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Long-distance entanglement distribution is hindered by photon loss in optical fibers and the no-cloning
theorem. Optical quantum repeater (QR) protocols rely on Bell-state measurements (BSMs); they are intrin-
sically limited to probabilistic photon operations and fail 50% of the time. We propose a hybrid approach to
building quantum repeaters that combines the high transmission speed of photonic qubits in optical fiber with
the high-fidelity quantum processing capabilities enabled by superconducting circuits. The transduction-enabled
superconducting QR (TESQR) architecture eliminates the need for probabilistic BSMs and allows deterministic
processing operations. The TESQR framework always yields a final state at the remote nodes rather than
aborting on photon loss, manifesting deterministic entanglement distribution within certain parameter regimes.
We evaluate the performance by assessing output-state fidelities and success probabilities of entanglement
distribution using realistic noise models. Additionally, we integrate an entanglement purification scheme and
evaluate the performance through numerical simulations in the QUTIP environment. Our results show that, for
entanglement swapping, the proposed scheme improves the entanglement distribution rate by an average of 63%
and by up to 159% compared with photonic-only architectures. Moreover, after purification, the end-to-end
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fidelities exceed 0.8 over distances up to 20 km.

DOI: 10.1103/r577-33dc

I. INTRODUCTION

Entanglement distribution is a fundamental component of
future quantum internet networks. Realizing long-distance
quantum communication remains a major challenge due to the
exponential attenuation of photons in optical fibers and op-
erational errors in intermediate processing nodes. Moreover,
qubits cannot be amplified or cloned like classical signals
without destroying their quantum information, in accordance
with the no-cloning theorem. For these reasons, quantum re-
peaters (QRs) [1] are needed, as they split the end-to-end
channel into multiple shorter segments and employ various
error-suppression techniques to securely extend the commu-
nication range.

Over the past two decades, numerous QR architectures
have been proposed. The Duan-Lukin-Cirac-Zoller (DLCZ)
protocol [2] employs atomic-ensemble memories and her-
alded Raman emissions, together with optical Bell-state
measurements (BSMs) on the readout photons for entan-
glement swapping. Although it paved the way for the first
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experimental demonstrations, the DLCZ protocol exhibits
a low per-trial success probability (typically spanning the
107°-10~* range) and requires phase stabilization and high
detection efficiencies, limiting the achievable entanglement
distribution rate [3].

Other protocols adopt purely photonic strategies, avoid-
ing stationary memories and instead relying on large
photonic cluster states with adaptive single-qubit measure-
ments [1]. Examples include multiplexed photonic cluster
approaches [4] and all-photonic repeater schemes based on
Calderbank-Shor-Steane (CSS) codes trees and homodyne
detection [5]. While these approaches eliminate the need for
matter qubit storage, they do so at the cost of very large pho-
ton overheads and high sensitivity to channel and component
losses [6].

Hybrid approaches attempt to combine the advantages
of both matter and photonic systems. Van Loock et al. [7]
proposed using dispersive interactions between matter qubits
(e.g., atoms in cavities) and bright coherent pulses, where a
single optical pulse sequentially traverses two cavities and
acquires phase rotations conditional on the state of each
qubit. A homodyne measurement on the outgoing field then
heralds entanglement, with success probabilities exceeding
those of purely photonic schemes. Subsequent work showed
that, while such schemes enable faster entanglement gen-
eration, the initial fidelity is sensitive to channel loss and
cavity decay, typically requiring many purification rounds that
increase system complexity and latency [8,9]. Trapped-ion-
based nodes provide another hybrid route: photons entangled

Published by the American Physical Society


https://orcid.org/0000-0002-5572-3623
https://orcid.org/0000-0002-3739-9313
https://orcid.org/0000-0001-9807-3045
https://orcid.org/0000-0003-1109-7074
https://orcid.org/0000-0001-7465-6019
https://orcid.org/0000-0003-1706-4994
https://orcid.org/0000-0002-3208-3387
https://ror.org/03ad39j10
https://ror.org/020hgte69
https://crossmark.crossref.org/dialog/?doi=10.1103/r577-33dc&domain=pdf&date_stamp=2026-10-05
https://doi.org/10.1103/r577-33dc
https://creativecommons.org/licenses/by/4.0/

FRANCESCO FIORINI et al.

PHYSICAL REVIEW A 114, 042405 (2026)

with the ions’ internal states are interfered to herald remote
entanglement, while deterministic local gates (e.g., Mglmer-
Segrensen gates) enable high-fidelity swapping and readout.
Variants employing co-trapped species address wavelength
matching to telecom bands and have demonstrated promising
simulated ranges [10,11].

Despite these advances, a recurring bottleneck across most
implementations is the optical BSM used for link-level en-
tanglement generation or swapping. Its success probability
in linear-optical implementations is fundamentally capped at
50%, since only two of the four Bell states can be distin-
guished [12,13]. In practice, the entanglement rates are further
reduced by photonic losses and by the need for precise syn-
chronization to enable optical interference [6,14]. Alternative
strategies do exist to exceed the 50% linear-optical bound,
such as those based on hyperentanglement, nonlinear interac-
tions, or ancillary resources [15,16]. However, these solutions
introduce additional experimental overheads and trade-offs.

Recent years have witnessed significant progress in bidi-
rectional microwave-optical quantum transduction, realized
on several platforms such as electro-optic crystalline cavi-
ties [17,18], electro- and piezo-optomechanics [19], rare-earth
ions [20], atomic assembly, and others [21]. They have pro-
vided a useful platform to combine the high-fidelity quantum
operations of superconducting circuits with room-temperature
communication capabilities via optical flying photons. Here,
we propose a transduction-enabled superconducting quantum
repeater (TESQR), a hybrid architecture that extends the out-
look of previous works [22] and draws inspiration from the
general setup described in Ref. [23]. This scheme differs from
existing solutions by eliminating probabilistic optical BSMs
during both entanglement generation and swapping, thereby
enabling deterministic processing operations. With TESQR,
we combine the advantages of superconducting quantum com-
puting devices and optical fibers, i.e., integrating fast gate
operations with low-loss communication. It also overcomes
the intrinsic limitation of 50% Bell-state discrimination and
synchronization challenges, while improving the final output
fidelity.

In this work, we analyze the processing performance of the
hybrid architecture by evaluating (i) the output fidelity and
(ii) the protocol’s success probability for entanglement distri-
bution. This analysis is conducted by evaluating various noise
models. To this end, we characterize the processing operations
using several figures of merit for the different setup compo-
nents. Since our primary objective is to assess the feasibility
and potential advantages of the proposed hybrid scheme at
the level of quantum processing operations, we do not model
imperfections in quantum memories and instead assume ideal
memory performance, which is consistent with previous stud-
ies [9,24]. Specifically, we assume that all operations are
completed within a time ¢ < f,, Where t,, denotes the
memory coherence time. Furthermore, we highlight that our
analysis focuses on quantum-processing performance met-
rics rather than on resource costs. A systematic resource-cost
investigation would require defining nonstandard, cross-
platform metrics to account for the fundamentally different
physical constituents involved (superconducting qubits, trans-
ducers, photodetectors, etc.), and is therefore left for dedicated
future work.
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FIG. 1. Tllustration of TESQR node architecture performing joint
measurement on two optical photons via transduction, coupling, and
superconducting QPU.

Finally, we propose entanglement purification in a su-
perconducting quantum processing unit (QPU) before the
swapping step. For this purpose, we develop a QUTIP-based
simulation framework tailored to the considered network sce-
nario. Numerical results demonstrate the effectiveness of the
proposed architecture, achieving end-to-end fidelity values
exceeding 0.8 for link distances up to 20 km between the two
parties under realistic processing imperfections.

To summarize, the main contributions of this work are as
follows:

(1) We propose a hybrid quantum repeater architecture
(TESQR) that leverages quantum transduction to enable de-
terministic entanglement distribution within certain parameter
regimes.

(2) We develop a comprehensive analytical model of the
network subsystems, including a detailed noise characteriza-
tion, and evaluate the TESQR performance in terms of fidelity
and success probability.

(3) We introduce a performance enhancement strategy
based on an additional dedicated purification stage and vali-
date the resulting improvement through a publicly available
software implementation [25].

