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We investigate the dynamics of entanglement in dissipative fermionic and bosonic Su-Schrieffer-Heeger
(SSH) models and discover that they exhibit a revival dynamics of entanglement when the decoherence channel
preserves the chiral symmetry. This behavior is only observable in the topological phase, and the visibility of
the revival diminishes to zero at the phase boundary. Furthermore, the revival acquires a universal character,
meaning that the entire time-evolution profile remains independent of system size, provided that the size exceeds
the localization length of the edge modes associated with the topological phase. Our findings suggest that the
universal entanglement revival originates from the topological properties of the SSH model. These dynamical
properties may be experimentally accessible, for instance, by utilizing photonic quantum computers.
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I. INTRODUCTION

Quantum entanglement, a critical resource in quantum
science and technology, is fragile and prone to rapid degrada-
tion under quantum decoherence [1,2]. Consequently, systems
exhibiting entanglement revival phenomena, where quantum
correlations reemerge following initial decay despite persis-
tent decoherence, have attracted significant interest [3,4]. Ever
since, this revival behavior has been extensively investigated
across diverse quantum platforms, spanning both discrete-
and continuous-variable systems [5—13]. Studies have demon-
strated even more striking dynamical features, including
entanglement sudden death and rebirth phenomena [13-18].
Such entanglement revivals must be distinguished from the
direct influence of interaction which, by its very nature, also
tends to enhance entanglement. The latter acts on a timescale
given by the inverse interaction strength, whereas the en-
tanglement revivals happen over a much longer timescale
(typically longer than the quantum decoherence time).

Various physical mechanisms have been suggested to un-
derstand the occurrence of entanglement revival behavior,
which usually involves a nontrivial interplay between co-
herent interactions and environmental decoherence [3-19].
Of our particular interest is a generic scenario based on the
chiral symmetry, recently discussed for an ensemble of three-
level systems interacting with single-mode bosons [19]. In
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this scenario, the chiral symmetry generates a distinct zero-
energy state that demonstrates remarkable resilience against
decoherence. Initially, the system experiences a phase where
dissipation rapidly diminishes the initial entanglement. Subse-
quently, the system undergoes a gradual transition to the chiral
symmetry-protected zero-energy state, eventually undergoing
a self-purification process that entails a distinct revival of
entanglement.

Chiral symmetry plays an especially prominent role in
symmetry-protected topological states of matter [20]. In this
context, the associated zero-energy states become localized
at the system’s edges and, according to the bulk-boundary
correspondence principle, serve as distinctive signatures of
topological phases. Entanglement is both a fundamental quan-
tum resource and a valuable tool for characterizing quantum
phase transitions [21,22] as well as topological phase transi-
tions [23,24]. Therefore, by combining these perspectives, it is
natural to expect that the entanglement revival dynamics can
provide valuable insights into the characterization of topolog-
ical phases protected by chiral symmetry.

Motivated by this idea, in the present work, we investigate
entanglement dynamics in a dissipative variant of the Su-
Schrieffer-Heeger (SSH) model. The SSH model represents
one of the best-known examples of chiral symmetry-protected
topological insulators [25-27] and has considerable rele-
vance for quantum technology applications [28-33], due to
its simple form and robustness against disorder [34—40]. Re-
cent studies have extended topological analysis to dissipative
dynamics [41-47], yet the interplay between topological prop-
erties and entanglement dynamics remains underexplored.
Understanding this relationship is critical for implementing
topological systems in practical quantum technologies. Our
work systematically explores how the topological phases
manifest through entanglement revival behaviors in the SSH
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model, establishing a characterization of topological phases in
terms of entanglement dynamics.

We find that, in the topological phase of the SSH model, the
dissipative entanglement dynamics not only exhibits a revival
behavior but also takes a universal form; in other words, the
entire time-evolution profile of entanglement is independent
of the chain length, with curves for different system sizes
collapsing onto a single curve. The universal profile becomes
evident for chain lengths exceeding the localization length of
the zero-energy edge modes, which are characteristic of the
topological phase according to the bulk-boundary correspon-
dence [20]. In the trivial phase, however, all these features
disappear. All these suggest that the entanglement revival
behavior is directly tied to the presence of the zero-energy
edge modes, i.e., the topological state of the SSH model.

Our findings apply to both fermionic and bosonic versions
of the SSH model, and thus they can be simulated in tun-
able quantum systems, such as photonic quantum computers
[48-50]. On a photonic quantum computer, nearest-neighbor
hoppings of variable coupling strengths can be realized with
tunable beam splitters. Additionally, the required photon loss
pattern with lower and higher rates at even and odd sites,
respectively, can be simulated by selective leakage of pho-
tons. Therefore, we expect that the topologically protected
entanglement revival reported in this work is achievable with
current photonic technology. We also note that a fermionic
SSH model with tunable couplings has been experimentally
realized using donor-based quantum-dot arrays in silicon [51],
making this another promising platform for testing our predic-
tions.

This paper is organized as follows: In Sec. II we intro-
duce the SSH model, briefly reviewing its chiral symmetry
and topological properties. The theoretical methods we used
are detailed in Sec. III, including the semiclassical approach
and different entanglement measures. Section I'V presents the
main results, highlighting the universal entanglement revival
observed in both fermionic and bosonic SSH models, as well
as its connection to topological edge states. Section V con-
cludes the paper. To further support the arguments in the main
text, four Appendixes are provided: Appendix A demonstrates
the universal revival behavior in the mutual information as
an alternative to entanglement. Appendix B examines the von
Neumann and Rényi entropies per site (i.e., the entropy den-
sities), which also exhibit a universal behavior. Appendixes C
and D investigate more realistic conditions, including spatially
correlated noise and finite temperature, and confirm that the
universal revival remains qualitatively robust.

