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To investigate gauge theories with near-term quantum computers warrants exploration of nontraditional
quantum simulators to find resource-efficient simulation protocols and ultimately access exotic features of
different field theories, including unexplored regimes of the QCD phase diagram. In this work, using supercon-
ducting transmon qutrit processors, we formulate and implement a pulse-based, three-level, hybrid analog-digital
simulation protocol of the (1 + 1)-dimensional Abelian Higgs model (AHM) on two sites. Alongside this
approach, we experimentally realize a gate-based implementation of the same model. Using the natural mapping
of the three-level truncation of the transmon Hilbert space to the spin-1 truncated AHM, we observe real-time
dynamics of AHM field observables, which are analogous to electric field operators, with both protocols. For
the analog-digital protocol, we engineer a Floquet simulation with a combination of local analog drives, driven
modification of the natural interaction Hamiltonian of the two transmons, and dynamical decoupling pulses. For
the digital protocol, we use a state-of-the-art qutrit processor to implement a Trotterized simulation of the model
incorporating advanced error mitigation techniques. We further discuss the scalability of the two approaches,
and their potential to be extended to the simulation of other model Hamiltonians. Our experiments demonstrate
a viable platform for future studies of spin-1- and SU(3)-based gauge theory models on current and near-term
transmon qutrit processors.

DOI: 10.1103/r632-zl7s

I. INTRODUCTION

The prospect of simulating quantum field theories with
quantum simulators has attracted considerable interest in
recent years. While classical numerical methods based on
importance sampling have successfully established lattice
quantum chromodynamics (QCD) with imaginary time as a
reliable nonperturbative formulation of strong interactions,
they face significant challenges in addressing the sign prob-
lem that appears in the presence of large chemical potential
[1,2] and the difficulty of observing real-time nonequilibrium
dynamics [3]. In light of these difficulties, there have been
several efforts to simulate lattice gauge theories with various
quantum computing platforms including superconducting cir-
cuits, trapped ions, and Rydberg atom simulators in (1 + 1)

*These authors contributed equally to this work.
†Contact author: machielblok@rochester.edu

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

dimensions [4–9] and (2 + 1) dimensions [10–19]. These
studies mark essential intermediate steps towards simulating
QCD in (3 + 1) dimensions, and they address diverse phys-
ical phenomena including phase transitions [20], scattering
of particles [9], real-time confining dynamics [7,19], quench
dynamics [21], the role of entanglement in thermalization
[22], and quantum chaos [15].

So far, most studies have been performed on platforms
composed of quantum two-level systems, or qubits. Plat-
forms made of qudits, or quantum d-level systems, however,
have the potential to reduce the gate depths and nonlo-
cal quantum operations required for quantum simulations
of the naturally d-level systems that are common in lat-
tice field theory models [23–26]. And yet, despite recent
successes in the development of qudit processors with super-
conducting circuits [27,28], trapped ions [29], and photonic
systems [30], and despite a number of theoretical propos-
als to study field theories with qudits [23,26,31–39], to our
knowledge, there have been only two experimental realiza-
tions of qudit-based field theory simulations in the literature
so far, which were demonstrated on trapped-ion quantum
hardware [18,40].

In this work, we consider a particular lattice field theory
model—the spin-1 truncated Abelian Higgs model (AHM)
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FIG. 1. (a) Lattice field theory representation of the Abelian Higgs model (AHM) in (1 + 1) dimensions. Vertices represent matter fields
and edges represent gauge links in the discretized spacetime. In this work we consider a time slice that is two plaquettes wide. (b) In the
appropriate limits and approximations (see Ref. [5]), the (1 + 1)D AHM can be mapped to a spin-1 chain, where the spin states correspond to
the plaquette quantum numbers. We illustrate the two spin-1 particles we simulate in this experiment along with the shape of their interaction
Hamiltonian HAHM,int ∝ Lz ⊗ Lz. (c) Our experimental platform consists of a pair of transmon qutrits, whose native cross-Kerr interaction Hck

is diagonal but differs greatly in form from the target interaction. By applying microwave drives to the two transmons, we can approximate
evolution under the model Hamiltonian in two distinct ways. (d) An analog-digital hybrid approach to engineering the evolution of the target
Hamiltonian. Here we alternate between evolution under a Hamiltonian engineered with analog drives and approximately instantaneous local
π02 gates, which transpose the states |0〉 and |2〉 on each transmon individually. (e) The fully digital approach. Here a sequence of digital
gates drawn from a universal set is repeated to effectively Trotterize the time evolution. Definitions of the gates are given in Sec. IV. For both
protocols, a sketch of the trajectory of the state is shown. In the analog-digital simulation, the evolution can deviate substantially from the ideal
trajectory (dashed line) but returns after a full Floquet cycle up to the error in the Magnus expansion. In the digital simulation, the evolution is
closer to the exact solution throughout the evolution, and approximates it up to Trotter error at the end of each Trotter step.

[41–44] in two spacetime dimensions—and perform qudit-
based quantum simulations of the model in superconducting
circuit platforms with two separate but complementary ap-
proaches (Fig. 1). In the first, we leverage Hamiltonian
engineering techniques to perform an analog-digital hybrid
simulation, while in the second, we perform a fully dig-
ital simulation, taking advantage of state-of-the-art error
mitigation methods, finding a nearly fivefold reduction in
entangling-gate depth compared to a qubit-based digital sim-
ulation. The AHM is a useful testbed for proof-of-principle
simulators, not least because of its shared features with QCD,
including confinement [45,46], and string breaking [42], mak-
ing it a valuable step towards quantum simulation of QCD.
Here we implement quantum simulations of the model on two
lattice sites to demonstrate the fundamental building blocks as
a first step towards observing many-body phenomena in the
Abelian Higgs model. Owing to the spin-1 truncation of the
model, each site can be naturally mapped to a qutrit (d = 3),
which in both simulation methods we encode in a truncated
subspace spanned by the lowest three energy eigenstates of
a transmon. Transmons are superconducting anharmonic os-
cillators whose nonlinearity enables high fidelity universal
control over a portion of their Hilbert space [47]. Although
they were initially engineered to implement qubits, they are

seeing increasing use in higher-dimensional quantum compu-
tation and simulation [27,28,48–51].

In our first simulation approach, we engineer the Hamil-
tonian of a two-transmon system to approximate that of the
target model with a hybrid analog-digital protocol, producing
an effective Floquet Hamiltonian by alternating between pe-
riods of analog evolution and relatively short sequences of
digital gates [52–54]. Similar methods have been used for
previous quantum simulations in a wide variety of platforms
[55–61]. These experiments have demonstrated analog-digital
hybrid methods to be a powerful tool for quantum simulation,
as they enable the reduction or elimination of relatively low-
fidelity two-qutrit gates, while retaining some of the flexibility
provided by fine-tuned digital control.

In our second approach, we perform a digital gate-based
simulation of our model on a pair of transmons in a univer-
sal qutrit processor [62,63]. Compared to a qubit-based gate
decomposition of the model, we observe a fourfold reduc-
tion in resource requirements when decomposing the desired
entangling operation with qutrit-based quantum gates. We in-
corporate state-of-the-art error mitigation protocols including
randomized compilation and purification methods to com-
pute observables that in future studies could identify phase
transitions in large lattices. Our investigation demonstrates
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that resource requirements for digital error mitigation with
twirling do not increase significantly when qubits are replaced
with qutrits as the computational unit, in agreement with pre-
vious studies [63].

This paper is structured as follows. In Sec. II, we review an
experimentally accessible lattice Hamiltonian formulation of
the Abelian Higgs model. In Sec III we introduce the analog
simulation approach for a single-site AHM and an analog-
digital hybrid approach for the multisite AHM Hamiltonian.
We discuss the practical considerations for designing and
implementing this protocol and present the results obtained
in experiment. Next, in Sec. IV we decompose the unitary
operation generated by the AHM Hamiltonian into the native
gate set of our processor. We present the results obtained from
the device and discuss the implications of different error mit-
igation strategies in our digital quantum simulation. Finally,
we discuss the trade-offs and scalability of the two approaches
in Sec. V and present our conclusions in Sec. VI.

II. ABELIAN HIGGS MODEL

The Abelian Higgs model is a toy model of scalar quantum
electrodynamics that describes the interaction of a photon
field with spin zero particles. We begin with a brief description
of the model and its approximate representation as a spin-1
Hamiltonian on the lattice. The action for the model is de-
scribed by a U (1) gauge field and a complex matter field �

[33,43,64]

S =
∫

d2x
1

4
FμνFμν + |Dμ�|2 + μ2

2
�†� − λ

4
(�†�)2,

(1)

where Fμν = ∂μAν − ∂νAμ is the electromagnetic tensor and
Dμ = ∂μ + iqAν is the covariant derivative with matter charge
q. The model is invariant under the U (1) gauge transfor-
mation � → eiα(x)�, Aμ → Aμ − 1

q ∂μα(x). We work in the
limit where the Higgs mode is decoupled and the complex
scalar field is reduced to a constant multiplied by a complex
phase (the Nambu-Goldstone mode). In (1 + 1) dimensions,
this model has no deconfining phase; in higher dimensions,
however, it does exhibit a similar confining feature of a charge
and anticharge pair [42,43]. Confinement is marked by a linear
growth in potential due to static charge separation below a
critical distance scale and string breaking phenomena is ob-
served at large distances signifying charge screening [65]. In
real-time quantum simulators, both the confining feature and
string breaking phenomena can be observed from the local
charge density [66]. The shape of the light cone can identify
confining features in the model and string breaking can be
identified from the integrated local charge density by counting
the number of charges present.

The action is translated into a discretized form by placing
the matter fields on the vertices and gauge fields on the links
of a 2D lattice—as illustrated in Fig. 1(a)—which can also
be used for classical numerical simulation of the model using
the path integral formulation. Taking the time continuum limit
of the lattice action following the steps outlined in Ref. [5],
we obtain the lattice Hamiltonian on Ns sites, assuming open

boundary conditions,

HAHM = κ

2

Ns∑
k=1

(
L(k)

z

)2 − χ

Ns∑
k=1

F (k)
x

+ β

2

Ns−1∑
k=1

(
L(k+1)

z − L(k)
z

)2
. (2)

We define h̄ = 1 throughout this work. The Lz operator appear-
ing in the Hamiltonian formulation is the canonical conjugate
of the gauge field and is analogous to electric field operator
in quantum electrodynamics, whereas charge corresponds to
the conjugate of the phase operator of the Higgs field. In this
(1 + 1)-dimensional model, we do not need to account for the
matter fields explicitly, as the charge can be computed as the
difference of the electric field operators (Lk+1

z − Lk
z ), due to

Gauss’s Law.
As a consequence, the local operators L(k)

z , where k indexes
the site that each operator acts on, provide a convenient basis
in which to analyze the behavior of the model, and will be
used as our primary observables in this work. In future, larger
scale studies, monitoring the local charge through these ob-
servables could enable direct investigations of string-breaking
phenomena.

The terms in the Hamiltonian can be interpreted, respec-
tively, as the local energy of the electric field; an injection of
energy that drives local evolution of the field; and the cost
in energy due to creation of charges. The operators L(k)

z are
identical to the angular momentum operator defined by

Lz|m〉 = m|m〉. (3)

We can map spin Lz eigenstates to transmon eigenstates with

|m = 1〉 → |n = 0〉 , |m = 0〉 → |n = 1〉 ,

|m = −1〉 → |n = 2〉 . (4)

Measuring Lz expectation values then corresponds to a mea-
surement of local qutrit state populations.

The operators F (k)
x are defined by the following equations:

F±|m〉 = |m ± 1〉, Fx = 1
2 (F+ + F−). (5)

To capture the model exactly, the operators L(k)
z and F (k)

x are
required to act on infinite levels: m ∈ {0,±1,±2, . . . ,±∞},
but in practice, some cutoff |m| � l is required. In this work
we take l = 1, and in this case we can identify

√
2Fx with the

spin-1 Lx operator.
This spin-1 approximation allows for the development of

new tools for simulating various gauge theory models with a
more efficient encoding than is available on qubit platforms.
As is discussed further in Sec. IV and Appendix I, performing
a digital quantum simulation of this truncated Abelian Higgs
model on qubit-based hardware would require twice the num-
ber of qubits as qutrits, and would involve greatly increased
gate depths because many single-site operations would ef-
fectively become two-qubit operations. In the following two
sections, we demonstrate two methods to more directly and
efficiently implement the model with transmon qutrits. For the
sake of brevity, a quick summary of both methods is presented
in Table I.
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TABLE I. Summary of the analog-digital and digital protocols for simulating the spin-1 truncated Abelian Higgs model on transmon
qutrits. Device-independent properties of the protocols are provided in the upper block and device-specific properties are listed in the lower
block. Lower-block numbers are dependent on the coherence times and gate durations of two distinct processors given in Tables II and III and
are provided as a discussion summary rather than a comparative benchmark.

