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We introduce new algorithms and provide example constructions of stabilizer models for the gapped bound-
aries, domain walls, and OD defects of Abelian composite-dimensional twisted quantum doubles. Using the
physically intuitive concept of condensation, our algorithm explicitly describes how to construct the boundary
and domain-wall stabilizers starting from the bulk model. This extends the utility of Pauli stabilizer models in
describing nontranslationally invariant topological orders with gapped boundaries. To highlight this utility, we
provide a series of examples, including a new family of quantum error-correcting codes where the double of Z,
is coupled to instances of the double semion (DS) phase. We discuss the codes’ utility in the burgeoning area
of quantum error correction with an emphasis on the interplay between deconfined anyons, logical operators,
error rates, and decoding. We also augment our construction, built using algorithmic tools to describe the
properties of explicit stabilizer layouts at the microscopic lattice level, with dimensional counting arguments
and macroscopic-level constructions building on pants decompositions. The latter outlines how such codes’
representation and design can be automated. Our results are validated by a series of error-correcting threshold
calculations comparing our codes’ performance with that of standard surface codes. To do so, we introduce
a composite-dimensional belief-propagation decoder with ordered statistics that utilizes combination sweeps.
Going beyond our worked-out examples, we expect our explicit step-by-step algorithms to pave the path for
higher-dimensional codes to be discovered and implemented in near-future architectures that take advantage of

various hardware platforms.

DOLI: 10.1103/qr5v-1rg6

I. INTRODUCTION

Quantum error correction distills many noisy physical
quantum degrees of freedom into a smaller number of logical
quantum degrees of freedom with exponentially suppressed
error rates [1-3]. Further, topological fault-tolerant quantum
computation utilizes topological order to encode and, with low
error rates, manipulate logical degrees of freedom encoded
in a nonlocal logical subspace [4,5]. Recently, a number of
qubit experiments have demonstrated how topological codes’
logical error rates are suppressed with increasing system size.
Recent examples include 31 superconducting qubits [6], 49
qubits in a neutral-atom array [7], 81 neutral-atom platform
[8], as well as many others [9-16].

As the number of qubits increases, it is of growing impor-
tance to determine which quantum error-correcting codes are
best suited to maximize performance on different quantum
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hardware architectures. In this work, we provide a direction
to help make this determination. We work within the context
of the family of topological codes based on Abelian twisted
quantum doubles [4,17], which encompasses generalizations
to the well-studied surface code. Here, we explore the in-
terplay of three generalizations to the surface code: local
Hilbert space dimension, boundaries and defects, and spatial
anisotropy to provide new routes towards error correction.

One natural generalization of the qubit-based surface code
is to leverage higher-dimensional d > 2 local Hilbert spaces
as a resource (qudits) and use higher-dimensional codes.
This route is promising because qudits have shown promise
in accelerating the simulation of high-dimensional quantum
systems [18,19], compiling algorithms [20-22], magic-state
distillation [23,24], and quantum control [25,26]. As a result,
experiments have been developed to realize qudit systems
using architectures based on donor spins in silicon [27], ul-
tracold atoms and molecules [28,29], optical photons [30,31],
superconducting circuits [32-35], trapped ions [36,37], and
vacancy centers [38,39].

As we explore in this work, higher-dimensional compos-
ite local Hilbert spaces provide a route to simultaneously
utilize multiple topological phases in a single quantum
error-correcting code. This direction is less explored, since
translationally invariant systems are simpler to study [40].
Translationally invariant (generalized) Pauli stabilizer codes
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in prime dimensions were shown to be equivalent to copies of
higher-dimensional toric codes D(Z,) [41]. Additionally, for
composite-dimension qudits, translationally invariant Pauli
stabilizer models can realize the bulk of Abelian twisted
quantum doubles [42]. These works of Refs. [41-44], while
covering all qudit dimensions, did not address the case of
translationally noninvariant models. Here, we explore spa-
tially anisotropic codes with an additional emphasis on the
richness that composite-dimension qudits offer. This spatial
anisotropy is known to enable new properties like universality
with non-Abelian islands [45].

However, constructing spatially anisotropic codes requires
a careful treatment of the boundaries that separate distinct
topological phases [46-55]. This was absent from previous
works that considered Pauli stabilizer models of Abelian
twisted quantum doubles, for example [42]. In particular, the
existing abstract constructions [47,50] of these boundaries and
defects may not be experimentally efficient in certain cases.
For example, while the bulk of each phase separately has a
representation in terms of familiar Pauli stabilizer models,
it is unclear if the gapped boundaries and defects can also
have a Pauli stabilizer description. Answering this question
has practical consequences for implementation as well as for
assessing the computing power of these codes. A simple sys-
tematic method to construct these boundaries and OD defects
within the Pauli stabilizer framework is still lacking.

In this work, we show that boundaries, domain walls,
and point-like defects of Abelian twisted quantum doubles
can be written in terms of generalized Pauli stabilizers, thus
generalizing the results of Ref. [42]. By providing an algo-
rithm to construct them starting from the bulk theory, we
prove this constructively. Our construction relies on local
condensation, so it does not introduce new degrees of free-
dom [54,55], non-Pauli stabilizers [47,49,50], nor rely on
lattice defects [56]. It also stays within the framework of
topological phases, without reverting to gauging symmetries
of their underlying symmetry-protected phases [54]. It also
automatically produces topologically complete models, mean-
ing that all logical operators are macroscopic [53,57]. Even
when using other choices for the initial quantum double sta-
bilizers, such as spatially disconnected stabilizers [53], our
construction automatically produces models with topological
order. As such, the resulting Hamiltonian for the boundary
will also be described by local stabilizers. This construction
offers both a simple, intuitive understanding of the boundaries
and an efficient method that can automate boundary construc-
tion for various phases and lattices. Importantly, by relying
on anyon condensation as opposed to consistency relations
[47,50,58,59], it extends the systematic construction of Pauli
stabilizers to also include the 0D defects [60] of Abelian
twisted quantum doubles, which is, to our knowledge, unique
to this work.

Our construction further facilitates the exploration of a new
family of codes that comprises generalized holes, boundaries,
and defects of higher-dimensional codes. For simplicity, we
exemplify this new family of codes by studying the smallest
composite number d = p x g where p = g = 2. This could
be realized by four-dimensional qudits or, alternatively, in the
near term, by grouping qubits in pairs. We find new qualitative
properties for higher-dimensional codes, such as tunable error

biases, which can be exploited to simplify noise models [61].
Their syndrome extraction process can also exhibit advan-
tages compared to the qubit case.

II. SUMMARY OF MAIN RESULTS

This section summarizes the main results and outlines
our work. Readers primarily interested in explicit code con-
structions, decoding algorithms, and physical examples may
focus on the background formalism in Sec. III and the new
results in Sec. IV. Readers seeking a general and systematic
framework for constructing gapped boundaries, domain walls,
and defects within a Pauli stabilizer formalism may consult
Sec. V. The global properties of the resulting codes, including
ground-state degeneracy and logical operator structure, are
analyzed in Sec. VI using both microscopic and macroscopic
approaches.

Section III describes the background and quantum dou-
ble and twisted quantum double formalisms used throughout.
Specifically, we work with the double of Z4, D(Z4), as a base
model. We discuss periodic and open boundary conditions. In
addition to the smooth and rough boundaries, we introduce
an even boundary that is distinct and leads to different types
of planar codes. Further, we use our boundary construction
algorithm to derive a set of domain walls that generalize
Bombin’s [56] Z, twist. Section III B then describes the bulk
and boundaries of the double-semion phase model, which
may be obtained by boson condensing the parent Z4 model.
Throughout, we provide examples of how different combina-
tions of boundaries and domain walls (codimension-1 defects)
realize logical codes. For example, codes of logical dimension
D = 4™ may be constructed via planar or spherical (M = 0),
open boundary condition planar codes (M = 1), surface or
toric (M = 2), or higher 2M-boundary surface or M-torus or
other combinations involving twists (M > 2). Interestingly,
even boundaries lead to qubit (rather than logical d = 4-
qudits) codes. Taken together, we have codes with logical
dimensions D = 4M2¥",

Building on these constructions and intuition, in Sec. IV we
go beyond codes with a single bulk phase. The main tool for
doing so, generalizing the notion of punctures, is the conden-
sation of local DS patches (codimension-0 defects as opposed
to global condensation [42]), from the parent Z4 phase. In this
composite and nontranslationally invariant code, we find that
N + 1 DS patches realize an N-logical qubit code. Combining
this result with deformations of the parent Z4 model, we get
a total composite logical dimension of D = 4™ x 2N+ We
provide the logical Pauli operators that act on the patch codes’
qubit topological codespace.

After a brief review of stabilizer codes and the noise mod-
els for qudit-based codes, we then detail how such codes can
be decoded. This involves a variety of modified minimum-
weight-perfect-matching decoder (MWPM), an integer linear
programming decoder (ILP), and a belief propagation with
ordered statistics and combination sweep decoder (BP-OSD-
CS). We then use these decoders to find code capacity
thresholds for the five codes considered.

After describing our new codes and their decoding strate-
gies, Sec. V presents rigorous constructions and the main
systematic methodology that led to our codes’ discovery.
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Specifically, we provide Algorithm 2, which concretely
illustrates how to gauge from a parent code—meaning to
insert boundaries, domain walls, and OD defects into Abelian
twisted quantum doubles—to the new composite codes. We
emphasize the concept of anyon condensation, which is used
to conceptually understand high-level code properties, such
as their interfaces. In addition, condensation results in certain
code-gauging strategies. These tools can be used to alter codes
from the bottom up (i.e., microscopic — macroscopic) within
a generalized Pauli stabilizer formalism. Importantly, we care-
fully examine how condensation depends on both pre-existing
bulk and boundary degrees of freedom.

To provide intuition and to see the algorithm in action, a
series of well-known codes and their boundaries are rederived
within this formalism in Sec. V C. To rigorously describe our
DS patch codes, we then systematically constructed bound-
aries and domain walls in Secs. VD and V E respectively. As
an additional illustrative example, highlighting further possi-
ble modifications, the generalization from the Z, twist to Z4
is presented in Example V.4. An important example of the
domain wall between Z, and DS is treated heuristically in
Example V.5 and, using the full machinery of our con-
struction, in Appendix A. Further examples, such as the
construction of 0D defects, are detailed in Appendix B.

To insert these topological components into different topo-
logical codes under a unified framework, Sec. VI computes
the ground-state degeneracies in the presence of multiple
boundaries, domain walls, and defects. Based on microscopic
commuting projector stabilizer models, these calculations rely
on counting arguments that take into account the order of old
and new constraints and the changing dependencies on one an-
other. They are central to deriving the logical dimension of our
family of new quantum-error-correcting codes. Ultimately, the
properties of the topological codes do not depend on the exact
layout, which enables us to then analyze the codes at scale.

In Sec. VI B, a generic code description that is agnostic to
concrete stabilizer models is used to compute the codespace
dimension and provide intuition about the logical operators
of different codes. This is carried out using the pants de-
composition of any genus-g 2D orientable manifold with the
topological components of the codes. This confirms the results
of Sec. VI and illustrates how interested readers may further
modify or generalize our codes as desired. Finally, Sec. VII
concludes by discussing this work’s implications, open ques-
tions, and future research directions.

III. BACKGROUND

Kitaev’s quantum double models [4,62] are both physical
realizations of the mathematical quantum-double construc-
tion by Drinfeld [63] as well as concrete lattice instances of
Dijkgraaf-Witten topological quantum field theories (TQFTs)
[64]. In addition, they underpin a family of quantum-error-
correcting codes (QECCs) [4].

The bulk of a TQFT A is described by a Hamiltonian,
which we denote as Hy. Generically, the TQFT is spatially
supported on a surface My, which may have a boundary
dM,. In addition to the bulk interactions, the boundary is
described by Hy, living on d. M. Further, two distinct TQFTs
A, B supported on surfaces d. My and dMp must have a do-

main wall between them if d M4 N dMp # @. This domain
wall is described by a Hamiltonian Hsnp which lives on the
common boundary of the two TQFTs d M, N aMp. Alto-
gether, the composite system is described by a Hamiltonian,

Ho=) Hyi+Y Hp+ Y Hoa+ »  Hip
My Mg

aMA a-/\/IB

+ Z Hpnp. (D

IMsNMp

It is evident that the boundaries of a TQFT are trivial specific
examples of the domain walls between this TQFT and the
vacuum TQFT. Conversely, gapped domain walls between
two topologically nontrivial phases are closely related to
their boundaries with the vacuum. In fact, as is discussed
in Sec. VE, a gapped domain wall between two topological
phases A and B is precisely the gapped boundary of the topo-
logical order A ® B [47,65].

In the lattice picture, the models are defined on a 2D
orientable surface M, possibly containing a spatial bound-
ary oM. The surface is then triangulated into a lattice I'
consisting of vertices V, edges E, and plaquettes P (faces).
Each spatial boundary d.M has to be associated with a consis-
tent boundary theory that is compatible with the bulk theory
[4,48-51].

In (twisted) quantum double models [4,17], a qudit, taking
values in a finite group G, is associated with each edge of
the lattice e € E [66]. These qudits live in a Hilbert space
‘H. spanned by the orthonormal basis generated by the group
elements {|g). : g € G}. The total Hilbert space is then the
tensor product of all the edge Hilbert spaces Hoy = ®ee g He.
The case where the group is Z, corresponds to the toric code,
where a qubit is associated with each edge [4]. Since the basic
results in this paper can also be shown in Abelian groups, we
focus on the case of the cyclic group Z4, which has a simple
implementation using two qubits or d = 4 qudits (hereafter
referred to as qudits). In addition, the Hamiltonian terms
are built from the generalized Pauli stabilizers [67], defined
below.

Remark I11.1. With appropriate definitions, all physical
properties of the model do not depend on the microscopic
details of the lattice. Any triangulation of the surface M gives
rise to the same topological phase [4,17]. For simplicity, we
follow the most prominent conventions, as they appear in the
literature, and work with a square lattice.

In Sec. III A, we review the Z4 surface code, which is the
generalization of the surface code for the case of qudits [4].
In addition, by deriving the gapped boundaries and domain
walls, we use Zj4 as a tool to review defects and edges.
Afterward, in Sec. III B, we review a double-semion code
construction, which is a twisted quantum-double version of
the Z, toric code [17], and is also closely related to the Z4
code [42].

A. The D(Z4) quantum double

In higher-dimensional Hilbert spaces, the stabilizers of
codes are built out of the generalized Pauli X and Z operators
[67], which are also called the shift and clock operators. In the
rest of the paper, we simply refer to them as Pauli operators.
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For the case of D(Zy ), they are defined as
X= Y j+0yl z= > &N @
0<j<N—1 0<j<N-1

For N = 4, the explicit matrix representations at a given site
are

-0 OO
(=N NN
S o= O
S oo
SO~ O
|
—

They obey the following relations:

X*=7=1, zx=ixz, zXx'=-ix'z. (4

Using these operators, we define for every vertex v and pla-
quette p the star operators A(v) and the plaquette operators
B(p). We also introduce shorthand pictorial symbols for later
use.

1. D(Z4) bulk
The bulk Hamiltonian of Z4 is then
Hz, =—Y (Aw)+Hc)— Y (B(p)+Hc), ()
veV peF

where H.c. denotes the Hermitian conjugate, and the sum is
over vertices and plaquettes belonging to the bulk region,

X VAl

Xt

(6)

Since all the terms of the Hamiltonian commute, they define
a stabilizer code generated by all the star and plaquette opera-
tors,

Sz, = (A, B). )

Excitations of the bulk. There are 16 local excitations
(including the vacuum) generated by the different fusions
of the pure electric charges {1, e, €2, ¢’} and the pure mag-
netic fluxes {1, m, m?, m>} satisfying ¢* = m* = 1. These are
gapped excitations from the Hamiltonian perspective, as they
cost finite energy to create. Alternatively, in the stabilizer
picture, they are either errors or logical operators, depending
on whether they violate stabilizers or not, respectively. Lastly,
from the TQFT perspective, they can be thought of as local-
ized particles. In particular, they are called anyons as they can
have exotic statistics which are neither fermionic nor bosonic
[68]. We switch between all three pictures depending on the
context. Here, we treat them as anyons for the moment, and
denote the anyons of the quantum double D(Z,) by A(Zy4).

When two anyons come close together, they can be re-
garded as one emergent anyon; this process is called fusion
[69]. In Abelian theories, fusion outcomes are deterministic,
which means that the fusion of any two anyons results in a
single new anyon [4,70,71]. Explicitly, we have

ePmi@e'm’ = eP'mi™ pog,rse{0,1,2,3). (8

I

A zZ
Be: e
Xt bgl
ek / 17X
1
Xk ]l X
Z
I X 1 X

(a) (b)

FIG. 1. (a) Strings for creating e and m anyons in Z,. (b) Braid-
ing and e and an m anyons, the two strings overlap at the purple edge.

Equivalently, we can also write this using the fusion symbols,

a®b=Y Njm abme Ay, ©)

where the fusion symbol N} = 8445,,. The fusion of anyons
in Z4 thus forms a group F = Z4 X Zy4.

In addition to fusion rules, anyons carry an intrinsic topo-
logical spin given by the diagonal 7 matrix,

T(e’m?) = i, (10)

where we used the shorthand 7 (a) = 7, since it is a diagonal
matrix. We can then see that all the pure electric charges,
{1, e, €2, €}, the pure magnetic fluxes, {1, m, m?, m*}, and the
dyon e*m? are bosons.

As is common in topological phases, bosonic excitations
(anyons with topological spin = 1) can still braid nontrivially
with other excitations. The braiding of two anyons a and b
around each other produces a U(1) phase denoted here by
B(a, b). In Abelian theories, this phase can be directly com-
puted from the 7 matrix as [4]

T(a®b)
T(a)T ()
In Abelian theories, braiding is thus completely determined

by the topological spin of the generators e and m, which is i in
this case. Applying Eqgs. (9)—(11), we have

B(a,b) = Y

B(e’m?, e'm*) = i, (12)

The braiding statistics can also be read from the microscopic
string operators that create and transport the anyons, as shown
in Fig. 1. Note that strings with the opposite direction have the
inverse operators. This means that if the m string goes down
or left, it acts with X, and if the e string goes left or down, it
acts with Z7. This follows from the implicit orientation of the
lattice fixed through the definition of the Hamiltonian terms
(5). All other anyonic braiding statistics can be deduced using
these two generators.

