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Forward-backward stochastic simulations: Q-based model for measurement and Bell nonlocality
consistent with weak local realistic premises
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While Bell nonlocality can be explained through mechanisms such as retrocausality and superluminal
influences, it is not clear why such mechanisms do not manifest at an everyday macroscopic level. In this
paper, we show how measurement and nonlocality can be explained consistently with macroscopic realism and
no-signaling, and causal relations for macroscopic quantities. Considering the measurement of a field amplitude
x̂, we derive theorems that lead to an equivalence between a quantum phase-space probability distribution
Q(x, p, t ) and stochastic trajectories for real amplitudes x(t ) and p(t ) propagating backward and forward in
time, respectively. We present forward-backward stochastic simulations that motivate a Q-based objective-field
model of reality. Amplification plays a key role in the measurement. With amplification, similar to decoherence,
contributions due to interference become unobservable, leading to “branches” in x that correspond to distinct
eigenvalues λ. This elucidates how the system evolves from a superposition to an eigenstate, from which Born’s
rule follows. For superposition states, we find that the backward and forward trajectories are connected, leading
to “hidden loops.” We deduce a hybrid causal structure involving causal deterministic relations for amplified
variables, along with microscopic noise inputs and hidden loops for unobservable quantities. Causal consistency
is confirmed, removing grandfather-type paradoxes. The simulations allow evaluation of a state inferred for the
system, conditioned on a particular branch λ, from which we deduce a model for projection and the collapse
of the wave function. The theory is extended to Einstein-Podolsky-Rosen correlations and Bell nonlocality. We
demonstrate consistency with three weak local realistic premises: (1) the existence of real properties (defined
for the system after operations that fix measurement settings); (2) a partial locality implying no-signaling;
(3) “elements of reality” that apply to the predictions of a system by a meter, once meter settings are fixed.
A Q-based hidden variable model and mechanism for Bell nonlocality is identified. Our work shows how
forward-backward stochastic simulations lead to a hybrid causal structure, involving both deterministic causal
relations and “hidden” stochastic loops, explaining measurement and entanglement, with paradoxes typically
associated with retrocausality avoided.
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I. INTRODUCTION

All local, strictly causal hidden variable theories are fal-
sifiable, since quantum predictions and experiments lead to
a violation of Bell inequalities [1–4]. However, it is known
that violations of Bell inequalities can indeed arise using
the advanced solutions of classical electrodynamics [5–8].
Classical electrodynamics with future boundary conditions
has been widely studied [9–14] and is essential to the the-
ory of radiating fields. Following Bohr [15], who considered
delayed-choice experiments [16], Wheeler speculated that
retrocausality due to future boundary conditions may explain
quantum paradoxes [17,18]. Bell’s work also motivated the
question of potential superluminal disturbances, leading to no-
signaling theorems [19]. These results have inspired analyses
of causality in quantum physics [16,20–82].
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Studies of causal structure are closely related to studies
of realism in quantum mechanics. Classical models as-
sume real properties that describe the system at a given
time; retrocausality supposes these properties to be influ-
enced by future events. Proposals to explain Bell violations
and wave-function collapse include superluminal causal in-
fluences [83–88], retrocausality [5,8,28,29,47,89–94], cyclic
causation [95,96], and unobservable loops [97–99], or su-
perdeterminism [100]—but an open question is why then are
such mechanisms not apparent at a macroscopic level? It has
not been clear how to reconcile Bell nonlocality with the
absence of superluminal signaling. Causal models based on
superluminal or retrocausal mechanisms require a fine-tuning
of parameters in order to explain no-signaling, which seems
undesirable [53–55]. The fine-tuning may not always be a
problem, however, and no-signaling does not rule out retro-
causal or cyclic causation [29,92,95,96].

As well as no-signaling, we argue that macroscopic re-
alism is a natural requirement for a model complying with
causality at a macroscopic level. Macroscopic realism (MR)
is the assumption that a system in a superposition of two
macroscopically distinct states, “will at all times be in one
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or other of these states” [101] (something that cannot be
changed by a future event). Yet, Schrödinger argued that MR
is inconsistent with the notion that quantum mechanics is a
complete description of reality (“realdings”) [102]: Quantum
causal models have been developed to address these problems
[56,57,59–63,76]. It is not clear, however, whether one can
present a unified framework combining causality and realism,
and there remains the fundamental question of the level (from
microscopic to macroscopic) at which causal concepts, or
MR, will hold.

In this paper, we show how quantum stochastic phase-
space theorems lead to stochastic simulations of real am-
plitudes x and p propagating in a backward and forward
time-direction, respectively, that may contribute toward a res-
olution of these questions. The amplitudes are based on the
well-known positive phase-space distribution, the Q func-
tion in quantum optics [103], and have been proposed as
a way to address the “measurement problem” [104–109].
The measurement problem is to understand how a system,
when being measured, evolves from a superposition to a sin-
gle eigenstate (the “collapse of the wave function”) [4,110–
113]. Questions arise, such as the timing of the “collapse”
(when can the system be considered to be in the eigenstate),
and Born’s question, of “what is the reality which our the-
ory has been invented to describe?” [113]. These questions
are closely related to the questions of cause and effect in
Einstein-Podolsky-Rosen (EPR) and Bell experiments [53].
What hidden-variable theories are possible that describe the
EPR and Bell correlations, and how would nonlocality be
achieved, when there is no-signaling? Bohm’s pilot-wave hid-
den variable theory for quantum mechanics is deterministic
[83], and the Pusey-Barrett-Rudolph theorem excludes most
epistemic models [114].

In this paper, we seek to resolve these questions in the
context of a model of reality motivated by the Q function.
We analyze the measurement of x̂ on a superposition of eigen-
states |x j〉 of x̂, which we define as highly squeezed states in x̂.
Measurement of x̂ is treated as amplification of x̂, by a factor
G = egt (g is real) modeled by a Hamiltonian Hamp [104]. In
the second part of the paper, we apply the model of reality to
deduce how hidden variables satisfying weak forms of local
realism put forward in Ref. [108,109] can explain EPR corre-
lations and Bell nonlocality, consistently with no-signaling.
This gives insight into a mechanism for Bell nonlocality,
which is consistent with causality at a macroscopic level.

The resolution we propose involves an equivalence be-
tween the quantum state of the system at a fixed time t , which
is given uniquely by the Q function Q(x, p, t ), and a set of
amplitudes {x(t ), p(t )} that are solutions (“trajectories”) of a
pair of forward-backward stochastic equations (Fig. 1). In this
paper, we solve a pair of stochastic differential equations that
model the measurement as Hamp: one (for p) is solved in
the forward-time direction with a boundary condition at the
initial time t0; the other (for x) is solved in the backward-
time direction with a boundary condition (referred to as a
future boundary condition, FBC [12]) at the final time, t f . Put
simply, the initial-time boundary condition is determined by
the initial state of the system. The final-time boundary condi-
tion is determined by the final state of the system. However,
the use of an FBC to resolve problems about reality seems

FIG. 1. Forward-backward stochastic simulation modeling quan-
tum measurement. Individual trajectories for x and p model a
measurement x̂ on a system prepared in a superposition |ψsup〉 =

1√
2
(|x1〉 + i| − x1〉) [Eq. (3.7) with r = 2] of eigenstates of x̂. The

system is amplified by Hamp [Eq. (2.2)], where t0 = 0. The variable
x is amplified (left) and p deamplified (right). The trajectories for x
propagate in the negative-time direction from a future boundary con-
dition at time t f = 3/g; those for p propagate forward in time. Two
branches for x are evident at time tm when the system is macroscopic.
Here, x1 = 0.8, G = egt . (Refer to Secs. II and III.)

counterintuitive. The “paradox of the future boundary condi-
tion” is introduced—how can such a condition be consistent
with our understanding of cause and effect? How can we
determine what the FBC condition should be if we do not
know the solutions in advance? A similar paradox applies to
retrocausality, conventionally defined as the past affecting the
future.

It is often also speculated that a phase-space interpreta-
tion of quantum mechanics is not possible, since the obvious
candidate, the Wigner function W (x, p), can be negative
[115,116]. The Q function, being a Gaussian convolution of
W (x, p), has additional noise and is hence always positive—
but then the x and p do not correspond to directly observable
quantities. The Q function of an eigenstate |x j〉 of x̂ is a Gaus-
sian distribution about a mean value of x j . The fluctuations
about the mean are at the level of the quantum vacuum, but
the physical significance is unclear, since (for the eigenstate)
these fluctuations must remain undetected in the measurement
process. In this paper, we clarify the role of this “hidden
noise” as part of the resolution of the FBC paradox.

The solutions we put forward resolve these paradoxes by
avoiding traditional notions of retrocausality, instead leading
to a different “hidden” type of causation, originating from
microscopic inputs δx at the future boundary [109]. In the
first part of this paper, we analyze the measurement problem
by considering the measurement of x̂ on a system prepared in
a superposition |ψsup〉 = ∑

j c j |x j〉 (c j are probability ampli-
tudes) of eigenstates |x j〉 of x̂. We find that the future boundary
condition (FBC) for x has two parts: The first part originates
from a deterministic causal relation x j → Gxj , from the initial
time t0 to the final time t f , that describes the amplification of
x̂. The first part of the FBC is hence of a classical nature,
originating from the description of the state of the system
at the initial time. Moreover, we show (Result III.1 of this
paper) that the interference terms Int that distinguish the
superposition |ψsup〉 from a mixture of |x j〉 vanish in the
FBC. In other words, the amplification process plays a role
similar to decoherence: This works, because the preparation
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FIG. 2. Causal structure. (top) As for Fig. 1, with x1 = 8 and
t f = 2/g. Here, the system starts in a superposition of macroscop-
ically distinguishable states. Each branch follows the causal relation
x(0) → Gx(0) (depicted by the solid blue line). (lower) Diagram
of the causal relations applied to the simulation. The Q function
Q(x, p, t0 ) describes the system at time t0. A future boundary con-
dition is determined by the marginal Q(x, t f ) in x, after amplification
for a time t f . A deterministic relation (solid two-way blue arrow)
connects each x j at time t0 to the amplified value Gxj at t f . Gaussian
noise δx ≡ η(t f ) enters at the future boundary t f . A connection
between forward and backward trajectories x(t ) and p(t ) at time
t0 exists, which defines a distribution Qloop(x, p|x j ), giving rise to
a “hidden loop” (orange dashed lines). (Refer to main text and
Secs. III–V for details).

procedure has implemented the particular choice of measure-
ment setting x̂, and to fully describe the initial state, it is
necessary that |ψsup〉 be expanded in terms of the eigenstates
of |x j〉, referred to as the measurement basis. This defines
particular interference terms Int in Q(x, p, t0), which vanish
in the FBC.

The second part of the future boundary condition for x con-
stitutes a random microscopic input δx ≡ η(t ), the distribution
of which is a Gaussian G(0, σvac), with a mean of zero and a
variance σvac at the level of quantum vacuum. The fluctuation
δx has a constant average magnitude with time t , which hence
corresponds to and explains the hidden noise level in the Q
function of the eigenstate |x j〉. The result is the emergence
in the simulations of macroscopic “branches” B j—distinct
bundles of amplitudes x(t ), appearing as “lines” with a width
≈δx that corresponds to a definite eigenvalue x j (Figs. 1 and
2). Extending previous work [104–106,109], this leads to a
model of reality to explain quantum measurement, from which
Born’s rule follows.

The paradox of the future boundary condition is hence
addressed by the hybrid nature of the boundary condition
(Fig. 2). There is no genuine backward causation, because
the future inputs δx are randomly determined by the Gaussian
G(0, σvac), being independent of the time t f at which the FBC

FIG. 3. Test of causal consistency. How can a future boundary
condition be consistent with the causal behavior of the Q function?
The diagram illustrates the equivalence of the probability density
of the forward- and backward-propagating p(t ) and x(t ) to the Q
function Q(x, p, t ), which defines the quantum state |ψ (t )〉. The
system evolves under amplification Hamp. The equivalence is true for
all t f , even when t f is far into the future. That the state at time t does
not depend on the future inputs is explained by the causal structure
of the simulation. An experimental test is feasible (refer to Sec. V).

is placed, and not determined by any choice of setting or
outcome x j at the final time t f . As we show in the second
part of the paper, this model can explain Bell nonlocality.

A main conclusion of this paper is that macroscopic re-
alism (MR) as well as no-signaling follows naturally from
the stochastic solutions and the proposed model of reality.
The deterministic relation x j → Gxj that forms part of the
future boundary condition (FBC) dominates the dynamics
for the amplitudes x(t ), at the times tm when the x(tm) are
macroscopic. The branches have emerged at time tm (Fig. 1),
allowing definition of macroscopic variables λ̃x(tm), the val-
ues of which represent the measurable property x of a system
at a given time tm, a property that can be detected. A main con-
clusion of this paper is that there is no actual retrocausality,
because λ̃(tm) has a fixed value at the time tm. A change to its
value requires a further local interaction, which changes λ̃(t )
at a future time tm2 > tm. Macroscopic realism and macro-
scopic causality [defined as causal relations for the variables
λ̃x(tm), refer to Sec. I B], hold (Fig. 2). This is despite the
first-glance apparent “retrocausality” of the model in the form
of the backward-in-time propagating solutions and the FBC.

Consistent with these results, we are able to prove causal
consistency, as in absorber theory [8,13,14] and theories
of closed timelike curves [117,118]. Causal consistency is
defined as the requirement that the joint density of the am-
plitudes {x(t ), p(t )}, when averaged over the “branches,” is
given by the Q function Q(x, p, t ), at any time t during the
evolution (Fig. 3). The proof is based on a conditional con-
straint determined by Q(x, p, t0) at the initial time. For a given
branch B j (associated with the eigenvalue x j), the determin-
istic relation x j → Gxj when inverted implies a set of values
around x j at time t0. A correlation between the measured and
complementary variables x and p at time t0 allows a connec-
tion between backward and forward-propagating amplitudes,
which we refer to as a “hidden loop.” The loop appears for
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FIG. 4. Schrödinger’s cat paradox. How can cat states be con-
sistent with macroscopic realism? A system is prepared in the
superposition |ψsup〉 = 1√

2
(|x1〉 + i| − x1〉 of eigenstates |x j〉 of x̂.

The measurement of “which state the cat is in” proceeds by ampli-
fication of x̂, via Hamp (Fig. 2). The simulation enables evaluation of
Qloop(x, p|x1), the postselected distribution inferred for the “cat” at
the initial time, given that the final outcome is x1. It can be shown
that Qloop(x, p|x1) is not equivalent to a quantum state |ψ〉 (refer to
Sec. IV), highlighting the argument for the incompleteness of
quantum mechanics put forward by Schrödinger [102]. Here,
x1 = −x2 = 1.

superpositions of |x j〉, but not for mixtures, and is hence a
distinguishing quantum feature.

Following from this, we show in this paper how a probabil-
ity distribution that we call Qloop(x, p, t0|x j ) for x and p at the
initial time t0 conditioned on a given branch B j (associated
with an outcome x j for x̂) can be defined and calculated.
Perhaps surprisingly, (since the properties of the inputs δx at
the FBC are unchanged with t) this postselected distribution
Qloop(x, p, t0|x j ) is inferred by retrodiction (not retrocausal-
ity), by reversing the deterministic relation x j → Gxj , and
using knowledge of the initial distribution Q(x, p, t0). Calcu-
lation shows that the amplitudes x and p of the distribution
Qloop(x, p, t0|x j ) are too precisely defined to correspond to a
quantum state. This leads to a hidden-variable (HV) model for
measurement on a superposition state, and an analysis of the
Schrödinger cat paradox (Fig. 4).

Entanglement. In Part II of this paper, the results are ex-
tended to treat Einstein-Podolsky-Rosen (EPR) entanglement
and Bell nonlocality. This enables the construction of a Q-
based hidden-variable (HV) model for nonlocality, and also a
full examination of quantum measurement. In particular, we
provide a model for projection (“collapse of the wave func-
tion”) by analyzing the coupling of a system to a meter. We
demonstrate forward-backward stochastic simulations of en-
tangled systems, A and B, described by a Q function Q(λ, t0)
where λ ≡ (xA, pA, xB, pB) are phase-space amplitudes.

To examine entanglement, we allow for adjustable mea-
surement settings, θ and φ, by considering measurement of
quadrature phase amplitudes x̂θA = x̂A cos θ + p̂A sin θ and
x̂φB = x̂B cos φ + p̂B sin φ at sites A and B, respectively. The
x̂K and p̂K are quadrature amplitudes for the system K ∈
{A, B}, in analogy to position and momentum. The measure-
ment settings are adjusted by independent local interactions
HA

θ and HB
φ . We show that these interactions correspond to

deterministic causal transformations of the local amplitudes
xK , pK , which precede the independent amplifications HA

amp

FIG. 5. Causal consistency for Bell-nonlocal systems A and B.
The Q function Q(λ, t ) at time t is determined by |ψ (t )〉 which
evolves causally in the positive-time direction, in accordance with
Hamiltonians HA

θ and HB
φ that determine the measurement set-

tings, and HA
amp and HB

amp that amplify x̂θA and x̂φB. Here, λ =
(xA, pA, xB, pB ). The probability density Q(λ, t ) is equivalent to that
of the amplitudes xA(t ), pA(t ), xB(t ), pB(t ) [and xθK (t ), pθK (t )], as
defined by the forward-backward stochastic equations. The xθK , pθK

are deterministic functions of xK , pK for each K ∈ {A, B} (depicted
by two-way crossed blue arrows). The Q(λ, t0 ) exhibits local correla-
tion between xK and pK (short vertical black dashed lines), as well as
a correlation between A and B (vertical orange dashed line). Branches
denoted by λ̃A

θ and λ̃B
φ emerge on amplification, where here λ̃A

θ and
λ̃B

φ are variables that assume the values xA
θ j and xB

φk representing the

outcomes of x̂θA and x̂φB, respectively. The distributions Q(xA, pA |̃λB
φ )

and Q(xB, pB |̃λA
θ ) determine the probabilities of outcomes at A given

the outcome λ̃B
φ at B, and the probabilities of outcomes at B given the

outcome λ̃A
θ at A. These are deduced from the backward trajectories,

using knowledge of Q(λ, t0 ) and deterministic relations, and explain
the Bell nonlocality. Being mutually consistent, Lorentz-invariance
paradoxes are avoided (refer to Sec. IX for details).

and HB
amp that complete the measurements of x̂θA and x̂φB made

on each system. For a Bell test, we consider binary outcomes
+1 and −1 defined by the sign of the quadrature phase am-
plitude (x̂θA or x̂φB), measured at each of site, with systems
A and B spacelike separated. We prove the equivalence of
the dynamics of the Q function Q(λ, t ) with the forward-
backward dynamics of the amplitudes λ: Causal consistency
is demonstrated in the bipartite case (refer to Fig. 5 and
Result IX.7 of this paper).

Since the forward-backward simulations involve a future
boundary condition (FBC), it might appear that the Bell vi-
olations are “put in by hand”: The put-in-by-hand argument
is as follows: The final state at time t f that determines the
boundary condition of the backward stochastic differential
equation is a bipartite amplified state that already possesses
the correlations violating the Bell inequality. Hence, it would
seem that nothing can be learned about the origin of the Bell
correlations.

We explain in this paper that the violations (in the model
of reality proposed here) are not put in by hand at the time
t f , but emerge at an earlier time tBell, through the dynamics
of the interactions (Results VII.5, IX.4, and IX.8). Similar
to the conclusions of Part I of the paper, the paradox of the
future boundary condition is avoided (Fig. 5) and a genuine
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retrocausality, where the future impacts the measurable past
properties, does not occur. Moreover, there is no “spooky
action” where the change of setting at one location (B) can
change the existing property at the other A. For entangled
states, the setting change at B can lead to correlations that
violate a Bell inequality for future outcomes at A, if there
is a further change of setting at A. Fine-tuning is explained
consistently with a hidden-variable model, which includes
hidden noise and interference.

These conclusions are arrived at from three different
perspectives, which we summarize below for the reader’s con-
venience. First, a hidden variable model can be constructed
based on the Q function (Result VII.9). The hidden variables
(HV) are the phase-space amplitudes λ ≡ (xA, pA, xB, pB); the
Q function Q(λ, t0) is the associated probability distribution.
Using Bell’s formalism, the probability of an outcome +1 at
both sites is

P++(θ, φ) =
∫

Q(λ, t0)P(+ + |θ, φ, λ)dλ, (1.1)

where P(+ + |θ, φ, λ) is the probability of an outcome +1
at both sites conditioned on the values λ. Since we prove
causal consistency, we can show that the distribution Q(λ, t0)
is independent of the future settings, θ and φ (Fig. 5). This
demonstrates there is no retrocausality, where the future af-
fects the present “state” of the system, as defined by the Q
function. In this Q-based HV model, we identify that the Bell
violations arise from a breakdown of Bell’s locality assump-
tion (Result IX.10).

The second perspective is to examine the macroscopic
properties λ̃ associated with the branches defined from the
solutions (trajectories) of the forward-backward stochastic
equations. We conclude that the Q-based HV model satisfies a
partial locality, which applies to the systems after the settings
are established. Such weak forms of local realism were pro-
posed in Refs. [108,109,119] and shown to be not contradicted
by Bell’s theorem. This leads to a main result of this paper,
that the Q-based model of reality is consistent with weak
local realism. We first demonstrate consistency with the three
premises of weak macroscopic realism (wMR) [108,109,119–
122]. We consider both systems A and B to be at rest in a
frame F .

(1) The first premise specifies macroscopic realism:
Macroscopic properties λ̃A

x (t ) for a system A (say) ex-
ist once the local settings are fixed and after amplification,
at a time t = tm (Fig. 1).

(2) The second premise specifies a partial locality: The
macroscopic value λ̃A

x (t ) cannot be changed by a spacelike-
separated event occurring after tm, as in a subsequent change
of setting φ at B. Once the setting is fixed at A, only a further
change of setting at A can change the value of λ̃A

x (t ), which
requires further dynamics.

(3) The third premise concerns projection: Once the value
λ̃A

x (tmA) of the outcome [as in (1)] for system A is determined,
at a time tmA, consistency with the initial state at time t0 may
imply restrictions on outcomes at system B. Details are given
below in Sec. I B

Examination of the simulations reveals that the weak lo-
cal realistic premises can be generalized to apply to systems
after the measurement settings are implemented, but that are

not necessarily macroscopic. Hidden variables {λK} can be
identified that define probabilities for outcomes at site K ∈
{A, B}. In this paper, we demonstrate the consistency of the
simulations with wLR [108], defined below in Sec. I B.

The weak local realistic premises are useful for under-
standing EPR correlations. We deduce a consequence for
the EPR paradox: there can be predetermined values (weak
“elements of reality”) for measurements at B, prior to the
choice of setting φ at B, provided the settings are fixed at A.
In this paper, we demonstrate these elements of reality in a
forward-backward stochastic simulation of EPR correlations,
which illustrates the emergence of macroscopic correlated
EPR “branches.” The analysis may explain recent experi-
ments, which detect EPR correlations for macroscopic BEC
systems [123].

The third perspective given in this paper is to provide a
model for projection. This allows us to understand the work-
ings of a meter. Extending the analysis of the postselected
distribution defined in Part I of the paper, we evaluate the
probability distribution Q(xB, pB|xA

j ) inferred for system B
conditioned on a branch B j (with outcome xA

j ) of a second
system A, correlated with B. The Q(xB, pB|xA

j ) describes the
“projected state” for system B, modeling the collapse of the
wave function at B. We show that the collapse arises as infor-
mation is lost about complementary variables of the meter A.
Limits on the timing of projection are deduced.

We ask the following question about a meter. If the mea-
surement at A allows inference of a state, or outcome, at B,
then does the measurement at A cause the outcome at B,
through some “spooky action-at-a-distance,” or is the pre-
dicted outcome at B due to correlations present at an earlier
time? We show, by constructing a local HV theory consistent
with the simulations, that, provided the settings of the meter
A are fixed, the latter is correct.

How then can a violation of a Bell inequality occur? The
mechanism relates to hidden interference that arises from
the entangled nature of the initial state. If the hidden-variable
amplitudes λ given in (1.1) were directly measurable, there
would be no Bell violation, since the transformations HK

θ

and HK
amp are local. However, the amplitudes are not directly

measurable: This is evident from the Q function Q(λ, t0),
which possesses hidden interference terms IntAB. These
terms are defined with respect to the initial measurement
basis, determined by the preparation of the state Q(λ, t0). We
choose the initial basis so that θ = φ = 0 at time t0. Extending
Result III.1 from Part I of the paper, we prove (Result VII.2)
that the IntAB terms are not amplified by Hamp and are hence
not detected by measurement of x̂A and x̂B. Where changes
of settings take place however, the Q function changes:
The IntAB terms change, and can contribute to measurable
probabilities, in a way that violates the Bell inequalities
(Result VII.5). We show that this can only happen if certain
conditions are satisfied: The settings θ and φ must change
at both locations A and B, mixing x̂K with p̂K (K ∈ {A, B})
locally (Result VII.7), so that there is a “loop” between the
backward and forward trajectories of the same system K
(refer to definitions below).

More detail is evident from the stochastic solutions (tra-
jectories), where we find that the Bell nonlocality can be
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explained by the projection mechanism. A hidden interference
effect comes into play if we change the setting φ at B, to
measure x̂φB, keeping the setting at A fixed. The projected
distribution Q(xA, pA|xB

φk ) at A conditioned on a branch with
outcome xB

φk at B can be inferred, by retrodiction, at B, based
solely on a deterministic relation xB

φk ↔ GxB
φk , and a further

set of deterministic relations D that specify correlations be-
tween x̂φB and x̂A, as well as knowledge of the setting φ at
B and of the initial state Q(λ, t0). This is surprising because
the projected state for A is sufficient to explain the Bell vio-
lations (Result IX.4). The Q(xA, pA|xB

φk ) defines the state at A,
consistent with any future adjustment of setting θ at A. For en-
tangled states, the projected state Q(xA, pA|xB

φk) contains extra
hidden interference terms IA, as in a quantum superposition,
if φ satisfies φ 	= nπ (n is an integer)—but these terms are
undetectable, with the setting at A is fixed (θ = 0). Hence,
the predictions for outcomes of x̂A and x̂φB are consistent
with a local HV model. We show there is consistency with
no-signaling: With the setting fixed at A, a change of setting
at B does not influence the outcome at A. The interference
IA of system A can be detected, however, if there is a further
change of setting to θ 	= nπ at A, and this leads to correlations
that can violate a Bell inequality. The conclusion is that Bell
nonlocality emerges over the time span tBell, as settings are
changed at both sites, consistent with the premises of weak
local realism.

A final question examined in this paper is how to resolve
an apparent inconsistency with Lorentz invariance, since for
spacelike-separated systems, the time order of setting changes
may be reversed, in a different frame. In one frame, the out-
comes for A for any setting are constrained conditionally on
the outcomes of B; in another frame, the outcomes for B are
constrained by those of A. We suggest this is resolved by the
symmetry of the setting changes, which must occur at both
sites, for Bell violations to occur. There are two projected
states, one for system A and one for system B, which are
each defined based on one setting-change, but are unchanged
by the time-order of the setting-changes. The projected states
are mutually consistent with each other and with the initial
distribution Q(λ, t0) (Fig. 5).

To conclude, we explain how experimental tests of the
compatibility of the forward-backward simulations with quan-
tum predictions are possible, elucidating paradoxes (Figs. 1–
5). Below is a summary of the layout of the paper, followed
by a list of definitions associated with the main concepts.

A. Layout of paper

In Part I of the paper (Secs. II–V), we treat quantum mea-
surement. In Sec. II, we review the measurement Hamiltonian
Hamp, the Q function equations of motion, and the equiva-
lent forward-backward stochastic dynamics. The path-integral
and stochastic equivalence theorems on which the paper is
based are derived in Appendix A, along with the numerical
verification of the computed distribution in Appendix B. In
Sec. III, the equations modeling a measurement x̂ on a system
in a superposition |ψsup〉 of eigenstates of x̂ are solved. The
Q-based model of reality is explained in Sec. IV. Born’s rule is
derived, and the role of the Wigner function is explained. Jus-
tification of macroscopic realism and macroscopic causality

is presented in Sec. IV C. The derivation of the postselected
distribution based on an outcome of a measurement, and
explanation of a hidden loop is given in Secs. IV D and IV E.
Hidden-variable models Psup and Pdet for measurement on a
superposition state and the justification of weak local realism
are presented in Secs. IV F and IV G. A causal model for
measurement and a proof of causal consistency are given in
Sec. V.

In Part II of the paper, we treat nonlocality and en-
tanglement. In Sec. VI, we present the simulation for
continuous-variable EPR correlations. The simulation of Bell
nonlocality is explained in Sec. VII A, along with an analysis
of the mechanism for Bell nonlocality based on the evolution
of the Q function in Sec.VII B. The different sorts of hidden
loops that can occur for entangled states, and explanation of
the further hidden variable (HV) models Pasym,A, PB, PdetB

and PBell that can be deduced from the simulation are given
in Secs. VII C and VII D. A model for the projection and
collapse of the wave function is presented in Sec. VIII, with
causal relations for projection and Bell nonlocality given in
Sec. IX. It is shown through a series of results in Secs. VII,
VIII, VII, and IX that the simulations are consistent with three
premises referred to as weak macroscopic realism (wMR).
Based on the HV models, we extend (in Secs. IV, VII, and
IX) to explain consistency with weak local realism (wLR).
Proofs of the mutual consistency of the projected states and
of the causal consistency of the forward-backward stochastic
equations for the entangled system (as in Fig. 5) are given
in Sec. IX B, Sec. IX C and Appendix H. The distinction
between the hidden variables of the Q-based model and those
of Bell’s local hidden variables is analyzed in Sec. IX, along
with an explanation of how Lorenz-invariance paradoxes may
be resolved. Fine-tuning is explained in Appendix J. In the
Conclusion (Sec. X), potential experiments are outlined.

B. Definitions

In Part I of the paper, we consider measurement on a single-
mode field, and define in a rotating frame the quadrature phase
amplitude x̂ = â + â† where â† and â are the standard boson
creation and destruction operators [124]. The complementary
observable is p̂ = (â − â†)/i. Measurement of x̂ is treated as
amplification of x̂, by a factor G, modeled by the interaction
Hamiltonian Hamp = ih̄g

2 [â†2 − â2] [104].
In Part II of the paper, we treat entangled systems A and

B described by a two-mode Q function. We consider quadra-
ture phase amplitudes x̂θA = x̂A cos θ + p̂A sin θ and x̂φB =
x̂B cos φ + p̂B sin φ measured at A and B, respectively. Here,
x̂K and p̂K (where K = A, B) are the x̂ and p̂ quadrature phase
amplitudes of the system K .

Definition (1): Q function. The Q function of a single-
mode field in a quantum state |ψ〉 is defined as Q(α) =
1
π
|〈α|ψ〉|2 where |α〉 is a coherent state [103]. The Q function

uniquely defines the quantum state. The phase-space coor-
dinates λ are the real coordinates x and p, given by α =
(x + ip)/2. In this paper, we denote the Q function of the
quantum state at a time t as Q(x, p, t ).

The Q function of a two-mode field (modes A and B)
is defined as Q(α, β ) = 1

π2 |〈β|〈α|ψ〉|2 where |α〉, |β〉 are
coherent states for A and B, respectively. The phase-space
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coordinates λ are the real coordinates xK and pK , given by
α = (xA + ipA)/2 and β = (xB + ipB)/2. We denote the Q
function of the quantum state at a time t as Q(λ, t ) where
λ = (xA, pA, xB, pB).

Definition (2): Forward-backward stochastic simulation.
Consider the equations d p

dt = −gp + ξp and dx
dt−

= −gx + ξx

where t− = −t , and ξx(t ), ξp(t ) are Gaussian noise terms and
g is real [104,107]. The boundary conditions are determined
by distributions given by Q functions that are sampled. The
solutions x(t ) and p(t ) differ for each run. We refer to the x(t )
and p(t ) as trajectories, and to the set of runs as a forward-
backward stochastic equation (FBSE) simulation.

Definition (3): Eigenstate of x̂. The eigenstate of x̂ is de-
noted |x j〉 and is defined as the squeezed state | x j

2 , r〉sq =
D( x j

2 )S(r)|0〉 in the limit where r → ∞, where x j and r are
real. Here, |0〉 is the vacuum state of the field and D(β j ) =
eβ j â†−β∗

j â and S(z) = e
1
2 (z∗â2−zâ†2 ).

Definition (4): Hidden interference. Consider the expan-
sion |ψsup〉 = ∑

j c j |x j〉 of a quantum state in terms of the
measurement basis of x̂, i.e., the eigenstates of x̂. Here,
c j are probability amplitudes. The corresponding Q func-
tion Qsup(x, p, t ) is a sum of type

∑
j |c j |2Qj (x, p) + Int

where Qj (x, p) is the Q function of |x j〉. We refer to the
extra terms Int as “hidden interference” terms. These terms
vanish in the marginal distribution defined as Qsup(x, t ) =∫

d pQsup(x, p, t ), in the limit of r large where |x j〉 are eigen-
states of x̂, and are not amplified by Hamp.

Definition (5): Branches and the time tm. We consider the
forward-backward stochastic simulation of the amplification
Hamp of x̂ on the system prepared in the superposition |ψsup〉
defined in Definition (4). With sufficient time of evolution
when the system has become macroscopic, at a time we denote
by tm, distinct groups of amplitudes x(tm) emerge. Each group
can be identified with a distinct eigenvalue x j . We refer to such
a group of amplitudes as the branch B j associated with the
eigenvalue x j . The group of amplitudes B j of a single branch
will be associated with a single eigenvalue x j . In this paper,
the branches are labeled by a variable λ̃x, the value of which
indicates the eigenvalue associated with the branch. The value
represents a measurable property of the system at the time tm.

Definition (6a): Weak macroscopic realism: First premise
[wMR(1)]. Consider a system A that has N (where N � 2)
macroscopically distinct states available to it, e.g., a system
prepared at a time tm in a superposition of N macroscopically
distinct states. Suppose a measurement Ô with N discrete
outcomes can distinguish between the macroscopic states.
For example, where N = 2, we consider two outcomes, +1
and −1, which identify and distinguish the two states. The
measurement Ô can be macroscopically coarse-grained, as the
requirement is only to distinguish between the states.

Macroscopic realism (MR) posits that the system, prior to
the measurement Ô, is in one and only one of the macroscopic
states [101]. To be more specific, MR posits that the outcome
of the measurement Ô is determined at the time tm. The system
can be assigned a variable λ̃, the value of which indicates the
outcome of Ô if the measurement Ô takes place. Where N =
2, the value of λ̃ can be +1 or −1.

To define weak macroscopic realism (wMR) [108,109,119–
122,125], we further qualify the definition of MR, to specify

that at the time tm, any operations U needed to fix measure-
ment settings (e.g., θ in the measurement where Ô ≡ x̂θA =
x̂θ = x̂ cos θ + p̂ sin θ ) have been carried out. In this paper,
we consider the system prepared in a superposition (|x1〉 +
| − x1〉)/

√
2 of eigenstates of x̂, where x1 is real and |x1| →

∞. Here, Ô is defined as the sign of the outcome of x̂. To
apply wMR, we assume that the operations U have been
implemented, so that θ = 0. The amplification Hamp of the
system will complete the measurement of x̂.

Comment. The terminology “weak” is used to distinguish
alternative definitions based on stronger assumptions, such as
in classical mechanics, where MR is defined for the system
as it exists prior to the operations U . This stronger assump-
tion of MR is falsifiable [122,126,127]. The definition is also
“weaker” than that of macro-realism, defined by Leggett and
Garg in Ref. [101], which makes the additional assumption of
noninvasive measurability.

