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Phase evolution of superposition target states in adiabatic population transfer
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We consider stimulated Raman adiabatic passage when the final state is a superposition of two nondegenerate
states. The system consists of four states coupled by two light fields. We find the relative phase of the final
superposition depends on the relative amplitude, width, and timing of the adiabatic transfer pulses. We discuss
these results in the context of experiments measuring symmetry violation in atomic and molecular systems.
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I. INTRODUCTION

Stimulated Raman adiabatic passage (STIRAP) is a well-
established technique [1,2] which is frequently used for
efficient state transfer while being robust to experimental im-
perfections. In some experiments, the only quantity of interest
is the probability of populating the target state, and here
STIRAP is often superior to other methods. In other experi-
ments, the desired final state is a superposition of two quantum
states whose relative phase needs to be controlled carefully.
This is especially important in atomic and molecular physics
experiments that test fundamental symmetries, such as mea-
surements of the electron’s electric dipole moment [3-5] or
of parity violation and time-reversal-symmetry violation in
the nucleus [6]. In such experiments, the quantity to be mea-
sured is encoded in this phase difference, so it is important to
know the exact phase produced by STIRAP and its robustness
to experimental imperfections. Here, we consider the phase
difference produced by STIRAP when the target state is a
superposition of two nondegenerate states.

Many extensions to STIRAP have already been considered.
These include the effects of background states [7], transfer
through chains of intermediate states [8], or parallel linkages
with differing intermediate states [9]. In the “tripod STIRAP”
configuration the typical two-ground plus one-excited STI-
RAP scheme is extended with a third ground state linked by
an additional light field. Any particular superposition of two
target states can be prepared by choosing the appropriate pulse
ordering and overlap of the light fields [10—12]. In this paper
we consider the situation in which both target states are ad-
dressed by a single light field. We restrict our treatment to the
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case where the two-photon detuning (the frequency difference
between the transition being driven and the difference of the
two light fields) is small and symmetric for the two target
states, as shown in Fig. 1. Here, the STIRAP evolution is not
through a single dark state but instead through a superposition
of two quasidark eigenstates. We find that the phase in the
final target superposition first reaches a plateau in the early
stages of STIRAP before becoming the linear phase evolution
expected for two states with a constant energy difference.

II. MODEL

Figure 1 illustrates our model, which consists of four quan-
tum states |g), |e), [1), and || ) linked by “pump” and “Stokes”
light. In this paper we restrict our treatment to a two-photon
detuning § that is equal and opposite for the two target states.
The single-photon detuning is A. We derive the Hamiltonian
by applying the rotating wave approximation and transferring
to a rotating frame in which the Hamiltonian assumes a form
which is time-independent apart from the slow variation of the
Rabi amplitudes which drives the adiabatic evolution. With
the pump and Stokes Rabi rates €2, and 2 this yields (with
h=1)

0« 0 0

.19, 28 @ 9
A=~ (1)

210 @ 25 o0

0 Q 0 -2

In canonical three-level STIRAP with a single target state,
adiabatic state transfer is achieved through a dark state com-
posed of the initial and final states only. The content of this
dark state depends on the mixing angle arctan(£2,/€2,). With
“counterintuitive” ordering (Stokes light leading pump light),
the dark state evolves from the initial to the final state. In this
work, we will consider Gaussian profiles for the [p, s] pulse
envelopes

(t — Mip,s] )21| )

2717

In common with three-level STIRAP, there is a strong de-
pendence of the success of population transfer on § with

Qpp,51(t) = Qopp,s1 €XP [—
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FIG. 1. Energy levels and coupling in the four-sate system. The
splitting & is very small compared to A and the |e) — |g) energy
difference.

four levels. In the simulations, population transfer efficiency
decreases to 99% for § ~ 20T ~! (with peak Rabi frequen-
cies of 248 T~! and a pulse separation of 1.57'). For larger
values of §, it deteriorates further. However, for most relevant
applications and the scenario of interest in this paper the two
photon detuning is much smaller than these values such that
the evolution is sufficiently adiabatic.

