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We theoretically investigate the dynamics of quantum information and entanglement of two distant qubits
embedded in a thermal dephasing reservoir consisting of three-dimensional Bose-Einstein condensates of
microwave-shielded polar molecules. We calculate the decoherence factors, the quantum Fisher information,
and the decay rates in terms of the spatial separation between qubits, temperature, and Rabi frequency that
tunes the shielding potential. The results show that the dynamics of decoherence factors and the quantum
Fisher information are nonmonotonic with revival oscillations at larger separations due to interqubit and
qubit-environment correlations. Within our proposed model we can significantly improve the estimation of the
environment parameters such as the spectral density, which exhibits a super-Ohmic behavior, and temperature.
We demonstrate that the shielding interaction may drive the system from the Markovian to the non-Markovian
regime enabling us to well control the information flow dynamics and to reach higher values of entanglement.
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I. INTRODUCTION

The ability to produce ultracold polar molecules offers a
wealth of opportunities in accelerating the development of
advanced technologies and to understand quantum informa-
tion due to their rovibrational degrees of freedom, controllable
long-range dipole-dipole interactions (DDIs), and tunable
microwave fields. Experimental and theoretical studies of ul-
tracold molecules have progressed rapidly over the last two
decades (see, e.g., Refs. [1–22]).

One of the latest breakthroughs in the ultracold polar
molecules is the realization of degenerate gases formed by
fermionic and bosonic microwave-shielded polar molecules
(MSPMs) [23,24]. Microwave shielding, which can elimi-
nate the collision loss between ultracold polar molecules, is
also crucial for the creation of p-wave superfluidity [25],
tetratomic (NaK)2 molecules [26], and molecular quantum
droplets [27,28]. Most recently, the nonequilibrium dynam-
ics and coherence of Bose-Einstein condensates (BECs) of
MSPMs have also been deeply studied by one of us [29].
These exotic ensembles constitute an ideal platform for
quantum information processing owing to their rich inter-
nal structure. The long-lived character and the coherence of
the MSPMs enable them to encode quantum information for
longer times and in an exquisite manner.
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The aim of the present work is then to investigate the
dynamics of quantum information and entanglement in two
qubits with two hyperfine spin states coupled to a reservoir
consisting of three-dimensional (3D) BECs of MSPMs via a
long-range intermolecular potential. In the context of atomic
BECs, the collective dephasing, the non-Markovianity, and
the entanglement of two spatial state qubits were discussed
in Refs. [30–35] and references therein. It has also been
demonstrated that using two qubits can drastically improve
the estimation of environment parameters [36,37].

This study scrutinizes the impact of the spatial separa-
tion between qubits, and the interaction between MSPMs on
the ohmicity, the non-Markovianity, and the entanglement
of the system. Our numerical results show that for small
Rabi frequencies and at relatively long times, the reservoir
displays a transition from a Markovian to a non-Markovian
effect, manifested by the negative values of collective deco-
herence rates. These decoherence rates which display super-
and sub-decoherent two-qubit states, strongly rely on the
spatial separation between qubits. By analyzing the quantum
Fisher information (QFI), we estimate key reservoir parame-
ters such as the spectral density, Rabi frequencies which adjust
the shielding potential, and the temperature. In this regard,
we also show that changes in the spatial separation between
qubits and in DDIs have a crucial effect on the super-Ohmic
spectral density in the whole range of frequencies and on the
decoherence factors. Furthermore, we illuminate the entangle-
ment dynamics of the two-qubit states. Using the concurrence
as a standard quantifier of entanglement we calculate it in
terms of the initial-state and reservoir parameters. The optimal
conditions for entanglement generation are also determined.