The paper is structured as follows. In Sec. II, we describe
the TESQR architecture; in Sec. III, we present the analytical
model of the various noisy operations in the network sce-
nario. Section IV evaluates the performance of the TESQR
architecture for entanglement swapping in terms of output
fidelity and success probability. In Sec. V, we introduce the
purification scheme and report the corresponding numerical
results obtained with the QUTIP simulation framework. Finally,
Sec. VI concludes the paper and outlines future development
directions.

II. TESQR ARCHITECTURE

The protocol considers entangled pairs between a photonic
qubit (Fock-state, single-rail encoding) and superconducting
circuits. The TESQR node is built on a functional layer com-
prising three main components (as illustrated in Fig. 1):

(1) Transduction. After propagation via optical fibers, the
photons are converted into microwave photons via a quantum
transducer.

(2) Coupling. After the conversion, the microwave photon
couples directly to a superconducting QPU.
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TABLE I. Network and TESQR node stages and corresponding
processes to perform entanglement swapping.

Stage Process Description

Communication, Source

stage 1

Alice and Bob locally
generate entangled Bell-like
states.

The photonic qubits
propagate through an
optical fiber of length [,
characterized by an
attenuation length .

Optical-to-microwave
frequency conversion is
characterized by thermal
noise with mean photon
occupancy 71 and
transduction efficiency 7,.

The converted microwave
photons couple to the
superconducting qubits.

Local controlled-NOT (CNOT)
and Hadamard gates and
measurements are applied
to the superconducting
qubits to swap the
entanglement between
Alice and Bob.

Communication, Transmission

stage 2

TESQR, stage 1 Transduction

TESQR, stage 2

Coupling

TESQR, stage 3 Swapping

(3) Swapping. Entanglement swapping is performed lo-
cally on the QPU, using microwave gates followed by
measurements.

Key advantages of this approach are (1) leveraging the
high-fidelity gate operations achievable with superconduct-
ing circuits (single-qubit error rates below 10~%) [26-29];
(2) combining the benefits of using low-loss optical pho-
tons at standard telecom frequencies for transmission with
the robust microwave-domain processing capabilities of sta-
tionary superconducting qubits, made possible by recent
advances in quantum transduction and signal processing [30];
(3) overcoming the intrinsic 50% theoretical limitation of
linear-optical BSMs [31] by employing a deterministic Bell-
measurement scheme for the entanglement distribution at the
repeater node; and (4) guaranteeing a final end-to-end en-
tangled state, which could be noisy and suitable for further
processing, such as purification. Heralded photonic schemes,
instead, inherently discard failures and thus prevent perfor-
mance improvement [24].

Table I provides a summary of the main sequential steps
required to implement entanglement swapping within the net-
work scenario under consideration.

III. MODEL ANALYSIS

The network model under consideration involves the two
communication parties, Alice and Bob, each equipped with
entanglement sources, aiming to perform entanglement distri-
bution. The TESQR architecture is the intermediate repeater
node located halfway along the optical fiber connecting Alice

and Bob. It executes entanglement swapping and entangle-
ment purification.

Here, we analytically examine the effect of each processing
step on the source states, modeling the various operations in
a cascade with appropriate noise models. Figure 2 illustrates
the network architecture under consideration. The model pa-
rameters are discussed in the next sections and summarized in
Table II. The network scenario depicted in Fig. 2 highlights
the symmetry of the setup in the two segments Alice-TESQR
and Bob-TESQR. Accordingly, to avoid overburdening the
mathematical notation, in the following we consider only one
of the two equivalent links and omit, where possible, the nu-
merical subscripts. A numerical treatment of the asymmetric
scenario, in which the parameters of the two segments are in-
dependently varied, is provided and discussed in Appendix E.

A. Source states

The sources generate Bell-type entangled states composed
of transmitted photonic subsystems (74 for Alice and Ty
for Bob) and a remote superconducting subsystem (R4 for
Alice and Rp for Bob). For subsystem 7', we adopt a single-
rail Fock state encoding (]0), |1)), defined by the absence
(]0)) or presence (|1)) of a single photon in a bosonic
mode [24]. This choice of photonic encoding is motivated by
the subsequent physical feasibility of the coupling process,
which would otherwise be hindered by alternative encod-
ing methods (such as time-bin encoding) [32]. Moreover, in
standard implementations with photonic BSM, this encod-
ing requires single-photon interference at the repeater node,
thereby allowing a higher entangling probability compared to
double-photon interference [24,33,34].

For the remote stationary qubit subsystem R, let |g) and
le) denote the ground and excited states, respectively. Ac-
cordingly, the source state (for Alice or Bob, equivalently) is
defined as

1
[V)rr = 7§(|0>T ® gk + 1)1 @ le)r). (D

The generation of entangled states of the form in Eq. (1) is
experimentally achievable, as documented in Ref. [35]. Im-
perfections are introduced from the quantum channel onward,
while the modeling of imperfect sources is intentionally left
outside the scope of this work. This choice reflects the aim
of the paper, which is to evaluate the performance of the
proposed hybrid repeater node independently of the specific
physical implementation of the other protocol components.
To simplify the derivation below, it is convenient to intro-
duce the displacement operator acting in the photonic mode,

as in Ref. [36]: Dy(€) = exp(£a’ — £*a), where a' and a
are the creation and annihilation operators, and & is a com-
plex phase-space variable. Its matrix elements are defined as
Xnn(§) = (m|Dr(&)In),m, n € {0, 1}.

Similarly to the quantum characteristic function, we now
define the reduced characteristic operator by applying the
displacement operator to the subsystem 7 and then tracing
the photonic mode:

p}seourCE(s) — TI'T {p;(};u—ce DT (5)} ’ (2)
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FIG. 2. Schematic of the network architecture. The setup features Alice and Bob at the end points, each producing an entangled pair:
a transmitted photonic qubit (7, or 73) in single-rail Fock-state encoding and a remote superconducting qubit (R4 or Rg). Photonic qubits
travel through optical fibers of length / with transmissivity 7, = e~/ (I, = 22 km, equivalent to 0.2 dB/km at 1550 nm). At the TESQR
node, optical-to-microwave conversion occurs via electro-optic transduction with efficiency 1, and thermal noise photon number 7i. Microwave
photons couple to superconducting qubits M, and Mp with photon availability 7y, and transition efficiency ng,. Gate-based entanglement
swapping uses a CNOT gate (error pcnor), Hadamard gate (error py ), and positive operator-valued measures (POVMs) (error ¢). Optical and
microwave photon paths are highlighted in orange and blue, respectively.

TABLE II. Network model parameter definitions.

Process Parameter Definition

Transmission l Fiber length (km) between
Alice/Bob—-TESQR

Transmission L Fiber attenuation length (km)

Transmission e Fiber transmissivity

Transduction N Transduction efficiency

Transduction il Mean noise photon number in
the transduction process

Transduction N Transduction output added noise

Transduction Tyys Transduction system temperature
X)

Transduction Cm Microwave extraction efficiency

Transduction o Optical extraction efficiency

Coupling Nph Probability of microwave photon
availability

Coupling gb Probability of superconducting
qubit excitation upon photon
absorption

Swapping Pu Hadamard gate error rate

Swapping PcNoT CNOT gate error rate

Swapping £ POVM measurement error rate

where p3%" = |¥)rr(¥|rr. We may also recover the state
from the reduced operator by the Glauber equation [36]:

1
PR = — / PR ED (§) dE. (3)

B. Fiber transmission

The optical fiber channel between the source and TESQR,
of length /, is modeled as a Gaussian pure-loss bosonic chan-
nel [1,37], with associated transmissivity n¢ € [0, 1], which
physically corresponds to the probability of photon survival.
For simplicity, we include other sources of attenuation (e.g.,
connector losses) in the channel transmissivity. This param-
eter is related to the fiber attenuation length [/, through the
exponential relation

ne = e !/, )

We assume a standard telecommunication wavelength of
1550 nm, with I = 22 km, corresponding to an attenuation
coefficient of 0.2 dB/km. The attenuation coefficient chosen
for this analysis is aligned with realistic standard for fiber-
based deployment [1].