II. MODEL

The SSH model is a prototype of one-dimensional (1D)
topological insulators [26,27]. As a tight-binding model with
alternating hopping amplitudes, g; and g, it exhibits a chi-
ral symmetry (also known as sublattice symmetry), which,
together with the time-reversal symmetry, completely classi-
fies the topological states of matter. The chiral symmetry is
characterized by a unitary operator that anti-commutes with
the Hamiltonian and ensures that the Hamiltonian matrix can
be written in a block-off-diagonal form, leading to a degen-
erate zero-energy subspace and a symmetric energy spectrum
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FIG. 1. Schematics of the dissipative Su-Schrieffer-Heeger
(SSH) model. The coupling strengths between nearest-neighbor sites
alternate between two values, g; and g», and the quantum decoher-
ence process (wavy lines) occurs only at the odd sites. For numerical
efficiency, we ignore the shaded region and refer to the remaining
part as the "half-chain SSH model."

around the zero energy. The zero-energy modes are especially
interesting: According to the bulk-boundary correspondence
principle, they always accompany the topologically nontriv-
ial phase of topological insulators and are localized at the
boundaries of the system. In the SSH model, the topological
phase occurs when g; < g» [52]. In this phase there are two
zero-energy edge modes at the two ends of the chain. The
localization length of each edge mode,

£ = (D

- In(g2/g1)’
describes how far the mode spreads from the edge into the
bulk of the chain. For systems of sufficiently large size L > &,
the zero-energy edge modes at the two ends are decoupled
from each other. In this case, as long as any physical effects
due to the zero-energy edge modes are concerned, one can
focus on each edge mode separately. Therefore, for the sake of
numerical efficiency, we will consider only half of the physi-
cally realistic chain, ignoring the shaded portion in Fig. 1 [53].
This simplification allows us to concentrate on the properties
and behavior of a single edge mode while maintaining the
essential features of the topological phase. This half-chain
SSH model contains n two-site unit cells and a single unpaired
site, so the overall chain length L = 2n + 1 is always odd. The
Hamiltonian reads as
@L-n/2
A= Y (@fific1+efy i) +He, (2

i=1

where ji’ and f; are the creation and annihilation opera-
tors, respectively, at site i = 0, 1, ..., L — 1. In the fermionic
(bosonic) SSH model, they satisfy the anticommutation (com-
mutation) relations, {f;, f]} = 8; (£, /]1 = 8;)).

To better reveal the consequences of the chiral symmetry
and the accompanying topological properties of the system,
we rewrite the Hamiltonian in terms of the normal modes ¢1:

(L-1)/2
A= Y a@a—:cepn, 3)
k=1

where the single-particle energies ¢, are given by

€ 1=/ & + & + 28182 cos(h), 4)

with & := 27k/(L + 1). The normal modes are related to the
bare fermion or boson modes f; by

L-np -1y
b= Y Aufit Y Buifii, S
i=0 i=1
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with
Ay = 2 sin (ki + ¢v), (6a)
L+1
By == 2 sin (l%l) (6b)
L+1

and cos(¢y) = (g1 cosk + g»)/€x. Furthermore, there is a
special normal mode which does not appear in Eq. (3), as it
has the zero energy:

N 1 —(g1/8)*
O =N T (e et
1 —(g1/82)
Clearly, when g; < g», this zero-energy mode has its proba-

bility amplitudes localized at the left end of the system [54].
For later use, when k = 0 we define

(L-1)/2

> (=gi/g) . (D
i=0

1—(g1/82)* i
R (g1/gz)“1( 81/82)" ®)
Recall that, unlike this zero-energy edge mode, all other
modes ¢y (k # 0) are bulk modes with probability ampli-
tudes spread over the whole chain.

We are interested in the topological influence on the
dynamics of quantum entanglement in the presence of de-
coherence. To clearly illustrate the topological effects, we
assume that the quantum decoherence processes preserve the
chiral symmetry; that is, we assume that decoherence pro-
cesses occur only on the odd sites, 2i — 1, with a uniform
decay rate I'. The noisy dynamics is governed by the quantum
master equation for the density operator p:

i -1/
= —iH.p1+T > Difi-1lp )

i=1
where D is the superoperator

DUf1p = fof" = 5(f' Fo +pf' ) (10)
describing the single-particle decay process and I is the decay

rate.
We will consider a many-body initial state of the form

(L-1)/2

o =c [T ¢, (1)

k=1

where |) is the vacuum state. For the fermionic SSH model,
this initial state is one of the two degenerate many-body
ground states with all the negative-energy modes and zero-
energy mode singly occupied; hence, it is a natural choice.
In the bosonic model, occupation of all the negative- and
zero-energy normal modes can be achieved by external driv-
ing, as commonly done in experimental demonstrations of
topological band structures, e.g., in photonic crystals [55,56].
Since we study nonequilibrium dynamics, the resulting phys-
ical effects inevitably depend on the initial state. However, as
long as the zero-energy edge mode is initially occupied, our
main findings remain qualitatively valid for many other initial
states. In particular, we have checked that a universal revival is
found for an initial state where all the normal modes are singly
occupied. This confirms that the universal entanglement

dynamics reported below is closely related to topological fea-
tures.