In our four-level system, when § = 0, the initial state
evolves into an equal superposition of the final states with zero
relative phase [11]. However, the phase evolution is nontrivial
in the presence of a small §, as seen in Fig. 2. For nonzero §,
our numeric results show that, prior to significant state trans-
fer, the relative phase between states |1) and || ) undergoes
fast oscillations before settling to a plateau. (The time r = 0
is chosen to be before significant population transfer occurs,
but late enough that the Rabi frequencies are much larger than
§.) Our analysis suggests that these oscillations occur due to
nonadiabatic leakage of population into the eigenstates |c) and
|d) (see Fig. 3), which do not initially overlap with the ground
state and therefore should not contribute to the population
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FIG. 2. Numeric calculation of the time evolution of the relative
phase between states |1) and || ) for a range of different § (in units of
1037 ~1). The envelopes of the Stokes and pump light are shown in
gray. The relative phase evolves in two steps. First, a sudden jump to
a plateau appears before a switch to linear phase accumulation 26t.

transfer in STIRAP. As the state transfer finishes, the phase
settles into the linear evolution expected for two states with
finite energy difference.

III. ANALYTIC TREATMENT OF THE PHASE
EVOLUTION

An analytic treatment of STIRAP with a degenerate super-
position of final states (§ = 0) was considered in Ref. [12].
Such a system starts in one of two dark states. Nonadiabatic
interactions with the other dark state determine which final
superposition is prepared.

For the 6 # 0 case considered here, the main features of
the phase evolution shown in Fig. 2 can also be explained
by an analytic treatment. We set A = 0 for simplicity (see
Appendix B for a perturbative treatment) and assume that the
process is fully adiabatic such that the initial (field-free) state
follows the adiabatic evolution of the eigenstates of the full
Hamiltonian of Eq. (1). The two eigenstates which overlap
with the initial state at the start and final state at the end are

la) =N QPlH‘l)-l— QSlTH‘ ! Qsl“ 3)
a) = e J— - ,
2E, 8 E, —52 E,+5 2
by = —N Q”|> le) + Q”|¢>+ ! Qm 4)
= £, 8 T T E s E,—s 2V
) Q) Q2 2 1
N = 1 m— el J ) 5
IVl Tae T AE -y T aE o7 ©®)
E,=—Ey= —=\[45 + @2 1202 — /165202 + (452 + 02 + 202)° 6)
W) b 5 b b 5 (

The other two eigenstates do not participate in the STIRAP population transfer and so need not be considered here. With § # 0,
the initial state is a superposition of the two nearly degenerate quasidark states |a) and |b) (see Appendix A). There is no coupling
ast — —oo. With Q; = Q, = 0 the eigenstates in Egs. (3) and (4) reduce to

1
la(—00)) = —2(|e> +18)),

|b(—00)) =

7
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FIG. 3. Time evolution of (a) the eigenenergies and components of the two eigenstates (b) |a) and (c) |b). Both states start as a superposition
of the initial and excited states and then gradually evolve into one of the target states. A fast reorientation from and back to the initial

composition occurs as the light turns on and off.

The initial state is therefore

1
[ (—00)) = |g) ﬁ(la( 00)) = |b(=00))).  (9)
Although |a), |b) individually contain |e), this superposition
is dark for § = 0.
Numeric calculation shows no geometric phase evolves for
|W(t)), which is expected to be zero (see Appendix C). The
adiabatic evolution of the state is thus

|w(t)> — %(e—iflx E (') dt’ |a(t)> _ e_ifioc Ey(t') dt’ |b(t)>)

(10)

This state is a superposition of two eigenstates which merely
acquire a relative phase due to their energy difference. Fig-
ure 3 shows an example of the time dependence of the
composition of the eigenstates as given by Egs. (3) and (4)
as well as their eigenenergies according to Eq. (6). The state
at early times evolves into a superposition of the target states
|1} and []).