The rest of this paper is structured as follows. In Sec. II,
we describe the model of two-qubit states with two hyperfine
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FIG. 1. Two impurity qubits separated by distance D are
immersed in a thermally equilibrated 3D BEC of MSPMs at temper-
ature T . The molecules are held in an optical dipole trap and dressed
by circularly polarized (σ+) and linearly polarized (π ) microwave
fields which have Rabi frequencies and detunings [24].

spin states embedded in a reservoir consisting of 3D BECs of
MSPMs. Section III is devoted to the dynamics of two qubits.
Analytical expressions are derived for the decoherence factor,
the decay rate, and the QFI when the qubits are initially in a
mixed Werner state. Sections IV and V present our numerical
and analytical results obtained from the solution of the model
described above. In Sec. VI, we report the dynamics of en-
tanglement for different initial-state and reservoir parameters.
Our conclusions are drawn in Sec. VII.

II. MODEL

We consider two identical impurity atomic qubits made
of two-level atoms separated by a distance D embedded in
a thermally equilibrated 3D BEC of MSPMs at temperature T
(see Fig. 1). We take h̄ = kB = 1 throughout.

The qubits are confined in a deep harmonic trap, UI (r) =
mIω

2
I r2/2, where mI is the mass of the impurity and ωI is

the trap frequency, which is independent of the internal states.
For ωI � 1, the spatial wave function of the qubit is given by
ψI = π−3/4ł−3/2

I exp(−r2/2l2
I ), where lI = √

1/mIωI is the
impurity harmonic oscillator length. The Hamiltonian of the
qubits is then given by

HI = �I

2

2∑
j=1

(|e j〉〈e j | − |g j〉〈g j |), (1)

where �I is the level splitting between the excited, |e j〉, and
the ground, |gj〉, states of the jth qubit.

The Hamiltonian of a BEC of MSPMs of mass m produced
in a box-shaped trap is given in the frame of the Bogoliubov
theory as [29]

ĤPM=
∑
k �=0

ωkb̂†
kb̂k, (2)

where b̂†
k and b̂k are operators of elementary excitations obey-

ing the usual Bose commutation relations, and the frequency
of the Bogoliubov excitations is given by

ωk =
√

E2
k + 2EknV (k), (3)

where Ek = k2/2m is the kinetic energy, n denotes the density
of the condensate, V (k) is the Fourier transfrom of the effec-
tive intermolecular potential V (r) which is defined as [25,27]

V (r) = C3

r3
(3 cos2 θ − 1) + C6

r6
sin2 θ (cos2 θ + 1), (4)

where θ is the polar angle of r, and C3 = d2/[48πε0(1 + δ2
r )]

and C6 = d4/[128π2ε2
0�(1 + δ3/2

r )] are interaction strengths
tunable via the Rabi frequency � and detuning of the
microwave field δ, with δr = |δ|/� being the relative
detuning. Here d is the permanent dipole moment in the
molecular frame and ε0 is the vacuum permeability. The C6

term represents the shielding potential.
For zero ellipticity, the long-range part of the interaction,

V (r), can be approximated by the standard DDI along the z
axis [28,29] as

V (r) = gδ(r) + d2
eff

4πε0

(
1 − 3 cos2 θ

r3

)
, (5)

where g = 4πa/m corresponds to the short-range part of the
interaction, with a being the scattering length, and deff =
d/
√

12(1 + δ2
r ) is the effective dipole moment. The strength

and the sign of the effective dipolar interaction can be adjusted
by tuning the Rabi frequencies and detuning the microwave
fields [25,27]. The approximation (5) is valid if the scattering
lengths are unaffected by the anisotropy of the short-range
potential for l > 0 and a > 0 [38].

Note that to calculate rigorously the short-range interac-
tion potential which is characterized by the s-wave scattering
length, a, and relate it to the parameters of the potential at
hand, one should analyze the long-range behavior of the s-
wave component of the wave function at low energy [28,29].
This is indeed not an easy task due to the contribution of
the modes l , l ± 2, and l ± 4, originating from the repulsive
term of the potential. Numerical values of a and the rela-
tive dipolar strength εdd = r∗/a, where r∗ = md2

eff/(4πε0) is
the effective characteristic dipole-dipole distance and deff =
d/
√

12(1 + δ2
r ) is the effective dipole moment, for different

parameters of the molecular interaction have been given in
Ref. [28].