Analog-digital (hybrid) Digital

Time evolution unit Floquet cycle with two analog-driven periods and
two π02 pulses

First-order Trotter implementation of M (k)
z , M (k)

x ,
M (k,l )

zz operations with native gates
Entangling
operations per step

Single Floquet-based engineering of the interaction
term

Three CZ gates

Control pulses Simultaneous multitone and Stark drives, alternating
with multitone π02 gates.

Single-tone sequential R01
x,y(± π

2 ), R12
x,y(± π

2 ) pulses,
alternating with two-qutrit CZ gates

Error mitigation None Randomized compilation and purification
Model flexibility Flexible for certain classes of Hamiltonians Universal (model-independent protocol)
Device restrictions Requires ability to engineer uniform Lz ⊗ Lz rates Standard qutrit algorithm device design requirements

[67]

Device-specific aspects; not a benchmark comparisona

Platform Rochester qutrit processor Berkeley (AQT) qutrit processor
Evolution/step
timing

TE = 800 ns, π02 gate = 60 ns CZ = 612 ns, SU(3) 1Q = 180 ns

Scale frequency t−1
s z̃11/2π ≈ 110 kHz (two-site) Set by δt (variable)

Control pulse errors π02 pulse fidelity ∼99.5%, imperfect z22 cancellation
<10 kHz

Combined CZ and single-qutrit gate fidelity ∼93%

Protocol errorb Second-order Magnus expansion infidelity: ∼3% per
Floquet step

Trotter infidelity per Trotter step: ∼5%
(2πδt = 1.0), ∼1% (2πδt = 0.55)

aCircuit depth and achieved simulation time mix protocol with the coherence times and gate durations of two different chips and are therefore
not directly comparable across the two columns.
bProtocol error includes only the contribution to the infidelity due to approximations made in deriving the simulation protocol, assuming ideal
control pulses.

III. ANALOG-DIGITAL SIMULATION

We first discuss the analog-digital simulation of the
Abelian Higgs model on two sites (Ns = 2). Experiments in
this section were performed on a Rochester-based transmon
device with properties given in Table II. The implementation
can be broken into two parts: (1) driving single-transmon
dynamics to emulate local on-site terms in the model and (2)
engineering the interaction between the transmons to effec-
tively match the Lz ⊗ Lz interaction term between the sites in
the model. To reduce Trotterization errors and to maximize

TABLE II. Relevant parameters of the two transmons in the
Rochester-based device used in the analog-digital experiment.

QA QB

ω01/2π (GHz) 5.4146 5.2484

ω12/2π (GHz) 5.1687 5.0075

ω23/2π (GHz) 4.918 4.758

T 01
1 (µs) 30(3) 26(7)

T 01
2R (µs) 48(8) 36(14)

T 12
1 (µs) 15(4) 17(5)

T 12
2R (µs) 20(10) 24(9)

ωS (GHz) 5.08 5.08


0
S (MHz) 7.1 7.1

J (MHz) 2

simulation time, we aim to perform these operations simulta-
neously, which introduces an additional challenge: designing
the drives for the single-site dynamics and the interaction
engineering in such a way that each does not interfere with
the other’s operation.

A. Single-qutrit implementation

We begin by discussing the analog drives that produce the
desired single-transmon Hamiltonian at each site. In the frame
of the laboratory, the Hamiltonian of transmon k truncated to
three levels, with a time-dependent drive Vk (t ) can be written
[47]

HLF
k (t ) = H0

k + Hdrive
k (t ) = ωk

01|1〉〈1| + (
ωk

01 + ωk
12

)|2〉〈2|
+ Vk (t )(i|1〉〈0| + iλk|2〉〈1| + H.c.), (6)

where ωk
i j is defined as the transition frequency between trans-

mon eigenstates |i〉 and | j〉, and λk ≈ √
2 is a dimensionless

factor which characterizes the ratio between the charge cou-
plings to the |1〉 ↔ |2〉 transition and the |0〉 ↔ |1〉 transition.
For the remainder of this subsection, we will suppress the
transmon index k on terms in the Hamiltonian.

We drive both transitions simultaneously, taking V (t ) =∑2
i=1 
i(t ) cos(ωd

i t + φi ) where 
i are the drive envelopes,
ωd

i are the drive frequencies, and φi are the phases on each
drive term. We further define detunings �i = ωd

i − ωi−1,i

and assume |�i| + 
i 
 |ω12 − ω01|, so that each drive term
is close to resonance with only one transition. For both
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transmons in the analog-digital experiment, the anharmonicity
was roughly (ω12 − ω01)/2π ∼ −240 MHz.

Extracting the on-site terms from the model Hamiltonian
in Eq. (2), we find

HAHM,k = κ + β

2
L2

z − χ√
2

Lx, (7)

where site k is taken to be at the boundary of the chain
for both sites of the two-site model. To find the drives re-
quired to simulate HAHM,k , we first perform a unitary rotating
frame transformation to take HLF

k into the frame of the drive
frequencies: HDF

k = U †
DHLF

k UD − iU †
D∂tUD, where UD(t ) =

diag(1, e−iωd
1 t , e−i(ωd

1+ωd
2 )t ) [68,69]. Since this frame transfor-

mation is diagonal, the population dynamics we observe in the
laboratory frame will be identical to the population dynamics
in the rotating frame. After applying the rotating wave approx-
imation (RWA) under the assumptions that the drive strengths
are weak compared to the drive frequencies and compared to
the anharmonicity of the transmon, 
1,
2 
 |ω01 − ω12| <

ωd
1, ω

d
2, we obtain

HDF
k (t ) ≈ −�1|1〉〈1| − (�1 + �2)|2〉〈2|

+ i

2

1(t )e−iφ1 |1〉〈0| + iλ

2

2(t )e−iφ2 |2〉〈1| + H.c.

(8)

More details of the terms dropped under the RWA can be
found in Appendix B.

It is possible to map Eq. (8) to Eq. (7) by assuming
equal drive phases φ1 = φ2 = −π/2, constant drive en-
velopes 
1(t ) = λ
2(t ) = 
0, and detunings �1 = −�2 =
�0, which simplifies the driven transmon Hamiltonian to

HDF
k ≈ −�0|1〉〈1| − 1

2

0(|1〉〈0| + |2〉〈1| + H.c.)

→ �0L2
z − 
0√

2
Lx, (9)

where in the last step we have removed a global energy offset
−�0I . To convert between the dimensionless parameters in
Eq. (7) and the physical parameters of Eq. (9), we must choose
a timescale ts, which sets a scale frequency t−1

s . Then the
mapping is complete with 
0 = χ t−1

s and �0 = κ+β

2 t−1
s . We

have freedom in the single-qutrit experiment to choose the
scale frequency as long as the RWA conditions are met. In
the experiment shown in Fig. 2, we chose t−1

s = 1 MHz.
While the above derivation assumed constant drive en-

velopes in the final step, the experiment must be performed
with a shaped envelope, either explicitly or implicitly. To do so
in a controlled manner, we give both drives the same envelope:

1(t ) = λ
2(t ) = 
0AT (t ), where AT (t ) is normalized such
that its integral after a pulse of duration T is equal to the
area of a unit step of the same duration:

∫ T
0 AT (t ) dt = T . The

envelope function and its normalization are given explicitly
in Appendix B. The unitary evolution produced at the end of
the drive can be modeled with average Hamiltonian theory
[70] (see also Appendix A), where, to first order, the average
Hamiltonian is provided by independent time-averages of the
individual matrix elements to produce the same result as in
Eq. (9).

FIG. 2. Single qutrit analog experiment. (a) Protocol for per-
forming a single-qutrit analog simulation of the Abelian Higgs
model. Drives on both transitions of the qutrit follow the same
envelope 
01(t ) = λ
12(t ) = 
(t ) = 
0AT (t ) and have equal and
opposite detunings �1(t ) = −�2(t ) = �(t ) = �0AT (t ). Each data
point in 2(b) is measured by setting a pulse duration T and read-
ing out qutrit eigenstate populations at the end of the pulse. The
ramps are a fixed fraction r = 0.1 of the total duration, producing a
stretching of the pulse for increasing T . The dimensionless envelope
function AT (t ) is normalized to have an area equal to its duration T ;
see Appendix B for details. (b) Expectation values of field operators
Lz (top) and L2

z (bottom) for a single qutrit under analog evolution
starting in initial transmon state |n = 2〉, with κ/2π = χ/2π = 1,
β = 0. The scale frequency was chosen to be t−1

s = 1 MHz and
converts between physical device time (upper axis) and dimension-
less model time (lower axis). Dotted lines show exact Schrödinger
equation evolution under the model Hamiltonian, solid lines are
master equation simulations assuming the independently measured
dephasing and relaxation times of Qutrit B in Table II. Uncertainties
are estimated from shot noise σ ∼ 1/

√
Nshots where Nshots = 3000.

Second-order and higher terms in the average Hamilto-
nian produce coherent errors in the simulation. Because they
depend on the commutator of the Hamiltonian with itself
at different times, we chirp the pulses during the ramps to
maintain instantaneous detunings with the same envelope as
the drives, that is, �01(t ) = −�12(t ) = �0AT (t ). Details of
the phase ramping necessary to maintain this relationship and
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the accompanying frame transformation can be found in Ap-
pendix B. The single-qutrit Hamiltonian can then be written

HDF
k (t ) ≈ �(t )L2

z − 
(t )√
2

Lx ≈ AT (t )

(
�0L2

z − 
0√
2

Lx

)
,

(10)

and the Magnus expansion then terminates after the first-order
term.

As is illustrated in Fig. 2(a), to simulate evolution to dif-
ferent times, the pulse duration T is varied, and the drive
envelope is stretched with a fixed amplitude and a ramp that is
a fixed fraction r = 0.1 of the pulse duration. Then, regardless
of T , the average Hamiltonian at the end of the pulse is

H̄DF
k ≈ �0L2

z − 
0√
2

Lx, (11)

where the approximation is due only to the RWA.
The results of a single-transmon analog simulation exper-

iment can be seen in Fig. 2(b), where we plot expectation
values of the diagonal field operators Lz and L2

z , which are
computed directly from measured transmon eigenstate popu-
lations, after a statistical readout correction has been applied
[71,72]. As is described in Sec. II, these observables are
analogous to the local electric field and electric field energy
at this site. For this measurement, the parameters of Eq. (7)
were set to κ/2π = χ/2π = 1, β = 0. The exact single-qutrit
dynamics predicted by the model are plotted along with the
data, as well as a Lindblad master equation model described
in Appendix E that takes into account independently measured
decoherence and relaxation times for this transmon, as listed
in Table II (Qutrit B). We see good agreement with the pre-
diction of the Lindblad model, indicating that the errors in our
single-transmon simulation are dominated by decoherence.

B. Two-qutrit implementation

1. Engineering the interaction Hamiltonian

We next discuss the analog-digital method for engineering
the target interaction. The interaction part of the Hamiltonian
in Eq. (2) takes the form of an Ising-type interaction,

HAHM,int = −βLz ⊗ Lz. (12)

Because we are performing the simulation on two sites only,
we will indicate which site an operator acts on by where it
falls relative to the ⊗ symbol rather than a superscript index.
In addition, when the meaning is clear from context, we will
omit the ⊗ symbol between operators acting on transmons A
and B.

Our device consists of a pair of transmons that have a
direct capacitive coupling, with properties given in Table II.
Because our transmon qutrits are far detuned from each other
relative to the strength of their capacitive coupling, their native
interaction is effectively described by a dispersive cross-Kerr
Hamiltonian [73,74], which is described in more detail in
Appendix C. We parametrize this diagonal interaction into a
combination of powers of the Lz operators of the two qutrits,

Hck =
2∑

i, j=0

zi jL
i
z ⊗ L j

z , (13)

where L0
z = I is the identity matrix. Terms that include Lz

to a nonzero power on only one qutrit correspond to local
frequency shifts, and can be removed by applying the proper
frame rotations to each transmon individually. In the experi-
ment, this corresponds to calibrating the frequencies of each
qutrit when the other is in the |1〉 state, rather than the more
common choice of tuning when the other is in the |0〉 state.
This yields a simplified interaction Hamiltonian,

H ′
ck =

2∑
i, j=1

zi jL
i
z ⊗ L j

z

= z11LzLz + z12LzL
2
z + z21L2

z Lz + z22L2
z L2

z . (14)

We then desire a method that can achieve effective interaction
rates z21 = z12 = z22 = 0.

The values of zi j measured for the transmon pair used in
this experiment are shown in Fig. 3(a). They are sensitive to
the spectra and charge matrix elements of the two transmons
(see Appendix C for calculations of the rates from second-
order perturbation theory), and as a consequence, they cannot
be expected in general to realize a native LzLz interaction.
We measure the rates in the experiment with a double-echo
sequence [75], referred to as JAZZ in superconducting qubit
literature [76], which we have adapted for use with qutrits,
(see Appendix D).