III. METHODS

Before presenting in Sec. IV our main results, here we
describe the methods used to solve the quantum master equa-
tion, Eq. (9), and to analyze the entanglement content of the
solution.

A. Semiclassical approach

The computational cost to exactly solve the quantum mas-
ter equation increases exponentially with system size [57].
Fortunately, in the parameter regime of our interest, a semi-
classical approach provides an accurate description of the
dynamics. We first note that when the coupling strengths are
much larger than the decay rate (g, g2 > I'), the eigenstates
of Eq. (2) are generically well-separated in energy. Since the
coherent phase factor between energy-separated eigenstates
oscillates rapidly in time, it gets averaged out throughout the
slow dissipative evolution. We can therefore assume that p(t)
is approximately diagonal in the many-body eigenstates, |E,):

p(t) Y |Eq)Py(t)(Eal. 12)

The probabilities P, for different many-body eigenstates |E, )
satisfy the master equation

dPy(t)

= ?m&(r) — VpaPa(1)), (13)
where the transition rate y, g from |Eg) to |E) is given by
L-1)/2
Vap =T Y [Ealfaic1|Ep)I*. (14)
i=1
In terms of the normal-mode operators ¢, it reads as
r A
Yap = 5 ) Eal&lEp)P, (15)
k#0

which follows from the orthogonality of coefficients By,
(L-1)/2
> BiiBui = ue/2. (16)
i=1
In fact, this orthogonality relation has its origin in the chiral

symmetry, leading to the separately normalized coefficients
Ay; and By;; see Egs. (6) and (8). Therefore, we also have

L-1/2
Z ApiAvi = S /2. (17)
i=0
We note some unique properties of the semiclassical dy-
namics described by Eqgs. (12) and (13): First, every time a
decay process occurs, the total number of particles decreases
by 1. However, the zero-energy edge mode can never decay,
because ¢y has nonzero amplitudes only at the even sites, see
Eq. (7). In the long-time limit (+ — 00), only one particle
remains, occupying the zero-energy edge mode, i.e.,

poo 1= lim p(t) = & 1) (| &. (18)
1—00
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Second, with the initial condition in Eq. (11), the occupation
numbers of the normal modes are either 1 or 0, and a decay
process corresponds to one of the occupied modes becoming
empty. From Eq. (15) we see that all these decays occur with
an identical rate, I" /2, which allows us to solve the semiclas-
sical evolution of Egs. (12) and (13) in a closed form as

(L=1)/2
PR Y Pupi() Yl pooliny, (19)
m=0 {kiYis,
with
Pur(t) = e "1 — e T2 T, (20)

In Eq. (19) we have used the shorthand notation

m
6[1(1.}:_11:1 = Hé_k"’ 21
i=1

where {k;}7, is an unordered set of mode indices (with
k; > 0). We see from Eq. (19) that the probabilities P, for the
many-body eigenstates « to host m — 1 particles at negative
energies (and one particle in the ¢y mode) are all equal. For
those states, we can simply set P, = P,,.

So far, we have justified the semiclassical approximation
in the large-coupling limit g;, g» > I'. However, the above
description is more general, and allows us to compute the dy-
namics deep in the topological phase (g; <« g2), when g can
become comparable to I'. In this limit, the energy differences
between the eigenstates with the same m appearing in Eq. (19)
are of order of g, and thus the corresponding coherent phase
factors would not oscillate on a fast timescale. Fortunately,
however, the dissipative evolution does not generate such
coherence, as can be checked by applying the full master
equation, Eq. (9), to a generic eigenstate |E,)(E,|. This is
due to a destructive interference of amplitudes, which follows
from the orthogonality of the normal modes, i.e., Egs. (16) and
(17). Nevertheless, it is still necessary to satisfy the condition
g>» > T in order to prevent the full dynamics from generating
coherence between many-body eigenstates with large energy
differences of order g,.

To demonstrate the accuracy of the semiclassical approxi-
mation when g; =~ I (yet g» > I'), we compare in Fig. 2 the
numerical solution of the full quantum master equation (9)
and the semiclassical approximation (20). Clearly, we ob-
serve an excellent agreement between the two, justifying
the semiclassical approach. The validity of the semiclassical
approximation can be understood in terms of two complemen-
tary mechanisms. First we note that the coherence between
eigenstates with the same number of particles (occupying the
normal modes ¢;) vanishes due to destructive interference be-
tween decay paths into different eigenstates. This property can
be derived from Eqgs. (16) and (17). Specifically, when the sys-
tem evolves from one initial state into a coherent superposition
of such eigenstates, the amplitudes associated with differ-
ent paths acquire opposite phases. These phase differences,
which originate from the symmetry and spatial structure of the
modes, lead to a cancellation of coherence. Furthermore, for
eigenstates with different particle numbers, coherence terms
are suppressed by rapid oscillations arising from large energy
gaps, set primarily by g». As long as g» > T', these coherence

—
=
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Probability

= = =
o b B

15 20

FIG. 2. Probability P, for the system to be found in any many-
body eigenstate with m particles as a function of time. The empty
markers are obtained by solving the quantum master equation,
whereas the solid lines are from the semiclassical description. We
used L =7 and g;/g, =T'/g, =0.1.

terms effectively average out. In passing, we note that the
maximum probability appears earlier for initial states with
more particles, which is intuitively appealing.