Let us now assume that the polar molecules in the reservoir
are coupled to the excited state |e〉 of the qubits through a
Raman transition. The qubit-bath interaction is governed by
a contact pseudopotential, VIPM(r) = gIPMδ(r), where gIPM =
2πaIPM/mIPM, with aIPM being the scattering length of the
qubit-MSPM collisions and mPM = mmI/(m + mI ) being the
reduced mass. Then, the interaction of the molecular BEC
with an impurity can be carried out using the standard Bo-
goliubov expansion and transformation. Keeping only linear
terms in b̂†

k and b̂k, we obtain the following for the interaction
Hamiltonian:

ĤIPM =
∑

j

[
gIPMn|e j〉〈e j | + |e j〉〈e j |

∑
k �=0

(
gj

kb̂k + g∗ j
k b̂†

−k

)]
,

(6)
where the qubit-reservoir coupling parameter is given by

gj
k = gIPM

√
n

√
Ek

ωk
e−(klI )2/2eik·r j , (7)
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where r j is the spatial position of the jth qubit in the reservoir.
The total Hamiltonian of the system is given by the com-

bination of three sub-Hamiltonians: Ĥ = ĤI + ĤPM + ĤIPM.
According to Eqs. (6) and (7), the coupling strength between
the qubit and its bath depends on both the qubit’s location and
the relative dipolar strength εdd, which can be precisely con-
trolled using the Feshbach resonance. Therefore, this enables
us to analyze the effects of the molecular reservoir parameters
on the qubit’s information flow dynamics.

III. DYNAMICS OF TWO QUBITS

This section explores the dynamics of the two separated
qubits interacting with one common thermal molecular reser-
voir. We derive analytical expressions for the time evolution
of the decoherence factor, the decay rate, and the QFI for
different initial states.

A. Decoherence factor

The time evolution operator U (t ) = e−iĤt can be obtained
using Magnus expansion [37]:

U (t ) = exp

⎧⎨
⎩−i

2∑
j=1

[(�t + 
(t )|e j〉〈e j |)|e j〉〈e j |]
⎫⎬
⎭

× exp[−i�(t, D)|e1e2〉〈e1e2|]

× exp

⎡
⎣ 2∑

j=1

|e j〉〈e j |
∑

k

(α j
kb̂†

k − α
j∗
k b̂k )

⎤
⎦, (8)

where α
j
k = gj

k (1−eiωk t )
ωk

, 
(t ) =∑k
|gk|2
ω2

k
[sin(ωkt ) − ωkt],

and �(t, D) =∑k
2|gk|2

ω2
k

[sin(ωkt ) − ωkt] cos(kD) are phase
parameters.

The reduced density operator of the two-qubit state
is obtained through ρm1m2,n1n2 = Tr[〈m1, m2|UρI (0) ⊗
ρPMU †|n1, n2〉], where ρI (0) is the initial state of the qubit,
and ρPM is the thermal equilibrium state of the molecular bath
at temperature T . This yields [37]

ρI
m1m2,n1n2

(t ) = exp

⎡
⎣−i
(t )

2∑
j=1

(mj − n j )

⎤
⎦

× exp[−i�(t, D)(m1m2 − n1n2)]

× exp[−�{n j },{mj}(t, D)]ρI
m1m2,n1n2

(0). (9)

To find the decoherence exponent �{ni},{mi}(t, D), we assume
that the density matrix of the initial state is ρT (0) = ρ(0) ⊗
ρPM, where the density matrix of the bath is ρPM = �k(1 −
e−ωk/T )e−(ωk/T )b̂†

k b̂k . Using the identity

exp [−�{ni},{mi}](t, D, T )

= Tr

{
exp

[∑
j

∑
k

(mj − n j )g
j
k

1 − ωk

ωk
b̂†

k + CC

]
ρPM

}
,

(10)

we finally get for the decoherence exponent

�{n j},{mj }(t, D, T )

=
∑

k

2 sin2 (ωkt/2)

ω2
k

coth
(ωk

2T

)∣∣∣∣∣∣
2∑

j=1

(mj − n j )g
j
k

∣∣∣∣∣∣
2

,

(11)

which encapsulates all the information concerning the time,
the interaction, and the temperature dependence of the deco-
herence process.