The braiding statistics of anyons play a crucial role
in defining the Z4 models as surface, toric, or other re-
lated quantum-error-correcting codes. Closed Wilson loops
of anyons commute with all the Hamiltonian terms and
thus define or implement logical operators acting within the
codespace [72]. The caveat is that if two loops of anyons
braid nontrivially, then their actions are not independent. In
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addition, loops that are deformed into one another, via the
action of the terms in the Hamiltonian, are also equivalent.

2. D(Z4) boundaries

The original model for fault-tolerant quantum computing
by anyons was defined on a torus [4], which is a closed
manifold, so there was no need to discuss what occurs at
the boundaries. Introducing smooth and rough boundaries, a
seminal follow-on work [73] defined D(Z,) surface (planar)
codes, which have become ubiquitous QECCs.

In this section, we focus on the generalization of the
Z, case to the gapped boundaries of TQFTs described by
(twisted) quantum doubles based on the D(Z,4). Note that
our notion of boundaries, thus far, corresponds to a bound-
ary between a nontrivial TQFT and the topologically trivial
vacuum, where no anyons exist. This means that at the bulk-
to-boundary map, a bulk deconfined anyon (an anyon that
does not need extra energy to propagate) may only condense
(be identified with the vacuum) or become confined depend-
ing on the details of the boundary. The confined anyons are
still gapped, and they live on the (1 + 1)D boundary. In fact,
the (14 1)D gapped boundaries of topological phases are
completely determined by the anyons they condense [65,74].
These anyons for a certain boundary form a subgroup of the
fusion group, which is called a Lagrangian subgroup. This
subgroup L satisfies three properties [71,74,75],

(1) All anyons a € L are bosons, T (a) = 1.

(2) All anyons a, b € £ braid trivially with each other
B(a,b) = 1.

(3) Forany anyon ¢ ¢ L, there exists an anyon a’ € £ such
that B(d', ¢) # 1.

Intuitively, the Lagrangian subgroup describes a group of
anyons that can be consistently identified with the vacuum. In
addition, identifying this group with the vacuum will confine
all other anyons outside the subgroup [76]. From the spin
and braiding statistics of the Z4 model, we can find three
boundaries,

2 3 2 3
‘CSmOOth = {lamam ,m }5 Erough = {15 e, e, e }7

Leven = {1’62,7’”27627’12}- (13)

The first two boundaries generalize the smooth and rough
boundaries of the Z, surface code to the Z4 case. The last
boundary is a new boundary that condenses all anyons with
even exponents.

Suppose the model lives on a square surface M with a
boundary, d M Fig. 2. Then the Hamiltonian in Eq. (5) has
to be changed to include boundary terms in order to realize
these three boundaries,

Hz, smootn = Hz, — Y (A())+Hec,,

vedM

HZA,rough = HZ4 - Z (B(p)) + H.C.,
peIM

Hz, kven=Hz,— Y (B*(p)+X*(e) +He. (14)
p,ecdM

»CEven - {17 627 m27 62m2}

DDDDID
®

L]

Lsmooth = {1, m, m?,m3}
]
[+
[+ ]
H
>
H

]
{ow yuw w1} = Woonsy

=]
—_——<
=]

ERough - {17 €, 627 63}

FIG. 2. A logical-qubit Z4 surface code composed of three dif-
ferent boundaries. The logical Z operator is a vertical string operator,
transporting an e particle between the rough and even boundaries.
The logical X operator is a horizontal string operator transporting an
m particle between the two smooth boundaries.

Explicitly, the three boundaries can be constructed using the
stabilizers in

X X
Alv) = X _ S <
Xt Xt
Al
B'(p) = =z z=| ®m | sz z =| m
Z
72
B2 (p) =2 2= 2 2=\ []
>
X?%e)= |x = (15)

We see that the boundary terms are derived from the bulk
terms with possibly a higher power or restricted support. We
formalize this notion in Sec. V, where a general algorithm
is given for constructing all boundaries of Abelian twisted
quantum doubles in terms of Pauli stabilizers. A Z4 surface
code is then defined by a choice of these boundaries. We pro-
vide one example here, while other examples can be treated
analogously using the methods described in Sec. VI.
Example 111.1 (Z.4 on a Surface). Consider a Z4 code on a
square surface with two opposing (left/right) smooth bound-
aries as well as an even (top) and a rough (bottom) boundary,
as shown in Fig. 2. We use the usual notation, where a solid
line represents an e particle (pure electric charge) living on the
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direct lattice, while dashed lines represent an m particle (pure
magnetic flux) living on the dual lattice.

The ground state is twofold degenerate. We discuss meth-
ods for computing the ground-state degeneracy (GSD) for
different surfaces and boundaries in Sec. VI. The logical
operators can be chosen to be the vertical worldline of a ¢?
that condenses on the even and the rough boundaries, together
with the horizontal m-worldline string that condenses on the
smooth boundaries. From the braiding equation, Eq. (12), we
can see that B(e2, m) = —1. From the fusion equation Eq. (9),
we have the relation that (¢?)> = 1. The square of the entire m
string condenses on the top even boundary, and it is therefore
identified with the identity. Since the two logical operators
anticommute and square to identity, they generate the single-
qubit Pauli group, and we define the e and m worldline strings
as the Z and X logical operators, respectively. Note that, had
the top boundary been rough, rather than even, the code would
have defined a logical d = 4 qudit.

3. D(Z4) domain walls and defects

In addition to boundaries with the vacuum, topological
phases can have boundaries with other compatible phases
or, in particular, with the same phase. Those boundaries are
called domain walls to distinguish them from boundaries with
the vacuum. They are also called defects, as they usually
correspond to defects in the lattice [56]. We reserve the term
defect for the OD ends of a finite domain wall [60,77,78].
Here, we focus on invertible domain walls within D(Zy).
An invertible domain wall is a wall that can be followed by
another wall, producing the transparent (trivial) domain wall
that acts as the identity [69]. In D(Z4), we have four invertible
walls. Labeled by their action on the generators e and m, they
are

W' (e,m) > (e,m),
W e, m) e (e, mh,
Weem (e, m) — (m, e),

Weon " (e,m) > (mh e ). (16)

The duality domain wall W™ is also known in the literature
as a twist [56]. The inverse domain wall Weee was trivial in
the D(Z,) case. Domain walls can be brought together to form
new domain walls. The new product is called stable if no local
interaction near the domain wall can change it [79]. This is
denoted by W ® W/ = Wk In the Z4 case, the identity wall
(transparent) naturally satisfies W! @ Wi = Wi @ W! = Wi
All walls square to the transparent wall, W @ W/ = W', Fur-
ther, weee! QWeenm = We"””_], and W ® weom' =
Weee 1t is then clear that the domain walls of Z4 form a

Z, x Z, Abelian group under fusion. The Pauli stabilizers of
these domain walls are given in Egs. (17) and (18),

X il

A%P(v) = = L =g D) (p) = zt 7 —
o @) =71\ N

7t 7t 7
z =@ D(Q)(p):ZT\/Z: M

B (p) =2

EO(p) = 2| Al = i
() A=

X2X2(e) = XX =4

QF(p) = =z 2= @

Xz Xtz

(18)

The exact layout of the stabilizers implementing the four
domain walls is shown in Fig. 3. At the end of a finite domain
wall, a 0D defect lives. These defects can be used for quantum
computing in their own right [49,50,56,80-86]. Section V
discusses how domain walls, as well as 0D defects, can be
constructed systematically from bulk stabilizers. Note that the
domain walls in Fig. 3 realize their mappings in any Z, for
appropriate generalized Pauli matrices, Eq. (3) (but they do
not necessarily exhaust all the invertible domain walls for Z,
with n > 4).

B. Double semion twisted quantum double

We are interested in the error-correcting properties of the
Z4 phase and its closely related phases. In this section, we
review the doubled semion (DS) phase, which is closely re-
lated to Z4 as we discuss later in Sec. V. The doubled semion
(DS) phase is an Abelian topological-order first realized as a
string-net model [87]. It is a twisted Z, gauge theory. It is also
the simplest twisted quantum double, which is a generaliza-
tion of the Kitaev quantum double [17]. All twisted quantum
doubles with Abelian orders can be described in terms of Pauli
stabilizers [42].
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FIG. 3. Stabilizers layout for the three nontrivial invertible Z,4
domain walls ending with OD defects. Definitions of symbols are
given in Eqs. (17) and (18).

1. DS bulk

To begin, let us consider the bulk stabilizer Hamiltonian
describing the DS phase as described in Ref. [42]. As in the
D(Z4) case, the model lives on a lattice consisting of qudits.
As illustrated in Eq. (19), the operator F (v, p) = A(v)B(p)
denotes the product of adjacent Z4 vertex and plaquette op-
erators, while the C operators are a generalization of the Z,
twist [88]. However, in the context of Z4, since [X2, Z?] = 0,
these operators are now mutually compatible and they may
overlap,

F(v,p) = ;({r X7 ) = / Ch(e) = JXZ :~‘—|

Xt z
72 X2
B%(p)= z 2= [0 CP)= 22’7 = j‘
Z? N
(19)
The bulk DS Hamiltonian is
Hps ==Y (F(v.p)+Hc) =Y Bp)
veV peF
=3 (€V(e) + CP(e)). (20)
ecE

Since all the stabilizers commute, this model likewise consti-
tutes a stabilizer code with a stabilizer group

Sps = (F, B2, C). (21)

The four anyons in the DS model are {1, s, s, b}. The s (5)
anyon is called a (anti)semion, while the b anyon is a boson.
These particles obey the fusion rules

s®s=1,
SQs=>b,

S®s=1,
sSQb=s5,

b@b=1,
5®@b=s, 22)

o

o
Z? 7
s
72 7 Xt Xt Xt @)
} \;'.’t_} X-
72 Z 7

X- X-

p-
>

X

®

FIG. 4. Ribbon operators for DS anyons. As discussed in
Eq. (25), they are inherited from Z, ribbon operators.

which form a Z, x Z, group, just like the Z, toric code.
However, the spin statistics are different. The semion has a
topological spin i, which is the square root of the spin of a
fermion, whence the name [89],

T =i, TG)=-i, Tb) =1 (23)
The braiding statistics can again be obtained from Eq. (11),
B(s,s)=—1, B(,5)=-1, B(Mb,b)=1,
B(s,5) =1, B(s,b)=-1, B(,b)=—1. (24)

The ribbon operators for the DS anyons are inherited from the
Z4 anyons, Fig. 4. The mapping is as follows:

J {1,e2m2}, s — {em, e3m3},

5> {em’, €m), b {&*, m*}. (25)

This redundancy in the ribbon operators stems from the sta-
bilizer embedding of DS in Z4 as discussed in Sec. V. In this
embedding, the ribbon operator for the ¢>m?* anyon in Z 4 com-
mutes with all the stabilizers of the Hamiltonian. One choice
for the ribbon operators for the different anyons is shown in
Fig. 4. Multiplying the ribbon operators by that corresponding
to the e>m? anyon results in another equivalent ribbon. In this
code, the F' operators act as syndromes detecting the boson
while the B and C operators, having eigenvalue —1 denote the
presence of a (anti)semion. Reference [42] showed how this
phase may be placed on a torus to construct a pair of logical
qubits. In the next sections, we generalize this result.

2. DS boundaries

As we briefly described in Sec. I A2 and will expand
upon in Sec. V, each boundary is completely determined by
its Lagrangian subgroup (Sec. III A 2). In the case of DS, we
only have one nontrivial boson b and thus only one Lagrangian
subgroup,

Lps = {1, b}. (26)
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FIG. 5. Stabilizers for the unique boundary of the DS phase. At
this boundary, only the boson b condenses.

From the DS’s anyonic braiding statistics, Eq. (24), we
see that condensing the b boson confines all other non-
trivial anyons at the boundary. From the correspondence
of Lagrangian subgroups and boundaries, DS has only one
boundary.

HDS,Boundary = HDS - Z (AZ(U) +Zz(3))- (27)
v,ecdM

As before, the boundary terms are inherited from the bulk
terms. The stabilizers of the boundaries are

A(0) = — Xzﬂfvz%e)— £ =
X2

Figure 5 shows the exact layout of the stabilizers at this unique
boundary of the DS phase.

This means that, in the absence of any punctures, any DS
surface code has GSD = 1. On a torus, however, the model
will have GSD = 4 just like the toric code. In addition, the
only invertible domain wall between two DS phases is the
transparent one.

(28)

IV. COMPOSITE TOPOLOGICAL CODES

In this section, we present an investigation of the utility
of using composite-dimensional qudit codes exemplified by
the D(Z4) surface code, the related even code introduced
in Sec. IIT A, and the DS code introduced in Ref. [42] and
reviewed in Sec. III B. In addition, we also discuss spatially
anisotropic topological codes (nontranslationally invariant
codes). These are exemplified by a hybrid DS-Z,4 patch code
introduced below in Sec. IV D 4. We discuss the construction
of the codes from Pauli stabilizers, their boundary conditions,
and their logical operators. Finally, we present numerical sim-
ulations to determine their thresholds and logical error rates
subject to different noise models.

The Z, surface code had only two types of boundaries:
smooth and rough [73] and only one type of nontrivial invert-
ible domain wall, namely the one implementing the e <> m
duality. With these topological properties, many constructions
that are variants of the toric and surface codes have been
proposed. These constructions include, but are not limited to,
adding punctures to increase the number of qubits in the Z,
surface code [3,90,91], and adding twists that affect the GSD
[56,88,92]. Although these constructions had diverse prop-
erties, they were limited by the possibilities afforded by the
dimensionality and group-theoretic properties of Z,. A similar
structure is also common for the slightly higher-dimensional
qutrits [21,93-95] and, in fact, all prime-dimensional qudits.

As reviewed in Secs. IIT A and III B, two new properties
are unlocked for the Z4 surface code: the existence of a new
boundary (the even boundary), and the existence of child
phases accessible through condensation (the DS phase). This
is in addition to the new domain walls introduced in Eq. (16).
The details of the methodological construction of these topo-
logical components are deferred to Sec. V D. In this section,
we focus on four main codes: (i) the Z4 planar code, (ii) the
Z4 even code, (iii) the DS code, and (iv) the DS-Z,4 hybrid
patch code. We begin with an introduction to stabilizer-code
metrics.

A. Stabilizer codes

Assume we have a certain Hilbert space H with an as-
sociated group of linear operators G. A stabilizer code S
is any Abelian subgroup of operators S C G. For example,
S = (A, B),) for the toric code, Eq. (6) [2]. The code subspace
C is a subset of vectors (codewords) in the Hilbert space that
are fixed (stabilized) by the elements of S,

C={lc)y eH]|sl|c)=|c)Vs e S}.

Usually, the stabilizer code is implemented using commuting
Hamiltonian terms (with local terms in the case of topological
codes). Such a Hamiltonian has the code subspace as elements
of the ground subspace. The dimension of the code space
dim(C) is the logical subspace used for quantum computing.
Assuming the code is constructed from logical qubits (which
is the case for qubit- and dim-4 qudits), the number k£ € N is
defined as

k = log, (dim(C)).

The number of physical qubits used to implement the system
is usually denoted by n. For commensurability, we continue to
count qudit-based codes in terms of qubits, including neces-
sary ancilla qubits. This offers a conservative estimate of the
new codes, assuming that only native qubits are available. We
quickly note that dim-4 qudits are actually easier to manufac-
ture from qubits than dim-3 qutrits since they do not need an
extra ancilla [95]. However, the total overhead requires more
careful treatment.

Logical operators are a subset of operators L € G that
commute with the stabilizers [I,s] =0,Vl € L, s € S. Their
action on the codespace is quotiented by the stabilizers, since
the stabilizers’ action is trivial on any codeword. The set of
distinct logical operators is then L = L/S. For any operator,
its weight is the cardinality of its support set. This is simply
the number of qudits on which it acts. Since in topological
codes any operator can be multiplied by stabilizers that act
trivially, the weight usually refers to the minimum weight
within a coset. For a stabilizer code, the code distance is
the minimum weight of all nontrivial logical operators and is
denoted by [2],

d= ze?lzlés(””b'
The three numbers n, k, and d are important metrics for any
code; the code is usually denoted by the triplet [[n, k, d]] [2].

Many bounds exist for quantum-error-correcting codes;

most of them are generalizations of known classical bounds
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[96,97]. Importantly, the following bound applies for topolog-
ical stabilizer codes on a Euclidean surface [98]:

kd? < cn,

for some constant ¢ that depends on the weight of the sta-
bilizers and the dimension of qudits constituting the system.
This bound shows that the family of topological codes cannot
simultaneously satisfy the criteria for a good quantum code
(991,

k/n>c and d/n > cy, 29)

for constants ¢; and c;,. Different lattice geometries, such
as hyperbolic surface codes or more general qLDPC codes,
have been shown to evade this bound [100-102]. Even though
Abelian topological codes were shown not to satisfy a good
encoding rate, and cannot implement transversal universal
quantum computing without either magic-state distillation or
non-Abelian ingredients [45,103—110], their relative accessi-
bility both theoretically and experimentally continues to drive
efforts to implement quantum computing and quantum error-
correction [9,11-14,16].

B. Noise model

Modeling noise is an important procedure for better de-
signing quantum-error-correction codes with realistic noise
resilience. It further affects the decoding strategies and the
thresholds obtained from simulations. For the case of qubits,
two standard error models are widely used. First, the pure
bit-flip (or phase flip) Pauli error channel. For a given physical
error rate p, this channel applies an X operator with prob-
ability p independently on each qubit. The pure X channel
is often used as a zeroth-order test for codes obtaining the
code capacity threshold. Second, the depolarizing noise model
applies either X, Y, or Z with probability p/3 each [111-113].

For the case of qudits, we consider widely used general-
izations to these two channels [114—116]. For simplicity, we
express these channels in terms of d =4 qudits. The gen-
eralization for a general dimension is straightforward. For a
given physical error rate p, we have a pure X noise channel
that acts as the identity with a probability of (1 — p) and acts
with either X, X2, or X* with probability p/3 each. A pure
Z-noise channel can be defined in a similar manner. For the
depolarizing noise, the channel again acts as the identity with
probability (1 — p), and acts as X“Z” for {a, b} C {0, 1,2, 3}
and (a, b) # (0, 0) with probability p/15 each [114-116].