The semiclassical state in Eq. (19) provides a complete
description of the dynamics. For fermionic systems, the state
satisfies Wick’s theorem [58] and hence one can further
rewrite it into a Gaussian form [59]:

L-1

p=(detGyexp | Y KyO)ff; |. (22)

i,j=0
with the Gaussian kernel K given by
K =In[(l-G)G . (23)

Here, G denotes the matrix of single-particle Green’s
functions,

Gij(1) == (fif)) = Tilp) /if]1, (24)

which can be conveniently obtained by first evaluating the
Green’s functions of the normal modes ¢;. Since the density
matrix p in Eq. (19) is diagonal in the normal modes, we
immediately find that xw = (&4¢)) = xS Explicitly, xx
is obtained as follows:

T2 (k< 0),

(k =0, (25)

1—e
x(@) =370
1 (k > 0).

Finally, G is related to x by the same canonical transformation
between f; and ¢y, given in Eqgs. (6) and (8). By using Eq. (25),
it can be written as
L-1)2
Git)y= Y [ —e "MW Ui+ UcUcjl.  (26)
k=1

where Uik,Zi = Aki and Uik,z;‘—] = :EBkl'.

The Gaussian form (22) of the density matrix turns out to
be extremely powerful when later calculating the entangle-
ment content. We emphasize that for bosons, the mixed state
in Eq. (19) is not Gaussian anymore, despite having exactly
the same form.
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B. Entanglement measures

Quantifying quantum entanglement [60] is vital in quan-
tum information theory, yet is highly nontrivial to calculate,
especially for mixed states. Common entanglement measures
include entanglement entropy [61], concurrence [62], and log-
arithmic negativity (or the closely related negativity) [63,64].
However, entanglement entropy is applicable only to pure
states, while concurrence is practical only for two-qubit sys-
tems, whether in pure or mixed states. For mixed states of
more general systems, the logarithmic negativity (or nega-
tivity) has been widely used as one of very few practically
computable entanglement measures. Nevertheless, as it re-
quires finding the eigenvalues of the density matrix after
partial transposition, its computational cost increases quickly
with system size. To avoid complications arising from partial
transposition, quantum mutual information is often used as
well. Although mutual information is not an entanglement
measure in the strict mathematical sense, it still captures many
important aspects of quantum correlations as well as classical
correlations. Below, we will investigate the entanglement con-
tent of the mixed state (19) using the logarithmic negativity.
However, as we illustrate in Appendix A, our universal fea-
tures are observed in the mutual information as well.

The logarithmic negativity between two subsystems A and
B is defined by [63]

E(A,B) :=log, [p™| =1log, [, 27

where p74 (pT®) is the partial transpose of the density matrix
0 with respect to subsystem A (B), and || - || denotes the trace
norm. As mentioned above and seen in the definition (27),
the main obstacle in computing the logarithmic negativity for
large systems comes from the partial transposition: If not for
the partial transposition, in many cases the trace norm may be
calculated without much difficulty by using the symmetries of
the system to decompose the large density matrix into smaller
blocks. More specifically, in our model the total number of
particles is conserved, i.e., [fig + 7ig, p] = 0. On the other
hand, the partial transpose, pTa or pTs, violates this symmetry,
and one has to deal with the Hilbert space as a whole. Actually,
in our model the difference /iy — 7ig in the number of particles
is conserved [65], i.e., [ig — fig, pT4] = 0, but the invariant
blocks under this symmetry are still exponentially large.
Recently, a new type of logarithmic negativity based on
a partial time-reversal transformation has been suggested for
fermionic systems [66—-68]. Compared to the conventional
(or bosonic) logarithmic negativity, this fermionic logarithmic
negativity was shown to better capture the contributions to
entanglement from Majorana fermions. From our point of
view, however, the key advantage lies in the fact that the
partial time-reversal transformation of a fermionic Gaussian
state remains Gaussian, allowing the fermionic logarithmic
negativity to be calculated using a 2L x 2L matrix of gen-
eralized Green’s functions [66], that is, with a polynomial
amount of resources and time. In our case, as the pairing
correlations are zero, the fermionic logarithmic negativity is
obtained directly from the L x L matrix of Green’s functions,
see Eq. (26), and we could study half-chain SSH chains up to
L ~ 10? without difficulties. For the bosonic case, on the other
hand, the calculations are limited to relatively short chains.

C. Fermionic vs bosonic SSH models

Above, we have already made several remarks on tech-
nical differences between the bosonic and fermionic SSH
models. Here, we summarize both fundamental and technical
differences between them. It is remarkable that, despite these
differences, the fermionic and bosonic models share the same
universal dynamics of entanglement.

Both bosonic and fermionic systems in the half-chain
SSH model exhibit a chiral symmetry, characterized by the
existence of a unitary operator that anticommutes with the
Hamiltonian. This symmetry leads to a degenerate zero-
energy subspace and a symmetric single-particle energy
spectrum around the zero energy. Additionally, the zero-
energy edge mode reflects the nontrivial topological character
of the band structure.

For large bosonic systems, the size of the Hilbert space
poses significant computational challenges. Certain tech-
niques, such as block diagonalization of p’4, are employed
to alleviate the computational burden. In contrast, fermionic
systems can benefit from the fact that the relevant state is
Gaussian, since the partial time-reversal transformation of
Eq. (22) remains Gaussian.