The relative phase of the final superposition of |1) and || )
is found by evaluating

¢ (1) == arg({(L | (1)) — arg({T¥(1))). an

The condition €2 3> § holds in the plateau which allows for
an approximation yielding a simple expression for the phase
(see Appendix B)

1) = 28 tE t"Ydt' 12)
¢( __Ea l)/(; a( . (

This phase can be evaluated explicitly for gaussian envelopes
of Q, Q)

$(0) = () In (1—./1+y> 1+ /1+ye "
1+ /T+y)\1=/T+ye7) |

(13)
with definitions r = Qq,/S, and
2(pp — Hs)
T = TI, (14)
82T2
€)= —"+——, (15)
(Mp — ug)E,(T)
2 2
A2 Hp — K
y =2r exp(T . (16)

Figure 4(a) compares numeric results to the analytic phase
given by Eq. (13). Apart from the early behavior and the
fast oscillations in the numeric results, the calculated phases
are in good agreement. In Figs. 4(b) to 4(e) we explore the
dependence of the height of the plateau on the STIRAP pa-
rameters. We see that the height is independent of the peak
Rabi frequencies, but linearly dependent on § and on the width
of the STIRAP pulses. As is shown in Fig. 4(d), there is a
sharp increase in the phase at small pulse separations, which
tends to zero as the separation increases. The plateau height
in Fig. 4(e) grows nearly linearly with the width of the pulses.
The numerical and analytic predictions diverge at low Rabi
frequencies, small beam separations, and large standard devi-
ation. These parameters are also regions where the adiabatic
condition fails, with lower population transfer efficiency and
increased rippling. This highlights a shortcoming of the ana-
Iytical formula, which assumes the process to be sufficiently
adiabatic. The formula cannot capture the oscillations at early
times which are due to diabatic transitions out of the carrier
eigenstates. The assumption €2; > § is needed to obtain a
closed form solution: it fails at early times.

Characterization of the transition from plateau
to phase evolution

As shown in Fig. 4(a), extrapolating the linear phase evo-
lution to zero phase suggests that the effective phase evolution
begins near the crossing point of the two profiles. An expres-
sion for the onset of phase evolution (the x intercept) can
be found by expanding the analytic expression for the phase
[Eq. (13)] at a time after the STIRAP transfer. This yields

o) =28(t —t1 — 1), (17)
with
2 2 2
— @2+ 2T In(r)
P , (18)
Z(Mp_ﬂs)
i
T2 V14227 +1
fh= m|=Y_E2e T (g
Z(Mp - :u's) 2 1p-ng

1+2r2e 7 —1

This expression for the phase contains the linear evolution
expected, 28t with two additional terms, 258¢; and 25f,. The
time ¢ is the time at which the Rabi intensity profiles intersect
[easily seen if we set r = 1 sot; = (), + uy)/2]. The term 1,
is usually smaller. For example, with r =1, u, = 5.5T, and
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FIG. 4. Comparison of numeric and analytic results for the relative phase between the two target states. (a) Time evolution of the relative
phase. The analytical and numerical results are in excellent agreement except at the earliest times. (b)—(e) Comparison of the relative phase in
the plateau region. There is little dependence on (b) peak Rabi frequency and (c) nearly linear dependence on the detuning §. The separation
of the beams alone is varied in (d) while both the width T of the pulse envelopes and their separation is varied in (e) such that the separation is
always at 1.5 T. All plots use a peak Rabi frequency of 248 T~! and a beam separation of 1.5T except where these are the variables.

ws = 4T then t, >~ —0.23T. This term depends on the pulse
timings, the ratio of their amplitudes, and the pulse envelope
width. In Fig. 5 we compare the analytic and numeric values
of 1, as these parameters are varied.

IV. DISCUSSION

Our treatment of STIRAP with nondegenerate final states
shows that, in addition to the phase accumulated due to the
states’ energy difference, there are phase terms which depend
on the parameters of the STIRAP process itself. Here, we
discuss this result in the context of an experiment to probe
time reversal violation in YbF [13], which uses two STIRAP
processes to prepare and analyze a spin superposition. The
splitting of these degenerate states § is lifted by a small applied
magnetic field. The experimental signature of time reversal
violation is a phase change correlated with the direction of
an applied electric field. The overall precession time is much
larger than #; and t,, so the additional STIRAP phases are very
small. Their scale is set by the pulse width 7', which in this
experiment is only about 0.002 of the precession time.