Definition (6b): Weak macroscopic realism: Second premise
[wMR(2)]. Consider two spacelike-separated systems A and
B both stationary in a frame F . The two systems may be
entangled. Consider the macroscopic system A at the time
tm described in Definition (6a) of wMR(1), which has N
macroscopically distinct states available to it. According to
the premise wMR(1), the outcome of the measurement Ô is
determined at the time tm. We denote the value of the outcome
by the symbol λ̃A. We assume all settings are fixed for system
A. The value λ̃A can be considered a property of the system
A at the time tm, and denoted λ̃A(tm). The premise wMR(2) of
weak macroscopic realism posits that the value of λ̃A(tm) is
not changed by any interactions or measurements that might
take place at system B at a time after tm [108]. The property
λ̃A can only be changed if a local interaction takes place at A,
in which case the property is denoted by λ̃A(t ), and is defined
at a future time t > tm.

Definition (6c): Weak macroscopic realism: Third premise
[wMR(3)]. Consider the system A described in Definitions
(6a) and (6b) at a time tmA. For example, in this paper, we
take Ô ≡ x̂A and assume that at a time tmA all operations
that determine the measurement setting for system A (e.g.
θ = 0) have been carried out. We may consider that the sys-
tem A was initially prepared in the superposition

∑
j c j |xA

j 〉
given in Definition (4), and has been amplified according
to Hamp, so that the system at time tmA is in the superpo-
sition

∑
j c je−iHampt/h̄|xA

j 〉 of macroscopically distinct states
e−iHampt/h̄|xA

j 〉, each with a definite outcome for x̂A.
According to wMR(1), the outcome for x̂A is determined

at the time tmA. The value of this outcome is denoted by a
variable λ̃A

x . The outcomes correspond to eigenvalues of the
measurement, in this case, the eigenvalues denoted xA

j [refer
to Definition (3)]. Quantum mechanics predicts that the out-
comes of measurements at B conditioned on an outcome xA

j at
A are determined by a projected quantum state that we denote
by |ψB〉 j .

The third premise wMR(3) of weak macroscopic realism,
introduced in Refs. [108,119,125], posits that the projected
state |ψB〉 j (as defined by its predictions for B) is determined
for the local system B at (or by) the time tmA. For example,
in the EPR paradox, the outcome of x̂B for system B can be
inferred from the outcome of x̂A at A. The premise wMR(3)
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posits that the outcome at B is determined at (or by) the
time tmA when the system A has [according to wMR(1)] a
predetermined value for measurement x̂A. Hence, there is an
“element of reality” for the measurement at B defined at time
tmA. There is no contradiction with Bell’s theorem because the
time tmA is after the settings at A have been fixed [108].

Definition (7): Macroscopic causality. As a consequence
of wMR [Definitions (6a) and (6b)], a variable λ̃ is defined
at a time tm for a macroscopic system A in the frame F .
This variable signifies the predetermination of the outcome of
the measurement, i.e., Ô, that distinguishes the macroscopic
states of the system A. Macroscopic causality is the assertion
that such variables satisfy causality, i.e., the value of λ̃ is not
changed retrocausally by any future event and is not changed
by any spacelike-separated event at system B occurring after
time tm.

Definition (8a): Postselected state. Consider the system
described by a Q function Q(x, p, t ) at time t0. A correla-
tion can exist between the values of x and p, as indicated
by the conditional distribution Q(p|x) = Q(x, p, t0)/Q(x, t0)
where Q(x, t0) = ∫

d pQ(x, p, t0) is the marginal of x. Hence,
if we consider the solutions x(t ) that arise from the backward-
propagating trajectories of a given branch B j (corresponding
to an outcome x j , refer above), then there is a joint distri-
bution of variables {x(t ), p(t )}, corresponding to the branch,
defined at the initial time t0. The values x(t0) are consis-
tent with the deterministic relation x j → Gxj associated with
the amplification Hamp, in the evolution of the Q function.
The joint distribution is denoted Qloop(x, p, t0|B j ). We refer
to this distribution as the postselected distribution, or else
as the postselected state. The notations Qloop(x, p, t0|x j ) and
Q0(x, p|x j ) are also used to denote Qloop(x, p, t0|B j ). The
notation Qloop(x, p, t0 |̃λx ) is also used, where the variable λ̃x

denotes a branch associated with a particular outcome λ̃x ∈
{x j}.

Definition (8b): Postselected state for system B conditioned
on an outcome xA

j for A: the projected distribution. Consider
the postselected state defined in Definition (8a). For a given
branch BA

j that defines the outcome xA
j at A, the postselected

state as defined by the Q function of the bipartite system is
Qloop(λ, t0|BA

j ) where we abbreviate λ = (xA, pA, xB, pA). To
obtain the distribution for system B alone, we define

Q(xB, pB|B j ) =
∫

d pAdxAQloop(λ, t0|B j ),

which corresponds to the projected distribution (or state)
for B, given an outcome xA

j at A. The bipartite distribution
Qloop(λ, t0|BA

j ) is conditioned on the outcome xA
j at A, and

must be consistent with the deterministic relations that ac-
count for amplification (xA

j → GxA
j , xB

k → GxB
k ), and also the

deterministic relations D1 that account for the correlations
between the outcomes xB

k at B and xA
j at A. Here, {xB

k } denotes
the set of outcomes at B for the measurement of x̂B. According
to the causal model developed in this paper, the deterministic
relations exist for the system prepared at time t0, since the
measurement settings are fixed, as consistent with the assump-
tions of weak local realism defined below. Where the meaning
is clear, we denote Qloop(λ, t0|BA

j ) as Qloop(λ, t0|xA
j ).

Definition (9a): Hidden loop. Continuing from Definition
(8a), there is hence a connection between the backward-
propagating trajectories x(t ) defining a branch B j , and a
correlated set of forward-propagating trajectories p(t ) that
are determined by the Qloop(x, p, t0|B j ). This connection we
refer to as a loop. The loop is referred to as hidden, if the
associated distribution Qloop(x, p, t0|B j ) cannot be equivalent
to a quantum state, or else if variables involved in the loop,
such as p, are not detectable in the model of measurement.

Definition (9b): Local and nonlocal loops. The local loop
is a loop [refer to Definition (9a)] that connects backward and
forward amplitudes of the same system, A or B. A nonlocal
loop connects backward and forward trajectories of different
systems A and B.

Definition (10a): Weak local realism: First premise
[wLR(1)]. We consider a system A at a time t1, after operations
U needed to fix measurement settings have been carried out,
so that the system is prepared for a measurement Ô, i.e.,
in this paper Ô ≡ x̂θA = x̂A cos θ + p̂A sin θ . In a spin-Bell
experiment, the time t0 corresponds to the time after a system
(i.e., a photon or electron) has passed through an analyzer (a
polarizer or Stern-Gerlach apparatus), so that a final detection
will register the outcome of the polarization or spin along a
direction θ , determined by the analyzer. In the examples of
this paper, the measurement is of Ô ≡ x̂θA and the “analyzer”
corresponds to a phase-shift device that determines θ . Unlike
the definition of wMR, the system need not be macroscopic.

For such a system, two versions of weak local realism
(wLR) can be defined: Deterministic wLR(1) and Probabilis-
tic wLR(1). In the deterministic version, it is posited that
the value for the outcome of Ô is determined by the time t0
[108,120]. We denote the value for the outcome by λA. In the
probabilistic version, it is posited that a set of hidden variables
{λA} exists to describe the system, such that there is a definite
probability P(x|{λA}) for the outcome x of Ô, given a set of
values for {λA}.

Definition (10b): Weak local realism: Second premise
[wLR(2)]. Consider two spacelike-separated systems A and B
both stationary in a frame F . Consider the system A at the time
t1A after the measurement settings at A are fixed, as described
in Definition (10a) of wLR(1).

According to the deterministic version of premise wLR(1),
the value for the outcome xθA of the measurement Ô ≡ x̂θA on
system A is determined at time t1A. We denote the value by λA

xθ
.

Premise wLR(2) posits that this value is not changed by any
interactions or measurements that might take place at system
B at a time after t1A [108]. Similar to premise wMR(2), the
value can only be changed if there is a local interaction at A.

According to the probabilistic version of wLR(2), one can
define a probability P(x|{λA}) for an outcome xθA of Ô, given
a set of values for the hidden variables of {λA} that describe
system A. The premise wLR(2) posits that these probabilities
are unchanged by the interactions at B that might take place at
a time t > t1A.

Definition (10c): Weak local ealism: Third premise
[wLR(3)]. Consider the system A described in Definitions
(10a) and (10b) of wLR(1) and wLR (2). We consider the
measurement of x̂θA. Unlike the Definition (5) for wMR, we
do not need to assume the system A is macroscopic.
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Consider the deterministic version of wLR, defined by
premise wLR(1) [Definition (10a)]. This premise posits that
the value for the outcome of x̂θA is determined at (or by)
the time t1A, after the operations that fix the measurement
settings for system A have been carried out. Consider the
projected state |ψB〉 j defined in the Definition (6c) wMR(3)
above. Premise of wLR(3) posits that this state (as defined by
its predictions for B) is determined at the time t1A [108]. In
the EPR example given for Definition (6c), this implies that
the outcome for x̂B is determined at (or by) the time t1A, after
the setting θ is fixed at A. In other words, an element of reality
exists for B based on the prediction at A, at time t1A.

Alternatively, we consider the probabilistic version of
wLR, defined by premise wLR(1) in Definition (10a). This
premise posits that probabilities P(xA

j |{λA}) for outcomes at A
are fixed at the time t1A. For any one of these outcomes xA

j ,
a projected state |ψB〉 j for system B is defined by quantum
mechanics, as in Definition (6c). Premise wLR(3) posits that
at the time t1A, the system B is described by the projected
state |ψB〉 j (as defined by its predictions of outcomes of future
measurements at B) with probability P(xA

j |{λA}).
Definition (11): No-signaling. No-signaling is defined as

the conditional independence of the outcome at A and the
setting at B, given the setting at A [53].

II. MEASUREMENT MODEL

In this paper, the system dynamics is described by a uni-
fied stochastic model motivated by the Q function [103]. The
examples of this paper are restricted to bosonic fields. Our
approach requires the measurement process to be included in
the dynamics.

A. Measurement model: Parametric amplification

First, restricting our analysis to a single mode of the field,
we define the complementary quadrature phase amplitude ob-
servables

x̂ = â + â†,

p̂ = (â − â†)/i (2.1)
in a rotating frame, where â is the boson destruction operator
[124]. Hence â = (x̂ + i p̂)/2. This implies the uncertainty
relation 
x̂
p̂ � 1 for any state |ψ〉 of the single-mode field,
where here we denote (
Ô)2 = 〈Ô2〉 − 〈Ô〉2 as the variance
of the observable Ô.

We analyze the simplest measurement procedure that can
take place—that of direct amplification to a macroscopic sig-
nal. Measurement is modeled by a measuring device (a meter)
that produces macroscopic outputs, namely, the parametric
amplifier [104]. To measure x̂, the system prepared in a state
|ψ〉 is amplified according to the Hamiltonian [128]

Hamp = ih̄g

2
[â†2 − â2], (2.2)

where g > 0 is real. The system evolves under Hamp for a time
t f , to give the final measurement output. The measurement
is completed simply by the fields being amplified to become
macroscopic, and hence detectable to macroscopic devices or
observers. The importance of amplification is explained by
Bohr, who regarded measurement as amplification [15].

For g > 0, the dynamics of Hamp gives solutions that
amplify the “position” x̂ but attenuate the orthogonal “mo-
mentum” quadrature p̂. This is clear from the standard
operator Heisenberg equations, which give solutions

x̂(t ) = x̂(0)egt ,

p̂(t ) = p̂(0)e−gt . (2.3)

Hamp induces squeezing in p̂ [128]. The interaction Hamp

has been realized experimentally [129,130]. A related model
of measurement based on amplification was presented by
Glauber for a two-slit experiment [131,132].

B. Equation of motion for the Q function:
Generalized Fokker-Planck equation

To solve for single-mode evolution, we use the Q function
[103]

Q(α) = 1

π
|〈α|ψ〉|2 (2.4)

defined for a quantum state |ψ〉 with respect to the nonorthog-
onal basis of coherent states |α〉. The coherent state |α〉
satisfies â|α〉 = α|α〉 where α is a complex number. The
phase-space coordinates λ are the real coordinates x and
p, given by α = (x + ip)/2. In this paper, we denote the
Q function of the quantum state at a time t as Q(x, p, t ).
The single-mode Q function defines the quantum state |ψ〉
uniquely as a positive probability distribution. The moments
evaluated from the Q function distribution are antinormally
ordered operator moments [133]. The antinormally ordered
variances σ 2

x (t ) and σ 2
p (t ) are precisely the variances of x and

p as defined by the Q function Q(x, p, t ).
The dynamics for real variables x and p can be deduced by

deriving a generalized Fokker-Planck equation, which gives
an equation of motion of Q for a given Hamiltonian H .
In general terms, the Q function probability density Q(λ, t )
for a phase-space coordinate λ is defined with respect to a
nonorthogonal operator basis �̂(λ) as

Q(λ, t ) ≡ Tr(�̂(λ)ρ̂(t )), (2.5)

where ρ̂ is the density operator of the system. As Q(λ, t ) is
normalized to unity, it is necessary to normalize the basis
so it integrates to unity, and the normalization condition is
that

∫
�̂(λ)dλ = 1̂. The basis satisfies �̂2(λ) = N (λ)�̂(λ),

which is different from the condition for projectors that P̂2 =
P̂, because it is a continuous nonorthogonal basis.

From the Schrödinger equation, the dynamics of the
probability distribution is obtained from the usual equa-
tion ih̄dρ/dt = [H, ρ]. As a result, one obtains an equa-
tion for the Q function time-evolution:

dQ(λ, t )

dt
= i

h̄
Tr{[H, �̂(λ)]ρ(t )}. (2.6)

This is equivalent to a zero-trace diffusion equation for the
variables λ, of the form Q̇(λ, t ) = L(λ)Q(λ, t ), where L(λ)
is the differential operator for Q function dynamics. For the
single-mode, the phase-space coordinates λ are the real coor-
dinates x and p.

For the system evolving according to the Hamiltonian Hamp

given by (2.2), a dynamical equation for the Q function can be
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derived [104]. Applying the correspondence rules to transform
operators into differential operators, one obtains a generalized
Fokker-Planck type equation in terms of complex coherent-
state variables α:

dQ

dt
= −

[
g

∂

∂α
α∗ + g

∂

∂α∗ α + g

2

∂2

∂α2
+ g

2

∂2

∂α∗2

]
Q. (2.7)

Here the differential operators act on all terms to the right
[134–136]. Defining ∂p ≡ ∂/∂ p and ∂x ≡ ∂/∂x, we obtain in
real coordinates

dQ

dt
= [

∂p(gp) − ∂x(gx) + g
(
∂2

p − ∂2
x

)]
Q. (2.8)

The above equation demonstrates a diffusion matrix which
is traceless and equally divided into positive and negative
definite parts, and a drift matrix:

A =
[

ẋ
ṗ

]
=

[
gx

−gp

]
. (2.9)

C. Forward-backward stochastic equations

Next, we derive from the equation of motion (2.8) for
Q(x, p) the forward-backward stochastic equations that deter-
mine the dynamics x(t ) and p(t ) of the Q function amplitudes
λ = (x, p). There is an equivalent time-symmetric stochastic
action principle for Q(λ, t ), leading to probabilistic path inte-
grals [107]. These have sample trajectories λ that define the
realistic path for all times.

In this paper, we derive two theorems generalizing these
results to the case of an initial superposition state, where a
conditional relation implies a feedback between the forward-
backward stochastic solutions. The theorems have a general
applicability and are hence presented as a distinct result in
Appendix A. We prove the equivalence between the averages
calculated from the trajectories λ(t ) (x and p) and those cal-
culated from the Q function Q(x, p, t ) (refer also to Secs. V B,
IX C, and Appendix H). This result is independently con-
firmed by statistical comparisons of the numerical simulations
with the Q function (Appendix B).

Using the equivalence theorems in Appendix A, we solve
the measurement dynamics for Hamp. Here, the x and p dynam-
ics decouple. However, to obtain a mathematically tractable
equation for the traceless noise matrix, we follow Ref. [104]
and the sign of t is reversed in the amplified dynamics of x.
The corresponding integrated stochastic equations for g > 0
are

p(t ) = p(t0|x0 ) −
∫ t

t0

gpdt ′ +
∫ t

t0

dwp,

x(t ) = x
(
t f

) −
∫ t f

t
gxdt ′ +

∫ t f

t
dwx, (2.10)

where the terms dwp and dwx are infinitesimal Gaussian noise
increments such that 〈dwμdwν〉 = 2gδμνdt [134–137]. Both
x(t f ) and p(t0|x0) represent random boundary conditions with
a specified marginal and conditional probability, at the final
time t f and the initial time t0 of the interaction, respectively.
Here, x0 ≡ x(t0).

Alternatively, in differential form, we obtain for p the equa-
tion [104,105]

d p

dt
= −gp + ξp (2.11)

propagating forward in time, which has a boundary condition
determined by the Q function at the initial time t0 = 0. The
equation for x is

dx

dt−
= −gx + ξx, (2.12)

where t− = −t . The equation is solved backward in time,
and therefore has a boundary condition in the future, defined
as the time t f when the amplification is completed. Defin-
ing ξ = (ξp, ξx ), the Gaussian random noises ξμ(t ) satisfy:
〈ξμ(t )ξν (t ′)〉 = 2gδμνδ(t − t ′), where the noise terms are de-
fined as ξμ(t ) = limdt→0 dwμ/dt [135].

Thus, there is a forward-backward stochastic differential
equation (FBSDE) for individual trajectories. This describes
two individual stochastic trajectories, such that the average
of the dynamical trajectories equals the Q-function averages.
The trajectories are decoupled dynamically, with decay and
stochastic noise occurring in each of the time directions. One
propagates forward, and one backward, in time. As there are
random noise inputs, and the boundary condition is a distri-
bution given by the Q function that is sampled, a series of
runs is required. The solutions x(t ) and p(t ) differ for each
run, and averages are evaluated to determine moments at a
given time t . The x(t ) and p(t ) are trajectories of the forward-
backward stochastic equation (FBSE) simulation [Definition
(1) in Sec. I B].

In examples treated here, the trajectory in x depends on a
future marginal, Q(x, t f ), while the trajectory in p depends on
a conditional distribution, Q(p|x) at the initial time t0, which
depends on x in the future (Figs. 1 and 2), giving a type of
cyclic causal behavior in the form of a “loop”. It is possible
to exchange these by time-reversal symmetry. There is an
apparent grandfather-type paradox arising from the present
seeming to depend on the future. This is resolved in Sec. V
by nature of the causal model.

Causal consistency, defined in the Introduction, follows
from the proofs and results in Sec. V B, Appendices A and H
(refer Fig. 3 for a depiction and proposed experiment): The
quantum state |ψ〉 as determined uniquely by the Q function
Q(x, p, t ) depends on the time t of evolution, starting from
an initial time t = 0. The consistency ensures that the
trajectories at large time t f → ∞ satisfy the conditional
relations connecting x(t f ) and p(t f ) for the amplified state,
which quantifies the end part of the loop (refer to Figs. 2 and
3). For the measurement interaction Hamp, we find that at the
final time t f → ∞, the p decouples completely from x, and
there is no further feedback in the simulation from p to x: the
loop is hence incomplete, disconnecting at the end-time t f .

III. FORWARD-BACKWARD STOCHASTIC SIMULATIONS

A. Measurement on an eigenstate of x̂

We first consider the measurement of x̂ on an eigenstate
|x j〉 of x̂, where x j is the eigenvalue [Definition (3) in Sec. I B].
We resolve problems with normalization by defining the
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eigenstates in x̂ as highly squeezed states. The squeezed state
is defined as [128]

|β j, z〉sq = D(β j )S(z)|0〉. (3.1)

Here, |0〉 is the vacuum state satisfying â|0〉 = 0, and D(β j ) =
eβ j â†−β∗

j â and S(z) = e
1
2 (z∗â2−zâ†2 ) are the displacement and

squeezing operators, where z and β j are complex numbers.
For the state with squeezed fluctuations in x̂, we note that
z = r where r is a real, positive number, referred to as the
squeeze parameter. Hence (
x̂)2 = e−2r and (
p̂)2 = e2r .

The parameter r determines the variances and hence the
amount of squeezing in x̂. The mean values are given by
〈â〉 = β j where β j = (x j + ip j )/2 and x j and p j are real. The
eigenstate denoted |x j〉 is thus defined as the limiting squeezed
state

|x j〉 ≡ lim
r→∞

∣∣∣∣x j

2
, r

〉
sq

, (3.2)

with x j real and p j = 0.
The Q function of the eigenstate |x j〉 is the bivariate Gaus-

sian (refer to Appendix C)

Qxj (x, p) = e−p2/2σ 2
p

2πσxσp
e−(x−x j )2/2σ 2

x , (3.3)

with variances σ 2
x = 1 + e−2r and σ 2

p = 1 + e2r , where r →
∞. In this limit, σ 2

x = 1 and σ 2
p is large. The mean value of

x is the eigenvalue x j . The variance in x is σ 2
x = 1, which is

the level of the vacuum noise determined by the Heisenberg
uncertainty relation 
x̂
p̂ � 1. The measured variance of x̂
is zero (since for an eigenstate 
x̂ = 0), indicating that the
fluctuations given by σx are not detectable in the measured
output. We refer to these fluctuations where σ 2

x = 1 as hidden
noise, symbolized by η(t ).

To solve the forward-backward stochastic equations, we
evaluate the Q function for the system at the final time t f ,
after the amplification Hamp. The state of the amplified system
is given by

|ψ (t )〉 = e−iHampt/h̄

∣∣∣∣x j

2
, r

〉
sq

=
∣∣∣∣G(t )

x j

2
, r′

〉
sq

, (3.4)

(refer to Appendix C) where r′ = −gt + r and G(t ) = egt is
the amplification factor [Eq. (2.3)]. The Q function for the
amplified system at a time t is hence

Q(x, p, t ) = e−p2/2σ 2
p (t )

2πσx(t )σp(t )
e−(x−G(t )x j )2/2σ 2

x (t ), (3.5)

with variances

σ 2
x (t ) = 1 + e−2r+2gt ,

σ 2
p (t ) = 1 + e2r−2gt . (3.6)

It is convenient to write σ 2
x (t ) = 1 + G(t )2[σ 2

x (0) − 1] and
σ 2

p (t ) = 1 + [σ 2
p (0) − 1]/G(t )2 where G(t ) = egt . We then

see that as G(t ) → ∞, the hidden noise η(t ) (with variance
σ 2

x (0) = 1) associated with the eigenstate will not be ampli-
fied (but any noise above this level will be). The noise in p
decays to the hidden noise level (σ 2

p (t ) → 1).

FIG. 6. Stochastic solutions x(t ) of the backward equa-
tion (2.12). Measurement of x̂ on a system prepared in an eigenstate
|x j〉 of x̂. The mean of x(t ) is amplified to Gxj but the variance σx is
unchanged. r = 2, x1 = 1, and gt f = 3.

The forward-backward equations (2.11) and (2.12) can
now be solved [107]. The boundary condition for the for-
ward equation is the marginal of Q(x, p, t0) in p, which
is Q(p, t0) = e−p2/2σ 2

p /(σp

√
2π ). The boundary condition for

the backward equation is the marginal Q(x, t f ) of Q(x, p, t f )
in x, which is Q(x, t f ) = e−(x−Gxj )2/2σ 2

x (t f )/(σx(t f )
√

2π ). Solu-
tions are shown in Figs. 6 and 7.

B. Measurement on a superposition of eigenstates

To address the measurement problem, we need to consider
measurements on a system prepared in a superposition of
eigenstates. Here, we consider the superposition

|ψsup〉 = c1|x1〉 + c2|x2〉

→ Nc1

∣∣∣∣x1

2
, r

〉
sq

+ c2

∣∣∣∣x2

2
, r

〉
sq

(3.7)

of eigenstates of x̂, approximated as a superposition of
squeezed states with r → ∞. The c j are probability ampli-
tudes. Without loss of generality, we take c1 to be real and

FIG. 7. Stochastic solutions p(t ) of the forward equation (2.11).
Measurement of x̂ as in Fig. 6. There is attenuation of the comple-
mentary variable p to the undetected (hidden) vacuum level, where
σ 2

p = 1. Similar results are obtained for all values of x j .
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positive, and write c2 = |c2|eiϕ where ϕ is a phase factor. The
Q function is

Qsup(x, p, t0) = N
e−p2/2σ 2

p

2πσxσp

(|c1|2e−(x−x1 )2/2σ 2
x

+ |c2|2e−(x−x2 )2/2σ 2
x
) + Int, (3.8)

where Int = N e−p2/2σ2
p

2πσxσp
2|c1c2|I. The variances are σ 2

x = 1 +
e−2r and σ 2

p = 1 + e2r . N is the normalization factor. We find

I = e−[(x−x1 )2+(x−x2 )2]/4σ 2
x F , (3.9)

where

F = (cos ϕ) cos

[
p

2σ 2
x

(x1 − x2)

]
− (sin ϕ) sin

[
p

2σ 2
x

(x1 − x2)

]
, (3.10)

and N = (1 + 2c1|c2|(cos ϕ)e
− (x1−x2 )2

8σ2
x

{1+ σ2
p

σ2
x

}
)
−1

. NB: N → 1
as σ 2

p → ∞, in the limit of large r when the squeezed states
become eigenstates of x̂.

Taking the limit r → ∞, we see that the Q function has
two Gaussian peaks with fixed variance σ 2

x = 1, centered at
the eigenvalues x1 and x2. There is an additional interference
term, which we symbolize by Int , corresponding to a central
Gaussian peak at x = 0 modulated by a fringe pattern F . The
Q function of the superposition differs from the Q function
Qmix(x, p) of the mixture of eigenstates

ρmix =
∑

j

|c j |2|x j〉〈x j | (3.11)

only by the addition of the third term Int [138].
Forward solutions for p. The boundary condition for

the forward equation (2.11) for p is given by the marginal
Qsup(p, t0) = ∫

Qsup(x, p, t0)dx for p at t0 = 0. We find

Qsup(p, t0) = N
e−p2/2σ 2

p

√
2πσp

[
1 + 2|c1c2|e− (x1−x2 )2

8σ2
x F

]
. (3.12)

Taking cos ϕ = 0 (c2 is imaginary) and x1 = −x2, this reduces
to

e−p2/2σ 2
p

√
2πσp

{
1 − e−x2

1/2σ 2
x sin

(
px1/σ

2
x

)}
.

Forward trajectories for the attenuated variable p are shown
in Figs. 8 and 9. From the solution (3.12), we see that with an
increasing separation of the two eigenstates |x1〉 and | − x1〉
in the superposition |ψsup〉 (so that |x1| increases), the fringes
become less prominent. The evolution of Qsup(p, t ) is shown
in Fig. 10 (top panel). The trajectories of p decay to the hidden
noise level σ 2

p (t f ) = 1 (Fig. 10, lower panel).
Backward solutions for x. The boundary condition for the

backward equation (2.12) determines the dynamics of the
amplified variable x, corresponding to the measured quan-
tity x̂, which is of most interest. The boundary condition is
determined by the state |ψsup(t )〉 = e−iHampt/h̄|ψsup〉 after am-
plification Hamp. We find

|ψsup(t )〉 = N (c1|Gx1, r′〉sq + c2|Gx2, r′〉sq ), (3.13)

0 0.5 1 1.5 2 2.5 3
gt

-30
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0
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x

0 0.5 1 1.5 2 2.5 3
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-10
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0
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10

15

p

FIG. 8. Emergence of branches with amplification: Measurement
of x̂ on a system prepared in a superposition given by |ψsup〉 of eigen-
states of x̂ [Eq. (3.7)]. We take c1 = −ic2 = 1/

√
2, x1 = −x2 = 1

and gt f = 3. The top figure gives individual stochastic solutions (tra-
jectories) of the backward equation (2.12), showing the emergence of
branches associated with each eigenvalue x j . Here, the measurement
is made on a microscopic superposition. We note the “width” of
each branch is constant. The lower plot shows individual solutions
of the forward equation (2.11) for the variable p. The values are
attenuated to an undetected (hidden) vacuum noise level, σ 2

p = 1.
The superposition of eigenstates is approximated by (3.7) with r = 2.

where G = egt is the amplification factor, r′ = −gt + r and t
is the time of evolution (refer to Appendix C). The Q function
of the amplified system is

Qsup(x, p, t ) = Nt
e−p2/2σ 2

p (t )

2πσx(t )σp(t )

(|c1|2e−(x−G(t )x1 )2/2σ 2
x (t )

+ |c2|2e−(x−G(t )x2 )2/2σ 2
x (t ) + 2|c1c2|I (t )

)
,

(3.14)

where G(t ) = egt , Nt is a normalization constant and I (t ) is
given by I and F of Eq. (3.9), but substituting x j → G(t )x j ,
and σx → σx(t ), σp → σp(t ). The variances σx(t ) and σp(t )
of the amplified state are given by Eq. ( 3.6). Importantly,
we note that the means x1 and x2 of the Gaussian functions
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FIG. 9. Measurement on a macroscopic superposition. As in
Fig. 8, but with gt f = 2 and x1 = 8. The top and lower figures show
solutions of the backward and forward equations (2.12) and (2.11),
respectively. The solid blue line denotes the causal relation x j → Gxj

that amplifies the mean x j of the Gaussian terms, as evident in the Q
function [Eq. (3.14)] of |ψsup(t )〉. The individual trajectories propa-
gate in the backward-time direction, and are subject to input noises,
δx(t f ) ≡ η(t f ) and ξx (t ), as defined by Eqs. (3.23) and (2.12). The
noise δx(t ) gives the width of each branch a time t , and is constant
in average magnitude throughout the amplification, as determined
by the variance σx . The orange dashed lines represent backward-
propagating (right to left) and forward-propagating (left to right)
trajectories for x and p. In the Q model of reality (Sec. IV), the value
given by x(t f ) is the detected outcome. The inferred outcome for x̂ is
x(t )/G giving either x1 or −x1 (G = egt f ). The p and δx(t f ) are not
amplified and are hence not measured.

amplify according to

x j → Xj = Gxj, (3.15)

where G ≡ G(t ) = egt , which being a deterministic relation
can be reversed, so that Gxj → x j . By contrast, the variances
in x of the Gaussian distributions do not amplify. The vari-

FIG. 10. Decay of the complementary variable. Solutions for the
complementary variable p, for measurement of x̂ on the system in
the superposition |ψsup〉 of two eigenstates of x̂. Parameters are as for
Fig. 8, with x1 = 1. The top figure shows the distribution Qsup(p, t )
of the forward-propagating trajectories of p, as evaluated from 106

trajectories, a sample of which is given in Fig. 8. Fringes are evident
at t = 0. The lower plot confirms the reduction in the variance σ 2

p (t )
to the hidden unobservable value of 1, as t f → ∞.

ances are

σ 2
x (t ) = 1 (3.16)

throughout the evolution, the fluctuations hence remain con-
stant at the “hidden level.” This is evident in Figs. 8 and 9,
where the width of each band of trajectories, as associated
with each eigenvalue, is constant with t . By contrast, σ 2

p is
initially large as for an eigenstate |x j〉, but reduces to the hid-
den noise level σ 2

p (t ) = 1 as t → ∞. We see that the Gaussian
functions become increasingly sharp as the system amplifies.
We must also examine how the interference term I (t ) in the
Q function (3.14) behaves on amplification.

The future boundary condition for the backward equation is
given by the marginal

Qsup(x, t ) =
∫

Qsup(x, p, t )d p. (3.17)

at the final time t = t f . This requires integration over the
variable p. To calculate the marginal, we evaluate I (x, t ) =∫

d pI, where I is given by (3.9), which requires the
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integration∫ ∞

−∞
d p

e−p2/2σ 2
p (t )

2πσx(t )σp(t )

{
(cos ϕ) cos

[
p

2σ 2
x (t )

G(t )(x1 − x2)

]

−(sin ϕ) sin

[
p

2σ 2
x (t )

G(t )(x1 − x2)

]}
. (3.18)

The second integral proportional to sin ϕ is zero by symmetry.
The first term simplifies to

cos ϕ

∫ ∞

−∞
d p

e−p2/2σ 2
p (t )

√
2πσp

cos

[
p

2σ 2
x (t )

(x1 − x2)

]
= (cos ϕ) e−G(t )2(x1−x2 )2σ 2

p (t )/8σ 4
x (t ). (3.19)

This term gives the contribution of the interference to the
marginal, and becomes important for the mechanism of Bell
violations in Secs. VII and IX. It depends on the variance σp

of p, which tends to ∞ at the initial time t0, since we have
considered a superposition |ψsup〉 = ∑

j c j |x j〉 of eigenstates
of x̂. The solution for the marginal is

Qsup(x, t ) = Nt
1√

2πσx(t )

(|c1|2e−(x−G(t )x1 )2/2σ 2
x (t )

+ |c2|2e−(x−G(t )x2 )2/2σ 2
x (t ) + 2|c1c2|I (x, t )

)
,

(3.20)

where

I (x, t ) = cos ϕe−[(x−G(t )x1 )2+(x−G(t )x2 )2]/4σ 2
x (t )

× e−G(t )2(x1−x2 )2σ 2
p (t )/8σ 4

x (t ), (3.21)

Here, σ 2
x (t ) = 1 + G(t )2[σ 2

x (0) − 1] and σ 2
p (t ) = 1 +

[σ 2
p (0) − 1]/G(t )2 [Eq. (3.6)]. We see that σp(0) → ∞

and σ 2
x (t ) = 1. Immediately, we see that the interference term

I will vanish at the initial time t = 0 in the marginal for x.
Hence I (x, 0) → 0 in the limit r → ∞, which corresponds
to the expansion of |ψsup〉 in terms of the measurement basis,
as in Eq. (3.7).

The vanishing of the interference term I (x, 0) in the
marginal is an important result that is due mathemati-
cally to the integral (3.19), which vanishes when σp(t ) is
large. Regardless, on substituting σp(t f ) = σx(t f ) = 1, we see
that I (x, t f ) rapidly de-amplifies with amplification G, with
I (x, t f ) → (cos ϕ)e−x2/2−G2x2

1 → 0 for x1 = −x2. In this way,
we see that amplification plays a similar role to decoherence
in attenuating the interference terms that distinguish the su-
perposition |ψsup〉 from the mixture ρmix.

The generalization to expansions |ψsup〉 = ∑
j c j |x j〉 is

straightforward (refer to Appendix C). This leads to the fol-
lowing Definition [given as Definition (4) in Sec. I B] and
result:

Definition: Hidden interference terms. Consider measure-
ment of x̂. The interference terms I appearing in the Q
function Q(x, p, t ) when the Q function is expanded in terms
of the Q functions of the eigenstates of x̂ are referred to
as hidden interference terms. These terms are calculated by
writing |ψ〉 in terms of the eigenstates |x j〉 (i.e., expanding
|ψ〉 in the measurement basis) and calculating the Q function
directly from Eq. (2.4).

Result III.1: Interference terms and the future boundary
condition. The hidden interference terms arising in the Q
function of a state |ψ〉 do not contribute to the future bound-
ary condition, given by Eq. (3.17) (proved above). Consider
the measurement of x̂ on the system |ψsup〉 = ∑

j c j |x j〉
[Eq. (3.7)] at time t0 = 0. From Eq. (3.20) with I (x, t ) → 0
and σx(t f ) = 1, the future boundary condition for the back-
ward equation (2.12) reduces to (G = egt f )

Qsup(x, t f ) = 1√
2πσx(t f )

∑
j

|c j |2e−(x−Gxj )2/2. (3.22)

Solutions showing individual trajectories for the amplified
variable x are given in Figs. 8 and 9.