In the next section, we will present our results for
both bosonic and fermionic systems in parallel, to high-
light the common universal behavior despite the differences
summarized above. We attribute the common features of en-
tanglement dynamics to the chiral symmetry and topological
properties, especially the zero-energy edge modes.

IV. RESULTS

We now present our findings, which provide deeper
insights into the relationship between the dynamics and topo-
logical properties. Most of our calculations have been done
using the symbolic quantum simulation framework Q3 [69].

A. Universal entanglement revival

Figure 3 summarizes our main results concerning the time
evolution of entanglement between the second even site and
the rest of the system (the qualitative features do not de-
pend on a specific partitioning, see below). Figures 3(a) and
3(b) refer to the fermionic half-chain SSH chain, where we
computed the fermionic logarithmic negativity for two values
of g, deep in the topological phase (g; < g2). On the other
hand, Figs. 3(c) and 3(d) show the conventional logarithmic
negativity of the bosonic model in the same phase. In the
fermionic case, we could calculate the fermionic logarithmic
negativity for systems as large as L ~ 10%; three representa-
tive sizes are shown in Figs. 3(a) and 3(b). In the bosonic case,
the calculations were limited to relatively small values of L
because of the computational difficulties discussed in Sec. III;
the results for L = 3,5, ..., 11 are shown in Figs. 3(c) and
3(d). In both cases two distinctive features are clearly seen:
First, the entanglement revives after an initial decrease. Con-
sidering the very fragile nature of quantum entanglement in
the presence of decoherence, an entanglement revival is un-
usual and has attracted much interest [3—15,17-19]. Second,
the entire temporal profile of the entanglement has a universal
dependence, i.e., it is almost unaffected by the system size.
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FIG. 3. Universal entanglement revival, obtained by comput-
ing the logarithmic negativity £.({2},{0,1,3,...}) between the
single-site subsystem {/>} and the rest of the chain. Panels (a) and
(b) consider the fermionic model at g,/g, = 0.1 and 0.5, respec-
tively. Panels (c) and (d) are for the bosonic model, also using
g1/82 = 0.1 and 0.5. Other parameters are g, = 1 (arbitrary units)
andI'/g, = 0.1.

Although we only show the entanglement between site f> and
the remaining sites {fo,fl, f3, ...fL} in Fig. 3, a universal
revival behavior can be observed regardless of the specific
choice of partitioning, as long as one subsystem is confined
to the neighbor of the left edge. However, the visibility of the
revival does depend on the partitioning.

As demonstrated in a recent work [19], the entanglement
revival itself is due to a self-purification process directly re-
lated to the chiral symmetry and the associated zero-energy
mode (not necessarily localized to the edges), which behaves
as a dark state over the system’s evolution. The system starts
from a pure state with relatively large entanglement and, as it
undergoes the decoherence process, all the eigenmodes .o
of Eq. (11) (which have nonzero amplitudes on the odd sites
fri—1) are subject to decay and decoherence. Consequently, the
system evolves into a mixture of various intermediate states,
resulting in a reduced purity and the suppression of entan-
glement. After this intermediate stage, however, the system
begins to recover its purity (hence, its entanglement), because
all particles have the fate of decaying out, except for those oc-
cupying the zero-energy mode, which has nonzero amplitudes
only on the even sites. Eventually, the system stabilizes to the
final state, i.e., the zero-energy mode, which is immune to the
decay process. The entanglement in the steady state is always
determined by this zero-energy mode.

1. 5550 o

w 0.8 3’)”")’# e e
0.6L% '

40 0 10 20 i

FIG. 4. Comparison of the crossover length L. (blue empty
circles) and the effective length L.y (red filled circles) with the
localization length & of the edge mode (black solid line), as a function
of the coupling ratio g,/g,. The red dashed line marks the values
L, ~ 19, computed at g;/g, = 0.9. Inset: time dependence of the
logarithmic negativity between the single-site subsystem {f>} and
the rest of the chain. Here we take g,/g, = 0.9 and L = 3, 19, 1001
(from top to bottom).

While the above arguments explain the presence of entan-
glement revival, its universal character is more intriguing and
is the main topic of the rest of the paper. In the following we
perform a detailed analysis of the size dependence, revealing
that the universal behavior is attributed to the topological
feature of the system, especially the zero-energy edge mode.

B. Topological effects through the edge mode

In Fig. 3 we have seen that the entanglement revival deep
in the topological phase (g1/g> < 1) is universal, having a
dynamical profile independent of system size. On the other
hand, as the boundary between the topological and trivial
phases is approached (g;/g> — 1), the evolution of entan-
glement shows significant variations, especially for smaller
systems. When g1 /g2 = 0.9, for example, the dynamical pro-
file for L = 3 is distinct from the profiles of larger systems
(L =19, 1001), as shown in the inset of Fig. 4. We find that
the dynamical profiles remain universal as long as the system
size is sufficiently large compared with a certain length scale,
directly related to the localization length £ of the zero-energy
edge mode; see Eq. (1). In the following, we examine this
crossover scale in detail.

