to
reveal information about the initial density operator. This is
possible because the averaged channel is not ergodic (as dis-
cussed in Sec. III D).

IV. EXAMPLES OF AVERAGED CHANNELS

We illustrate properties of averaged channels (taking the
expectation value over the distribution of coin operators) for
the quantum walk on the cycle graph and for the walk on the
hypercube. In the last subsection below we consider the more
general case of a Cayley graph of a finite Abelian group.

A. Example 1: Averaged channel for the quantum
walk on the cycle graph

Using shift operator Ag cycle from Eq. (7) for the quantum
walk on the cycle graph with a Haar-random coin, the aver-
aged channel [Eq. (20) or (21)] becomes

N—1

_ 1
Esv,eyele(p) = §|0>(0| ® Z lv+ 1){v + 1[{vltra(o)lv")
v,v'=0
1 N—1
+ zll)(ll ® Ug;‘o [v = 1)(v" = 1[{wltra(o)|V").

(35)

Here, we have omitted the modulo operator but it is still
implied. This channel describes a walker that with 1/2 proba-
bility moves a step clockwise on the cycle graph and with 1/2
probability moves in the opposite direction. In this sense the
averaged quantum walk recovers the classical random walk
with a fair coin.

The Hadamard walk on the line is simpler with vertex
space transformed to a Fourier basis [24]. For the cycle graph
we use the discrete Fourier transform basis

N-1
1
lk)r = —= E vy forke{0,....,N—1} (36)
N v=0

with
w = e%. 37
For calculations it is convenient to recognize that
ka
(vllk)r = . (38)
F N
The shift operation is diagonal in the Fourier basis,
N-1 N-1
Dl Dl =Y o k) k. (39)
v=0 k=0
The averaged channel of Eq. (35) is
R
Esveyaie(p) = 5 3 (10)(0l" ™ + 1) (1)
kk'=0
® o lk)r (K|, (40)
where
P = (k|Ftraplk)F. 41)

Viewing the channel as a linear superoperator, a set of
eigenstates that spans the space of linear operators on £(C? ®
CM) is the following:

2o = $(10)(0]* ™ + 1) (10" ™) & Ik)r (K'|F

exiw = (10)(1] + [1)(0) ® [k)r (k|

by = (10)(1] — [1)(0]) @ [k} (K|

e = (10)(0] — 1) (1)) ® Ik)r (K| (42)

for each of k, k" €{0,1,...,N — 1}. We have labeled the
eigenstates in analogy to Pauli operators. The eigenvec-
tors that have nonzero trace are in the form of &g . The
eigenvector-eigenvalue pairs are

R 2k —k')\ .
<€o,kk', cos T) (x k5 0),
(&1, 0), and (&, i, 0). (43)
We take the trace of &g i
. 2k —K),
tra (8o k) = €08 ————— k) p (K'|F. (44)

N

Equations (44) and (43) imply that the eigenvectors &g i
that are diagonal in the Fourier basis have an eigenvalue of
1 and a trace of 1. They are fixed points of the channel;
gSV.cycle(é(),kk) = € k- Due to the existence of multiple fixed
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points (one for each value of k) in the space of density opera-
tors, the averaged channel gSV,cycle is not ergodic. The number
of linearly independent fixed points is equal to the number of
vertices N and is remarkably large.

The set of operators composed of the eigenvectors in
Eq. (42) is a linearly independent set that spans the space
of operators in £(C%). However, this set is not an or-
thogonal basis with respect to the Frobenius inner product
[tr(égy k) 7 0]. Nevertheless, any density operator can be
written as a vector using this set of eigenvectors as a ba-
sis. Iteration of the averaged channel leaves only a sum of
eigenvectors with nonzero eigenvalues which only contains a
sum of &g i terms. The set of eigenvectors {&p i : Vk, k'}
are orthogonal Wlth respect to the Frobenius inner product,
tr(eo 0kk) = ,k3,k

The magmtude of the eigenvalues of &g in Eq. (43)
|Ao.x| < 1, as expected for eigenvalues of a quantum channel.
For eigenvalues satisfying |A¢ x| < 1, iteration of the channel
would cause a reduction in the amplitude of that particular
eigenvector, and in the limit of many iterations only those with
|Ao kx| = 1 remain. Based on Eq. (42), the only eigenvectors
with eigenvalues of magnitude 1 are

I
8ok = 3 ® |k)riklF
R I N .
CokktN2 = 5 ® lk)r{k + IR if N even, (45)
F

where we omitted a global phase in the second expression.
The eigenvalue of &gy is 1 and the eigenvalue of &y x1n/2 is

Aokkrnz = —1.
For an initial state pg, we compute the coefficients for each
k

ay = 2tr(0080,kx)
b rany2 = 2tr(0080, 1 k4+-N/2)

bryny2,k = 2tr( P00 k+n/2.1)- (46)

The b coefficients are only relevant for N even. Because the
density operator is Hermitian big+ns2 = by N2 and be-

cause it has a trace of 1, Zk —o @ = 1. After a larger number
t of iterations, the resulting density operator

N-1
p = ng) eyele(P0) ~ Z[akéo,kk + e k+nj280.kkny2(— 1)
k=0
+ briny2k0k4n2k (— 1), (47)

where eigenvalues of the eigenvectors have been used and
all decaying eigenstates have been neglected. This operator
encodes information that can be retrieved from measurements
that is retained upon iteration of the channel.