Comment. The interference terms I (x, t ) of the marginal
Q(x) vanish in the limit of large r, because the integral (3.19)
vanishes. However, the interference I (t ) does not vanish in the
initial joint distribution Q(x, p, 0) [Eq. (3.14)]. Moreover, the
integral will not vanish where there is a change of basis so that
σp(0) is no longer large, which is relevant to Bell violations
(refer to Sec. VII). �

Comment. The future boundary condition (3.22) is the
same as that for the system prepared in the mixed state ρmix

[Eq. (3.11)].
Procedure of simulation. Result III.1 defines the procedure

of the simulation. The interference terms in Q(x, t ) are jus-
tified to be ignored provided we write in the measurement
basis as in Result III.1, where r → ∞ (or else for all r,
if Re{c2} = 0 [refer to Eq. (3.7)]). Then, the future bound-
ary condition for simulation of (2.12) is determined by the
marginal (3.22), which comprises a set of Gaussian peaks
(one for each outcome x j) with equal variance σ 2

x (t f ) = 1. To
model measurement, strong amplification is needed, and gt f

is large.
We consider the superposition of two eigenstates |x1〉 and

|x2〉 as in Eq. (3.7). The initial condition for a given run of the
simulation of Eq. (2.12) is

x(t f ) = Gxj + δx(t f ), (3.23)

where the eigenvalue x j is selected to be x1 or x2 with prob-
ability |c j |2. The δx(t f ) is a noise term, which we also label
η(t f ), sampled from the Gaussian distribution G(0, 1) of mean
0 and variance σ 2 = 1. In this paper, we define the Gaussian

distribution using the notation G(x̄, σ 2) = e−(x−x̄)2/2σ2

σ
√

2π
, where x̄

is the mean and σ 2 is the variance of x.
Comment. Importantly, we see that value δx(t f ) [denoted

by η(t ) in Fig. 2] is hence independent of the choice of
eigenvalue x j and independent of t f (Fig. 11). This is relevant
to understanding how grandfather paradoxes are avoided. The
sampling is determined by (3.22), which is identical to that
for the system prepared in a mixture of eigenstates, ρmix

[Eq. (3.11)]. We will see that the procedure of the simulation
defines the causal model depicted in Fig. 2, and explained in
Sec. V.

The simulations reveal branches, as gt f → ∞ (Figs. 8 and
9). This leads to the following definition [given as Definition
(5) in Sec. I B].

Definition: Branches B j are defined as groups of ampli-
tudes x(t ), each associated with a distinct eigenstate |x j〉 in
the superposition |ψsup〉 (Figs. 8 and 9).
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FIG. 11. Measurement on eigenstates showing branches have
constant width independent of eigenvalue. The solutions show the
amplification of x̂ for the eigenstate |x j〉, for different values of x j :
The curves correspond to x j = 1 (top curve), x j = 0.25 (center top),
x j = 0.01 (center lower) and x j = 0 (lowest curve), with gt f = 4.
The curves x = 0.01 and x j = 0 cannot be distinguished with the
level of amplification given by gt f = 4. The curve for x j = 0 is the
solution δx of Eq. (3.25), validating the expansion x(t ) = x j (t ) +
δx(t ) of Eq. (3.24) in which δx is a hidden noise term of constant
average magnitude independent of x j .

Result III.2: Branches emerge with amplification.
Proof. The fluctuations with variance σx about the mean

x j , as associated with each Gaussian in the Q function
Qsup(x, p, t0) [Eq. (3.8)] of the initial state, are not amplified
[Eq. (3.14)] with the evolution. However, the mean values x j

are amplified according to x j → Xj = Gxj , where G = egt f

[Eq. (3.15)]. Hence, as gt → ∞, we see distinct peaks cen-
tered at Gxj with relative probabilities |c j |2. The eigenvalues
x j are amplified, but the hidden noise δx about these values
is not. Hence, branches emerge for x(t ) as t increases. The
hidden noise represents the width w ∼ δx of the lines that
form the branches, and is constant, independent of x j , as in
Fig. 8. �

Result III.3: The hidden noise δx (the width of the branch)
is independent of the eigenvalue x j .

Proof. The width w of each branch B j becomes indis-
cernible relative to the mean value Gxj , as gt → ∞. The
hidden vacuum fluctuation δx(t ) does not lead to a macro-
scopic value. The amplitudes can be written

x(t ) = x j (t ) + δx(t ), (3.24)

where x j (t ) = egt x j , the solutions for δx(t ) being independent
of x j , satisfying the stochastic equation

d[δx(t )]

dt−
= −gδx(t ) + ξx(t ), (3.25)

with input δx(t f ) ≡ η(t f ) given by sampling the Gaussian
G(0, 1). This is verified in Fig. 11, where the δx(t ) can be
taken as the solution of (2.12) with x j = 0. The noise δx(t ) =
η(t ) adds equally to the exponential lines given for the differ-
ent eigenvalues x j in Fig. 11. �

IV. Q MODEL OF REALITY

A. Assumptions and basic results

The solutions for x(t f ) in Figs. 8 and 9 show two branches,
associated with each eigenstate of the superposition |ψsup〉.
The stochastic equations hence motivate a “hidden-variable”
model for quantum measurement, referred to as the Q-based
reality model (Q model of reality) or objective-field model
[104–106]. We regard the amplitudes λ (i.e., x and p) of the Q
function Q(x, p) as representing a realization of the quantum
state, immediately prior to and during the measurement. The
physical assumptions made for the meter Hamp that defines the
measurement of x̂ are as follows:

(1) Measurement is identified as an amplification process
(after measurement settings are fixed).

(2) The amplitudes x and p are phase-space variables, with
distribution Q(x, p, t ) at time t . We denote the values of x
and p at time t as x(t ) and p(t ). Here, we denote x(t f ) as the
amplified variable.

(3) The detected value is x(t f ), when macroscopic. The
amplitudes at the hidden vacuum level (i.e., where the vari-
ances σ 2

x or σ 2
p are 1) are not observable. The inferred (or

“measured”) outcome is x0 = x(t f )/G where G is the amplifi-
cation factor.

(4) The probability density function for the detection of
x(t f ) is Q(x, t f ) = ∫

Q(x, p, t f )d p where t f → ∞ is the time
of interaction with the amplifier.

(5) Amplified variables satisfy future boundary conditions
and attenuated variables satisfy past boundary conditions. The
amplifier does not couple amplified and attenuated quadra-
tures.

The last condition applies to the model of measurement
given by Hamp [Eq. (2.2)] but may be adjusted when the mea-
surement model includes a coupling to a separate system that
is a meter (refer to Ref. [109]). The condition is motivated by
the stochastic method (Appendices A and B) and by the causal
consistency proved in Secs. V B, IX C, and Appendix H. In
the model, the system evolves under Hamp for a time t f to give
the final measurement output. The measurement is completed
simply by the fields being amplified to become macroscopic,
and hence detectable to macroscopic devices or observers. No
special collapse is required, only standard physical processes.
The analysis is hence compatible with Bell’s requirement
[111] that there should be no “shifty split” between system
and measurement apparatus.

We present a series of results applying to the Q-based
model of reality.

Result IV.1: The inferred outcomes are the eigenvalues.
Consider measurement of x̂. After sufficient amplification,
the x(t f ) separate into branches each associated with a single
eigenstate |x j〉 of x̂ [Definition (5) of Sec. I B and Result III.2,
Fig. 8). The detected value according to the model of reality
is x(t f ), where t f → ∞ so that x(t f ) is macroscopic, and the
inferred outcome for x̂ is x(t f )/G. The inferred outcome will
always be one of the eigenvalues x j .

Proof. Since from Eq. (3.24) [based on the solutions of
(2.12)], we write x(t ) = egt x j + δx(t ), we see that with suf-
ficient amplification, the inferred outcome is one of the
eigenvalues x j . The vacuum fluctuation δx(t ) does not lead to
a macroscopic value and is undetectable, becoming δx(t )/G.
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As t f increases, each branch becomes identifiable as a thin
line, which represents a distinct value x j for x̂. �

Result IV.2: Incompleteness. The amplitudes x and p of
Q(x, p, t ) at a time t [along with the forward-backward
stochastic equations, (2.12) and (2.11)] are not sufficient to
completely define the state and future dynamics of the system.

Proof. Consider the measurement x̂ on an eigenstate |x j〉 of
x̂ where x j → 0. The measurement always yields the outcome
x j , which is the eigenvalue, but which is not identifiable from
the amplitudes x and p alone (refer Fig. 11). The value x j

is masked by the hidden Gaussian noise when x j is small
(Fig. 8). The future boundary condition for the backward
equation is required for the solutions x(t ). This requires
knowledge of the Q function Q(x, p, t0), or at least (in a
hidden-variable model, refer to Secs. IV G and V) knowledge
of the Gaussian-mean value x j . �

Comment. Our interpretation of the Q model of reality and
associated causal model for measurement (Sec. V) includes
that the system at time t0 is defined as prepared with respect
to a measurement basis, such as |x j〉 of x̂ [39]. The Q func-
tion uniquely describes the quantum state |ψ〉 which can be
expanded as |ψ〉 = ∑

j c j |x j〉, from which the Q function will
be of the form (3.8), a sum of Gaussian functions in x and
p with mean x j , as well as interference terms of type Int , as
generalized for an arbitrary number of states |x j〉. The means
x j and c j are hence in principle identifiable as part of the
description of the state at time t0 (Appendix C). We show in
Sec. V A that the dynamics of x(t ) as implied by Hamp can
be deduced from the backward stochastic equation (2.12), if
the x j and c j are known, based on the deterministic relation
x j ↔ Gxj (which assumes the system at time t0 once Hamp is
implemented to be associated probabilistically with a particu-
lar x j , refer Secs. IV G and V A).

B. Derivation of Born’s rule

In the Q model of reality, the density of the ampli-
tudes x(t f ) as gt f → ∞ gives the probability for detection,
which leads to Born’s rule. The rule follows because the
measurement of x̂ amplifies the variable x, but attenuates
the complementary variable p and interference terms I
(Result III.1). We give a derivation below.

Result IV.3a: Born’s rule. Consider a general superposi-
tion |ψsup〉 = ∑

j c j |x j〉 of eigenstates |x j〉 of x̂, where c j are
probability amplitudes. Here, we define the eigenstates as the
squeezed states | x j

2 , r〉sq [Eq. (3.2)] in the limit where r → ∞.
The final density Qsup(x, t f ) given by the Q function of the
amplified state e−iHampt/h̄|ψsup〉 leads to Born’s rule, that the
probability of an outcome x j is |c j |2.

Proof. In the limit of gt → ∞, the marginal distribution
for the amplified state is

Qsup(x, t ) = 1√
2πσx(t )

∑
j

|c j |2e−(x−G(t )x j )2/2σ 2
x (t ),

where G = egt (g > 0) and σ 2
x (t ) = 1 + e2gt−2r [refer

Eq. (3.3)]. Considering the measured inferred variable
x0 = x/G where G = egt , the rescaled distribution

becomes

Qsc(x0, t ) = 1√
2πσx0 (t )

∑
j

|c j |2e−(x0−x j )2/2(e−2gt +e−2r )

→ 1√
2πσx0 (t )

∑
j

|c j |2e−(x0−x j )2/(2e−2r ) (4.1)

on taking gt large. The eigenstates of x̂ correspond to r →
∞ where the Gaussian peaks become infinitely narrow. The
separation between peaks is much larger than the width of the
Gaussian distributions. Hence, in the Q model, the probability
of observing x j is given by the weighting |c j |2, in accordance
with Born’s rule. �

Result IV.3b: We demonstrate Born’s rule for measure-
ment of the rotated quadrature

x̂θ = x̂ cos θ + p̂ sin θ ≡ âe−iθ + â†eiθ . (4.2)

The complementary observable is p̂θ = −x̂ sin θ + p̂ cos θ .
Proof. We expand in eigenstates |xθ j〉 of x̂θ as |ψsup,θ 〉 =∑
j d j |xθ j〉, where d j are probability amplitudes. The eigen-

states are defined similarly to |x j〉 [Eq. (3.2)] as highly
squeezed states in x̂θ (Appendix C). We define real coor-
dinates xθ and pθ as αe−iθ = (xθ + ipθ )/2. Extending the
derivation of the Q function of a squeezed state as in Ap-
pendix C, the Q function Qsup,θ (xθ , pθ ) can be derived for
|ψsup,θ 〉. Modeling the amplification of |ψsup,θ 〉 by applying

Hamp,θ = ih̄g(â†2e2iθ − â2e−2iθ )/2 (4.3)

[which gives x̂θ (t ) = egt x̂θ (0)] the result is proved by eval-
uating the marginal Qsup,θ (xθ , t ) of the Q function of the
amplified state [following Eqs. (3.14)–(3.20)], and applying
the same analysis as for Result IV.3a. �

Summarizing, the probability density for an outcome x j ,
given gt f → ∞, is

P(x j ) ≡ Qsc(x j, t f ) = |〈x j |ψsup〉|2, (4.4)

in agreement with the quantum prediction (Born’s rule).
Here, Qsc(x j, t f ) is the rescaled distribution, found by tak-
ing Qsup(x, t f ), rewriting with respect to the scaled variable
x0 = x/G, and taking the limit where G = egt → ∞.

Role of the Wigner function. The realization of Born’s
rule for the continuous-valued measurements x̂θ can be best
demonstrated by the connection with the Wigner function,
W (x, p). We find this elucidates the nature of the backward
stochastic equation (2.12). It is known that the marginal

W (x) =
∫

W (x, p)d p (4.5)

of the Wigner function gives the distribution for observed
outcomes x of x̂.

To establish the connection with the Q distribution in the
model of reality, we write the Q function Q(λ, t0) for |ψ〉 at
time t0 with respect to the measurement basis. We consider
measurement of x̂ and expand Q(λ, t0) in terms of the Q
functions of the x̂ eigenstates [Definition (3), Sec. I B]. We
find the required form is obtained by writing the Q function
in terms of the Wigner function. The Q function of a state
|ψ〉 is the convolution of the Wigner function W (β ): Q(α) =
2
π

∫
W (β )e−2|α−β|2 d2β [115,116]. Using α = (x + ip)/2, we
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find

Q(λ, t0) = 1

2π

∫
W (λ0)e−(x−x0 )2/2e−(p−p0 )2/2dλ0, (4.6)

where λ ≡ (x, p), λ0 ≡ (x0, p0), dλ0 = dx0d p0 and W (λ0) is
the Wigner function of the state |ψ〉 at time t0. The convolu-
tion ensures the positivity of Q, given W can be negative. The
marginal Q(x, t0) = ∫

d pQ(λ, t0) is

Q(x, t0) = 1√
2π

∫
dx0W (x0)e−(x−x0 )2/2, (4.7)

which we can rewrite as

Q(x, t0) =
∫

dx0W (x0)Qx0 (x), (4.8)

where we note that Qxj (x) = e−(x−x j )2/2
√

2π
is the marginal in x

of the Q function Qxj (x, p) of the x eigenstate |x j〉 with
eigenvalue x j , given by Eq. (3.3) on putting σ 2

x = 1 as valid
for eigenstates of x̂ where r → ∞. Comparing Q(x) with
the marginal Qsup(x, 0) of Eq. (3.20), and using Result III.1
where we show interference terms I do not contribute to
final probabilities for x̂, we identify W (x0) as the probabilities
|c j |2 (taking the limit of a continuum of states |x j〉). Hence,
W (x0) is the probability density for an outcome x0 of x̂. This
gives consistency with the earlier Result III.1, which ignores
interference in the future boundary. In summary, we arrive at
the following two results:

Result IV.4: The future boundary condition is determined
by the marginal of the Wigner function of the state defined at
the time t0. The Q function Q(x, p, t0) represents the quantum
state |ψ〉 of the system at time t0. The marginal Q(x, t f ) =∫

d pQ(x, p, t f ) of the Q function Q(x, p, t f ) applies to the
state of the amplified system after interaction with Hamp, at
a time t f . Rewriting Q(x, t f ) in terms of the scaled variable
x0 = x/G that represents the measured outcome, we establish
from Result IV.3a that the resulting function Qsc(x0, t f ) gives
the probability distribution for the outcomes x0. Hence,

Qsc(x0, t f ) → W (x0) (4.9)

as G = egt f → ∞, where W (x0) is the marginal of the Wigner
function defined by (4.5). Hence, the marginal W (x) of the
Wigner function defined at the time t0 determines the future
boundary condition for x.

Result IV.5: Physical interpretation of the Wigner func-
tion: The simulation gives a physical interpretation of the
Wigner function. The quantum-optics relation (4.6) between
the Wigner and Q function can be derived from the simulation.

Proof. The Q function at time t0 is Q(x, p, t0) represents
the quantum state at time t0. The marginal W (x) of the Wigner
function corresponds to the marginal Qsc(x0, t f ) of the Q func-
tion of the amplified state, when rescaled so that the hidden
Gaussian noise is treated as indiscernible. The Wigner func-
tion determines the future boundary condition. The simulation
of the backward equation (2.12) proceeds by rewriting W (x0)
in terms of x′ = Gx0, where G = G(t f ) = egt f , to obtain the
rescaled distribution Wsc(x′), and convoluting with the hidden
Gaussian noise of variance σx = 1 that describes the input δx

FIG. 12. Macroscopic realism. Trajectories modeling the mea-
surement of x̂ on a macroscopic superposition |ψsup〉 of two
eigenstates of x̂, as in Fig. 9. The solid blue arrow pointing forward
in time denotes the causal relation x j → Gxj that amplifies the mean
of the Gaussian peaks in the Q function of |ψsup〉. This relation
is deterministic, and hence can be reversed, giving a retrodiction
Gxj → x j , indicated by the backward-pointing arrow. For the macro-
scopic superposition depicted, the amplitudes x(0) and x(t f ) of x
at the initial and final times are on the same branch, λ̃x . The value
of x(0) predetermines the outcome of x̂ (Results IV.6 and IV.7).
The amplification, as in x j → Gxj represents a macroscopic causal
relation (forward-pointing arrow).

[refer to Eq. (3.23)]. This is given by

Q(x, t f ) = 1√
2π

∫
dx′Wsc(x′)e−(x−x′ )2

/2 (4.10)

We have seen from the simulation of the backward equa-
tion (Figs. 8 and 9) that Q(x, t0) retains the same distribution
as Q(x, t f ) over the Gaussian terms e−(x−Gxj )2/2/

√
2π , except

that the means decay (x′ = Gx0 → x0) in the negative time
direction. Hence [since G(t ) = 1 at t0 implying Wsc(x′) =
W (x0)], we find from the simulation that

Q(x, t0) = 1√
2π

∫
dx0W (x0)e−(x−x0 )2/2. (4.11)

This explains the fundamental relation (4.6) used in quantum
optics, that gives the relationship between the Wigner and the
Q-function distributions. �

C. (Weak) macroscopic realism

Weak macroscopic realism is defined in Definition (6) of
Sec. I B. We summarize below, for application to the system
of Figs. 9 and 12, where there is a measurement of x̂.

Definition: Weak macroscopic realism (wMR). Consider
a system in a superposition of two macroscopically distinct
states ϕ1 and ϕ2 that are distinguished by a binary measure-
ment Ô. We assume that at a time t0, any operations U needed
to fix the measurement setting have been carried out. Weak
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macroscopic realism posits that the outcome of Ô is deter-
mined, at the time t0 [108,119].

In the simulation shown in Fig. 9, the macroscopically
distinct states are the eigenstates |x1〉 and | − x1〉, where
|x1| � 1. The binary-valued measurement Ô given by the sign
of the outcome of x̂ distinguishes these states. We refer to
the outcomes of Ô as +1 and −1. The premise of wMR
posits that the system at time t0 has a definite value for the
outcome (denoted by λ̃x) of the measurement Ô. That is, each
realization of the system can be regarded as either in a state
with λ̃x = 1 or in a state with λ̃x = −1.

Result IV.6: Weak macroscopic realism holds in the Q
model of reality: Premise wMR(1).

Proof. We consider the system described above and de-
picted in Fig. 12, which is prepared at time t0 in the
superposition |ψsup〉. There are two ways to carry out the
measurement of x̂ (and hence of Ô) on the system at time t0.

(1) The first is to directly detect the value x(t0) of x at time
t0, since this value is macroscopic by definition of the macro-
scopic superposition state, i.e., we take t0 ≡ t f . According to
the assumptions of the Q model of reality, the value of x(t f )
determines the measurement outcome. For the macroscopic
superposition, the x(t0) is associated with one or other branch,
which implies the outcome of x̂ is determined by the value
x(t0) at the time t0, prior to detection. Hence, wMR holds for
the macroscopic superposition state at time t0.

(2) The second way to measure x̂ is to further amplify the
system, by applying Hamp, as in Fig. 12, and to then detect
x(t f ) where t f > t0. According to the Q model of reality, the
macroscopic system is in one or other branch at time t0, as
indicated by x(t0). From the Figure, we note that the trajecto-
ries propagating (backward) from a given branch λ̃x at time t f

are at time t0 on the same branch. This follows from the de-
terministic relation x j → Gxj of the simulation [Eq. (3.15)],
which, being deterministic, can be reversed, so that Gxj → x j ,
and is hence indicated by the blue two-way arrow. Now, for
wMR to fail, we would require some instance where the value
x(t0) would not imply the outcome for x̂ as measured by the
detection of x(t f ). Since the branches are distinct at the time
t0, this can only happen if the branch of x(t0) is different
to that x(t f ), which appears to contradict the solutions of
Fig. 12 which for macroscopic states are consistent with the
relation x j ↔ Gxj . We conclude consistency with wMR but
the following Result IV.7 is needed for clarity. �

Result IV.7: Assumption of branch continuity. Consider the
system described by the macroscopic superposition |ψsup〉 at a
time tm (Fig. 12). According to the Q model of reality, the
system is, at time tm, in one or other of the branches λ̃x,
which we denote by λ̃x(tm). Suppose a unitary operation U =
e−iHampt/h̄ then takes place, with Hamiltonian Hamp. In quantum
mechanics, the initial state for the operation U is |ψsup〉 (both
branches). In the Q model, we define the assumption of branch
continuity in the macroscopic limit, that the initial state for
the operation U is given by the set of amplitudes of the
same branch, λ̃x(tm). This assumption allows consistency with
wMR in Result IV.6, part (2).

Proof. We prove that the assumption allows consistency
with wMR. Suppose for a system in a macroscopic superpo-
sition state |ψsup〉 at time t0 ≡ tm1, as in Fig. 12, we consider

successive N − 1 operations U that give further amplification,
to a time t f = Ntm. In the Q model of reality, the amplitude
x(t0) would give the outcome of x̂ if measured at time t0. For
the macroscopic superposition we see from Fig. 12 that an
individual system is on one or other branch. If we assume
branch continuity, then the individual macroscopic system
will remain on the same branch throughout the successive
applications. If there is a detection of x(t f ) indicating the
branch λ̃x(tm) corresponding to an eigenvalue x j at time t f ,
then this implies the system was on the same branch at the
earlier times (N − 1)tm, . . . , tm, which gives consistency with
wMR. �

Comment. In the assumption of branch continuity, the pre-
dictions for the probability of an outcome of x̂ are the same
as for the quantum state |ψsup〉. Consider the state at time
tm. We see from the Results IV.3a that in the Q model, the
probability for outcome x j is given by the probability density
of amplitudes x(t f ) at time t f , which gives |c j |2 as correct
for |ψsup〉. The prediction is based on the marginal Qsup(x, t f )
(Result III.1) which is not changed over the ensemble if we
apply the assumption.

For an analysis of EPR correlations (Secs. VI–IX), we
extend the assumption Result IV.7.

Result IV.8: Branch continuity for spacelike separated sys-
tems A and B stationary in a frame F. Suppose system A
has been amplified so that branches λ̃A

x of amplitudes xA(tmA)
emerge at time tmA. An operation U or interaction H then takes
place at B at time tm2 > tm1. An individual system A at time tmA

is associated with one or other branch, as determined by the
value xA(tmA). It is assumed that the branch for A is unchanged
by the operations or interactions at B. We give a justification
of this Result in Part II of the paper, based on the properties
of the bipartite Q function (refer to Results IX.2 and IX.3).

D. Postselected state

As part of analyzing the measurement problem, we seek
to understand the collapse of the wave function. With this
motivation, we evaluate the postselected state that is inferred
at the initial time t0, given a particular branch (with outcome
x j) at the later time t f [Fig. 13 and Definition (8a) of Sec. I B].

Definition: The distribution postselected on a given out-
come x j: The trajectories x(t ) for a given branch λ̃x (associated
with eigenvalue x j) can be tracked from time t f to time t0.
This defines a set {x(t )} of values of x at time t0, which we
symbolize by B j . Associated with this set for x is a distribution
for p(t0), as determined by the conditional distribution

Q0(p|x) = Q(x, p, t0)/Q(x, t0) (4.12)

evaluated from the Q function Q(x, p, t0) at t0 = 0. Here,
Q(x, t0) = ∫

d pQ(x, p, t0). This defines a set of coordinates
{x(t0), p(t0)} and an associated distribution

Qloop(x, p, t0|B j ) ≡ Q(x(t0), p(t0)|x(t0) ∈ B j )

≡ Qloop(x, p, t0|x j ). (4.13)

We define Qloop(x, p, t0|B j ) as the post-selected state or post-
selected distribution, inferred on the outcome x j .

Notation. Where it is clear that we restrict to the initial
time t0, and refer to the branch associated with eigenvalue
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FIG. 13. Measurement by amplification. Diagram of the mea-
surement of x̂ on a superposition of eigenstates |x1〉 and | − x1〉 of
x̂. The measurement proceeds at a time t0 with the interaction Hamp,
which amplifies x̂ by the factor G. The final stage of measurement
is the irreversible readout at time tR, which gives the detected value
x(t f ) as either Gx1 or −Gx1, discarding information about p̂. The
measured outcome for x̂ is x(t f )/G, implying outcomes of either
x1 or −x1. The solid black arrows show the conditioning on the
outcome x1, to infer |x1〉 for the macroscopic superposition at time t f .
However, tracing the trajectories back to the initial time t0 (reverse
dashed arrows) the postselected state carries a contribution due to
interference (denoted Int+), as evident by the fringes in Fig. 14.

x j , we abbreviate to write Qloop(x, p, t0|B j ) ≡ Qloop(x, p|x j ),
or else Q0(x, p|x j ). Since the branch is symbolized by λ̃x,
with values λ̃x ∈ {x j}, we sometimes write Qloop(x, p|x j ) ≡
Qloop(x, p|̃λx ).

Result IV.9: The postselected state is not equivalent to
the eigenstate associated with the outcome. The postselected
distribution Qloop(x, p, t0|x j ) for a superposition |ψsup〉 =∑

k ck|xk〉 of eigenstates |xk〉 of x̂ (where c j 	= 0) contains
a sinusoidal term. Hence, the postselected state is not the
eigenstate |x j〉.

Proof. We prove by evaluating the postselected distribu-
tion for |ψsup〉 = c1|x1〉 + c2|x2〉 of Eq. (3.7), where we take
c1 to be real and positive, and write c2 = |c2|eiϕ . We trace
the trajectories of x(t ) from time t f to t0, for each x(t f ) that
is on the branch with eigenvalue x j . The superposition has
just two branches (Fig. 8). We take x2 = −x1 and x1 > 0. For
sufficiently large gt , each x(t f ) is either positive or negative,
associated with the outcome x1 or −x1, which we denote by
+ or −. We first consider just one branch, B j (of eigenvalue
x j). The simulation starts at the future boundary. At time t f ,
the distribution of the values x(t ) of the branch B j is given as
e−(x−e

gt f x j )2/2
√

2π
(t0 < t < t f ). The distribution of B j at time t0 is

Qj (x) = e−(x−x j )2/2
√

2π
. It is convenient to denote B1 and B2 by B+

and B−, respectively.
At time t0, there is a connection of the values B+ with a set

of values for p determined by Q0(p|x) [Eq. (4.12)]. Denoting

the distribution of the branch B± at t0 by Q±(x) = e−(x∓x1 )2/2√
2π

,
we find [using Eq. (4.13)]

Qloop(x, p, t0|x ∈ B±) = Q±(x)Q0(p|x). (4.14)

FIG. 14. Postselected state. The postselected distribution
Qloop(x, p, t0|x1) at time t0 = 0, given the branch x1 at time t f , for
the state |ψsup〉 of Eq. (3.7) considered in Fig. 8, where x1 = 1. In
practice, we trace back the trajectories x(t ) with a positive value for
x(t f ).

Calculation gives

Q0(p|x) = N
e−p2/2σ 2

p

√
2πσp

(
1 + 2|c1c2|e−x2/2e−x2

1/2 F
SG

)

→ N
e−p2/2σ 2

p

√
2πσp

(
1 + F

cosh (xx1)

)
, (4.15)

where Q(x, p, t0) is given by Eq. (3.8), Q(x, 0) is given by
Eq. (3.20), and

F = (cos ϕ) cos (x1 p) − (sin ϕ) sin (x1 p) (4.16)

is given by Eq. (3.10). The sinusoidal function F depends on
p but not x, and is independent of the branch. Also, SG =√

2π [|c1|2Q+(x) + |c2|2Q−(x)] and N is a normalization fac-
tor; NB: N → 1 as r → ∞ for (3.8)]. Fringes are evident,
becoming finer for large x1 (when the superposition is macro-
scopic) and also increasingly damped, provided x 	= 0. The
last line of Eq. (4.15) gives the special case where |c1| = |c2|.

From (4.14), the postselected distribution is

Qloop(x, p, t0| ± x1) = N[Q(±x1) + Int±], (4.17)

where we take |c1| = |c2| for simplicity. Here Q(±x1) =
e−p2/2σ2

p

2πσxσp
e−(x∓x1 )2/2 is the Q function of the eigenstates | ± x1〉,

and

Int± = e−p2/2σ 2
p

2πσxσp
2e−x2/2σ 2

x e−x2
1/2σ 2

x
F

[1 + Q∓(x)/Q±(x)]

= e−p2/2σ 2
p

2πσxσp
2e−x2/2σ 2

x e−x2
1/2σ 2

x
F

(1 + e∓2x1x )
. (4.18)

We confirm the Result IV.9: For example, Qloop(x, p, t0|x1),
which is conditioned on the positive branch, includes a contri-
bution from the bivariate Gaussian Q(x1) with positive mean,
as well as a sinusoidal term Int+ (Figs. 13 and 14). �

A plot of the distribution as evaluated numerically for the
state |ψsup〉 of Eq. (3.7) is presented in Fig. 14. The fringe
pattern arising from F is evident. The fringe distribution is
independent of the outcome (whether x1 or −x1) because the
conditional Q0(p|x) is independent of sign of x. The marginal
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FIG. 15. Uncertainty product for the postselected distribution.
We plot the uncertainty product 
x̂
 p̂ associated with the postse-
lected distribution Qloop(x, p, t0|x1) conditioned on the outcome x1

for x̂, for the state |ψsup〉 of Fig. 14. Here, t0 = 0. Here, 
x and

p correspond to the observed uncertainties if Qloop(x, p, t0|x1) were
the Q function of a quantum state (we drop the operator hats in

x̂ and 
 p̂ and write 
x̂
 p̂ = 
x
p for convenience). The upper
dashed-dotted line is for the superposition |ψsup〉 of two eigenstates
of x̂, with r = 2. The dashed line is for |ψsup(r)〉 with r = 1. The
solid line is for r = 0. In each case, gt = 4. The two parallel lines
indicate the upper and lower error bounds from sampling errors, with
1.2 × 107 trajectories.

of the distribution hence corresponds to that given by Fig. 10
at time t = 0.

Comment. The fringes decay as the separation between the
eigenstates is larger, so that |x1| � 1. Hence, Qloop(x, p, t0|x1)
becomes the Q function of the eigenstate |x j〉 in the limit of a
macroscopic superposition.

Result IV.10: The postselected state does not (generally)
correspond to a quantum state. The distribution Qloop(x, p|x j )
at the time t0, associated with the branch x j , is not equivalent
to the Q function of any quantum state. Hence, the postse-
lected state is not a quantum state.

Proof. Let us assume Qloop(x, p, t0|x1) to be the Q function
of a quantum state |ψ〉. The measured variances for x̂ and
p̂ are (
x̂)2 = σ 2

x,+(0) − 1 and (
p̂)2 = σ 2
p,+(0) − 1, where

σ 2
x,+ ≡ σ 2

x,+(0) and σ 2
p,+ ≡ σ 2

p,+(0) are the variances of x and
p as given by Qloop(x, p, t0|x1) (refer to Sec. II). The variance
product 
x̂
p̂ is given in Fig. 15 versus x1 (the separation
between the states of the superposition) for large gt . From
Fig. 15, see that 
x̂
p̂ < 1 for all x1 (and α0) (although

x̂
p̂ → 1 as |x1| → ∞). A contradiction is obtained with
the Heisenberg uncertainty relation 
x̂
p̂ � 1. Hence, the
distribution Qloop(x, p, t0|x1) is not a Q function and cannot
represent a quantum state. �

In summary, the postselected distribution Qloop(x, p, t0|x1)
does not reflect a quantum state |ψ〉. The variables x and
p are hence “hidden variables.” This is depicted in Fig. 4,
with reference to the Schrödinger-cat paradox. The simulation
shows how macroscopic realism can be consistent with quan-
tum mechanics for the system in a macroscopic superposition.

FIG. 16. Connected trajectories forming a hidden loop. The tra-
jectories x(t ) of one branch for x̂ can be traced backward in time
to the initial time t0 = 0 (left figure), where they couple to certain
forward-going trajectories for p (right figure). Plots are for the sys-
tem prepared in a superposition |ψsup〉 of eigenstates |x1〉 and | − x1〉
of x̂ as in Fig. 9, conditioned on an outcome x1 for measurement
of x̂, with x1 = 8 and gt f = 2. The resulting distribution for p is
independent of the branch-value, whether x1 or −x1.

Yet, the postselected state for the macroscopic superposition
is not a quantum state, which highlights the argument for
the incompleteness of quantum mechanics, as put forward
by Schrödinger [102]. However, the uncertainty product ap-
proaches 1 with increasing separation |x1| of the eigenstates
(Fig. 15), where one has a true macroscopic superposition—a
“cat state.”

E. Hidden loop

At the initial time t0, there is a link between the backward
trajectories x(t ) of one branch and those going forward in time
for the complementary observable p. The link is determined
by the conditional distribution Q0(p|x) [Eq. (4.12)]. This
enables definition of the joint distribution Qloop(x, p, t |x j )
throughout the evolution, which is used to confirm causal
consistency (refer to Secs. V B and IX C and Appendices B
and H).

Definition: Hidden loop. For the set of values of x(t f ) at the
time t f on a given branch with outcome x j , we have defined
the set {x(t0)} at the initial time t0, found by tracing the back-
ward trajectories x(t ). The set {x(t0)} is denoted B j . The B j

defines a set of connected forward-going p trajectories, found
by propagating each p(t0) at time t0 = 0 from the sample gen-
erated by Q0(p|x), where x ∈ {x(t0)}, back to the future time
t f . We define the sets of variables {x(t f ), x(t0), p(t0), p(t f )}
and all intermediate values on the trajectories. We refer to
such a set of trajectories as a loop. The distribution of the am-
plitudes {x(t ), p(t )} at a given time t (t0 � t � t f ) is denoted

Qloop(x, p, t |x ∈ B j ). (4.19)

Such a set of trajectories is plotted in Fig. 16. The definition
is summarized as Definition 9(a) in Sec. I B.

Comment. The term hidden is used because the loop arises
from a distribution such as Qloop(x, p, t0|x j ) which cannot
correspond to a quantum state |ψ〉 (Result IV.10, Fig. 4). The
loop involves the unobserved variables δx and the deamplified
p. We note the term “hidden causal loop” might also be
used [97]. However, we avoid this term, because there is no
backward information transfer of the value x j . The input at
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time t f is the stochastic noise, while the observed value egt x j

is governed by the (causal) deterministic relation x j → egt x j .
Result IV.11: The coupling of the p trajectories with those

for x is determined by Q(p|x), which is independent of the
sign of x and is not sensitive to the outcome x j . This is evident
in Fig. 16 which plots trajectories of p conditioned on the
outcome x1. The distribution of trajectories for p is the same
for both branches x1 and −x1, and is hence given by Fig. 9
(lower panel).