We note that this is a conservative noise model that should
work well if the qudits are actually made out of qubits, since
it treats all the powers of the generalized Pauli operators
equally. If the experimental system has native qudits, one
can expect that errors are further suppressed by their powers.
For example, an excitation to the second excited state has a
quadratically suppressed probability.

C. Decoding

There is another way of thinking about codes, which is
more amenable to classical error correction. In a Pauli stabi-
lizer code, the check matrix H contains the code’s stabilizers
in its row space. The symplectic form of H separates Z and X

terms as: H = [Hz|Hx] and thus has a size ||S|| x 2n, where
[|S]] is the cardinality of the generators of the stabilizer group.
A valid logical ground state g is a 2n-dimensional vector
satisfying H.g = 0.

Generically, the system is initialized in one of the ground
states (or a superposition of them), and the check matrix is
then repeatedly measured to detect errors. If a detectable error
occurs, the erroneous state x does not satisfy some stabilizers
H.x = 5. Here, s is called the syndrome. The job of a decoder
for a stabilizer code is essentially to estimate x from s. This
is done by finding a correction ¢ such that H.(x 4+ c¢) = 0. The

weight of an error is defined as the number of qudits it nontriv-

ially acts on. For example, e=[1 0 2 0 ... O]T.

This means there is a Z error on qudit 1 and a Z> error on qudit
3. Such an error has a weight equal to 2: wt(e) = 2. This is in
line with the definition for qubits [2,117]. Ideally, all errors
with a Hamming weight less than ¢ = L%J are correctable
[96]. However, in practice, this may not hold for approximate
decoders.

There are two major kinds of decoders. First, quantum
maximum likelihood (QML) decoders estimate the most
likely individual error x. This problem was shown to be
NP-complete [118]. Their most famous algorithms include
minimum-weight perfect matching (MWPM) [3,119-121],
union-find [122], renormalization group [116,123,124], belief
propagation [125,126], neural networks, and reinforcement
learning [127-132]. These decoders work to estimate the
single error that occurred, usually by assuming that the
lower-weight errors are more probable. These are highly par-
allelizable algorithms that are standard for simulations and
hardware implementations [130,133—-137].

Second, degenerate quantum maximum likelihood
(DQML) decoders attempt to solve the more useful question:
what was the logical ground state before the error? That
is, instead of estimating only the most likely error x, they
estimate the most likely logical equivalence class of errors.
This problem is harder than finding the most likely error,
and it is #P-complete [138]. One prominent algorithm for
these decoders is the BSV decoder, which is based on tensor
networks [139-141].

There exist efficient packages for sampling qubit- and
qudit-based circuits [142,143]. In addition, many implementa-
tions for different types of decoders are available [144—150].
However, all of these decoders either assume qubits, prime-
dimensional qudits (or treat composite dimensions as Galois
fields), or CSS codes. The case of dimension-4 qudits and
non-CSS codes is less developed. In the following, we report
three prominent types of decoders that we have developed.

1. MWPM-4 decoder

The most straightforward way to decode Z4 is to adapt
MWPM [3,119-121] to qudits by splitting the problem into
even and odd errors. The intuition is simply that even errors
can be paired together 2 + 2 = 0 (mod 4) while odd errors
need to be added similarly 1 +3 =0 (mod 4). We call this
the MWPM-4 decoder. We illustrate with the case of the Z4
surface code with pure X noise as an example. Even syn-
dromes arise from the X? errors, while odd syndromes arise
from the X and X? errors. One can then split the syndrome

012438-9



MOUSA, JAMADAGNI, AND DUMITRESCU

PHYSICAL REVIEW A 114, 012438 (2026)

o028/ —— MWPM-4 d=5
- -a- MWPM-4 d=7
K 02l —'— MWPM-4 d=9
=) MWPM-4 d=11
2
© 0.24 4
©
1S
[=]
0224
w
©
L 0.20
[
(<]
-l
0.18 -
0.1‘300 0.1‘325 0.1;}50 0.1;)75 0.1:100 0.1:125 0.1‘450 0.1‘475 0.1‘500
Physical Error Rate (p)
020 —e— MWPM-4-parallel d=5
—_ -#- MWPM-4-parallel d=7
© —+— MWPM-4-parallel d=9
2 18] MWPM-4-parallel d=11
£ -v- MWPM-4 d=5
& —e- MWPM-4 d=7
g 0161 —— MWPM-4 d=9
frr MWPM-4 d=11
©
2 0.14 4
(=]
o
-
0.12

0.£45 0.1‘50 0.i55 0.1‘60 0.1‘65 0.£70
Physical Error Rate (p)

FIG. 6. (Top) Code capacity threshold of the Z, surface code,
Eq. (6) subject to pure X noise using the MWPM-4 decoder. The
threshold is around 14%, which is comparable to the 15.25% of
Ref. [114]. (Bottom) Code capacity threshold of the even code of
Sec. IV D 2 subject to the same noise. The threshold is around 15.5%,
which is higher than the surface code. The sequential and parallel
forms of the decoder behave very similarly.

vector s into the odd part: s,g¢ = s (mod 2), and the even
part: Seven = w (mod 2). We can then decode the odd
syndromes together. Note that after the modulus operation,
the decoder only sees a binary string of 1s and Os, so it
tries to match two X errors together [1 4+ 1 £ 0 (mod 4)], for
example. After decoding the odd part, there are even residuals.
These even residuals, along with originally even syndromes,
can be decoded together in one last step. Of course, this lost
information degrades the decoder’s performance and does not
fully exploit the Hilbert space of the qudits.

Evidently, using this naive decoder, one finds a code ca-
pacity threshold of 14% for the Z, surface code, as shown in
Fig. 6, which is close to the RG decoders’ result of around
15.25% in Ref. [114]. Both decoders are well below the
hashing bound of 18.9%, which is expected to be saturated
from statistical mechanical arguments [114,115]. Even though
they are not optimal, this choice of decoder is incredibly fast,
as it only scales by a constant factor over standard MWPM
decoders. To tackle more codes, such as the even code in-
troduced in Sec. IV D 2, care must be taken when extracting
syndromes and splitting them into their parity parts. As some
stabilizers have even orders, they give even syndromes if
the error is odd. This can be easily tackled by accounting

for the parity of the order of the stabilizers. Furthermore,
instead of following the sequential steps described above, one
can parallelize the procedure by decoding the soqq and Seyen
parts simultaneously. The even part is guaranteed to succeed,
while the odd part may leave residuals that require another
round of decoding. The number of rounds is again the same;
however, the second even round is much less dense than in the
sequential version.

We found that the two methods give nearly identical results
near the threshold for the even code. In the surface code,
two odd checks can trigger an even syndrome if they touch
the same odd check, preventing the parallel decoder from
reaching the threshold. This problem does not affect the even
decoder, as the logical operators square to identity. While
MWPM-4 is already fast, we note that this caveat may be
useful for certain hardware implementations. We finally note
that the same scheme can readily work for any dimension that
is a power of two (MWPM-2°2(@)_As for the depolarizing
noise channel discussed in Sec. IV B, the decoder struggles
with it, giving thresholds of 17.25% for the Z, surface code
and 17.75% for the even code. While this decoder can handle
CSS codes, it requires significant adaptations to handle non-
CSS codes. Given its relatively suboptimal performance, we
chose to pursue other decoding strategies.

2. ILP decoder

Certainly, MWPM-4 is nowhere near optimal despite its
speed. To establish accurate code thresholds, we opted for
integer linear programming (ILP) decoders. Evidently, the
decoding can be cast as a direct formulation of the most-
likely-error problem [151]. Given a check matrix H and a
syndrome s, the problem is to minimize the Hamming weight
of the estimated error x subject to H.x = 0. These decoders
are widely used for benchmarking other decoders [152—155].
These decoders are usually very slow as they find the optimal
solution. They rely on software packages such as CPLEX or
Gurobi that solve the problem with exact integers [156,157].
The main advantage of these decoders, aside from their accu-
racy, is that they can handle any type of code or noise. They
also handle the Z4 logic easily by using auxiliary variables
to handle the modulus relations. These decoders are not to be
confused with linear-programming (LP) decoders [158—162],
which involve a relaxation step to continuous variables fol-
lowed by an ordered statistics decoding (OSD) phase.

Using this decoder, we can find thresholds for all the codes
discussed in this work. We give representative results here
while summarizing all results in Sec. IV D. Using these more
accurate decoders, we find a code-capacity threshold of 18%
for the Z,4 surface code and 17.5% for the even code, as
shown in Fig. 7. The higher thresholds of the Z, surface code
compared to that of the Z, surface code can be understood
from the fact that there are different error channels, enabling
the decoder to use different syndromes to better predict the
correction. Alternatively, if we compare a qubit-based code
with a qudit-based code such that each four-dimensional qudit
is composed of two qubits, then for the same physical error
rate, one qubit constituting the qudit code experiences almost
half the physical error that an individual qubit experiences
inside the qubit code. While we expect both codes to have
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FIG. 7. (Top) Code capacity threshold of the Z, surface code,
Eq. (6), subject to pure X noise using the ILP decoder. The threshold
is around 18%, which is comparable to the theoretical maximum
18.9% of Refs. [114,115]. (Bottom) Code capacity threshold of the
even code of Sec. IV D 2 subject to the same noise. The threshold is
around 17.5%.

thresholds close to 18.9%, which is the hashing bound [115],
two reasons might contribute to this suboptimality. First, this
is a QML decoder and not a DQML decoder. Second, we
have set time limits for its runs due to computational time
constraints. Evidently, the logical error rate is lower for the
even code as the possible logical error paths are fewer.

3. BP-OSD-4 decoder

The two extremes of a very fast but less optimal decoder
(MWPM-4) and the slow but accurate decoder (ILP) call for a
middle ground where relatively fast decoding gives adequate
results. To achieve this, we turned to belief-propagation de-
coding, which is a widely used classical decoder [163]. This
message-passing algorithm again tries to find the minimum-
weight error x such that H.x =s. It computes marginal
probabilities for individual qubits based on the information
from their adjacent parity and check operators. Importantly,
when the Tanner graph [164] of the check matrix is a tree,
it exploits this structure to perform fewer summations and is
guaranteed to converge [165,166]. It was also shown to do
well if the graph is sufficiently tree-like [167-169].

The problem with loops is that they lead to split beliefs:
in the quantum case, there are multiple possible solutions
because of quantum degeneracy [126,170]. Two solutions,

H.xy = sand H.x, = s, can each receive a fractional estimate.
This returns the solution x = x; + x; however, this only guar-
antees H.x = s (mod 2), which is not equal to s in general
(for the qubit case, H.x = 0, which fails for any nonzero syn-
drome). This problem is addressed by the ordered-statistics
decoder (OSD), which is designed to handle situations where
the BP algorithm does not converge. Importantly, the OSD
step uses the fractional results of the first BP step as soft-
decision inputs. This method was used in classical decoding
to lower error floors, and has been used relatively recently
in a quantum setting [125,126,171]. We defer the specific
implementation of the message-passing stage to Appendix C,
while describing the OSD stage here.

We assume that we are dealing with pure X noise for sim-
plicity, as described in Sec. IV B. When the belief propagation
of Appendix C fails, it returns fractional values for qudits
instead of integer values. This fractional soft information is
represented by a n X 4 matrix g, where the entries of row g;
represent the probabilities of the ith qudit having experienced
anerror of (1, X, X2, X?). Intuitively, the qudits that are physi-
cally further from the error receive high-confidence estimates.
Assume qudit i is such a qudit far from the error, the estimated
error vector generically looks like g; = (0.90, 0.05, 0, 0.05),
which means we are quite confident this qudit did not expe-
rience an error. Another example of reliable qudits may be a
pair of qudits that experienced an error while the surrounding
qudits did not. In this case, the BP stage provides a confident
estimate of the errors on the two isolated qudits.

The first step in the OSD stage is then to order the qudits
in the check matrix by the BP algorithm’s confidence in their
values, from least reliable to most reliable. The OSD stage
is based on the observation that while the check matrix is not
full-rank and cannot be used to directly find the error by inver-
sion (x = H~'.s), we can still find a full-rank submatrix Hy
inside the ordered check matrix H = [Hy|Hg], where inver-
sion is possible (i.e., such that HA_1 .§ = x4). In the following,
we refer to the two sets of qudits as {A} (less reliable and
with independent columns) and {B} (more reliable). The full
estimated error is then x = [x,4|xg], where xp is formed from
the hard decision of the decoder BP stage.

The second step is to actuall¥ invert the submatrix Hy to
find the zeroth error estimate xf[‘() =H ls4. In binary codes,
the underlying Hilbert space is just the field IF, where standard
Gaussian elimination can be used to invert any square matrix
with nonzero determinant. This is the widely used imple-
mentation of this step in qubit-based codes [126,148,150].
The important difference is that the four-dimensional qudits
are a ring and not a field, as evidenced by the nonin-
vertible element 2x2 = 0= (mod 4). The straightforward
solution is to use Smith’s normal form (SNF) [172,173],
which can handle rings to solve the equation H4.x = s by
decomposing Hy = UDV where U and V are invertible, and
D is diagonal. The equation then becomes U - D -V -x =,
which can be rearranged to D -y =t¢, with y:=V -x and
t:=U"""5s.

While the SNF method is mathematically clear, the diag-
onalization step is performed only once for the code-check
matrix. In each shot, the two matrix multiplications to revert
from the auxiliary variables y and s dominate the computation.
A faster method is to perform Gaussian elimination in two
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steps. We reduce rows with unit pivots {1, 3}. Since these units
are invertible, we can also normalize so that the pivots are all
1. Then we reduce over the even pivots without normalizing.
These are only row operations, so they are cheaper than the
full SNF; however, again, this is done once per code. The
bottleneck is the per-shot computation, as we discuss below.
After these two reducing steps, the check matrix becomes

L, PP
Ho=|0 21, 2pr] (30)
0 0 0

Here, I,, and I,, are identity matrices corresponding to the unit
and even pivots r; and ry, respectively. P; and P| only have
{0, 1} entries, and Py has free qudits ny with no restricted
entries. This is Howell’s form of the matrix [174,175]. The
crucial point is that, for the even pivots, there is ambiguity
in both the SNF and Howell’s form. Since an equation like
2x = 0 has two solutions (x € {0, 2}) over Z4, we have to
do a combination sweep to determine which choice is better.
Since the number of possibilities grows as 22| where |r,| is
the number of even pivots, we cannot explore all the possi-
bilities. This situation is similar to the combination sweep of
Ref. [125].

We devised a simple way to tackle this. First, we note that
the BP soft information might have been confident that certain
qudits should take one of the two choices. We then assign all
the qudits of the even pivots to their preferred BP choices. This
is the baseline greedy solution. We then try flipping single
qudits from the least reliable y qudits among the even pivots.
This step can be denoted by r,-CS-1. Higher combination
sweeps (r;-CS-w) can also be considered. We empirically
found that truncating at w = 2 is satisfactory. It gives total
trials 1 + y 4 (}). For codes of sizes d € {3, 5,7, 9}, a value
of y = 16 was used. After these trials, we select the trial with
the lowest Hamming weight.

This is a zeroth-order solution since it only solved for
the least-reliable qudits {A} while fixing the most reliable
qudits {B} to their BP beliefs. Higher-order OSD involves
flipping some of the more reliable qudits {B} and determining
whether this reduces the Hamming weight of the estimated
error. This is called a combination sweep (CS) [126,150,176].
Since the combinations very quickly become intractable, algo-
rithms usually focus on the lowest-weight combinations, such
as flipping a single or two qubits at a time [126,150,176]. In
our qudit case, each qudit must be randomly flipped to one of
the three values {1, 2, 3}, which adds a constant factor of 3 for
the single-qudit sweeps and a factor of 32 for the pair sweeps.
However, some qudits are constrained by even pivots, and thus
some of the flipping choices are not solvable. This is checked
for every trial, and the trial is skipped if it is unsolvable.

The combination sweep step for the reliable qudits is
implemented in multiple ways. For example, one can set a
number of free qudits A and try all single and pair combina-
tions in this set [126]. This involves 3 x A + 9 x (}) trials.
Alternatively, we can set a number 2 and try all combinations
of Hamming weight © over the entire free-qudit space ny
[125]. For = 2, this involves 3 x ny + 9 x (). In practice,
we found it useful to set an upper bound on the number
of trial qudits controlled by the parameter I". We opted for

ALGORITHM 1. OSD-CS for Z,.

1: procedure OSDH, s, q, 0w =2,Q2=2,y,T

2: Order H ’s columns by ¢ confidence to form H= [H|Hp].

3 Reduce H to Howell’s form.

4:  Assign hard beliefs for even pivot qudits r, and free qudits n;.
5:  Initialize: epesy <— @, Winin <— 00, Ghest <— OO.

6 for even trial sweep g, € even pivots 7, (o < y) do

7 for free trial sweep ¢, € free qudits ny (r < T') do

8 if any even pivot has an odd rhs then

9: continue > The trial is unsolvable

10: end if

11: Compute estimated error e.

12: if wt(e) < wpin or (Wt(e) = Wpin and g < Gpes) then
> Tie-breaking

13: Chest <— €, Win <— Wt(e)

14: end if

15: end for

16:  end for

17:  return ey
18: end procedure

using single combinations up to 3 x I' and pairs up to I". This
brings the total trials to 9 x [F + (g)] We used ny-CS-2 with
I" up to 19. The algorithm is summarized in Algorithm 1.

An example of a threshold calculation is shown in Fig. 8.
Here, the DS code is simulated against pure X noise, achiev-
ing a threshold of 21%. This is a 10% improvement from the
same calculation with machine-learning tools using non-Pauli
codes, which gave 9.5% [177].

We finally note that the combination sweep for the free
qudits ny or the even pivots can be done in parallel, avoiding
explicitly running the double for loops of Algorithm 1.

D. Numerical simulations of qudit codes

In this section, we present the numerical results of decod-
ing new composite topological codes using the noise model
of Sec. IVB and the decoders of Sec. IVC. We begin by
providing the explicit stabilizer layouts for these codes. These

—e— BP-OSD-CS d=5 2

0.30 -

= -a- BP-OSD-CS d=7
w —+— BP-OSD-CS d=9
PR BP-OSD-CS d=11
T
o
+ 0.26 |
(=]
=
w
f_ﬂ 0.24 1 o
[v] P R
> A
Son{ =~
v

0.1950 0.1975 0.2000 0.2025 0.2050 0.2075 0.2100 0.2125 0.2150
Physical Error Rate (p)

FIG. 8. Threshold calculation of the DS code on a torus of
Sec. IV D 3 subject to pure X noise. This was done with 10° shots
with belief-propagation with OSD and CS as illustrated in Algo-
rithm 1 and in Appendix C.
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FIG. 9. D(Z4) surface code with opposite smooth and rough
boundary conditions, and which has GSD = 4. The logical operators
Z and X are a string of Pauli Zs and a string of Pauli X's, respectively.

include the even code introduced in Fig. 2, the DS code
explained in Sec. IV D 3, and a new hybrid DS-Z,4 code.