Using Eq. (38),

(vlégklv) = (48)

(="
N

.
—(v|e V) =
N( €0,k k+n/21V)

Using Egs. (32) and (38) the probably of measuring the system
to be at vertex v after a large number of iterations of the

averaged channel is

1 N—1
Pup) ~ 5 (1 - Z(Re[bk.k+N/z]<—1>’+"). (49)

k=0

If N is odd, the probability p, = 1/N is independent of initial
conditions and corresponds to a uniform vertex distribution,
recovering the limiting distribution expected for the classical
random walk. In this case vertex measurements do not reveal
any information about the initial conditions. If N is even,
then the probabilities are sensitive to by x4n/> which depends
upon the initial conditions through Eq. (46). In this case
vertex measurements can reveal information about the initial
conditions.

What types of initial states would have an off-diagonal
k,k + N/2 component? Assuming N even, consider a pure
initial state that is a superposition state of the k and k + N/2
Fourier components that depend on the angle 6 € [0, 7], and
a relative phase ¢ € [0, 2],

Voa) = 1) ® (cos 2 r + ¢ sin _ Ik +N/2>F), (50)

and with |c) is any normalized state in the coin subspace.
We use this superposition state to construct an initial density
operator

Poa = |V¥oa) (Voal

= |c)(c|®|:coszg|k) (k| +sin® —‘k+ > < IX
F

)]

(G

1 . N
+ 3 sin9<e"¢|k)p<k + 3 + ek

Using Eq. (46), we compute coefficients for this initial
density operator

22
Ai4N/2 = S 5,

et e
bk,k+N/2 = T s1n9, bk+N/2,k = 7 sin 6. (52)

, 0
ay = cos >

After iteration of the channel # times, Eq. (47) gives a density
operator

(t) &(1)
SSV cycle (p()a)

® 29|k) (k| +'29k+N k+N
= — COS™ — sin® — — —_—
2 2 EE 21" 2/,

2 F
1) ) N N
+( 2) sin@(e—m’|k>F<k+E k+5>F<k|p>.

(53)

+e'
F

Note the initial state |y/g,) is a pure state and the quantum
walk with the Haar-random coin is unitary, giving pure states
during each iteration. The averaged channel is an average
over the possible randomly chosen coin operators. The density
operator p") is a mixture of pure states, taking into account the
averaging.

Using Eq. (49), the probability of measuring the system
with density operator p{") to be at vertex v after ¢ iterations of
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the averaged channel

o (_ )t+v
polpd’) =5 +

The distribution of vertex position measurements would not
approach a uniform distribution, and a series of measurements
could reveal information about the initial state. A series of
measurements after many iterations of the averaged channel
would allow one to measure the product sin 6 cos ¢. Despite
the fact that the coin operator is completely depolarizing, it is
possible to learn something about the initial state, even after
a large number of iterations (but only if N is even). With
vertex position measurements alone you could not learn ev-
erything about the state, as you would not be able to constrain
0 independent of ¢ and nothing is learned about the initial
coin state |c). With other types of measurements (such as
those in the Fourier basis or that involve correlations between
vertices) it would be possible to constrain both ¢ and 6, as that
information is retained in the density operator.

We now consider the setting where N is odd and all off-
diagonal elements of the density operator decay upon iteration
of the averaged channel. We have established that vertex po-
sition measurements approach a uniform distribution, but is it
possible to design other types of measurements that can reveal
information about the initial state, even after many iterations
of the channel? Inspection of the density operator after many
iterations [Eq. (47)] shows that only the information about
the initial Fourier amplitudes a; is retained. In this sense
the channel is dephasing. While the amplitudes cannot be
measured with vertex position measurements, they can be
measured from measurements in the Fourier basis or from
measurements of correlations between vertices. For example,
in analogy to a Pauli X operator, we can carry out a mea-
surement that measures correlations between vertex positions
using the Hermitian operator

Py = 31 @ (W) (0] + [v)(v]). (55)

sin 0 cos ¢. 54

The expectation values for o of Eq. (47) (but without b
coefficients)

. 1 2r(v — vk
tr(pPyy) = — Zak cos (—) (56)
N P N

For v # v’, these measurements are sensitive to the initial
Fourier amplitudes.