The relevant decoherence functions are �0, �+, and �−,
which are related to the elements, such as |ρI

0,0;0,1(t )| =
e−�0(t )ρI

0,0;0,1(0) or |ρI
0,1;1,1(t )| = e−�0(t )ρI

0,1;1,1(0),
|ρI

0,0;1,1(t )| = e−�+(t )ρI
0,0;1,1(0), and |ρI

0,1;1,0(t )| = e−�−(t )

ρI
0,1;1,0(0), respectively. They are expressed as

�0(t, T ) =
∑

k

2g̃2
k

ω2
k

sin2

(
ωkt

2

)
coth

(ωk

2T

)
, (12)

where the qubit-bath coupling parameter (7) simplifies to

g̃k = gIPM
√

n

√
Ek

ωk
e−(klI )2/2. (13)

In addition, we have

�±(t, D, T ) = 2�0(t, T ) ±
∑

k

2g̃2
k

ω2
k

sin2

(
ωkt

2

)
cos2(kD)

× coth

(
ωk

2T

)
, (14)

which indicates the presence of sub- and super-decoherent
states in �+ and �−, respectively, due to the superposition
of the states |0, 0〉, |1, 1〉, |0, 1〉, and |1, 0〉. If the qubits are
sufficiently far from each other, they interact independently
with their environment, and hence �±(t ) ≈ 2�0(t ).

B. Decay rate and non-Markovianity

Given the decoherence factors, we can also examine the
flow of the decay rates in order to characterize the non-
Markovian dynamics of our two-level systems. They can be
defined as [32,39]

γ ±(t ) = d �±(t )

dt
. (15)

When γ + and γ − are positive, the dynamics is Markovian,
while if at least one of these time-dependent decay rates takes
negative values, then the dynamics is non-Markovian.

C. Quantum Fisher information

The QFI that quantifies the precision of the system parame-
ters is defined as FX = Tr[ρX L2

X ] [40], where ρX is the density
matrix of the system depending on the estimable parameter
X , and LX is the symmetric logarithmic derivative given by
∂ρX /∂X = [ρX LX + LX ρX ]/2. Using the spectrum decompo-
sition ρX =∑n λn|n〉〈n|, where λn are the eigenvalues of ρX ,
the QFI can be composed of two parts, namely,

FX = FC
X + FQ

X , (16)
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where

FC
X =

∑
n

(∂λn/∂X )2

λn

is the classical contribution to the QFI, and

FQ
X = 2

∑
n,m

(λn − λm)2

λn + λm
|〈m|∂X n〉|2

is the quantum part of the QFI. Note that the QFI is essential
in entanglement detection and in the non-Markovianity char-
acterization [39,41].

It is convenient to choose the Werner states as ini-
tial states: ρ±(0) = c|ψ±〉〈ψ±| + (1 − c)/4, where ψ+ =
(|00〉 + |11〉)/

√
2 and ψ− = (|01〉 − |10〉)/

√
2 are the max-

imally entangled Bell states and c ∈ [0, 1]. The explicit form
of the density matrix operators can be obtained via Eq. (9):

ρ+(t ) = 1

4

⎛
⎜⎜⎝

1 + c 0 0 2ce−i[2
(t )+�(t,D)]e−�+

0 1 − c 0 0
0 0 1 − c 0

2cei[2
(t )+�(t,D)]e−�+ 0 0 1 + c

⎞
⎟⎟⎠, (17)

and

ρ−(t ) = 1

4

⎛
⎜⎜⎝

1 − c 0 0 0
0 1 + c 2ce−�− 0
0 2ce−�− 1 + c 0
0 0 0 1 − c

⎞
⎟⎟⎠. (18)