Undesired interactions can often be canceled using dynam-
ical decoupling techniques [54,59,77]. However, previously
reported pulse sequences on qutrits that can produce the de-
sired interaction involve pulses that do not commute with our
single-qutrit drives [27]. Instead, we design a protocol that
integrates the single-qutrit drives with a Hamiltonian engi-
neering method based on simultaneous Stark drives on the
two transmons and a minimal set of dynamical decoupling
pulses, adapted from Ref. [78]. We apply Stark drives to
both transmons, 
S,A(t ) cos ωSt and 
S,B(t ) cos ωSt , where
the envelopes 
S,k and the frequency ωS provide a degree
of tunability to the interaction Hamiltonian. This is also the
principle behind the controlled-Z gates used in the gate-based
simulation in Sec. IV.

In practice, a single pair of Stark drives only affords
enough tunability to set one term in the interaction Hamil-
tonian to zero. With this degree of freedom in mind, we
search for sequences consisting only of pulses that leave the
single-qutrit Hamiltonians invariant and that can lead to a can-
cellation of at least two of the undesired terms. Conveniently,
the operation U02 ≡ πA

02π
B
02, where π k

02 is a local unitary that
transposes states |0〉 and |2〉 on transmon k, commutes with
the single-transmon average Hamiltonian in Eq. (11) and has
the effect of flipping the signs on the odd-parity interaction
terms while leaving the even-parity terms unchanged:

U02H ′
ckU †

02 = z11LzLz − z12LzL
2
z − z21L2

z Lz + z22L2
z L2

z .

(15)

By alternating periods of evolution under Hck with dynam-
ical decoupling pulses U02, the system can be made to evolve
under the dynamically decoupled interaction Hamiltonian on
average,

Hdd
ck = 1

2 (H ′
ck + U †

02H ′
ckU02) = z11LzLz + z22L2

z L2
z . (16)
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FIG. 3. Engineering the Lz ⊗ Lz interaction. (a) Experimentally
measured interaction Hamiltonian terms from Eq. (13) for the un-
driven (bare) two-transmon system. (b) Abstract circuit schematic of
the interaction rate measurement. The JAZZ block consists of two
periods of free evolution of duration T , with a π pulse on both
transmons between them [75,76]. The subspaces of the π and π

2
pulses are determined by which matrix element of the interaction
Hamiltonian is being targeted, as is explained in depth in Appendixes
C and D. (c), (d) Interaction rates and measurement circuit schematic
when averaging with a |0〉 ↔ |2〉 SWAP. We observe that the rates for
the odd-parity terms, z12 and z21 are effectively eliminated by this
dynamical decoupling sequence, while the even-parity terms remain
unchanged. The circuit now involves four periods of free evolution
with duration T/2. (e), (f) Interaction rates and circuit schematic with
both averaging and Stark drives applied. Applying Stark drives at the
appropriate frequency and amplitude nearly eliminates the driven z̃22

term, leaving the modified z̃11 as the only appreciable interaction rate
in the Hamiltonian. See Appendix D for details on the calibration of
the Stark drives.

As can be seen from average Hamiltonian theory
(Appendix A), as long as the pulses that perform U02 are
assumed to be instantaneous, this averaging is exact in the
absence of other terms in the Hamiltonian, since H ′

ck and
U02H ′

ckU †
02 commute. The averaged interaction rates and the

protocol for measuring them are shown in Figs. 3(c) and 3(d),
respectively.

After this sequence, the only remaining undesired interac-
tion term is z22L2

z L2
z , and we find that for a proper choice of

Stark drive frequency and amplitude, the coefficient z22 → z̃22

can be driven close to zero. This modifies all the coefficients
in the driven interaction Hamiltonian, zi j → z̃i j , and we refer
to the new effective cross-Kerr interaction Hamiltonian as H̃ ′

ck
and the effective driven and dynamically decoupled interac-
tion as H̃dd

ck . The measured coefficients of H̃dd
ck are shown in

Fig. 3(e). We observe that only the LzLz term has appreciable

weight after applying the protocol. The calibration procedures
for finding the Stark drive frequency and amplitudes required
to achieve z̃22 ≈ 0 are described in Appendixes C and D,
respectively.

While the single-qutrit experiment has great flexibility in
the choice of scale frequency, in the two-qutrit experiment z̃11

is fixed after applying the Stark drives, and thus it sets the
scale for the other terms in the Hamiltonian. That is, we have
z̃11 = −β t−1

s with β/2π ≡ 1. The minus sign appears due to
a mismatch in signs between z̃11 > 0 and the −βLzLz term in
the model Hamiltonian. We account for this by reversing the
mappings of transmon states |n = 0〉 and |n = 2〉 in Eq. (4)
for only one transmon, effectively conjugating its entire evolu-
tion with π02, since Lz ⊗ π

†
02Lzπ02 = −Lz ⊗ Lz. This is done

entirely in postprocessing.

2. Combining on-site and interaction terms

We combine the single-qutrit drive Hamiltonians HDF
k (t )

defined in Sec. III A with the Stark-driven interaction Hamil-
tonian by turning on all the drives simultaneously, as sketched
for each pulse in Fig. 4(a), yielding

Hsys(t ) = HDF
A (t ) + HDF

B (t ) + H̃ ′
ck (t ), (17)

for t ∈ [0, TE ], where TE is the fixed evolution period for a
single pulse. To reduce errors caused by a failure of the Hamil-
tonian to commute with itself at different times throughout the
pulse, we must ensure that the time dependence of H̃ ′

ck (t ), de-
termined by the product 
S,A(t )
S,B(t ), varies with the same
envelope as the single-qutrit drives and detunings. Hence,
we set the Stark drive envelopes to be 
S,A(t ) = 
S,B(t ) =

0

S

√
ATE (t ). This does not entirely eliminate the error, as there

remains the undriven component of the interaction Hamilto-
nian, which does not commute with the single-qutrit Lx terms.
As we show in Appendix F, however, this error only enters to
third order in the average Hamiltonian and scales roughly as
(rTE )2, quadratically with the ramp duration.

We cannot reduce the ramp duration indefinitely, since we
find in practice that the ramp must also be sufficiently long to
maintain an adiabatic change of the interaction Hamiltonian.
In this experiment, we chose a ramp duration of 80 ns. When
the errors are made sufficiently small, the effective average
Hamiltonian over the course of one pulse is well approximated
by the first-order term in the Magnus expansion,

H̄sys ≈ 1

TE

∫ TE

0
Hsys(t ) dt = H̄DF

A + H̄DF
B + ¯̃H ′

ck. (18)

Then alternating between periods of driven evolution and
the π02 pulses—which in this experiment are performed by
driving both |0〉 ↔ |1〉 and |1〉 ↔ |2〉 transitions simultane-
ously with zero detuning at a much larger amplitude than the
on-site simulation drives [79,80]—we arrive at the desired
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FIG. 4. Two qutrit analog-digital experiment. (a) Two-qutrit pro-
tocol. Evolution of the simulation is achieved by tiling evolution
periods of a fixed duration TE = 800 ns interleaved with 60 ns π02

pulses on both transmons. Data points in (b) are measured after 2N
evolution periods. The π02 pulses are performed by driving both
|0〉 ↔ |1〉 and |1〉 ↔ |2〉 transitions on resonance simultaneously
[79,80]. During each evolution period, in addition to the detuned
drives described in Sec. III A, a Stark tone 
S (t ) is applied to
each transmon, which modifies the entangling Hamiltonian H̃ck such
that the average interaction after two steps is approximately H̃ dd

ck ≈
z̃11Lz ⊗ Lz. (b) Expectation values of Lz (top) and L2

z (bottom) for
two qutrits during the analog-digital protocol. Dotted lines show
exact theory evolution, solid lines are master equation simulations
assuming independently measured dephasing and relaxation times.
The scale frequency was fixed so that t−1

s = z̃11/2π ≈ 110 kHz. The
initial transmon state was |ψinit〉AB = |21〉.

effective Floquet evolution:

Ueff (N ) = [exp(−iU †
02H̄sysU02TE ) exp(−iH̄sysTE )]N

≈ exp
(−2i

[
H̄DF

A + H̄DF
B + H̃dd

ck

]
NTE

)
, (19)

where H̄DF
A and H̄DF

B are given by Eq. (11) and H̃dd
ck ≈ z̃11LzLz.

This therefore approximates HAHM.
The error in the approximation can be thought of in terms

of both the higher-order terms in the Magnus expansion and
Trotterization error. We analyze the error terms using AHT in

Appendix F and find that they scale linearly in the evolution
period TE , suggesting that shorter evolution periods between
the π02 gates will produce a better approximation. There is
a tradeoff, however, with the requirement that the gates be
effectively instantaneous compared with TE . In practice, we
find an acceptable balance with an evolution pulse duration
TE = 800 ns and a π02 gate time of Tg = 60 ns.

3. Device results

In Fig. 4(b) we plot dynamics from the experimental
implementation of the analog-digital protocol, along with
numerically integrated evolution [81] of the Hamiltonian
in Eq. (2), as well as a dissipative model described by a
Lindbladian that takes into account relaxation and dephasing
times (Table II) of the transmons used in the experiment. We
find that the model with decoherence captures the dynamics
of the driven system well. To account for the effect of
periodic population flips in the decoherence model with a
time-independent master equation, we assume an effective av-
eraged Lindblad equation, where we take the jump operators
to be transformed by the periodic application of π02 pulses in
the same manner as the Hamiltonian. This effective Lindblad
model is described in detail in Appendix E. We also plot the
transmon eigenstate populations for multiple initial product
states along with the predictions of the model in Appendix J.

IV. GATE-BASED SIMULATION

In this section, we describe the digital gate-based method
for simulating the AHM and present the dynamics ob-
tained in experiment. We perform the digital simulation on
a Berkeley-based qutrit processor, the properties of which
are listed in Table III. The discussion in this section fo-
cuses on the mapping of the evolution produced by the
AHM to the native gate set of our processor. We also
highlight the importance of error mitigation schemes in
qudit simulations for obtaining reliable results with present-
day hardware and discuss the associated computational
cost.

TABLE III. Device parameters for the Berkeley based qutrit
processor used in the digital quantum simulations. Decoherence
times (T ) and various native and composite gate times (τ ) are listed
along with qubit frequencies and anharmonicities used in the digital
experiments.

QA QB

Qubit freq. (GHz) 5.374 5.443
Anharm. (MHz) −274 −271
T 01

1 (µs) 60(13) 47(14)
T 12

1 (µs) 36(4) 34(5)
T 01

2e (µs) 69(7) 61(14)
T 12

2e (µs) 32(5) 32(6)
τ1Q,X 90 (ns) 30 30
τ1Q,SU(3) (ns) 180 180
τ2Q (ns) 612

042462-8



HYBRID ANALOG-DIGITAL SIMULATION OF THE … PHYSICAL REVIEW A 114, 042462 (2026)

1. Mapping of the unitary operations to basis gates

For an Ns-qutrit system, the time evolution operator under
the model Hamiltonian in Eq. (2) can be approximated using
a first-order Trotter approximation,

U (t ) = exp(−iHAHMt )

�
(

Ns∏
k=1

Mk
z (κ, δt )

Ns−1∏
k=1

Mk,k+1
zz (β, δt )

Ns∏
k=1

Mk
x (χ, δt )

)n

,

(20)

where the evolution time t is discretized into uniform steps
δt such that t = n δt . Here Mk

z = exp[−iθ (L(k)
z )2] and Mk

x =
exp(−iφL(k)

x ) denote on-site operations that act on an indi-
vidual qutrit k, while Mk,l

zz = exp(−iγ L(k)
z L(l )

z ) represents an
entangling operation between a pair of qutrits k and l . The
angles φ, θ , and γ are determined by the Hamiltonian pa-
rameters χ , κ , and β, as well as the Trotter step duration δt .
The matrix representations of these operations are presented
in Appendix G. The error in the approximation is bounded
by O(t δt ). An improved error scaling can be achieved with a
higher order Trotter approximation with an increased cost in
the number of entangling gates.

To perform the operations Mk
z , Mk

x , and Mk,l
zz on our

superconducting qutrit processor requires further decompo-
sition of the unitaries into our native gate set. In contrast to
the multitone drives used for the analog-digital simulation,
we here use single-tone drives that are resonant with a single
transition on each transmon qutrit. Such drives can achieve
qubit-like rotations in the subspace spanned by either the
states {|0〉, |1〉} or {|1〉, |2〉} [62]. The fixed subspace rotations
{R01

x ( π
2 ), R12

x ( π
2 ), R01

y ( π
2 ), R12

y ( π
2 )} and arbitrary phase gates,

R01
z (θ ) and R12

z (θ ), which are performed by adjusting the
phases of later microwave drives [82], then constitute the
native gate set for each qutrit, where we define

Ri j
α (θ ) = exp

(
−i

θ

2
σ i j

α

)
, α ∈ {x, y, z}. (21)

The σ
i j
α are the generators of qubit-like rotations around axis

α within the {|i〉, | j〉} subspace of the qutrit Hilbert space and
can be expressed in terms of the Gell-Mann matrices (see
Appendix G). Then, in combination with the controlled-SUM

entangling gate UCSUM|i, j〉 = |i, j + i (mod d )〉 we have a
gate set that is sufficient for universal qutrit computation
[83,84].