B. Example 2: Averaged channel for the walk
on the hypercube graph

Using shift operator Agnypercube from Eq. (11) for the
quantum walk on the hypercube with Haar-random coin, the
averaged channel [Eq. (21)] becomes

d
Esv nypercube (0) = [ll Z 1/){Jl ® X;0pX;. (57)
j=1

This channel describes a walker with 1/d probability moving
along each of the d edges on the hypercube. In this sense
the averaged quantum walk recovers the classical walk on the

hypercube with a fair d-sided dice.
From the averaged quantum channel, we can construct a
quantum channel that operates on the density operator in the

N-dimensional subspace with Eq. (23),

. . 2
Epsy (;OB)hypercube =11y (&SV,hypercube (Ed ® pB))
1 d
== 2 XiosX;. (58)
Jj=1

In this form we can see that the set of operators {X /\/_
je{l,...,d}} (proportional to the Pauli X operators) are a
complete set of Kraus operators for an operator-sum decom-
position of the averaged quantum channel restricted to the
vertex subspace.

The relevant discrete Fourier transform would be that as-
sociated with the Abelian group (©Z,)?. We use a basis |k)

withk =kiky ... ks € {0 1}® written as a binary string
k)r = W > =D, (59)
ve{0,1}94
where k - v = Zm | kv 1s the dot product of the two binary

digit strings. It is convenient to compute

(k) F 2d/2< -, (60)

We transform the Pauli operator X ; (operating on the jth
qubit) into the Fourier basis

Ri= Y Ikrkle(=1). (61)
ke{0,1}®d

Using o = (k|ptra(p)|k’)r, and Eq. (61), the averaged
channel of Eq. (58) in the Fourier basis is

5sv(p>hypmbe=—2u Wil Y KeK|r

K.k (0,184
X Pkk/(—l)k’Jrk-f . (62)

As done in the previous section for the circle graph
(Sec. IV A), we construct a set of eigenstates of the channel’s
superoperator

d
S ,
o = = | D IMGID | @ 1) WK
j=1
eiae = 1N ® I FK e for j #
eiae = ()1 =+ D + 1D ® K)p (K | for j < d.

(63)

The eigenvalues of the eigenvectors [listed in Eq. (63)] are
zero except for those in the form of &y x4, in which case their
eigenvalues are

d
1 !
howw =~ > (=1t (64)
m=1

Here, k,,, k), are the mth digits of labeling strings k, k'.

The eigenvectors listed in Eq. (63) are not orthogonal
with respect to the Frobenius inner product, but they are
linearly independent and span the space of operators in
L(CN). The eigenvectors in the set {¢y 0 : k, k' € {0, 1}®7}
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are orthogonal with respect to the Frobenius inner product
as tr(éa i €0 ) = 378km8krmr. We can write an initial density
operator as a vector sum of the eigenvectors listed in Eq. (63).
After many iterations, only terms dependent on eigenvectors
that have eigenvalues |Ag x| = 1 would remain.

With k = k', Eq. (64) shows that eigenvector &y has
eigenvalue A = 1. As the trace of &y = 1 for any k €
{0, 1}®9, the eigenvectors &y 4 are fixed points in the space
of density operators of the averaged channel gSV,hypercube- As
there are multiple density operator fixed points, the averaged
channel is not ergodic.

The only eigenstates that have an eigenvalue of 1 are &g .
We find that X 4 = —1 only if each digit of k is the logical
NOT of each digit of k’. We denote these as &, ;. As we did in
the example of the cycle graph (Sec. IV A), we can consider
a pure superposition state that gives a component of &, ;z. We
denote |0) and | 1) to be the state in the Fourier basis with all
digits of k equal to O and 1, respectively. A normalized initial
superposition state dependent upon angles 6 and ¢

o) = [c) ® (cos §|O>F + ¢ sin ng) ©5)

for any state |c) in the coin space. The initial density operator
for this state

Poc = 1Yoc) (Vocl
560 .
=lc){c| ® | cos §|O>F<O|F+Sm §|1>F(1|F
1 o
+§sm0(e "”IO)F(IIF+e"”|1)F(0|F))- (66)

We compute the strength of the coefficients for a vector ex-
pansion in terms of eigenstates

0
ap = dtr(poc€ o5) = cos? 3

ar; = dtr(poc€y i1) = sin® >

e
bo = dtr(pocéo,q) = —7 sin 6
e ¢
big = dtr(pocy 15) = " sin . 67)

We compute the probability of measuring the system at
vertex v for the channel’s eigenvectors using Eq. (63),

Po(@o) = tr(Pyéo )

1< ,
== 2 Dl k) (K [v)
m=1

24 & , :
= D (=Dl =t (68)
m=1
Ifk =k,
1
Pu(@o ki) = Tk (69)

and the probability is independent of the vertex v. However, if
k and k' differ in all their digits (" = k), then

1 arity (v
Po@o ) = =55 (=1 ), (70)

where the parity function parity(v) = 1 if the sum of the digits
of v is odd and is O otherwise.