We define two length scales concerning the entanglement
revival dynamics: The crossover length L., is defined as the
minimum system size which, at a given ratio g;/g», achieves
a universal time dependence. In other words, the dynamical
profiles of systems larger than L., are all universal (within
a certain numerical tolerance €). More specifically, let &, (t)
be the logarithmic negativity for a system of length L. Then,
choosing a sufficiently large time 7', at which the entangle-
ment has reached its asymptotic value, we require that for all
L2 L,

T
% / 1 1EL) — EnD] < €Ex(T).  (28)
0
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Numerically, we approximate the L — oo limit £, by taking
L = 1001. We also choose T =20 and ¢ = 0.05. Figure 4
plots the crossover length L., (blue empty circles) as a func-
tion of g;/g>. One can see that L closely resembles the
localization length & of the edge mode (black solid line). For
instance, when g;/g>» = 0.9, the crossover length matches the
localization length L., &~ & & 19. This value is highlighted by
a horizontal dashed line in the main panel of Fig. 4. In the
inset, the detailed entanglement profile with L = 19 follows
quite faithfully the universal dynamics at L = 1001.

The second length scale we investigate is the effective
length Leg of the system. To define L.y, we consider the
reduced density matrix p;(t) := Tr,-L:j 4+1P(), obtained by
tracing out sites j + 1, ..., L. In general, the reduced density
matrix p;(t) represents a physically different state from the
full density matrix p(¢). However, in our case it turns out that
pj(t) gives physically equivalent results to p(z), as long as
Jj 1s larger than a certain length scale, which we refer to as
the effective length. That is, the effective length L. is the
minimum length at which the reduced density matrix has the
same properties of the full density matrix, p;(t) ~ p(¢) for
J 2 Letr. The comparison between p;(¢) and p(z) is done in
terms of the logarithmic negativity, in a manner analogous to
Eq. (28). More precisely, in Eq. (28) we substitute £, (f) —
E;(t), where &;(¢) is the logarithmic negativity obtained from
p;(t). Ideally, we would compute p;(¢) from the full density
matrix O(t) of the infinite half-chain SSH chain, i.e., in the
limit L — oo. In practice, we can choose a sufficiently large
value of L and, as before, we have used L = 1001 in our
numerical calculations.

The explicit dependence of L.g on g;/g» is shown in Fig. 4
(red filled circles). It is seen that like the crossover length L,
the effective length L.s also agrees well with the localization
length £ of the edge mode. In short, both L., and L. follow
closely the localization length &, and this strongly suggests
that the spatial range of the edge mode is a critical factor in
determining the onset of the universal entanglement revival
behavior.

Another feature that supports the topological origin of the
entanglement revival is the visibility, defined as the difference
between the asymptotic value (f — oo) and the minimum
of the logarithmic negativity. The details of the visibility
differ between the fermionic and bosonic cases and are af-
fected by system parameters as well. However, as illustrated
in Fig. 5 for a long fermionic chain, we find the following
generic qualitative features: The visibility is zero at g; /g, = 0
and first increases with g;/g», reaching a maximum around
g1/82 =~ 0.7. Then it sharply drops to zero (i.e., the entangle-
ment revival disappears) as g;/g, approaches 1. At g;/g, =0
the visibility vanishes for a trivial reason, i.e., because the
unit cells are decoupled. However, the disappearance of the
entanglement revival when g;/g> — 1, which is the border
between the topological and trivial phases, strongly suggests
that the entanglement revival is closely connected with the
edge mode.

Finally, while we have exclusively discussed the logarith-
mic negativity in this section, the universal revival can also
be found in the mutual information (see Appendix A). The
von Neumann and Rényi entropy densities exhibit a size-
independent behavior as well (see Appnendix B), suggesting

0.20

e
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()

Visibility
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0.05

0.00
00 02 04 06 08 1.0
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FIG. 5. The visibility of entanglement revival as a function of the
coupling ratio g;/g», for L = 1001 and I'/g, = 0.1.

that the topological properties of the system affect the dy-
namical evolution and robustness of local correlations, both
quantum and classical, in a universal way.

V. CONCLUSION

In this study of the fermionic and bosonic SSH models,
characterized by the presence of a chiral symmetry, we have
explored the dynamics of entanglement of a single site with
the rest of the chain, in the presence of decoherence which
preserves the chiral symmetry. Our results reveal a remarkable
entanglement revival which, for a fixed coupling ratio, ac-
quires a universal profile when the system length exceeds the
localization length of the zero-energy edge modes. The effec-
tive length scale for the onset of universality is identified with
the localization length of the zero-energy edge modes. By
revealing a direct connection between the universal entangle-
ment revival and the topological phase, these findings enhance
our comprehension of the impact of topological features on
entanglement dynamics and suggest promising applications in
adaptable quantum information processing systems, including
photonic quantum computers and semiconductor quantum-dot
arrays. These results not only highlight the influence of topo-
logical features on entanglement dynamics but also motivate
further investigation into various other decoherence scenarios.
In particular, the effect of colored noise with chiral symmetry,
which is relevant in experimental situations, is another inter-
esting open question for future studies.
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FIG. 6. Time dependence of the von Neumann mutual informa-
tion IyN({2}, {0, 1, 3, ...}) between site 2 and the rest of the chain in
the fermionic SSH model for (a) g,/g> = 0.1 and (b) g;/g> = 0.5.In
both panels, I'/g, = 0.1.
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APPENDIX A: MUTUAL INFORMATION

Mutual information is a measure of total correlations, both
classical and quantum, between two subsystems. It provides a
different perspective on the state of the system than entangle-
ment measures such as logarithmic negativity. Furthermore,
mutual information is usually easier to compute than most
entanglement measures, making it a practical alternative for
larger systems. Here, we show that mutual information, like
logarithmic negativity, exhibits a universal revival behavior,
which indicates that universality is not limited to a specific
entanglement measure.