1. Planar 7.4 code benchmarking

We begin by discussing the Z4 surface code. This is the
simplest topological code using qudits, and there is extensive
literature on its thresholds. The code layout is identical to
that of the well-known surface code but with qudits instead,
as shown in Fig. 9. From statistical mechanical arguments,
a threshold of 18.9% is expected for the pure X noise [115]
while renormalization group (RG) decoders have achieved a
threshold of around 15.4%. Our simplistic MWPM-4 decoder,
described in Sec. IV C 1 achieves a threshold of 14%, which
is comparable to the RG decoders. However, both the integer
linear programming (ILP) solver and the belief-propagation
decoder (BP) achieve a threshold of around 18%, which is
much closer to the theoretical maximum. For the depolarizing
noise, we find thresholds of 27% and 26.5% for ILP and BP,
respectively.

2. Even code results

The even code introduced in Fig. 10 is a simple variant of
the Z4 surface code. It effectively restricts the code to its even
sectors, thereby realizing a logical qubit within the logical
qudit of the Z4 surface code. This is achieved by changing
one of the rough boundaries of the surface code to a new
boundary we call the even boundary; see Sec. III A2. This
changes the logical Z operator to a string composed of Z>
Pauli operators as shown in Fig. 10. This lowers the logical

ym

FIG. 10. D(Z4) surface code with two opposite smooth bound-
aries, a rough, and an even boundary (here denoted by a zigzag
boundary). It has a GSD = 2. The logical operators Z and X are a
string of Pauli Z?s (denoted with double lines) and a string of Pauli
Xs, respectively.

\\’ ’ »

a]

>

FIG. 11. Double Semion code on a torus which has GSD = 4.
The logical operators 7 are strings of Pauli Z? creating the boson b.
While the logical X are strings of Pauli X and Zs creating the semion
s; see Fig. 4.

error rate by at least half, as the odd Z operators cannot
induce a logical error. We could not find any results for this
code in the literature, although we expect its thresholds to be
similar to those of the Z,4 surface code, as they share the same
bulk. Indeed, we found for the pure X noise a code capacity
threshold of 17.5% and 18% for the ILP and BP decoders, and
only 15.5% for the MWPM-4 decoder. For the depolarizing
noise, ILP and BP yielded 27% and 26%, respectively. The
MWPM-4 decoder cannot handle the complex depolarizing
noise over Z4. Importantly, there is a biased suppression of
pure Z relative to pure X noise due to the asymmetric nature
of this code. While they have the same thresholds, the logical
error rate for the Z noise was found to be significantly lower
(by almost a factor of 2 at d = 5 and p = 10%).

3. DS code results

A DS code can be defined on a torus, just like the toric
code [4,17]. The logical operators of the DS code on a torus
are shown in Fig. 11. The code can be realized using qubits
and non-Pauli stabilizers, as it is a twisted quantum double. It
was simulated using machine learning decoders under pure
X noise, achieving a threshold of 9.5% and a threshold of
10.5% for depolarizing noise [177]. The same reference re-
ports thresholds of 7.6% (pure X) and 7.4% (depolarizing)
with the MWPM decoder, and 9.4% (pure X) and 10.5%
(depolarizing) with multilayer-perceptron decoding.

Equivalently, the code has a description in terms of general-
ized Pauli stabilizers for four-dimensional qudits [42]. Using
this latter description, we were able to simulate the code using
an ILP decoder, obtaining thresholds of 17.5% and 20.5% for
pure X and depolarizing noise, respectively. Moreover, the BP
decoder achieves thresholds of 20.5% and 22%, respectively.
These numbers are almost double the thresholds for the qubit
case due to the fact that half of the anyons of the Z, are
confined in the DS phase; see Fig. 15 below. These confined
anyons translate to error strings that the decoder can see and
reliably correct since it sees the whole string and not only the
two ends.

These simulations used up to 5x10° shots and a capped
ILP time of 12 s per shot. This time limit explains the less-
expected result of the ILP solver achieving a lower threshold
than BP. We also note that BP with OSD can match the ILP
accuracy with a very exhaustive OSD stage as discussed in
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FIG. 12. Layout for a hybrid DS-Z, code on a plane which has
GSD = 2. The logical operators Z are strings of Pauli Z? creating the
boson b. While the logical X are strings of Pauli X. Alternatively, a
string of simultaneous X2 and Z? can also create a logical X between
the two DS patches.

Sec. IV C3. Finally, similar to the qubit case, the twisted
nature of the code results in the depolarizing noise threshold
being close to the pure noise. This can be easily seen in the
Pauli-stabilizer case simulated here, as condensing the anyon
e?m? induces an equivalence between X and Z errors.

4. Hybrid DS-7.4 code results

Finally, the most interesting case is when we spatially
combine DS and Z,4 phases to form a spatially anisotropic
composite-dimensional code. One simple layout for this code
is shown in Fig. 12. This code combines two phases with two
thresholds. As we found in Secs. IVD 1 and IV D 3, the DS
code has a higher pure X-noise threshold, while the planar
code has a higher depolarizing-noise threshold. It is hard to
determine a priori the new thresholds for the new code, given
the BP algorithm as a decoder.

We still expect that the logical error rate will be lower than
that of the planar code, as the average weight of the logical
X operators is now higher. The domain wall between the DS
and Z,4 phases condenses {1, e2m?} of the Zy4 anyons, while
all anyons of DS can propagate into the Z,4. In contrast to our
prior examples, involving a single TQFT, the Lz, ps domain
wall is noninvertible. This implies that particles do not tunnel
across the interface symmetrically. For example, the e anyon
cannot tunnel into the DS phase as it is confined. This is natu-
ral since the two phases have a different number of anyons. We
defer the details of how this domain wall is constructed, and its
relation to anyon condensation, to Example V.5. Since the wall
is noninvertible, its action cannot be read from the generators
{e, m} alone. A more complete description of domain walls
and their relationships to degeneracy is discussed in Sec. VI B.
For illustration, we now give the DW’s action on each anyon
of Z4,

1, e*m? — 1,

em,’m’ s,
WZaDS . em?, &m 3,

&%, m? — b,

otherwise > confined.

One can naturally explore other layouts for these codes. For
example, we can push the patches to the bulk of the Z4 as in
Fig. 13, also see Example VL.7.

Zy

N\
oo

FIG. 13. Hybrid three-logical-qubit Z4-DS patch code compos-
ing of four DS patches inside a Z4 bulk. The logical Z operators
consist of e loops (solid lines) around three patches. The logical X
operators are an e’m? (two solid lines and two dashed lines) string
between three patches and one patch.

The patches can exchange e’m” anyons between them.
These strings commute and square to one e*m* = 1. We there-
fore identify them with the Pauli X; operators on each of the
three logical qubits. In addition to patches exchanging e’m?s,
we can also form noncontractible loops, of e or m world lines,
around each patch, which are confined in the DS phase, and
therefore cannot be contracted to trivial loops inside the patch.
These loops are depicted in Fig. 13. Interestingly, the loops
again square to unity, this time because the ¢*> anyons are
deconfined inside DS and, e.g., the ¢? loop can be contracted.
Further, the e or m world-line loops anticommute with the
Pauli X; operators as e?m?* and e anticommute, see Eq. (12).
They can then be used to define the Pauli Z; logical operators
acting on each new logical qubit.

To summarize, this section presents the thresholds of dif-
ferent codes subject to different noise models and using ILP,
BP-OSD-CS, and MWPM-4 decoders (Table I).

The computing resources used to produce the results in
Table I consisted of a single node with 64 cores (multicore
processing on a single node), with a maximum job run time
of 24 hours for the ILP decoder. However, for the latest be-
lief propagation-based decoder, the run times are generally

TABLE I. Code capacity thresholds across different noise mod-
els and decoders.

No. Codes Noise ILP BP-CS MWPM-4

! Planar Z, Pure X 11% 10.75% 10.3%
Depol. 18% 16% 15.25%
Pure X 18% 18% 14%

2 PlanarZy  pevol.  27%  265%  17.25%

3 Even Pure X 17.5% 18% 15.5%
Depol. 27% 26% 17.75%

4 DS Pure X 17.5% 21% N/A
Depol. 20.5% 22% N/A

DS-Z, Pure X 18.5% 19% N/A

Depol. 26.5% 26.5% N/A
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TABLE II. Code parameters n, k, and d for each evaluated code
family.

No. Codes n k d
1 Planar Z, 2d? 1 d
2 Planar Z4 4d? 2 d
3 Even 4d? 2 d
4 DS 4d? 4 d
5 DS-Z4 4d? 2 d

less than 10 hours. We used between 5x10° and 10® shots.
These results show that using the same number of qudits, one
can still achieve different thresholds or logical error rates by
virtue of their connectivity. Indeed, as shown in Table II, the
encoding rates and number of qubits (assuming each qudit is
made from two qubits) are comparable for these codes, while
they still exhibit different behaviors as evidenced in Table I.
As shown in Fig. 14, the logical error rates are successively
suppressed as we change the codes. For instance, both the
even and the hybrid code use the same asymptotic number of
qudits, however, the hybrid code has a lower logical error rate.
This shows that spatial structure, composite-dimensionality,
and stabilizer connectivity are three valuable resources for
topological codes.

V. MICROSCOPIC BOUNDARY FORMULATION

To make the results and codes above rigorous, this sec-
tion derives the lattice models presented and provides an
algorithm for doing so. Our algorithm takes as input a set
of stabilizers and returns a new set of stabilizers describing
the new Abelian twisted quantum double, which may con-
tain boundaries and domain walls in addition to bulk terms.
We present examples highlighting its use in constructing DS
patches embedded in a Z4 parent phase at both a concrete and
a conceptual level.

Conceptually, we show how an understanding of the classi-
fication of boundaries can aid their construction from the bulk
Hamiltonian terms. This is manifested in a concrete lattice-
level algorithm. The concrete construction of the new codes
in the previous section is a by-product of this algorithm. Its
utility extends well beyond that. The intuition and perspective
presented here can be especially useful for the recently pro-
posed schemes that use multiple phases to perform universal
quantum computing [178,179].

This section is organized into five subsections. Section V A
lays out the classification of the boundaries and discusses the
differences from other works; Sec. VB explains at a con-
ceptual level why boundaries can be constructed from bulk

TABLE III. Rosetta stone with cocycle (K € G, w) and La-
grangian subgroup £ descriptions of Z, boundaries.

Boundary K [w] L
Rough {0} trivial {1,e, €%, €3}
Smooth {0,1,2,3} trivial {1, m, m*, m®}

Even {0,2} trivial (1, €2, m?, *m?}

TABLE IV. Translation between subgroup and cocycle (K €
G, w) and Lagrangian subgroup £ descriptions of the boundaries of
the DS phase.

Boundary K [w] L

DS-Vacuum {0} trivial {1, b}

terms; Sec. V C gives the concrete lattice-level algorithm for
their constructions; and Secs. VD and V E give examples of
boundary and domain wall construction. The construction of
0D defects is deferred to Appendix B.

A. Boundaries classification

The classification of the boundaries and domain walls
of a twisted quantum double based on the (not necessarily
Abelian) group G is determined by the Lagrangian algebras of
the topological order [51,65]. As seen in Sec. III A 2, the set of
mutually compatible condensing anyons completely specifies
a boundary. In the case of untwisted quantum doubles, these
Lagrangian subgroups are in one-to-one correspondence with
a subgroup K € G and a function w : K x K — U(1) that
associates a U (1) phase to each ordered pair of elements in
the subgroup K. This function is a 2-cocycle since it obeys

w(g2, 83) (81, 8283)
(8182, 83) w(g1, &2)

I, Vgi,82.8 €G,
(31
(32)

dw(g1, &2, 83)=

w(e, g =w(g e =1, Vged.

The first line is the trivial coboundary condition, while the
second line is a gauge choice that can always be made [47].
Further, the function w is defined only up to an equivalence
class [w] € H*(K, U(1)).

As an example, we provide a translation between the two
descriptions for the case of Z,4 in Table III.

In the case of twisted quantum doubles, extra constraints
apply to the boundary [52]. For example, the DS phase is
based on the group Z,, which has two subgroups, namely
the trivial subgroup and the whole group. However, since it
is a twisted quantum double with a nontrivial 3-cocycle, it
cannot have a boundary with a nontrivial subgroup [52] which
is presented in Table I'V.

In what follows, we do not deal with the classification in
terms of cocycles directly. Instead, we only use the phys-
ically intuitive Lagrangian subgroup of anyons explicitly,
while the cocycle picture remains implicit. This is contrary
to Refs. [47,49,50,52] that abstractly formulated how to con-
struct microscopic lattice models for a (twisted) quantum
double’s gapped boundary or domain walls using cocycles.
In the case of quantum doubles, the models are formed by
defining subgroup variants of the star and plaquette operators

TABLE V. Summary of changes from toric code to toric code
with a noncontractible twist.

Order Operators An,, Al,

m=72 +3XZ +3F -3A -3B 0 -1
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FIG. 14. Comparison of logical error rates among different codes
subject to pure X noise using the belief-propagation algorithm dis-
cussed in Sec. IV C. Solid lines represent d = 3 while dashed lines
represent d = 7. The plot shows monotonic error suppression be-
tween the different codes.

(6). The modified star operators have a modified action that
associates a U (1) phase depending on the qudits’ values. Con-
sequently, they are not readily implementable experimentally.
This issue also arises for 1D domain walls and OD defects that
require an extra U (1) phase (those with a nontrivial 2-cocycle)
[47,49,50,52]. From another perspective, these abstract terms,
while correct, are not derived from the bulk terms.

Other constructions were proposed recently to obtain Pauli
stabilizers for the boundaries of Abelian (twisted) quantum
doubles [53]. One important difference is that our algorithm
also produces the 0D defects. In addition, it produces topolog-
ically complete models, meaning that the only local operators
that commute with the stabilizers are products of other stabi-
lizers [53,57]. Other choices for the initial (twisted) quantum
double stabilizers are still valid for our algorithm. For exam-
ple, spatially disconnected stabilizers introduced in Ref. [53],
do not require extra steps to ensure topological completion in
our construction.

B. Boundaries by local condensation

The operators presented in the previous works
[47,49,50,52], while sufficient to mathematically study
the properties of each boundary, do not provide a simple
prescription for experimental implementation. To this point,
for Abelian twisted quantum doubles, a description of the bulk
in terms of generalized Pauli stabilizers was recently provided
[42]. However, a simple construction of Pauli stabilizers for
the boundaries and domain walls has still been lacking.
Condensation of anyons is a suitable tool for studying
boundaries [65,180,181]. Inspired by the correspondence
between the classification of boundaries and Lagrangian
subgroups of the bulk, we present an algorithm to construct
different boundaries, domain walls, and OD defects of Abelian
topological orders described by (twisted) quantum doubles
using local condensation.

Our construction of the boundaries is similar to the proce-
dure for condensing the bulk of the untwisted quantum double
to produce twisted quantum doubles [42], but with two mod-
ifications. First, we condense a Lagrangian group instead of

LEven = {1,e2,m? e2m?}

FIG. 15. Different condensation paths starting from a D(Z,)
bulk. The top three paths {e?, m?, e?m?} produce Z, toric codes
with different domain walls with the Z4 and DS phase, respectively.
Further condensing {m?, e?, e> ~ m?} produces the even boundary of
the Z,. Anyon labels with the same color are identified, while those
with a dark background are confined. Seen differently, the final paths
to Z4 boundaries are also different boundaries for the Z, and DS
embedded in the Z,.

a partial condensation that leaves nontrivial topological order
afterward. Second, we only condense a region in space that
leaves the boundary terms we are interested in.

Fartial condensation. In Z,, where p is a prime, only
rough and smooth boundaries exist. Thus, all punctures in
Z, are either rough or smooth or a mixture of the two.
Anyon condensation is much richer in composite-dimensional
qudits Zp,. This can be illustrated with the example of Z4
(p = q = 2), as summarized in Fig. 15. Starting with the bulk
theory (Z4), one can condense any set of bosons that mutually
braid trivially, relaxing the last requirement of Sec. IIIA2
(that anyons outside the condensed subgroup braid nontriv-
ially with an anyon in the group). For example, condensing
only €% in Z4 is allowed and results in the Z, toric code
[182], which can be thought of as a new kind of puncture
inside the Z,4. This condensation is partial in the algebraic
sense since, after condensation, nontrivial topological order
remains. For example, condensing ¢’ leaves the anyon classes
{[11, [e], [m?], [em*]}. These are the remaining classes be-
cause condensing ¢’ identifies 1 ~ €%, e ~ €°, m> ~ &’m?,
and em? ~ e>m?. The rest of the anyons (e.g., m) are now
confined, as they braid nontrivially with one of the condensed
anyons (e.g., ¢%). Confined anyons require energy to propa-
gate through the phase, and they are no longer elementary
excitations. This process is shown in Fig. 15, where confined
anyons have a darker background and anyons of the same
color belong to the same class. Thus, condensing ¢® yields
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the Z, toric code, where the spins and braiding relations are
inherited from the Z,4 operator algebra. In the same way, as
discussed in Sec. Il B, condensing ¢?m? gives the DS phase.
In general, all twisted quantum doubles with Abelian orders
can be constructed similarly by condensing certain quantum
doubles [42].

Maximal condensation. On the other hand, condensing
a Lagrangian subgroup (Sec. III A2) leaves only the trivial
topological order. One such Lagrangian subgroup is Lrough =
{1, e, €%, €*}. This subgroup is generated by condensing either
e or &3. If we condense e after condensing ¢?, we end up with
the trivial topological order where all deconfined anyons are
identified with identity. This is shown at the bottom left of
Fig. 15.