For initial state py. given in Eq. (66) and iteration number
t large,

() _ &)
Pe _gSV,hypercube('OO)

~ cos? Qé o5 4 sin? =&, 11
50,00 ST

sinf , _,, . i a
—(—1)’T(e 2001 + €%80.15)- (71)

Note that the information describing the initial superposition
state (in terms of angles 6, ¢) is present in the density opera-
tor, which implies that it is measurable. A measurement of the
vertex position gives probability

po(p?) = t(p0B)
1 .
~ 27(1 + (—1) sin 6 cos p(—1PH@) —(72)

The measurement probability depends on the angles 6, ¢ and
the parity of v. From measurements of different parity vertex
positions it would be possible to determine sin 6 cos ¢ giving
a constraint on the angles. With additional types of measure-
ments, such as in the Fourier basis or with correlated vertex
position measurements, it would be possible to constrain both
angles as the density operator contains both phase and ampli-
tude information about the initial superposition state.

The averaged quantum channel corresponding to the quan-
tum walk with a depolarized coin on the hypercube exhibits
phenomena similar to the average quantum channel on the
cycle graph that was discussed in Sec. IV A. However, for the
hypercube graph, the averaged channel always has traceless
off-diagonal eigenstates with eigenvalue -1 that do not decay
upon iteration of the channel. The off-diagonal eigenstates are
present in an initial density operator if the initial state is a
superposition of states |k)r and |k)F in the Fourier basis, for
any d-length bit string k. Measurements can be devised that
would reveal information about the initial superposition even
after many iterations of the quantum channel. Measurement of
the vertex positions only approaches a uniform distribution if
the initial density operator does not contain these nondecaying
off-diagonal terms.

C. Example 3: A quantum walk on an undirected Cayley graph
of an Abelian group and its averaged channel

The examples of the cycle and hypercube graphs are in the
class of undirected Cayley graphs of Abelian groups. In this
section we add a third example that is a more general case
of a quantum walk on an undirected Cayley graph of a finite
Abelian group.

According to the fundamental theorem of finite Abelian
groups, any finite Abelian group can be written as a direct
sum of cyclic groups. We denote the set of group genera-
tors of group G as the set H. Any element of g € G in the
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Abelian group G can be written as a product of powers of the
group’s generators g = ]_[‘]Ii |1 s;’ for group generator s; € H,
and where each power v; € {0, 1, ..., |s;| — 1}. With an order
chosen for the generators, we can use a string v to specify
group elements or, equivalently, vertices of the Cayley graph.
The string v has |H| digits, and each digit is an integer that
takes values v; € {0, 1, ..., |s;| — 1}. With this notation in
mind, the associated quantum state in the vertex subspace is
|v) and the dimension of the vertex quantum subspace N =
|G| = ]_[ _ |s;| is the product of the orders of the group’s
generators

A quantum walk can be constructed from a d-regular graph
that is formed from a group G using a Cayley graph [24,29].
A Cayley graph I'(G, §) is generated from a group G and a set
S of group elements. Each element of the group is associated
with a graph vertex, and the set S specifies the edges of the
graph. By convention, the set S does not include the identity
element of the group. The graph’s edges are vertex pairs
(g, 58), where g € G is an element of the group, s € §, and
sg denotes group multiplication of s and g. If the set S satisfies
5,571 € S Vs € S, then the Cayley graph is undirected. The
number of edges per vertex (d, the degree) of a Cayley graph
depends on the number of elements in the edge generating
set S.

The cycle graph is an example of the Cayley graph
I'(Zn, S) of the cyclic group G = Zy with set S = {s, 571,
where s is an element that generates the group. The set of
group generators H = {s}, but as long as N > 1, the number
of elements in § is two because the set S contains both the
group generator and its inverse. In this case d = |S| = 2|H|.

The hypercube is also an example of the Cayley graph
I'((®Zy)%, S) of the group G = (®Z,), a direct sum of d
copies of Z, (the Abelian group with two elements). There
are d generators of the group in the set S and every generator
is its own inverse. In this case S = H the set of generators of
the group and the degree of the graph d = |S| = |H|.

So that the set S contains its own inverse (giving an undi-
rected graph) and so that it generates the whole group G
(giving a connected graph), we require that the set S contain
the generators of each cyclic group of its decomposition into
cyclic groups and their inverses.

The set S is used to generate graph edges and the operators
for edge transitions [Eq. (2)], but the Fourier transform and
its associated basis only depend on the number of group
generators.

Suppose the set H of generators of the group has a number
a of generators of order 2. We order the elements of the edege
set S beginning with the generators of order 2,
SE{S],Sz,... S|H|,S‘;ll‘}.

(73)

—1 —1
> Sags Sag+15Sq 115 Sag+2> Sq 425 -+ +»

The length of this list is equal to the degree d of each vertex
of the Cayley graph

d =S| =2H| - aj. (74)

For the Cayley graph generated by a finite Abelian group
G, the ordering of the list in Eq. (73) based on the generators
gives an ordering for edges and ensures that the operators
W, € L(CI) [of Eq. (2) and form € {1, ..., d}] are unitary.