The mutual information between subsystems A and B is
defined by

L (A, B) := S, (pa) + S, (PB) — S, (D), (AL)

where 4 /p is the reduced density matrix of subsystem A /B
and p the full density matrix, while the Rényi entropy of order
y is defined as

S, (p) = log, Tr(p"). (A2)

-y
In the limit y — 1, the Rényi entropy becomes the von
Neumann entropy, Syn(p) = —Tr(p log, p). Note that com-
puting the von Neumann entropy (i.e., the Rényi entropy
of order 1) may be computationally intensive for large sys-
tems. On the other hand, the Rényi entropy of order 2,
S2(p) = —log, Tr(p?), is much easier to compute and advan-
tageous for large or complex systems.

For fermionic Gaussian states, the von Neumann mutual
information can be calculated efficiently from the correlation
function [70]. In Fig. 6 we observe that the revival behavior
disappears in certain limits, such as g; < g», because the
mutual information is not a proper measure of quantum en-
tanglement. However, the universal behavior always persists,
which is in agreement with the results for the logarithmic neg-
ativity presented in the main text. In addition, both measures
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FIG. 7. The revival behavior of von Neumann mutual informa-
tion in the bosonic model for coupling ratios for (a) g;/g> = 0.1 and
(b) g1/g> = 0.5. In both panels, I'/g, = 0.1.

suggest that for a fixed coupling ratio g;/g», the universal
behavior can be observed when the size of the half-chain SSH
model exceeds a certain crossover length. The consistency
in behavior between the two measures underscores the ro-
bustness of the universal entanglement revival phenomenon,
confirming once more that the universal behavior is deter-
mined by the inherent properties of the system.

For the bosonic case, computing the von Neumann mu-
tual information is challenging for large systems since the
Hilbert space grows very fast with the system size and the
relevant states are not Gaussian. Currently, we are able to
calculate the von Neumann mutual information up to L = 13.
Figure 7 illustrates the entanglement dynamics for bosonic
systems with different coupling ratios and chain lengths. As
seen, despite the maximum length being much shorter than the
fermion case, the universal behavior is still evident. Thus, the
conclusions for bosons are very similar to those for fermions
in Fig. 6, and to the behavior of the logarithmic negativity.

Due to the limitations in calculating the von Neumann
mutual information for bosonic systems, we extended our
analysis to the order-2 Rényi mutual information, which can
be obtained for larger system sizes (specifically, we consider
L =11,15,19, and 23). As shown in Fig. 8, the Rényi mu-
tual information also displays a universal revival. The larger
accessible system sizes allow us to obtain good convergence
also in Fig. 8(b), where a larger coupling ratio g;/g> = 0.5
is assumed. This extension further confirms that the universal
behavior is not restricted to the von Neumann mutual infor-
mation and logarithmic negativity, offering new evidence of
its robustness in larger bosonic systems.

APPENDIX B: ENTROPY DENSITY

We also consider the Rényi entropy per site,
s, (p) =S, (p)/n, where S, (p) is defined in Eq. (A2) and
n=(L—1)/2 is the number of two-site unit cells. This
quantity can be easily evaluated within the semiclassical
approximation in Egs. (19) and (20). In particular, the von
Neumann entropy density (y — 1), syn(p) is given by

sy = —log,(1 — e /%) 4 7T/ 10g,(—1 + €/?), (B1)
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FIG. 8. Revival behavior of the Rényi mutual information of
order 2 in the bosonic model for coupling ratios (a) g1/g> = 0.1 and
(b) g1/g2 = 0.5. Shown is the Rényi mutual information between site
2 and the rest of the chain. The inset of panel (b) is a zoom-in of the
main plot. We have used I'/g, = 0.1.

and the Rényi entropy density of order 2 reads as

sy = —log,(1 +2¢ " —2¢7T1/2), (B2)
The qualitative time dependence of these quantities features
dynamical behavior distinct from that of entanglement mea-
sures such as logarithmic negativity. Since the system is in
a pure state at f = 0 and t — oo, they vanish at r = 0 and
t = oo. Instead, the entropy density attains its maximum value
sy =S =1 at I't =21In2. The increase of the entropy at
intermediate times is in qualitative agreement with the re-
duction of purity and the occurrence of a minimum in the
logarithmic negativity. Interestingly, in contrast to entangle-
ment, the maximum entropy always occurs at I't = 21n 2,
independent of the coupling strengths g; ». This difference is
due to the fact that the probabilities of the eigenstates, given
in Eq. (20), do not depend on g; ». Instead, the entanglement
is obviously affected by the specific eigenstates of p; thus the
position of the minimum depends the coupling ratio g;/g>.
Despite these differences, we note that both Egs. (B1) and
(B2) are independent of L, i.e., they also display a universal
behavior, demonstrating that local quantum correlations are
robust with respect to the overall system size. These results
suggest that the robustness of local quantum correlations is
likely due to the topological properties of the SSH model,
contributing to the stability of the entanglement revival under
different conditions.