Local condensation. Condensing a set of anyons globally,
whether a Lagrangian group or one of its subgroups, switches
the topological phase into another one. However, if the con-
densation is carried out locally, we end up with two phases
with a domain wall at their interface. If one of the phases
is the vacuum, then the interface is a boundary (maximal
condensation); otherwise, it is a domain wall between two
phases (partial condensation). In the Z4 example, condensing
Lrough = {1, e, €%, &’} over a region R of space results in vac-
uum in that region. Additionally, the boundary dR corresponds
to the rough boundary of Z4 Eq. (13). Similarly, condensing
? over a region R results in Z, over that region. The boundary
dR is a domain wall between Z4 and Z,. Condensing m? over
R would have resulted in the Z, phase over that region. How-
ever, it corresponds to a different domain wall between Z4
and Z,. The correspondence between anyon condensation and
boundaries ensures that all domain walls can be constructed
this way.

The takeaway from the Z, example is that condensing
anyons over a region R should be enough to construct all
possible boundaries at dR. Since any domain wall between
two phases is a boundary of a related phase, we focus on
boundaries without loss of generality. We consider concrete
examples of domain walls in Sec.V E and finite domain walls
ending with 0D defects in Appendix B.

C. Algorithm to construct boundary stabilizers

We now describe the algorithm for constructing the bound-
ary stabilizers. Suppose we have a (twisted) quantum double,
which has the bulk Hamiltonian,

H=— ZA(U) - ZB(p) - ZC(e) +He., (33)
v p e

where the C(e) are edge terms required for the case of twisted
quantum doubles [e.g., Eq. (20)]. Here, the summation is over
all vertices V, edges E, and plaquettes P as the model is
assumed to live on a closed surface M. As before, the star
and plaquette operators are the standard tensor products of
generalized Pauli operators; see Eq. (5). The terms of this
Hamiltonian generate a stabilizer group, which we denote by

SH’
Sy = (A, B, C). (34)

We want to modify both the Hamiltonian and the stabilizer
group to have a spatial boundary dR bounding a region R C

.4¢;.4¢;.4¢;.4¢;._< ]
I
T T e

FIG. 16. After the first two steps of the algorithm, the edge op-
erators X (yellow ellipses) are measured inside the selected region R
and also on the boundary dR.

M of the lattice. In addition, as boundaries are in one-to-one
correspondence with Lagrangian subgroups (the anyons they
condense), we have to choose the kind of boundary corre-
sponding to a Lagrangian subgroup £. We do this in six steps:

First, we choose a 2D region R C M in the lattice with
a 1D boundary dR and choose a Lagrangian subgroup £ for
the boundary. The type of the boundary is independent of
its microscopic spatial geometry (one does not need to fix a
specific shape of the boundary beforehand). The boundary can
live on the direct or dual lattice, or a mixture of them. One
choice for the boundary is shown by the pink line in Fig. 16.

Second, we add all ribbon operators F“(¢) that create the
condensed anyons in £ inside R or on dR to the Hamiltonian.
In the case of dyons, for example, condensing em € L, the
shortest ribbon acts on two edges. We call these the new
stabilizer terms S,

Se={F(t)|aeL}).

Third, we remove the old stabilizers that do not commute
with the new ones. The physical interpretation is that the re-
moved operators correspond to the smallest contractible loops
of anyons that become confined and cannot tunnel through the
boundary to the vacuum. The set of now confined stabilizers
is

(35)

Sc={heSy |3l €S, [h, 1] #0}. 36)
Fourth, we construct the new stabilizer group Sy,
Sur = 8 U (Su\So). (37

The generators of this stabilizer group are denoted by J (v, p)
and they fall into one of three categories: (a) old stabilizer
group Sy generators A(v), B(p), C(e) that continue to com-
mute with the new ones in S, (b) the new stabilizers of the
condensed anyons S, and (c) local products of removed old
stabilizer terms J(v, p) = HSC A(v)B(p)C(e) that commute
with the new terms S,. The terms in (c) are promoted from
being generated in the old code to being generators in the new
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ALGORITHM 2. Boundary stabilizers for H.

1: procedure BDRY (H, R, Lg)

Require: A region R with boundary dR and a Lagrangian
subgroup L.

2: Measure the stabilizers S that create anyons in Lg
inside R or on dR.

3 Remove stabilizers S¢ € Sy that do not commute with S,

4 Construct Sy = Sz U (S \ Sc).

5 while condensed qudits exist do

6: Erase trivialized qudits.

7 Restrict boundary stabilizers to their nontrivialized support.

8 end while

9 return Hy

10: end procedure

code. For example, it may be the case that A(v;) and B(p;) do
not commute with the new stabilizer group S, but that their
generated product J (v, p1) = A(v;)B(p;) does. In this case,
we add J (v, p1) as a generator of the new stabilizer group
S

Fifth, we erase any qudits that are trivially constrained.
By a trivially constrained qudit, we mean that there are no
degrees of freedom left for the qudit. In other words, the qudit
is completely disentangled from the rest of the system and
can be safely discarded without affecting the properties of the
underlying topological code. These include the qudits inside
R or on the boundary dR as they are acted on by the stabilizers
inS L-

Sixth, restrict the stabilizers at the boundary to the nontriv-
ial qudits only. If, after this step, new qudits are condensed,
then repeat step five until no more qudits are condensed [183].
Keeping them results in a boundary that strictly follows the
boundary dR. We choose to erase all trivialized qudits for clar-
ity. The new Hamiltonian is the summation of the generators
of SH' .

H — — Z A(v) — Z B(p) — Z C(e) — Z J(v, p),

veBulk peBulk e€Bulk (v,p)edR
(38)

where A, B, and C are the bulk stabilizers that do not overlap
with dR. J(v, p) represents a generic boundary term that can
depend on a vertex and an adjacent plaquette at the same time.
The algorithm is summarized in Algorithm 2.

D. Examples of boundary construction

To illustrate this algorithm, we consider, in order of
increasing complexity, the explicit construction of a few
example boundaries. First up is the well-known smooth
boundary of the surface code. The star and plaquette operators
are given by Eq. (6):

X VAl

(39)

e e
44—
gy

FIG. 17. After the fourth step of the algorithm, the stabilizers
that do not commute with the new X operators are removed. These
include any plaquette that shares any edge with an X operator.

Example V.1 (Smooth boundary for the Z4 surface code).
First, we choose a connected region R. As illustrated in
Fig. 16, R is bounded by dR, denoted by the pink path. We
wish for this smooth boundary to condense m particles, so
the Lagrangian subgroup is £ = {1, m, m>, m*}. Second, to
condense the Lagrangian subgroup anyons, we measure the
shortest ribbon operator that creates the generator (X) at each
qubit inside R and at the pink path dR. Figure 16 shows the
resulting configuration after the first two steps. Third, we need
to remove the old B(p) stabilizers that do not commute with
the measured X operators. This includes all the plaquettes
inside R as well as those that share any edge with dR. The
star operators commute, and they are therefore not removed.
Fourth, since the only products of the old operators that
commute with the new stabilizers are the star operators, there
is nothing to do in this step. Importantly, those star operators
located at the boundary dR will still commute with the new
Hamiltonian, so they remain. After the first four steps, we
reach the configuration shown in Fig. 17.

In the fifth step, for clarity, we remove the edges that have
condensed to vacuum as they are decoupled from the rest of
the system. Any edge measured with the short string local-X
operator condenses into a trivial vacuum. After condensing
these edges, we arrive at Fig. 18(a). The star operators on the
boundary dR now have a support of one edge. This is written
in a consistent notation in Fig. 19.

This is a perfectly valid boundary for the surface code.
The seemingly rough boundary is actually a smooth boundary
because it condenses m anyons. Had we chosen the pink path
to lie in the dual lattice only, we would not have needed to
deal with this, as exemplified by the other vertical pink line.
Removing the edges that are now touched by only one X
operator gives us the (geometrically) smooth boundary [73]
illustrated in Fig. 19(b). Sixth, we restrict the new stabilizers
to their support on the nontrivial qudits. Some of the vertices
now have a star that is supported on only three edges.
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FIG. 18. After removing the qudits measured by the X operator,
star operators have one edge support at the boundary.

In Example V.1, the fourth step was trivial because of the
simplicity of the surface code. In the next example, we treat
the slightly more complicated case of a new boundary in Z4.

Example V.2 (Even boundary for the 7.4 surface code).
First, let us construct the even boundary of the Z, surface
code (13) on the spatial boundary dR located at the pink path
in Fig. 20(a), taking the region R extending to infinity as
before. Second, we measure the ribbons creating the anyons
of the Lagrangian subgroup Leyen = {1, €2, m?, e*m?}. In this
case, the condensation algebra is generated by the X2 (yellow
tilted ellipses) and Z> (blue tilted ellipses) operators. The
configuration after the first two steps is shown in Fig. 20(a).
Third, we remove any star or plaquette stabilizers that share
any edge with the stabilizers Z? or X2, respectively. After the
third step, we reach the configuration in Fig. 20(b). Fourth, the
products of the old stabilizers that we promote to generators
are (A(v))* (purple four-sided star) and (B(p))* (big dotted
square):

X2 Z2

-~ = Bp) =~

AY(v) = = 7=

X

Z2
(40)

These stabilizers have to be added to the Hamiltonian, as
shown in Fig. 21.

Fifth, we now remove the trivialized qudits. Since a pair
of degree two constraints is simultaneously applied to a four-
dimensional degree of freedom, all edges in the bulk of the

FIG. 19. (a) Smooth boundary for the Z4 surface code that
strictly follows spatial boundary dR. (b) After the last step of the
algorithm, we recover the familiar smooth boundary for Z,.

m = B = [ m
m = m - A = =
m 2’ m = = =
m = = = = m
m = = = m m
(a)
m = = = = B
m = = = = m
(b)

FIG. 20. The first three steps of the algorithm to construct the
even boundary of Z4. (a) Region R along with its boundary oR.
After the second step of the algorithm, the X2 and Z> operators
are measured inside R and on 0R. These operators condense the
anyons in the even boundary subgroup Le,. (b) In the third step,
the stabilizers that do not commute with the measured operators are
removed. These are any plaquette or star operators that share an edge
with a measured X2 or Z2.

region R, or on the pink boundary dR, condense to the vac-
uum. In general, the qudits inside R or on dR always condense.
We reach Fig. 22(a).

Observe that the support of the new star A%(v) operators
on the boundary dR is reduced to a single edge. Additionally,
the new plaquette operators B%(p) now have support on three
edges. After restricting the stabilizers on the boundary to their
nontrivialized supports, no more qudits are condensed, and we
are done. We arrive at Fig. 22(b), which describes the even
boundary that condenses the {1, ¢?, m?, e>m?} anyons. This
gives the boundary in Eq. (14),

=Hz,— Y (B(p)+X*(e))+Hec.
p.ecdM

HZ4,even (4 1 )

In these examples, we only cared to check the commutation of
operators that are not Hermitian. However, the shift and clock
operators in any dimension are unitary, and the following
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) AU A A A ¢

FIG. 21. In the fourth step, the products of removed stabilizers
that commute with the measured operators are added. These are the
square of plaquette B>(p) denoted by big dotted light blue squares,
and the square of stars A?(v) denoted by four-sided mauve stars.

remark shows that one needs only to consider the operator or
its Hermitian conjugate.

Remark V.1. Assume we have two commuting unitary
operators [A,B] =0, AAT =A"A =1 and BB' =B'B =1.
Then it is simple to show that [A, B'] = [AT, BT] = 0.

Finally, to construct different adjacent boundaries, one just
applies the algorithm sequentially. For example, after obtain-
ing the even boundary for the Z4 surface code on one spatial
boundary, one can proceed to construct the smooth boundary
on any other spatial boundary.

Example V.3 (Boundary for the Doubled Semion (DS)
phase). The DS phase (20) has only one boundary with vac-
uum, where the boson b condenses.

First, let us choose a spatial boundary dR located at the
pink path in Fig. 23(a), taking the region R extending to
infinity. Second, we measure the ribbons creating the anyons
of the Lagrangian subgroup Lps = {1, b}. In this case, the
condensation subgroup is generated by the X? (yellow tilted

FIG. 22. Steps five and six in the construction of the even bound-
ary for the Z, surface code. (a) In the fifth step, we erase trivialized
qudits. These are all qudits inside R or on dR. (b) In the sixth step,
boundary stabilizers are restricted to their nontrivialized support.
B?(p) act on three edges, while A%(v) became an X2 edge operator.

o,

o3

INRACRACR SR ymp A=

o

FIG. 23. The first three steps of the algorithm to construct the
unique boundary of DS. (a) Region R along with its boundary oR.
After the second step of the algorithm, the X? and Z? operators are
measured inside R and on dR. We removed the X 2Z? for visual clarity
(they are also now dependent on the edge stabilizers X? and Z?).
(b) In the third step, the stabilizers that do not commute with the
measured operators are removed. These are the F* operators (20) that
share an edge with a measured X2 or Z°.

ellipses) or Z? (blue tilted ellipses) operators:

(42)

The configuration after the first two steps is shown in
Fig. 23(a). Third, we remove any F stabilizers that share any
edge with the stabilizers Z> or X2. The X? and plaquettes
B?(p) continue to commute with the new operators. In fact,
after adding the edge operators X2 and Z>, we can remove
the old X2Z? or B%(p) stabilizers in the bulk of R. After the
third step, we reach the configuration in Fig. 23(b). Fourth, the
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4

]

@

FIG. 24. In the fourth step, the products of removed stabilizers
that commute with the measured operators are added. These are the
square of star operators A2(v) denoted by four-sided mauve stars.

products of the old stabilizers that we promote to generators
are A%(v) = F?(v, p)B?(p) (purple four-sided star):

72 72
X2z 72 g 7
F2(0,)B*(p) = Sl x L=
X2
X2
A= = W
X2

These stabilizers have to be added to the Hamiltonian, as
shown in Fig. 24.

Fifth, we now remove the trivialized qudits. All edges in
the bulk of the region R, or on the pink boundary R, condense
to the vacuum. We reach Fig. 25(a).

Observe that the support of the X?Z? operators on the
boundary 9R is reduced to a single edge. Additionally, the
new star operators A%(v) now have support on three edges.

CRNRN

(a) (b)

FIG. 25. Steps five and six in the construction of the unique
boundary for the DS stabilizer code. (a) In the fifth step, we erase
trivialized qudits. These will be all qudits inside R or on dR. (b) In the
sixth step, boundary stabilizers are restricted to their nontrivialized
support. A%(v) acts on three edges, while the two-edge operator
X2Z7?(e) became a Z? single-edge operator.

Fold A® BoP

|

FIG. 26. The folding trick shows how the domain wall between
phases A and B is the same as a boundary of the phase A ® B®. B®?
is the opposite phase of B, meaning that it has undergone reflection
in the direction perpendicular to the wall.

After restricting the stabilizers on the boundary to their non-
trivialized supports, no more qudits are condensed, and we
are done. We arrive at Fig. 25(b), which describes the unique
DS boundary that condenses the {1, b} anyons. This gives the
boundary Hamiltonian

Hps_pary = Hps — Z (A%(v) + X?(e)) + H.c.
v,e€cd M

(44)

E. Examples of domain walls construction

The same algorithm to construct boundaries can be used
to construct domain walls through the folding trick [47].
In this section, we provide representative examples of this
procedure. One advantage of constructing domain walls via
stabilizer gauging is that it avoids defining star operators
that explicitly depend on the 2-cocycle of the boundary.
Since the second cohomology group of Abelian cyclic
groups is trivial, H 2(Z, U(1)) = 0, we have not encountered
this situation in the prior examples. Naturally, a nontrivial
2-cocycle appears when considering the more generic defects
(domain walls) within and between topological orders. In
particular, HXZ, x Z,,U(1)) = Z,. If we denote the group
action additively, then we have the following 2-cocycles:
wy((a1, az), (b1, by)) = €3 @hr=ab)  for g {0,1,...,
n—1}.

The domain walls of a quantum double based on the group
G are the boundaries of the quantum double of the group
G x G. This is known as the folding trick [47] and is shown
schematically in Fig. 26.

Thus, the algorithm works for the domain walls as well. We
just need to account for folding. This is done by first placing
the two topological orders on top of each other with the
top layer mirrored (i.e., with a reflection around the domain
wall). We treat the double layer as a single layer, realizing the
quantum double D(G x G). If it is a quantum double, it has
the Hamiltonian

H=—> (41(v) + A () = > _(Bi(p) + B2(p)) + Hee.
v 14

(45)
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Condense BoP_

FIG. 27. Constructing a domain wall using condensation. Before
running the algorithm, we fold the top layer (B) into its mirrored
version (B°?). An arrow is drawn to show how the orientation flips
from B to B when folding (unfolding). After running the algorithm,
we unfold the top layer to have a domain wall between the two
phases.

where the subscript denotes the layer (the top layer is given
index 2). Concretely, we have the following stabilizers:

X z]
Al(’U) _ X X1 — Ol, Bl(p) — ZI Z, = m
x|
Z
X, Z
1
A2(U) — X, X, — (}27 B2(p) = 7 Z= m,
X
Z
(46)

Note how the stabilizers for the top layer are the mirrored
versions of the first-layer stabilizers. We proceed as before,
choosing a region R with a boundary dR and following Al-
gorithm 2 with the appropriate Lagrangian subgroup. Finally,
to obtain the boundary as a defect between the two adjacent
topological orders, we unfold the two layers. This procedure
is depicted schematically in Fig. 27.

As an example, let us construct the e <> m domain wall of
the Z4 surface code. Note that by changing the definition of
the generalized Pauli operators to the correct dimension, this
procedure naturally generalizes to any Z,,.

Example V.4 (Domain Wall (e <> m) for Z4 (or Z,)).
Before starting the algorithm, we place the two copies of
the surface code on top of each other. Denote the anyons of
the bottom layer by {1, e;, my, ...} and for the top layer by
{1, ep,my,...}. The top layer is a mirrored version of the
bottom layer. This is to ensure we obtain theories with the
same orientation after unfolding, as shown in Fig. 27.

We then begin the algorithm. First, we choose a region
R extending to infinity. The boundary dR lives on the direct
lattice in layer 1 but on a dual line in layer 2. This boundary
was chosen simply for convenience because of the nature of
the condensed anyons, but any other choice works; see Fig. 28.
Second, we add the shortest ribbon operators that create the
anyons of the Lagrangian subgroup generated by L., =

YOO~ ©0 00 &
YOOy A

FIG. 28. Region of condensation R for the domain wall W™
of the Z,4 surface code. The stabilizers of the top layer are reflected
around the domain wall as defined in Eq. (45). The boundary 9R lives
on the direct lattice in layer 1 and on the dual lattice in layer 2.