Result IV.12: Hidden loops occur for superpositions, not
classical mixtures. The conditional distribution Q0(p|x) for
the mixture ρmix (3.11) of eigenstates of |x j〉 is given by

Q0(p|x) = e−p2/2σ 2
p

σp

√
2π

= Q(p), (4.20)

which implies complete independence of the trajectories for x
and p. There is no interference term I, and the Q0(p|x) factor-
izes. Hence, the hidden loop occurs only for the superposition
(not mixtures) of eigenstates |x j〉.

F. Hidden variable models

We have seen how the amplitudes x and p themselves do
not give a complete description (Result IV.2). Hidden variable
(HV) models can be deduced from the simulation, however,
which is useful in developing a causal model for measurement
(Sec. V) and for justifying weak local realism [Definition
(10a)]. Consider the system in the superposition |ψsup〉 of
eigenstates |x j〉 of x̂, as in Eq. (3.7). The system is prepared
with respect to the measurement basis x̂ at the time t0.

Result IV.13a: Hidden variable model Psup. A hidden vari-
able model Psup exists such that for any given amplitudes x
and p at time t0, there is a definite probability P(x j |x, p) of an
outcome x j of the measurement x̂.

Proof. The Q function of |ψsup〉 is Qsup(x, p, t0) of
Eq. (3.8). We take x1 = −x2 > 0. From postselection, we can
determine the distributions Qloop(x, p, t0| ± x1), since there is
a well-defined set of x and p at the time t0, given the branch
x1 or −x1. Using that for events A and B, the conditional
probabilities satisfy

P(A|B) = P(A ∪ B)

P(B)
= P(B|A)P(A)

P(B)
, (4.21)

it follows that

P(±x1|x, p) = Qloop(x, p, t0| ± x1)P(±)

Qsup(x, p, t0)
, (4.22)

which can be evaluated from the simulation, where P(+)
and P(−) are the respective probabilities of the positive
and negative outcomes. Using (4.14) and that Q(p|x) =
Qsup(x, p, t0)/Qsup(x, t0), where from (3.20) we see that
because we consider superpositions of eigenstates of x̂
Qsup(x, t0) = [Q+(x) + Q−(x)]/2, we find

P(±x1|x, p) = Q±(x)

Q+(x) + Q−(x)
, (4.23)

where Q±(x) = e−(x∓x1 )2/2√
2π

. Hence, P(x1|x, p) + P(−x1|x, p) =
1, as required. We note the distribution is derived accounting

for interference, but the final result is the same as that obtained
for the mixed state ρmix. �

Result IV.13b: (Deterministic) Hidden variable modelPdet.
There is another interpretation possible from the postse-
lected states (4.17) as derived for the superposition state
|ψsup〉 = c1|x1〉 + c2|x2〉 of Eq. (3.7). Here, we take for sim-
plicity c1 to be real and positive, c2 = |c2|eiϕ , |c1| = |c2| and
x2 = −x1.

It can be posited that the system prior to measurement is in
a probabilistic mixture of the postselected states, i.e., is either
in the state with distribution Qloop(x, p, t0| + x1) with proba-
bility 1/2, or in the state with distribution Qloop(x, p, t0| − x1)
with probability 1/2. Defining Int = Int+ + Int−, we see

that Int = N e−p2/2σ2
p

2πσxσp
2e−x2/2σ 2

x e−x2
1/2σ 2

x F where F is given by
(4.16). Hence, since

Qsup(x, p, t0) = Q(x1)

2
+ Q(−x1)

2
+ Int

2
, (4.24)

the probability distribution for the mixture of postselected
states is indeed given by the Q function Qsup(x, p, t0), as
required for the proposed model.

In the model, we note that for a system that could be de-
scribed as being in the state Qloop(x, p, t0| + x1), the marginal
Qloop(x, t0|x1) = ∫

d pQloop(x, t0|x1) in x is

N
∫

d p[Q(x1) + Int+].

Applying the techniques of Eqs. (3.18) and (3.19) in Sec. III,
we see that the contribution due to Int+ will vanish. Hence,
the marginal Qloop(x, t0|x1) is as for the eigenstate |x1〉. Simi-
larly, the marginal in x for the state Qloop(x, p, t0| − x1) is as
for the eigenstate | − x1〉. In the proposed model, we make the
assumption that the backward stochastic equation (2.12) ap-
plies to describe the measurement of x̂ on the system, which is
in the state given by either Qloop(x, t0|x1) or Qloop(x, t0| − x1)
at the time t0. Then, the conclusion is that the state
Qloop(x, p, t0|x1) will always give the outcome x1; and the
state Qloop(x, p, t0| − x1) will always give the outcome −x1.
Hence, the system is at time t0 in a state with a predetermined
outcome for x̂, meaning either definitely x1 or definitely −x1.
For this reason, we refer to the model as “deterministic.”

G. Weak local realism (wLR)

The concept of weak macroscopic realism (wMR) intro-
duced in Result IV.6 can be generalized to weak local realism,
as given by Definition (10a) in Sec. I B. Consider measure-
ment of x̂ on a system at time t0 (Fig. 13). The system is
prepared with respect to the measurement basis x̂ at t0, mean-
ing that the operations U that fix the measurement settings
[i.e., the sign of g in Hamp; Eq. (2.2)] have been performed.

Result IV.14: Weak local realism: Premise wLR(1). The
Q-based model of reality is consistent with the assumption of
weak local realism (wLR). There are two versions of wLR,
deterministic and probabilistic [refer to Definition (10) in
Sec. I B]. The first assumes a deterministic hidden variable
(HV) model: there is a predetermination of the outcome of x̂
at the time t0 (after settings are fixed). The second assumes a
probabilistic HV model: hidden variables exist for the system
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FIG. 17. Causal model for quantum measurement. Diagram of
the model inferred from the simulation of measurement x̂ on a su-
perposition |ψsup〉 of eigenstates |x j〉 of x̂. The relation x j → Gxj

(blue line) is deterministic and causal. Branches emerge after suf-
ficient amplification when the system is macroscopic, at a time tm,
as depicted by the value λ̃x that determines the outcome of the
measurement x̂ (Figs. 8 and 9). The retrocausality present in the
model is embodied in the noise input δx(t f ) ≡ η(t f ), generated at
the future boundary t f . The properties of the input δx(t f ) ≡ η(t f )
at time t f are independent of the value t f and of the eigenvalue x j ,
and similarly for ξx , which is determined by Hamp. Furthermore, the
properties of the stochastic term δx(t ) remain unchanged with time
t . A hidden loop (orange dashed lines) is present for superpositions
|ψsup〉, but not mixtures, of |x j〉. The value x j can be inferred from
Gxj (depicted by the two-way blue arrow).

at the time t0 (after settings are fixed), which imply definite
probabilities for outcomes of x̂.

Justification. In the Q-based simulation and model, the
means x j of the Gaussian functions in Q(x, p, t ) are amplified
to Gxj [refer to Eqs. (3.8) and (3.14)]. The interference terms
and directly implies the premise wLR(1). Hence, the proba-
bility of an outcome x j of x̂ for the system, when prepared
with respect to the measurement basis, is the same as for the
mixture, ρmix, defined by Eq. (3.11). For the mixture, the sys-
tem can be viewed as being (with probability |c j |2) in a state
with a definite outcome x j . Hence, a deterministic HV model
for the observed probabilities exists. Similarly, the HV model
given by Result IV.13b is a deterministic HV model deduced
from the simulation, which accounts for the interference terms
and directly implies the premise wLR(1).

Alternatively, the probabilistic HV model Psup can be de-
veloped from the simulation (Result IV.13a). At time t0, the
system is in an HV state given by variables λ ≡ (x, p), with a
probability density function Q(λ, t0). For a given set of values
λ, there is defined a probability P(x j |x, p) for an outcome x j ,
as given by Eqs. (4.22) and (4.23). �

V. CAUSAL MODEL FOR MEASUREMENT, CAUSAL
CONSISTENCY, AND THE MEASUREMENT PROBLEM

The simulations involve classical-like amplitudes x and p
and individual realizations, and hence we can identify “cause
and effect” relations for quantum measurement, referred to as
a “causal model.” A causal model is constructed based on the
procedure of the simulation (Sec. III), as depicted in Fig. 17.
This elucidates why retrocausality, defined as the future

affecting the past (as in a transfer of information backward in
time), is not present despite the use of future boundary condi-
tions. The causal model also explains how causal consistency
is achieved, and why there are no grandfather paradoxes.

A. Causal model

A causal model is deduced to explain quantum measure-
ment. We denote the measurement by X̂ , where X̂ is either
x̂ or p̂ or x̂θ = x̂ cos θ + p̂ sin θ . The model parameters are
the measurement setting θ , and the variables that describe
the state of the system, at the initial time t = 0 and at the
final time t = t f , as well as the noise inputs ξ1(t ) and ξ2(t )
defined by (2.12) and (2.11), and the noise input δx(t f ) ≡ η(t )
defined by the future boundary condition (3.23) at time t f .
Where we measure x̂, the notation implies ξ1(t ) ≡ ξx(t ) and
ξ2(t ) ≡ ξp(t ).

In the simulation, the setting θ is in principle adjustable, as
in the Hamiltonian (4.3). Experimentally, this corresponds to
a unitary operation Uθ = e−iHθ t/h̄ where Hθ induces a phase
shift. In the analysis below (Fig. 17), we assume that at time
t0, the operation Uθ has been carried out so that g > 0, and the
measurement is to be of x̂.

Prepare with respect to the measurement basis. The system
variables at time t0 = 0 are x and p, with a distribution given
by the Q function Q(x, p, t0). The Q function for a state of the
system is unique but can be written as a superposition of the
eigenstates |xθ j〉 of x̂θ , for any choice of θ . In an experiment,
at the time t0 after the operation Uθ where we choose θ = 0,
we assume that the system is prepared for the amplification
Hamp (with g > 0) to finalize a measurement of x̂.

Assumption (1). It is assumed as part of the Q model that
the physical state for the system at the time t0, after the settings
are determined, is given by the Q function written with respect
to the coordinates of the measurement basis, meaning in this
case that Q is expanded in terms of the Q function of the
eigenstates |x j〉 of x̂ [as in Eq (3.8)]. Denoting the Gaussian

with mean x̄ and variance σ by G(x̄, σ ) = e−(x−x̄)2/2σ2

√
2πσ

, the Q

function Q(x, p, t0) for the superposition |ψsup〉 = ∑
j c j |x j〉

is the sum of terms involving the Gaussians G(x j, σx ) asso-
ciated with each eigenstate |x j〉, where σx = 1, plus hidden
interference terms Int .

Assumption (2). The simplest causal model is based on the
procedure of the simulation (Sec. III) and the models Psup

and Pdet (Result IV.13). The state of the system at the time t0
is identified by x and p, along with one of the mean values,
x j . Model Psup identifies a distribution P(x j |x, p) for each x
and p.

Future boundary condition. The simulation begins with the
future boundary condition of the backward equation (2.12).
The boundary condition is a probabilistic mixture of Gaus-
sians G(Gxj, σx ) with σx = 1 and an amplified mean Gxj , with
relative probabilities |c j |2 (Result III.1), which is identical to
that of a mixed state

ρmix = |c1|2|x1〉〈x1| + |c2|2| − x1〉〈−x1|. (5.1)

Each individual trajectory (or run) is specified by a value of
x j , the value being one of the set of eigenvalues {x j} of the
measurement x̂. The relative weighting for x j in the simula-
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tions is determined by the probability amplitudes, as in (5.1).
The future boundary condition at time t f includes the input
fluctuation δx(t f ), which we depict by the stochastic symbol
η(t f ) in the figures, and is not measured the amplification
Hamp. The value of δx(t f ) is sampled using a random Gaussian
function G(0, 1) with mean 0 and variance σ 2

x = 1 at time
t f (refer to the procedure of the simulation, Sec. III). The
backward equation (2.12) involves the noise inputs ξx(t ), as
well as the decay. Remarkably, there is no change to the
properties of the fluctuations δx(t f ) as the amplitudes evolve
according to Eq. (2.12).

Causal deterministic relation. The future boundary con-
dition is hence determined by an initial condition at time t0,
which probabilistically specifies the value x j [according to
(5.1)]. More generally, where the eigenvalues x j form a con-
tinuous set, we denote the set of outcomes by the continuous
variable x0. The future boundary condition is then determined
by the marginal W (x0) of the Wigner function W (x0, p0)
(Results IV.4 and IV.5). W (x0) is the probability distribution
for possible outcomes forming a continuous set {x0}, which in
Fig. 17 is symbolized by the set {x j}. The amplification of the
value x j is given as a deterministic causal relation

x j → Gxj, (5.2)

where by causal we mean forward in time. This causal de-
terministic relation is represented by the blue forward-going
solid arrow in Fig. 9. This is also justified, based on the models
Psup and Pdet (Results IV.13a and IV.13b): for any x, p, a
value x j can be selected for the initial state at time t0, with
probability P(x j |x, p). We have noted that being deterministic,
the relation x j → Gxj gives a retrodictive, backward relation,
Gxj → x j . This is depicted by the solid blue two-way arrows
in Fig. 17.

Stochastic retrocausality and hidden loops. We express the
amplitude as x(t ) = x j (t ) + δx(t ), where x j (t ) satisfies the
causal deterministic equation

dx j (t )

dt
= gx j (t ). (5.3)

with boundary condition x j (0) = x j , and solution x j (t ) =
x j (0)egt (solid blue line in Fig. 17). The exponential ampli-
fication with respect to t is evident in the trajectories for x
plotted in Figs. 6–9.

The retrocausality of the process is embodied stochas-
tically, in the noise term δx(t ) [Eq. (3.24)]. The noise δx
satisfies the stochastic equation

d[δx(t )]

dt−
= −gδx(t ) + ξx(t ), (5.4)

with input δx(t f ) given as a Gaussian G(0, 1), at the vacuum
level. This is depicted by the orange reversed dashed arrows
in Fig. 17. We have seen in Sec. III that δx(t f ) is added to the
mean macroscopic value x j (t ) in a way that is independent
of the final time t f , and independent of the branch value x j .
Solutions for δx alone are given in Fig. 11. Similarly, the
properties of the noise ξx do not depend on t f or x j .

The stochastic behavior is also independent of the setting
θ , i.e., whether x̂ or p̂ is measured. In considering the mea-
surement of p̂ where θ = −π/2 [Eq. (4.3)], we would solve

for trajectories p(t ) = pj (t ) + δp(t ), where pj satisfies

d p j (t )

dt
= gp j (t ), (5.5)

and the δp(t ) satisfies

d[δp(t )]

dt−
= −gδp(t ) + ξp(t ), (5.6)

with input δp(t f ) given as a Gaussian G(0, 1), at the vacuum
level. The δp(t ) has the same initial condition δp(t f ) and
trajectory equations as δx(t ).

The hidden loop for measurement of x̂ is depicted in
Fig. 17 and is based on the conditional distribution Q0(p|x)
[Eq. (4.12)], which is determined from the initial Q function
Q(x, p, t0). The value of x(t0) is given as x j + δx(t0). The
joint distribution for {x(t0), p(t0)} is given by Qloop(x, p, t0|x j )
[Eq. (4.13)] as in Fig. 2. The values p(t0) propagate forward
in time according to (2.11), depicted by the orange dashed
arrows in the forward-time direction. Since they are at the hid-
den vacuum level at time t f , both p and δx are unobservable.

In summary, although retrocausality is present in terms
of Eqs. (2.12) for x(t ), the causal model for the measure-
ment shows that this reflects only in the way the backward
equation is solved, at a microscopic stochastic level. There is
no genuine retrocausality in the sense of a backward-in-time
transfer of information about the outcome x j or the setting θ ,
whether x̂ or p̂. The trajectory for δx has a stochastic solution
involving the noise ξx, but the noise inputs δx(t f ) and ξx do
not depend on x j (t ) or the setting θ .

B. Causal consistency and causality at a macroscopic level

The Q function, which represents the quantum state
|ψ (t )〉 = e−iHampt/h̄, evolves causally, forward in time. The
causal model must explain how consistency is achieved be-
tween the causal evolution of the Q function and the intrinsic
retrocausality implicit in the forward-backward stochastic dy-
namics.

Definition: Causal consistency. We demonstrate the causal
consistency of the measurement model by showing that the
joint distribution for x(t ) and p(t ) at a given time t (t0 < t <

t f ), as provided by the hidden loops averaged over all branches
B j , is equivalent to the Q function Q(x, p, t ) at the time t .
This must be true for all choices of t f (the time of the future
boundary). The test of causal consistency is depicted in Fig. 3.

Result V.1: Causal consistency of the Q model. The Q-
based model of reality is causally consistent.

Proof. Verification that the numerical solutions from the
simulations are causally consistent is given in Appendix B.
Here, we prove this analytically.

The simulation for the state
∑

j c j |x j〉 begins at the future
boundary at time t f , with a value x(t ) emanating from a
particular branch B j (associated with the eigenvalue x j), with
probability |c j |2. For each branch, the distribution of x(t f )

is given by the Gaussian e−(x−Gx j )2/2
√

2π
where G = egt f . We first

consider just one branch, x j . At time t , the distribution is
e−(x−G(t )x j )2/2

√
2π

(t0 < t < t f ) where G(t ) = egt . The distribution at

time t0 = 0 is Qj (x) = e−(x−x j )2/2
√

2π
, a set of values for x that we

012210-23



M. D. REID AND P. D. DRUMMOND PHYSICAL REVIEW A 113, 012210 (2026)

denote by B j . At time t0, there is a connection with a set of
values for p determined by Q0(p|x) [Eq. (4.12)]. For simplic-
ity, in this paper, we consider the superposition of |x1〉 and
|x2〉 where there are just two branches, and take |c1| = |c2|,
c2 = |c2|eiϕ , and x2 = −x1 with x1 > 0, and denote the two
branches by B±. Following on from Eq. (4.17) of the proof of
Result IV.9, denoting the distribution of the branch B± at t0
by Q±(x) = e−(x∓x1 )2/2√

2π
, we consider the branch with eigenvalue

x j = ±x1, and find
Qloop(x, p, t0|x ∈ B±) = Q±(x)Q0(p|x), (5.7)

where Q0(p|x) is given by Eq. (4.15).
Continuing, we examine the forward evolution of the dis-

tribution of the p amplitudes. The forward and backward
equations are separable, so that trajectories for p propagate
independently of those for x. The marginal of p is Qsup(p, t ) =∫

dxQsup(x, p, t ) where Qsup(x, p, t ) is given by Eq. (3.14).
We find

Qsup(p, t ) = N0
e−p2/2σ 2

p (t )

√
2πσp(t )

(
1 + e−G(t )2x2

1F (t )
)
, (5.8)

where

F (t ) = (cos ϕ) cos [pG(t )x1] − (sin ϕ) sin [pG(t )x1],

G(t ) = egt , σ 2
p (t ) = 1 + [σ 2

p (0) − 1]/G(t )2, and N0 is a nor-
malization factor. The distribution is evaluated from the
trajectories of p as shown in Figs. 8 and 9, and, notably, is
independent of the branch, whether B+ or B−.

The joint densities for x(t ) and p(t ) at a given time t0 �
t � t f can now be evaluated for each branch, by examining
the distribution Qloop(x, p, t |x ∈ B±), as in Eq. (4.19), which
is the evolution of (5.7) (refer to Fig. 3). The value of x1 is
deterministically amplified to G(t )x1 as the system evolves
from the time t0, so that

Q±(x) → QG±(x) = e−(x∓G(t )x1 )2/2

√
2π

. (5.9)

Hence, denoting Qloop(x, p, t |x ∈ B±) by Qloop±(x, p, t )
for simplicity of notation, we find Qloop±(x, p, t ) =
Nt QG±(x)Qt (p|x) where Qt (p|x) = Q(x, p, t )/Q(x, t ) is
the conditional of the evolved Q function at time t , and
[noting Eq. (3.14)] is obtained from Q0(p|x) of Eq. (4.15) by
replacing F → F (t ), x1 → Gx1, σp → σp(t ). Hence,

Qloop±(x, p, t ) = Nt QG±(x)
e−p2/2σ 2

p (t )

√
2πσp(t )

×
(

1 + F (t )

cosh (xG(t )x1)

)
, (5.10)

where Nt is a normalization factor. The Q function
Qsup(x, p, t ) for the state |ψsup(t )〉 = e−iHampt/h̄ at time t cor-
responds to the joint density given as the average of that for
the branches. Hence

Qsup(x, p, t ) = Nt
e−p2/2σ 2

p (t )

2
√

2πσp(t )

(
QG+(x) + QG−(x)

+{QG+(x) + QG−(x)} F (t )

cosh (xG(t )x1)

)
,

(5.11)

which [on noting that σx(t ) = 1], reduces to the Q function
Qsup(x, p, t ) given by Eq. (3.14), as required. We note the
proof follows because of the independence of the forward-
distribution for p on the branch, and because of the simple
deterministic relation x j → Gxj for amplification. The proof
for a superposition with more branches follows along the same
lines. �

Several related Results for the Q model of reality apply.
Result V.2a: Causality for macroscopic variables: No

retrocausality at a macroscopic level. As the system am-
plifies, the superposition

∑
j c j |x j〉 becomes a macroscopic

superposition
∑

j e−iHampt/h̄|x j〉 of amplified states [Eq. (3.13)
and Fig. 8]. The x(t ) becomes macroscopic and associated
with one of the branches λ̃x, for which the outcome of the
measurement x̂ is specified, as one of the eigenvalues x j ,
consistent with the premise of weak macroscopic realism
(Result IV.6). The causal relation is that the value λ̃x deter-
mines the measurement outcome subsequently, if there is to
be a final detection, assuming there is no change of settings
(Result IV.6). The branch-value λ̃x is not changed retro-
causally by the future boundary condition.

For such a macroscopic system, the deterministic relation
x j → Gxj applies fully to macroscopic variables x(t ), since
for the macroscopic superposition, the x j are macroscopically
distinct at the initial time t0. Hence, we obtain causal relations
at the level of macroscopic amplitudes x j . This is illustrated in
Fig. 12, where the system is in a macroscopic superposition at
time t0. Each branch (symbolized by λ̃x) is distinct throughout
the evolution, and shows exponential amplification forward in
time (solid blue arrow in Fig. 9). �

We extend this Result in Secs. VII and IX to include that
the model is consistent with no-signaling.

Result V.2b: No grandfather paradoxes. The causal model
explains why there is no grandfather-type paradox arising
from the solutions. The grandfather paradox is where the
state of a system at time t is apparently affected by a future
event. If we define the state of the system as being deter-
mined by Q(x, p, t ), then we have verified causal consistency
(Result V.1), that Q(x, p, t ) is not changed by the future
boundary condition. If we define the state of the system by the
variable λ̃x that denotes the branch for a physical observable
x̂, and hence defines a measurable physical property for the
system, then we have verified (Result V.2a) that this value is
not changed retrocausally.

C. Measurement problem

The solutions of this paper give a model for measurement,
contributing an explanation of the measurement postulates. In
the Q model, amplification plays the key role in the quantum-
to-classical transition. From Result III.1 (Sec. III), we see
that amplification attenuates the interference terms that distin-
guish the superposition from a mixed state. The macroscopic
properties λ̃x (given by the branches) emerge as the system
is amplified and the inferred outcome x(t f )/G is one of the
eigenvalues x j . Born’s rule is derived in Sec. IV B.

Amplification also contributes to an explanation of the
collapse of the wave-function. As the system is amplified, the
superposition |ψsup〉 evolves into a macroscopic superposition
(Fig. 8). The results from Sec. IV D (Fig. 15) show that for a
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macroscopic superposition, the postselected state conditioned
on the branch with outcome x j approaches the eigenstate |x j〉.

However, the amplification Hamp that creates the macro-
scopic superposition state is a reversible process. The
complete collapse to the eigenstate must occur when the pro-
cess is not reversible. We see that this corresponds to when
information about the complementary variable p is removed
at the final detection (Fig. 13). In the calculations (Sec. IV D),
this corresponds to averaging the distribution Qloop(x, p, t0|x j )
for the inferred state (given an outcome x j) over p. A better
model of the collapse allows for a coupling to a meter [109].
A model for projection (and the collapse of the wave function)
when a measurement is made on a system B by a meter A is
given in Sec. IX.

VI. CONTINUOUS-VARIABLE EPR ENTANGLEMENT

The stochastic equations can be applied to treat bipartite
systems. In this section, we examine EPR entanglement as
detected using measurements of x̂ and p̂.

Einstein, Podolsky, and Rosen (EPR) presented an argu-
ment for the completion of quantum mechanics in 1935 [139].
The argument can be realized for two separated field modes
A and B [140,141]. Two modes prepared in a two-mode
squeezed state

|ψepr〉 = (1 − η2)1/2
∞∑

n=0

tanhn r2 |n〉A|n〉B (6.1)

at time t0 = 0 possess EPR correlations. Here η = tanh r2

where r2 is the two-mode squeeze parameter, and |n〉A/B are
number states. boson operators â, b̂ and quadrature phase
amplitudes x̂A, p̂A, x̂B and p̂B are defined for each mode, where
x̂A = â + â†, x̂B = b̂ + b̂†, p̂A = (â − â†)/i, p̂B = (b̂ − b̂†)/i.

The Q function for the two-mode quantum state |ψ〉 is
defined as Q(α, β ) = 1

π2 |〈α|〈β|ψ〉|2 where |α〉 and |β〉 are
coherent states of modes A and B, respectively. Introducing
real coordinates xA = α + α∗, pA = (α − α∗)/i, xB = β +
β∗, pB = (β − β∗)/i, the Q function of |ψepr〉 is

Qepr (λ, t0) = (1 − η2)

16π2
e− 1

8 (xA−xB )2(1+η)e− 1
8 (pA+pB )2(1+η)

× e− 1
8 (xA+xB )2(1−η)e− 1

8 (pA−pB )2(1−η), (6.2)

where λ = (xA, xB, pA, pB). As r2 → ∞, |ψepr〉 is an eigen-
state of x̂− = x̂A − x̂B and p̂+ = p̂A + p̂B, giving a realization
of the EPR paradox [141].

Following Sec. II, a measurement of x̂A or p̂A is modeled
as a direct amplification, given by the Hamiltonian

HA
amp = ih̄g(â†2e2iθ − â2e−2iθ ), (6.3)

where g is real and positive. The choice θ = 0 or π/2 allows
measurement of x̂A or p̂A, respectively. Similarly, HB

amp =
ih̄g(b̂†2e2iφ − b̂2e−2iφ )/2 with φ = 0 or π/2 allows measure-
ment of x̂B or p̂B.

First, we consider joint measurements of x̂A and x̂B. Fol-
lowing Sec. III, the stochastic equations for the measurements

x̂A and x̂B are (K ∈ {A, B})
dxK

dt−
= −gxK + ξK1(t ), (6.4)

with a boundary condition at the time t f and d pK

dt = −gpK +
ξK2(t ) with a boundary condition at time t0. We find
〈ξKμ(t )ξKν (t ′)〉 = 2gδμνδ(t − t ′). The noise terms for A and
B are independent.

The equations can be solved by transforming to x± = xA ±
xB, p± = pA ± pB. The equations are

dx±
dt−

= −gx± + ξ1±(t ), (6.5)

with boundary conditions at the future time t f . Those for p+
and p− are d p±

dt = −gp± + ξ2±(t ) with boundary conditions at
the initial time t0 = 0. Here 〈ξμ+(t )ξν+(t ′)〉 = 4gδμνδ(t − t ′)
and 〈ξμ−(t )ξν−(t ′)〉 = 4gδμνδ(t − t ′) and cross-terms are
zero. We examine the solutions for x±, since these are
of most interest to us, representing the amplified, or mea-
sured, quantities. As in previous examples, the dynamics
for the x and p separate, so that the amplification of x is
determined by the marginals for xA and xB. The original
distribution (6.2) is a function of x+, x−, p+, and p−. Trans-
forming Qepr (λ, t0) to these variables to obtain the function
Qepr,±(x±, p±, t0), the marginal for x+ and x− at time t [de-
fined as

∫
Qepr,±(x±, p±, t )d p+d p− ] is

Qepr,±(x+, x−, t ) = e−x2
−/2σ 2

−(t )e−x2
+/2σ 2

+(t )

2πσ+(t )σ−(t )
. (6.6)

Here the gain is G(t ) = egt and the variances are
σ 2

±(t ) = 2 + G2(t )[σ 2
±(0) − 2], which we rewrite as

σ 2
±(t ) = 2(1 + e2gt e±2r2 ). (6.7)

The function Qepr,±(x+, x−, t ) is separable with respect to x−
and x+. The value σ 2

±(t ) = 2 is the hidden vacuum noise level
associated with the Q function. The boundary condition for
the backward trajectories of x± is determined by the marginal
Qepr,±(x+, x−, t f ) of the system at time t f .

The results of the simulations for x± are shown in Figs. 18
and 19. The solutions for x− reveal the correlation for the EPR
state between xA and xB. The variances σ 2

±(t ) increase with gt
due to the gain associated with the measurement. However, the
trajectories when scaled according to the amplification fac-
tor G = egt reveal a reduced variance σ 2

±(t )/G2 = 2(e−2gt +
e±2r2 ). We note that σ−(t ) → 2(e−2gt + e−2r2 ) → 0, as con-
sistent with the prediction of zero variance in the measured
quantity x̂− = x̂A − x̂B, when r2 is large. On the other hand,
there is an enhanced variance in x+ beyond that of the vacuum
state (as the xA and xB are uncorrelated), which becomes larger
with the measurement, which amplifies the field.

The agreement of the predictions from the simulations
with quantum mechanics can be demonstrated by introducing
the scaled variables x̃± = x±/egt and x̃A/B = xA/B/egt . These
scaled variables correspond to the measured outcomes in the
Q model of reality (Result IV.1, Sec. IV), which we denoted
by x0 in the single-mode case. In the large-amplification limit,
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FIG. 18. EPR simulation. Simulations for the joint measurement
of x̂A and x̂B on the EPR state |ψepr〉. The top figure shows trajectories
of x−. The lower figure shows trajectories scaled according to (xA −
xB )m ≡ x̃− = x−/egt which is the inferred (measured) outcome of the
measurement x̂− = x̂A − x̂B, as gt → ∞. Here r2 = 2.

σ 2
+(t ) → 2e2gt+2r2 . The marginal (6.6) at time t f becomes

Qsc (̃x+, x̃−, t f ) = e−x̃2
−/(4(e−2gt +e−2r2 )e−x̃2

+/4e2r2

2πσ̃+(t f )σ̃−(t f )

→ 1

4π
e−x̃2

−/(4e−2r2 )e−x̃2
+/4e2r2

, (6.8)

where we take gt → ∞ and σ̃ 2
±(t f ) = 2e±2r2 . Once the ampli-

fication factor G is accounted for in the measurement, the final
distributions for x− and x+ are

Qsc(x̃∓, t f ) = 1

2e∓r2
√

π
e−x̃2

∓/(4e∓2r2 ). (6.9)

These distributions have variances of 2e∓2r2 . The hidden vac-
uum noise terms associated with the Q function, as given
by σ 2

±(t ) = 2 in the expression (6.7) for σ 2
±(t ), have become

indiscernible. The limiting distributions give precisely the
distributions predicted from quantum mechanics. The two-
mode squeezed state |ψepr〉 predicts [
(x̂±)]2 = 2e±2r2 , where
x̂± = x̂A ± x̂B, consistent with the result given by Eq. (6.9).

The EPR argument is based not only on the perfect correla-
tion between x̂A and x̂B, but also on the perfect anticorrelation

FIG. 19. EPR simulation. Measurement of x̂A and x̂B on the EPR
state |ψepr〉. The top figure shows trajectories of x+. The lower fig-
ure plots trajectories of the scaled value (xA + xB )m ≡ x̃+ = x+/egt ,
which becomes the inferred (measured) outcome of the measurement
x̂+ = x̂A + x̂B, as gt → ∞. Here, r2 = 2.

between p̂A and p̂B [139]. The stochastic equations for joint
measurements of p̂A and p̂B are

d pK

dt−
= −gpK + ξK1(t ), (6.10)

and dxK
dt = −gxK + ξK2(t ). The equations of interest are those

for pK since these give solutions for the amplified variables
that are measured. The marginal for p± for the initial state
(6.2) is

Qepr,±(p−, p+, 0) = e−p2
−/2σ 2

+(0)e−p2
+/2σ 2

−(0)

2πσ+(0)σ−(0)
, (6.11)

where σ 2
∓(0) = 2(1 + e∓2r2 ). The fluctuations are decreased

in p+. The marginal used for the backward equation (6.10) is

Qepr,±(p+, p−, t f ) = e−p2
−/2σ 2

+(t f )e−p2
+/2σ 2

−(t f )

2πσ+(t f )σ−(t f )
, (6.12)

where the gain is G(t ) = egt and the variances are σ 2
±(t ) =

2(1 + e2gt e±2r2 ). The Qepr,±(p−, p+, t f ) is obtained from
Qepr,±(x+, x−, t f ) by replacing x+ with p−, and x− with p+.
The stochastic solutions for p± are hence given by those of
x±, but with p± replacing x∓. The results are in agreement
with those of quantum mechanics, showing an anticorrelation
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FIG. 20. Model of EPR correlations and weak elements of re-
ality. We consider joint measurement of x̂A and x̂B on the EPR
state |ψepr〉, with r2 = 2. The figure shows trajectories for xA and
xB. Distinct branches emerge as the system is amplified. The pair
(xA, xB ) corresponding to the same run is shown with the same color
and symbol. The outcome of x̂A is the value xA(t )/egt . Similarly, the
outcome for x̂B is xB(t )/egt . For large r and G = egt , the correlation
between xA and xB is perfect so that the outcome for x̂A can be inferred
from x̂B. The trajectories pA and −pB for the joint measurement of
p̂A and − p̂B show the same behavior as for xA and xB, satisfying the
same equations.

between the outcomes of p̂A and p̂B, as r2 becomes large. The
simulation leads to the following conclusions.

Result V1.1: Branches show EPR correlations. Branches
emerge as both systems are amplified, consistent with the
prediction of EPR correlations.

Proof. First, we note that the interactions HA
amp and HB

amp
[Eq. (6.3)] that induce the choice of settings and amplification
at A and B are local, acting only on the sets of variables
{xA, pA} and {xB, pB}, respectively. In the Q model, when the
fields A and B are spatially separated, we identify amplitudes
{xA, pA} with field A, and amplitudes {xB, pB} with field B.

The solutions for xA and xB are found as xA = (x+ + x−)/2
and xB = (x+ − x−)/2. For large amplification gt , the solu-
tions are dominated by those of x+. In Fig. 20, we plot xA

and xB, using the same symbol (and color) for the same run
of the simulation. As the amplification due to measurement
increases, the branches (denoted λ̃A

x and λ̃B
x ) emerge, given

by the lines in the Fig. 20 (Secs. III B and IV A). With
amplification, at a time tm when the values xA(t ) and xB(t )
are macroscopic, the premise of weak macroscopic realism
applies (Result IV.6, Sec. IV C) and the result of the mea-
surements x̂A and x̂B are assumed to be determined. The value
xA(t )/G or xB(t )/G given by the “line” as gt → ∞ represents
the outcome, if a detection is to be made. We see that xA(t ) −
xB(t ) → 0 as r2 becomes large, implying perfect correlation
between the outcomes of x̂A and x̂B, in the Q model of reality.
Similarly, for measurements of p̂A and p̂B, we find branches
(which we label λ̃A

p and λ̃B
p) emerging for amplitudes pA(t ) and

pB(t ) (Fig. 20). The amplitudes satisfy pA(t ) + pB(t ) → 0 as
r2 → ∞, implying perfect anticorrelation between outcomes
p̂A and p̂B. �

Result VI.2: EPR correlations are consistent with (weak)
macroscopic realism: Weak elements of reality.