To represent an arbitrary single qutrit operation exp(i h)
using the elementary gates, we first expand h in the Gell-
Mann basis {λi}, h = ∑8

k=1 ckλk , where the coefficients are
computed with ck = 1

2 Tr(hλk ). Then we perform a first-order
Trotter approximation by exponentiating each term in the sum
separately. For the Mk

z term this yields an exact decomposition
(up to a global phase),

Mz(θ ) = R01
z

(−2θ

3

)
R12

z

(
2θ

3

)
, (22)

where θ = ( κ
2 + β )δt for all qutrits except for the boundary

qutrits, where instead θ = κ+β

2 δt . For the case of Ns = 2 stud-
ied here, both qutrits are treated as boundary qutrits.

For the Mk
x term, we arrive at an approximate result,

Mx(φ) � R01
x (

√
2φ)R12

x (
√

2φ), (23)

where φ = χ√
2
δt . We note that the Trotter approximation in

generating the Mx operation could be removed by adding
a calibrated π/2 spin-1 rotation to our digital gate set by
applying multitone drives [59,80], but this is left for future
work.

Following a similar analysis, a decomposition for the
entangling operation Mzz can be found by expressing the
two-qutrit Hermitian operator in terms of tensor products of
Gell-Mann matrices, h = ∑

k,l cklλk ⊗ λl . This results in four
nonzero coefficients. A much simpler decomposition, how-
ever, is found by inspection: We decompose the entangling
operation Mzz into three controlled-SUM gates interleaved with
local phase gates,

Mzz(γ ) = UCSUM D(γ )UCSUM G(γ )UCSUM, (24)

where γ = δt β. D and G are diagonal matrices constructed
from the elementary phase gates,

D(γ ) = R01
z

(4γ

3

)
R12

z

(2γ

3

)
, (25)

G(γ ) = R01
z

(2γ

3

)
R12

z

(4γ

3

)
. (26)

In addition to our circuit decomposition analysis above, we
tested whether a more efficient compilation was possible with
numerical synthesis methods provided by the TrueQ software
[85]. We found comparable costs in entangling operations
from numerical synthesis to that of our analytical decompo-
sition. For completeness and a fair comparison with future
experiments, a complete set of native gates of the AQT testbed
and the key device parameters such as qutrit frequencies,
anharmonicity, relaxation time, and dephasing times are listed
in Table III and Appendix G.

The digital simulation provides a more direct way to com-
pare against a hypothetical digital qubit-based simulation of
the same model. In addition to the need for two qubits to
encode the state of each three-level site, we find that around 14
entangling operations are required in a qubit-based implemen-
tation with all-to-all connectivity demonstrated in Appendix I,
which is nearly a fivefold increase compared to the three
native entangling operations required in the digital qutrit pro-
tocol. The gate depth would need to increase further for a
processor with restrictive connectivity. We find with compi-
lations based on IBM’s heavy-hex topology that the added
requirement of SWAP operations would increase the gate depth
by roughly another factor of ten.

Thus, if the gate times for the native entangling opera-
tions, relaxation times, and dephasing times of transmon qutrit
processors become comparable to state-of-the-art qubit pro-
cessors, qutrit-based implementations can be favorable for the
implementation for certain gauge theory models that inherit
SU(3) group structure. This is particularly relevant for sim-
ulating various lattice gauge theories since SU(3) appears in
different limits of QCD [86]. Thus the phase structure of QCD
and variants of QCD with various degrees of approximation
can likely be studied more efficiently with digital qutrit-based
quantum processors [23,31,32].
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�

�

FIG. 5. Exact diagonalization (Exact), device data with randomized compilation (Device RC) and error-mitigated device results (Purified)
of field operators 〈Lz〉 and 〈L2

z 〉 at (a), (b) κ/2π = χ/2π = 1.0, 2πδt = 0.55 for the single qutrit experiment and (c), (d) κ/2π = β/2π =
χ/2π = 1.0, 2πδt = 1.0 for the two-qutrit experiment. For a discussion on the impact of different types of error mitigation schemes see
Appendix H. The dynamics start from the initial state |ψinit〉AB = |21〉.

2. Device results

We now present hardware results of our gate-based sim-
ulation for the single-site and two-site lattice Abelian Higgs
model. In the single-site experiment, the fast high-fidelity
single-qutrit gates allow us to observe dynamics for longer
times compared to the two-site experiment. Figure 5 shows
error-mitigated hardware results for the value of the field,
〈L(k)

z 〉, and local field energy, 〈(L(k)
z )2〉 expectation values,

which are calculated from the measured transmon eigenstate
populations, compared with the exact diagonalization and
the hardware results with randomized compilation. We find
improved fidelity of the circuit operation as we apply qudit
randomized compiling [63,87–89] to mitigate coherent errors
and rescale our expectation values with noise measured from
cycle benchmarking [90,91].

We use 30 distinct twirled versions of the Trotterized cir-
cuit where we use Nshots = 1024 shots per twirled circuit.
Twirling refers to applying local random single-qutrit Pauli
operations for each qutrit before and after each cycle of en-
tangling operation. The random operations are selected from
the set of generalized Paulis which form an orthogonal basis
for a single qutrit. We also employ cycle benchmarking to
learn the error rates of different Pauli and SPAM channels
associated with the native gates in our circuit, allowing us
to correct the observables by post-processing the estimate
with a numerical correction factor. Additionally, readout-
error mitigation is performed by confusion matrix inversion.
The purpose of twirling is to transform coherent noise to
stochastic noise channels, which improves the scaling for the

accumulation of errors, from quadratic to linear order in cir-
cuit depth. This also makes the subsequent mitigation step
more effective, as state purification is used to mitigate the
incoherent part of the device noise learned from our cycle
benchmarking experiments. For a quantitative analysis on the
effectiveness of the mitigation schemes, consult the discussion
in Appendix H.

V. DISCUSSION AND OUTLOOK

The analog-digital and fully digital approaches to simu-
lating the Abelian Higgs model presented here each have
their own potential advantages and remaining challenges. The
main strength of performing the simulation on a digital qudit
processor is that it is universal, allowing for great freedom in
varying the model parameters, and in exploring related mod-
els, as long as a circuit decomposition can be found. At the
same time, the native gate set of the processor may not always
permit efficient decompositions of the target operations, as
we see here in the need for the Trotterized approximation of
the Mx operation and the requirement of three controlled-SUM

operations per Trotter step. In contrast, the analog and the
analog-digital approaches, while more restrictive in the vari-
ety of models they can simulate, demonstrate that it is possible
to more directly realize the target Hamiltonian considered
here, which was sufficiently close to the device Hamiltonian.
In the remainder of this section, we point out some noteworthy
aspects of both protocols, and discuss potential directions for
future work.
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FIG. 6. Demonstration of scalability of the digital simulation
protocol with a noiseless simulator [92]. Here we show results of a
Cirq simulation of the Trotterized unitary in Eq. (20) for a the 15-site
lattice model with κ/2π = β/2π = χ/2π = 1.0. The initial state
with two domain walls |ψinit〉 = |111111000111111〉 was prepared
and the time dependence of local charge is computed as the differ-
ence in 〈L(z)〉 between adjacent qutrits: 〈Qk (t )〉 = 〈L(k−1)

(z) 〉 − 〈L(k)
z 〉.

For open boundary conditions, additional edge sites are assumed to
be fixed at 〈L(−1)

z 〉 = 〈L(15)
z 〉 = 0 when computing 〈Qk〉.

One way these protocols differ is in the immediate avail-
ability of error mitigation methods. We have demonstrated
that the application of Weyl twirling and purification in
the digital experiment significantly improves the agreement
between the data and the exact diagonalization results. In
the analog-digital experiment, however, the same techniques,
which rely on the properties of Clifford gates, are not currently
available. While there are emerging methods for bench-
marking [93–95] and mitigating errors in analog simulations
[96–98], they are generally tailored to a particular model or
method, and are not yet applicable to the simulation per-
formed here.

When considering scaling up the simulation to longer
chains of transmons, techniques for scaling up qubit-based
computation can be readily applied to both digital and analog
qutrit simulators. Figure 6 shows numerical simulations of
an extension of the digital simulation to a large-scale chain,
demonstrating that future experiments with this protocol on
near-term qutrit processors can be used to study the dynamics
of charges on the lattice and to investigate phenomena such as
string breaking and confinement. Scaling up to higher spatial
dimensions will introduce additional engineering challenges
and gate costs due to the presence of magnetic field terms,
which involve four-body interactions.

(k)

FIG. 7. Demonstrating the feasibility of scaling up the analog-digital protocol with numerical simulations. (a) Transition frequencies of the
three simulated transmons, along with the Stark drive frequencies used to engineer the desired interactions. Note that the transmon-transmon
detunings are larger here than in the experiment. Capacitive couplings Jkl were set to be JAB = 2.42 MHz, JBC = 2.40 MHz. (b) Interaction rates
of the chain of transmons. In the Bare case (empty hatch), coefficients zi jk are computed from numerical diagonalization of the three-transmon
Hamiltonian H = ∑

i jk∈{0,1,2} zi jkLi
z ⊗ L j

z ⊗ Lk
z , where superscripts indicate powers of the Lz operator. In the driven case (maroon), z̃i jk are

calculated by fitting to the phases accumulated after numerically integrating the Schrödinger equation while Stark drives are applied to both
pairs of transmons simultaneously. Odd-parity terms under conjugation with U02 are grayed out to indicate that they will be canceled by the
dynamical decoupling protocol, leaving only z̃110/2π = −99.3 kHz and z̃011/2π = −99.4 kHz. (c) Numerically simulated evolution of the
analog-digital simulation of the AHM on three noiseless transmons with model parameters κ/2π = χ/2π = β/2π = 1 and a scale frequency
t−1
s = 1

2π
(z̃011 + z̃110)/2, compared to exact evolution under the AHM. Local charge 〈Qk〉 is calculated as the difference in 〈Lz〉 between

adjacent qutrits as in Fig. 6. The initial transmon state was |ψinit〉 = |101〉.
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Scaling the analog-digital protocol, on the other hand, may
require a tailor-made device, due to the requirement that all
coupled pairs of transmons have the same effective Lz ⊗ Lz

interaction rate. We demonstrate in Fig. 7 with numerical sim-
ulations that implementing the (1 + 1)D AHM can be done
on an idealized chain of three transmons with one Stark drive
per coupled pair, requiring the anharmonicities of the three
transmons to be approximately the same, and the detunings
between the pairs to also be approximately equal. While this
demonstrates that it may be possible to scale up the pro-
tocol with an appropriately designed device, the frequency
spacing requirement is likely too strict for a long chain of
fixed-frequency transmons when allowing for fabrication im-
perfections. To remedy this, one possible avenue is the use
of additional Stark drives to modify the interactions further,
which we leave for future work.

Although the analog-digital hybrid approach does impose
significant constraints on engineering the device, this si-
multaneous combination of Stark-modified interaction terms,
detuned driving, and dynamical decoupling sequences can
be thought of as a new tool in the qudit-based analog sim-
ulation toolbox, and may enable the construction of hybrid
analog-digital simulations of a more diverse range of qudit
Hamiltonians. In particular, in conjunction with linear pro-
gramming methods for robust engineering of qubit [58] and
qudit Hamiltonians [54,59], we may extend to the simulation
of models with non-diagonal interaction terms, and further, it
may be possible to engineer the magnetic field terms required
for the AHM at higher spatial dimensions with proposed
analog-digital methods to simulate multibody interactions
[99]. Scaling to more spatial dimensions would be a valuable
step towards producing a simulation that could eventually
outperform classical MPS-based tensor network methods in
the rapidly growing entanglement entropy regimes [100–102].

Finally, rather than scaling up the simulation spatially,
we can consider increasing the number of states per site.
Higher-level quantum operations have been demonstrated on
transmons similar to the ones used in this study [103,104],
leaving open the possibility of performing the AHM simu-
lation with a higher level of truncation of the field operators
l � 2 with both digital and analog-digital methods. We expect
this to further increase the gains provided by performing a
qudit-based simulation rather than a qubit-based one. At the
most basic level, the number of transmons required to perform
a d-level truncation would decrease by a factor of log2 d if it
were done with qudits rather than qubits, and the concomitant
reduction in entangling gates would provide further advan-
tages [105].

VI. CONCLUSION

In summary, we have realized qutrit-based digital and
analog-digital hybrid quantum simulations of the Abelian
Higgs model on transmon devices and we have demonstrated
that they provide a scalable trajectory for simulating lattice
gauge theories and spin-1 quantum systems. Our results show
that both protocols can extract physical observables relevant to
confinement within the coherence limit of present-day trans-
mon processors. Both methods show significant reductions in
the number of transmons and entangling operations required,

when compared to a theoretical best-case qubit-based imple-
mentation, and by demonstrating their feasibility despite the
additional challenges associated with controlling more levels
and more complicated interaction Hamiltonians, this study
lends support to the idea of using qudits for the quantum
simulation of naturally d-level systems.