Span({e;m; h ezml_] }). These operators are generated by

emi'er= o] =5;j1;|velm;1(ﬂ):21’i: jl‘
ey ) = If = |—?7 mlegl(ﬂ) = ﬂ: _ZI
47)

Here, the arrows indicate the direction of propagation of the
anyons (the direction of the ribbons creating them).

Note that we require at least a ribbon with two edges
to realize the dyons. And we had to take into account the
mirrored nature of layer 2. For example, the conventions for
right and left are reversed in layer 2 compared to layer 1. It
can be easily checked that they all commute with each other.
The configuration after the first two steps is shown in Fig. 29.

0R O9,R
S S S S S
12 12 12 12 12 129
qL- L
.1,2 -1,2 .1,2 q iP5 -;,-2 u
4l r 4
0=
12 12 12 12 12
m, .1,2 .1,2 o .;2 o .;-2 .w‘él, 2
Il A AR
12 12 1,2 1277 L2605 120075
|, |, |, Bl Wl W
{(y— ———
1,2 1.2 12 1,200 1,268 12
P A
.1,2 .1,2 .1,2 .L—z‘gf;' .L»z'gj:" .;2
AL 4 ,,:'-'1/,"
12 12 12 129K iz 1225
7] ] O v oL = j‘1 m
12 12 12 Tw’é'j:‘/ 1254 12
o AT
<’1,2 Vi2 Vio Vio Vio Vig & \>1,2

FIG. 29. Top view of the two layers after the first two steps of
the algorithm. The short ribbon operators are added to the region
of condensation R. Note how the boundary R = 9;R U 9,R has a
component on the direct lattice on layer 1 and on the dual lattice on
layer 2 denoted by the lines 9, R and 9, R respectively. The stars and
plaquettes here are the summation of the operators of the two layers,
Eq. (45). Only a subset of the measured ribbon operators is shown as
they overlap.
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R ‘()Q_R
'1,2 *1,2 01,2 5T 7
.1,2 .1,2 .2 &
01,2 #1,2 #12
.1,2 .1,2 .2 ¥
01,2 #1,2 #1,2
.1,2 .1,2 u,
01,2 #1,2 #12
(] .1,2 o,
01,2 #1,2 #1,2
.1,2 .1,2 u ) A . ;
03 S o

FIG. 30. After the third step, the stabilizers that do not commute
with the ribbon operators are removed. Note how the plaquettes
adjacent to the boundary 9, R now live in the second layer only.

In the third step, we remove the old stabilizers that do
not commute with the new ones. These will include all the
old star and plaquette stabilizers of both layers in the bulk
of the region R. In addition, we remove the star operators of
both layers on the boundary 9;R. We remove the plaquettes
Bi(p) of the second layer adjacent to the boundary 9,R. The
configuration after the third step is shown in Fig. 30.

In the fourth step, we form new stabilizers that are products
of the old ones and commute with the new stabilizers. These
are given by products of the removed stars with their adjacent
removed plaquettes,

z}
ZoX| 7
X, 2
A.{ (’U)BQ (p) = XIZ2 — / 9
X, 1
Y 48)
71X X5
B I (p)Az(v) = - =
Z zix}
]

After adding the new stabilizers to the model, we reach the
configuration shown in Fig. 31. In the fifth step, we erase
trivialized qudits in Fig. 32. These are all the qudits in the
bulk of R or on its two-component boundary ;R and 9,R.
Note that the edges of the second layer that lie above 9;R are
not condensed. After condensing qudits, we also removed all
stabilizers that only act on trivialized qudits for clarity; see
Fig. 33.

The sixth step is to restrict the stabilizers at the boundary
to their nontrivialized support. This results in the following

R OuR

12 12 12

.1,2 .1,2 &
12 12 12

.1,2 .1,2 -
12 12 12

-1,2 .1,2 L
12 12 12

(] .1,2 4
12 12 12

.1.2 .1,2 4

FIG. 31. After the fourth step, products of old stabilizers that
commute with the ribbons are added, Eq. (48).

stabilizers:
Xz()—= o fweg ox [0 40
X X
71X, 7z |x
T(%p)zzl X;Un—fOng xt :/
z] z!
(49)
0\R 02R
b
01,2 #1,2 01,2 P |
.1,2 .1,2 i'.é/ / ’
01,2 01,2 01,2 B
01,2 #1,2 01,2 A
m |, L /2
01,2 01,2 01,2 !
|, |, !2 Az

FIG. 32. After the fifth step, the qudits in R or on the boundary
dR = 0;R U 90, R are erased. In particular, on d; R only one qudit lives
now.

012438-23



MOUSA, JAMADAGNI, AND DUMITRESCU

PHYSICAL REVIEW A 114, 012438 (2026)

O O O O />

]

-]
__7\,___
-] -] -] ] -]
>—
]

]

FIG. 33. In the last step of the algorithm, we restrict the stabi-
lizers to their nontrivialized support. After unfolding, we have the
twist operators 7 (v, p) (purple) that live on a vertex and an adjacent
plaquette, and also the XZ(e) (ellipse) operators connecting two
edges.

Finally, we unfold layer 2 to be put on the right. This results
in the stabilizer of the bulk of the two layers being the same
again, redoing the horizontal reflection. At each edge, now
only one qudit lives, so we can drop the layers’ index un-
ambiguously. Importantly, right at the 9; R boundary, only the
qudits in the second layer survive. We reach the W< domain
wall for Z4. This is also the domain wall for this duality for
any Z, by changing the definitions of the generalized Pauli
matrices accordingly. In particular, for Z, we interpret the X
and Z as the ordinary two-dimensional Pauli matrices, which
are Hermitian.

It is clear that one can also construct finite domain walls by
only condensing a smaller region than considered in Fig. 27.
In particular, we will be interested in constructing certain
domain walls between a parent bulk theory [e.g., D(Z4)] and
a finite patch within it that is obtained by condensation (e.g.,
DS). In this case, one can directly apply the condensation
without having to use the folded picture. We use this to il-
lustrate one way the domain wall between D(Z,4) and DS can
be constructed.

Example V.5 (Domain wall between D(Z4) and DS). Since
DS is obtained from D(Z4) by condensation, one can con-
dense anyons creating DS in only a finite patch of space.
These are the e?m? anyons of Z,. First, we choose a region
R with boundary dR. We want to construct the domain wall
that doesn’t condense any of the DS phase anyons. Second,
we add the short ribbon operators X?Z? that create the ¢m?
anyons inside R or on dR. After the first two steps, we arrive
at Fig. 34.

Third, we remove any A(v) or B(p) stabilizers that do not
commute with the measured stabilizers X2Z?2. After the third
step, we reach the configuration shown in Fig. 35. Fourth, the
products of the old stabilizers that we promote to generators
are F (v, p) = A(v)B(p) (a connected pink star and a plaque-
tte) and also the B*(p) operators (big dashed square). These
stabilizers have to be added to the Hamiltonian as shown in
Fig. 36.

Fifth, we now remove the trivialized qudits. In this case,
no edges are condensed. Subsequently, the sixth step is also

] ] ] ] ] [}
| m =) =) = |
oy v s
&7 &7 [rd
| [ P < 7 ] )
s
-~ .
N\ '/' ":
LI Sl Wil i R | L
OR
] (] ] ] ] ]

FIG. 34. After the two steps of the algorithm, the edge operators
X272 creating ¢*?m? are measured in the region R and also on the
boundary dR.

] ] ] ] ] [}
] [}
/ s y;
t - o T P
m { g 4 u
N
2
0 = 3 ,.
| 4 4 il [
OR
(] ] ] ] ] ]

FIG. 35. After the third step, old stabilizers that do not commute
with the measured ribbons are removed. These are the star and
plaquette operators of D(Z,) that share at least one noncommuting
edge with X272

FIG. 36. In the fourth step, the products of removed stabilizers
that commute with the measured operators are added. These are
the F (v, p) (a connected pink star and a plaquette) and the B*(p)
operators (big dashed square).
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trivial. This example shows that in a certain situation, one does
not need to do the folding. In Appendix A, we corroborate this
by deriving the domain walls using the folding method.

VI. CALCULATING LOGICAL GSD

To confirm that our Abelian (twisted) quantum doubles are
quantum error-correcting codes, we follow Kitaev’s original
logic [4] and rigorously compute the ground-state degeneracy.
This topological degeneracy corresponds to the dimension of
the logical code space that is acted upon by logical operators
as previously described in Sec. IV.

The ground-state projector has, by definition, the ground
states in its image and all excited states in its kernel. Thus,
the most straightforward method to compute the ground-state
degeneracy is to explicitly construct the ground-state projec-
tor and take its trace [184]. However, because of the tensor
product structure, this is not scalable in practice.

In this section, we detail two complementary methods for
efficiently calculating, modifying, and reasoning about the
GSD for composite topological codes. The first method uti-
lizes the microscopic stabilizer description, where both local
(e.g., stabilizer order) and global (e.g., boundary conditions)
information is used to calculate the GSD. This is detailed
below in Sec. VI. Alternatively, one can use a coarse-grained
macroscopic description to compute the GSD using knowl-
edge of logical ribbon operators and pants decomposition as
detailed in Sec. VI B, which follows Ref. [79].

A. GSD using microscopic stabilizers

In this subsection, we assume that we are given a concrete
stabilizer layout for a system, and then compute its GSD.
Begin with an unconstrained Hilbert space of dimension D.
In the simple and most common case, all qudits have the
same dimension d and thus, D = d*E where #E is the number
of edges in the system, each supporting a single qudit [66].
We then consider the » mutually commuting stabilizer group
generators {O;}, each with order m; (i.e., 0:”’ = 1). Note that,
in general, for higher-dimensional qudits (d > 2), these gen-
erators do not have to be Hermitian.

Next, one must determine and eliminate the / lingering de-
pendencies between the presumed generators. That is, remove
[ of the presumed generators, which are actually generated
from products of the others and are not truly independent.
In the examples we consider below, the dependencies are
organized with respect to generators of a given order. Since
each independent generator O; simultaneously constrains the
ground-state manifold, by a factor 1/m;, the ground-state de-
generacy is

D

GSD =
H\m|=2,3,~~mmx m'n

(50)

1, "

Here, n,, and [,, are the numbers of generators and dependen-
cies that have order m, respectively.

By definition, the GSD of topological theories does not
depend on the system size nor its microscopic details, e.g.,
the particular triangulation of the surface. As we see in the
examples below, we can therefore use any minimal example

to calculate the GSD and then extend the result for a larger or
more complicated, but topologically equivalent, system.
Updating GSD. If the code is regauged to add boundaries
or domain walls, as described in Algorithm 2, we may sequen-
tially update the GSD by only accounting for the changes. We
summarize the results of applying Algorithm 2 as they relate
to constraint dimensions and dependencies. This summary
culminates in equations for computing the updated GSD’ as
a function of the old one. Suppose we know the GSD for a
certain configuration realizing stabilizer group Sy with gen-
erators sy = {O;} with Ol'."" = 1 and dependencies /,,. We can
apply the algorithm to obtain a different configuration with
Hilbert space dimension D', stabilizer group Sy, generators

S = {O}}, with 0’}” =1 and dependencies I,. After the
algorithm is complete, a set of new generators O’; € sy’ are
added to the new Hamiltonian H’,

Snew = {0; € sy \su}. (51)

In addition, a set of generators O; € sy are removed from the
old Hamiltonian H,

Srem. = {0; € su\sy'}. (52)

Finally, the erasure of qubits may result in a change in the
dimension of the Hilbert space. These three components (two
sets of generators plus the changes in the total dimension of
the Hilbert space) are all the data needed from the algorithm
to relate the new GSD' to the old one.

The introduction of new, or removal of old, degrees of
freedom is accounted for by the ratio of total Hilbert space
dimensions rp = D'/D.

Order by order, the total change in the constraints is com-
puted by taking the difference of the number of order m
constraints An,, = n,, — n,, and by also tracking the change
in dependencies Al, =1/, — I,.

After this bookkeeping, we can write the new degeneracy
in terms of the old one as

D

GSD' = GSD (53)

Any—ALy, *
‘m|=2’3"“m‘“ax m ‘m m

1. Examples using minimal stabilizer models

To get a feeling for Eq. (53), let us start with Example VI.1
where we modify the surface code in Fig. 37 with GSD = 2
to make a cylinder with two rough boundaries.

Example VI.1 (Z, on a cylinder with two rough bound-
aries). Starting from the surface code, suppose we want to
build the configuration with Z, on a cylinder with two rough
boundaries as shown in Fig. 38.

We track the changes from the layout in Fig. 37. The edges
went from 18 to 15 and thus,

rp = 218715 = 93,

There are only order-2 operators. The number of plaquettes
did not change while the number of stars decreased by 2, so

Al’lz = -2.

Finally, while the dependencies were /, = 0 in the surface
code, here the product of all plaquettes gives us the identity
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o u o
\4 \%

FIG. 37. D(Z,) surface code with opposite smooth and rough
boundary conditions, and which has GSD = 2.

[1,B(p) =L, so we have [, = 1. This gives
AL =1.

We then compute the GSD from the direct application of
Eq. (83) as
D -3

 — —
GSD - 2A112—Alz - 2—2—(1)

GSD = 2. (54)

Example VI.2 (Toric code through folding a cylinder). A
minimal example for the toric code is depicted in Fig. 39.
The toric code can be made starting with a cylinder with nine
faces, 18 edges, and eight vertices, as in Fig. 39. Turning it
into a torus equates to enforcing periodic boundary conditions
on the remaining two boundaries. This process involves re-
moving three edges, removing one star operator as it becomes
dependent on the others, and removing three plaquettes. We
then have

Y AGE)
GSDroric = SAHA)HAHE,) x GSDcylinder
2—3
O » O
H [ H
H [ H
H [ H

FIG. 38. Minimal stabilizer model for the Z, on a cylinder with
two rough boundaries. The double arrows indicate periodic boundary
conditions. Consequently, the semi-transparent diamonds should not
be counted.

] o ]
/N 0B o H AN
] o ]

0 >0 0

FIG. 39. Minimal stabilizer model for toric code.

This method of constructing a minimal model to count the
degeneracy becomes especially useful for more complicated
configurations. All one needs to do is make sure that no
product of the operators gives the identity. This is the same
condition as requiring that all the operators are independent.
An interesting domain wall, which was discussed is the e <> m
of the toric code in Sec. V 4. We can compute the GSD for this
model using this simple model construction.

Example V1.3 (7, on a Torus with a contractible e <> m
twist). A minimal example for the toric code with a
contractible twist is depicted in Fig. 40. We perform
Algorithm 2 from the toric code and carefully count the
changes. We remove two A stabilizers and two B stabilizers
and add one T, U, and Q. They are all of order m = 2. In total,
we have An, =3 — 4 = —1. Now, let us examine how the
dependencies are modified. Since the product of the remaining
A operators, and similarly that of all B operators, no longer
constitutes the global identity, the two old dependencies are
removed. However, note that the product of all As, Bs, Os, Us,
and T's does constitute the identity, so there is one dependency
of order 2. Altogether, we have Al, = 1 —2 = —1 and since
no qubits were added or removed rp = 1. The exponent on m
in Eq. (53) then becomes An,, — Al,, = 0 such that

GSD
GSDymvise = 77 = 4 (56)
] 10} ]
| / B AN
] [ ]

0 >0 0

FIG. 40. Toric code with a single finite twist.
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</ \4 V»’V \%4 \>

FIG. 41. Stabilizers for the Toric code with two twists.

This is correct because the codespace is the same as before,
although a global phase factor —1 may now be applied due to
the presence of the lone twist [56].

What about an additional twist? We can again use Eq. (53)
to obtain a formula for N twists as we now show.

Example V1.4 (7 on a torus with N twists). Take the con-
figuration with one twist, described by Eq. (56), as the initial
configuration with fourfold GSD. Adding another twist (not
connected to the first one) does not change the dimension or
number of degrees of freedom (rp = 1). We will again add
one T, one U, and one Q operator; see Eq. (49), remove two
star operators, and remove two plaquette operators as shown
in Fig. 41.

Now, let us count the dependencies. Since we already had
one twist, which combined the two dependencies of the toric
code into a single dependency, the total number of dependen-
cies does not change this time, Al, = 0. The new degeneracy
is

GSD, wists = Eq. 56x1x2x1 = 8. 57

We can recursively apply the same calculation when adding
more twists, such that for N twists

GSDN Twists = GSDrroric (1) Twists X2 = 2V (58)

This result is interpreted as the logical Hilbert space of N
twists, coming with N — 1 qubits appended to the original
toric code’s fourfold degeneracy.

Example VL5 (Z, on a Torus with a non-contractible
twist). Let us restart with a clean version of the 18-qubit,
9-plaquette, and 9-star toric code. The new configuration with
the noncontractible twist is shown in Fig. 42.

We summarize the changes from the toric code using Ta-
ble V.

We then immediately read off the degeneracy as

GSDnon-con. Twist — X GSDToric Code = 2 (59)

20—(—1)
This example follows the result of Ref. [185] where it was
shown that adding a noncontractible twist gauges the toric
code’s XZ, degree of freedom, hence adding one logical
constraint resulting in a single logical qubit [185].

Remark VI.1. In all the examples discussed so far, chang-
ing from Z, to Z,, we just change the order of the operators
from 2 to m in Eq. (53).

/1
T4

.
0 —>—0 0

FIG. 42. Stabilizer model for the Z, toric code with one noncon-
tractible twist (an e <> m domain wall along one handle of the torus).

Having developed Algorithm 2 to gauge stabilizer codes,
and Eq. (53) to count and update degeneracies, we are now
in a position to prove the results presented in Sec. IV D4,
which concern twisted quantum doubles coexisting. Since the
twisted quantum doubles can be formed by condensation from
quantum doubles [42], the degeneracy of such systems can be
proved with minimal illustrative models. Continuing with the
arguments above, we begin by considering a D(Z4) toric code
with GSD = 4> = 16. We now proceed to condense finite
spatial regions and determine the GSDs.

Example V1.6 (Z4 with a contractible DS patch). Start
from the D(Z4) toric code and condense a single region that
contains the DS phase. Any model with a single contractible
(meaning it does not wrap around either handle of the torus)
patch has the same degeneracy as this construction. Before
condensing the DS patch, we had [, A, = 1 and ]_[p B, =1,
which meant that one of the plaquettes and one of the star op-
erators is dependent for a total of two order four dependencies
(l4 = 2) and zero order two dependencies (/;, = 0) such that
|l =1, 4+ 1y = 2. To condense a DS patch, we need to add two
X272 ribbons, as in Fig. 43.