An ideal experiment would have a sensitivity limited only
by shot noise. In the pulsed beam YbF experiment, the number
of molecules per pulse N is at least 10°, so phase noise §¢ ~
1/ /N = 1073 rad could be significant. The variation of the
STIRAP laser beam positions (e.g., due to vibrations) vary
the STIRAP parameters, but the phase noise that results from
this effect is insignificant.

The analytic results presented here show that the peak Rabi
frequencies and their ratio r have little effect on #; and #,, with
a less than 1% discrepancy between numeric and analytic so-
lutions. In the molecular beam experiment At; &~ Tér/r. It is

easy to keep r stable to 1%, leading to negligible fluctuations
in #;. A similar analysis for #, leads to similar conclusions.
Any phase change correlated with the direction of the ap-
plied electric field could result in a systematic effect at the
level of the target sensitivity. Of particular concern is A since
this detuning varies with the Stark shift of the optical transi-
tion, which is large [14]. The phase Eq. (17) was calculated
assuming A = 0. However, at least to first order, the effect
of A is zero (see Appendix B), and numeric modeling of the
experiment shows that variations in A make insignificant con-
tributions to the phase. For example, the correction term ()
only gets a 2.8% change when A is at 400 T~! (~84 MHz).
None of the other relevant parameters of Eq. (17) are
correlated with the electric field magnitude or direction. We
can speculate on higher-order effects which could conspire
to result in electric-field-correlated changes of #; or #,. In the
experiment, two STIRAP sequences are employed: the first
prepares the superposition state, and the second transfers it
back to the original ground state after the interaction with
electric and magnetic fields. The STIRAP pulses are formed
by two elongated, partially overlapping Gaussian laser beams.
Ideally, the beams’ k vectors, the velocity of the molecules,
and the electric field are all perpendicular to one another. A
slight angle between the major axes of the two ellipsoidal laser
beams leads to a gradient of the beam separation along the
electric field direction. If the position of the molecular beam is
correlated with electric-field direction (for example, by chang-
ing fringe fields due to patch potentials on the electrodes), the
tilt of the beam profiles generates a change in #, by changing
the pulse separation. The magnitude of the possible effect is
shown in Fig. 5(a). The phase gradient at 1.5 T separation
is about 0.1. With an angle between the pulse envelopes of
1° and a correlated displacement along the electric field of
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FIG. 5. The dependence of the phase correction term (f;) on
beam parameters. Numerical simulations shown in red are compared
with the analytical formula [Eq. (19)] shown in blue. With other
parameters fixed, (a) varies the separation of the beams p, — ,, and
(b) the Rabi envelope width T'.

15 um (which is about 10~* the length of the laser beams),
H.corr 18 about 0.2ns. For 2§ = 2w x 25Hz, the correlated
change in phase is about 30 urad. The accumulated effect for
these parameters is smaller than the expected experimental
sensitivity.

The second STIRAP sequence transfers the superposition
state back to the initial state to analyze its phase. It can be
described within the same framework as the first. Its phase
response to variations in the STIRAP parameters follows the
same scaling and does not introduce additional sensitivity,
a finding confirmed by numeric simulations shown in Ap-
pendix D. We conclude that even though the phase of the
superposition depends on the STIRAP parameters, it is un-
likely that changes in the parameters are significant for the
YbF experiment.

V. CONCLUSION

In this work, we studied the evolution of the relative phase
between two nondegenerate target states in which both target
states are simultaneously addressed by the same Stokes field.
We derived an analytical expression for the relative phase
in the fully adiabatic limit and compared it with numerical
simulations. The phase evolution exhibited a characteristic
structure: a rapid jump to an early-time plateau followed by

a gradual crossover to the linear phase evolution expected for
two states with a finite energy separation. We showed that both
the plateau height and the onset of the linear regime depended
on the laser beam parameters.