Specifically, the unitary operators use for constructing a shift

operator
Wi = Irmg) (gl
geG

forr, €S, (75)

where r,, represents the generator or inverse generator in the
ordered list S. The shift operator used to construct a quantum
walk is the same as we discussed previously [Eq. (3)],

d
As =" |m)(m| @ W, (76)

m=1

where Ay € L(C™) with degree d given in Eq. (74)
and N = |G|.

For a finite Abelian group G, a discrete Fourier transform
[30] can be defined using the group G of its multiplicative
characters (which are the one-dimensional irreducible repre-
sentations). A character x;() : G — C (labeled by index k)
generates a complex number yx;(g) that is a root of unity for
each element g in the group. Multiplication of the characters
obey group multiplication; x,(g)xx(h) = x«(gh) for g, h € G.
For a finite Abelian group, the group of characters contains
the same number of elements as the group itself. A discrete
Fourier transform and an orthonormal Fourier basis is con-
structed from the characters with

k)p = m Z X(2)1g)- (77)

For each generator s; € H of the group we construct a
complex root of unity

wj=e"l. (78)

The discrete Fourier transform of a cyclic group is particularly
straightforward as it is in the form of Eq. (36). A Fourier
basis for a finite Abelian group can be described as a product
of discrete Fourier transforms in the form of Eq. (36). Each
discrete Fourier transform in the product is associated with
a generator s; € H (the generating set for the group) and
depends on a phase factor w; as defined in Eq. (78).

The associated Fourier vector is likewise a string k, where
each digitk; € {0, 1, ..., |s;| — 1}. We define a Fourier basis

|H|
vjk;
k) = _Z [Tl |Iv). (79)
|G veV \ j=I
It is convenient to compute
|H|

1 vk
e I s (80)
VIGT 4

Here, v;, k; are the jth digits of the labeling strings v, k.
To find the operators W,, for edge transitions [defined in
Eq. (2)] in the Fourier basis, we compute

(k| Wi lK') (81)

for each of the elements of the ordered list S of Eq. (73), with
index m specifying the specific element of the set S. We find
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that

W =Y 0™ ™" k) (ke (82)
k

with

for 1 <m < ag
fora; <m < d

. m
ym) = {int[(m —a)/2]

_|o for1 < m < aq
Am = (m—a;)mod2 fora, <m<d

2mi

Wy = ebnl, (83)

Here, kj(y is the jth digit in k, written as a string, and s, is
the mth group element in the ordered list of Eq. (73). Here, x,,
serves to identity the inverse elements for elements in S that
have an order greater than 2. The sum over k is over all Fourier
basis elements. Equation (82) shows that in the Fourier basis,
the unitary operators W,, € L(C") are diagonal.

As before, we construct a unitary quantum random walk
with a Haar-random coin. The coin space has dimension d =
|S]. The averaged quantum channel &y is again given via
Eq. (22) and corresponds to an open quantum channel with
a depolarizing coin operator. We transform the channel so that
the vertex space is in the Fourier basis, giving

d
- 1 A ~
Esv(p) == D Im)iml @ Witra(p)W,

m=1

d
1 1y )
== > imyml @ Y ™ " k) e (K lp (84)
1 kk'

m=

with pg = (k|ptra(p)|k’) and notation given in Egs. (82) and
(83). The sum in Eq. (84) is over all strings k, k’ specifying
states in the Fourier basis.

The only eigenvectors of the averaged channel that do not
have eigenvalue of zero are in the class

(Kjim K Y= 1)

d
1
loww = ; lm) (m| @ wp, lk)r (K'|F. (85)

Here, k, k' can be that of any state in the Fourier basis. Recall
that these are strings with a number of digits equal to |H|,
the size of the generating set, and with digit possible values
dependent on the order of the corresponding group generator
element. The associated eigenvalues for the eigenvectors of
the channel are

|H| /
1 27 (kj — k)
A = — E cos ——— I, (86)
|| ;1

Eigenvectors of the averaged channel that are not in the form
of Eq. (85) have an eigenvalue of zero.

As was true for the eigenvectors of the averaged channel
on the cycle and hypercube graphs, the eigenvalues of the
averaged channel for a Cayley graph [Eq. (86)] are 1 only if
k = k'. In this case the associated eigenstate &z has a trace
of 1 so it is in the space of density operators. For each k the
eigenstate &y g gives a fixed point of the channel, hence the
averaged channel is not ergodic. Again, the number of linearly

independent fixed points is equal to the number of vertices or
|G| and is remarkably large.

As we did in Secs. IV A and IV B, we can write a density
operator as a vector (in the space of linear operators) with a
sum of its eigenvectors. The only components that remain af-
ter many iterations of the channel are those with an eigenvalue
of 1 or —1. Following the arguments presented in the previous
sections, a measurement of vertex position can reveal whether
or not the initial state contains a component of an eigenstate
with eigenvalue —1.