Afterward, we remove three star operators and three pla-
quette operators that do not commute with the X2Z? ribbons.
We then add products of the removed operators that commute

——O—>———0

\
I S 1R A T I
\ "l" '-' \
| | |

0 >0 0

FIG. 43. Finite contractible DS patch embedded in a D(Z,) toric
code.
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TABLE VI. Changes from a Z,4 code to a Z, code with a con-
tractible DS patch.

TABLE VII. Table summarizing changes from Z,4 code to Z4 and
DS half and half contractible code.

Order Operators An,, Al, Order Operators An,, Al,
m=2 +2 X272 +3 B? +5 +1 m=2 +2 X%7? +3 B? +5 0
m=4 +3F 3A -3B -3 -1 m=4 +3 F -3A -3B -3 0

with the new stabilizers. These are the F (v, p) and B%(p)
operators; see Eq. (19). We add three F' operators on the
removed vertices and three B?(p) operators on the removed
plaquettes.

Note that we have two new constraint relations again.
First, we have ]_[U’pA(v)B(p)F(v, p) =1 because this is
the same as multiplying all star and plaquette oper-
ators before adding the DS patch. Second, we have
([M,ens BZ(P))(HP¢DS B(p))> = 1. Here, the product is over
the new plaquettes, which live inside or adjacent to the right or
top of the DS patch, with the square of the rest of the old pla-
quettes that were not removed. Thus, !’ =2 andr;, =2/2 = 1.
The crucial observation is that the first constraint removes
an operator with order four, for example, one F'(v, p), while
the second constraint means that we are double-counting an
operator of order 2, taken here as B>(p) [186]

The counting of stabilizers is then summarized in Table VI.

We then immediately read off the degeneracy as

1

GSDz.10s = 357750

x GSDz, = 16.  (60)

Intuitively, the new contractible patch does not obstruct any of
the old loops (logical operators) and does not add any linearly
independent ground states either.

We can add more DS patches, and the situation becomes
similar to the case of Z, with many twists.

Example V1.7 (Z4 on a Torus with NDS patches). Starting
with example VI.6 with one DS patch, we can add one more
patch as shown in Fig. 44.

In the old configuration we had the relations

[TAWBMWF @, p) =1,

v,p
2

[T []Bw»] =1

peDS pgDS

As before, in the second constraint, the product is over the
new plaquettes which live inside or to the right or top of the

m m m m m m
V»'V \' \' \>

FIG. 44. 2 contractible DS patches.

DS patch and the square of the rest of the old plaquettes that
were not removed. This means [, = 1 and I; = 1. To form the
second patch, we first remove three star operators A(v) and
three plaquette operators B(p). We proceed by adding two
X?2Z? operators, three new F (v, p) operators, and three new
plaquette operators B>(p). The constraints remain the same.
Consequently, I5 =1 I = 1 and Al, = Aly = 0. The count-
ing of the stabilizers and dependencies is then summarized in
Table VII.

The ground-state degeneracy for one contractible patch of
DS is then

GSDZ4—2—DS = X GSDZ4—1»DS = 32. (61)

25-04-3—(0)
Adding more patches does not change the constraints, as we
saw. For N patches, we then have the following degeneracy,
which is valid for N > 1:

N+3

GSDz, nps =47 . (62)

Example VI.8 (Torus with half 74 and half DS phase).
Let us start with a Z4 on a torus. We want to calculate the
degeneracy of a phase where half of the torus is a Z4 QD, and
the other half is in the doubled semion (DS) phase as shown
in Fig. 45. Since here the DS lives on a cylinder, the boundary
conditions are different from just a DS patch.

In this case, we also need to specify the order of the opera-
tors since they are different which is shown in Table VIII.

We then immediately read off the degeneracy as

GSDgz, ps = x GSDz, =8.  (63)

1
2124-6—(—1)
This can be understood intuitively since the full Z4 loops can
no longer traverse the torus as some of them get identified
or confined when they pass through the DS phase. Another
way to calculate the GSD will make this clearer in Sec. VI B.
We saw in Example V1.6 that when the DS phase occupied a
contractible region, the degeneracy was the same as without
the DS phase. The stabilizer counting using minimal models
is then a powerful tool for exploring modifications to topo-
logical orders in a sequential way. Paired with Algorithm 2,
one can imagine using a computer program to automate the
construction of topological quantum error-correction codes.

TABLE VIII. Summary of changes from Z, toric code to Z4
sharing the torus with DS phase.

Order Operators An,, Al,
m=2 +6 X%Z7? +6 B? +12 1
m=4 +6 F -6A -6 B -6 -1
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FIG. 45. Z4 toric code with half the torus as DS phase. (a) Sketch
for the configuration with Z,4 toric code with the DS phase occupying
half the torus. (b) Minimal lattice model for the configuration on the
right. Compare with Example VI.11, which uses a different method.

B. GSD using macroscopic pants decomposition

Dimensional counting is useful for deriving the logical
properties, such as ground-state degeneracy, from microscopic
configurations, as we saw in the last subsection. This subsec-
tion offers a complementary, top-down, rather than bottom-up,
intuitive methodology, involving only high-level macroscopic
information, for calculating the GSD by counting the number
of noncontractible logical loops of anyons in our model. This
is based on Ref. [79]. We use these methods to explore and
validate results for the introduced composite codes.

Example VL9 (D(Z,) on a Cylinder with two smooth
boundaries). Let us take the cylinder with smooth boundary
conditions, as shown in Fig. 46.

While there are two noncontractible loops of anyons
around the circumference of the cylinder, only the Z loop
is nontrivial. Further, an X string between the two smooth
boundaries of the cylinder is noncontractible and nontrivial.
The Z loop and the X string anticommute, and we have
GSD = 2. Evidently, all we needed was the information about
the topological surface the theory lives on, along with the
types of boundaries it has. The specific microscopic details
were not used.

The heuristic method of counting loops can be readily gen-
eralized to any orientable surface with or without boundaries.
The exact stabilizer formulation is not needed to compute the

»CSmooth

LSmooth

FIG. 46. (Left) Microscopic stabilizer model for the Z, code on
a cylinder with two smooth boundaries. (Right) The macroscopic
topological data needed to compute the GSD of the model.

Wl Wab

FIG. 47. (Left) The trivial domain wall denoted by W' transports
a to a. Alternatively, this transparent domain wall condenses aa™!.
(Right) A domain wall W can transport anyon a to b, thus condensing
ab™'. The W,;, matrix entry is the dimension of the fusion space of
the anyon ab~! on the domain wall W on a sphere. Intuitively, it
measures in how many independent ways the anyon a in phase A

tunnels into an anyon b in phase B.

ground-state degeneracy once the topological data are fixed.
The subtlety is that one should avoid overcounting or counting
dependent loops. This issue can be tackled for a broad class
of topological codes, as we now discuss.

In topology, it is important to systematically classify how
arbitrary surfaces are constructed in terms of simpler primitive
structures. For example, how standard spheres and holes can
be glued to form any connected and simply-connected two-
complex is a well-studied problem [187]. In this spirit, this
section uses the results of Ref. [79] to validate the results in
Sec. IVDA4.

The construction relies on two facts. First, as shown in
Fig. 48 below, any orientable 2D manifold can be decomposed

c
ab

FIG. 48. Any orientable 2D manifold can be decomposed into
caps, cylinders, and pants. Each component is associated with a
tensor with indices in the anyons of the bulk theory.
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into caps, cylinders, and pants [79,188]. Second, there is a
correspondence between domain walls (boundaries) and a
tunneling or transfer matrix that describes the domain wall’s
action on anyons [79].

To define the tunneling matrix W [79], consider the case
where two phases A and B share a domain wall W between
them as shown in Fig. 47. Note that we use W for the do-
main wall and its associated matrix. We define W, to be the
dimension of the fusion space (V) of this configuration on a
sphere (5?): Walb = dim[V(S?%, b, W,a")] € N [79]. This is
also the number of independent tunneling channels that tunnel
the anyon a in A to the anyon b in B. Since gapped domain
walls respect the braiding statistics of the two phases, we have
the following relations [79]:

WSt = s4w, WTE =T4W. (64)

Here, $* matrix encodes braiding statistics of anyons in phase
A. The T# matrix is a diagonal matrix that encodes their topo-
logical twist or spin. We will also only consider stable domain
walls whose GSD cannot change due to local perturbations.
This gives us the constraint [79]

WiaWip < Y (NP Wie (NG, (65)
ke

where the (N4 ¢, € N is the dimension of the fusion channels
of anyons a and b into c. Using this construction, and given a
certain spatial topology, any surface can be decomposed into
caps, cylinders, and W matrices corresponding to different
domain walls between phases. This is shown in Fig. 48. It
actually suffices to consider caps, domain walls, and pants
since a cylinder can be formed with one pants and capping one
of its boundaries. The two types of cylinders are included for
convenience. The GSD can be computed by enumerating how
many nontrivial independent anyonic loops exist. This process
corresponds to concatenating the topological components of
each configuration, known as the pants’ decomposition.
Systematically, the method can be described as follows.
First, we begin by taking as input a 2D surface M that can
have multiple spatial boundaries 9. M;. The surface may also
be divided into different topological phases with appropriate
domain walls W/ between them. Boundaries are described as
domain walls with the vacuum W' for uniformity. Second,
we decompose the 2D surface using a pants decomposition
into the 2D components described in Fig. 48. This isolates
different bulk phases that have domain walls between them
into different elementary 2D components. Multiple pants de-
compositions exist for the same configuration, and it is not
crucial to use the minimal one. The different decompositions
are related by a set of topological moves that naturally do
not change the topology of the surface nor affect the GSD
calculated here [79,188]. We also do not discuss how this de-
composition is formally carried out, since in all the examples,
finding a decomposition is relatively easy. Third, we attach to
every 2D component its appropriate tensor from Fig. 48. The
tensors take values in the anyon labels of the bulk (boundary)
of their respective topological phases. In this step, we also
need to choose labels for the indices. Two indices that are
connected should have the same label. In the end, no free
indices should remain. Fourth, the GSD is the scalar resulting

Wik,

Fe<rm
V ab

FIG. 49. Pants decomposition for the D(Z,) twisted toric code,
i.e., containing one noncontractible twist. It consists of two D(Z,)
cylinders glued together on one side by the transparent domain wall
and by the W on the other side.

from contracting the indices with the same label. This process
is better illustrated with examples.

1. Examples using pants decomposition

Example VL.10 (Z, on a Torus with a non-contractible
twist 1I). As a first example, we recalculate the case of the
toric code with one noncontractible twist, Fig. 49.

The twist is simply the domain wall e <> m. The matrix of
this domain wall is given by

1 e m em
1 1 0 0 O
Weer = e 0O 0 1 O (66)
m 0O 1 0 0}
em 0 0 0 1

We show the order of the basis for clarity. We can decompose
the torus in this case into two cylinders. They intersect at two
domain walls, one of which is the trivial domain wall W), =
8a.» and the other one is W™, We then have
GSD = ) Wiy "W, =Y Wi "8 =Tr(W") =2,
a,b a,b
(67)

agreeing with Ref. [185] and our result using stabilizers model
in Example VL5.

Example VI.11 (Z4 with a non-contractible DS patch). An-
other example is the case of Z4 and a noncontractible DS
patch on a torus. We have a 4x16 domain wall W because
DS has four anyons {1, s, 5, b} while Z,4 has 16 anyons labeled
by e'm/ where 0 < i, j < 3. The condensation procedure used
to obtain DS from Z4 informs us that the e?m? anyons in Z,4
are identified with the vacuum in DS, while the semion s con-
denses with {em, e>m?} etc. The condensation and tunneling
are exactly the same for DS anyons, as each one is its own
antiparticle. We then have the W matrix,

2 .2 2.2 3 .3 3m3

1 em e“m: em’ e

Q

(68)

oo~ O o
— o oo 3

0
0
0
1

o= O O
O»—OO§
S o= O

1
0
0
0

S oo~

We only show the nonzero columns of the matrix. As shown
in Fig. 50, the torus can be decomposed into a D(Z,4) and a
DS cylinder, which meet at two copies of the same domain
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1
vv%a

DS

LL;b

FIG. 50. Pants decomposition of the torus with half Z, and half
DS phases. It consists of two cylinders glued at both ends with the
unique domain wall W between the two phases.

wall. The GSD is then
GSD =) WauW,, =Tr(WW') =38, (69)
a,b

which confirms the results of Example VI.8.

One can also treat the example with a contractible DS
patch. While this was a relatively complicated example using
stabilizer constraints, it has an easier solution using pants
decomposition.

Example VI.12 (D(Z4) with one contractible DS patch).
For a one-patch code, as shown in Fig. 51, we decompose
the torus into a Z4 cylinder, Z4 pants, and a DS cap.

All the domain walls between two Z4 phases are trivial
and denoted here by W'. The domain wall from Z,4 to DS is
denoted by W, which is given in Example VI.11. Finally, we
attach to the pants the D(Z4) fusion coefficients Ni’f ;= Sivjk
and to the cap the delta operator. The GSD is then

> WaNiW, ZMW‘I

a,jiuk

=Y N W =) =16, (70)
a

a

GSD

uka

where in the second step we used Nf, = §; 1. In the last step,
we simply sum over the anyon types of D(Z4). This agrees
with the results of Example VI.6.

Example VI.13 (D(Z4) on a torus with N DS patches). Let
us start with the case of two patches. We use the decomposi-

tion shown in Fig. 52.

wlt

azay

FIG. 51. Pants decomposition of the Z, toric code with one con-
tractible DS patch. Because of the trivial wall W!, we actually have
a; =d} and a; = ay.

azal,

ajal

FIG. 52. Pants decomposition of the Z,4 toric code with two
contractible DS patches. Because of the trivial domain walls, we have
a; = d,.

We then compute the GSD of the two patches as

GSD = ZWalla Nﬁfb, b,b, Sy, 1Wat d, NZ]bZWb’b 8p.1
ZWT RART
= Z AN S AR S
=Y W W,  =16x2. (71)

ay,b

In the second line, we simplified using the deltas from the
transparent domain walls and from the caps. Since the theory
is Abelian, in the third line we replaced N{ , with 8,4 .. In the
last line, we observe that a; has 16 ch01ces corresponding to
the anyons of Z4. While b, have only two choices correspond-
ing to {1, e*m?} because of the domain wall W.

The pattern continues when adding new patches. If we add
N patches, then the ground-state degeneracy can be computed
as follows (for N > 1):

_ T a T a3
GSD = ZW,, N&L W) NS

WT NllN T aj

by-1,1" "ay—1,bn-1 szlNanbN

— il
- Z Wbl,l 802501+b1 sz,l 8(13,a2+b2
a,b

T il
WhN 11 Say.ay—i+by- WhN.l Sby.a1—an

=16 x 2N, (72)

We note that W, is only nonzero when x = 1 or x = ¢’m?

as can be seen from Eq. (68). We then have only two choices
for the indices b;, and there are N — 1 of them (since by is
dependent). This gives 2V~! choices. After picking the free
N — 1 b’s, making any arbitrary choice for a; from the 16
anyons of Z,4 determines the rest of a's as well as by. This
gives 16 x 2¥~! choices. This agrees with Example V1.7.

Cases with open boundaries can also be treated similarly
since we can cap them with the vacuum. This is equivalent to
the fact that boundaries of a phase are domain walls between
the phase and the vacuum. However, this restricts us in the
case in which the boundary is of one type. Equivalently, it
is not clear how to include the case in which domain walls
intersect.
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1
Wi

g rsmooth T
II/h/b

+
Wi

FIG. 53. Pants decomposition of the Z,4 toric code with two
contractible DS patches and a smooth boundary.

Example VI.14 (DS Patches in a Z4 bulk with smooth
boundaries). The Pants decomposition can also be used with
a single open boundary. In this case, one needs to add a cap
representing the vacuum phase. We consider the configuration
of two DS patches inside a D(Z4), which itself has a smooth
boundary. This has the same degeneracy as the configuration
shown in Fig. 13 with two patches rather than four. The pants
decomposition is shown in Fig. 53.

One can imagine stretching (topologically deforming) the
vacuum cap until it becomes the outer boundary:

S ¥
GSD = Z 8”,-]WaTaN(f,bWI;Il§mOth (Sb’,lVVcc’Sc’,l
a,b,c,a b ,c'
+
= Z le‘sb,C—an;immh W,
a,b,c

& hi
= W18 asWiy o Wiy

a,b,c

= wauw_a1 =2. (73)

In the second line, we enforced the delta functions. In the
third line, since a, ¢ € {1, ¢*?m?}, the only pure flux b that can
appear as (a — c) is the vacuum state, 1. Finally, summing
over the two choices of a gives us GSD = 2. The case with N
patches can be treated similarly to Example VI.13

VII. CONCLUSIONS

In this work, we have defined a new family of Abelian
quantum error-correcting codes. In addition to conventional
boundaries of quantum doubles [47,73], our codes contain
finite-sized condensates of a twisted quantum double of the
parent quantum double. We have explicitly illustrated this
using the group G = Z4 and generalized the DS global con-
densation [42] to a spatially local condensation. We derived
the logical operators and showed that, in addition to whatever
background logical operators of the parent D(Z4), N — 1 logi-
cal qubits are added via N patches. This result explicitly shows
how topological qubits of distinct dimensions (two and four)
can coexist in a single code. We have described why, from the
perspective of simplifying and improving error correction in
the near term, this approach is desirable.

To prove our results, we derived the technical machinery
along two complementary directions. First, we provided a

concrete algorithm to gauge one stabilizer code into another.
This was based on the concept of anyon condensation and,
in an experimental setting, can be interpreted as measuring
a particular set of stabilizers. Building on this algorithm, we
derived the ground-state degeneracies by modding out the
constraints from the total Hilbert-space dimension. In addition
to this microscopic lattice perspective, we showed how the
number of logical operators, as loops of ribbon operators, can
be counted and constructed in terms of topological primitives
such as cylinders, pants, and caps.

Our work opens the path for multiple research directions.
Our first motivation is that these codes should be realized in
experiments. In this light, it will be interesting to compare
the error rates and explore the tradeoffs exhibited between Z,
codes, DS codes, and composite Z4 — DS codes. In addition
to being experimentally explored, these questions can be ex-
plored by QECC simulations that more holistically include the
realistic costs of real-time decoding and the burden this places
on code performance in experiments.