Proof. This follows from the proof of Result IV.1 and from
the definition of weak macroscopic realism [refer to Definition
6(a) of Sec. I B]. If we consider measurement of x̂A and x̂B, the
trajectories separate and show distinct branches as gt → ∞,
at a time we refer to as tm, consistent with the emergence of
macroscopic superposition states as the system is amplified
(Result V.2a). Applying Result IV.6, weak macroscopic real-
ism holds: the outcomes are determined at the time tm, denoted
by the value indicated by the lines in the Fig. 20. We refer to
these values as “weak elements of reality.” �

The existence of the weak elements of reality does not con-
flict with the known failure of the EPR elements of reality as
shown by Bell’s theorem. This is because the weak elements
of reality are defined for the system after the local settings
are fixed, at the time tm. Results VI.1 and VI.2 are hence
consistent with proposals that elements of reality exist for the
EPR experiment, after the settings are fixed, in a way that does
not conflict with Bell nonlocality [108,119,142].

VII. CV BELL NONLOCALITY

The demonstration of Bell nonlocality involves a choice of
measurement settings θ and φ for systems A and B, respec-
tively. In this paper, we examine measurements of x̂ and p̂,
for which the outcomes are continuous variables (CVs). It is
known that certain states will violate a Bell inequality for such
measurements [143–146]. We define the rotated quadrature
phase amplitudes

x̂θA = x̂A cos θ + p̂A sin θ,

p̂θA = −x̂A sin θ + p̂A cos θ (7.1)

for system A and

x̂φB = x̂B cos φ + p̂B sin φ,

p̂φB = −x̂B sin φ + p̂B cos φ (7.2)

for system B. In the proposed Bell test, the amplitudes x̂θA and
x̂φB are measured, and the outcomes are binned to be +1 or
−1, according to the sign S of the outcome. Binary outcomes
S = ±1 apply at each site, for given settings θ and φ. The
joint probability PAB

++(θ, φ) for positive outcomes at A and B,
given θ and φ, can be determined experimentally. Bell’s local
hidden variables (LHVs) assumption is that this probability is
given by

PAB
++(θ, φ) =

∫
dλρ(λ)PA(+|λ, θ )PB(+|λ, φ), (7.3)

where ρ(λ) is the distribution for a set of hidden variables
λ that describe the hidden-variable state of the system, and
PA(+|λ, θ ) and PB(+|λ, φ) are the respective probabilities for
an outcome +1 at A and B, given the values λ, θ , and φ

[1–3,147]. The locality assumption is the independence of
PA(+|λ, θ ) on φ, and of PB(+|λ, φ) on θ . The condition (7.3)
allows a Bell inequality to be derived as for spins [143,144].
The Clauser-Horne (CH) Bell inequality S � 1, where

S = PAB
++(θ, φ) − PAB

++(θ, φ′) + PAB
++(θ ′, φ) + PAB

++(θ ′, φ′)
PA+(θ ′) + PB+(φ)

(7.4)
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follows, where PA
+(θ ) and PB

+(φ) are the marginal probabilities
of obtaining +1 at site A and B, with the settings fixed at θ and
φ, respectively. The Clauser-Horne-Shimony-Holt (CHSH)
Bell inequality

|E (θ, φ) − E (θ, φ′) + E (θ ′, φ) + E (θ ′, φ′)| � 2 (7.5)

can also be derived, where E (θ, φ) is the expected value of
the product of the outcome S at each site.

An example of a state that will violate the Bell inequalities
is the two-mode-squeezed cat state [145]

|ψBell〉 = N2
0 e−iHI tI /h̄(|α0〉A|α0〉B + |−α0〉A|−α0〉B), (7.6)

where HI = iκ h̄(â†b̂† − âb̂), N2
0 = 1/[2(1 + e−4|α0|2 )] and α0

is real. Violation of the CH-Bell inequality (7.4) with S =
1.008 for α0 ∼ 0.9 and κtI = 0.6 has been predicted, for cer-
tain choices of θ and φ. For example, letting δ1 = θ − θ ′ and
δ2 = φ′ − φ, the authors of Ref. [145] report violations for
θ = φ = 0.42π and δ1 = δ2 = δ = 0.7π .

A. CV Bell simulation

We next outline the simulation of the CV Bell violations.
The system is prepared in a bipartite state, such as |ψBell〉, at
a time t0. The Q function QBell(α, β ) = 1

π2 |〈α|〈β|ψBell〉|2 for
the state |ψBell〉 is (r0 = κtI )

QBell(α, β ) = N2
0 e−p2

A/4−p2
B/4−tanh r0 pA pB/2

16π2 cosh2 r0

{
e−(xA−2α0er0 )2/4e−(xB−2α0er0 )2/4e2(tanh r0 )[(xA−2α0er )(xB−2α0er0 )/4]

+ e−(xA+2α0er0 )2/4e−(xB+2α0er0 )2/4e2(tanh r0 )[(xA+2α0er0 )(xB+2α0er0 )/4]

+ 2e−2(1−tanh r0 )α2
0 e2r0 e−x2

A/4e−x2
B/4e

1
2 (tanh r0 )[xAxB] cos [(1 − tanh r0)α0er0 (pA + pB)]. (7.7)

This function has the form

QBell(λ, t0) ∼ G(pA, pB){G1(xA, xB) + G2(xA, xB) + I},
(7.8)

where we denote the real variables xA = α + α∗, pA = (α −
α∗)/i, xB = β + β∗, pB = (β − β∗)/i by λ = (xA, pA, xB, pB)
as in Eq. (6.2). Here, G denotes a bivariate Gaussian function
and I is a sinusoidal interference term arising due to entangle-
ment.

Measurement settings. After preparation of the state at time
t0, the field modes A and B are spatially separated. Each field
then interacts locally with a device that determines the mea-
surement setting. The amplitudes {xA, pA} represent field A,
and amplitudes {xB, pB} represent field B. For measurements
x̂θA and x̂φB given by (7.1) and (7.2), the device that deter-
mines the measurement settings θ and φ is a phase-shifter,
modeled by the interaction Hamiltonians

HA
θ = g̃n̂A, HB

φ = g̃n̂B (7.9)

for systems A and B, respectively (̃g > 0). Here, n̂A and n̂B

are the number operators for modes A and B. Straightforward
solutions of the operator equations of motion yield for HA

θ

that ˙̂xA = g̃p̂A/h̄ and ˙̂pA = −g̃x̂A/h̄, and similarly for HB
φ . The

solutions are

x̂A(t ) = x̂A(0) cos θ + p̂A(0) sin θ,

x̂B(t ) = x̂B(0) cos φ + p̂B(0) sin φ, (7.10)

where θ = g̃tA/h̄ and φ = g̃tB/h̄, the tA and tB being the times
of interaction. This gives the required transformations (7.1)
and (7.2). The interactions HA

θ and HB
φ correspond to the

unitary operations UA(θ ) = e−iHA
θ tA/h̄ = e−iθ n̂A and UB(φ) =

e−iHB
B tB/h̄ = e−iφn̂B . We may consider that the operations act

simultaneously, or consecutively, in which case one interac-
tion only may be completed at a time t1. We denote the time
at which both interactions are completed as the time t2 > t1.

After interaction with both the phase-shifters, at a time t2,
the state of the system initially in state |ψ〉 is

|ψ (t2)〉 = e−iHA
θ tA/h̄e−iHB

φ tB/h̄|ψ〉. (7.11)

The corresponding Q function at time t2 is

Q(λrot, t2) = 1

π2
|〈α|〈β|e−iθ n̂A e−iφn̂B |ψ〉|2

= 1

π2
|〈αeiθ |〈βeiφ |ψ〉|2, (7.12)

where λrot = (xθA, pθA, xφB, pφB) represents the rotated
coordinates: xθA = αeiθ + α∗e−iθ , pθA = (αeiθ − α∗e−iθ )/i,
xφB = βeiφ + β∗e−iφ , and pφB = (βeiφ − β∗e−iφ )/i. The last
line follows since eiθ n̂|α〉 = |αeiθ 〉. From this result, it is
shown in the Appendix D that the Q function Q(λrot, t2) of
the new state at time t2 is that found by substituting the
coordinates λ = (xA, pA, xB, pB) in the original Q function
QBell(λ, t0) for the new coordinates λrot, given by the rotation
transformation

xθA = xA cos θ + pA sin θ,

pθA = −xA sin θ + pA cos θ, (7.13)

and

xφB = xB cos φ + pB sin φ,

pφB = −xB sin φ + pB cos φ. (7.14)

This is a general result, valid for arbitrary two-mode states.
Alternatively, we see that the Fokker-Planck equation of type
(2.8) corresponding to the interactions HA

θ and HB
φ contains

drift terms only, without diffusion terms. The equivalent equa-
tions for the amplitudes are hence deterministic (without
stochastic terms) [135]. Consistent with the above analysis,
the evolution of the amplitudes λ associated with the dynamics
of the Q function is hence given by

xA(tA) = xA(0) cos θ + pA(0) sin θ,

pA(tA) = −xA(0) sin θ + pA(0) cos θ, (7.15)
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FIG. 21. Evolution of amplitudes xB(t ) and pB(t ) as the system
B interacts according to HB

φ [Eq. (7.9)], which induces a change of
measurement setting φ = g̃t/h̄ at B. The amplitudes evolve as (7.16).
Here, the initial distribution of xB and pB is given by the Q function
(3.3) of the squeezed state with xk = 4, r = 2 (which approximates
an eigenstate |xk〉 of x̂B). For this approximate eigenstate, the variance
of pB is large, that of xB is small. After a time t = h̄φ/̃g, the system
is prepared for measurement of x̂φB. Note that at the intermediate
times such as φ ≈ 0.7, where φ 	= nπ/2 (n is an integer), neither the
variance of xB nor pB is large.

and

xB(tB) = xB(0) cos φ + pB(0) sin φ,

pB(tB) = −xB(0) sin φ + pB(0) cos φ, (7.16)

where θ = g̃tA/h̄ and φ = g̃tB/h̄. The final amplitudes are
denoted xθA ≡ xA(tA), pθA ≡ pB(tB), xφB ≡ xB(tB), and pφB ≡
pB(tB). We depict the dynamics in Fig. 21. There is a change
of setting at B, for a time tB = t . If the distribution of the
amplitudes at time t0 = 0 is given by Q(xA, pA, xB, pB, t0),
then the evolved amplitudes at time t have a distribution
Q(xA, pA, xB, pB, t ) obtained by substituting xB → xB cos φ −
pB sin φ, pB → xB cos φ + pB sin φ in accordance with Eq.
(7.16) (refer Appendix E).

The transformations (7.15) and (7.16) corresponding to the
setting changes are local and deterministic. They give a causal
relation, from time t0 to time t2 > t0, but are reversible. Being
deterministic, there is a two-way relation (depicted by thin
two-way arrows in Fig. 22), since the values λrot of coordi-
nates at time t2 allow a retrodictive inference of the values λ

at t0. Here, time t2 is the time at which both settings have been
adjusted.

Amplification. After both settings are fixed, at a time t2, the
measurements of x̂θA and x̂φB proceed by amplifying xθA and
xφB according to HA

amp and HB
amp [Eq. (6.3)] followed by a final

FIG. 22. Steps in the simulation of the measurement of CV EPR
or Bell nonlocality. The entangled state given by Q(λ, t0 ) is generated
at time t0. The settings are changed according to HA

θ and HB
φ , which

give causal local reversible deterministic relations (thin blue two-way
arrows). The state at time t2 is given by Q(λrot, t2). Note that while
the amplitudes transform locally, the means xA

j → xA
θ j and xB

k → xB
φk

do not. After the settings are fixed, the measurements x̂θA and x̂φB

are carried out by amplification, according to HA
amp and HB

amp, giving

stochastic forward-backward dynamics, with branches λ̃A
θ and λ̃B

φ

emerging at time tm. There is a discontinuity at this stage for the
forward-time dynamics. The solid thick blue two-way arrows denote
the deterministic relations (xA

θ j → GxA
θ j , xB

φk → GxB
φk), in which the

means xA
θ j and xB

φk of the Gaussians in Q(λrot, t2) are amplified to
GxA

θ j and GxB
φk . The microscopic noise inputs ηA(t f ) and ηB(t f ) at

the boundary at time t f give the reverse-time trajectories xθA(t ) =
xA
θ j + δxθA and xφB(t ) = xB

φ j + δxφB (orange dashed lines). Q(λrot, t2)
and Q(λ, t0 ) determine the correlations giving links between trajec-
tories (indicated by the faint brown lines at t0). Local loops between
xθA and pθA and between xφB and pφB, are depicted by dashed black
vertical lines.

detection. The equations for the amplitudes xθA and xφB are
local, stochastic, and retrocausal, given by

dxθA

dt−
= −gxθA + ξA1(t ),

dxφB

dt−
= −gxφB + ξB1(t ), (7.17)

with a boundary condition at the future time t f , where t− =
−t . Here, we use the term retrocausal only to imply the
propagation in the negative time direction t−. The equa-
tions for p are d pθA

dt = −gpθA + ξA2(t ) and d pφB

dt = −gpφB +
ξB2(t ), which are causal with a boundary condition at the
time t2. The Gaussian random noises satisfy 〈ξAμ(t )ξAν (t ′)〉 =
2gδμνδ(t − t ′) and 〈ξBμ(t )ξBν (t ′)〉 = 2gδμνδ(t − t ′) with cross
terms zero. Here, we are imposing a new initial boundary
for Eq. (7.17) at time t2, where a discontinuity is introduced.
The backward nature of the propagation of the stochastic
amplitudes clearly implies a discontinuity at the time t2 in
the forward-time direction. The amplitudes do not propagate
continuously in the forward-time direction.

Procedure of simulation. There is hence a two-step process
in the forward-time direction. At the time t0, the system is
specified with respect to a particular measurement basis, in
this case x̂A and x̂B (θ = φ = 0), as determined by the prepara-
tion of the system. This implies that the Q function Q(λ, t0) is
expanded with respect to this basis, in terms of the Q function
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of |xA
j 〉 and |xB

k 〉, the eigenstates of x̂A and x̂B, as explained in
the causal model of Sec. V. The deterministic transformations
associated with HA

θ and HB
φ rotate the amplitudes, so that the

Q function Q(λrot, t2) at time t2 is expressed in the coordinates
λrot = (xθA, pθA, xφB, pφB) of the new measurement basis, x̂θA

and x̂φB.
Q(λrot, t2) is unique for the quantum state and is equiva-

lently expressible as an expansion in terms of the Q functions
of the eigenstates |xA

θ j〉 and |xB
φk〉 of x̂θA and x̂φB (Appendix C).

This expansion Q(λrot, t2) involves bivariate Gaussian func-
tions G with means xA

θ j and xB
φk , and interference terms

IntAB, similar to Eq. (3.8). The future boundary condition for
Eq. (7.17) is determined by the marginal

Qm(xθA, xφB, t ) =
∫

d pθAd pφBQ(λrot, t ) (7.18)

of the Q function Q(λrot, t ) of the amplified state, where t �
t2. NB: This function is defined for the bipartite system and
hence differs from Q(x, p, t ) defined for a single system, in
Part I of the paper. We use the subscript m to avoid confusion.

We confirm below in Result VII.3 that the interference
terms of the marginal (7.18), as for (3.20) in Part I of the
paper, vanish, and, as for Result III.1, the future boundary
condition for Eq. (7.17) is the sum of Gaussian terms. Extend-
ing the analysis of Results IV.3 and IV.4 of Sec. IV B to two
modes, the final distribution P(xθA, xφB) for the probability of
outcomes of x̂θA and x̂φB is given by the rescaled marginal

P(xθA, xφB) → Qsc(xθA, xφB, t f ) (7.19)

as t f → ∞, which in turn is given by the marginal
W (xθA, xφB) of the Wigner function of the state |ψBell〉. The
Wigner function for |ψBell〉 is derived in Ref. [145], revealing
a violation of the Bell inequality for certain choices of θ and φ.

Paradox and projection. Questions and paradoxes arise.
As in Result III.1, the amplified quantities that appear in the
scaled distribution Qsc(xθA, xφB, t f ) at a time t f are the means
(denoted xA

θ j and xB
φk in Fig. 22) of the bivariate Gaussian

functions. These means are amplified by each Hamp, and cor-
respond to the final detected outcomes, but are not directly
determinable from the values of the amplitudes xθA(t ) and
xφB(t ) at time t2 (Result IV.2).

Moreover, we show below that the transformation of the
Gaussian means xA

j → xA
θ j and xB

k → xB
φk from time t0 to time

t2 is nonlocal. In Part I of this paper, we show consistency with
an HV model where there is a probability for the xA

θ j given
values for the amplitudes xA and pA, so that the mean xA

θ j can
be considered part of the description of the state at the time
t1, after the setting is fixed locally at A. The interaction HA

amp

is assumed to “extract” and amplify the mean. But the HA
amp is

local, as is HA
θ . How then can the change of mean, xA

j → xA
θ j ,

be determined, if knowledge of φ is required? It seems that
there is no mechanism provided for the Bell nonlocality by the
simulation, other than that the violations are put in by hand as
a future boundary condition (FBC) (Sec. I).

In the following two Secs. VIII and IX, we counter this
argument and elucidate the paradox by considering projection.
While there is a discontinuity in the forward-time direction,
the amplitudes propagate backward in a continuous way. This
puts a constraint on the possible states for one system (for

future measurements), given the setting of the other. This
also leads to a demonstration of the consistency of the Bell
nonlocality with the premises of weak macroscopic realism
and weak local realism, as defined by Definitions (6) and (10)
in Sec. I B. These premises posit that real properties exist,
prior to the time t f at which the future boundary condition
is applied.

B. Role of hidden interference: Mechanism for Bell nonlocality

How does the simulation produce the Bell nonlocality? We
examine this in two parts. First, in this section, we examine the
dynamics of the Q function, as it evolves through each step of
the measurement in the simulation, showing the role of the
hidden interference. In Sec. IX, we examine the trajectories
of the forward-backward amplitudes, emphasizing the role of
projection.

The term I that appears for |ψBell〉 [Eq. (7.6)] includes a
detectable type of interference which will contribute a mea-
surable central “spot” in the final detected joint probability
P(xθA, xφB) for outcomes xθA and xφB of measurement x̂θA

and x̂φB. We hence distinguish between the measurable in-
terference I present for a superposition of coherent states,
and the hidden interference Int present in the superposition
of eigenstates |x j〉 of x̂, as in Eq. (3.8) with r → ∞: The
hidden interference is not detectable when the system under-
goes amplification Hamp (Result III.1). The role of the hidden
interference terms is clarified by the simulation, from which
we deduce a mechanism for Bell violations.

Definition: Hidden interference terms. We consider mea-
surements of x̂θA and x̂φB. The Q function is expressed in
terms of the “measurement basis,” i.e., as a summation of the
Q functions of the eigenfunctions |xθA〉 and |xφB〉 of x̂θA and
x̂φB. These are defined as for the squeezed states (3.3) but with
rotated axes θ and φ (Appendix C). The interference terms
appearing when the Q function for the state |ψ〉 is written
with respect to the measurement basis are referred to as hidden
interference terms. These are denoted by IntAB in the bipartite
case.

Result VII.1: Mechanism for Bell violations in the sim-
ulation. While the transformations xA, pA → xθA, pθA and
xB, pB → xφB, pφB of the amplitudes are local [refer to (7.13)
and (7.14)], the transformation of the means xA

j → xA
θ j and

xB
k → xB

φk of the Gaussian functions is nonlocal (Fig. 22).
This is explained by the dynamics of the amplitudes in the
simulation, as we show below.

Proof. The transformations xA, pA → xθA, pθA and
xB, pB → xφB, pφB given by (7.13) and (7.14) that arise
due to the adjustment of measurement settings are local and
deterministic. Hence, if the amplitudes xθA and xφB were
directly detectable in the final measurement, a violation of
the Bell inequality would not be possible. A Bell LHV theory
would hold, where xA, pA, xB, pB are the hidden variables
given by λ in the expression (7.3). In fact, the detected
outcomes of the measurements (based on the amplifications
HA

amp and HB
amp) are given by the means xA

θ j and xB
φk of the

Gaussians comprising the Q function Q(λ, t2), when this Q
function is written with respect to the measurement basis.
Since the means xA

θ j and xB
φk lead to the outcomes via the

deterministic relations xA
θ j → GxA

θ j and xB
φk → GxB

φk , it is this
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stage that leads to any violation of the Bell model (and which
is hence “nonlocal”). �

Result VII.2: Bipartite hidden interference and the future
boundary condition. The hidden interference terms IntAB do
not contribute to the measured probabilities (as modeled by
the measurements HA

amp and HB
amp). This is a bipartite exten-

sion of Result III.1.
Proof. To clarify the role of the hidden interference IntAB,

we express the Q function in terms of the measurement basis.
We take the case where the system is prepared for measure-
ments x̂θA and x̂φB (as at time t2 in Fig. 22), and expand the
state for the system as

|ψ〉 =
∑

jk

c jk

∣∣xA
θ j

〉∣∣xB
φk

〉
, (7.20)

where |xA
θ j〉 and |xB

φk〉 are the eigenstates of x̂θA and x̂φB (refer
to Appendix C for definitions). The Q function Q(α, β ) =
1
π2 〈α|〈β|ρ|β〉|α〉 can be written as

Q(α, β ) = 1

π2
〈α|〈β|(ρD + ρOD)|β〉|α〉, (7.21)

where the density operator ρ = |ψ〉〈ψ | = ρD + ρOD is di-
vided into a sum of diagonal and off-diagonal terms,

ρD =
∑

jk

|c jk|2
∣∣xA

θ j

〉∣∣xB
φk

〉〈
xB
φk

∣∣〈xA
θ j

∣∣, (7.22)

and

ρOD =
∑

j 	= j′,k 	=k′
c jkc∗

j′k′
∣∣xA

θ j

〉∣∣xB
φk

〉〈
xB
φk′

∣∣〈xA
θ j′

∣∣. (7.23)

The Q function is hence

Q = 1

π2

∑
jk

|c jk|2|〈α| 〈β∣∣xA
θ j

〉∣∣xB
φk

〉∣∣2 + IntAB

= N

( ∑
jk

|c jk|2
{
G0,σpθA

(pθA)GxA
θ j ,1

(xθA)

×G0,σpφB
(pφB)GxB

φk ,1
(xφB)

} + IntAB

)
. (7.24)

Here we denote the Gaussian function of x with mean x̄ and
variance σx by

Gx̄,σx (x) = 1

σx

√
2π

e−(x−x̄)2/2σx . (7.25)

We have taken the variance of xθ for the eigenstate |xθ 〉 of
x̂θ to be 1. Equation (7.24) is a two-mode generalization of
Eq. (3.8). The summation involving the Gaussian functions G
arises from the diagonal part of the density matrix ρD. IntAB

is the hidden interference term arising from ρOD.
In the simulation, the joint measurement of x̂θA and x̂φB

is modeled by HA
amp and HB

amp acting independently on each
system. As in the single-mode case, the means of the Gaussian
functions of xθA and xφB are amplified, but their variances
remain at 1, while amplitudes pθA and pφB deamplify. It
is shown in Result III.1 (Sec. III) that hidden interference
terms are not detected in the amplified field, a result that
can be straightforwardly generalized to apply to (7.24). The
probabilities P(xA

θ j, xB
φk ) for joint outcomes xA

θ j and xB
φk of

x̂θA and x̂φB are known (in quantum mechanics) to be given

by the coefficients |c jk|2 in the diagonal expansion of ρ

[Eq. (7.22)]. This is in agreement with the simulation, where
the detected probabilities correspond to the coefficients of the
Gaussians in the expansion (7.24), which are given by |c jk|2
(Sec. IV B). �

To summarize, the observed probabilities are given by the
mixed state ρD defined by the diagonal matrix (7.22). The
hidden interference terms IntAB correspond to off-diagonal
terms that are not detected with amplification.

Result VII.3: Changing the setting at one location. No
observable nonlocality. Changing the setting at one location,
say B (leaving the other setting fixed) can change the hidden
interference, but not the observed probabilities, relative to a
nonentangled state. Hence, Bell nonlocality is not observed
with a change of setting at just one site. There are, however,
changes to the hidden interference terms.

Proof. The analysis in Appendix F shows what happens to
the system prepared in |ψ〉 [Eq. (7.20)] when we change the
measurement setting at one location, say B. The transformed
state of |ψ〉 (i.e., of ρ = |ψ〉〈ψ |) is compared with the trans-
formed state of the partially mixed state ρmix,A given as

ρmix,A =
∑

l

{〈
xA
θ l

∣∣ρ∣∣xA
θ l

〉}∣∣xA
θ l

〉〈
xA
θ l

∣∣
=

∑
l

| fl |2
∣∣ψB

l

〉∣∣xA
θ l

〉〈
xA
θ l

∣∣〈ψB
l

∣∣. (7.26)

To understand the meaning of ρmix,A, we express the state |ψ〉
of the system as |ψ〉 = ∑

l fl |xA
θ l〉|ψB

l 〉, where
∑

l | fl |2 = 1
and |ψB

l 〉 are normalized states for B. From the last line
of (7.26), we see that ρmix,A represents a system whereby
a collapse to the eigenstates at A has occurred. The ρmix,A

is hence not entangled, although local superposition states
remain possible for B.

To model the change of setting at B in the simulation, we
transform to the new basis of B. This changes the expansion
of ρ (and of the Q function of the state |ψ〉), since in the
Q model we write with respect to the measurement basis
(Secs. V A and VII A). However, the changes to the diagonal
part of ρ [ρD of Eq. (7.21)] are the same for |ψ〉 and ρmix,A

(refer to Appendix F). The new expansions of ρ as given
for |ψ〉 and ρmix,A are different, but the difference is only
in the off-diagonal terms ρOD. This difference will affect the
hidden interference terms IntAB in the Q function but do
not contribute to the observable probabilities (Result VII.2).
Hence, the observable joint probabilities for |ψ〉 are the same
as given for the nonentangled state ρmix,A. �

Result VII.4: Bell nonlocality. After a change of setting at
both locations A and B, the hidden interference terms can
contribute to measurable probabilities. This can lead to Bell
nonlocality.

Proof. That changes of settings at both A and B can lead
to Bell nonlocality is illustrated by the spin Bell state (Ap-
pendix G). We explicitly demonstrate how this occurs for the
CV-Bell example below (Result VII.5). �

Result VII.5: Dynamics of the mechanism for Bell non-
locality. We trace the dynamics of the amplitudes in the
simulation depicted in Fig. 22 to demonstrate how Bell non-
locality arises in accordance with Result VII.4.
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Proof. We consider first for simplicity that the state at time
t0 is prepared, for measurements x̂A and x̂B, in the entangled
state ∣∣xA

j

〉∣∣xB
k

〉 + ∣∣xA
l

〉∣∣xB
m

〉
. (7.27)

Here, |xA
j 〉 and |xB

k 〉 are eigenstates of x̂A and x̂B, respectively,
which we define as highly squeezed states in x̂A and x̂B

[(Eq. (3.2)]. The Q function is

Q(λ, t0) = N
(
G0,σpA

(pA)G0,σpB
(pB)

{
GxA

j ,1
(xA)GxB

k ,1(xB)

+GxA
l ,1(xA)GxB

m,1(xB)
} + IntAB

)
, (7.28)

where

IntAB = 2e− (
A )2

2 e− (
B )2

2 G (xA
j +xA

l )

2 ,1
(xA)G (xB

k +xB
m )

2 ,1
(xB)

×G0,σpA
(pA)G0,σpB

(pB)FAB, (7.29)

with the sinusoidal component

FAB = cos
[
pA
A/σxA + pB
B/σxB

]
. (7.30)

The G are the Gaussian functions defined by (7.25). Here

A = (xA

j − xA
l )/2σxA and 
B = (xB

k − xB
m)/2σxB are the sep-

arations between the states of the superposition. The σ 2
xA

and
σ 2

pA
are the variances of xA and pA in the Q functions of the

squeezed states that approximate the eigenstates |xA
j 〉 and |xA

l 〉.
The σ 2

xB
and σ 2

pB
are defined similarly for eigenstates |xB

k 〉 and
|xB

m〉 of system B. Hence, σ 2
xA

= σ 2
xB

= 1 and σ 2
pA

→ ∞, σ 2
pB

→
∞. The fringe term is modulated by Gaussian functions with
peaks at the average position of the means xA

j and xA
l (xB

k and
xB

m) and is damped by the separation 
A (
B) between them.
From Results III.1 and VII.2, we know that the hidden

interference term IntAB does not contribute to the marginal de-
fined as the integral Qm(xA, xB, t0) = ∫

d pAd pBQ(λ, t0). This
is evident here as follows: When the cosine function in FAB
is expanded, the integral reduces to a combination of integrals
over pA or pB individually. Those involving a sine function
are zero due to symmetry. Those involving the cosine function
reduce to integrals of the type

1√
aπ

∫ ∞

−∞
e−p2/a cos (kp)d p = e−ak2/4, (7.31)

as used in (3.19), which vanish since we take a ≡ σ 2
pA

(or
σ 2

pB
) to be large for the eigenstate. The vanishing of the

IntAB terms in the marginal Qm(xA, xB, t0) is consistent with
Result VII.2, that the hidden terms IntAB do not contribute to
the probabilities measured directly under HA

amp and HB
amp.

If we change the setting at B to φ, then (following
Sec. VII A) we substitute xB → xφB cos φ − pφB sin φ and
pB → xφB sin φ + pφB cos φ in the expression for Q(λ, t0).
The Q(λ, t0) is transformed to give a new function (refer to
Appendix E):

Q(λrot, t1) = N1G0,σpA
(pA)

{
GxA

j ,1
(xA) fxB

k
(xφB, pφB)

+GxA
l ,1(xA) fxB

m
(xφB, pφB)

} + IntAB(φ),

(7.32)

where N1 is a normalization term. The bivariate distribu-
tions G0,σpB

(pB)GxB
k ,1(xB) and G0,σpB

(pB)GxB
m,1(xB) in (7.28) are

transformed to the new coordinates, as depicted in Fig. 21.
These transformed distributions are denoted by fxB

k
(xφB, pφB)

and fxB
m
(xφB, pφB), respectively. The transformed interference

is

IntAB(φ) = 2e− (
A )2

2 G (xA
j +xA

l )

2 ,1
(xA)G0,σpA

(pA)

× e− (
B )2

2 f (xB
k +xB

m )

2

(xφB, pφB)FAB(φ), (7.33)

where the fringe term is

FAB(φ) = cos

[
pA

2

(
xA

j − xA
l

) + pB(φ)

2

(
xB

k − xB
m

)]
. (7.34)

The fringe term FAB(φ) involves the rotated coordi-
nate pB(φ) = xφB sin φ + pφB cos φ for B. However, the
pA is unchanged. We evaluate the new marginal defined
as Qm(xA, xφB, t1) = ∫

d pAd pφBQ(λrotB, t1). We can expand
both terms in FAB(φ) as the sum of two terms, one involving
sin[pA(xA

j − xA
l )/2] and the other cos[pA(xA

j − xA
l )/2]. The

sine integration vanishes due to symmetry. The cosine inte-
gration vanishes in the limit of σ 2

pA
→ ∞ [as for Eq. (3.19)],

justified for the eigenstates |xA
j 〉 and |xA

l 〉. Now, we see that
the integration over pA ensures that IntAB vanishes from the
marginal Qm(xA, xφB, t1): Hence, the change of basis in B
changes the hidden interference term IntAB, but this change
remains hidden, since it does not contribute to the marginal
Qm(xA, xφB, t1) (consistent with Result VII.3).

However, if there is a change of setting at both sites A
and B, then both pA and pB transform as in (7.13) and (7.14),
meaning that both pA and pB are rotated. The final transformed
function Q(λrot, t2) is given by

Q(λrot, t2) = N2
{

fxA
j
(xθA, pθA) fxB

k
(xφB, pφB)

+ fxA
l
(xθA, pθA) fxB

m
(xφB, pφB)

+ IntAB(θ, φ)
}
, (7.35)

where N2 is the normalization constant. The interference term
is

IntAB(θ, φ) = f (xA
j +xA

l )

2

(xθA, pθA) f (xB
k +xB

m )

2

(xφB, pφB)

× e− (
A )2

2 e− (
B )2

2 FAB(θ, φ), (7.36)

where

FAB(θ, φ) = cos

[
pA(θ )

2

(
xA

j − xA
l

) + pB(φ)

2

(
xB

k − xB
m

)]
(7.37)

Here, pA(θ ) = xθA sin θ + pθA cos θ and pB(φ) = xφB sin φ +
pφB cos φ. To determine the marginal Qm(xθA, xφB, t2) =∫

d pθAd pφBQ(λrot, t2) at time t2, it is necessary to integrate
over pθA and pφB. With both transformations, the integrals
over pθA and pφB involving the cosine function no longer nec-
essarily vanish, since with θ, φ 	= nπ (where n is an integer)
the variances σ 2

pθA
and σ 2

pφB are no longer restricted to be very
large. This is evident in Fig. 21 and by Eq. (7.31), where a
need not be large (refer to Appendix E). Hence, we require
θ, φ 	= nπ to observe nonlocality. This implies that the rotated
state after a change of setting is a superposition of the original
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eigenstates. In conclusion, with such a selection of settings,
the interference term IntAB(θ, φ) is no longer hidden and can
contribute nonzero terms to the marginal Qm(xθA, xφB, t2). We
conclude that the interference terms may contribute to the
measurable probability distribution P(xθA, xφB) for outcomes
xθA and xφB of joint measurements x̂θA and x̂φB.

This result can be generalized to an arbitrary state prepared
at time t0 by considering |ψ〉 = ∑

jk c jk|xA
j 〉|xB

k 〉 (refer to Ap-
pendix C). �

Comment. It is the interference term IntAB present in the
original Q function Q(λ, t0) that leads to the Bell nonlocality.

Proof. The marginal Qm(xθA, xφB, t2), defined by (7.18)
and used in the above proof, can be expressed as the sum
of three terms, Q1, Q2, and Q3. These are defined as the
integration over pθA and pφB of the three terms appearing in
Q(λrot, t2) in (7.35). The integration of the first two terms
in Q(λrot, t2) gives Q1 and Q2, which lead to peaks in the
distribution Q(xθA, xφB, t ) corresponding to the states |xA

j 〉|xB
k 〉

and |xA
l 〉|xB

m〉, respectively, as in a mixture of the |xA
j 〉|xB

k 〉 and
|xA

l 〉|xB
m〉. The expressions Q1 and Q2 are expressible as a

product of a function of xθA and a function of xφB. The xθA is a
function only of local variables xA, pA, and θ ; xφB is a function
only of local variables xB, pB, and φ. We see that any mixture
of the |xA

j 〉|xB
k 〉 and |xA

l 〉|xB
m〉 would satisfy a Bell LHV model,

where xA, pA, xB and pB play the role of hidden variables.
The third term given by Q3 = ∫

d pθAd pφBIntAB(θ, φ) does
not factorize in this way, and hence leaves open the possibility
to violate a Bell inequality. �

Result VII.6: Nonlocality. Consistent with Results VII.1
and VII.4, the effect due to the interference term IntAB(θ, φ)
on the observed probabilities is nonlocal, implying it can lead
to a violation of a Bell inequality.

Proof. The proof follows from the above comment. We
note that the impact of the change of setting θ at A on any
observed probability that is due to IntAB is only present if
there is also a change of setting φ at B. This is evident by
the mathematical form of IntAB in Eq. (7.36). If φ = 0, there
is no change to observed probabilities due to any change of
setting θ at A that can be attributed to IntAB; if φ 	= 0, such
a change becomes possible (Result VII.5). Hence, the effect
due to IntAB at A depends on φ at B. �

Result VII.7: The CV Bell nonlocality requires the settings
to mix x and p locally. The constraint θ, φ 	= nπ (where n is
an integer) is derived above in Result VII.5 as a requirement
for the Bell nonlocality. This implies the settings need to be
changed (relative to the initial settings, denoted xA, pA and
xB, pB) so that both the measured quadratures x̂A

θ and x̂B
φ are

rotated to combine the local amplitudes xA, pA and xB, pB,
respectively (so that the rotated states are superpositions of
the original eigenstates in x̂A and x̂B). This is consistent with
quantum predictions.