While the nature of this study does not admit a quantitative
comparison between the two methods, tools developed in this
work can be used for a quantitative resource analysis of the
two protocols for different lattice field theory models in the
future. Both the analog-digital and digital protocols appear
scalable based on our numerical simulations. Challenges to
scaling up the digital qutrit simulation are similar to those
involved in scaling digital qubit processors, and many of the
same techniques can be applied [67]. We find that scaling
up the analog-digital protocol practically introduces more
constraints, but has the potential to reduce the total number
of pulses required for the simulation. An exciting next step
would be to investigate string breaking and confinement phe-
nomena in more spatial dimensions, as well as approaching
a higher-order approximation of the base theory with higher-
dimensional qudits.
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APPENDIX A: AVERAGE HAMILTONIAN THEORY

For complete reviews of Average Hamiltonian Theory
(AHT), see, e.g., [70,107]. Here, for convenience, we briefly
summarize the key ideas and present the results that are rele-
vant to the development of our simulation protocols.

A unitary operator U (t, t0) can be written as the ma-
trix exponential of some Hermitian operator �t,t0 : U (t, t0) =
exp(i�t,t0 ) [108,109]. This implies that, for an arbitrary time-
dependent Hamiltonian H (t ) that generates U (t f , t0) over the
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fixed interval [t0, t f ] by

U (t f , t0) = T̂ exp

(
−i

∫ t f

t0

H (t ′) dt ′
)

, (A1)

where T̂ exp(·) is the time-ordered exponential, we can define
some time-independent Hamiltonian H̄t f ,t0 such that

U (t f , t0) = exp
(−iT H̄t f ,t0

)
, (A2)

where T = t f − t0. Assuming conditions of convergence ap-
ply, the Hamiltonian H̄t f ,t0 can be expressed with the Magnus
expansion [108,109]

H̄ =
∞∑

n=1

H̄ (n), (A3)

where the first three terms are

H̄ (1) = 1

T

∫ t f

t1=t0

H (t1) dt1, (A4)

H̄ (2) = 1

2iT

∫ t f

t1=t0

∫ t1

t2=t0

[H (t1), H (t2)] dt2 dt1, (A5)

H̄ (3) = −1

6T

∫ t f

t1=t0

∫ t1

t2=t0

∫ t2

t3=t0

([H (t1), [H (t2), H (t3)]]

+ [[H (t1), H (t2)], H (t3)]) dt3 dt2 dt1. (A6)

Truncating the series at a finite order yields an effective aver-
age Hamiltonian H̄eff = ∑m

n=1 H̄ (n) ≈ H̄ .

Each successive order of the average Hamiltonian involves
increasingly nested commutators of H (t ) with itself at differ-
ent times. Hence, if the Hamiltonian commutes with itself at
all times,

[H (t1), H (t2)] = 0 ∀t1, t2 ∈ [t0, t f ],

then H̄ (n) = 0 for n � 2 and the expansion is exact at the first
order.

Another property of the expansion that aids in the de-
velopment of our simulation protocol is the fact that a
symmetric Hamiltonian, where H (t ) = H (t f − (t − t0)) for
all t ∈ [t0, t f ], will yield exactly zero for all even-ordered
terms in the expansion, that is, H̄ = H̄ (1) + H̄ (3) + · · · [70].

Lastly, given a sequence of time-independent Hamiltoni-
ans {H1, H2, . . . , HN }, or, as in the case of the analog-digital
protocol, a Hamiltonian where the evolution is driven in
pulsed segments that can themselves be approximated by
time-independent Hamiltonians with AHT, the integrals above
can be replaced by sums:

H̄ (1)
disc = 1

N

N∑
i=1

Hi, (A7)

H̄ (2)
disc = 1

2iN

N∑
i=2

i−1∑
j=1

[Hi, Hj]T, (A8)

where we have omitted the third-order term for simplicity, and
where we have assumed that all Hamiltonians in the sequence
are active for the same duration T . The “disc” subscript is
only to distinguish this discrete average Hamiltonian from the
integral definitions above.

APPENDIX B: ANALOG DETUNED DRIVE ROTATING
FRAME TRANSFORMATION AND PHASE RAMPING

DERIVATION

In the analog protocol, the driven transmon Hamiltonian
approximates the Abelian Higgs Hamiltonian in the frame of
the drive, after accounting for the fact that the drive frequency
is time-dependent. This appendix expands on the transfor-
mation into the drive frame and derives the phase ramping
required to produce an instantaneous detuning with a particu-
lar envelope. We start with the laboratory frame Hamiltonian
of the driven transmon, truncated to three levels:

HLF
k (t ) = H0

k + Hdrive
k (t )

= ω01|1〉〈1| + (ω01 + ω12)|2〉〈2|
+ V (t )(i|1〉〈0| + iλ|2〉〈1| + H.c.). (B1)

For time-independent detunings, V (t ) can be defined
as in the main text, V (t ) = ∑2

i=1 
i(t ) cos(ωd
i t + φi ) =∑2

i=1 
i(t ) cos[(ωi−1,i − �i )t + φi]. Here we use a more gen-
eral expression,

V (t ) =
2∑

i=1


i(t ) cos[ωi−1,it + δφi(t ) + φi], (B2)

where the (now potentially time-dependent) detuning has been
absorbed into a time-dependent phase. The rotating frame
transformation is defined in a similar manner to the time-
independent case:

HDF = U †
DHLFUD − iU †

D∂tUD, (B3)

where now

UD(t ) =
⎛
⎝1 0 0

0 e−i(ω01t+δφ1(t )) 0
0 0 e−i((ω01+ω12 )t+δφ1(t )+δφ2(t )

⎞
⎠.

(B4)

This produces the following rotated Hamiltonian, without tak-
ing the RWA:

HDF
k (t ) = − δφ̇1|1〉〈1| − (δφ̇1 + δφ̇2)|2〉〈2|

+ i

2
(
1e−iφ1 + 
1e2i(ω01t+δφ1(t ))+iφ1

+ 
2ei(ω01t+δφ1(t )+ω12t+δφ2(t ))+iφ2

+ 
2ei(ω01t+δφ1(t )−ω12t−δφ2(t ))−iφ2 )|1〉〈0|

+ iλ

2
(
2e−iφ2 + 
2e2i(ω12t+δφ2(t ))+iφ2

+ 
1ei(ω12t+δφ2(t )+ω01t+δφ1(t ))+iφ1

+ 
1ei(ω12t+δφ2(t )−ω01t−δφ1(t ))−iφ1 )|2〉〈1| + H.c.

The oscillating terms involving the sums of frequencies
ω01 and ω12 can be dropped safely under the same condi-
tions as the standard RWA, assuming 
 
 ω01 + ω12 ≈ 2ω01.
The terms involving the difference of the two frequencies,
however, introduce a stricter condition for the RWA: 
 

|ω01 − ω12| (where we have already required that the oscilla-
tion due to the δφ(t ) terms is small because the detunings must
be much smaller than the magnitude of the anharmonicity).
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In the experiments presented here, we have 
/|ω01 − ω12| ∼
4 × 10−3 in the single-qutrit experiment and 
/|ω01 − ω12| ∼
4 × 10−4 in the two-qutrit experiment, which both meet the
stricter RWA requirement. When the RWA conditions are met,
all oscillating terms can be dropped and the rotating frame
Hamiltonian can be approximated as

HDF
k (t ) ≈ −δφ̇1|1〉〈1| − (δφ̇1 + δφ̇2)|2〉〈2|

− i

2

1|0〉〈1| − iλ

2

2|1〉〈2| + H.c. (B5)

The derivatives of the phase accumulation functions can
be seen to play the same role as the detunings in the time-
independent case, Eq. (8), so we can define �i(t ) = δφ̇i(t ) to
obtain

HDF
k (t ) ≈ − �1(t )|1〉〈1| − (�1(t ) + �2(t ))|2〉〈2|

+ i

2

1|0〉〈1| + iλ

2

2|1〉〈2| + H.c. (B6)

This implies that, given a desired �(t ), we must ramp the
phase on the drives according to δφ(t ) = ∫ t

0 �(t ′) dt ′ [110].
Further, for a sequence of pulses, we find that to maintain a
consistent phase reference with the detuned frame we must
ensure that the phase accumulations δφ(t ) are maintained
from the end of one pulse to the start of the next.

The envelope function used for both the analog pulses and
the π02 gates was a flat-topped pulse with a cosine-shaped rise
and fall, given by

AT (t ) =

⎧⎪⎪⎨
⎪⎪⎩

a sin2
(

πt
2rT

)
, 0 � t < rT

a, rT � t < (1 − r)T

a sin2
(

π (T −t )
2rT

)
, (1 − r)T � t � T

, (B7)

where r is the fraction of the pulse each ramp occupies and
a is the normalization factor 1/(1 − r), which results in a
total area of

∫ T
0 AT (t ) dt = T . For the π02 gates, we also

incorporated a second-order DRAG correction [110,111] to
reduce the effects of off-resonant excitations.

APPENDIX C: DISPERSIVE INTERACTION RATE
CALCULATIONS

The effective dispersive interaction between two capaci-
tively coupled transmon qutrits can be approximately derived
from the time-independent bare system Hamiltonian,

Hsys = H0
A + H0

B + HAB, (C1)

where H0
A and H0

B are the bare Hamiltonians of transmons
A and B, respectively, and HAB = Jn̂An̂B ≈ J (âAâ†

B + â†
AâB)

represents the bare capacitive coupling, where we have al-
ready taken the rotating wave approximation, with â†

k =∑d
i=1 μk,i|i〉〈i − 1|, the raising operator for the energy eigen-

states of transmon k ∈ {A, B} with dimensionless charge
matrix elements μk,i ≈ √

i [47]. In practice, we do not use
the

√
i approximation, and instead use values calculated

from numerical diagonalization of the transmon Hamiltonian
[112,113].

We can use second-order time-independent perturbation
theory [114] to approximately diagonalize the two-transmon

Hamiltonian H̃sys and arrive at the effective energy level shifts
in the absence of any drive. Note that we must take both
transmon Hamiltonians to at least eigenstate |3〉 (four level
approximation) for accurate estimates of the shifts on the first
three levels. The diagonalized Hamiltonian can be expressed
generally as

Hsys ≈ H0
A + H0

B +
d−1∑

i, j=0

εi, j |i j〉〈i j|. (C2)

After absorbing the shifts that correspond to redefining the
transition frequencies of each of the two transmons into H0

A →
H0′

A and H0
B → H0′

B , we arrive at

Hsys ≈ H0′
A + H0′

B + Hck, (C3)

with the cross-Kerr interaction Hamiltonian,

Hck = α0
11|11〉〈11| + α0

12|12〉〈12|
+ α0

21|21〉〈21| + α0
22|22〉〈22|, (C4)

with rates given by the perturbation theory:

α0
11 = J2

(
μ2

A,1μ
2
B,2

ωA
1 − ωB

2

− μ2
A,2μ

2
B,1

ωA
2 − ωB

1

)
, (C5)

α0
12 = −J2

[
μ2

A,2μ
2
B,2

ωA
2 − ωB

2

+μ2
A,1

(
μ2

B,1

ωA
1 − ωB

1

− μ2
B,2

ωA
1 − ωB

2

− μ2
B,3

ωA
1 − ωB

3

)]
,

(C6)

α0
21 = J2

[
μ2

A,2μ
2
B,2

ωA
2 − ωB

2

+μ2
B,1

(
μ2

A,1

ωA
1 − ωB

1

− μ2
A,2

ωA
2 − ωB

1

− μ2
A,3

ωA
3 − ωB

1

)]
,

(C7)

α0
22 = −J2

[
μ2

A,2

(
μ2

B,1

ωA
2 − ωB

1

− μ2
B,3

ωA
2 − ωB

3

)

−μ2
B,2

(
μ2

A,1

ωA
1 − ωB

2

− μ2
A,3

ωA
3 − ωB

2

)]
. (C8)

For the sake of visual simplicity, in this section we represent
the transition frequency between levels i − 1 and i as ωi ≡
ωi−1,i.

To modify the interaction rates, we use Stark drives at
frequency ωS applied to both qutrits. This method has been
used to produce controlled-Z gates in both superconducting
qubit [115,116] and qutrit devices [78]. For convenience, we
review the perturbation analysis of the method here.