Lastly, our work opens the path for more theoretical analy-
sis of codes and a grand classification of quantum topologies.
For example, our results here have, for the sake of brevity
and to provide concrete examples, been limited to low-
dimensional Abelian cyclic groups. In addition to exploring
non-Abelian groups, one may also perform a similar analysis
with quantum doubles generated by higher-dimensional cyclic
groups. In such cases, there is room for more types of anyon
condensation (both in variety and in the number of times this
procedure can be performed). It would be interesting to see
how such concepts can be judiciously applied to lower the
experimental resource burden in QECC and also to engineer
more exotic quasiparticle types for computation.

Note added. Recently, we became aware of Ref. [189],
which analyzes phase transitions between DS and Z4 phases.
While complementary, our work focuses on the quantum-
error-correcting codes derived from the judicious use of these
phases. It would be interesting to investigate the intersection
of these two concepts in future studies.
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APPENDIX A: CONSTRUCTION OF DOMAIN
WALL BETWEEN DS-D(Z,)

In this appendix, we derive the domain wall between the
DS phase and the Z,4 phase using Algorithm 2. This proves the
more heuristic method given in Example V.5. Before starting
the algorithm, we place the D(Z4) on top while keeping the
DS phase at the bottom. Denote the anyons of the bottom layer

]
]

FIG. 55. After the third step, the stabilizers that do not commute
with the measured ribbon operators are removed. These include all
stabilizers of both layers in R. In layer 1 (left), B*(p) and X?Z?
touching the boundary dR were removed. In layer 2 (right), B>(p)
and A, (v) touching dR were removed.

by {1, s1, 51, b1} and those of the top layer by {1, e5, my, ... }.
The top layer is a mirrored version of the bottom layer, as
shown in Fig. 27. The Hamiltonian is a mirrored version of the
Z 4 Hamiltonian Eq. (46). Here, the mirrored nature of the top
layer is fully exploited. Importantly, the anyon e;m, with twist
T (eamy) = i in the unfolded picture is mapped to the anyon
exm; ! with T°P(eamy) = i in the folded version because the
handedness changes with mirror reflection.

We then begin the algorithm. First, we choose a re-
gion R extending to infinity. The boundary 9R lives
on the direct lattice in both layers, see Fig. 54. Sec-
ond, we add the shortest ribbon operators creating anyons
of the Lagrangian subgroup generated by Lz, ps=
{slezm;l,ﬁlezmz, ble%, blm%, 1,€%ms, ...}). We show a sub-
set of the generators for illustration,

X1 X . _XIX‘Z
siey me=) = 2z | 0 sieg ma(])) = o
142
Nepel Xux}
Sieg'my (=) = 2z, | 0 Sy 'my () = »
149
X2x2 7272
bie3=) = ) bim3() =
(A1)

Here, the arrows indicate the direction of propagation
of the anyons (i.e., the direction of the ribbons creating
them).

After the second step, the ribbons in Eq. (A1) are added to
R and along dR. In the third step, we remove the old stabilizers
that do not commute with the new ones. These include all
the stabilizers of both layers in the bulk of the region R. In
addition, we remove the star operators A, (v) of layer 2 on the
boundary 9;R. We remove the plaquettes B, (p) of the second
layer adjacent to the boundary 3;R. We remove the X>Z>
operators of the DS phase touching dR. The configuration
after the third step is shown in Fig. 55.

In the fourth step, we form new stabilizers that are products
of the old ones and commute with the new stabilizers. These
are given by products of the removed stars with their adjacent
removed plaquettes, along with the F' operators of layer 1. In
addition, we include the product of the plaquette squared of
the two layers,

2z}
.t + ) X1 X,
X1Z{ X227, AV Rcstrlct. 12
Fi(v,p)A2(v)Ba(p) = _
XX, \x,2,x12,
iX] )
T 4l 4!
X% Zs 7,7} ) R
Fl(/v7p)B2(p): - ZReSt_rlCt> T X\1Z,Z.
Xl;. FA A le . 12125
x| Xi
7373 7273
B% (p) B% (p) = 2373 7272 Remict' 7273
7373 7272
(A2)
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FIG. 56. After the fifth step, the products of old stabilizers that
commute with the ribbons are added Eq. (A2). We only show here
the stabilizers near the boundary. In addition, qudits in R or on dR
were erased.

We denote the placement of the stabilizer relative to the
boundary. After adding the new stabilizers to the model, we
reach the configuration in Fig. 31.

In the fifth step, we erase trivialized qudits. These are all
the qudits in the bulk of R or on its boundary oR. After
condensing qudits, we also remove all stabilizers that only act
on trivialized qudits for clarity, Fig. 56.

The sixth step is to restrict the stabilizers at the boundary
to their nontrivialized support. This results in the stabilizers
shown in Eq. (A2). Finally, we unfold layer 2 and place it on
the right. This restores the stabilizer of the bulk of layer 2 (Z4)
to those of the same again as the unmirrored D(Z4) by redoing
the horizontal reflection. At each edge, now only one qudit
remains, so we can omit the layers’ indices unambiguously.
This results in the following stabilizers:

Fi(v,p)A2(v)Ba(p) = XiXe Unfold | X lx

2]z} 7t gt
X1Z{Z, XZi A
Fl(v7p)BQ(p) - X X770 M} = = >
X] x!
2 2 _ 2 e )
Bl (p) 32 (p) = ZfZ5 Unfold ) 72 72
2173 AR
(A3)

Note how the vertical edges corresponding to dR are now
condensed. These are perfectly valid stabilizers for the domain
wall between the DS and D(Z4); however, it is desirable to
have lower-weight stabilizers. This is done by taking the first
stabilizer XlT X, =1 at the Hilbert space level. This maps the
two qudits into one qudit. A mapping of two-qudit operators
to this new degree of freedom stitches the lattice back, giving

X
‘L L |
v
L.
r
Aot
3
[
g | o
7
:
o
o"
L,
. »
w7
y
! | |
:
L.
Y
:
=
1 | o
&
3
>
1 | |
P
[

FIG. 57. After stitching the stabilizers at the boundary together,
we retrieve the domain wall between the DS and D(Z,4) phases.

the familiar stabilizers

x71] Z x71] Z

Fl(U’p)BQ(p):XT‘ XZ | Z

Stitch —
v =% | |z = /
X' X'

72 Z? 7?
72 St 72 72— D

Bi(p)Bi(p) = 2*

(A4)

After stitching the lattice back, we find the domain wall
between the DS and Z4 phases shown in Fig. 57. This
proves the results using the more heuristic method used in
Example V.5 with direct condensation.

APPENDIX B: EXAMPLE OF A 0D DEFECT
CONSTRUCTION

In this appendix, we use Algorithm 2 along with the folding
method to construct the inverse domain wall of the D(Z4)
code [(e, m) — (e~!, m™1)]. More importantly, this exempli-
fies how finite domain walls ending with 0D defects can be
constructed systematically.

Before beginning the algorithm, we place two copies of the
D(Z4) and denote the bottom layer with index 1 and the top
layer with index 2. First, we select three regions. For regions
R; and R3, we construct the trivial domain wall, while for
region R, we construct the inverse domain wall. The regions
are shown in Fig. 58.

Second, we measure the ribbon operators corresponding
to the Lagrangian subgroup of the respective region and do-
main wall. In regions R; and R3, we measure the ribbons of
the Lagrangian subgroup that create the trivial domain wall
Liivia = {1, e1e5 ! mym, Y while for region R, we measure
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FIG. 58. Regions used to create the finite (e, m) — (e"1,m™")
defect of D(Z,). The three boundaries do not overlap and completely
cover the left half-plane of the doubled layer. Stabilizers have two
subscripts corresponding to both layers.

the Lagrangian subgroup that creates the inverse domain wall.
The ribbons are all one-edge operators (B1):

AVA Xixi
erea(=) ===, mmy([)) ===,
leg
erea(f)) = , MM (=) = |XiX],
(B1)
_ 77 _ xIx}!
61621(:>): 1 2,m1m21(ﬂ): 1 27
1 leQ
eres ) = mmyt ) =[x

Third, we remove the old stabilizers that do not commute with
the measured operators. These include all the stabilizers in
the bulk of the three regions. In addition, we remove the star
operators on the boundaries dR;, dR;, and dR3, along with the
plaquettes adjacent to the three boundaries. After this step, we
reach the configuration shown in Fig. 59.

In the fourth step, we add products of removed stabilizers
that commute with the measured operators. These consist

A A
12 12
u, u,
OR,
12 12
u, u,
12 12
., u,
12 12
u, u, )
0 R,‘l
12 12
u, .,
12 12
u, u,
12 12
u, u,
OR4
12 12
u, u,
Vi2 Vi2

FIG. 59. After the third step, the stabilizers that did not commute
with measured operators are removed. These are all stabilizers from
both layers that share at least one edge with the bulks or the bound-
aries of the three regions.

of products of star operators of both layers A;(v)A,(v) or
Al(v)A;(v) for the trivial and the inverse domain wall, re-
spectively. Similarly, ]Products of plaquettes of each layer
B (p)B(p) or Bi(p)B,(p) are added. Note that the operators
of the second layer are mirrored since it is folded, as shown
below:

+
Restrict Xi Xy

712}

717,
(B2)

AR

Z1Zs R,estrict' ZI Z;

7473 7473

These operators have to be added in place of the old, removed
stabilizers everywhere. However, they are most important near
the boundary, as they create the domain wall. Thus, we do
not need to figure out those terms except at the boundaries.
Importantly, right at the OD defect, the stars must satisfy both
boundaries. This is the first time that the order of the group
matters. So far, everything was applicable to all D(Z,). In
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FIG. 60. The configuration after the fourth and fifth step. In
the fourth step, products of old stabilizers that commute with the
new measured operators are added. We only added them near the
boundary, as the rest of them will be condensed. After the fifth step,
trivialized qudits are erased.

D(Zy), the square of stars A%(v)A%(v) commutes with both
boundaries. Fifth, we erase the trivialized qudits in the bulk
of the three regions along with their boundaries. In Fig. 60,
the new plaquette and star operators are shown at the three
boundaries, while the trivialized qudits are erased.

Sixth, we restrict the operators to their nontrivialized sup-
port. This results in the operators in the last column of
Eq. (B2). Since there are no more qudits to condense, the con-
struction is complete. We can unfold the two layers, dropping
the layer indices. The operators at the boundary transform to

AI(U)AQ(U): ﬁl Unfoldl *XTlX‘
7t

AV 7
B]- (p)B2 (p) - ZIZZ Unfold ) 1 4

AVAS Z 7

(B3)

A]_ (U)A; (U) — XITX; Unfold ) *XT|L

ZIZZ A A
Bi(p) B; (p) = 27 Unfold y,, 7' o

2,2} Z | Z

This is a valid finite-domain wall that maps anyons to
corresponding anyons with a 0D defect at each end. We see
that the qudits on the vertical line have been condensed. If
it is desirable to have lower-weight stabilizers, we can stitch
the two sides together. This is formally done by imposing
the XX T or XX two-edge operators at the Hilbert-space level.
This stitching maps the two qudits into one. The action of any
operator that acted on the original qudits can now be mapped
onto this new degree of freedom. For the stabilizers right at
the boundary, we have

A Al 7
Bi(p)Ba(p) =7 7 Stich ,
Z A ~
=B(p)=m
Al VA p
By (p)B; (p) =7~ 4t Stitch ), ,
Z il Z

The star operators that share an edge with the trivial wall
remains unchanged, while those sharing an edge with the
inverse domain become in new star operators A°°’(v). Right
at the OD defect, we have the order 2 operator X2X2, which
cannot stitch the two sides back. We are therefore left with
four weight-five operators denoted by DV, D@ EM  and
E®:

Z\
D(l)(p) — 7t z —
AN

D®(p) =~

X2X2%(e) = X X2 =4 E(l)(p) =7

7 7
B p) =V}
Z
(BS)

Heuristically, to construct the inverse wall, we choose a ver-
tical line in the direct lattice / and an adjacent vertical line in
the dual lattice /. For the plaquettes intersecting /, we take the
adjoint of their Pauli operators acting on edges intersecting /.
For the star operators intersecting /, we apply the adjoint of
their Pauli operators acting on edges intersecting /. With these
new operators, we reach a stabilizer code for the defect that
still requires weight-five operators at the two ends. The new
stabilizer placement configuration is shown in Fig. 61 after
the unfolding and stitching.
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FIG. 61. The final stabilizers for the defect after unfolding and
stitching. Two weight-five operators now live at each end of the finite
domain wall. The stabilizers are defined in Eq. (B5).

APPENDIX C: BELIEF PROPAGATION

We describe here the belief-propagation implementation in
more detail. It follows the case for qubits closely [125,126]
generalized to the four-dimensional qudits with extra modi-
fications due to the fact that Z4 is not a field. We operate in
the usual setting in which the problem is stated as a Tanner
graph [164] where qudit and check nodes are denoted by the
variables v and u, respectively. The check node u; is connected
to the data node v; with an edge if H;; # 0. Furthermore,
generalizing the qubit case, the edges are now weighted by
H;;.

jGiven as input a syndrome vector s with the same length
as the number of code checks, the goal is to estimate the error
vector x, which has the same length as the number of qudit
nodes. For each check node u; that has V (#;) neighboring data
qudits, it naturally satisfies the equation Z‘J./;“l")Hi X, = Su;
Here, the goal is to find an estimated error x that satisfies
all the constraints. This is the usual H.x = s, but recast in
terms of the graph variables. The check-to-data messages used
a kind of an XOR operation in the qubit case (that can be
captured with a simple product operation since it is defined
over Z;) [125]. This naturally generalizes to a convolution for
the Z4 case. The convolution of two vectors f and g given the
syndrome s is defined as

(f®e)(s)=Y f(t)-gls—tmod4).  (CI)

teZy

Here, we use functional notation for the entries of the vectors.
For example, for a vector g, g(0) is its first element. It is also
useful to define iterated convolution (usually over the data

qudit neighbors of a check node [V (u;)],

®¢k=¢1@

k]

B Pi_1 D Pjr1 D D Py

This naively scales as O(4"®)). However, it can be com-
puted using the forward-backward check-node update in
016 x V(u;)) or the fast Fourier transform O(4log(4) x
V(u;)) [190-192]. We describe the convolution using the sim-
pler naive approach, while numerically, we have used the
forward—backward check-node update.

We now begin the algorithm. First, we take as an input
the probability of physical errors p, assuming for simplicity
that they are uniform and over a pure Pauli channel (e.g.,
pure X noise). The messages are four-dimensional vectors
carrying the information for each power of X. The probability
of failure for any physical noise channel is then P(v) = (1 —
p. £, £, %), assuming the noise model described in Sec. IV B.
The initial messages from the data qudits to the check nodes
are then m,_, ,(a) = P(v, a), and those from the check nodes
to data qudits is just m,_,.,(a) = Z since we do not yet have
any preference regarding the estimated error.

In the next iteration, the check node u; projects the mes-
sages it has into contributions to the syndrome it sees from its
neighbor data qudit v;. This is captured in successive steps.
We first calculate the probability that the qudit contributes

y value to the syndrome: ¢;(a) = > A My, 1, (¥)-
H;j-y=a (mod 4)

The check nodes send their estimated errors to their neigh-
boring data qudits by performing a convolution over all the

ALGORITHM 3. Qudit belief propagation decoder.

1: procedure QUDIT-BPH, s, p, oo, Tinax

2: Initialize priors P(v, x) < (1 — p, p/3, p/3. p/3) for all
data qudits v.

3 Set initial messages: m,_,,(a) < P(v, a) and m,_,,(a) < 1/4.

4: fort =1 to T, do

5: Check-to-Data: Project incoming messages:

6: dr(y) = ZH 2=y (mod 4) M —u; (2)-
7: Convolve to find check messages
8 My, (@) ((X)k# &) (s, — Hija mod 4).
9: Normalize my,—,;(a).
10: Data-to-Check: Compute qudit belief:
11: g,,(x) &< P(vj, x) L. My sy (X).
12: Divide out check message:
n qv; (x)
13:m Ue‘iuy( x) < "lul*j)Uj(/\‘).
14: Update with damping:
15: m,, ﬂ,,(x) “—a- mge‘iu O+ —-a)- mgld_,ul(x).
16: Hard Dec1510n Estimate error:
17: fc,,/ < argmax, gy, (x).
18: if HX = s (mod 4) then
19: return % > BP converged
20: end if
21: end for
22: return Soft decisions ¢ > Pass to OSD-0

23: end procedure
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neighbors except the receiver,

V(u;)
My (@) o | Q) i | (s, — Hij-amod 4).  (C2)
k=1
k#j
The message is normalized such that ZbeZ4 My —;(b) = 1.

After the data node receives its messages, it updates its belief
according to

qu,(@) o« Pj,a) [T mu(@. (C3)
u,-eU(v,v)

Here, U(v;) denotes the check nodes neighboring the data
node v;. After that, the data node sends the ratio of its cu-
mulative belief to the received belief from each check node,

qv; (a)

My, (@)

mvj—m, (a) = (C4)
Optionally, we apply a damping scheme to improve numerical
stability. We have found that this parameter is not particularly
crucial near the thresholds. However, a nonzero value close to

1 was empirically found to help convergence,

m". (@)=a-m™ (@)+A—a) -m'"D (@@). (C5)

ViU Vi u; ViU

Finally, we use the qudit’s belief to compute a hard decision
estimate of the error: %,, = argmax(q,,). This new vector
takes the index with the highest probability for all data qudits.
Finally, we check convergence H.X = s every few iterations
to reduce computational cost. If the estimated error satisfies
the syndrome, the algorithm halts; otherwise, it continues
with another iteration. When the algorithm fails to converge
after reaching a preset maximum number of iterations Tj,x, it
passes the soft decisions vectors g to the OSD step described
in Sec. IV C 3. The algorithm is summarized in Algorithm 3.

We note that for the depolarizing channel, one has vectors
of length 16 instead of four. We could also use log probabil-
ities to avoid underflow. However, near the threshold, this is
not an issue, and using raw probabilities is slightly faster. We
also note that, recently, a paper appeared that shows promise
in modifying the Tanner graph in order to avoid the OSD step
altogether [193]. It would be interesting to see whether an
adaptation of this method to qudit codes could provide further
improvements.
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