This study was motivated by concerns that STIRAP-based
preparation and analysis of superposition states could intro-
duce systematic phase shifts in precision measurements, such
as experiments searching for the electric dipole moment of
the electron. Our numerical results show that, for the range
of plausible experimental parameters, these effects are small
compared to the level of current experimental precision. The
analytical results also show that the induced phase shifts do
not scale with experimental parameters in the same way as an
electron electric dipole moment signal, suggesting that they
are unlikely to constitute an important source of systematic
error. The effects discussed here may become relevant for
future experiments with improved sensitivity.
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APPENDIX A: DERIVATION OF THE EIGENSTATES

We construct the eigenstates of the coupled system in the
bare basis |g), |e), |1), |[{) without explicitly diagonalizing the
Hamiltonian (1). We label the bare states | j) and the adiabatic
eigenstates |i) with eigenenergies E;(¢). With the Hamiltonian
acting on the adiabatic state, we have

(A ) = Ei(){jli)- (AL)

We can also consider the Hamiltonian (with /i = 1) acting
on bare state to the left. For the state |g), for example, this
leads to

0 2 0 0
i e, 24 o o,
0 @ 0 =25
Q,
= L teli). (A2)

Combining the equations for the states |g), |1), |[{) with the
relevant expressions [Eq. (A1)] allows us to express the ele-
ments of the four adiabatic eigenstates |a) - - - |d) in the bare
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basis

(gliy = =L (eli),
(i) = ——

(i) = ——— 5 (eli). (A3)

E+6 2
The eigenenergies E; are given by the characteristic equa-
tion of the Hamiltonian. This is a quartic equation in E;:

E} — f°E} + Q8% — 4AE/(E} — 8°) =0, (A4)

with f defined as
fP=Q +20Q] 457 (A5)

For A = 0, the equation has these four roots

E,_:l:— 2L/ - 168202, (A6)

which fully determine the eigenstates. The states |a) and |b)
have eigenenergies closest to 0 with E, = —E,. Expressed in
the bare basis via Eqgs. (A3), these are the eigenstates given in
Egs. (3) to (6) in the main text.

The eigenstates at the start of the STIRAP process are
found by taking the delicate limit Q; — 0 while ensuring
Q2,/Q; — 0. These are given by Egs. (9) and (10) in the main
text.

If § is exactly zero, |g) is aligned fully with one of the
adiabatic eigenstates. For ¢t — —oo with § # 0, the ground
state is the superposition

[ (—00)) = %(Ia(—w» -

APPENDIX B: DERIVATION OF THE RELATIVE PHASE

|b(—00))) = lg). (A7)

In the adiabatic limit, with zero geometric phase (see be-
low), the state at time ¢ is given by Eq. (10) in the main text.
This is simplified by factoring an overall phase factor and
noticing that E,(t) = —E,(t),

1
—=(la(®)) =

7 eOV1b(t))), (B1)

[y (@) =
with © as

Q) = 2/ E, (t)Hdt'. (B2)

oo

This integral has the compact form

o) = \_/—%/_;o\/fz(ﬂ)— A — g hdt',  (B3)

with the f(¢') defined in Eq. (AS) and g(t') = 48Q2,,. At very
early times, when the Rabi frequencies are negligible, the
integral evaluates to 0. However, during the adiabatic transfer
the Rabi frequencies are orders of magnitude larger than §.
This means that f*(t') > g*(¢'), which permits us to expand
the inner square-root. We set the start time t = 0 to be late
enough that f > g but early enough no significant population

transfer has occurred
2 (t

o0~ 5 / 220!

With § much smaller than the Rabi frequencies, the dynamic
phase is

(B4)

! dt
)~ -2 | —. (BS)
0 V1+2(2/2))
Taking Gaussian pulse envelopes leads to the final integral
t dt/
()= -2 . (B6)
0 V14 272 T 21— == p1)?]