The Gaussian pure-loss channel with transmissivity 7.
transforms the displacement operator as Dr(§) — Dr
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(Jhec&)e~ 2K’ The state after transmission through the
fiber is expressed as

_lone g2

PRI(E) = PR (Ve §)e” 2 KL ©)
The explicit analytical expressions, obtained both here and in
the subsequent steps, are reported in Appendix A.

C. Transduction

For the optical-to-microwave quantum transduction pro-
cess, we refer to the electro-optic implementation ap-
proach [17,18]. This process can be modeled as a single-mode
Gaussian quantum channel with transmissivity », € [0, 1] and
added noise:

No=(1—n)@+1), (©6)

where 7 denotes the mean noise photon number in the
beam-splitter model [18]. The latter also determines the
efficiency-noise trade-off of the transducer and depends on
physical parameters such as system temperature (7yys) as well
as microwave ({n,) and optical (¢,) extraction efficiencies.
Accordingly, the transduction process is characterized by the
pair of parameters [, 71], as noted in Fig. 2. In evaluating the
thermal noise contribution of the transducer, we assume a rep-
resentative microwave frequency of 8 GHz; the corresponding
thermal occupation at optical frequencies is negligible. Realis-
tic values of 7 used in the subsequent performance evaluation
are discussed in Appendix B.

Using the displacement-operator approach, the state after
the transduction channel is given by [38]

P (E) = pSh (S &)e N, ©)

D. Coupling mechanism

The next step involves evaluating the coupling mechanism
between the microwave photon output from the transducer
and a two-level superconducting matter qubit of subsystem
M initialized in the ground state (M, for Alice’s segment
and Mp for Bob’s segment). The eigenstates in the bare ba-
sis are {|g), le)}. This process ideally performs a swap of
the flying qubit state to the matter qubit, according to the
transformations |g0) — |g0), |g1) — |e0). This dynamics
is described by circuit quantum electrodynamics (CQED)
notation, in which a resonator is capacitively coupled to a
superconducting qubit (e.g., a transmon qubit) [39]. On res-
onance, i.e., when the qubit frequency matches the resonator
frequency (zero detuning) [40], the energy exchange between
the two systems gives rise to Rabi oscillations whereby a
single photon is transferred between the matter qubit and
resonator with unit probability. This process has been exper-
imentally realized in several works using an external tunable
coupler based on a superconducting quantum interference de-
vice (SQUID) [41,42]. The dynamics of this interaction can be
approximated within the rotating-wave approximation (RWA)
by the Jaynes-Cummings interaction Hamiltonian [43],

Hy=hga o~ +ac™), (8)

where a' and a denote the microwave photon creation and an-
nihilation operators, respectively; ot = |e)(g| and 0~ = |g)

(e| are the qubit raising and lowering operators, respectively;
g, is the vacuum Rabi coupling strength (in rad/s); and 7 is
the reduced Planck constant. After a coupling time ¢ = %,
the input state |g1) evolves to —ile0), while |g0) remains
unchanged [40].

We propose the following joint Kraus operators to analyti-

cally model the imperfect coupling process,
Ko = 1g0) 7 (g0lmr — iy/Mqpnpnle O) 7 (g Llmr,

K1 = /1 = ngpnpnlg 0 mr (g Umr, )

where the efficiency parameters are defined as follows: (1)
nph is the probability that the microwave photon is not lost
during the coupling interaction with the qubit, and (2) ngp
is the probability that the qubit makes the correct transition
to the excited state upon absorbing the photon, conditional
on the photon being available.

Starting from the reduced state in Eq. (7), the full density
matrix is obtained using the Glauber formula [36] p¥r =
% J pR(E )D; (€)d*¢. Finally, including the superconducting
subsystem M into the post-transduction global state pi,r =
lg)m(glu ® pYr, we obtain the full state description:

Pure = D (Ki®Ip) phrg (K @ Ip),  (10)
i=0,1
where I is the identity operator that acts on subsystem R. As
shown in Appendix A 5, the photonic subsystem 7 in p;;;%l is
disentangled from subsystems M and R, and can therefore be
traced out and neglected in the subsequent analysis.

E. Swapping circuit
Recalling the symmetry of the two links Alice-TESQR
and Bob-TESQR, we can write pioa = '0;4(:1};1: = p;;;g; and
obtain the full system density matrix as

__coupl ___coupl coupl
PO = Par,RiMsRy = PoriRy © Pargry- (11)

The TESQR’s QPU applies the gate-based version of
the BSM [44] on its two superconducting qubits, M, and
Mpg. We model noisy gate operations through depolarizing
noise [45,46]. Consequently, the transformations (for appli-
cation of the CNOT unitary Uc on qubits i and j, and of the
Hadamard unitary Uy on qubit i) are expressed in our model
as

U&” po U((;”)T — p1 = (1 — pexor) U po U

+ PcNoT

Trijlpol ® L, (12)
U]-(li)/ol Uxflm — =010~ pH)UIEIi)'O] UP(Ii)T

+ S el el (3
where Tr;; and Tr; denote the partial trace over, respectively,
subsystems i, j and subsystem i, while I;; and I; are the
identity operators on the corresponding subsystems. pcnor
and py represent the gate error probabilities for the CNOT
and Hadamard gates, respectively, as indicated in Fig. 2. In
reference to Eq. (11),7 = My and j = M.

Finally, we describe the imperfect single-qubit measure-
ments on both M, and Mp in the computational basis by
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TABLE III. Ideal entangled states of remote qubits R4 and Rp,
conditioned on the measurement outcome of M, Mp.

TABLE IV. Numerical values of the network model parameters
used for performance evaluation.

Outcome (M4 Mp) Ideal postmeasurement state |4, ) Parameter Value
|88) %(lgg)RARB — leedrsry) Ly 22 km
| Ty 0.1K
leg) anp ﬁ(|gg)RARR + lee)r,ry) o 0.9
|ge)mymy —i %(lg@RARB + [e8)ryrs) [ 0.9
. 0 0.99
le€) s,y i 75 (= 1gehrum, + leg)rir, ) T 0.99
PH 2 X 10_4
PeNor 2x 1073
a positive operator-valued measure (POVM) [47] with the e 5x 1073

corresponding imperfect measurement operators for outcomes
|g) and |e) defined, respectively, as

Py = (1—2¢)lglmlglu + eleymlelm,
P, =¢|g)m(glu + (1 — &)le)mlelm, (14)

where ¢ quantifies the quality of the measurement on the
computational basis.

IV. PERFORMANCE EVALUATION

To evaluate the performance of the proposed scheme, it
is necessary to first define the ideal entangled state of the
remote matter qubits R4 and Rp. Assuming the absence of
noise and losses during channel transmission, transduction,
and coupling processes (i.e., ne=1,n=1,71=0, np =1,
ngp = 1), the ideal state after coupling is given by

1
|I//>RAMARBMB = [E('gg)RAMA - i|e€>RAMA):|

1
® [ﬁogg)REMg - i|€€>RBM5)i|- (15)

During the subsequent swapping phase, the ideal CNOT
(penor = 0) and Hadamard (py = 0) gates, together with
the ideal POVMs (¢ = 0) on qubits M4 and Mp, project the
remote qubits R4 and Rp into an entangled state |1//}ei";§‘;). Its
explicit form follows from Eqgs. (12)-(14) and is summarized
in Table III.

A. Output fidelity

For a given measurement result of My Mp, let p,%f\‘?elB denote

the R4Rp density matrix and let |1/ ) be the associated ideal

target state. Accordingly, pgf;’gﬂ denotes the general scenario
with nonzero network noise parameters and is analytically
obtained by applying the noise operation model introduced in
Sec. III. The quality of the entangled state generated between
qubits R4 and Rp is quantified by computing its fidelity with
respect to the corresponding ideal state reported in Table III.
The final fidelity is defined as

ideal | final |,/ ideal
Finat = (Wi, y | PRy | VR Ry ) (16)
which measures the overlap between the experimentally ob-
tained state and the ideal entangled state corresponding
to the specific measurement outcome. Indeed, fidelity is a

straightforward yet crucial performance metric for assess-
ing quantum-state quality, as maintaining high entanglement

fidelity directly impacts the performance and security of
quantum applications such as key distribution and teleporta-
tion [48].