After diagonalizing the resulting density matrices and making
use of Eq. (16), we obtain the following for the two compo-
nents of the QFI [37]:

F+
X (D) = 8c2(1 + c)[∂X �+(D)]2

(1 + c)2e2�+(D) − 4c2

+ c2e−2�+(D)

1 + c
[2∂X 
 + ∂X �(t )], (19a)

F−
X (D) = 8c2(1 + c)[∂X �−(D)]2

(1 + c)2e2�−(D) − 4c2
. (19b)

Evidently, Eq. (19) show that the quantum contribution to F+
X

which incorporates phase parameters is crucial. However, in
F−

X , the classical precision term is the dominant contribution.
Both F±

X are palpably sensitive to the interqubit distance and
to the shielding potential, giving rise to an enhancement of the
parameter precision estimation—the larger the QFI, the higher
the precision of the estimate. By setting c = 0, F±

X reduce to
the standard expression for a single qubit.

To estimate the reservoir temperature as precisely as pos-
sible, we use Eq. (19). Keeping in mind that the phase
parameters 
(t ) and �(t, D) are independent of temperature,
we get immediately

F±
T (D) = 8c2(1 + c)[∂T �±(D)]2

(1 + c)2e2�±(D) − 4c2
, (20)

where

∂�±(D)

∂T
= g̃2

k[cos2(kD) ± 4] sin2(ωkt/2)csch2(ωk/2T )

T 2ωk
.

If c = 1, F±
T differ only by a factor 4 from the expression for

a single-qubit state.

IV. NUMERICAL RESULTS

To be concrete, we consider two identical impurity qubits
of 41K atoms separated by a distance D with aI = 3.4 ×
10−9 m [42] embedded in NaCs molecules with εdd = 0.83
[24]. In what follows, we employ the characteristic time τ =
1/E∗, the energy E∗ = 1/(mr2

∗ ), and the characteristic dipolar
length r∗ as the units for time, energy, and length, respectively.
Therefore, rescaling t = t/τ , E = E/E∗, and r = r/r∗ casts
our parameters as dimensionless. The results of our numerical
simulations are shown in Fig. 2.

The dynamics of the decoherence factors �± is illustrated
in Figs. 2(a) and 2(e) for three values of the interqubit sepa-
ration. In the long time limit, i.e., when the qubits reach their
stationary state (t � 3), the decoherence factors for the super-
Ohmic regime approach a constant value for all interqubit
separations, indicating that the qubits preserve some of their
coherence. The residual coherence in the two-qubit states is
larger in �− compared to that in �+. We also see that at
short times, the two qubits decohere similarly regardless of
the separation between them, whereas after some evolution
time, quantum correlations induced by qubit-qubit and qubit-
qubit-reservoir interactions cause oscillations in both �− and
�+ for larger separations (D � 5).

Figures 2(b), 2(f), 2(c), and 2(g) show a comparison of the
time-dependent and temperature-dependent QFI in the sub-
and super-decoherent states for different values of the spatial
distance between qubits. It can be seen from Figs. 2(b) and
2(f) that, at fixed temperature and for small interqubit distance
D = 1, the dynamics of both F+(t ) and F−(t ) monotoni-
cally increases and saturates at a specific time, and without
the appearance of a local maximum. However, for larger
distances, D > 5, the dynamics of QFI F+(t ) and F−(t ) is
nonmonotonic with small oscillations and maxima at some
optimal time. This latter depends on temperature and on dis-
tance between qubits. In Figs. 2(c) and 2(f), we present the
QFI as a function of temperature at a given time t = 10. As
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FIG. 2. (a) Time evolution of the decoherence factor �+(t ), (b) dynamics of the QFI, F+(t ), (c) temperature-dependent QFI F+(T ) at
time t = 10, and (d) time-dependent decay rates γ +(t ), for different values of the interqubit distance D. Panels (e)–(h) are the same as panels
(a)–(d) but for �−(t ), F−(t ), F−(T ), and γ −(t ), respectively. Parameters are as follows: σ = 0.5, εdd = 0.83, c = 1, and T = 0.1.