To have an eigenvalue that has a magnitude of —1, Eq. (86)
implies that all generators must have even order. For eigen-
value Ag v = —1 the following must be satisfied:

K, =k;+1s;1/2 mod |s;| forje{l,....|H]}. (87)

Here, k; and k are the jth digits of k, k" corresponding
to the jth generator s; with order |s;|, and the condition
of (87) must be satisfied for all digits. As we showed in
Secs. IV A and IV B, with a superposition state, we can con-
struct a density operator that has an off-diagonal component
that would not decay after iteration of the channel. Further-
more, measurements of the vertex position would be able to
determine whether the initial density operator contained these
off-diagonal states, even after the channel is iterated.

What if there are no eigenstates in the form of &g in
Eq. (85) that have an eigenvalue of —1? In this case all
eigenstates that have an eigenvalue with magnitude 1 are
diagonal in the Fourier basis. For an initial density operator pg
decomposed into eigenstates, we again denote p© = £ (o).
After iteration of the channel, only eigenstates in the form of
€0.xx would remain in the density operator, giving

lim try(p®) = ZPO,k|k>F<kF|» (88)
—0o0 %

where the positive and real coefficients pg; = tr(poly ®
|k)(k|r) depend only on the initial Fourier amplitudes. The
averaged channel is described as dephasing, as information
about superposition is lost. However, the channel is dephasing
in the Fourier basis, not in the vertex basis.

We compute the probability of measuring a state to be at a
particular vertex

. 1
Po(@os) = tr(Pyéo ) = [(wllk)r|* = ¥ (89)

with P, defined in Eq. (31). If there are no eigenstates with
eigenvalue —1, upon iteration of the channel, the probabil-
ity of vertex position measurements approaches a uniform
distribution, and in this sense the averaged quantum walk
resembles a classical random walk. This is expected because
the vertex and Fourier bases are mutually unbiased; |(v||k)F|
is independent of v and k, for all v, k. After iteration of the
channel, vertex position measurements would not reveal any
information about the initial conditions. However, the initial
Fourier amplitudes are retained in the density operator and
can be measured with other types of measurements such as
measurements in the Fourier basis or those that measure cor-
relations between vertex positions, as illustrated in more detail
in Sec. IV A.

In summary, the cycle graph and hypercube are examples
of a Cayley graph generated from an Abelian group. For other
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finite Abelian groups, we can similarly generate a quantum
random walk and a random walk with a Haar-random coin
using its Cayley graph. The averaged channel for the Haar-
random coined quantum walk on the Cayley graph of the
Abelian group (corresponding to a depolarized coin) could
have off-diagonal eigenstates (in the Fourier basis of the ver-
tex subspace) with an eigenvalue of —1 and that persist upon
iteration of the channel. However, these nondecaying off-
diagonal eigenvectors of the averaged channel are only present
if all group elements (other than the identity) have even order.
The indices of the Fourier components for the nondecaying
off-diagonal eigenvectors [in the form of Eq. (85)] of Fourier
indices k, k" must satisfy Eq. (87) for all digits of k, k’.

If the averaged channel lacks eigenvalues that are —I1,
then the averaged channel is dephasing in the Fourier basis
(of the vertex subspace), as all off-diagonal components in
this basis decay under iteration of the channel. In this case
iteration of the averaged channel (of the quantum walk with a
Haar-random coin operator) gives a uniform distribution in the
probabilities of vertex measurements. The fully depolarized
state #fd ® Iy is a fixed point of the channel. However,
because the channel is not ergodic, the iteration of the channel
does not necessarily cause the resulting density operator to
approach this depolarized state. The amount of information
about the initial conditions that is retained upon iteration of
the channel is related to the number of fixed points of the
channel. A measurement can reveal information about the
relative amplitudes of the original state in the Fourier basis
but not their original relative phases.

V. VARIANCES OF VERTEX POSITION MEASUREMENTS

In this section we estimate the size of fluctuations for
measurements in the vertex subspace in a quantum walk with
a Haar-random coin. Given a Hermitian operator B associated
with a measurement, and a quantum state p, the conventional
expectation value

(B) = tr(pB). (90)

The density operator after applications of the Markov coin
quantum channel ¢ times, starting from the state pp, is

Py = Eg (o). O1)

Here, ,0‘(7’ )is a specific instance of the density operator re-
sulting from ¢ different choices for the Haar-random coins
used during each step of the walk. The density operator ,o‘(; )
depends on Vi, Va, ...,\7,, the specific choices of the coin
operators. We use the subscript V with a tilde to make it clear
that it depends on these choices. If we carry out a particular
quantum walk (specifying Vi, V5, ..., V;) to give a density
operator ,og ), we would require multiple experimental copies
of this same operator p') to measure the expectation value
(B) = tr(p" )B) in the laboratory. If we generate an ensemble
of p‘(; ) states using independently chosen coin operators, then
we can compute the expectation value

~

B0 = Ev,vs...vienu[tr(p]'B)]- o

This is the expectation value for measurements of B from an
ensemble of random walks after ¢ iterations.