The typical values of the relevant network architecture
parameters are reported in Table IV [26,28,49-51]. In Fig. 3,
we show the behavior of Fjn, as a function of the length
of a single source-TESQR segment; hence, the total distance
between Alice and Bob corresponds to twice the value re-
ported. Concerning the values of 7, we consider the setup
analyzed in Appendix B, with a temperature Ty, = 0.1 K. The
curves are computed for different values of the transduction
efficiency, and they are computed analytically according to the
model developed in Sec. III. Similarly, Fig. 4 illustrates the
corresponding fidelity trends as a function of the transduction
efficiency for several fiber length values.

Several features can be observed from Figs. 3 and 4.
The fidelity shows a symmetric trend between |gg),,, y, and
leg) pr,a1,» and |g€) s, 01, and |ee) s, py,- This is consistent with
the corresponding symmetry of the ideal postmeasurement
states, reported in Table III. As a result of fiber photon loss,
transduction thermal noise, and imperfect coupling, qubits My
and Mp enter the swapping procedure in the ground state.
This, when followed by the CNOT and the Hadamard gates, ef-
fectively leads to the Bell-measurement output combinations
|gg)MAMB and |eg>MAMB'

In addition, all cases exhibit a common exponential de-
cay of the fidelity with increasing source-TESQR segment
length, due to the exponential attenuation of the optical fiber.
However, the outcomes |ge),,, v, and |ee)y, 5y, display a more
favorable behavior compared to the other two cases (|28) v, u,
and |eg)y,p,)- In particular, Fig. 4(b) shows that a trans-
duction efficiency above 0.4 is sufficient to reach a fidelity
greater than 0.5 even for / = 20 km (corresponding to a total
Alice-Bob separation of 40 km). Indeed, the value Fs,y = 0.5
represents the minimum threshold required to certify the pres-
ence of entanglement [52], which is indicated in Figs. 3 and 4
by a horizontal gray dashed line.

The other two outcomes (|gg)y,, and [€g)y,p,) cOITE-
spond to cases in which noise contributions—primarily due
to photon loss and transduction noise—are more pronounced.
This is confirmed by the fact that, with transduction efficiency
approaching unity and short distances, i.e., negligible photon
losses from the communication link, the fidelities associ-
ated with the four measurement outcomes approach the same
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FIG. 3. Final output fidelity Fg,, as a function of fiber length / (km), for various transduction efficiency values and for M, Mp measurement
outcomes: (a) 88) s, m, and [€g) 1, a1, > () 1€€)pr, 11, and [ge)y, pr,, - The other network parameters are set according to Table IV.

values, as shown in Fig. 4 in the upper-right region. Con-
versely, in the low-efficiency and long-distance regime, the
fidelity trend corresponding to |gg)y,y, and |eg)y,y, Out-
comes diverge maximally from those associated with |ge); 4.
and |ee)y,y,- For a link distance of 10 km, the fidelity
trend shown in Fig. 4(a) surpasses the 0.5 threshold only for
n; = 0.83, reaching a maximum of Fjn, = 0.6 at ideal unit
transduction efficiency. By contrast, in Fig. 4(b), the fidelity
already exceeds the 0.5 threshold for n, > 0.25, eventually
attaining a maximum value of 0.71.

B. Probability of success

Figure 5 shows the outcome measurement probabilities
of MsMp qubits as a function of the transduction efficiency,
for a fiber length / = 10 km and the parameters listed in
Table IV.Figure 5 confirms the symmetry of the possible
output states and, in the considered scenario, the higher

occurrence probability of the states |gg)y; 4, and leg) s, u,-
Moreover, as 1, — 1, the probabilities redistribute and ap-
proach the equiprobable value of 0.25, which would ideally
be reached in a noiseless environment.

To assess the protocol’s probability of success, we note
that the hybrid TESQR scheme always produces a final state
shared by qubits R4 and Rg. As shown in Fig. 5, noise re-
distributes the outcome probabilities while preserving their
total sum. Hence, a measurement result is always obtained,
although the fidelity of the corresponding state may be re-
duced by losses and imperfections. In contrast, optical BSM
schemes [24,53] are intrinsically probabilistic and therefore
do not always yield an outcome—for instance, this happens
due to photon loss, imperfect interference, or indistinguisha-
bility [6,53,54]. Such events must therefore be discarded.
The TESQR approach, instead, always provides a measure-
ment outcome. As a result, even noisy states remain available
for further processing, including entanglement purification as

(a) 1.0 (b) 1.0
—— [ =0.5km —— [ =0.5km
] & leg)a, »
5 4 /= 1km \!]!])MAJ\/B leg) My My dio /= 1km
—— [ =5km /2 —— [ =5km

[ =10km
[ =20km

0.2

[ =10km
[ =20km

0.2 0.4 0.6 0.8

0.0

1.0
Nt

0.2
0.0

0.2 0.4 0.6 038 1.0

Mt

FIG. 4. Final output fidelity Fs,, as a function of transduction efficiency 7, for various fiber length values and for M, My measurement
outcomes: (a) [88) y,m, and €8)rr, 1> (0) |€€) s, p1, and |ge)yy, - The other network parameters are set according to Table IV.
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FIG. 5. Measurement outcome probabilities for M, and Mg su-
perconducting qubits as a function of transduction efficiency 7, with
[ = 10 km and other network parameters set according to Table IV.

discussed below. In this sense, the protocol is operationally
deterministic, as it eliminates the probabilistic nature of
optical BSMs.

Building on this distinction, it is convenient to introduce
a quantitative measure of success that captures the usefulness
of the outcomes produced by the TESQR scheme, hence al-
lowing for a comparison with the fully photonic swapping
protocol. In particular, we consider an output state Rq4Rp to
be entangled and thus useful for further processing only if its
fidelity exceeds the threshold of 0.5 [24,52]. Accordingly, in
our network scenario, where we deal with four possible mea-
surement outcomes on M, and Mg, we define the probability
of success as

> P O(F —05), a7

i,je{lg).le)}

Pyyccess =

where p; ; denotes the probability of obtaining the MsMp
measurement outcome corresponding to [i ), Fﬁiﬁil rep-
resents the corresponding output fidelity with respect to the
ideal Bell state |/;!) [as defined in Eq. (16)], and ©(:) is
the Heaviside step function [O(x) =0 ifx < 0;0(x) =1 if
x > 0]. Under this definition, an outcome counts as successful
only if its individual fidelity exceeds the 0.5 threshold.

As a benchmark for our approach, we consider the equiva-
lent optical BSM in a single-rail encoding scheme, consisting
of a balanced beam splitter and two number-resolving pho-
todetectors [24]. In this setup, a successful heralded swapping
event corresponds to the detection patterns [0,1] and [1,0],
where exactly one of the photodetectors is triggered by a
single photon. As the only source of noise in this scheme, we
account for the detection efficiency np of the photodetectors.
Accordingly, in Fig. 6 we compare the swapping success
probability of the proposed hybrid TESQR scheme, Pyyccess
[Eq. (17)] (solid curves), with that of the photonic counterpart
(dashed curves) [24], as a function of the fiber length /, and for
different values of 1, and 7np, respectively. Unlike the purely
photonic case, and following a worst-case analysis approach,

FIG. 6. Swapping success probability versus fiber length / (km)
for the hybrid TESQR scheme (solid curves) and the photonic coun-
terpart (dashed curves), plotted for different transduction efficiencies
n, and photodetection efficiencies 7p.

all other noise parameters listed in Table IV are taken into
account in the TESQR scheme.