it is apparent from the plots, QFI F+(t ) and F−(t ) have a
maximum at a certain optimal temperature which strongly
relies on separation between qubits. At higher temperatures
where the decoherence is faster, the QFI is important in both
states and for all distances most likely due to thermal fluc-
tuations. We observe also in Figs. 2(b), 2(f), 2(c), and 2(g)
that F+(t ) > F−(t ) and F+(T ) > F−(T ) for small spatial
distances, leading to improved temperature sensing precision.

Let us now analyze the flow of the decay rate and its
sign in different states to understand the physical processes
describing the dynamics. As shown in Figs. 2(d) and 2(h),
at times t � 1.6, γ + and γ − are always positive, meaning
that information flows from the qubits to the reservoir; thus,
the dynamics remains Markovian. This behavior holds true
regardless of the interqubit distance. At long times, t � 1.6,
both decay rates take negative and positive values notably for
larger separations. These oscillations and revivals of γ + and
γ − can be understood as the backflow of information from the
molecular reservoir to the qubits giving rise to the occurrence
of a transition from the Markovian to the non-Markovian
regime.

Next, we focus on the effects of the Rabi frequency of
the microwave field which can tune C3 and C6 interaction
strengths on the QFI and on the non-Markovianity of the sys-
tem. Comparison between Figs. 3(a) and 3(b) shows that both
F+ and F− increase continuously with � for small interqubit
separation while they stabilize for larger separations. Note
that F− saturates more rapidly than F+. Such higher QFI
F+ reveals the appearance of entangled states that are highly
sensitive to parameter changes (see below).

In Figs. 3(c) and 3(d), we plot the decay rates γ + and
γ − for different values of Rabi frequency. The results show
that high � leads to positive values of both decay rates,

signaling that the dynamics is almost Markovian. However,
for small Rabi frequency, i.e., � < 10, and at relatively long
times, γ + and γ − take negative values at certain critical times

FIG. 3. (a) and (b) QFI F+ and F− as a function of the Rabi
frequency of the microwave field, �, for different values of interqubit
distances and at time t = 10. (c) and (d) Time-dependent decay rates
γ +(t ) and γ −(t ) for different values of Rabi frequency,� with D =
5. Parameters are as follows: σ = 0.5, c = 1, and εdd = 0.83.

062432-5



ABDELÂALI BOUDJEMÂA AND QING-SHOU TAN PHYSICAL REVIEW A 112, 062432 (2025)

FIG. 4. (a) Spectral density function for different values of in-
terqubit distance D with θ = π/2. Black line: D = 1; red dashed
line: D = 5; blue dotted line: D = 10. (b) Spectral density function
as a function of polarization direction and the frequency with D = 5.
Parameters are as follows: σ = 0.5, c = 1, and εdd = 0.83.

showing the existence of a backflow effect. This behav-
ior arises because the introduction of microwave shielding
enables the continuous tuning of the dipolar length. Conse-
quently, the shielding interaction plays a pivotal role in the
information flow and provides deep insights into the limits of
measurement precision.