C. Local loops, nonlocal loops, and correlation

We see from Sec. IV E that the hidden interference term
Int can contribute to a hidden loop, which distinguishes the
superposition from the mixed state (Figs. 16 and 17). The
correlations are more complex in the two-mode case. How-
ever, we see that the term IntAB present in the Q function
(7.28) of the superposition |xA

j 〉|xB
k 〉 + |xA

l 〉|xB
m〉 implies that the

FIG. 23. Nonlocal loops and EPR states. Diagram as in Fig. 22,
depicting the special case of the simulation of the measurement of the
CV EPR entanglement for |ψepr〉. The system is prepared for mea-
surements x̂A and x̂B at time t0. The top figure depicts measurement
of x̂A and x̂B, where x and p trajectories are not connected. The lower
figure depicts measurement of x̂A and p̂B, showing nonlocal loops.
The local loops evident in Fig. 22 for the Bell state are absent for the
EPR state |ψepr〉.

conditional distribution Q(pA|xA) (unlike that of a mixture of
|xA

j 〉|xB
k 〉 and |xA

l 〉|xB
m〉) does not factorize to give Q(pA|xA) =

Q(pA). Hence, a local loop connecting variables xA and pA

will be present.
Definition: Local loop. We define a loop as local, if it

connects backward and forward-propagating variables for a
single system (A or B).

Result VII.8: Local loops are associated with the Bell
violation. We see from Result VII.5 (Comment) that the
Bell nonlocality arises from hidden interference terms IntAB.
These terms [as for Int in Eq. (3.8)] lead to a correlation
between the local coordinates. We see that Q(pA|xA) 	= Q(pA)
and Q(pB|xB) 	= Q(pB). There are hence local loops for each
system A and B. The local loops are depicted in Fig. 23. Being
a consequence of IntAB, they are present for the Bell nonlocal
system.

Comment. This is consistent with the observation that a
local loop does not exist for the CV EPR entangled state |ψepr〉
given by Eq. (6.2) (Fig. 23), for which a local hidden variable
theory (LHV) exists to explain measurements of x̂θA and x̂φB

[148].
For the two-mode case, it is possible to consider

other correlations, i.e., we see that Q(pB|xA) 	= Q(pB) but
also Q(pA|pB) 	= Q(pA) and Q(xA|xB) 	= Q(xA). The latter
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correlations, between xA and xB (say), imply a correlation
between x̂A and x̂B that can clearly also have a classical nature.

Definition: Nonlocal loop. We define a loop as nonlocal if
it connects backward and forward-propagating variables for
systems at separated sites.

Correlation. There are constraints that exist between the
trajectories of different systems, due to the correlation be-
tween the two systems, as defined by Q(λ, t0). This occurs
in the EPR case |ψepr〉 [Eq. (6.1)], when both x̂A and x̂B are
measured, since Q(xA|xB) 	= Q(xA) and xA and xB are corre-
lated (Fig. 23, top panel). These constraints ensure certain
backward trajectories are correlated between the two systems
in a given run, as in Fig. 20, but can create nonlocal loops,
for example, in the EPR case where x̂A and p̂B are measured.
This is depicted in Fig. 23 (lower panel) for |ψepr〉, where
the existence of the perfect correlation between x̂A and x̂B,
and perfect anticorrelation between p̂A and p̂B, allows for two
nonlocal loops, and is also a signature of entanglement [149].

The above correlations and connections between the tra-
jectories of the simulation are determined by the Q(λrot, t2),
which are in turn determined by Q(λ, t0), at the initial time,
since the transformations (7.13) and (7.14) that change the
measurement settings are deterministic (refer to Appendix H).
This is depicted in Figs. 22 and 23 by the vertical dashed lines
at both times, t1 and t0.

D. Hidden-variable (HV) models PB, PdetB, and PBell

In Sec. IV F, hidden-variable model Psup was developed
from the simulation involving |ψsup〉. A similar approach can
be applied to the Bell simulation. In the proposed Bell test,
the amplitudes x̂θA and x̂φB are measured, and the outcomes
binned to be +1 or −1, according to the sign S of the outcome.
Binary outcomes SA = ±1 and SB = ±1 apply at each site,
for given settings θ and φ.

Result VII.9a: Hidden variable model PB. Unlike the for-
ward trajectories, the backward-propagating trajectories are
continuous. Hence, for any given joint “spin” outcomes SA =
±1 and SB = ±1 at A and B, respectively, we can de-
duce a distribution P(λrot|SA,SB) for the amplitudes λrot =
(xθA, pθA, xφB, pφB) at time t2. Here, t2 is the time by which
both the settings θ and φ are fixed (Fig. 22). The distribution
can be found by tracing the backward trajectories from t f to
the time t2. Using that for events A and B, the conditional prob-
abilities satisfy P(A|B) = P(B|A)P(A)/P(B), it follows (refer
to Result IV.13, Sec. IV F) that for a given set of values for the
variables λrot = (xθA, pθA, xφB, pφB), there exists a probability
distribution

PB(SA,SB|λrot ) (7.38)

for joint outcomes at A and B. Hence, a probabilistic HV
model PB exists, in which the system given by amplitudes λrot

can be viewed as being in a state with a certain probability for
outcomes SA and SB at A and B.

Proof. Following Sec. IV F, we identify A with outcomes
xA
θ j, xB

φk , and B with variables λrot. Following Sec. IV D, we
define the distribution Qloop(λrot, t2|xA

θ j, xB
φk ) for the variables

λrot defined at time t2, given the amplitudes xθA(t ), xφB(t ) that
are traced back from the branches BA j and BBk associated
with outcomes xA

θ j and xB
φk . The probability distribution for

outcomes xA
θ j , xB

φk given λrot is

PB
(
xA
θ j, xB

φk

∣∣λrot
) = Qloop

(
λrot, t2|xA

θ j, xB
φk

)
P
(
xA
θ j, xB

φk

)
Q(λrot, t2)

.

Extending Eq. (4.14) in Sec. IV D to bipartite case, we write

Qloop
(
λrot|xA

θ j, xB
φk

) = Qjk (xθA, xφB)Q(λrot|xθA, xφB),

where Qjk (xθA, xφB) is the distribution at the time t2 associated
with the branches BA j and BBk , and

Q(λrot|xθA, xφB) = Q(λrot, t2)/Qm(xθA, xφB, t2)

is the conditional distribution [similar to Q0(p|x) in
Eq. (4.12)], defined from the initial state Q(λrot, t2).
Here, we define the marginal Qm(xθA, xφB, t2) =∫

d pθAd pφBQ(λrot, t2), which (extending Result III.1) is
the summation of the P(xA

θ l , xB
φm)Qlm(xθA, xφB) over all l and

m. Hence,

PB
(
xA
θ j, xB

φk

∣∣λrot
) = Qjk (xθA, xφB)P

(
xA
θ j, xB

φk

)
Qm(xθA, xφB, t2)

. (7.39)

Following Sec. IV F, we find Qjk (xθA, xφB) =
e
−(xθA−xA

θ j )2/2

√
2π

e
−(xφB−xB

φk )2/2

√
2π

. The probability of outcomes SA

and SB given the set of hidden variables λrot can be found by
summing the PB(xA

θ j, xB
φk|λrot ) where outcomes xA

θ j , xB
φk have

the appropriate sign. �
Comment. In Sec. IV F (Result IV.13b), the deterministic

model Pdet was also put forward, based on the postselected
state. A similar model PdetB can be constructed in the bipartite
case, to describe the predetermination of the outcomes xA

θ j and
xB
φk of x̂θA and x̂φB as given by the system defined at the time

t2 in Fig. 22, which is the time by which the measurement
settings have been fixed. The postselected states are derived
in Appendix H.

Result VII.9b: Hidden variable model PBell. A second
model PBell traces back from branches at time t f to the time
t0, prior to the unitary operations that determine the setting
choices θ and φ. This is possible because the relations (7.13)
and (7.14) are deterministic, allowing an algebraic transfor-
mation of variables (Appendix H). Hence, we define the HV
model

PBell(SA,SB|λ, θ, φ), (7.40)

where λ = (xA, pA, xB, pB) are the variables defined for the
state of the system at the time t0, prior to the interactions
that determine θ and φ. Hence, a probabilistic HV model
PBell exists, in which the system given by amplitudes λ =
(xA, pA, xB, pB) can be viewed as being in a state with a certain
probability for outcomes SA and SB at A and B.

Proof. We define

P
(
xA
θ j, xB

φk

∣∣λ) = Qloop
(
λ, t0|xA

θ j, xB
φk

)
P
(
xA
θ j, xB

φk

)
Q(λ, t0)

(7.41)

and evaluate the transformed probability density function
from Qloop(λrot, t2|xA

θ j, xB
φk ). �

Result VII.9c: Asymmetric local hidden variable model
Pasym,A. A third HV model is deduced from Result VII.3.
Suppose we fix the setting at system A but allow a change of
setting φ at B. We consider measurements x̂A and x̂φB. We see
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from Result VII.3 that an LHV model exists based on ρmix,B

to correctly describe the outcomes of x̂A and x̂φB. Details are
in Appendix F.

E. Weak macroscopic realism and weak local
realism for bipartite systems

We now extend the premises wMR(1) and wLR(1) of weak
macroscopic realism (wMR) and weak local realism (wLR),
given by Definitions (6) and (10) in Sec. I B, and by Results
IV.6 and IV.14, so that they apply to bipartite systems. Con-
sider the system of Fig. 22 prepared generally at time t2 for
measurement of x̂θA and x̂φB, so that an independent ampli-
fication Hamp for each system will finalize the measurement.
The possible outcomes at A are denoted by the set {xA

θ j}. The
possible outcomes at B are denoted by the set {xB

φk}.
Result VII.10: Weak macroscopic realism: Premise

wMR(1). The simulation (and Q model) of the bipartite
system is consistent with the premise wMR(1) of wMR
[Definition (6a) in Sec. I B], which posits that both the values
xA

j and xB
k for the outcomes at A and B are determined at

a time tm, after the settings are fixed, and after sufficient
amplification, HA

amp and HB
amp.

Proof. Where there is a joint measurement as in the am-
plifications HA

amp and HB
amp, distinct branches emerge at a time

tm (as in Fig. 20, at time tm = 2/g where G = e|g|t f → ∞). In
the Q model, the measured outcomes (if detection takes place)
are given by x̃θA = xθA(t )/G and x̃φB = xφB(t )/G (Result IV.6
in Sec. IV C). We symbolize the predetermined values by
variables λ̃A

θ and λ̃B
φ . �

Result VII.11: Weak local realism: Premise wLR(1). At
the time t2, the system of Fig. 22 has undergone the uni-
tary transformations U A

θ and U B
φ that fix the settings to be

θ and φ. There are two versions of wLR(1), deterministic
and probabilistic, defined in Definition (10a) (refer also to
Result IV.14, Sec. IV G). The bipartite simulation is consistent
with the premise wMR(1) of both versions of wLR, which
posit that both the outcomes at A and B are determined (at
least with a certain probability) at time t2.

Proof. The deterministic version of wLR posits consis-
tency with a hidden variable (HV) model in which the
outcomes are determined at the time t2. In the Q model as
applied to Fig. 22, the means xA

θ j and xB
φk of the Gaussian

functions in Q(λ, t2) are amplified to GxA
θ j and GxB

φk , and
the correlation between the outcomes is hence determined by
Q(λrot, t2). The interference terms IntAB in Q(λ, t2) are not
amplified (Result VII.2, Sec. VII B). Hence, the prediction
for joint probabilities of outcomes x̂A and x̂B is the same as
for the mixed state, ρD defined by Eq. (7.22), for which the
outcomes xA

θ j and xB
φk can be viewed as determined for an

individual realization of the system. Hence, a deterministic
HV model consistent with wLR(1) exists. The model PdetB

outlined above in Sec. VII D provides a more detailed deter-
ministic HV model consistent with wLR(1), and also accounts
for the interference terms in the Q function.

Alternatively, for the probabilistic version of wLR, a hid-
den variable (HV) model PB [Eq. (7.38)] can be developed
from the simulation. At time t2, we consider the system to
be in an HV state λrot = (xθA, pθA, xφB, pφB) with probability

Q(λrot, t2). It is possible to construct a joint probability for the
outcomes xA

θ j and xB
φk (and hence of SA and SB) at the sites, for

any given values of λrot [Result VII.9a, Eq. (7.39)]. Hence, a
probabilistic HV model satisfying the probabilistic version of
wLR(1) exists. �

Result VII.12: Deterministic relations D for correlated
outcomes. The results specify the outcomes xA

θ j and xB
φk to

be determined at the time tm, or else, for Result VII.11 (at
least probabilistically) at time t2. Hence, the results imply
certain deterministic relations D that specify the correlations
between the outcomes xA

θ j and xB
φk , at these times. For Re-

sult VII.1, the deterministic relations D will apply to the
system at time t2, because the settings at A and B are fixed
at θ and φ at this time. The system has been prepared by
the appropriate unitary operations with respect to the mea-
surement basis x̂θA and x̂φB. Specifically, examining state
|xA

j 〉|xB
k 〉 + |xA

l 〉|xB
m〉 of Eq. (7.27), the Q function (7.28) shows

that the outcomes xA
j and xB

k are correlated, as are those of xA
l

and xB
m.

Result VII:13: Deterministic relations D for correlated
outcomes after a single setting change. Suppose we fix
the setting at system A but allow a change of setting φ

at B. We consider measurements x̂A and x̂φB. We see from
Result VII.3 that a local hidden variable (LHV) model Pasym,B

exists based on ρmix,B to correctly describe the outcomes of
x̂A and x̂φB (Result VII.9c and Appendix F). We hence de-
duce a set D of deterministic relations implied by Pasym,B. In
the weak local realistic model (which is implemented by the
Q-model of reality), the values for the outcomes for x̂A and
x̂φB are determined (at least probabilistically) as xA

j and xB
φk ,

at a time t1 once the settings are fixed at θ = 0 and φ. The
purpose of the relations D is to give the correlation between
the (hidden) variables, xA

j and xB
φk .

Proof. The Q(λ, t0) denoting an initial state |ψ (t0)〉
prepared in the measurement basis with θ = φ = 0 is trans-
formed to Q(λrotB, t1B) at the time t1B, after the setting change
φ at B, where λrotB = (xA, pA, xφB, pφB). The Q(λrotB, t1B) can
be written in the new measurement basis (Appendix E) using
(7.14). We can reexpress in the form (7.24): a sum of Gaussian
functions and interference terms IntAB(φ). This is done by
noting that the initial quantum state |ψ (t0)〉 = ∑

i,l cil |xA
i 〉|xB

l 〉
is determined by the cil . The |ψ (t0)〉 is defined uniquely
by Q(λ, t0) and can in principle be determined by Q(λ, t0)
(Appendix C). Hence, we can write in the new basis, using
|xB

l 〉 = ∑
k dlk|xB

φk〉 where dlk are transformation coefficients
given in Appendix E, as functions of φ. Hence |ψ (t1B)〉 =∑

j,k e jk|xA
j 〉|xB

φk〉, where e jk = ∑
l c jl dlk can be determined

solely from the cil and φ, which defines Q(λrotB, t1B) in the
form (7.32).

This also defines the joint probabilities of outcomes xA
j and

xB
φk , as |e jk|2. The deterministic relations D1 that determine

the correlations between outcomes xA
j and xB

φk can hence be
established from knowledge of the initial state Q(λ, t0) and φ

at B. These are xA
j ↔ xB

φk with probability |e jk|2. �
Result VII.13b: Compatibility between wMR and wLR, and

the deterministic relations. It is remarked that weak macro-
scopic realism (wMR) is compatible with weak local realism
(wLR), and vice versa. In particular, the Q model of reality
supports both wMR and wLR, as evident from the simu-
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FIG. 24. Projection in the Q model. The system is prepared
at time t0 with respect to the measurement basis of x̂A and x̂B,
so that θ = φ = 0. The field A is amplified (at time tmA) with
the setting fixed at θ = 0. The trajectories xA(t ) conditioned on
the branch λ̃A

x corresponding to an outcome xA
j trace back to

time t0 (orange dashed and solid blue line), where they correlate
with certain amplitudes, to determine the postselected distribution
Qloop(λ, t0 |̃λA

x ) ≡ Qloop(λ, t0|xA
j ) (accounting for the deterministic

relations D that constrain correlations with outcomes xB
k ). The distri-

bution Q(xB, pB |̃λA
x ) ≡ Q(xB, pB|xA

j ) for system B alone [Eq. (8.2)]
corresponds to the projected state of B given the outcome xA

j at A.
The projected state is determined at (or by) the time tmA, which can
be prior to a setting change Hφ and final detection at B. The projected
state is consistent with the marginal Qm(xA, xφB, tmB), which gives the
joint probability density of amplitudes xA(tmB) and xφB(tmB).

lations, which show consistency with wLR as well as the
emergence of branches. Hence, the causal model and the
above deterministic relations D are compatible with wMR.

VIII. MEASUREMENT WITH A METER:
STATE PROJECTION

For the EPR system (6.1), it is well known that the Wigner
function provides a local hidden variable (LHV) theory which
explains the correlation between spacelike-separated systems
A and B [148]. However, the LHV model cannot explain other
correlated systems, such as |ψBell〉 of Eq. (7.6).

In this section, we use the Q-based simulation to analyze
measurement by a meter, hence analyzing projection, where
a measurement on one of two entangled systems “collapses”
the state of the second system. We show consistency with the
premises wMR(3) and wLR(3) of weak local and macroscopic
realism [Definitions (6c) and (10c) in Sec. I B] which leads
to conclusions about the mechanism and the timing of the
collapse of the wave function.

A. Model for projection

Figure 24 shows a two-mode system prepared at time t0
for measurements x̂A and x̂B (where θ = φ = 0). The sys-
tem is described by a two-mode Q function Q(λ, t0), where
λ = (xA, pA, xB, pB). We use the symbols λ and λ interchange-
ably to represent the phase-space coordinates, which can also
symbolize hidden variables in the Q-based model. The system
might be in an EPR state such as given by Eq. (6.1), or in a
two-mode cat state similar to |ψBell〉 of Eq. (7.6). We consider

quadrature phase amplitude measurements x̂θA = x̂A cos θ +
p̂A sin θ and x̂φB = x̂B cos φ + p̂B sin φ.

If there is a change of setting φ at B, then there are con-
straints imposed on system B by the configuration at A. This
gives a model for projection.

In Fig. 24, the setting at A has been fixed at θ = 0, ready
for a measurement of x̂A (Fig. 24). Let us suppose that sys-
tem A at the time tmA has been amplified according to HA

amp
[Eq. (6.3)]. The bipartite postselected distribution at the time
t0 conditioned on a branch symbolized by λ̃A

x with outcome xA
j

for x̂A at A is denoted by [refer Eq. (4.13) and Definition (8)
in Sec. I B]

Qloop
(
λ, t0|xA

j

)
. (8.1)

The bipartite distribution Qloop(λ, t0|xA
j ) originates from the

backward-propagating trajectories that trace back to the initial
time t0, from a given branch xA

j for A. The initial state Q(λ, t0)
implies a restriction (red dashed lines) on the state of system
B, as depicted in Fig. 24.

The Qloop is an explicit function of λ = (xA, pA, xB, pB) but
is derived within the framework of the Q model of reality, and
Results VII.10–VII.12. Hence, its derivation must take into
account the possible outcomes xB

k at B, as given by the deter-
ministic relations D that specify the correlations between the
outcomes at A and B for the specified measurement basis. The
bipartite postselected distribution must be consistent with any
known deterministic relationsD that determine the correlation
between any of the possible outcomes xB

k at B, and xA
j at A

(Results VII.10–VII.12).
The state for system B alone conditioned on the branch xA

j
of A is

Q
(
xB, pB|xA

j

) =
∫

dxAd pAQloop
(
λ, t0|xA

j

)
, (8.2)

as calculated by integrating Qloop(λ, t0|xA
j ) over xA and pA. The

distribution (8.2) constrains the outcomes for B, including for
any future changes of settings at B. Figure 24 depicts a future
change of setting at B to φ, as induced by the Hamiltonian Hφ .

Result VIII.1a: Retrodiction not retrocausality. The distri-
bution function Q(xB, pB|xA

j ) for the projected state for system
A is derived based on knowledge of the setting and outcome
xA

j at A and of the initial distribution Q(λ, t0). No knowledge is
required about the setting φ at B. Hence, we claim the distri-
bution is deduced by retrodiction (not retrocausality), based
on the relation xA

j → GxA
j [Eq. (5.2)], and the deterministic

relations D that specify the correlations between outcomes xA
j

and xB
k (assuming weak local or macroscopic realism, as in

Results VII.10–VII.12). Here, we assume the setting is fixed
at A.

Proof. The proof follows since Q(xB, pB|xA
j ) is derived

directly from Qloop(λ, t0|xA
j ). The method of derivation of

Qloop(λ, t0|xA
j ) involves tracking the trajectories xA(t ) for the

branch xA
j back to the original time t0, but the nature of the

backward simulation means the distribution Qloop(λ, t0|xA
j )

can be deduced by retrodiction, by reversing the determinis-
tic relation xA

j → GxA
j and similar deterministic relations D

between xA
j and xB

k (refer below). This is because there is no
change to the properties of the noise δxA ≡ ηA(t f ), which is an
input at the future boundary, as the system propagates in the
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backward-time direction, from time t f (which determines the
future boundary) to time t0 (refer to Secs. III B and V A). �

The projected distribution at B, however, gives more in-
formation than just the outcome for the current measurement
x̂B at B, given an outcome at A. This is determined by the
relations D as fixed by the current setting at B (Result VII.12).
The projected distribution gives information about the state
for B, and hence information about future measurements at
B after further setting-changes. This is because the projected
distribution is derived not only from xA

j , but from the Q func-
tion Q(λ, t0), which includes noise and interference terms. We
clarify with the following result.

Result VIII.1b: Future settings at B. The distribution
Q(xB, pB|xA

j ) determines the probabilities of outcomes at B,
conditioned on the outcome xA

j of x̂A at A, for any future
choice of setting φ. The predictions are consistent with the
correlations between outcomes at A and B as predicted by
the Q function Q(xA, xφB, tmB) of the system at time tmB, after
the setting-change and amplification at B (refer Fig. 24).

Proof. The proof is given in Appendix H (Result AH.3)
and follows because the change of setting at B is a local
transformation (D3) corresponding mathematically to chang-
ing coordinates in the distribution Q(xB, pB|xA

j ). �
Hence, as expected, the distribution Q(xB, pB|xA

j ) will cor-
respond to the projected state, given quantum mechanically.
This models the “collapse to the projected state” for bipartite
systems.

Result VIII.1c: Projected state. The probability distribu-
tion Q(xB, pB|xA

j ) corresponds to the Q function of the
projected state for B in quantum mechanics, given the out-
come xA

j for system A.
Proof. Consider the general state

∑
jk c jk|xA

j 〉|xB
k 〉 as in

Eq. (7.20). We consider that the systems A and B are prepared
with respect to the measurement bases of x̂A and x̂B. We first
take the simplest case of∣∣xA

j

〉∣∣xB
k

〉 + ∣∣xA
l

〉∣∣xB
m

〉
(8.3)

as in (7.27) where j 	= l , k 	= m, for which according to quan-
tum mechanics the projected state at B given the outcome
xA

j at A is |xB
k 〉. (This follows because the eigenstates are

orthogonal, proved in Appendix C). Applying Results VII.11
and 12, the correlations between the outcomes at A and B
define a set of deterministic relations D in the Q model, in this
case

xA
j ↔ xB

k , xA
l ↔ xB

m. (8.4)

We consider the outcome xA
j . Following the procedure of

Sec. IV D and Appendix H, we trace back the branch
BA

j , to obtain the distribution for xA at time t0, as

QxA
j
(xA) = e

−(xA−xA
j )2/2

√
2π

. This gives for the inferred distribution
at t0,

Qloop
(
λ, t0|xA

j

) = QxA
j
(xA)Q(pA, xB, pB|xA)

=
QxA

j
(xA)Q(λ, t0)

Qm(xA, t0)
, (8.5)

where Q(λ, t0) is the Q function of the system at time t0
[Eq. (7.28)] and Qm(xA, t0) = ∫

d pAdxBd pBQ(λ, t0) denotes

the marginal distribution for xA. However, a direct evaluation
does not fully define the projected state, due to the overlap
of the distributions of the eigenfunctions |xA

j 〉 and |xA
l 〉 for

small separations |xA
j − xA

l | � 1. The correct procedure also
takes into account the deterministic relation D that defines the
correlation that xA

j implies xB
k for B, which is embedded in the

causal model, based on the fixed settings at t0. This relation
rules out the bivariate Gaussian in Q(λ, t0) with means xA

l
and xB

m. The interference term IntAB as given by Eq. (7.29)
is shared between the two states of the superposition (8.3).
This term is a function of pA and cannot be inferred from the
outcome being xA

j or xA
k : this term is not ruled out. However,

the projected state for B is deduced by integrating over pA. We
see from Result VII.5 that the integration over pA leads to a
vanishing of the term involving IntAB. The projected state in
the Q model is hence

QxA
j
(xB, pB) = G0,σpB

(pB)GxB
k ,1(xB), (8.6)

corresponding to the Q function of state |xB
k 〉 as required.

Here G are the Gaussian functions defined by Eqs. (7.28) and
(7.25).

Generalizing, the projected state of |ψ〉 = ∑
jk c jk|xA

j 〉|xB
k 〉

given xA
j is found by rewriting |ψ〉 = ∑

j f j |xA
j 〉|ψB

j 〉 where
|ψB

j 〉 = ∑
k d jk|xB

k 〉 is normalized as in Eq. (7.26). The pro-
jected state is |ψB

j 〉. Hence, we consider a superposition of
type ∣∣xA

j

〉(
d j1

∣∣xB
k1

〉 + d j2

∣∣xB
k2

〉 + · · · ) + ∣∣xA
l

〉∣∣xB
m

〉
. (8.7)

The Q function Q(λ, t0) is of the form

Q(λ, t0) = N
(
G0,σpA

(pA)GxA
j ,1

(xA)QB j (xB, pB)

+G0,σpA
(pA)GxA

l ,1(xA)G0,σpB
(pB)GxB

m,1(xB)

+ IntAB
)
, (8.8)

where QBj (xB, pB) is the Q function of the superposition
d j1|xB

k1〉 + d j2|xB
k2〉 + · · · , so that

QBj (xB, pB) = G0,σpB
(pB){|d j1|2GxB

k1,1
(xB, pB)

+ |d j2|2GxB
k2,1

(xB, pB) + · · · + IB}, (8.9)

where here the interference term IB is a sum of terms such
as Int given for a single-mode two-state superposition, in
Eq. (3.8). The projected state conditioned on xA

j rules out the
second Gaussian in (8.8), and the bipartite interference IntAB

vanishes over the integration with respect to pA. Integrating
over the coordinates of A, the projected distribution given the
outcome xA

j at A is hence

QxA
j
(xB, pB) = QB j (xB, pB), (8.10)

in agreement with the Q function of the projected state |ψB
j 〉.

The projected distribution QxA
j
(xB, pB) describes the projected

state at time t0. The predictions for the outcomes if there is
a change of setting is given by the transformation (D3) at B,
which corresponds to the change of coordinates in QxA

j
(xB, pB)

(refer to Appendix H). �
The projection models the collapse to the projected state

for bipartite systems. What does this tell us about the process
of the collapse of the wave function in the Q model of reality?
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Result VIII.1d: Wave-function collapse. The conditioned
state (8.2) for B alone has reduced information. For exam-
ple, fringe terms involving pA vanish in Q(xB, pB|xA

j ) (refer
above). Hence, in the Q-based simulation and model, the final
collapse to the projected state occurs when an inference about
the state of the system B is made, deduced from the detected
outcome xA

j at A. There is a loss of information about the
complementary variable pA of system A. The projected state
does not fully reflect the state of the system B prior to the
measurement at A (Fig. 13).

B. Measurement by a meter

We illustrate projection as applied to the measurement
problem with the example of the entangled Schrödinger-cat
state

|ψent〉M = 1√
2
{|α0〉|x1〉 + i|−α0〉|−x1〉}. (8.11)

Here, | ± α0〉 are macroscopic coherent states for the field
mode A with α0 > 0 and large. | ± x1〉 are eigenstates of x̂B

with eigenvalues ±x1. As in Part 1 of the paper, we model
the eigenstates |x1〉 as highly squeezed states in x̂B. The state
(8.11) becomes

|ψent〉M = 1√
2

{
|α0〉

∣∣∣∣x1

2
, r

〉
sq

+ i|−α0〉
∣∣∣∣ − x1

2
, r

〉
sq

}
,

(8.12)

where | x1
2 , r〉sq is the squeezed state for mode B defined by

Eqs. (3.1)–(3.3). For r large, the squeezed state | x1
2 , r〉sq be-

comes the eigenstate |x1〉 of x̂B.
When α0 is large, the entangled state (8.12) models the

state created when a macroscopic meter (field A) has coupled
to a system B. The outcome of a measurement x̂A on system
A gives (for α0 real and large) the outcome of the sign of x̂B

for system B. According to the measurement postulate, if the
outcome for x̂A at A is positive (+) then, for this superposition,
the system B collapses to the eigenstate |x1〉 (for r large).

We evaluate numerically from the simulation the distribu-
tion for system B conditioned on the branch corresponding
to the positive outcome (where xA(t f ) > 0, denoted by the
symbol +) for x̂A of system A i.e., Q(xB, pB|+). Here, be-
cause the system A is macroscopic, given by macroscopically
distinct states |α0〉 and | − α0〉 that become orthogonal as
α0 → ∞, the projected distribution Q(xB, pB|+) for B given
the outcome + at A is deduced directly by integration of
Qloop(xB, pB, pA|+) over pA, without the need for direct im-
plementation of the deterministic relations D. The function
Q(xB, pB|+) is plotted in Fig. 25, verifying equivalence to
the Q function of the squeezed state (modeling the eigen-
state |x1〉), as expected from the meter-system state (8.11)
and consistent with the measurement postulates of quantum
mechanics.

C. Projection after a change of setting

The projection procedure for one system, say B, condi-
tioned on an outcome at the second system A, can be applied
even when there has been a change of setting at the system A
after the time t0 at which the bipartite states are prepared. We

FIG. 25. Projected distribution and collapse of the wave func-
tion. The projected state for system B entangled with a meter A, as in
Eq. (8.12). We plot Q(xB, pB|x1) ≡ Q(xB, pB|+) for B conditioned on
the positive outcome x1 of x̂A on the meter A i.e., we trace back trajec-
tories with xA(t ) > 0 at the time t f , where t f is large (refer to Fig. 24).
Here, we take α0 = 2, x1 = 2 with r = 1.5 and 1.2 × 106 trajectories.
The Q function Q(xB, pB|+) corresponds to that of the squeezed
state |x1/2, r〉, which approximates the eigenstate |x1〉, modeling the
collapse of system B to eigenstate |x1〉 after measurement.

examine this case, in order to understand the violation of Bell
inequalities in the next section.

Result VIII.1e: Projected state at B conditioned on A after
a change of setting at A. A projected state and distribution
Q(xB, pB|xA

θ j ) can be defined for the system B at a time tmA,
given an outcome xA

θ j for a measurement x̂A
θ (Fig. 26). Here,

we are allowing that there has been a change of setting to θ at
A after the initial preparation time t0. The time tmA is the time
after sufficient amplification at A, so that the outcome for x̂A

θ

FIG. 26. Depiction of projection where there has been a set-
ting change θ at A. The projected state Q(xB, pB |̃λA

θ ) is defined to
describe the system at time t0, based on the setting change θ at
A and the Q function Q(λ, t0). The distribution Q(xB, pB |̃λA

θ ) de-
fines predictions for the system B for further changes of setting φ

that might take place, or have taken place, after the time t0. The
derivation is explained in Result VIII.1e and depicted in Fig. 27,
involving the derivation of Qloop(λrotA, t1A|xA

θ j ), followed by a change
of coordinates, equivalent to tracing trajectories back through the
interaction due to the setting-change Hθ (red dashed line). The pro-
jected state Q(xB, pB |̃λA

θ ) is consistent with the marginal distribution
Qm(xθA, xφB, tmB ) that defines the systems after both setting changes.
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is defined according to the assumptions of weak macroscopic
realism (wMR).

Proof. We allow for a setting change θ at A, but consider
system B prior to any setting change at B. The Q(λ, t0) is trans-
formed to Q(λrotA, t1A) at the time t1A, after the setting change
at A, where λrotA = (xθA, pθA, xB, pB). The Q(λrotA, t1A) can
be written in the new measurement basis as explained in
Result VII.13 (exchanging the roles of A and B). From
Result VII.13, the deterministic relations D1 that determine
the correlations between outcomes xA

θ j and xB
k can hence be

established from knowledge of the initial state Q(λ, t0) and θ

at A. This is justified because the local hidden variable model
Pasym,B given by the partially mixed state, in this case denoted
ρmix,B, as in Result VII.3 and Appendix F, applies to correctly
describe the outcomes of x̂θA and x̂B.

Applying the technique given in proof of Result VIII.1c,
the inferred distribution Qloop(λrotA, t1A|xA

θ j ) conditioned on
the branch Bθ j with outcome xA

θ j will comprise the relevant
Gaussian functions that are consistent with deterministic rela-
tions D1, as well as relevant interference terms IntAB (which
will vanish over integration of pθA). This allows evaluation
of the projected state Q(xB, pB|xA

θ j ). The outcomes xA
θ j and xB

k
may not be maximally correlated, and the projected state can
be a superposition of eigenstates of x̂B, as in Result VIII.1c.