Figure 6 shows that, for equal values of transduction
efficiency and detection efficiency, the TESQR scheme con-
sistently achieves a higher probability of success, and thus
a larger expected entangling rate, compared to the purely
photonic counterpart. In particular, for n, 2 0.6, there exists
an initial fiber range where Pyyccess 1S €qual to unity for the
proposed scheme. In this regime, all possible measurement
outcomes of M, and Mg yield to entangled states of Ry
and Rp with fidelity above 0.5. Within this parameter range,
entanglement distribution can therefore be regarded as deter-
ministic. The extent of this deterministic region increases with
1y, reaching a limit distance of approximately 14 km for n, =
0.99. Beyond this flat region, Pyccess €xhibits a drop, which
arises because, above this distance threshold, only two of the
four possible measurement outcomes yield fidelities above
0.5. Nevertheless, even after this drop, the TESQR curves
remain consistently above those of the photonic scheme. The
performance gap further widens as the corresponding trans-
duction or detection efficiency decreases. We highlight that
the success probability of the photonic scheme is fundamen-
tally bounded above by 0.5, in agreement with the ideal
theoretical limit [13]. Finally, the TESQR approach exhibits
an average and maximum improvement of 63% and 159%,
respectively, in the entanglement distribution success proba-
bility compared to the photonic-only counterpart across the
tested scenarios. We emphasize that the reported percentage
gains quantify the rate of generating an entangled resource
suitable for further processing, rather than the quality of the
resulting entangled states; therefore, the comparison with the
photonic scheme should be interpreted in terms of the rate of
usable entanglement generation, not output-state fidelity.

V. PURIFICATION ENHANCEMENT

Entanglement purification is a well-established method
to enhance the fidelity of output states, at the expense of
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FIG. 7. Alice-TESQR segment incorporating single-round BBPSSW entanglement purification prior to swapping. Two instances of the
source state undergo noisy fiber transmission, transduction, and coupling, producing the noisy states pg,u, " and pg,m, ®. TESQR applies
local S gates to Mf‘m) to obtain Werner form. Bilateral CNOT gates (at both Alice and TESQR) and measurements on the target qubits follow.
Success is heralded if the outcomes match. In that case, an ST gate is applied to the surviving TESQR qubit before the swapping procedure
(Fig. 2). The scheme is symmetric for the Bob-TESQR segment. Optical and microwave photon paths are highlighted in orange and blue,

respectively.

additional quantum state processing at the network nodes.
In this regard, our hybrid solution with TESQR mitigates
this issue by operating with superconducting qubits, thereby
enabling a direct circuit-based implementation. By contrast, in
photonic schemes entanglement purification can be realized,
for instance, through recurrence protocols [55], cross-Kerr
nonlinearities, hyperentanglement [56], or multipartite en-
tangled states [57]. However, such approaches are generally
highly resource demanding [58].

In this scenario, we are primarily interested in assessing
the performance contribution of the TESQR node, and given
that the swapping scheme introduces additional noise, it is
advantageous to apply entanglement purification immediately
after the coupling process. This is performed independently
on the two segments Alice-TESQR and Bob-TESQR, acting
on the pairs py,r, and pu,r,. In each segment, the sequence
of operations is TESQR — entanglement purification —
entanglement swapping. For the purification scheme, we
adopt the classical BBPSSW (Bennett-Brassard-Popescu-
Schumacher-Smolin-Wootters) protocol [59]. Figure 7
illustrates the single-round protocol applied to our network
model with reference to the Alice-TESQR segment. Alice
(Bob) generates two instances of the source state pyg™c,
which are subsequently processed in the photonic domain
as described earlier, eventually yielding, after coupling,
two instances pg,u," and pga,®. We first transform
the states into a Werner-like form, as required by the
original protocol [59]. In our scenario, the TESQR node
applies a local § gate to both superconducting matter
qubits M/gl) and Mf) (see Appendix C). Subsequently,
both parties perform a bilateral CNOT gate followed by
computational-basis POVMs on the target qubits. The
purification step is deemed successful when the measurement
outcomes coincide. In that case, the TESQR node applies
an adjoint S gate (S) to the remaining superconducting
qubit, thereby restoring it to its original form. This purified

qubit is then used in the entanglement swapping procedure
(Fig. 2).

Consistent with our previous noise modeling, the S gates
are characterized by a depolarizing channel noise acting with
probability ps. To ensure a realistic performance evaluation,
the other purification operations (CNOT gates and measure-
ments) are also modeled with the noise parameters described
in Sec. IITE.

A. Simulation framework

To numerically assess the fidelity after purification, we
implement a Monte Carlo simulator based on the QUTIP li-
brary [60]. In this framework, we implement the building
blocks of the proposed hybrid network architecture. To ensure
reproducibility, the software code is available at Ref. [25].
Fiber propagation is described as an amplitude-damping
(pure-loss) channel acting on the photonic Fock space. Kraus
operators for the lossy photonic mode are applied proba-
bilistically to state vectors in order to generate stochastic
trajectories (implemented via sampling over Kraus outcomes).
In the simulation environment, the photonic Hilbert space is
truncated to a finite Fock basis in order to balance modeling
accuracy and computational complexity. This approximation
does not significantly affect the subsequent modeling of the
transduction process, as further discussed in Appendix D.

Electro-optic quantum transduction is modeled as a beam-
splitter-type unitary interaction between the system mode and
a thermal environment, U(6) = exp{f(a’b — ab’)}, where
a and a' are, respectively, the lowering and raising op-
erator for the input signal state (and b and b’ are the
equivalent versions for the environment state), and 6 =
arccos(,/n;). The environment is initialized in a thermal
bath state py(77) [61]. Importantly, the photon conversion is
implemented at the density-matrix level: the joint system-
environment state evolves under the unitary, after which a
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FIG. 8. Fidelity from simulation results with single (1 rnd) and double (2 rnds) round of purification, shown as a function of transduction
efficiency 7, for different fiber lengths. Each plot corresponds to a specific measurement outcome of MaMp: (2) 188)r > (D) 1€8) 41,5
(¢) 1g€)p,my»> and (d) lee) yy, p, - Ps 1s set to 0.0002, and the remaining network parameters are as in Table IV.

partial trace over the environment is performed to obtain the
reduced system state. This realizes the Gaussian-loss model,
i.e., the beam splitter with added noise [18]. From the re-
sulting reduced density matrix, we then sample a pure state
via eigendecomposition, which enables straightforward state-
vector propagation in the subsequent simulation steps.

Photonic-matter qubit coupling is modeled with the ap-
propriate set of previously introduced Kraus elements, which
are applied probabilistically to the input state vector. Gate
imperfections (in both purification and swapping) are de-
scribed as local depolarizing channels, with Kraus set
(V1 —=pI, /p/3X,/p/3Y,/p/3Z} applied to the affected
qubit(s) [61]. Imperfect POVMs are incorporated by prob-
abilistic Kraus sampling, parametrized by the measurement
error rate €. Finally, the postswap reduced state of the remote
qubits is retained in density-matrix form and used for fidelity
evaluation.

B. Results and discussion

In Fig. 8, we report the simulation results for the final
fidelity of R4Rp qubits, for each My My measurement outcome

case. Results are plotted as a function of the transduction
efficiency and for different fiber lengths. We have applied both
a single round and two rounds of purification using the previ-
ously introduced protocol. In the latter case, this procedure
requires four initial instances of pgy on each source-TESQR
link. Additional purification rounds would cause a corre-
sponding exponential scaling of initial resource cost. To limit
statistical fluctuations, we have performed 10* simulation runs
for each purification round and have computed the average of
the resulting fidelities. For a fair comparison with the earlier
performance analysis, we employ the same noise parameters
(see Table IV) and, analogously to the Hadamard-gate case,
we fix the S gate error probability at ps = 0.0002 [28].
Figure 8 demonstrates the efficacy of single-round purifi-
cation. Across all four measurement outcomes, we observe
a marked fidelity increase relative to the unpurified base-
line (Fig. 4). The symmetries between outcomes [gg)y, v,
and |eg) sy, (and similarly |ge),, », and |ee)y, ) are pre-
served, and in the low-noise limit (n, — 1, I — 0 km), the
performance across all the outcome scenarios becomes nearly
identical. Quantitatively, the purification improvement is sig-
nificant: for / = 0.5 km and 5 = 0.7 [Figs. 8(a) and 8(b)],
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TABLE V. Simulation measurement outcome probabilities of M, Mp qubits, for single- and double-round purification at / = 10 km and for
different transduction efficiencies. Each entry shows the probability pairs [p(-), p(-)] for the corresponding grouped outcome M, Mp. The other

network parameters are set according to Table IV.