V. ANALYTICAL RESULTS: PHONON REGIME

The spectral density function, which encodes the relevant
information characterizing the qubit-environment interaction,
is defined as J (ω) =∑k |gk|2δ(ω − ωk ). In the phonon
branch (k → 0) and at T = 0, it turns out to be given as

J (ω) = γ

8π2
f (εdd, D) ω3e−ω2/ω2

c , (21)

where ωc = 2cs/lI is the cutoff frequency, cs = √
ng/m is the

sound velocity, γ = gI/g, and f (εdd, D) describes the inter-
play of DDI and interqubit separation. For a nondipolar BEC
(εdd = 0), it reduces to f (D) ≈ cos2(2Dω/ωc). For D → 0,
integration over θ yields

f (εdd) = 1

6
e−2εdd−1

(√
3πe3εdd (3 − 2εdd)erf(

√
3εdd)√

εdd
− 6

)
,

where erf(x) is the error function. Clearly, Eq. (4) shows that
the qubits are able to predict information transfer dynamics in
super-Ohmic baths. For two impurity atomic qubits separated
by a distance D = 5 immersed in NaCs molecules with εdd =
0.83 [24], one has f (εdd) � 0.25, and thus the spectral density
reduces to J (ω) � 0.03 γ ω3e−ω2/ω2

c /π2.
The corresponding decoherence factors are, thus, given by

�±(D, t ) = 2�0(ω) ± 2
∫

dωJ (ω)
sin2(ωt/2) cos2(2ωD/ωc)

ω2
,

(22)

where

�0(t ) =
∫

dωJ (ω)
sin2 (ωt/2)

ω2
.

Upon substituting the function (4) into Eq. (22), we may
arrive at

�+(D) = γ ω2
c

64π2
f (εdd, D)

[
(4D − tωc)F

(
2D − tωc

2

)

+ (4D + tωc)F

(
2D + tωc

2

)

− 8DF (2D) + 6tωcF

(
tωc

2

)]
, (23a)

�−(D) = γ ω2
c

64π2
f (εdd, D)

[
−(4D − tωc)F

(
2D − tωc

2

)

− (4D + tωc)F

(
2D + tωc

2

)

+ 8DF (2D) + 2tωcF

(
tωc

2

)]
, (23b)

where F (x) is the Dawson function. It increases monoton-
ically at short times and saturates in the long time limit.
Equations (23) show that both �± in the phonon regime
depend on the distance D and on the relative dipolar inter-
action εdd. Note that the coupling between the qubits and their
environment may induce excitations of additional phonons,
leading to qualitative difference in the steady state of �±
notably for large separations.

Effects of the separation between qubits and polarization
direction on the spectral density function are depicted in
Fig. 4. We see that for small frequencies, J (ω) is super-
Ohmic regardless of the value of the interqubit distance [see
Fig. 4(a)], signaling the occurrence of non-Markovian dynam-
ics of two qubits. However, at higher frequencies (ω > 1), the
spectral density exhibits an oscillatory behavior without any
saturation. As the separation between qubits gets increased
(D = 10), the function J (ω) oscillates rapidly. The spectral
density vanishes for some critical values of ω, revealing that
the qubits are dissociated from their bath even if they are close
to each other.

Figure 4(b) shows that as the polarization direction varied
from θ = 0 to θ = π , the spectral density changes its behavior
progressively and oscillates with different amplitudes. For
θ = 0, J (ω) induces an anomalous behavior notably in the
regime of low frequency. Importantly, the spectral density
function is symmetric with respect to θ = π/2; i.e., the prop-
erties of J (ω) are almost the same when the dipolar interaction
is repulsive. We interpret this behavior as the distribution of
entanglement (concurrence) across qubits, and the flow of
information between the different partitions of the system are
uniform. In contrast, J (ω) displays a somewhat different be-
havior when the dipoles were oriented along other directions,
signaling an asymmetric information flow. One can infer that
the variation in the polarization direction of the dipoles plays a
crucial role in the spectral density and, thus, in the information
flow.