We start with a two-transmon Hamiltonian in the labora-
tory frame with Stark drives on both transmons,

H̃LF
sys = H0

A + HStark
A (t ) + H0

B + HStark
B (t ) + HAB, (C9)

where the Stark drive Hamiltonian for each transmon, as-
suming the rotating wave approximation from the outset, is
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given by

HStark
k (t ) = i
0

S,k cos (ωSt + φk )(â†
k − âk )

≈ i

0

S,k

2
(e−i(ωSt+φk )â†

k − ei(ωSt+φk )âk ). (C10)

We can obtain a time-independent RWA Hamiltonian by ro-
tating into the frame of the drive on both transmons with
US = US,A ⊗ US,B and US,k = ∑d

n=0 einωSt |n〉〈n|, arriving at
a time-independent Hamiltonian in the frame of the Stark
drive,

H̃SF
sys ≈

(
d∑

i=1

εA
i |i〉〈i|

)
⊗ I + I ⊗

⎛
⎝ d∑

j=1

εB
j | j〉〈 j|

⎞
⎠

+
(

i
d∑

i=1

μA,i

0

S,Ae−iφA

2
|i〉〈i − 1|

)
⊗ I

+ I ⊗
⎛
⎝i

d∑
j=1

μB, j

0

S,Be−iφB

2
| j〉〈 j − 1|

⎞
⎠

+ J
d∑

i, j=1

μA,iμB, j |i〉〈i − 1| ⊗ | j − 1〉〈 j| + H.c.,

(C11)

where we define εk
j ≡ ∑ j

j′=1(ωk
j′ − ωS ) = ∑ j

j′=1 �k
j′ and

�k
i ≡ ωk

i−1,i − ωS . That is, the effective energy terms in
the rotated frame are the cumulative sums of the detun-
ings of each successive transition from the Stark drive
frequency.

The Hamiltonian can now be perturbatively diagonal-
ized to third order, and then rotated back to the laboratory
frame with the inverse transformation U †

S , resulting in
an effectively diagonal Hamiltonian with modified interac-
tion rates and Stark-shifted transition frequencies on both
transmons,

H̃LF
sys ≈ H̃0′

A + H̃0′
B + H̃ck. (C12)

The coefficients in the modified interaction Hamiltonian H̃ck

are

α̃11 = J
0
S,A
0

S,B cos(δφ)

{
μ2

A,1

�A
1

(
2μ2

B,1

�B
1

− μ2
B,2

�B
2

)

− μ2
A,2

2�A
2

(
2μ2

B,1

�B
1

− μ2
B,2

�B
2

)}
+ α0

11, (C13)

α̃12 = J
0
S,A
0

S,B cos(δφ)

{
μ2

A,1

�A
1

(
μ2

B,1

�B
1

+ μ2
B,2

�B
2

− μ2
B,3

�B
3

)

− μ2
A,2

2�A
2

(
μ2

B,1

�B
1

+ μ2
B,2

�B
2

− μ2
B,3

�B
3

)}
+ α0

12, (C14)

α̃21 = J
0
S,A
0

S,B cos(δφ)

{
μ2

B,1

�B
1

(
μ2

A,1

�A
1

+ μ2
A,2

�A
2

− μ2
A,3

�A
3

)

− μ2
B,2

2�B
2

(
μ2

A,1

�A
1

+ μ2
A,2

�A
2

− μ2
A,3

�A
3

)}
+ α0

21, (C15)

α̃22 = J
0
S,A
0

S,B cos(δφ)

{
μ2

A,1

2�A
1

(
μ2

B,1

�B
1

+ μ2
B,2

�B
2

− μ2
B,3

�B
3

)

+ μ2
A,2

2�A
2

(
μ2

B,1

�B
1

+ μ2
B,2

�B
2

− μ2
B,3

�B
3

)

− μ2
A,3

2�A
3

(
μ2

B,1

�B
1

+ μ2
B,2

�B
2

− μ2
B,3

�B
3

)}
+ α0

22, (C16)

where δφ is the phase difference between the Stark drives,
δφ = φA − φB. The local frequency shifts in H̃0′

k are the stan-
dard AC-Stark shifts [117] of a multilevel ladder-type system
subjected to an off-resonant drive at ωS , that is, ω̃i−1,i =
ωi−1,i + δS

i−1,i, where

δS
i−1,i = −1

4

μ2
i−1


2
S

�i−1
+ 1

2

μ2
i 


2
S

�i
− 1

4

μ2
i+1


2
S

�i+1
,

and we take μ0 ≡ 0. We measure these local shifts with Ram-
sey experiments and compensate for them by adjusting the
detunings of the on-site simulation drives.

Given the above expressions for α̃i j (
0
S,A,
0

S,B, ωS, δφ),
we now perform a transformation of variables to simplify the
engineering of the desired Lz ⊗ Lz interaction Hamiltonian.
For convenience, we will use an intermediate representation
that better respects the structure of the target Hamiltonian. By
analogy with the definition of the αi j in terms of the energy
levels of the two-transmon system, αi j = (εi j − εi0) − (ε0 j −
ε00), we can define instead ζi j = (εi j − εi1) − (ε1 j − ε11),
which contain the same information as the αi j , but reference
energy levels from the |11〉 state, rather than the |00〉 state of
the two-transmon system. By substituting the expressions for
αi j into this definition, we find four nonzero ζi j :

ζ00 = α11, ζ02 = α11 − α12, ζ20 = α11 − α21,

ζ22 = (α22 − α21) − (α12 − α11). (C17)

This procedure effectively redefines the transition frequencies
of the individual transmons, as outlined in the main text, and
results in a Hamiltonian that is equivalent to that given in
Eq. (14), represented in a different basis:

H ′
ck = ζ00|00〉〈00| + ζ02|02〉〈02|

+ ζ20|20〉〈20| + ζ22|22〉〈22|. (C18)

From here, it is a matter of inspection to define the zi j coef-
ficients in terms of the ζi j and hence the αi j . This relationship
can be represented by the matrix equation,⎛

⎜⎜⎝
z11

z12

z21

z22

⎞
⎟⎟⎠ = 1

4

⎛
⎜⎜⎝

1 −1 −1 1
1 1 −1 −1
1 −1 1 −1
1 1 1 1

⎞
⎟⎟⎠
⎛
⎜⎜⎝

ζ00

ζ02

ζ20

ζ22

⎞
⎟⎟⎠. (C19)

To identify candidate Stark drive frequencies and am-
plitudes, we perform a numerical search for zero crossings
with the perturbation theory expression for the driven
z̃22(
0

S,A,
0
S,B, ωS, δφ). We simplify the parameter space by

restricting δφ to two values δφ ∈ {0, π}, and by requiring that

0

S,A = 
0
S,B = 
0

S . We find that for the two transmons used
here (in the straddling regime), there exist several ranges of
frequencies that admit z̃22 = 0 for a given drive amplitude. As
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FIG. 8. Third-order perturbation theory results for the driven interaction rates, based on the experimentally measured spectra of the two
transmons used in the analog-digital experiment, plotted vs frequency for different Stark drive amplitudes 
0

S and phase differences δφ ∈
{0, π}. Transition frequencies of each transmon k ∈ {A, B}, f k

i j = ωk
i j/2π are marked with vertical lines. Expressions for the driven rates

z̃11(
0
S, ωS, δφ) and z̃22(
0

S, ωS, δφ) can be obtained from Eqs. (C13)–(C16). The solid red vertical line indicates the frequency of the Stark
drive used in this experiment.

can be seen in Fig. 8, we see the strongest response in z̃22 when
ωB

12 < ωS < ωA
12. We find that the perturbation theory results

agree at least qualitatively with the experiment when not driv-
ing too close to any transition frequencies, and are therefore
a useful starting point for the calibration. Experimental cal-
ibration of the amplitudes is described in Appendix D; see
Fig. 10(b).

APPENDIX D: ENTANGLING RATE MEASUREMENT
PROTOCOLS

To measure the coefficients of the entangling Hamiltonian
experimentally, we use a series of modified JAZZ/BIRD se-
quences [75,76] that can both extract the individual entangling
rates and decouple from small transition frequency offsets
produced by miscalibration or slow drifts.

For two qutrits, each entangling rate ζi j (i, j ∈ {0, 2})—
defined in Eq. (C18) and related to the original cross-Kerr
entangling rates αi j (i, j ∈ {1, 2}) in Eq. (C17)—can be ex-
tracted from the Ramsey oscillations of an individual JAZZ
sequence, as shown in Fig. 9, where the sequences for dif-
ferent i, j only differ by the choice of subspace for the π/2
pulses and the π pulses that echo any unconditional frequency
shifts.

To unambiguously determine the sign of the JAZZ Ram-
sey frequencies, we add an “artificial detuning” δart to the
Ramsey sequence by varying the phase of the final π/2
pulse as θ (T ) = ±δartT , where T is the (varying) duration of
each evolution period in the sequence [118], and we perform
each JAZZ Ramsey experiment twice: once with +δart, and
once with −δart. Specific to this particular decoupling pulse
protocol, the sign of the measured JAZZ Ramsey frequencies
is reversed for i = 2, which must be compensated for.

The frequency of oscillation in a single JAZZ measurement
for a particular ζi j is then ω±

JAZZ,0 j = | ± δart − ζ0 j | for i = 0

or ω±
JAZZ,2 j = | ± δart + ζ2 j | for i = 2. Under the assumption

that the magnitude of the artificial detuning is larger than
the magnitude of the frequency to be measured, the signed
entangling rate can be estimated by

ζi j =
⎧⎨
⎩

ω−
JAZZ,i j−ω+

JAZZ,i j

2 , i = 0

ω+
JAZZ,i j−ω−

JAZZ,i j

2 , i = 2.

(D1)

Individual JAZZ Ramsey measurement results for the driven
rates ζ̃i j are shown in Fig. 9 below each corresponding circuit
diagram.

In addition, the more complicated sequence given in
Fig. 10(a), with eight periods of evolution, can be shown to
produce oscillations at the sum of the ζi j interaction rates,
providing an estimate of z22 = 1

4 (ζ00 + ζ02 + ζ20 + ζ22) in a
single experiment. This allows for efficient calibration of the
Stark drive amplitudes required to produce the condition z22 =
0, as shown in Fig. 10(b).

Finally, to calibrate the local frequency shifts produced by
the Stark drives on the two transmons, we perform simple
Ramsey experiments on each transition of each transmon with
the Stark drive active during the wait period. These measure-
ments are performed while the other transmon is in the |1〉
state, to directly provide the frequencies required by the frame
shift of Eq. (14) and also described in Appendix C.

APPENDIX E: ANALOG-DIGITAL SIMULATION
COHERENCE TIMES AND HEURISTIC AVERAGE

DECAY MODEL

The coherence times and other relevant parameters of the
two transmons used in the analog-digital experiment are given
in Table II.

In the single qutrit experiment, we assume Markovian
noise processes and model decoherence with the Lindblad
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FIG. 9. JAZZ sequence circuit diagrams and measurement results to estimate Stark-driven ζ̃i j entangling rates. Each circuit is run twice,
with θ (T ) = ±δart.T (+: blue circles, solid line fit; −: red crosses, dashed line fit), and the signed values of ζi j are extracted from exponentially
decaying cosine fits of the two measurements. The artificial detuning was δart/2π = 1 MHz for all measurements. These measurements were
taken with a calibrated Stark drive, yielding z̃22 = 1

4 (ζ̃00 + ζ̃02 + ζ̃20 + ζ̃22) ≈ −2 kHz.

master equation [120]

ρ̇ = −i[H, ρ] +
∑

α

�α

(
LαρL†

α − 1

2
L†

αLαρ − 1

2
ρL†

αLα

)

≡ L(ρ), (E1)

where the Hamiltonian is taken to be the single-qutrit Hamil-
tonian in Eq. (7), L(·) is the Liouville superoperator, and the
transmon’s Lindblad jump operators [68,121]

L10 = |0〉〈1|, L11 = |1〉〈1|,
L21 = |1〉〈2|, L22 = |2〉〈2|, (E2)

describe the decay of the excited states (L10, L21) and pure de-
phasing (L11, L22). The corresponding rates �i j are calculated
from the coherence times reported in Table II as

�10 = (
T 01

1

)−1
, �11 = (

T 01
2

)−1 − 1
2

(
T 01

1

)−1
,

�21 = (
T 12

1

)−1
, �22 = (

T 12
2

)−1 − 1
2

(
T 12

1

)−1
. (E3)

In the two-qutrit experiment, we alternate long periods
of evolution (TE = 800 ns) with relatively brief unitary op-
erations (Tg = 60 ns) to approximate the time-independent

Hamiltonian HAHM. To account for decoherence with a time-
independent master equation model, we assume a modified set
of Lindblad jump operators, which we justify here.