Single round

Double round

un [Igg>MAM37 |eg>MAMB] [|ge>MAMB7 |€€)MAMB] [|gg)MAMBa |eg)MAMB] [|ge>MAM37 |e€)MAM,,]
0.10 [0.0979, 0.1044] [0.0118, 0.0101] [0.0074, 0.0073] [0.0007, 0.0009]
0.30 [0.1047, 0.1064] [0.0273, 0.0283] [0.0089, 0.0086] [0.0028, 0.0028]
0.50 [0.1116, 0.1107] [0.0466, 0.0459] [0.0123, 0.0124] [0.0069, 0.0069]
0.80 [0.1150, 0.1141] [0.0815, 0.0826] [0.0265, 0.0264] [0.0216, 0.0214]
1.00 [0.1272, 0.1248] [0.1097, 0.1092] [0.0464, 0.0459] [0.0431, 0.0404]

fidelity rises from about 0.65 to over 0.85. Likewise, for
[ =5 and 10 km, maximum fidelities reach about 0.92 and
0.80, respectively (compared to prepurification values of 0.75
and 0.60). At long distances, such as / = 20 km, the critical
fidelity value of 0.5 is achievable, assuming unit transduction
efficiency.

Similar improvements are shown in Figs. 8(c) and 8(d).
For [ = 0.5 km, a fidelity of 0.9 is reached at n. = 0.7,
whereas the unpurified case required 7, > 0.9. Similarly, for
I = 10 km, the maximum fidelity increases to 0.88 (from 0.7),
and even the [ = 20 km case improves from 0.6 to 0.7.

Notably, the transduction efficiency threshold for effective
purification shifts to higher 7, as fiber length increases. This
occurs because purification requires an input fidelity above
0.5; as [ grows, the postcoupling fidelity drops, eventually
falling below this critical value. We emphasize that this thresh-
old cannot be inferred directly from Fig. 4, which depicts the
final fidelity after swapping rather than the intermediate state
immediately after coupling.

Regarding the double-round purification, the results in
Fig. 8 show that it generally improves performance in all sce-
narios, with a more pronounced advantage when the process
is dominated by noise, such as in the measurement outcome
cases |gg)u,m, and leg)y, v,> as previously discussed. How-
ever, there exist parameter regimes where double purification
fails to outperform single-round purification and may even de-
grade performance. This effect occurs because the purification
protocol enhances fidelity only for states with an initial fidelity
above 0.5. If the output of the first round remains below this
value, applying a second round—subject to realistic gate noise
and decoherence—necessarily deteriorates the state.

Finally, since the purification protocol is probabilistic, it
is interesting to examine the outcome probabilities associated
with the four measurement outcomes of MsMp qubits, both
with one-round and two-round purification. As an illustrative
example, Table V reports these values as a function of the
transduction efficiency for the case of fiber length / = 10 km.

The numerical results reported in Table V first con-
firm, under nonideal transduction efficiency conditions, the
expected imbalance in the outcome probabilities of the mea-
surement results 8g)y,pr,» €8 a1, compared to the other
two. Moreover, as 7n; increases, the probabilities of both
classes of outcomes tend to rise. In this regard, a more pro-
nounced improvement is observed for the |ge) s r,» 1€€) a1, 1,
cases, where the absolute increase between the minimum and
maximum values of 7, amounts to nearly one order of mag-
nitude with a single purification round. A similar behavior is

observed for the double-purification case. Here, the gain in
fidelity is obtained at the cost of a global reduction of approx-
imately one order of magnitude in the outcome probabilities.
Nevertheless, with an ideal unit transduction efficiency, the
four outcomes tend to become nearly equiprobable in both
schemes. Even in such noisy scenarios, the overall outcome
probability reaches maxima of 47% and 18% for single- and
double-round purification, respectively. This confirms the fea-
sibility of the proposed enhancement approach.

VI. CONCLUSION

In this work, we introduce TESQR, a hybrid quan-
tum repeater architecture that integrates optical-to-microwave
transduction with quantum processing based on supercon-
ducting qubits. A key innovation of the proposed approach
is the complete elimination of optical BSMs. Instead, en-
tanglement swapping operations are directly performed in
superconducting circuits. This architecture combines the ex-
cellent transmission capabilities of optical photons in classical
communication channels with the high-fidelity quantum pro-
cessing provided by superconducting matter qubits.

To evaluate the feasibility of this approach, we have an-
alytically developed a comprehensive model that describes
fiber optic transmission, transduction, coupling with super-
conducting qubits, and quantum computation. Realistic noise
models are used for each component, leading to final fi-
delity expressions dependent on various nonideal network
parameters. Analytical results of the entanglement-swapping
process demonstrate that, within suitable operating regimes,
the proposed scheme can generate final entangled pairs with
fidelities exceeding 0.5 over a total end-to-end distance of
20 km. Furthermore, it achieves average and maximum im-
provements of, respectively, 63% and 159% in entanglement
distribution success probability compared to the correspond-
ing photonic interference-based swapping scheme. Unlike the
latter, the TESQR approach always produces a final output
state at the remote nodes, rather than aborting on failed
photon-interference events. This operationally deterministic
feature is advantageous because it preserves a usable state
for subsequent processing, even when the output is not yet
entangled.

We further investigate the enhancement of performance
by adding an entanglement purification stage applied at the
repeater node. To assess the effectiveness of this method, we
have implemented a full network simulation using the QUTIP
framework. Numerical tests with realistic device parameters
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resulted in end-to-end fidelity gains in excess of 0.8 for dis-
tances up to 20 km, both with single and double purification
rounds.

Although current experimental demonstrations of
microwave-to-optical transduction have not yet reached
the efficiency levels required for immediate large-scale
deployment, rapid progress and increasing interest in the
field suggest that substantial improvements are achievable
in the near term [62,63]. Therefore, the TESQR architecture
provides a paradigm and a realistic pathway toward high-rate
hybrid quantum repeaters, enabling efficient entanglement
distribution in future quantum internet implementations.
Future work will explore optimized purification strategies and
potential performance enhancements based on quantum error
correction techniques.
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APPENDIX A: DENSITY-MATRIX EXPRESSIONS

The source joint state of the photonic mode 7 and the
remote matter qubit R is

1
V)rr = E(IOH ®lgr + )7 ®ledr).  (Al)

Accordingly, the source state density matrix is

PiR"e = (1007 (017 ® |g)rglr + 1)1 (1l7 ® le)r{elr

+10)r(llr @ Ig)r{elr + )7 (Olr ® le)r(glr)-
(A2)

1. Displaced-mode (reduced characteristic) operator

The displacement operator on the photonic mode (of sub-
system 7') is [36]

D7 (&) = exp(§a’ — £*a),

and we use the matrix elements (in the |0), |1) basis)

Xoo(&) = (01Dr (£)[0) = e 1/2, (A3)
Xi0(8) = (1ID7(£)|0) = e 12 ¢, (A4)
Xor(€) = (D7 (E)[1) = —e #1127, (AS)
X&) = (1DrE)|1) = e 72 (1 — g (A6)

We define the reduced characteristic operator on the qubit
R by

PRUE) = Trr {p"Dr (6)}.

Computing the contributions term by term [using the
source-state form (A2)], we get

pee(E) = Le 2 (1) glr + (1 — E1P)]e)r el
+Elg)rlelr — E¥le)r(glr).

(AT)

(A8)

2. Fiber channel

A pure-loss channel with transmissivity 7. acts on the
displacement as

Dr(&) — Dr(Jneg)e -1,

so that

1-nc g2
X (&) > X (e )e™ 2 L.
Applying this to Eq. (A8) gives
pihe) = Le 2 (1) kgl + (1 — nelgP)le)r (el

+ VneE18)r{elr — /ncE ™ le)r{glr). (A9)

3. Transduction Gaussian channel

The transduction channel is modeled by transmissivity 7,
and added noise,

Ne=(1—n)(a+1),
with action

Dr(€) > Dr(J/mi€)e MEF,

Substituting & — /7€ in Eq. (A9) and adding the extra
damping factor yields

pu(E) = LemEHNER (o) e (gl + (1 — nem€17)le)r (el
+ nemE|Q)rlelr — TE )R (gl).  (AL0)

4. Full system density matrix

First of all, we derive the full system density matrix by
using the Glauber formula [36],

1
PTR = ;/pE(E)DHE)dZs, (A11)
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which explicitly produces

1 1
P = =—10)7 (0l ® g)r(glr + =

24 AVEY

(S =Y 10y 400 @ ledgfels + =
2\a A2

1 1
+ Ex/ncnrﬁ[mﬁ(lh ® lg)rlelr + 1)1 (Ol ® le)r{glr],

where A = # + N,.