There is consistency with the projected state that can be
evaluated by tracking the trajectories of the branch Bθ j back to
the initial time t0 (Fig. 27). To obtain the inferred distribution
Qloop(λ, t0|xA

θ j ) at time t0, the amplitudes xθA(t1), pθA(t1) of
Bθ j are transformed according to (7.15) to xA(t ) and pA(t ),
corresponding to a change of setting, but which is equivalent
to changing coordinates in Qloop(λrotA, t1A|xA

θ j ). Mathemati-
cally, the distribution for B conditioned on xA

θ j does not change
under a coordinate transformation, and hence the projected
distribution is Q(xB, pB|xA

θ j ) (refer to Appendix H). �
We illustrate the proof below by calculating the projected

state at B where the initial state of the system at time t0 is the
entangled state |xA

i 〉|xB
k 〉 + |xA

l 〉|xB
m〉 given by Eq. (8.3). This

leads to the following comment:
Comment (1). Entangled states give projected states that

are superpositions. Where there is entanglement, the projected
state at B given an outcome at A is a superposition, at least for
one of the outcomes and for particular choices of setting θ .
For an entangled state, this is also true for the projected state
at A given an outcome at B. The result would not hold for a
nonentangled state, i.e., consider |xA

i 〉(|xB
k 〉 + |xB

m〉) for which
the projected state at B given an outcome xA

θ j is |xB
k 〉 + |xB

m〉 but
the projected state for A given an outcome xB

φq after a setting
change φ at B is |xA

i 〉.
We demonstrate by considering the initial state |ψ〉 at time

t0 to be |xA
i 〉|xB

k 〉 + |xA
l 〉|xB

m〉. Changing the basis at A to θ gives
|xA

i 〉 = ∑
r dir |xA

θr〉, |xA
l 〉 = ∑

r dlr |xA
θr〉 so that the expression

for the state becomes

|ψ〉 →
∑

r

∣∣xA
θr

〉(
dir

∣∣xB
k

〉 + dlr

∣∣xB
m

〉)
, (8.13)

where dkr are defined in Appendix E. This state is given
by the Q function Q(λrotA, t1A) in Figs. 26 and 27, which is
derived from the initial state Q(λ, t0) using knowledge of the
coefficients ci and θ , as explained in the proof above. The

FIG. 27. Derivation of the projected state with a setting change θ

at A. The diagram depicts the inference of the projected distribution
Q(xB, pB|xA

θ j ) for system B, conditioned on an outcome xA
θr , symbol-

ized by a branch λ̃A
θ , defined after the rotation Uθ and amplification

Hamp. The system is prepared at time t0 for measurements x̂A and
x̂B in the state Q(λ, t0 ). The derivation requires only knowledge of
θ and the initial state, Q(λ, t0 ) (given by the c jk defined in Result
VII.13) and is based on deterministic relations (blue arrows). The
change of setting θ as given by the deterministic transformation (D2)
at A is consistent with deterministic relations D1 that account for the
correlations between xB

k and xA
θr in Q(λrotA, t1A). Result VIII.1e and

the associated Comment (1) explain the calculation of Q(xB, pB|xA
θ j ),

based on tracking trajectories xθA(t ) associated with the branch λ̃A
θ ≡

xA
θ j to deduce Qloop(λrotA, t1A|xA

θ j ), where deterministic relations are
accounted for. The projected distribution Q(xB, pB|xA

θ j ) is evaluated
by integrating over coordinates of A, from either Qloop(λrotA, t1A|xA

θ j ),
or by converting to the distribution Qloop(λ, t0|xA

θ j ) at time t0. The

probabilities of outcomes xB
φk conditioned on the outcome λ̃A

θ = xA
θr at

A, for a setting-change φ at B are given by Q(xφB, pφB|xA
θ j ), consistent

with the coordinate transformation (D3) for B.

deterministic relations D1 are (Result VII.13)

xA
k ↔ xA

θr, xB
m ↔ xA

θr, (8.14)

where xB
k ↔ xA

θr occurs with probability |dir |2, and xB
m ↔ xA

θr
occurs with probability |dlr |2. From (8.13), the projected state
given an outcome xA

θ j at A for x̂A
θ is the superposition

|ψB〉 = di j

∣∣xB
k

〉 + dl j

∣∣xB
m

〉
provided di j, dl j 	= 0. This corresponds to the projected
distribution Q(xB, pB|xA

θ j ) derived from the distribution

Qloop(λrotA, t1A|xA
θ j ), which is deduced from the branch λ̃A

θ ≡
xA
θ j associated with outcome xA

θ j (red double dashed lines in
Fig. 27), as explained in the techniques of Result VIII.1c. The
projected distribution Q(xB, pB|xA

θ j ) is derived on integrating
Qloop(λrotA, t1A|xA

θ j ) over coordinates xθA and pθA (vertical
dashed lines in Fig. 27). The same projected distribution
Q(xB, pB|xA

θ j ) is derived, if we transform the coordinates of
A to xA and pA (top horizontal red dashed lines in Fig. 27).
This corresponds to the tracing of the trajectories of A through
the reversible transformation (D2) given by the measurement-
setting adjustment Hθ .

Considering the projected state of A given an outcome xB
s

at B, we find the projected state at A is the superposition of
type |ψA〉 = dks|xA

i 〉 + dms|xA
l 〉.

Comment (2). The inference of the projected state at A
requires knowledge of the setting θ at A, and the determin-
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istic relations. The inference is based on retrodiction. The
postselected state Qloop(λrotA, t1A|xA

θ j ) is derived solely from
knowledge of xA

θ j and the relation xA
θ j ↔ GxA

θ j , where G is the
amplification factor from Hamp, as well as the deterministic
relations D1, and the setting transformation (D2). The specific
value of the noise inputs η or ξ is not required. This is be-
cause there is no change to the noise properties as the system
propagates in the backward-time direction.

Comment (3). The appearance of the superposition |ψB〉 in
Comment (1) above is consistent with Result VII.5. A change
of setting at A changes the interference term IntAB in the Q
function of |xA

j 〉|xB
k 〉 + |xA

l 〉|xB
m〉 at time t0, so that the integra-

tion over xθA and pθA leads to a contribution that need not
be zero. This means that the interference term can contribute
to the projected state calculated from Qloop(λrotA, t1A|xA

θ j ),
and the resulting Q function Q(xB, pB|xA

θ j ) can contain an
interference term IB, thus allowing for the superposition
|ψB〉. Similarly, in reverse, going from time t1A to t0, the
projected distribution Q(xB, pB|xA

θ j ) calculated by integrating
Qloop(λ, t0|xA

θ j ) over xA and pA can contain interference terms
IB in B.

Comment (4). Analogy for spin systems. The procedure can
be illustrated by an analogy with basis changes for the system
prepared at time t0 in the spin Bell state

|ψBell, t0〉 = 1√
2

(|+〉zA|−〉zB − |−〉zA|+〉zB), (8.15)

which corresponds in the analogy to Q(λ, t0). Here |±〉zK are
the eigenstates of σ̂z for system K ∈ {A, B}. We take σ̂ K

θ =
σ̂ K

z cos θ + σ̂ K
x sin θ . At A, a change of setting from spin z to

spin σ̂ A
θ changes the basis: the new basis states are |±〉θA =

cos θ
2 |±〉zA ± sin θ

2 |∓〉zA. The state at time t1A is

|ψBell, t1A〉 = 1√
2

{
|+〉θA

(
cos

θ

2
|−〉zB − sin

θ

2
|+〉zB

)

− |−〉θA

(
cos

θ

2
|+〉zB + sin

θ

2
|−〉zB

)}
,

(8.16)

corresponding in the analogy to Q(λrotA, t1A). This gives the
expression in terms of the measurement basis for spin σ̂ A

θ at A
and spin z at B. The state conditioned on the + outcome at
A is |+〉θA|ψBsup〉 where |ψBsup〉 = cos θ

2 |−〉zB − sin θ
2 |+〉zB.

The projected state at B given a + outcome at A is the super-
position |ψBsup〉, in analogy with the Q function Q(xB, pB|xA

θ j ).
There is no direct analogy with Qloop(λrotA, t1A|xA

θ j ). The
change of basis back to spin σ A

z at A gives(
cos

θ

2
|+〉zA + sin

θ

2
|−〉zA

)
|ψBsup〉, (8.17)

which corresponds to Qloop(λ, t0|xA
θ j ). The projected state for

B is unchanged, given by |ψBsup〉 and hence Q(xB, pB|xA
θ j ).

The projected state describes the predictions at B, for future
setting changes, i.e., if there is a change of setting to φ at B,
then the state at B is

|ψBsup,φ〉 = cos

(
θ − φ

2

)
|−〉φB + sin

(
θ − φ

2

)
|+〉φB,

where |±〉φB = cos φ

2 |±〉zB ± sin φ

2 |∓〉zB. The expected value
of the spin product given + at A is hence E+(θ, φ) =
− cos(θ − φ). The expected value conditioned on a negative
spin σ̂ A

θ at A can be similarly calculated, to give agreement
with the overall expected value, E (θ, φ) = − cos(θ − φ).

We consider the case where A and B are reversed, so that
a setting change φ takes place first at B. The projected state
for A given a positive spin outcome for σ̂ B

φ is the superposition

|ψAsup〉 = (cos φ

2 |−〉zA − sin φ

2 |+〉zA). There is hence a mutual
consistency of the projected states with respect to the initial
state |ψBell〉 (refer to Result IX.3).

We compare with the mixed state ρAB
mix defined as the 50-

50 mixture of |+〉zA|−〉zB and |−〉zA|+〉zB. In the analogy, the
initial state Q(λ, t0) has no interference term. At A, a change
of setting from spin z to spin σ̂ A

θ changes the basis to |±〉θA =
cos θ

2 |±〉zA ± sin θ
2 |∓〉zA, but the projected state for B given a

positive spin outcome at A is a mixture of up- and down-spin
states at B.

D. Timing of the projection

In the Introduction, we raised the question as to the timing
of the collapse of the wave function. From the results, we see
there is consistency with premises (3) of weak macroscopic
realism (wMR) and weak local realism (wLR), defined in
Definitions (6c) and (10c) in Sec. I B, which imply a constraint
on the time of projection.

Result VIII.2: Weak macroscopic realism: Premise
wMR(3). Consider the systems A and B prepared at time
t0 with respect to a particular measurement basis which,
without loss of generality, we assume to be x̂A and x̂B as
in Fig. 24. Suppose the measurement setting at A has been
fixed and the system A amplified, so that distinct branches
symbolized by λ̃A

x have emerged at a time tmA (Fig. 24). The
first premise of weak macroscopic realism asserts that the
outcome xA

j for x̂A at A is specified at time tmA (Result IV.6).
The Q model of reality and simulations are consistent with
the third premise of wMR, premise wMR(3), defined below.

The premise wMR(3) of weak macroscopic realism posits
that the constraints given by the projected distributions
Q(xB, pB |̃λA

x ) ≡ Q(xB, pB|xA
j ) on the outcomes for B describe

the system B at (or by) the time tmA, after sufficient amplifi-
cation at A has taken place so that weak macroscopic realism
[premise wMR(1)] can be applied. Q(xB, pB|xA

j ) implies pre-
dictions for B, for any future setting change φ at B that might
take place.

Proof. This follows from Result VIII.1a. The trajectories
for xA(tmA) associated with the branch λ̃A

x corresponding to
outcome xA

j are defined at time tmA. NB: The noise properties
δx(t ) are unchanged with the reverse propagation and the
branch has fixed width due to the noise δx(t ) (Results III.2
and III.3). The Q function Q(λ, t0) for the entangled system
is defined at the earlier time t0. The distribution Qloop(λ|xA

j )
can be deduced from Q(λ, t0), and hence so can Q(xB, pB|xA

j ).
Hence, Q(xB, pB|xA

j ) is determined at time tmA. The second
statement of premise wMR(3) follows from Result VIII.1b.

If a setting change θ has taken place at A at a time t2 be-
tween the times t0 and tmA, then the distribution Q(xB, pB|xA

θ j )
can be deduced from the Qloop(λrotA, t2|xA

θ j ) where λrotA =
(xθA, pθA, xB, pB) or else equivalently by tracing the
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amplitudes xA(t ) back to the time t0, to deduce Qloop(λ, t0|xA
θ j ),

as explained in Result VIII.1e. �
Comment. The projected state Q(xB, pB|xA

j ) is defined at
the time tmA, and it has been assumed that no setting change
has taken place at B, as in Fig. 24. Hence, the last statement
refers to predictions for future changes at B. In fact, the
projected distribution Q(xB, pB|xA

j ) is defined to describe the
system B at the time t0. We see from Result VIII.1b (and
Appendix H) that this distribution Q(xB, pB|xA

j ) then defines
the predictions at B conditioned on outcome xA

j at A for any
time t > t0, which may be prior to tmA.

We generalize the result to apply to weak local realism
(wLR), as introduced in Definition 10 in Sec. I B and in
Sec. IV G (Result IV.14).

Result VIII.3: Weak local realism: Premise wLR(3). Sup-
pose the measurement setting at A has been fixed at a time t1A,
meaning that the unitary operations U A

θ that fix the setting as
θ have been carried out. In Fig. 24, the time t1A corresponds
to time t0. There are two versions of weak local realism,
deterministic and probabilistic, as explained in Result IV.14
(Sec. IV G), for which the third premises are defined below.
The Q model of reality and simulations is consistent with
premises wLR(3).

(i) Premise wLR(3) of the deterministic version of weak
local realism is based on premise wLR(1), that the value xA

θ j
for the outcome of x̂θA is determined for system A at time
t1A. Premise wLR(3) asserts that the system B is accordingly
constrained according to Q(xB, pB|xA

θ j ) at (or by) the time t1A,
when the setting at A is specified (provided the setting at A
remains fixed).

(ii) Premise wLR(3) of the probabilistic version of weak
local realism assumes that hidden variables {λA

θ } exist to de-
scribe the system A at time t1A, after the settings at A are fixed.
There exists a projected distribution Q(xB, pB|{λA

θ }) defined
for system B given that system A is specified by {λA

θ }. The
probabilistic version of premise wLR(1) [Result IV.14, Defi-
nition (10a)] asserts that there exists a probability P(xA

θ j |{λA
θ })

of an outcome xA
θ j for x̂θA at A, given the system A is de-

scribed by {λA
θ }. The projected distribution Q(xB, pB|{λA

θ }) is
the mixture of projected distributions Q(xB, pB|xA

θ j ) weighted
by P(xA

θ j |{λA
θ }).

Proof. (i) First, we consider the deterministic version of
wLR(3), where the outcome xA

θ j at A is assumed to be deter-
mined at time t1A [Result IV.14 for premise wLR(1)], after
the setting at A is fixed. Provided the setting at A is fixed,
we know from Result VII.3 and Appendix F that the quantum
predictions (and hence those of the Q model and simulation)
are consistent with an LHV model Pasym,A, based on the par-
tially mixed state ρmix,A given by (7.26). In the model Pasym,A,
each realization of the system A is in a state with a definite
predetermined outcome xA

θ j for x̂θA at A at time t1A. The state of
system B is the projected state for B, as correlated with a given
outcome xA

θ j : Hence, in the model Pasym,A, the predictions for
B are defined at the time t1A, consistent with premise wLR(3).
The result follows, since the predictions of the Q model (and
of quantum mechanics) do not contradict those of the model
Pasym,A when the setting at A is fixed. The HV model PdetB

suggested as a Comment in Result VII.9 directly supports the
validity of the premise wLR(3), and motivates further study.

(ii) Second, we assume the probabilistic version of wLR.
This version is directly verified by the Q model. The probabil-
ities P(xA

θ j |{λA
θ }) for system A at time t1A, where the variables

λA
θ correspond to xθA, pθA, can be deduced (by integration over

variables for B) from Result VII.9a, Eq. (7.39), where an HV
distribution P(xA

θ j, xB
φk|λrot ) is derived consistently with the Q

model and the predictions of quantum mechanics. Here, λrot =
(xθA, pθA, xB, pB), as we take φ = 0. Hence, considering the
system A at time t1A as defined by the distribution Q(λrotA, t1A),
the probability of an outcome xA

j at A is known from the
values of the local hidden variable, xθA and pθA. For each
xA

j , the projected distribution Q(xB, pB|xA
j ) can be deduced

at A based on knowledge of the initial state Q(λ, t0) and any
local setting change θ at A (Result VIII.1a). Hence, the overall
projected distribution for system B can be deduced by Alice
at A given {λA

θ } at time t1A (within the framework of wLR) as
the weighted mixture given by

∑
xA

j
P(xA

j |{λA
θ })Q(xB, pB|xA

j ).

The total probability distribution P(xA
θ j ) for an outcome

xA
j at A is

∫
dxθAd pθAP({λA

θ })P(xA
θ j |{λA

θ }) where P({λA
θ }) is

the probability of variables {λA
θ } = {xθA, pθA} as given by

the marginal Qm(xθA, pθA) = ∫
dxBd pBQ(λrot, t1A). This cor-

rectly describes the projected state at B given outcome xA
j at A,

according to quantum mechanics. Hence, the premise wLR(3)
applies. �

Result VIII.4: Distinction between cause and correlation
in projection. We consider correlated systems, where the state
of system B can be determined by a measurement x̂A at A. The
measurement of x̂A at A involves, after the setting is fixed at
a time t0, an amplification given by HA

amp, followed by, at a
time after tmA (as depicted in Fig. 24), a final detection. If we
assume weak local or macroscopic realism (wLR), as in the Q
model, it is not the case that either the amplification Hamp or
final detection at A cause the outcome, or the projected state
Q(xB, pB|{λA

θ }), at B.
Proof. From Results VII.12 and VII.13, we see that the

deterministic relations D that give the correlations between
the outcomes at A and B are determined at, or by, the time t0,
which is before HA

amp and the final detection at A. According
to wLR (Result VIII.3), the projected state is specified for
system B, at (or by) the time t0, when the settings at A are
fixed. �

Comment. No nonlocality of the meter. A meter is de-
fined as a system, such as A in the Schrödinger-cat example
[Eq. (8.11)], which is correlated with B so that the outcome at
A gives information about the outcome of a measurement at
B. The meter may be spatially separated from B. The meter is
configured so that its settings are fixed. Prior interaction with
the system B has generated a state such as (8.11), where the
measurement basis for A is fixed at x̂A. The meter A is also
macroscopic. Hence, the systems A and B are analogous to
those described in Fig. 24 at the time tmA. Result VIII.4 implies
that the final part of the measurement to detect the outcome at
A does not cause the outcome at B.

IX. CAUSAL MODEL FOR BELL NONLOCALITY

In the Q model of reality, the xA, xB, pA, pB are hidden
variables. The simulation can be examined to identify a causal
(cause-and-effect) model consistent with Bell nonlocality.
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FIG. 28. Weak macroscopic realism (wMR) and weak local re-
alism (wLR). At time t2, the system is prepared for measurement of
x̂θA and x̂φB. The distribution Qm(xθA, xφB, tm ) gives the probability
density of amplitudes xθA(t ) and xφB(t ) at time tm after amplification
Hamp at each site. The blue two-way arrows denote the causal deter-
ministic relations in which the means xA

θ j and xB
φk of the Gaussians

in Q(λrot, t2) are amplified to GxA
θ j and GxB

φk . The interference terms
IntAB in Q(λrot, t2) do not amplify. Weak macroscopic realism posits
that after sufficient amplification, at time tm, the outcomes of x̂θA

and x̂φB are determined. We symbolize these values by λ̃A
θ and λ̃B

φ .
According to wLR, the values exist probabilistically as in the hidden-
variable model PB of Eq. (7.38) at the earlier time t2, after the settings
are fixed.

We have demonstrated in the previous section how the pro-
jected state is deduced by retrodiction based on deterministic
relations, and knowledge of the initial state Q(λ, t0), only
(Results VIII.1a and VIII.e). Yet, as we show in this section,
the projected state is sufficient to explain Bell violations in
the Q-based model, where the measurement is carried out by
amplification Hamp.

The test of a Bell inequality involves the preparation of
the Bell state. The fields are then spatially separated and the
settings locally adjusted as in Fig. 22, in four sets of runs, to
measure E (θ, φ), E (θ ′, φ), E (θ, φ′), and E (θ ′, φ′) as given
in (7.5). To gain insight into the dynamics that leads to the
Bell nonlocality, we first analyze the simulation where one
adjusts the settings at the two locations, A and B, sequentially.
This corresponds to an alternative Scenario II for a Bell test,
where the system is prepared with respect to the measurement
basis θ and φ at a time t0. Then there are three types of runs:
(1) where settings remain fixed at θ and φ; (2) two sets of runs
with a change of setting at one site only, to measure E (θ, φ′)
and E (θ ′, φ); (3) a set of runs with a change of setting at both
sites, to measure E (θ ′, φ′).

A. Preparation: Measurement basis of x̂A and x̂B

In the Bell test, we consider first that the system is prepared
at time t0, with respect to the measurement basis x̂A and x̂B.
We ask what the Q model indicates if there is measurement of
x̂A and x̂B, without a change of settings. This corresponds to
Fig. 28, with θ = φ = 0 (and t0 = t2).

In Sec. VII E, Results VII.10 and VII.11, we have extended
the premises wMR(1) and wLR(1) of weak macroscopic
realism (wMR) and weak local realism (wLR), given by Defi-
nitions (6) and (10) in Sec. I B, and by Results IV.6 and IV.14,

FIG. 29. Mutual projection and no-signaling. Depiction of the
constraints on the system A of Fig. 24 due to the change of setting at
B to φ at time t1B, while the setting at A is fixed at x. At the time tmB,
after amplification at B, the value λ̃B

φ determines the outcome for x̂φB.
The amplitudes at B conditioned on branch λ̃B

φ correlate with certain
amplitudes for A at t0, as determined by Q(λ, t0). This ensures (blue
dashed arrows) the projected state at A is given as Q(xA, pA/̃λB

φ ).
There is also a projection from A to B (red dashed arrows) as in
Fig. 24. The mutual projection is consistent with the density of
amplitudes at tmB, as given by the marginal Qm(xA, xφB, tmB ) of the
Q function of the amplified state. The change of setting at B induces
a change (blue dashed arrows) to the hidden interference terms IntAB

of the Q distribution Q(λrotB, t1B ), but does not change the observed
probabilities [given by Q(xA, pA/̃λB

φ )] over what can be explained
by a local transformation at B. Hence, in the Q model, the value λ̃A

x

giving the outcome of x̂A is unchanged, which implies no-signaling.

so that they apply to the bipartite system. This implies that
once the measurement settings are fixed, as in Fig. 28 at time
t2, and an amplification Hamp has taken place at each site, then
the values for the outcomes of x̂θA and x̂φB (given by xA

θ j and
xB
φk) are determined, as in the branches of Fig. 20. Assuming

wLR, the system is viewed as being in an HV state where
there is a certain probability for outcomes, at the time t2 when
settings are fixed.

B. Changing the setting at one location:
Projection and no-signaling

Figure 24 shows the system prepared at time t2 for
measurements x̂A and x̂B, where θ = φ = 0. Suppose the mea-
surement setting is then changed at one location, B, to φ 	= 0,
with the setting at A fixed. We ask: does the change of setting
at B influence the system, or outcome, at A i.e., is there a
nonlocal effect at A? We show that the simulations modeling
the Bell violations are consistent with no-signaling.

1. Mutual consistency of projection

First, we note that there are mutual constraints on the
two systems, due to projection, depicted by the red and blue
dashed lines in Fig. 29. If there is a change of setting to φ

at B, then there are constraints imposed on system B by the
fixed setting at A (Result VIII.1, Sec. VIII A) as depicted in
Fig. 24, and by the red dashed line in Fig. 29. The state for
system B conditioned on the branch λ̃A

x of A is the projected
state, distribution Q(xB, pB |̃λA

x ), given by Eq. (4.12).
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FIG. 30. Depiction of the mutual consistency of projection.
There is a change of setting φ at B and a change of setting θ at A.
The Q function changes after each change of setting, as described
in Eqs. (7.32) and (7.35). The projected states Q(xA, pA |̃λB

φ ) and
Q(xB, pB |̃λA

θ ) are mutually consistent with the Q function Q(λ, t0).
Each is derived based only on the knowledge of the local setting (and
outcome) and the initial state Q(λ, t0 ). The distributions Q(xA, pA |̃λB

φ )
and Q(xB, pB |̃λA

θ ) are hence independent of the time order of the
setting-changes, Hφ and Hθ . Any Bell-nonlocal effect is demon-
strated after changes of setting occur at both locations. This avoids
time-order paradoxes, which arise when in one frame of reference
the setting is changed at B first, and in another frame of reference the
setting is changed at A first (refer to Sec. IX.C).

However, there is also a constraint to A from B (blue dashed
line in Fig. 29). After amplification at B, at time tmB, there is
a value, symbolized by λ̃B

φ , for the outcome of measurement
x̂φB. The state at A conditioned on the outcome associated
with λ̃B

φ at B is determined by the initial Q function and any
relevant deterministic relations, as explained in Sec. VIII C.
This defines the projected state

Q
(
xA, pA |̃λB

φ

)
(9.1)

at A, which is the Q function for the reduced state of A given
the outcome λ̃B

φ at B (Result VIII.1c).

Q(xA, pA |̃λB
φ ) and Q(xB, pB |̃λA

θ ) are mutually consistent
with Q(λ, t0) and the Q function at time tmB. Figure 29 depicts
the mutual consistency.

Definition: Mutual consistency of projection. The mu-
tual consistency of the projected probability distributions
Q(xA, pA |̃λB

φ ) and Q(xB, pB |̃λA
x ), as depicted in Fig. 29, means

that they coexist for the same system, independently of the
time-order of the setting changes θ and φ at A and B. The
distributions are defined consistently with the Q function de-
scribing the bipartite system at all times of the dynamics,
including at time t0.

Result IX.1a: Mutual Consistency of projection. The
projected probability distributions Q(xA, pA |̃λB

φ ) and

Q(xB, pB |̃λA
x ) depicted in Fig. 29 are mutually consistent.

We can generalize the consistency to the case depicted in
Figs. 5 and 30, where a setting change θ has occurred at
A after time t0 and prior to time tmA depicted in Fig. 29,
so that the projected distribution Q(xB, pB |̃λA

θ ) is defined
(Result VIII.1e).

Proof. From Results VIII.1a and VIII.1e given Sec. VIII,
we see that the evaluation of Q(xB, pB |̃λA

θ ) ≡ Q(xB, pB|xA
θ j )

requires the knowledge of the setting θ at A and of the initial
Q function Q(λ, t0). The evaluation does not require knowl-
edge of φ, the setting at B. It is hence established locally
at A, independent of whether a setting change φ has already
occurred at B. The distribution Q(xB, pB |̃λA

θ ) gives predictions
of probabilities at B conditioned on the outcome xA

θ j , for all
choices of setting φ at B that may occur after time tmA, or
that have occurred after time t0. This is because the proba-
bility distribution for the measurement x̂φB at B is given by
transforming from coordinates xB, pB to xφB and pφB, as ex-
plained in Results VIII.1b and AH.2. A similar result applies
to Q(xA, pA |̃λB

φ ) ≡ Q(xA, pA|xB
φk ) where xB

φk is the outcome
at B.

The proof of causal consistency (Results IX.9 and AH.1)
demonstrates how the projected distributions are consistent
with Q(λ, t0). Details are given by Results AH in Ap-
pendix H. �

Comment. From the above, we see how the Q-based model
allows a mutual consistency of projected states, where the
initial state at time t0 is given as a probabilistic distribution
over variables λ = (xA, pA, xB, pB).

Result IX.1b: Paradox of the mutual consistency of pro-
jection. A paradox seemingly arises. Consider Fig. 30, where
there are two changes of settings, θ at A and φ at B. We see
from Result VIII.1e and the related Comments that the pro-
jected distribution Q(xB, pB |̃λA

θ ) ≡ Q(xB, pB|xA
θ j ) conditioned

on an outcome xA
θ j at A is based on a set D1 of deterministic

relations implied by the asymmetric local hidden variable
(LHV) model Pasym,B given by ρmix,B as in Result VII.3, which
correctly describes the outcomes of x̂θA and x̂B (refer Result
VII.13). These deterministic relations determine the correla-
tions between outcomes of x̂θA and x̂B, but assume one setting
change only, in this case at A. The deterministic relations D1

are reversible, allowing inference of the Q(xB, pB|xA
θ j ) at the

initial time.
The paradox is the following: how can the second projected

distribution Q(xA, pA|xB
φk ) be consistent with Q(xB, pB|xA

θ j ),
since the derivation of Q(xA, pA|xB

φk ) assumes an LHV model
Pasym.A based on ρmix,A defined by Result VII.3, which also
assumes a change of setting at one location, in this case B,
only? A second set D2 of deterministic relations is used for
deriving Q(xA, pA|xB

φk ), but both sets of deterministic relations
are consistent with LHV models. How is the existence of
the mutually compatible projected states consistent with the
violation of LHV models, as implied by Bell’s theorem?

Resolution of the paradox. The resolution is that the pro-
jected state for B given the outcome at A is inferred for
the system B as it is defined at the initial time t0, prior to
any change of setting at B (Fig. 31). Similarly, the projected
state of A given an outcome at B is inferred to describe the
system A at the time t0. The deterministic relations D1 and D2

(Results VII.13) provide a set of relations for outcomes in the
Q model, but the relations connect only the initial outcomes
(xA

j or xB
k ) of one system to the final outcomes (xB

φ or xA
θ )

of the other, and are hence defined consistently over both
setting-changes. They provide relations that are weaker than
what could be deduced from the full LHV models Paym,A and
Paym,B, because they do not distinguish between mixtures and
superposition states.
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FIG. 31. Deterministic relations and the mutual consistency of
projection. The diagram depicts the evaluation of the projected dis-
tribution Q(xB, pB|xA

θr ) for the system B conditioned on an outcome
xA
θ j , as in Fig. 27, and how this is consistent with evaluation of

Q(xA, pA|xB
φs ) at B. We consider that Q(λ, t0) represents the entangled

state |xA
i 〉|xB

k 〉 + |xA
l 〉|xB

m〉. For certain θ , outcomes xB
k and xB

m can
both be consistent with a specific outcome xA

θr at A, according to
deterministic relations D1 depicted by the solid thick blue arrows
(Result IX.1). The relations D1 are xB

k ↔ xA
θr with probability |dir |2;

xB
m ↔ xA

θr with probability |dlr |2. Hence, retrodiction implies the
outcome at B given outcome xA

θr at A would be either xB
k or xB

m.
Knowledge of Q(λ, t0) and Q(λrotA, t1A) allows inference that the pro-
jected state Q(xB, pB|xA

θ j ) is a superposition |ψB〉 = di j |xB
k 〉 + dl j |xB

m〉.
Similarly, deterministic relations D2 imply that for certain choices of
φ, the projected state Q(xA, pA|xB

φs ) for system A given an outcome
xB
φs at B is a superposition |ψA〉 = dks|xA

i 〉 + dms|xA
l 〉. Each projected

state is deduced from deterministic relations, and knowledge of the
initial state Q(λ, t0) as well as the setting at the other site, and is
sufficient to explain Bell violations.

We illustrate by considering that Q(λ, t0) represents the
entangled state |ψ (t0)〉 = c1|xA

i 〉|xB
k 〉 + c2|xA

l 〉|xB
m〉 (c1, c2 	= 0)

defined in Comment (1) of Result VIII.1e. Changing the basis
at A gives

|ψ〉 →
∑

r

∣∣xA
θr

〉(
c1dir

∣∣xB
k

〉 + c2dlr

∣∣xB
m

〉)
,

where the dir are defined in Appendix E, implying a projected
state at B of (c1dir |xB

k 〉 + c2dlr |xB
m〉). Taking c1 = c2, the rela-

tions D1 are xB
k ↔ xA

θr with probability |dir |2; xB
m ↔ xA

θr with
probability |dlr |2. The relations are based on the model Pasym,B

(Result VII.3) where system B is in a mixed state and cannot
account for superpositions states at B. For certain choices
of θ , the outcomes xB

k and xB
m can both be consistent with a

specific outcome xA
θr at A. Hence, simple retrodiction implies

the outcome at B could be either xB
k or xB

m.
The relations D1 can also appear for a state ρmix,AB which

is a mixture of |xA
i 〉|xB

k 〉 and |xA
l 〉|xB

m〉. Knowledge of Q(λ, t0)
and Q(λrotA, t1A) allows inference that the projected state
Q(xB, pB|xA

θr ) is a superposition |ψB〉 = c1dir |xB
k 〉 + c2dlr |xB

m〉,
rather than a mixture of |xB

k 〉 and |xB
m〉, where here we assume

dir, dlr are nonzero for the choice of θ . The deterministic
relations D1 themselves provide a weak framework only, and
do not provide the distinction between the superposition and
mixture.

If we consider a change of setting to φ at B, then we would
write

|ψ〉 →
∑

s

(
c1dks

∣∣xA
i

〉 + c2dms

∣∣xA
l

〉)∣∣xB
φs

〉
.

Given an outcome xB
φs at B, the possible correlated values xA

i

and xA
l at A, at the initial time t0. The deterministic relations

D2 are xA
i ↔ xB

φs with probability |dks|2; xA
l ↔ xB

φs with prob-
ability |dms|2. For certain choices of φ, such that dks, dms 	= 0,
the projected state Q(xA, pA|xB

φs) for system A given an out-
come xB

φs at B is a superposition |ψA〉 = dks|xA
i 〉 + dms|xA

l 〉.
The projected states are mutually consistent, and consistent
with Q(λ, t0): This is evident since the |ψ〉 can be written
simultaneously with respect to both bases [refer to Comments
(1) and (3) of Result VIII.1e], and the deterministic relations
do not specify the full nature of the projected state. The
superposition nature of the projected states that arise for an
entangled state Q(λ, t0) ensures the correlations for future
choices of setting can differ from those predicted, for exam-
ple, by a nonentangled mixed state ρmix,AB or ρAB

mix defined in
Comment (3), allowing a violation of Bell inequalities.

Comment. The choice of setting-change that enables the
distinction between the entangled and nonentangled state
requires di j, dl j 	= 0, dkq, dmq 	= 0. This is to create a super-
position of the eigenstates in the original measurement basis,
consistent with Results VII.5, VII.7, and VII.8.

2. No-signaling

The following Result complements the earlier Result V.2a
(“no macroscopic retrocausality”) of Sec. V. It shows consis-
tency with the second premise of wMR [Definition (6b) in
Sec. I B], completing the earlier Results IV.6 and VIII.2 for
wMR. We assume spacelike-separated systems A and B.

Result IX.2: Weak macroscopic realism: Premise wMR(2):
No-signaling. Without loss of generality, we assume that the
system is prepared for measurements x̂A and x̂B at time t0,
as in Fig. 29. The system A is amplified, so that at time tmA

the value λ̃A
x gives the outcome for A if x̂A is to be measured.

The second premise of wMR posits that the value λ̃A
x for the

outcome at A is not changed by interactions or dynamics that
may then occur (after tmA) at system B. Hence, a change of
setting φ at B does not change the measurable outcome λ̃A

x for
x̂θA. (NB: We can generalize to consider the system prepared
for measurements x̂θA and x̂φB at time t0.)

Proof. We assume the frame F in which both systems
are stationary. The setting at A is fixed, so the simulation is
consistent with the outcome λ̃A

x of A being unchanged if we
apply the assumption of Result IV.8. It has been shown in the
literature (i.e., refer to Ref. [108]) that this assumption, which
applies after measurement settings are fixed, is consistent with
Bell nonlocality. The Result can also be proved directly, as in
the Corollary of Result IX.3 below. �

Comment. The Result IX.2 explains no-signaling: No-
signaling is defined (Sec. I B) as the conditional independence
of the outcome at A and the setting at B, given the setting at
A [53]. We consider the setup in Fig. 29. In the simulation
and Q model, weak macroscopic realism holds, and the value
of λ̃A

x gives the outcome for measurement x̂A. This value is
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not changed by the change of setting at B. Hence, there is no
signaling.

Comment. While the branch value λ̃A
x does not change,

there can be changes in hidden interference terms. The de-
tailed mechanism for nonlocality in the Q model is explained
in Result IX.4 below.

Result IX.2 can be generalized to hold at the earlier time t1A

(which corresponds to time t0 in Fig. 29), just after the unitary
operation determining the setting at A [108,120]. We hence
complete Results IV.14 and VIII.3 for weak local realism,
by showing consistency with the second premise of wLR
[Definition (10b) of Sec. I B].

Result IX.3: Weak local realism: Premise wLR(2). We con-
sider the system at the time t1A, when the unitary operation U A

θ

that determines the setting to be θ at A has been carried out.
In Fig. 29, this corresponds to the time t1A ≡ t0, and it is taken
that θ = 0, so the system A is prepared for the measurement
x̂θA ≡ x̂A. We assume there is subsequently a change of setting
φ at B. There are two versions of weak local realism (wLR):
deterministic and probabilistic. The Q-model simulation of
the Bell nonlocality is consistent with both versions of the sec-
ond premise wLR(2) as given by Definition (10b) in Sec. I B.

(i) For the first version, Premise wLR(2) posits that at time
t1A the value xA

θ j for the outcome of the measurement x̂θA is
determined, and this value is unchanged by any subsequent
interactions such as Hφ occurring at B.

(ii) The second version of Premise wLR(2) posits that the
system A is described by hidden variables {λA

θ } at the time
t1A. There is a probability P(xA

θ j |{λA
θ }) for an outcome xA

θ j of
the measurement at A, given the hidden-variable state {λA

θ }.
For the second version, Premise wLR(2) posits that these
probabilities are unchanged by any subsequent interactions at
B occurring after time t1A.

Proof. Consider the first version of wLR: Result VII.3
(Sec. VII) shows that the probabilities for the joint outcomes
of x̂A and x̂φB are indistinguishable from those of a nonen-
tangled state ρmix,A [Eq. (7.26)], for which there is a fixed
predetermined value λA for the outcome of system A which
is unchanged by a local change of setting φ occurring at B.
The quantum predictions (and those of the simulation) arising
from a change of basis at the single location B only can hence
be modeled by an LHV theory, denoted model Pasym,A, the
details of which are given in Appendix F. Hence, there is
no inconsistency with the deterministic version of Premise
wLR(2), as given by the prediction for the joint probabilities.