VI. ENTANGLEMENT

Here we compute the concurrence C for two-qubit X states,
which is often used to quantify the entanglement of mixed
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FIG. 5. (a) and (b) Time evolution of the concurrence C±(t ) for
different values of the initial-state parameter c. Black lines: c = 0.37;
red dashed lines: c = 0.5; blue dotted lines: c = 0.7. (c) and (d) The
concurrences C± as a function of the time and temperature for c =
0.7. Parameters are as follows: σ = 0.5, D = 5, and εdd = 0.83. For
C± � 0.37, the state is separable. The color represents the magnitude
of concurrence, showing that entanglement decays more rapidly at
higher temperatures.

states. Using the results obtained in Eqs. (17) and (18), the
density matrices turn out to be given as

ρ± =

⎛
⎜⎜⎜⎜⎜⎝

1±c
4 0 0 w∗±

0 1∓c
4 z∗± 0

0 z± 1∓c
4 0

w± 0 0 1±c
4

⎞
⎟⎟⎟⎟⎟⎠,

where w+ = cei[2
(t )+�(t )]e−�+/2, w− = 0, z+ = 0, and z− =
ce−�−/2.

The concurrence for the above states is then written as

C± = 2 max{|w±| − (1 ∓ c)/4, |z±| − (1 ± c)/4}. (24)

For C± > 0, the qubits are entangled.
Effects of the initial-state parameter c and the tem-

perature T on the dynamics of the concurrences C±(t )
are reported in Fig. 5. As shown in Figs. 5(a) and 5(b),
as the initial parameter increases, C±(t ) shift from 0 to a
finite value, revealing the existence of a steady-state con-
currence for any initial state. Remarkably, the entanglement
exhibits an oscillatory behavior in time arising from qubit-
qubit interaction. For c � 0.37, the concurrence is vanishing
and hence the state is separable. Figures 5(c) and 5(d) de-
pict a slight decrease in the concurrence with increasing
temperature, suggesting a decay of the entanglement be-
tween qubits. We also see that the reservoir temperature
does not change the maximal value of C±(t ). The revival of
entanglement appearing after some times during which the
concurrence vanishes, apparent in Figs. 5(c) and 5(d), more
evident in C−(t ), could be induced by the memory effects
of the molecular reservoir. Such a revival of entanglement

FIG. 6. Stationary concurrences C± as a function of the Rabi
frequency of the microwave field, �, at time t = 10. Parameters are
as follows: c = 0.7, σ = 0.5, D = 5, and εdd = 0.83.

seems then to be connected to the non-Markovian dynamics
observed above (see also, e.g., Ref. [43]).

Paying attention to the effect of the Rabi frequency of the
microwave field, �, it is observed that an increase of this
parameter may augment the stationary concurrences, C±, for
both sub-decoherent and super-decoherent states (see Fig. 6).
Consequently, BECs of MSPMs are good candidates for en-
hancing the overall amount of entanglement.

VII. CONCLUSIONS

In this paper we studied the dynamics of quantum informa-
tion and entanglement of two spatially separated qubits with
two hyperfine spin states interacting with a thermal dephasing
reservoir consisting of MSPMs. To address this issue, we
calculated the decoherence factor, the QFI, the decay rate,
and the concurrence associated with both sub-decoherent and
super-decoherent states as a function of the spatial separation
between qubits, the temperature, and the Rabi frequency.

Our findings revealed that the evolution of the decoherence
factors and the QFI is nonmonotonic with revival oscillations
at larger separations. We showed that the intricate interplay
of the qubit-qubit correlation and the shielding interaction can
improve the estimation of our super-Ohmic reservoir parame-
ters, including the temperature and the spectral density. The
latter is found to be affected by the polarization direction
of the dipoles and the Rabi frequency. We also observed a
transition from Markovian to non-Markovian dynamics by ad-
justing the interqubit separation and the shielding interaction.
Moreover, a finite steady-state concurrence for two qubits
initially prepared in the X state is obtained for any initial-
state parameter with periodic oscillations. We demonstrated
that, for certain values of Rabi frequency, the molecular BEC
induces an extra interaction that can enhance entanglement
between the two distant qubits.

The emerging results open new avenues not only for
controlling quantum information flow but also for generat-
ing large quantum entanglement between qubits, offering a
tantalizing framework for future advancements in quantum
computing and sensing.
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