1 1
( >|1)T(1|T ® |8)r(glr

(l _ 1+ nen

2nen;
A A2 A3

)|1>T<1|T ® le)rlelr

A new superconducting qubit M is initialized in its ground state:

The joint Kraus operators incorporating photon and qubit efficiencies n,, and nqp, are defined as

Ko = 180) a7 (gO0lpr — i/NgpNipnle O)arr (8 1lpr,

Ki = /1 —ngnpnlg0)mr (g 1lmr-

The trace-preserving property can be readily verified as

(A12)
Pvrr = 18m(gly @ pPrg.
5. Coupling
(A13)
(Al4)
K Ko+ K[ K; = L, (A15)

where [, denotes the identity operator on the input subspace {|g0), |g1)} (i.e., assuming that the superconducting qubit M is

prepared in the ground state).
The final state after applying these operators is given by

pr = (K @ Ig) plirg (K @ Tp),

i=0,1

where [ is the identity operator acting on subsystem R.

Collecting all transformed terms, the coupled output state is

coupl 1 1
PMTR = ﬂ|gO)MT (g0lmr ® Ig)r(glr + 3

1
+ (1 = ngpmon)lg 07 (20lr ® 2)rele] + 5(

L (L LA nene | Znen:
2\A A2 A3
N A/TgbTIph

+is e

2 A?

Rewriting Eq. (A17) as pie = pi™ @ |0)7 (0|7, one ob-
serves that the photonic subsystem 7 is disentangled from the
remaining subsystems M and R. It can therefore be traced out
from the global state and neglected in the subsequent analysis.

6. Swapping and fidelity evaluation

Recalling the symmetry of the two segments Alice-TESQR
and Bob-TESQR (Sec. III), we can assert that p;?;pl =

p;,z\ulgl = pﬁ,;’:lgl and obtain the full system density matrix as

coupl coupl coupl
Po = pM,\IsAMBRB = ’OMAgA ® nggg' (AlS)
The subsequent calculations involving the application of
noisy CNOT and Hadamard gates, followed by the noisy
POVM operation (as described in Sec. III E), as well as the

1 N

[1g0)pr (e Olyr ® Ig)r{elr — le 0)pr(g0luT ® le)r{glr].

(A16)

1 1
(Z _ E)[nqbnphk 0)mr{eOlur @ 1g)r{glr

P >|80)MT (80lmr @ le)r(elr

)[T)qbﬂph|€ 0t (eOlpur ® ledr{elr + (1 — ngonpn)|g0)m7(g0lmr ® le)r{elr]

(A17)

(

fidelity evaluation with respect to the corresponding ideal
states, are not analytically tractable by hand. Instead, they
are symbolically solved with the aid of the PYTHON Sympy
library [65,66]. These derivations are omitted here so as not to
compromise readability.

APPENDIX B: THERMAL NOISE IN ELECTRO-OPTIC
QUANTUM TRANSDUCTION

To assess realistic values of the thermal noise photon
number 7 used throughout this work, we assume a fixed mi-
crowave extraction efficiency ¢m = 0.9 and optical extraction
efficiency ¢, = 0.9, consistent with experimentally realistic
parameters [49]. Under these assumptions, Fig. 9 shows the
dependence of 7 on the transduction efficiency n; for different
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FIG. 9. Transducer thermal noise photon number 7 (logarithmic
scale) as a function of the transduction efficiency 7, for different
system temperatures Ty,. The microwave and optical extraction ef-
ficiencies are fixed to ¢, = ¢, = 0.9, and a microwave frequency of
8 GHz is assumed in the transducer.

system temperatures Ty, considering the electro-optic direct
transduction scheme without squeezing [30].

We assume a representative microwave frequency of 8 GHz
when evaluating the Bose-Einstein thermal photon contri-
bution in the transducer (with mean microwave occupation
number n;,). The corresponding thermal occupation at optical
frequencies is negligible [21]. Moreover, in the absence of
squeezing, the added noise parameter V; is invariant under the
conversion direction, i.e., optical to microwave or microwave
to optical [18]. The overall transduction efficiency and output
added noise parameter in such a transduction scheme are
expressed, respectively, by [18]

_ 4C Bla)
Ne = é‘mgo—(l Yo (Bla
_ l 2C§0[2(1 - é-m)nin - é‘m]
Ne=a+ (1+C) ’ (BIP)

where C indicates the interaction cooperativity (€ [0, 1)). Re-
calling the beam-splitter model expression N, = (1 — n,)(71 +
%), it becomes evident from Eqgs. (Bla) and (B1b) that the
transduction efficiency and the mean thermal noise photon
number are intrinsically linked.

The absolute magnitude of 7 displayed in Fig. 9 is strongly
temperature dependent. At Ty = 0.1 K, the thermal occupa-
tion reaches maximum values on the order of 10~2 at high
ny, whereas reducing the temperature to 50 mK suppresses
i1 by approximately two orders of magnitude over the entire
efficiency range. At Ty = 20 mK, the thermal contribution
becomes negligible, with 7 remaining below 1078 even at the
largest transduction efficiencies considered.

APPENDIX C: LOCAL S CORRECTION
FOR ENTANGLEMENT PURIFICATION

The BBPSSW entanglement purification protocol [59] as-
sumes as input a pair of two-qubit states of the Werner form.

For two qubits the Werner state can be written as

1—-F
pw(F) = FIOTNOT| + ——
Be{d—, Wt v}

IBXBI. (CD)

where 0 < F < 1 denotes the fidelity with respect to the Bell
state |®T) = (]00) + |11))/+/2, and {|® ™), |W*)} are the re-
maining Bell basis states.
In our notation the (ideal, noiseless) R4My state produced
by the coupling process is
1 .

V) ko, = E(|gg>RAMA —ilee)g,m, ). (C2)
where we identify |g) = |0) and |e) = |1) for the computa-
tional basis.

The single-qubit phase (“S”) gate is defined by the matrix

S = (é ?) St = <(1) i)l.). (C3)
Applying S on the second qubit (here, M4), we obtain
A® W), = 5 (88hn, = - el
1
= E(|gg>RAMA + lee)r,u,)
=|®7). (C4)

Thus a local application of S transforms the state in Eq. (C2)
into the |®*) Bell state, which is the canonical target for
BBPSSW-style purification.

After performing purification, the local phase introduced
by the S operation can be undone by applying S on the same
qubit. Indeed,

¥ + 1 ;
A ®SHP g, = ﬁ(|gg>RAMA + le)(=D)le)ga,)

1

= E(hgg)RAMA —ilee)g,u,).  (C5)

which recovers the original state in Eq. (C2).

APPENDIX D: ROLE OF THE PHOTONIC TRUNCATION
DIMENSION IN THE SIMULATOR

In our simulation framework, the photonic Hilbert space is
truncated to a finite Fock basis of dimension dim_photonic.
This parameter determines the maximum number of photonic
excitations that can be explicitly represented in each photonic
mode. The truncation is a practical necessity, as it reduces
both memory usage and CPU requirements.