During each evolution period between flips, the evolution
can be formally written ρ(t ) = eLt (ρ(0)) [122]. By preced-
ing the evolution period with the application of a unitary U
and following it with the inverse U †—both assumed to be
instantaneous—we can write the new evolution as

ρ̃(t ) = U†(eLt [U (ρ(0))]), (E4)

where we define the superoperator U (·) = U · U †. By expand-
ing the exponential operator, we can see that U , U† can be
absorbed into the exponential:

U†(eLt [U (·)]) = eU
†LtU (·), (E5)

leading to a new Liouvillian:

(U†LU )(ρ) = −iU †[H,UρU †]U +
∑

α

�αU †

(
LαUρU †L†

α

− 1

2
L†

αLαUρU † − 1

2
UρU †L†

αLα

)
U
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FIG. 10. Circuit diagram and calibration measurement for the Stark drive amplitude. (a) “Total JAZZ” sequence, designed to produce
oscillations in T at a frequency corresponding to ζ00 + ζ02 + ζ20 + ζ22 = 4z22. The circuit is split into two lines for clarity. The “shift” gate
Xd = ∑d−1

n |n + 1 (mod d )〉〈n| (see, e.g., [83,119]) can be performed on a qutrit with two π pulses: X3 = π 01
x π 12

x . (b) Stark drive amplitude
calibration measurement with the “Total JAZZ” sequence. Given a particular ωS , we perform the circuit in (a) for varying Stark drive amplitudes

0

S and varying drive durations T . At each value of 
0
S , the Ramsey oscillations in the left panel are fit with an exponentially decaying cosine

function, and the resulting oscillation frequencies, with the artificial detuning of δart = 3 MHz subtracted, are shown in the right panel. The
frequencies are then fit with a quadratic as a function of 
0

S , and the zero crossing point is solved for analytically, providing the calibrated
Stark drive amplitude.

= −i[H̃, ρ] +
∑

α

�α

×
(

L̃αρL̃†
α − 1

2
L̃†

αL̃αρ − 1

2
ρL̃†

αL̃α

)

≡ L̃(ρ), (E6)

where we have defined the toggling frame Hamiltonian H̃ =
U †HU and jump operators L̃α = U †LαU .

Next, assuming the evolution time TE is short compared
to the timescales of the evolution—set by H and the �α—we
can approximate the exponential evolution under the Lindblad
equation to first order in TE as

ρ(TE ) = eLTE [ρ(0)] ≈ (1 + LTE )[ρ(0)]. (E7)

Then using ρ(TE ) as the initial state for evolution under L̃, we
find, again to first order,

ρ(2TE ) = eL̃TE [ρ(TE )] ≈ (1 + L̃TE )(1 + LTE )[ρ(0)]

= (1 + L̃TE + LTE + L̃LT 2
E )[ρ(0)]

≈ (1 + L̃TE + LTE )[ρ(0)]

≈ e(L̃+L)TE [ρ(0)]. (E8)

The effective average Liouville operator for the evolution over
two periods is then

1

2
(L̃ + L)(ρ) = − i

1

2
[H + H̃ , ρ]

+ 1

2

∑
α

�α

(
LαρL†

α− 1

2
L†

αLαρ− 1

2
ρL†

αLα

)

+ 1

2

∑
α

�α

(
L̃αρL̃†

α− 1

2
L̃†

αL̃αρ− 1

2
ρL̃†

αL̃α

)

≈Leff (ρ). (E9)

The Hamiltonian part of the operator is the first-order average
Hamiltonian as discussed in the main text, and the set of jump
operators Lα are defined for each qutrit as in Eq. (E2).

Because the Lindblad equation assumes Markovianity, we
expect this average-Lindblad model to miss potential dynam-
ical decoupling effects due to the periodic pulses. However,
the level of agreement found between numerical evolution
of the model and the data indicates that such effects do not
significantly contribute to the evolution here.

042462-18



HYBRID ANALOG-DIGITAL SIMULATION OF THE … PHYSICAL REVIEW A 114, 042462 (2026)

APPENDIX F: ERROR ANALYSIS IN ANALOG-DIGITAL
SIMULATION

In this appendix we apply average Hamiltonian theory
(AHT) to analyze coherent errors in the two-qutrit analog-
digital protocol. We address two distinct sources of error:
(1) errors arising from the failure of the time-varying terms
in the Stark-driven Hamiltonian to commute with each other
over the course of a single pulse, and (2) errors aris-
ing from higher-order terms in the dynamical decoupling
sequence.

To analyze the errors within the pulse originating from
pulse shaping, we start with the system Hamiltonian in the
drive frame from Eq. (17):

Hsys(t ) = A(t )

(
�0L2

z + 
0√
2

Lx

)
⊗ I

+ I ⊗ A(t )

(
�0L2

z + 
0√
2

Lx

)

+ A(t )
2∑

i j=1

δzi jL
i
z ⊗ L j

z +
2∑

i j=1

z0
i jL

i
z ⊗ L j

z , (F1)

where we define A(t )δzi j = z̃i j (t ) − z0
i j as the part of the en-

tangling Hamiltonian that depends on the Stark drives (see
Appendix C). Throughout this section, superscripts on the
Lα operators will indicate powers, with the site index indi-
cated by their position relative to the ⊗ symbol. Because the
time-dependent parts of the Hamiltonian are all constructed to
vary with the same envelope A(t ) (see the main text), we can
write

Hsys(t ) = A(t )M1 +
2∑

i j=1

z0
i jL

i
z ⊗ L j

z ≡ H (t ) + H0, (F2)

where M1 contains the structure of the time-dependent part
of Eq. (F1). We are then interested in taking the Mag-
nus expansion of this Hamiltonian to third order to get the
effective time-independent Hamiltonian that describes the
evolution over a single evolution period. See Eqs. (A4)–
(A6) in Appendix A for definitions of the first several terms
in the Magnus expansion. The first-order term is given
in Eq. (18), and the higher order terms produce coherent
errors.

We first compute the commutators for the integrands of
the second and third-order terms. Using the division of our
Hamiltonian into a time-dependent and a time-independent
part, we can simplify our calculation of the commutators
with [H0, H0] = 0 and [H (t ), H (t ′)] = A(t )A(t ′)[M1, M1] =
0, thus the only contributions will come from the
commutator of the time-independent and time-dependent
parts and their nested commutators. With that we can
write

[Hsys(t ), Hsys(t
′)] = [H (t ), H0] − [H (t ′), H0]

≡ C10(t ) − C10(t ′),

where we define C10(t ) for later convenience. The subscript
refers to the time-dependence of the terms in the (nested)
commutator sequence, where we use 1 to denote H (t ) and a 0

denotes H0. Similarly, for the third-order commutators,

[Hsys(t ), [Hsys(t
′), Hsys(t

′′)]]

= [Hsys(t ), C10(t ′)] − [Hsys(t ), C10(t ′′)]

= [H (t ), C10(t ′)] − [H (t ), C10(t ′′)]

+ [H0, C10(t ′)] − [H0, C10(t ′′)]

≡ C110(t, t ′) − C110(t, t ′′) + C010(t ′) − C010(t ′′),

[[Hsys(t ), Hsys(t
′)], Hsys(t

′′)]

= −[Hsys(t
′′), [Hsys(t ), Hsys(t

′)]]

≡ C110(t ′′, t ′) − C110(t ′′, t ) + C010(t ′) − C010(t ).

Finally, we need to evaluate the forms of the operators C10(t ),
C110(t, t ′), and C010(t ) before computing the integrals. The
second-order commutator can be written

C10(t ) = A(t )

√

2

∑
i j

z0
i j

([
Lx, Li

z

]⊗ L j
z + Li

z ⊗ [
Lx, L j

z

])
≡ A(t )M2.

The third-order commutators are

C010(t ) = −A(t )

0√

2

∑
i j

z0
i j

∑
kl

z0
kl

([
Li

z,
[
Lx, Lk

z

]]⊗ Ll+ j
z

+ Lk+i
z ⊗ [

L j
z ,
[
Lx, Ll

z

]]) ≡ A(t )M3,1,

C110(t, t ′) = A(t )A(t ′)

0√

2

∑
i j

z0
i j

{

0√

2

([
Lx,

[
Lx, Li

z

]]⊗ L j
z

+ Li
z ⊗ [

Lx,
[
Lx, L j

z

]])+ �0
([

L2
z ,
[
Lx, Li

z

]]
⊗ L j

z + Li
z ⊗ [

L2
z ,
[
Lx, L j

z

]])
+
∑

kl

δzkl
([

Lk
z ,
[
Lx, Li

z

]]⊗ L j+l
z + Li+k

z

⊗ [
Ll

z,
[
Lx, L j

z

]])+ 2

0√

2

[
Lx, Li

z

]⊗ [
Lx, L j

z

]}

≡ A(t )A(t ′)M3,2.

With that in hand, the first-order term in the Magnus ex-
pansion can be written as

H̄ (1) = B(T )

T

[(
�0L2

z + 
0√
2

Lx

)
⊗ I+I ⊗

(
�0L2

z + 
0√
2

Lx

)

+
∑

i j

δzi jL
i
z ⊗ L j

z

]
+
∑

i j

z0
i jL

i
z ⊗ L j

z = M1 + H0,

(F3)

where B(t ) ≡ ∫ t
0 A(t ′) dt ′ and B(T ) = T by definition. The

second-order term becomes

H̄ (2) = M2

2iT

∫ T

0

∫ t

0
A(t ) − A(t ′) dt ′ dt

= M2

2iT

∫ T

0
[tA(t ) − B(t )] dt . (F4)
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For any A(t ) symmetric around t = T/2, this integral eval-
uates to H (2) = 0. And, finally, the third-order term can be
written as

H̄ (3) = −1

6T

∫ T

0

∫ t

0

∫ t ′

0
(C110(t, t ′) + C110(t ′′, t ′)

+ C010(t ) − 2C010(t ′) + C010(t ′′)) dt ′′ dt ′ dt

= −1

6T

∫ T

0

∫ t

0

∫ t ′

0
(A(t )A(t ′) + A(t ′)A(t ′′))M3,2

+ (A(t ) − 2A(t ′) + A(t ′′))M3,1 dt ′′ dt ′ dt

= α(r, T )M3,2 + β(r, T )M3,1, (F5)

where α(r, T ) and β(r, T ) are functions of the ramp fraction
and the evolution time only and, for the envelope defined in
Eq. (B7), are given by

α(r, T ) = T 2 (33 − 6π2)r3 + 3r2(π2 − 8) + 6π2r − 4π2

72π2(1 − r)2
,

β(r, T ) = rT 2

12

[
1 +

(
12

π2
− 2

)
r

]
.

Taking the fact that all parameters in the Hamiltonian for
the analog-digital two-qutrit experiment were on the order
of 100 kHz, and using the evolution time T = TE = 800 ns,
we can estimate the total contribution of H̄ (3) to be |H̄ (3)| <

0.1 kHz.
We now compute the errors due to higher-order terms

in the dynamical decoupling sequence. We assume that the
sequence alternates between time-independent Hamiltonians
H̄sys and H̃sys = U †

02H̄sysU02, where U02 = π02 ⊗ π02 is con-
sidered to be instantaneous and perfect. Considering the
order of magnitude of the error terms found above, we will
simplify the calculation with the assumption that H̄sys is
well approximated by the first-order term Eq. (F3). We can
then use the discrete effective average Hamiltonian H̄disc ≈
H̄ (1)

disc + H̄ (2)
disc with Hamiltonian terms defined in Eqs. (A7)

and (A8).
The first-order term,

H̄ (1)
disc =

(
�0L2

z + 
0√
2

Lx

)
⊗ I + I ⊗

(
�0L2

z + 
0√
2

Lx

)

+ z̃11Lz ⊗ Lz + z̃22L2
z ⊗ L2

z , (F6)

produces the target Hamiltonian HAHM when we account for
the calibration z̃22 ≈ 0. To compute the second-order term, we
first observe that the only terms affected by conjugating with
U02 are the odd-parity interaction terms LzL2

z and L2
z Lz, and,

second, we observe that the only terms that do not commute
with those are the on-site drives Lx. This simplifies the calcu-
lation of the commutator:

H̄ (2)
disc = − 
0T

2

{
z̃12
(
Ly ⊗ L2

z + Lz ⊗ [
Lx, L2

z

])
+ z̃21

([
Lx, L2

z

]⊗ Lz + L2
z ⊗ Ly

)}
. (F7)

The order of magnitude of these errors, given the parameters
of the two-qutrit experiment, is roughly 10% of the z̃11 interac-
tion strength. Time-independent numerical simulations of the
second-order average Hamiltonian show that this error term

produces an analog evolution unitary fidelity of ∼97% after
a single Floquet step, relative to the ideal target Hamiltonian.
This is the dominant coherent error term.

In addition to coherent errors due to higher-order terms in
the Magnus expansion, we have estimated the infidelity of the
π02 pulses used in this experiment to be 1 − F ∼ 0.5%, based
on repeated application of the gate. Numerical simulations of
the gate on two qutrits suggest that this degree of infidelity is
driven primarily by decoherence during the 60 ns π02 pulses
and “quantum crosstalk” arising from the static dispersive
interaction [123]. While these interaction terms are desired
during the long periods of analog simulation, they are a source
of error during the digital gates between those periods. We
find minimal leakage to higher transmon states due to the
relatively low pulse amplitudes and the use of DRAG pulses
optimized for leakage prevention [110,111].

Remaining error sources we have not analyzed rigorously
include the breakdown of the instantaneous frame-change as-
sumption due to non-zero duration of the U02 pulses [59,124]
and the validity of the adiabatic condition during the Stark
drive ramps. We expect these error sources to be a rel-
atively small contribution to the total error based on the
good agreement to the time-independent average Hamiltonian
simulations.