APPENDIX C: SPATIALLY CORRELATED NOISE

In the main text we assumed for simplicity a strictly local
decoherence channel. In realistic platforms, however, spatially
correlated noise may arise and influence the dynamics. In-
terqubit noise correlations have been experimentally identified
in densely packed silicon spin qubits [71], and their effects
on qubit dynamics have been theoretically analyzed in both
Markovian and non-Markovian regimes [72]. These studies
underscore the importance of considering correlated noise
when investigating entanglement under decoherence.
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FIG. 9. Entanglement dynamlcs under nearest-neighbor corre-
lated decoherence, [; = le 1+ f21+1 The entanglement is shown
for various system sizes, ranging from L =7 to L = 1001, and
under different coupling ratios: (a) g1/g> = 0.1, (b) g1 /g2 = 0.5, and
(c) g1/82 = 0.9. The parameter that we take: go = 1,1"/g, = 0.1.

To test the robustness of our results, we consider a decay
channel with spatial correlations, which nevertheless remain
short-ranged. This distinction is crucial, as topological prop-
erties are robust against local fluctuations and disorder but
can break down under globally correlated perturbations. For
definiteness, here we restrict ourselves to the fermionic case
and examine two representative types of correlated Lind-
blad operators that preserve the chiral symmetry of the
SSH model (1) the nearest-neighbor symmetric combination
L = fz, 1+ f2,+1, where decoherence acts collectively on
nearest-neighbor odd 51tes and (ii) the exponentlally decaying
form L; = fio1 + e N (fur1 + foiz) + e 2(frirs + frios) +

, which introduces a broader spatial profile of correlated
decoherence, mimicking decaying interactions often present
in realistic environments.

As shown in Figs. 9 and 10, the entanglement dynamics
under such spatially correlated decoherence remains qualita-
tively similar to that observed with local noise (cf. Fig. 3). The
universal entanglement revival persists across various cou-
pling ratios and becomes more pronounced in larger systems.
We note that for g;/g> = 0.9, the universal behavior is less
visible in small systems [see Figs. 9(c) and 10(c)], since the
system size must exceed the localization length of the edge
mode, which grows fast as g;/g» approaches 1. All these
results demonstrate that the universal entanglement revival
persists for spatially correlated noise, as long as it preserves
the chiral symmetry and the correlation length is not too long
compared with the system size. In fact, as already noted,
topological states are protected against local perturbations, but
not global ones.

APPENDIX D: FINITE TEMPERATURE

In realistic quantum platforms, finite temperature is un-
avoidable. It may affect the preparation of the initial state
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FIG. 10. Entanglement  dynamics under  exponentially
decaying  correlated  decoherence, L= frict + e N (fip +
fric3) + € 2(faiys + fries) +.... The entanglement is shown
for various system sizes, ranging from L =35 to L = 1001, and

under different coupling ratios: (a) g1/g> = 0.1, (b) g1/g> = 0.5, and
(c) g1/82 = 0.9. The parameter that we take: g, = 1,I'/g, = 0.1.

as well as the subsequent dynamics. To examine whether the
entanglement revival behavior persists under such conditions,
we consider two main effects: (i) thermal excitations in the
initial state and (ii) thermal activation processes during the
dynamics.

In the first case, we suppose that the temperature 7' sat-
isfies T' <« g1» and that the chemical potential p is close to
the upper edge of the negative-energy band. From Eq. (4)
the latter condition is easily written as u ~ —g, + g; and
is realized when k ~ (L — 1)/2. Since the energy gap is
2(g> — g1), the population of the positive-energy states re-
mains negligible (at least, sufficiency far from the boundary
of the topological phase). It follows that the main conse-
quence of a finite temperature is the depopulation of energy
states close to the chemical potential, while deeper negative-
energy modes and the zero-energy edge mode remain
occupied. To capture this effect, we consider the initial state
[Vre) = (') ,(CL 11)/2 SL=D) pt "¢ ), where ¢ indicates the small
fraction of unoccupied negative-energy states. As shown in
Fig. 11, the universal entanglement revival behavior exhibits
excellent robustness.

Although the above result has been obtained by assum-
ing, for simplicity, a pure initial state, we should also stress
that the system undergoes a dramatic loss of purity in the
course of the time evolution due to the simultaneous de-
cay of all occupied modes. Therefore, even for a thermally
mixed initial state, we do not expect significant qualita-
tive changes to the revival dynamics in the low-temperature
regime T < g 2. The main difference will be a small decrease
of purity (and entanglement) at the beginning of the time
evolution.

We next consider the effect of thermal activation, which
may induce tunneling processes from the external reservoirs
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FIG. 11. Entanglement dynamics, assuming that the small frac-
tion § = 0.05 of negative-energy modes with the highest energy is
left unoccupied, while all deeper modes and the edge mode remain
filled. Explicitly, the initial state is [,) = ¢, ]_[(L D/2=5d=h A;k ).
We take I'/g, = 0.1.

into the SSH chain. Correspondingly, we include additional
Lindblad operators of the form L; = le , in the master
equation:

L-1/2

—ilH,pl+ Y (TyDlfi11p + T+ DLfy_1p),
i=1

dp
dr —

(DD

where T'y < I'y. As shown in Fig. 12, the universal be-
havior remains clearly visible at a relatively large ratio
I'y/I'y = 0.5, which demonstrates the robustness of the
mechanism in the presence of thermal noise. Nevertheless,
since more excited states are involved in the dynamics, the
entanglement values and the visibility of the revival are
moderately reduced compared to the zero-temperature case,
particularly at g;/g>» = 0.1.
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FIG. 12. Entanglement dynamics, including thermal activation
processes, simulated by adding Lindblad operators L; = f;H. The
ratio between the excitation and decay rates is set to I'y /T’y = 0.5,
andT'; /g, =0.1.
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