To quantify the effect of increasing the photonic trunca-
tion dimension, we have performed a dedicated test to verify
variations in the photon number (in one of the two equivalent
segments containing T4 or Tp) after the transduction process.
In Fig. 10 we report the mean photon number (n) as a function
of dim_photonic, for different values of n;, with [ = 10 km
and all other simulation parameters set according to Table I'V.
To obtain averaged quantities, we have performed 10° inde-
pendent Monte Carlo simulation runs.The numerical results
in Fig. 10 show that increasing dim_photonic beyond two
produces only a negligible change in the mean photon number
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FIG. 10. Average photon number (n) versus dim_photonic af-
ter the transduction process, for various transduction efficiency
values, with / = 10 km and all other simulation parameters accord-
ing to Table IV.

after transduction: the increase remains smaller than 0.007,
0.008, and 0.01 for, respectively, n, = 0.3, 0.5, and 0.8. More-
over, the trend is essentially stable, with maxima of 0.101,
0.164, and 0.262 for the three respective transduction effi-
ciency values. Additional simulations further confirm that the
empirical probability p. (i.e., the probability that the photon
number after transduction exceeds 1 in the simulation trials)
remains approximately constant at 0.1%, 0.4%, and 1% for
n = 0.3, 0.5, and 0.8, respectively, when dim_photonic is
increased beyond 2. Taken together, these results indicate that
photon-addition events arising from the transduction model
occur infrequently and are already well described within the
{10), |1)} truncated basis for the considered operating regime.
Moreover, this effect would be further enhanced by reducing
the transduction system temperature 7Tgy. From a practical
standpoint, this justifies the use of dim_photonic = 2 as an
efficient and reliable approximation, valid on average more
than 99% of the time in our network configuration.

APPENDIX E: ASYMMETRIC LINK SCENARIO

Throughout the main text, we have assumed a symmetric
network configuration, in which the two segments Alice-
TESQR and Bob-TESQR share identical physical parameters.
This assumption was adopted to keep the analytical model
tractable and to allow a clean assessment of the fundamen-
tal performance and feasibility of the TESQR scheme under
standard operating conditions. It is also physically motivated:
since all components of the TESQR architecture reside within
the same integrated system, they are ideally engineered and
controlled to exhibit matching properties, and deviations from
symmetry can in principle be suppressed through careful
calibration.

For completeness, we investigate here TESQR’s
entanglement-swapping fidelity performances when the
two segments exhibit asymmetries in the following key
physical parameters:

(1) Fiber length asymmetry. Distinct lengths [y and I
yield different channel transmissivities 7. = e/l k €
{A, B}, where k denotes Alice’s or Bob’s side.

(2) Transduction efficiency asymmetry. Distinct efficien-
cies n 4 and 5 p arise, e.g., from fabrication tolerances or
different cavity operating points.

(3) Thermal noise asymmetry. Distinct mean thermal pho-
ton numbers 74 and 7ig reflect different cryogenic bath
temperatures Tgys 4 and Ty p.

All other parameters (1gb, Mph, PcNOT» PH» and &) remain
identical for the two segments, as they are performed locally
on the same QPU.

1. Model extension

The derivation of each single-link density matrix pro-
ceeds as in Appendix A, independently for each segment,
with link-specific parameters (¢, Mk, #x). In particular, the
transduction added-noise and normalization factor become

14+ nek

1
Npx=(1-— Ut,k)(ﬁk + §>, A = + Nk, (ED)
for k € {A, B}. All model steps up to and including the indi-
vidual coupled density matrices remain formally identical to
the symmetric case. The sole modification is in the assembly
of the full four-partite state, where Eq. (A18) is generalized to

1 1

P = il @ pin (E2)

with the two factors now in general distinct. The subsequent
swapping circuit and fidelity evaluation proceed identically

to the symmetric case, using SymPy [65,66] for symbolic
computation.

2. Numerical results and discussion

We evaluate Fjn, after entanglement swapping for three
scenarios, each isolating one asymmetry parameter. The
shared fixed parameters follow Table IV, with central oper-
ating point 1.9 = 0.5, [y = 10 km, and T, = 0.1 K. Each
asymmetry is introduced symmetrically as x4 = xo — A/2,
xg = X0 + A/2, recovering the symmetric case at A = 0.

Transduction efficiency asymmetry. Figure 11 shows Ffpa
versus An, = nyp — nr.a, With 7 derived self-consistently
from n, ; via the transducer model (Appendix B).

All four outcomes degrade monotonically and symmet-
rically as |An,| grows. To understand this, we recall from
Eq. (A17) that the coupled density matrix of each link contains
two structurally distinct contributions: diagonal population
terms (proportional to 1/A, 1 /A,%, 1 /Ai), which depend on
N through Ay; and an off-diagonal coherence term with
coefficient

i /Nec.k Ntk A/TgbTIph
ask =3 = : (E3)
k

which carries the quantum correlations between the matter
qubit M} and the remote qubit R;. Since 7, appears in both
the diagonal and off-diagonal elements, any change in 71
simultaneously affects all density-matrix entries for that link.
The joint coherence contributing to the final entangled state
after swapping is therefore proportional to /m; 4 - 7 . Since
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FIG. 11. Entanglement-swapping output fidelity Ffn, VS trans-
duction efficiency imbalance An, = np — 9.4, With na = 1o —
An /2, nep = no + An, /2. Fixed: [y = 10 km, o = 0.5; other
parameters as in Table IV.

Nea + N = 210 1s fixed, the AM-GM inequality gives
A e S Mo, (E4)

with equality only when n,4 = n,z. Because n, affects all
density-matrix elements, this suppression acts uniformly on
all four measurement outcomes, explaining the identical qual-
itative behavior seen in Fig. 11.

Fiber length asymmetry. Figure 12 shows Fjpqa versus Al =
Ip — Iy, with n g = nyp = nyo fixed.

Unlike the An, case, this scenario reveals a split behav-
ior: outcomes |ge)u,m, and |ee)y, u, degrade with increasing
|Al|, while |gg)um,m, and |eg)as,m, remain nearly flat. To un-
derstand this, recall that the target states for the latter two
outcomes are |gg) *+ |ee), whose fidelity depends on the prob-
ability of both remote qubits R4 and Rp being found in the

1.0+ — |99) MM, = leg) My

|{161>.\/4.\/B """ \861>;\l,4;\15

0.8 4

0.6

Fiinal

0.2 4
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FIG. 12. Entanglement-swapping output fidelity Fj,, vs fiber
length imbalance Al =lp — 1y, with [y =1y — Al/2, Ig =1+
Al/2.Fixed: n.o = 0.5, [y = 10 km; other parameters as in Table IV.
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FIG. 13. Entanglement-swapping output fidelity Ff,, vs thermal
noise imbalance A7 = fip — iy, With iy = g — An/2, iip = g +
An/2.Fixed: n, o = 0.5, lp = 10 km; other parameters as in Table I'V.

same state (|g) or |e)). This is governed by the diagonal
coefficients a; x and a,; of Eq. (A17), which are indepen-
dent of 7. since the normalization factor A; depends only
on 7 and 7. These terms correspond to events in which
the photon is lost before reaching Ry, so their magnitude
is set entirely by the transducer and is unaffected by fiber
attenuation. As a consequence, varying A/—which only mod-
ifies 1. while leaving Ay unchanged—does not alter a) x
or ay, and the fidelity of |gg) and |eg) remains flat. The
target states |ge) £ |eg) for the other two outcomes instead
require quantum coherence between |g)g and |e)g on each
link, carried by the off-diagonal term as o /M xMck /A7 and
by the 7. ,-dependent diagonal terms a3 and as ;. These
coefficients are directly affected by fiber asymmetry, and
their joint degradation across the two links causes the fi-
delity of |ge) and |ee) to decrease with |A/|. This behavior
contrasts sharply with the An, case: there, n; enters Ay di-
rectly, so any transducer imbalance simultaneously modifies
all coefficients a; ; through as ;, degrading all four outcomes
uniformly.

Thermal noise asymmetry. Figure 13 shows Fgna versus
An = ng — iy, with n, and [ fixed at their nominal values.

All four curves are essentially flat. At 7oy = 0.1 Kand f =
8 GHz, the thermal occupation 7ip &~ 2.4 x 1073 is negligible
compared to the vacuum term in Ny = (1 — ny)(72 + 1/2). The
absolute perturbation on A induced by the full sweep of A7
is of order (1 — n)ig ~ 1073, entirely masked by the contri-
butions from 5, 1., and the gate errors. This confirms that, at
the cryogenic temperatures of interest, thermal noise is not a
limiting factor of the TESQR scheme, and moderate interseg-
ment temperature differences have no measurable impact on
fidelity. The dominant sources of degradation remain 7, 7,
and gate imperfections, consistently with the main text anal-
ysis. These results jointly support the physical validity and
robustness of the symmetric scenario adopted as the primary
framework throughout this work.
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