Following Eq. (26), the expectation value of Eq. (92), tak-
ing into account the probability distribution of the different
randomly selected coin operators and after ¢ iterations of the
quantum walk, is

(B)" = (5 (p0)B). (93)

This depends on the averaged channel that was discussed in
Sec. [IT A.

How do we describe the scatter or variance of the B mea-
surements for an ensemble of walks? Given quantum state p
and Hermitian operator B, the variance of measurements

oj = (B’) — ((B)) = tr(pB*) — (tr(pB))*.  (94)

When averaging over a distribution of different walks, we
need to keep in mind that

(v v, epn [1BO)]) 2 By v, vy [(e(B))7]:
(95)

While the left-hand side of Eq. (95) is straightforward to com-
pute using the averaged channel with Eq. (93), the right-hand
side is difficult to compute as it involves a second moment
of the distribution of random unitaries. To get around this
problem, we estimate the change in expectation values caused
by one iteration of the quantum walk,

3(B) = w((Ey(p) — p)B)
8(B%) = tr((Esy (p) — p)B). (96)
With these changes we estimate a change in variance by lin-
earizing Eq. (94),
sof ~ §(B%) — 2(B)8(B), 97)
for a difference caused by one application of the channel.

Inserting Eq. (96) into Eq. (97), we estimate the change in
the scatter of B measurements as

8o, ~ tr((Egy (p) — p)B*) — 2tr(pB)tr((Esy (0) — p)B).
(98)

We compute the expectation value of the change in the vari-
ance as

o5 =By, [805] = te((Esv (p) — p)B?)
= 2u(pB)e((Esv (p) — p)B). (99)

This depends only on the averaged channel and is more eas-
ily computed than the expression on the right-hand side of
Eq. (95).

A. The variance of vertex position estimates for the quantum
walk on the cycle graph

A property of the quantum walk with the Hadamard coin
on the line is that the variance in position measurements
increases more rapidly than for the classical random walk [1].
In this subsection, we apply Eq. (99) to estimate the variance
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of position measurements in the quantum walk on the cycle
graph with a Haar-random coin.

For a coined quantum walk on a line, an operator [, ®
ch’o:_oo v|v)(v| is used to measure the expectation value of
position and its variance. On the cycle graph with N vertices,
we consider a similar operator that is Hermitian and diagonal
in the vertex basis, and periodic so that it has no large gaps in

its spectrum,
(100)

For localized states, the expectation value of this operator
gives an estimate for the mean position index. We use a sine
to be consistent with the cyclic nature of the graph, but keep
in mind that states are labeled modulo N, so we allow vertex
label v to be negative. For small v, the value % sin 21’\’,—” ~ .
If N is large and the system is begun in an initial state that is

localized near v = 0, then we can use B and the small angle

J

_ . 1 , . N .
tr(Esv,cyele(0)B) = tr[i %;(IO)(OI R+ 1D +1+ 1)1 v— 1) —1Dpwh ® Z 3 sin

approximation to measure the width of the vertex position
probability distribution.

Expectation values for state p and operator B given in
Eq. (100) are

N—1 N
tr(pB) = ppy7—sin ——
= 2 N

= N\? 2mv
tr(pB?) = — ) sin? ==
(pB”) E pw< 271) N
v=0
with notation

Puv = (v|tra(p)|v). (102)
With the averaged channel for the quantum walk on the cycle
graph with Haar-random coin in the form of (35), we compute
the expectation values
27Tv” | //)( //|
V) (v
N

N C2m(v+ 1)
= — sin + s1
4 N

2r(v—1)
n v
A

2\ 2w

) . 1/ N\ L 2n(v+1) L, 2r(v—1)
tr(gSV.cycle(IO)Bz) = _<_) ; (SIHZ N + sin? N ),Ovv-

Using Eqgs. (101) and (103),

s . N
(v yae(p) = I = 3 <51

B} . 1/ N\ 2 1 2r(v—1 2
tr((Esv.cyete(0) — p)B) = 5(—) )3 <sin2 TOLD 4 s O g %)p

21

If state p mostly has power at small v, then sin Z”TL ~ 2,73—” and
tr((g_SV,cycle(p) - ,O)B) ~0
tr((Esv.cyete(0) = p)B?) ~ 1. (105)

We insert these relations into Eq. (99) to estimate the increase
in variance

Epeu,[803] ~ 1. (106)

For an initially localized state, each iteration of the channel
would on average increase the variance of vertex position
measurements by 1. After ¢ iterations, we expect the variance
of vertex position measurements to be

o2(t) ~ op(0) +1. (107)

For the classical random walk on the line and walkers
initially begun at a particular location, the distribution of
positions at time ¢ is Gaussian with a variance that is lin-
early dependent on 7. We recover the linear dependence of
variance on iteration number for the quantum walk with the
Haar-random coin on the cycle graph, but describing positive

L 2n(v+ 1)
n—

(103)

L 2 (v —1) 5 i 2wV
sin ———~ — 2sin ——
N N IO'UU

(104)

(

measurements for an ensemble of quantum walks. The linear
dependence of variance on iteration number is the same as ex-
pected for the classical random walk. The linear dependence
of the variance is consistent with the recovery of classical be-
havior for a quantum walk on a cycle graph with a decoherent
coin [10].