APPENDIX G: DEVICE-SPECIFIC DETAILS
OF THE DIGITAL QUANTUM SIMULATOR

In this appendix, we provide the matrix representation of
the quantum operations that are the building blocks of our
theory and provide the basis gate set that are available in
the AQT device where we performed our digital quantum
simulation.

Single qutrit operations in the Abelian Higgs model are
realized by the following quantum operations:

Mz = diag( exp(iθ ), 1, exp(iθ )) (G1)

and

Mx =

⎛
⎜⎜⎜⎝

cos2
(

φ

2
√

2

) −i√
2

sin
(

φ√
2

) − sin2
(

φ

2
√

2

)
−i√

2
sin

(
φ√
2

)
cos

(
φ√
2

) −i√
2

sin
(

φ√
2

)
− sin2

(
φ

2
√

2

) −i√
2

sin
(

φ√
2

)
cos2

(
φ

2
√

2

)

⎞
⎟⎟⎟⎠; (G2)

whereas nearest-neighbor spin-1 Ising interaction terms are
the entangling operations

Mzz = diag(eiγ , 1, e−iγ , 1, 1, 1, e−iγ , 1, eiγ ). (G3)

We discussed the unitary decomposition of the above quantum
operations into elementary gates in the main text. For the
decomposition, we used the Gell-Mann matrices which are a
standard choice of generators for SU(3):

λ1 ≡ σ 01
x =

⎛
⎝0 1 0

1 0 0
0 0 0

⎞
⎠, λ2 ≡ σ 01

y =
⎛
⎝0 −i 0

i 0 0
0 0 0

⎞
⎠,

λ3 ≡ σ 01
z =

⎛
⎝1 0 0

0 −1 0
0 0 0

⎞
⎠, λ4 ≡ σ 02

x =
⎛
⎝0 0 1

0 0 0
1 0 0

⎞
⎠,
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(a) (b) (e) (f)

(c) (d) (g) (h)

(t) (t) (t) (t)

FIG. 11. Impact of error mitigation scheme is investigated in two experiments with different Trotter steps. A larger Trotter step (2π δt =
1.0) allows us to observe real-time dynamics longer times (a)–(d), whereas a smaller Trotter step (2π δt = 0.55) reduces Trotter error but limits
the accessible timescale (e)–(h). In both experiments, we find error mitigation schemes to be effective in improving fidelity of our quantum
operations on average. For both experiments, we present here raw hardware data (Device), error-mitigated device data with randomized
compilation (RC), data with randomized compilation and numerical purification (RC+purified), and compare them with exact diagonalization
(Exact) for qutrit A (Maroon) and qutrit B (Red). Expectation values are computed for an initial state |21〉. We note that statistical errors in our
experiments are insignificant compared to other sources of error in the experiment. Statistical error scales as the inverse of the square root of
the number of shots and thus statistical errors in our experiment are of the order ∼ 1√

1024×30
∼ 0.006.

λ5 ≡ σ 02
y =

⎛
⎝0 0 −i

0 0 0
i 0 0

⎞
⎠, λ6 ≡ σ 12

x =
⎛
⎝0 0 0

0 0 1
0 1 0

⎞
⎠,

λ7 ≡ σ 12
y =

⎛
⎝0 0 0

0 0 −i
0 i 0

⎞
⎠, λ8 = 1√

3

⎛
⎝1 0 0

0 1 0
0 0 −2

⎞
⎠.

These are Hermitian matrices with zero trace, and orthogonal
under trace. The Gell-Mann matrices (λi ) constitute a viable
set of generators of SU(3), providing universal control for a
single qutrit. For convenience, we define an additional Hermi-
tian operator, σ 12

z ≡ − 1
2λ3 −

√
3

2 λ8, which is not orthogonal
to σ 01

z , but which corresponds to qubit-like rotations about
the z axis in the {|1〉, |2〉} subspace and is naturally imple-
mented by shifting the phase of the drive on the |1〉 ↔ |2〉
transition.

We can use either the two-qudit controlled-SUM or
controlled-Z gates for realizing the entangling operations,
given by [83]

UCSUM =
d−1∑
n=0

|n〉〈n| ⊗ X n
d , (G4)

= (I ⊗ H†
d )UCZ(I ⊗ Hd ), (G5)

UCZ =
d−1∑
n=0

|n〉〈n| ⊗ Zn
d , (G6)

where

Xd =
d−1∑
n=0

|n + 1 (mod d )〉〈n|, (G7)

Zd =
d−1∑
n=0

exp
(

i
2πn

d

)
|n〉〈n|, (G8)

Hd = 1√
d

d−1∑
n,m=0

exp
(

i
2π

d
nm

)
|n〉〈m|. (G9)

The CSUM and CZ gates are the qudit generalization of the
qubit CNOT and controlled-Z gate.

Our native gate for two-qutrit operations is the qutrit-CZ

gate defined by the unitary

UCZ =
2∑

i, j=0

ωi j |i j〉〈i j|, (G10)

where ω = ei2π/3 is the third root of unity. To realize the
gate on our device, we employ simultaneous off-resonant
microwave drives to realize a tunable cross-Kerr interaction in
our coupled qutrit system and employ dynamical decoupling
to engineer the specific target unitary of CZ. More information
on how the gate is performed can be found in Ref. [78]. We
use the same principle without the requirement that the final
unitary is UCZ to engineer the interaction Hamiltonian for the
analog-digital hybrid simulation.
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FIG. 12. Cycle benchmarking results for our two-qutrit CZ gate employed as the native entangling gate in the digital quantum simulations
of the Abelian Higgs model. (a) The violin plots of individual Weyl decay exponentials and their associated uncertainty. Both the SPAM
parameter (A) and the decay term (p) are fit for each prepared Weyl eigenstate. (b) The infidelity and uncertainty associated with each decay
term extracted from fitting the Weyl eigenstate decays from our CB circuits. Cycle benchmarking measures the combined error of the CZ gate
and the random Weyl gates used for twirling.

APPENDIX H: ERROR MITIGATION
IN QUTRIT-BASED SIMULATION

In this appendix we review the error mitigation scheme de-
veloped in earlier studies [63,125] which proved instrumental
for improving the time scale over which we could observe
dynamics. Our error strategy is twofold: first, we apply ran-
domized compilation to tailor our error model to be stochastic
Pauli noise (approximately depolarizing), and, second, we nu-
merically purify our expectation values using noise measured
by cycle benchmarking. In addition, readout error mitigation
is applied to reduce state preparation and measurement errors.
Data from the digital experiment is shown in Fig. 11 both with
and without mitigation steps to demonstrate the improvement
of the measured populations.

We can construct a stochastic channel efficiently by
sampling from a unitary-1 design [126]. We choose Weyl
(qudit Pauli) operators as the unitary-1 design to perform
twirling for randomized compilation. Weyl operators form
a group over SU(d ) with group elements defined as Wk,l =
ω−kl/2ZkX l where X and Z gates are defined by their ac-
tion on the occupation basis as |m〉 = {|0〉, |1〉, |2〉} such

that X |m〉 = |m ⊕ 1〉 and Z|m〉 = ωm|m〉, with ω = exp( i2π
3 ).

It is worth mentioning that using higher dimensional qu-
dits as our quantum computing unit does not increase the
overhead (number of twirling circuits) required to achieve
equal suppression of coherent noise with randomized compi-
lation [63]. To achieve effective coherent error suppression,
we perform 30 equivalent twirled circuits for each initial
circuit. In principle, employing randomized compiling does
not incur a runtime overhead as the number of desired
shots per circuit can be divided evenly over the twirled
circuits.

Our strategy after performing randomized compiling to
mitigate coherent noise is to learn and numerically purify the
incoherent noise in our system. Formally, incoherent noise
can be defined in terms of error rates associated with Weyl
channels. A Weyl channel can be expressed as

E (ρ) =
2∑

p,q=0

wp,qWp,qρW †
p,q

= w0,0ρ +
∑

p,q,p+q �=0

wp,qWp,qρW †
p,q. (H1)
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FIG. 13. Transpiler-compiled qubit-gate decomposition of the
different operations in the Trotterized evolution of the spin-1 trun-
cated AHM. With binary encoding, decomposition of the (a) Mz,
(b) Mx , and (c) Mzz operations are shown. Numerical rotation angles
of different operations are replaced with symbols for visual clarity.
Note the increase in the number of entangling operations for the
qubit decomposition compared to the qutrit decomposition and the
presence of nonlocal entangling operations in the qubit formulation.

We efficiently learn the error rate wp,q of the Weyl channels
Wp,q using cycle benchmarking [90]. Cycle benchmarking is
performed by executing the following steps:

(1) Prepare eigenstates of a randomly chosen Weyl
channel.

(2) Select a cycle (e.g., our native two-qudit gate) and re-
peat it N times. In between each cycle perform Weyl twirling
to turn the channel into a stochastic one.

(3) Measure the expectation value of the same Weyl oper-
ator after N times.

Repeating the steps for several layers (N) and initial choice
of Weyl eigenstates, the decay rate of each associated channel
can be measured by fitting its corresponding error curve. The
cycle benchmarking results of our two-qutrit CZ gate can be
found in Fig. 12.

We can estimate an effective depolarizing noise parameter
from the average of our Weyl decay terms measured by cy-
cle benchmarking. We note this simplified depolarizing noise
model for our system takes the form

ε(ρ) = λρ + (1 − λ)
I3

3N
. (H2)

As can be observed in Fig. 12, the fairly even distribution
of Weyl decay terms makes this a reasonable approximation.
To mitigate our incoherent noise, the estimated depolarization
strength is used to rescale the Z expectation values measured
from our twirled circuits, providing a more accurate esti-
mate of the observables. For a detailed discussion on Weyl
twirling and cycle benchmarking, readers are advised to con-
sult [63,127].

The impact of applying these mitigation schemes proved
instrumental in recovering useful dynamics. Fig. 11 demon-
strates how randomized compilation and purification im-
proved the estimate of the field operator estimates 〈Lz〉 and
〈L2

z 〉. It is clear that twirling itself is not always sufficient
to recover low-error estimates as decoherence dominates be-
yond very shallow circuit depths. A combination of mitigation
schemes namely, randomized compilation and purification,
proved essential in reducing coherent and incoherent errors.

APPENDIX I: RESOURCE ESTIMATION AND
COMPARISON WITH QUBIT-BASED SIMULATION

We provide arguments in this appendix on the advantages
of qutrit-based time-evolution of spin-1 quantum system over
qubit-based formulations.

To map an N-qutrit three-level system in a qubit platform,
we require N log2 3 qubit. A possible mapping of the spin-
1 eigenstates to the occupation basis using standard binary
encoding is

|m = 1〉 → |n = 00〉, |m = 0〉 → |n = 01〉,
|m = −1〉 → |n = 10〉. (I1)

←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
In the absence of all-to-all connectivity of the qubits, the number
of entangling operation increases further due to the presence of
additional SWAP gates between qubit pairs. Each SWAP operation
introduces three entangling gates, thus rendering the qubit decom-
position even more costly.
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FIG. 14. Two-qutrit analog-digital experimental results, extended. Data shown in Fig. 4(b) are excerpted from (h). Dotted lines show exact
evolution of the AHM under the Schrödinger equation, solid lines show evolution under the Lindblad model described in Appendix F, and
triangle markers are experimentally measured transmon eigenstate probabilities, after a statistical readout correction has been applied. Model
parameters were κ/2π = χ/2π = β/2π = 1, and the scale frequency for all measurements was t−1

s ≈ 110 kHz. Uncertainties are estimated
from shot noise σ ∼ 1/

√
Nshots where Nshots = 3000. Error bars are smaller than the markers.
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With this encoding, different quantum operations required to
implement the propagator of the AHM is shown in Fig. 13. We
did not investigate other encoding schemes for this study. It is
worth mentioning that there is no unique encoding scheme
that is advantageous for all sorts of different quantum opera-
tions [128]. We performed both analytic and transpiler-based
decomposition for each quantum operation for the standard
binary encoding. We find the decomposition obtained from
the Bqskit transpiler [129] optimal with fewer entangling op-
erations for all the cases. Two-qubit unitary synthesis of our
single qutrit operation Mi

x require two CNOT gates whereas
four-qubit decomposition of the original entangling operation
Mi

zz require 12 CNOT gates if we consider all-to-all topology
of qubits in the hardware. For the restricted topology, for
example with IBM’s Heron r3 processor, we require 30 CNOT

gates. This clearly demonstrates that for a matured technology
with comparable decoherence times, qutrit simulation would
be advantageous to that of qubit based simulation of the
Abelian Higgs and other SU(3)-based gauge theories, and
various spin-1 models.

APPENDIX J: ANALOG-DIGITAL SIMULATION
EXTENDED DATA

Qutrit eigenstate population data from the analog-digital
experiment starting in each of the bare two-qutrit eigenstates
is presented in Fig. 14, along with numerical simulations of
the ideal theoretical evolution and evolution under the average
Lindblad model. Expectation values 〈Lz〉 and 〈L2

z 〉 can be com-
puted from the difference and sum of P0 and P2, respectively.
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