This integral has a closed form solution which leads to
Eq. (B9).
Using the expansion of the eigenstates in the bare basis,

[ (2)) is
_ Qp i0(t) o)
[ (1)) —(ela)[ZE (14+°)Ig) + (1 — &) le)

Qs 1 sl
+ 7<Ea 5 & +a>m

Qs 1 tG)(t)
+7<Ea+3+E —5)'“] B

When § is small /") &~ 1 4 i©(¢), and the relative phase
between |1) and || ) becomes

o(t) = arg[2E, + i(E, — §)O(t)]
— arg [2E, + i(E, + 8)O(1)]. (BS)

Since ® is small tan(f) ~ 6 which gives the simple result
¢(t) = —(hé$/E,)O(t). Evaluating Eq. (B6) gives

28272
Ea(t)(,le - l'(/s)

X {arctanh\/l—l— 2r2 exp |:Mp —2M

— arctanh \/ 1 4+ 2r2exp |:Mp

¢(1) =

=(ip + 1 — 2:)]

/J,,

(up + us)} }

(B9)
with r = Q,/€20,. Defining the dimensionless variables
2(Mp - :u's)
= —F 1,
T2
82T

(/’Lp - M‘Y)Ea(l'),

n3-n}

2o, (B10)

e(r) =

y =2r

gives

1-JTFy 1+ /T+ye"
=e(1)1 . (Bll
() G(T)n|:1+J1+y1—\/1+yef:| (B1D)

The discussion above assumes A = 0. We can relax this
assumption by treating A as a perturbation: SH = Ale){e|.

053716-6



PHASE EVOLUTION OF SUPERPOSITION TARGET ...

PHYSICAL REVIEW A 113, 053716 (2026)

Therefore, the perturbations on the energies are (a|8H |a) =
(b|8H |b) = A|N|? from Egs. (3) to (5). Since the extra phase
contribution of the perturbed energies in Eq. (10) is the same
for both |a) and |b), the total contribution is zero to first order.
Numeric calculations confirm that the contribution of A to the
phase is small and is associated with nonadiabatic processes.

APPENDIX C: GEOMETRIC PHASE

In the adiabatic limit, a wave function acquires an addi-

tional phase
1
=1 t/
y =i /0 <¢( )3

0

71//(t’)>dt’. (C1
For a state [y) that is purely real y = 0. For the STIRAP
process, we are interested in the relative phase between |a)
and |b):

yap = i / BB — i / G@la@Ndr. (2
0 0

For the Hamiltonian in Eq. (1), the eigenstates are real. How-
ever, a phase difference between the Stokes and Pump lasers
introduces complex components through the phase difference
in the couplings. The Hamiltonian

0 0 0
G2 28 Qe Qe )
2l 0 Qen 25 0
0 Qeé” 0 —28

now has complex eigenstates, where the time dependence is
carried in the real coefficients €2, €2,,. It is easy to show that
the eigenstates of this Hamiltonian yield inner products (a|a)
and (b|b) that are equal, so y,;, = 0 even if the individual states
acquire a geometric phase.

APPENDIX D: REVERSE STIRAP

In the time reversal violation experiment, the initial state is
first transferred to a superposition, then transferred back after
an evolution time. This reverse STIRAP is the time-reversed
version of the process we consider. The initial state is a super-
position state, and the order of the Stokes and pump beams is
reversed. A superposition state with an arbitrary relative phase

— 6=0 = Analytic
6=0.05T"" X Numerical
— 6=01T7""

Final Population at t = 8T

F<g|

00 05 10 15 20 25 30

Initial Relative Phase (¢g)
FIG. 6. Population transfer to the ground state for reverse STI-

RAP versus the relative phase of the incoming state. The solid lines
show numerical results while crosses are analytic.

is

%(IT) +e™)) = %(Ia(—w)) — ¢™|b(—00))). (D1)
In the adiabatic approximation this evolves at time ¢ to

where O(t) is defined in Eq. (B2). The final-state population
is then

1 ‘
VO = 5 l(gla) — ¢ (glb)
NP2 _
_ NI, os2<¢° ®(t)>. (D3)
2E? 2

Equation (D3) describes how the final ground-state population
depends on the relative phase (¢¢) of the incoming superposi-
tion state. For § > 0, the phase of the incoming state continues
to evolve during STIRAP with a “trivial” part due to § and
potentially a part due to STIRAP. The trivial phase at time
time Zpq 1S just 28 X feng. We find numerically when t.ng = 5T
(when nearly all the population has transferred) gives

—O(00) & 28 X teng (D4)

to within 1%. There is no significant phase other than the
trivial one. Figure 6 compares numerical results to formula
(D3). The adiabatic approximation is very good for the reverse
process.
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