Even though information about initial conditions can be
learned through measurements of correlations, decoherence
caused by the Haar-random coin causes the quantum walk
to spread in the same way as the classical one. The vertex
position probability distribution for the Hadamard quantum
walk and one instance of the Haar-random coined quantum
walk on the cycle graph is illustrated in Fig. 2 (see Sec. III B).
Figure 2(b) shows that the variance in vertex position is ap-
proximately Gaussian for the quantum walk with the Haar
random, as would be expected from Eq. (107).

VI. SUMMARY AND CONCLUSION

In this manuscript we have explored a generalization of a
quantum random walk on a d-regular connected simple graph,
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replacing the coin operator with a random matrix € U(d)
that is independently drawn from a uniform distribution with
respect to the Haar measure. The random matrix is chosen
independently each step of the quantum walk. Moments of
Haar-random matrices (e.g., Ref. [28]) aid in computing sta-
tistical properties of the Markov coin random quantum walk
model. We find that the averaged channel, computed with
the expectation value over randomly chosen operators oper-
ating on the coin subsystem, depolarizes the coin subspace.
Nevertheless, the channel itself is a unitary channel and an
initially pure state remains a pure state after each iteration of
the walk. Expectation values of operators for ensembles of
walkers can be computed with the averaged quantum channel
and its iterates.

Even though the coined space is on average depolarized,
we show that in some special cases, measurements of vertex
positions can detect information about the initial conditions of
the quantum state, even after repeated iteration of the averaged
channel. The cases where this is possible depend upon the
graph. For a Cayley graph of an Abelian group, the initial
state must contain off-diagonal terms in the Fourier basis, as-
sociated with eigenstates of the channel’s superoperator with
eigenvalue —1, and these only exist if the order of all group
elements (other than the identity) is even. Examples of such
states are superpositions of two states of the Fourier basis. The
existence of such eigenstates is related to conditions placed
on a coined quantum random walk on the Cayley graph of an
Abelian group for the vertex position distribution to approach
a uniform distribution upon iteration of the walk [24].

We find that the averaged quantum channel of the Haar-
random coined quantum walk has multiple fixed points and
so is not ergodic. For quantum walks constructed on a Cayley
graph of an Abelian group, the number of linearly independent
fixed points of the averaged channel is equal to the number of
elements in the group. Because the fixed points do not decay
upon iteration of the channel, information about an initial state
is potentially measurable even after multiple iterations of the
averaged channel. If there is no off-diagonal eigenstate with
eigenvalue —1, then the averaged channel for the walk on
a Cayley graph is dephasing in the Fourier basis, and the
vertex position measurements approach a uniform distribu-
tion. However, measurements of correlations between pairs
of vertices can reveal information about the initial state, even
after repeated iteration of the depolarizing averaged channel.
For example, the relative amplitudes of a state that is initially
a superposition of two Fourier basis states can be detected via
measurement of correlations between two vertex positions in
the averaged quantum channel.

Even though the Haar-random coined quantum walk is a
unitary quantum channel, an initially localized particle does

not spread ballistically as is true in the Hadamard quan-
tum random walk based on the cycle graph. We show this
by estimating the scatter in position measurements for the
Haar-random quantum walk on the cycle graph. This result
is consistent with prior studies of an open quantum walk with
a decoherent coin operator [10]. Decoherence is introduced
by the independently chosen random matrices that are applied
consecutively at each iteration of the quantum walk.

Our Markov coin, because it is uniformly distributed ac-
cording to the Haar measure, is straightforward and gives
a nice example of correspondence between a quantum and
classical walk and decoherence. Except for the special cases
discussed above, the vertex distribution approaches the uni-
form distribution, as would a classical random walk with a
fair coin. Behavior associated with the classical random walk
on a graph is embedded within the quantum walk via aver-
aging over the Haar-random matrix distribution. In the case
of quantum walks on Cayley graphs, the classical behavior is
associated with dephasing with respect to the Fourier basis.

Due to its decoherence, a quantum random walk with a
Haar-random coin would probably not be useful in quantum
search algorithms which are aided by ballistic spreading of the
quantum state vector [4,5]. However, they may be useful in
other contexts such as in measuring transport properties (e.g.,
Ref. [31]) or modeling quantum systems with noisy subsys-
tems or subsystems that interact with a thermal reservoir (e.g.,
Refs. [15-17]).

For future work, the case of a Haar-random coin could be
generalized to coin operators drawn from other distributions.
More complex Markov models that perturb the system in
position or coin or both spaces (e.g., Refs. [14,23]) could be
studied. It might be possible to develop a theory for fluctu-
ations exhibited by this simple model, improving upon our
rough estimates in Sec. V.
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