Consider the second version of wLR: The consistency with
the probabilistic version of Premise wLR(2) is illustrated for
an entangled state in Result VII.5. Without loss of generality,
we consider θ = φ = 0. The hidden variables {λ} for both
systems are the xA, pA, xB, pB of Q(λ, t0). We define {λA

θ } as
xA, pA, since here θ = 0 (refer to Results VII.11 and VIII.3).
For the given {λA

θ } at time t0, the probabilities of outcomes
at A are defined by the Q function for system A, which
is the marginal QA(xA, pA, t0) = ∫

Q(λ, t0)dxBd pB (refer to
Appendix H). The HV model Psup can be developed as in
Sec. IV F, to define a probability P(xA

j |{λA
θ }) of an outcome

xA
j given {λA

θ }. The change in setting to φ at B induces a
new Q(λrotB, t1) [i.e., as in Eq. (7.32)] with a change in IntAB

[Eq. (7.33)] but which does not transform the variables xA,

pA. The change of setting at B is equivalent to a change of
coordinates from xB, pB to xφB, pφB, but this does not change
Q(xA, pA), and does not change the probabilities for A, if the
setting at A is fixed. Hence, there is consistency with Premise
wLR(2). �

Corollary. Proof of consistency with Premise wMR(2). We
prove consistency of the Q model with Premise wMR(2). The
above proof for probabilistic wLR is general and applies to
any system, including where Premise wMR(1) can be applied.
We can hence consider the time tm at which the system A
has been amplified, so that the branches corresponding to
the amplified eigenvalues GxA

j are distinct, as in Figs. 2 and
9, so that any given amplitude xA(tm) is associated with just
one of the branches (note Results IV.6 and 7). In the proof
above, we define the variables {λA

θ } ≡ {xA(tm), pA(tm)}, where
we assume θ = 0 without loss of generality, and note that
for each pair, the value of xA(tm) defines a particular branch
BxA(tm ), and hence a particular outcome, which we denote by
xA

j (xA(tm)). Hence, the P(xA
j |{λA

θ }) is either 1 or 0, depending
on whether xA

j = xA
j (xA(tm)). This is a special case of the

above proof, which implies the probability P(xA
j |{λA

θ }) does
not change when a change of setting φ is implemented. Hence,
in the Q model, the branch and outcome does not change
at A. �

3. Projection as a mechanism for Bell nonlocality

Result IX.4: Microscopic mechanism for Bell nonlocality,
in the presence of no-signaling. In the Q model, the change of
setting to φ at B (while keeping the setting at A fixed) leads
to changes in the unobservable hidden interference terms of
the reduced Q function for A. There is no immediate observ-
able nonlocal effect. The simulation, which accounts for the
forward-backward trajectories, is consistent with the above
results and those in Sec. VII B. The hidden interference terms
for the state at A can lead to an observable Bell nonlocality, if
there is a further change of setting at A.

Proof. The mechanism is depicted in Figs. 32 and 30. The
state at time t0 is given by the Q function Q(λ, t0) written
with respect to the measurement basis, for x̂A and x̂B. There
is then a change of setting at B to φ. Assuming the system
B is then amplified, since the x̂φB is to be measured, the
trajectories xφB(tm1) conditioned on a branch symbolized by
λ̃B

φ can be traced to the time t0 (blue dashed arrows in Fig. 32).
This requires first tracing to time t1, to infer distribution
Qloop(λrotB, t1 |̃λB

φ ) (refer to Result VIII.1e and Fig. 27). A de-
terministic transformation then combines the xφB(t1) with the
pφB(t1) according to the inverse of (7.14) to infer the postse-
lected distribution Qloop(λ, t0 |̃λB

φ ), where λ = (xA, pA, xB, pB)

at the initial time t0. The projected distribution Q(xA, pA |̃λB
φ )

for system A can be evaluated by integrating over xA and
pB. This corresponds to the projected state for A given the
outcome λ̃B

φ and gives the predictions for future measure-
ments at A, with the setting fixed at φ, at B (Results VIII.1b
and VIII.1c). Where there is entanglement, we find that this
distribution Q(xA, pA |̃λB

φ ) for the state A can contain hidden
interference terms that can lead to Bell nonlocality.

First, to explain the no-signaling, we know from Sec. VII
(Results VII.3 and VII.5) that the change of setting at B
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FIG. 32. Mechanism for Bell nonlocality. Depiction of Bell non-
locality, when there is a change of setting at B to φ, and then a change
of setting θ at A. The change of setting φ at B induces a change to
the state, given by Q(λrotB, t1). However, the observable correlations
if made at the time t1 can be explained as a local transformation at
B [as induced for the nonentangled state ρmix,A of (7.26)]. However,
the Q function Q(λ, t0) for the entangled state is different to that of
ρmix,A. This difference can appear as unobservable interference terms
IntAB(φ) in Q(λrotB, t1) [refer to Eq. (7.33)], and also in the projected
distribution Q(xA, pA |̃λB

φ ) which describes the state for A conditioned
on the outcome λ̃B

φ after the setting change at B (blue reversed dashed
lines): For certain φ, the Q(xA, pA |̃λB

φ ) is a superposition state, with
hidden interference terms IA(φ) not present for the system prepared
in ρmix,A. The difference can manifest with a further change of setting
θ at A, for certain choices of θ , when Bell nonlocality can arise,
detectable in the joint correlations 〈̃λA

θ λ̃
B
φ〉 at time tm2.

changes the hidden interference term IntAB [Eq. (7.33)]. This
change, however, does not manifest in the measured probabil-
ities, if the setting at A is fixed. The new state Q(λrotB, t1) has
predictions for joint probabilities P(xA, xφB) identical to those
of a nonentangled state ρmix,A [Eq. (7.26)] for which an LHV
model Pasym,A (Appendix F) is possible. Consistent with this,
measurements of x̂A on the system A given by the reduced state
Q(xA, pA |̃λB

φ ) will give results indistinguishable from the state
ρmix,A. This explains consistency with no-signaling: There is
no observable Bell nonlocality at this stage.

However, different to ρmix,A, the projected distribution
Q(xA, pA |̃λB

φ ) for the Bell state has extra interference terms
that reflect the system A is in a superposition, rather than a
mixture, of eigenstates |x j〉 of x̂A. We see from the analysis of
Eq. (7.33) that the integration over pB can lead to nonzero
integrals if the rotation of coordinates due to the change
of setting φ combines both xB and pB. Hence, different to
ρmix,A, interference terms arising from IntAB can be present
in Q(xA, pA |̃λB

φ ). This occurs for certain choices of φ only.
In short, the system A as given by the projected distribution

Q(xA, pA |̃λB
φ ) is a superposition rather than a mixture. How-

ever, in order to distinguish the superposition from the
mixture, a further change of setting at A is required. This is
because the Q function (which is a probability distribution for
the hidden amplitudes λ) for the superposition differs from
that of the mixture only by the presence of the hidden inter-
ference terms (refer to Result III.1). Hence, the superposition
effects ultimately give different predictions to those of the
LHV model Pasym,A, leading to Bell nonlocality, but only if
a further change of setting at A occurs. �

Comment. The projected distribution Q(xA, pA |̃λB
φ ) is

sufficient to determine the Bell nonlocality, for future mea-
surements at A. From Result VIII.1a, we see that the projected
distribution Q(xA, pA |̃λB

φ ) is evaluated based on knowledge of
the initial Q function Q(λ, t0), using continuous individual
backward trajectories, applying first the deterministic relation
xB
φk ↔ GxB

φk due to HB
amp (refer to Appendix H), ensuring

consistency with deterministic relations D due to correlations
(Result VII.13), and then the deterministic transformation
(7.14) due to the setting change at B. This continuity cannot
apply in the forward direction, however, where there is a
discontinuity at the time t1.

Comment. As depicted in Fig. 29, the trajectories and
projected distribution Q(xA, pA |̃λB

φ ) are consistent with the Q
function Q(λrotB, t1) for the joint system at time t1, after the
change of setting at B. This leads to the following results:

Result IX.5a: Forward-backward stochastic simulation of
Bell nonlocality. The Bell nonlocality can be described by
the forward-backward stochastic trajectories consistently with
the dynamics of the Q function summarized by the results
in Sec. VII. The proof of causal consistency for the bipartite
system is given in Result IX.7 below.

Result IX.5b: Consistent with Result VII.4, based on the
dynamics of the Q function, the stochastic solutions show
that the Bell nonlocality emerges when there is a change of
measurement setting φ and θ , at both locations A and B,
respectively.

C. Bell nonlocality, causal consistency,
and resolution of paradoxes

In summary, the Bell nonlocality arises because of changes
to the interference terms IntAB when there is a change of set-
ting at both locations. A careful study of the final joint prob-
abilities as in Sec. VII B after changes of settings at A and B
shows there is a conversion of hidden interference terms IntAB

into terms IntAB(θ, φ) which contribute to the observable
probabilities on measurement [i.e., Eqs. (7.35) and (7.36)]. We
summarize the following results about nonlocality.

Weak local reality. The Bell simulation is consistent with
the assumptions of weak local realism and weak macroscopic
realism, presented as the three premises in Definitions (6) and
(10) in Sec. I B. The consistency has been demonstrated in
the earlier Results (IV.6, IV.14, VII.10, VII.11, VIII.2, VIII.3,
IX.2, IX.3) and is summarized in Figs. 33 and 34.

Result IX.6: Causal order in the Bell experiment: There is
no retrocausality, where the future affects the past. This is an
extension of Results V.2a and V.2b. Suppose the change of
setting φ at B occurs at time t1, illustrated in Figs. 33 and 34.
The change of setting at B does not change the value of the
macroscopic variables λ̃A

x or λ̃B
x that are defined prior to or

at time t1. There is hence no genuine retrocausality, where a
future change of setting affects past macroscopic properties.
We have seen from the dynamics outlined in Result IX.4 that
the impact on A of the change of setting at B occurs only for
future events, after further setting changes at A. A change of
setting at A is required for any change to macroscopic values
(i.e., λ̃A

x ) at A. This is illustrated in Figs. 33 and 35, where
we see that the macroscopic values λ̃A

x , λ̃B
x , λ̃A

θ , and λ̃B
φ only

change when there is a local interaction.
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FIG. 33. Bell nonlocality is consistent with the three premises of
weak macroscopic realism. The diagram sketches the relations based
on the trajectories of the simulation of measurements x̂θA and x̂φB on
spacelike-separated systems A and B, with all systems stationary in a
frame F . Here, Uθ and Uφ represent the unitary operations that deter-
mine the settings θ and φ. The meter corresponds to the amplification
Hamp. The first premise [premise wMR(1)] asserts that the outcome of
the measurement x̂φB is determined at time tm1 (vertical black dashed
line), after the amplification due to the meter at B. The value for
the outcome is denoted λ̃B

φ . The second premise [premise wMR(2)]
asserts that this value is not changed by any later interaction at A
(i.e., due to the meter at A) at a time t > tm1 (indicated by a faint
blue horizontal arrow). The third premise [premise wMR(3)] asserts
that, at time tm1, a projected distribution Q(xA, pA |̃λB

φ ) is defined for
system A, which determines the outcomes of x̂θA of system A (for any
future change of setting θ at A) conditioned on the outcome λ̃B

φ at B
(indicated by dashed blue arrows).

Result IX.7 :Causal consistency. This is the bipartite ex-
tension of Result V.1 (Sec. V B). At any given time t , the
Q function Q(λ, t ) is defined as a probability distribution,
which uniquely represents the quantum state and which hence
evolves causally in the forward-time direction. The distribu-
tion Q(λ, t ) is consistent with the probability densities of
the forward-backward trajectories. The causal consistency
is depicted in Fig. 3. We extend the proof presented for
Result V.1 to bipartite systems in Appendix H.

Result IX.8: Resolving the paradox of the future boundary
condition: Timing of emergence of Bell nonlocality. The Bell
violations are not put in by hand, as part of the future boundary
condition: In the causal model (proposed in Sec. V), the cor-
relations that lead to detection of Bell nonlocality do not arise
from the future boundary condition at the time t f , as indicated
in Fig. 35. They are determined at a time tBell prior to t f .

So, when do the Bell correlations emerge? We see from
Result VII.12 that the correlation between the outcomes x̂θA

and x̂φB is determined at the time tBell = t2, after the inter-
actions HA

θ and HB
φ (refer to Fig. 22). This follows from

Results III.1 and VII.2, and the proposed causal and HV
model, PB (Sec. VII D), which apply after both settings θ

and φ are fixed. The correlation between the outcomes x̂θA

and x̂φB is directly determined by the correlation between
the means, xA

θ j and xB
φk , of the Gaussians in the Q function

Q(λrot, t2), defined at time t2. We refer to this time as the “time
of emergence of Bell nonlocality.”

However, we also see that, if the setting changes are se-
quential, a hidden Bell nonlocality emerges at an earlier time,

FIG. 34. Bell nonlocality is consistent with the three premises
of weak local realism. The first premise [premise wLR(1)] asserts
that the outcome (or, at least, the probabilities for outcomes) of the
measurement x̂B

φ at B is determined at time t1, after the operation Uφ

(vertical light blue dashed line at time t1). In the simulation, based
on the hidden variable model PB [Eq. (7.38)], the probabilities of
outcomes for x̂B

φ are determined by variables {xφB, pφB} which we
symbolize by {λB

φ}. The second premise [premise wLR(2)] asserts
that the outcome (or else, the probabilities of outcomes) are not
changed by any later interaction (i.e., Uθ ) at A. The third premise
[premise wLR(3)] posits that at time t1, a projected Q function
Q(xA, pA|{λB

φ}) is defined, which determines the state of system A
(for any future change of setting θ at A) conditioned on the variables
{λB

φ} at B (blue dashed arrows).

after the change of just one setting (Result IX.4). This is
evident by Eqs. (7.24)–(7.35) (Sec. VII B) and is depicted
in Fig. 35. First, we assume wMR. According to premise
wMR(3), the distribution Q(xA, pA |̃λB

φ ) for outcomes at A

given an outcome λ̃B
φ at B is determined at (or by) the time tm1,

when system B has been amplified (and hence a branch λ̃B
φ and

FIG. 35. Resolving the paradox of the future boundary condition:
The timing of the emergence of Bell nonlocality. The system is as
described for Fig. 33. A hidden nonlocality emerges at (or by) the
time tm1 (vertical black dashed line), prior to the specification of
the future boundary at time t f > tm2. According to premise wMR(3),
the Q function Q(xA, pA |̃λB

φ ), which determines the state of system A
(for any future change of setting θ induced by Uθ at A) conditioned
on the outcome λ̃B

φ , is determined at (or by) time tm1 (blue dashed
lines). Hence, the nonlocality is determined at time tm1, when the
conditional state Q(xA, pA |̃λB

φ ) is specified, but only over both op-
erations Uφ and Uθ at time tm2 does an observable Bell nonlocality
emerge. The values for the outcomes that demonstrate the nonlocality
are hence determined at (or by) the time tm2 < t f .
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outcome specified). Since Q(xA, pA |̃λB
φ ) fully determines the

outcomes for A, which will exhibit the Bell nonlocality after a
further setting change θ is made, it can also be argued that the
nonlocality has emerged at (or by) this time tBell = tm1. On the
other hand, if we assume wLR, the distribution for outcomes
at A can be defined earlier, at the time t1 when the setting at B
is fixed, so that tBell = t1.

This leaves us with two final results.
Result IX.9: Paradox of time-order: Lorentz invariance. At

first glance, the concepts of weak macroscopic realism and
weak local realism appear paradoxical. In Figs. 33 and 34,
we have considered that the setting of A is changed to θ ,
after that of B, but for spacelike-separated systems such as
A and B, there is no specified time order of events, which can
change in different frames. According to wMR, the value of
outcome at B is fixed and determined (as λ̃B

φ) at time tm1, and
this conditions the outcome at A at the later time tm2 after the
setting change θ at A. But in the different frame, the outcome
at A is fixed and determined first, prior to that of B. Hence,
there is a paradox.

The paradox may be explained by the symmetry and mu-
tual consistency allowed by the projected states of the Q
function (Fig. 30). The outcome at A (say) is determined not
only by the nonlocal setting change at B, but by the local
setting change at A (and vice versa). The projected states given
by Q(xA, pA |̃λB

φ ) and Q(xA, pA |̃λB
φ ) (blue and red dashed lines)

in Fig. 30 are mutually consistent, being independent of the
time order of the setting interactions Hθ and Hφ . They are
consistent with each other and the initial state Q(λ, t0), and
with the final joint probabilities determined by the marginal
Q(xθA, xφB, tmA) of the final Q function of the amplified state,
which is also independent of the time order of the settings.

Result IX.10: Breakdown of Bell’s assumptions: Failure of
statistical independence or local causality? In the Introduc-
tion, we ask what assumptions of Bell’s local hidden variable
(LHV) model break down, according to the Q-based model?
Bell’s local hidden variable condition is

PAB
++(θ, φ) =

∫
dλρ(λ)PA(+|λ, θ )PB(+|λ, φ), (9.2)

as defined by Eq. (7.3), where PAB
++(θ, φ) is the probability

of obtaining +1 at both sites with settings θ and φ; ρ(λ)
is the distribution for hidden variables λ, and PA(+|λ, θ )
[PB(+|λ, φ)] is the probability for +1 at A [B], given λ and θ

[φ]. Bell nonlocality is the breakdown of the condition (9.2).
Bell’s assumption may break down due to a failure of the

existence of a distribution ρ(λ) that defines hidden variables
λ for the system, as it exists at a time t0 prior to the imple-
mentation of the setting transformations. Such a distribution is
statistically independent of any future choice of measurement
settings. Another possibility is a breakdown of the assumption
of the factorization in the integrand (local causality).

In the simulations, the hidden variables λ are the coordi-
nates xA, pA, xB, and pB of the Q function. The interactions
Hθ and Hφ that determine the measurement settings at A and
B, respectively, are local and deterministic. The amplitudes
xA
θ , xB

φ of the simulation, if directly measurable, would lead
to moments satisfying Bell’s condition, with ρ(λ) ≡ Q(λ, t0)
where λ ≡ (xA, pA, xB, pB). However, this is not the case, be-
cause of the hidden noise, which is not measured, associated

with noise inputs at the future boundary, and also because of
the hidden interference (Sec. III B).

The Bell violations require changes of settings θ and φ

at both sites, so that the Bell HV state {λ} is considered
with respect to rotations to two different bases, one for each
system A and B. After both unitary rotations, we have seen
from Results VII.5 and IX.4 that interference terms that are
hidden at the original time t0 can contribute to probabilities for
observable outcomes. For certain conditions, the contribution
can be nonlocal (Result VII.6), implying

PAB
++(θ, φ) 	=

∫
dλQ(λ, t0)PA(+|λ, θ )PB(+|λ, φ). (9.3)

It is possible to deduce the reason for the breakdown of
the condition (9.3) in the Q model, by evaluating from the
simulation a probability PAB

++(λ, θ, φ) for outcomes given the
settings θ and φ, and given a set of values of the hidden
variables λ, where λ ≡ (xA, pA, xB, pB) are defined by the Q
function. We can write

PAB
++(θ, φ) =

∫
dλQ(λ, t0)PAB

++(λ, θ, φ). (9.4)

The evaluation is explained in Sec. VII D (Result VII.9b),
where a probability PBell(SA,SB|λ, θ, φ) is deduced for spin
outcomes SA and SB at A and B, given the hidden vari-
ables λ ≡ (xA, pA, xB, pB) and settings θ and φ. We obtain
PAB

++(λ, θ, φ) = PBell(1, 1|λ, θ, φ). This provides a nonlocal
model PBell to explain the violations, with a statistically inde-
pendent distribution ρ(λ) = Q(λ, t0) that describes the system
at time t0, prior to the dynamics associated with the choice of
settings. The causal consistency of the model is depicted in
Fig. 3 and proved in Appendix H. At any time t , the Q function
is defined as a fixed distribution, consistent with the forward-
backward trajectories. The locality assumption implies that
it is possible to write PAB

++(λ, θ, φ) = PA(+|λ, θ )PB(+|λ, φ).
Hence, the Q-based model implies a breakdown of the locality
assumption.

X. CONCLUSIONS

A summary of the main results of this paper has been given
in the Introduction. The simulations we present are motivated
by the Q function in quantum optics and contribute toward
an explanation of how a hidden variable theory may com-
plete quantum mechanics, while remaining consistent with
the predictions of quantum mechanics, in particular, allowing
violation of Bell inequalities. In the model used in this paper,
the measurement proceeds as amplification, which we show
plays a role similar to decoherence: The interference terms
that distinguish a superposition from a mixed state decay
with amplification, and hence do not contribute to directly
measured probabilities (Results III.1 and VII.2).

In Secs. II–IV, we prove and demonstrate an equivalence
of the evolution of the Q function Q(x, p, t ) (which represents
the quantum state) to a forward-backward stochastic dynamics
of amplitudes, x and p. The Q-based model is presented in
Sec. IV, with a derivation of Born’s rule and the role of
the Wigner function. We treat entangled systems, modeling
EPR and Bell correlations, in Secs. VI–IX. A causal (“cause-
and-effect”) model for the dynamics is given in Secs. V and
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IX, along with a proof of causal consistency and explana-
tion of why there is no retrocausality at a macroscopic level
(Results V.1, V.2, IX.6–IX.9, and Appendix H).

The collapse of the wave function is analyzed by examin-
ing a postselected state conditioned on an outcome x j (Results
IV.9 and IV 10). We include in Sec. VIII a treatment of
projection, analyzing a Schrödinger-cat state where a system
is entangled with a meter. We conclude that the system is
inferred to be in an eigenstate, because the observer records
the value of an amplified variable x, losing information about
the complementary variable p (Result VIII.1). We examine the
forward-backward dynamics of the variables associated with
a given branch and outcome x j , thus deducing “hidden loops”
(Result IV.12).

The simulations are consistent with a Q-based model of
reality in which three weak local realistic premises (weak
local realism, wLR) hold (Results IV.14, VII.11, VIII.3,
IX.3). There is a partial relaxation of EPR’s and Bell’s lo-
cal realistic premises so that elements of reality exist but
are defined for the system as it exists after interaction with
devices (i.e., a polarizer or phase-shifter) that adjust measure-
ment settings. Based on the observation of branches in the
simulation, there is also consistency with weak macroscopic
realism (wMR): predetermined values for outcomes emerge
at a time tm, after sufficient amplification (Results IV.6–IV8,
V.2, VII.10, VIII.2, IX.2, and Results VI.1–VI.2). The sim-
ulation demonstrates how the weak local realistic premises
are consistent with Bell nonlocality (Figs. 33 and 34). By
analyzing the dynamics of the Q function and of the trajec-
tories (Secs. VII B and IX), a mechanism for Bell nonlocality
is given in terms of hidden interference terms that contribute
to measurable probabilities only after a change of measure-
ment setting θ and φ at both sites (Results VII.5, IX.4). For
certain conditions on θ and φ, the contribution can lead to a
failure of Bell’s local-hidden-variables assumptions (Results
VII.6–VII.8). The mechanism explains how Bell nonlocality
can be consistent with macroscopic realism and no-signaling
(Results IV.6–IV.8, V.2, IX.2–IX.4). The solutions of the
forward-backward equations for entangled systems show con-
sistency with the mechanism for Bell nonlocality, based on a
model for projection (Sec. IX).

The theory presented in this paper explains why there
is no genuine retrocausality, which implies that a system is
changed by a future event. The realist variables λ defined for
a macroscopic system are (according to the wLR and wLR
premises) unchanged by a future event, and unchanged by a
spacelike-separated event (Results IV.6–IV.8, V.2, IX.2, and
IX.3). The causal consistency as depicted in Figs. 3 and 5
explains the mechanism by which this is possible. The Q
function Q(λ, t ) evolves causally in the forward-time direc-
tion, and yet is consistent with the future boundary condition
and counterpropagating trajectories (Figs. 33 and 34). The
paradox of the future boundary condition (Fig. 35) is resolved
by the nature of the causal (cause-and-effect) model based on
the simulation, which involves causal deterministic relations
for amplified variables (once settings are fixed) and a type
of retrocausality (meaning “backward-in-time” propagation)
for random noise inputs at the vacuum level (Secs. V, VII,
and IX).

Interpretations. An interesting question is whether the Q-
based model of reality favors any particular interpretation
of Bell nonlocality. There are real values λ̃ posited for the
outcome of the measurement that are defined for the sys-
tem as it exists at the time after the measurement settings
have been adjusted and after amplification, which supports
a macroscopic-realist viewpoint. There is no contradiction
with the known violation of Leggett-Garg inequalities because
the derivation of those inequalities makes the additional as-
sumption of noninvasive measurability [101]. There is also no
contradiction with the existence of macroscopic superposition
states, because the Q-based reality model defines distributions
of amplitudes (“states”) for the systems that are not defined as
states for the system in standard quantum mechanics. More-
over, we have constructed (nonlocal) hidden-variable (HV)
models based on the simulation (Results IV.13, VII.9). The
hidden variables λ in these models are defined for the system
at a time t0 after preparation of the state of the system but
before the choice of settings which are considered indepen-
dent of λ, similar to Bell’s model (but apparently different to
explanations of nonlocality based on superdeterminism).

A possible explanation of Bell nonlocality is that the
hidden-variable distribution ρ(λ) in the Bell model (9.2) is not
statistically independent of future settings. The causal consis-
tency provided by the Q model (refer to Results V.1, IX.7,
and Appendix H) shows that the distribution ρ(λ) ≡ Q(λ, t0),
where λ ≡ (xA, pA, xB, pB) is fixed at time t0 (Figs. 5 and 35),
contrary to this explanation. The hidden-variable model PBell

(Result VII.9, Sec. VII D) gives predictions for the outcomes,
conditioned on a set of hidden variables λ = (xA, pA, xB, pB)
that describe the system at the time t0 (prior to selection of the
measurement settings). We conclude that in the Q model, the
violation arises due to a failure of the Bell-locality assump-
tion.

Experiments. Finally, we consider experimental tests that
might be performed. The interaction Hamp of Eq. (2.2) is that
of parametric amplification [128], which has been experimen-
tally realized [129,130]. The states studied in this paper are
superpositions of squeezed or coherent states which have also
been realized experimentally [150–158]. Hence, the measure-
ment model can be verified experimentally. A feature would
be to demonstrate the vanishing of the interference terms in
the Q function, as the system is amplified.

The prediction of causal consistency can be tested, as de-
picted in Figs. 3 and 5. It is feasible to perform a simulation
that matches boundary conditions given by the experimental
Q functions, which are measurable by tomography [159]. The
density of amplitudes x(t ) and p(t ) in the simulation must
match the distribution given by an experimentally measured
Q function Q(x, p, t ), regardless of the choice of time t f of
the future boundary condition.

A second experiment might illustrate a hidden loop and the
cat paradox (Fig. 4). A hidden loop is defined so as to involve
amplitudes that are not amplified (and hence not observed) in
the measurement, and a distribution Qloop that cannot be de-
scribed by a quantum wave function (Sec. IV E). The Qloop for
an individual branch of the superposition can be constructed
from the simulation that is based on experimental Q functions.
If Qloop shows a reduction of variances below the Heisenberg
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uncertainty bound, then, within the constraints of the model,
this signifies a hidden loop.

The simulations give an explanation of the EPR paradox,
in terms of the “weak elements of reality” that exist after
sufficient amplification, as calculated in Fig. 20 [109,142].
The simulations might be useful to analyze questions raised
by Schrödinger about the EPR argument, as in the recent ex-
periment of Colciaghi et al., which reported EPR correlations
for Bose-Einstein condensates [123].
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APPENDIX A: STOCHASTIC PATH
INTEGRAL THEOREMS

1. Definitions and notation

We make use of methods that were first used for diffu-
sive path integrals [160,161], here generalized to forward-
backward trajectories. For M bosonic modes, the phase-space
vector λ is a 2M-dimensional real vector, and p, x are
M-dimensional real vectors with λ = (x, p). For the mea-
surement interactions treated in this paper, the generalized
Fokker-Planck equation (GFPE) satisfied by a Q function is

Q̇(λ, t ) = L(λ)Q(λ, t ). (A1)

The differential operator L(λ) has first- and second-order
differential terms L1(λ) and L2(λ), each with forward and
backward components Lnp(p), L jx(x), so that

L(λ) = L1(λ) + L2(λ), (A2)

=
∑

n

[Lnp(p) − Lnx(x)], (A3)

where L j p,x are defined as

L1p = −
∑

j

∂
p
j a j

p(p), (A4)

L2p = 1

2

∑
j

∂
p
j ∂

p
j d j . (A5)

Here Lx is identical to Lp except for the substitution of x for
p, and we define ∂

p
j ≡ ∂/∂ pj , ∂x

j ≡ ∂/∂x j . For the Hamilto-
nians in this paper, we have ap = ap(p) and ax = ax(x), with
diagonal diffusion d.

For use in the theorems proved below, we define a phase-
space trajectory and stochastic path integral as follows: First,
the trajectory is a sequence [λ(t0), . . . ,λ(tN )] ≡ [λ0, . . . ,λN ],
with a total action of

Skn = Sp
kn + Sx

kn =
n∑

m=k+1

Sm. (A6)

The “one-step” action for the nth step is given by Sn = Sp
n +

Sx
n, with Sp

n having the same form as Sx
n except for the changed

superscripts, where:

Sp
n = Sp(λn−1,λn)

=
∑

j

[
ε

2d j

∣∣v j,p
n

∣∣2 + ln(
√
N j )

]
. (A7)

This includes a path-integral normalization factor, N j =
(2πεd j ), and relative velocity fields v ≡ (vp, vx ) which are
functions of neighboring coordinates:

vp
n ≡ 1

ε
(pn − pn−1) − ap(pn−1),

vx
n ≡ 1

ε
(xn−1 − xn) − ax(xn). (A8)

The N-step total path probability P for a path λ =
(λ0, . . . ,λN ) at times tk = t0 + kε, with k = 0, . . . , N , is

P[λ] = e−S0N . (A9)

The two-time propagator G is then defined as

G(λ, tk|λ̃, t̃ ) = lim
ε→0

∫
δ(λ − λk )δ(λ̃ − λ0N )P[λ]dλ. (A10)

Here, dλ = ∏N
n=0 dλn = ∏N

n=0

∏M
k=1 dxk

nd pk
n, λ0N =

(xN , p0), while λ̃ = (x f , pi ) gives the initial momentum
pi and final position x f at times t̃ = (ti, t f ) = (t0, tN ).

Marginals have the notation P(x, t ) = ∫
Q(λ, t )d p, with

the variables that are integrated removed from the argu-
ments. Boundary conditions are imposed on the final marginal
P(x, t f ) and initial conditional, P(p|x, ti ) = Q(λ, ti )P−1(x, ti ).
The remainder of this section shows the equivalence of the
differential and path-integral approaches, both analytically
and numerically.

2. Path-integral equivalence theorems

Theorem A1. Any path-integral Q function Qpi obtained
from multiplication by the joint probabilities at the boundaries
satisfies the Q function dynamical equations, where

Qpi(λ, t ) =
∫

G(λ, t |λ̃, t̃ )P(λ̃, t̃ )dλ̃. (A11)

The quantum Q function solution Q = Qpi is found upon
solving simultaneous equations for the joint distribution
P(λ̃, t̃ ), and hence for Qpi, where∫

Qpi(λ, t f )d p = P(x, t f ), (A12)

and:

Qpi(λ, ti )∫
Qpi(λ, ti )d p

= P(p|x, ti ). (A13)

Proof. We wish to show that Qpi = Q, by proving that
Qpi satisfies the GFPE (A1), and has an initial condition that
corresponds to the Q function for the initial quantum state.
From linearity, proving that Qpi(λ) satisfies the GFPE (A1) is
achieved by verifying this for the propagator, G(λ, t |λ̃, t̃ ). To
show this, define advanced and retarded propagators for λ at
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t = t j with p̃ = p0 at ti = t0 and x̃ = xN at t f = tN , as

Gr (p j, t | p̃, ti ) = lim
ε→0

∫
e−Sp

0 j

n−1∏
n=1

d pn,

Ga(x j, t |x̃, t f ) = lim
ε→0

∫
e−Sx

jN

N−1∏
n= j+1

dxn. (A14)

Due to its path-integral construction, Gr satisfies a forward
Kolmogorov equation in p [162,163]. By reversing the sign
of t , we find that Ga also satisfies a forward Kolmogorov
equation in x, but in the negative time direction:

Ġr (p, t | p̃, ti ) = LpGr (p, t | p̃, ti ),

Ġa(x, t
∣∣x̃, t f ) = −LxGa(x, t

∣∣x̃, t f ). (A15)

The normalization of the advanced Gaussian propagator
terms in the path integral for xn with n < j means that all these
past time factors integrate to unity. Similarly, the retarded
propagator is independent of pn for future time points n > j,
as these also integrate to give unity. As a result, we can write
that

Gr (p, tk| p̃, t0 ) = lim
ε→0

∫
e−Sp

0N δ(p − pk )δ( p̃ − p0)d p,

Ga(x, tk|x̃, t f ) = lim
ε→0

∫
e−Sx

0N δ(x − xk )δ(x̃ − xN )dx.

(A16)

From these results and the definitions above, it fol-
lows that the total propagator factorizes as G(λ, t |λ̃, t̃ ) =
Gr (p, t | p̃, t0)Ga(x, t |x̃, t f ). Hence, using the chain rule for
differentiation and Eq (A15), the required time-evolution can
be written as

Ġ(λ, t |λ̃) = Ġr (p, t | p̃, t0 )Ga(x, t |x̃, t f )

+ Gr (p, t | p̃, , t0 )Ġa(x, t |x̃, t f )

= (Lp − Lx )G(λ, t |λ̃, t̃ ). (A17)

Due to linearity, any integral of G over its boundary values
also satisfies the GFPE. Therefore, the path integral construc-
tion must obey the required GFPE,

Q̇pi(λ, t ) = [Lp(p) − Lx(x)]Qpi(λ, t ). (A18)

Provided the joint probability P(λ̃, t̃ ) satisfies the boundary
equations, one can verify that at the initial time, Qpi(λ, t0) =
Q(λ, t0). Due to the uniqueness of the solutions to a first-order
differential equation, Qpi is equal to the quantum-mechanical
Q function solution for all times.

As a further check, in the short-time limit of t0 = t f we find
that

lim
t0,t f →t

G(λ, t |λ̃) = δ(λ − λ̃), (A19)

hence, as t0, t f → t , one has that

lim
t0,t f →t

Qpi(λ, t ) =
∫

δ(λ − λ̃)P(λ̃, t ′)dλ̃

= P(p|x, t ′)P(x, t ′). (A20)

From the definition of the conditional probability, this is the
initial Q function.

Theorem A2. The path-integral solution corresponds to a
time-symmetric stochastic differential equation (TSSDE) or
forward-backward SDE, with a conditional initial distribution
in p and final marginal distribution in x:

pj (t ) = pj (t0) +
∫ t

0
a j

p(t ′)dt ′ +
∫ t

0
dw j

p,

x j (t ) = x j (t f ) +
∫ t f

t
a j

x (t ′)dt ′ +
∫ t f

t
dw j

x . (A21)

Here x(t f ) is distributed as P(x, t f ), while p(t0) is distributed
conditionally as C(p|x(t0), t0), and [dwμ] = (dwx, dwp) are
independent real Gaussian noises correlated as

〈dwμdwν〉 = δμνdμε, (A22)

where μ = 1, . . . , 2M and d j+M = d j .
Proof. The TSSDE is obtained by discretizing the equa-

tion for times tk = t0 + kε, with k = 0, . . . , N , and then
taking the limit of ε → 0. We define [λ] = [λ0,λ1, . . . ,λN ] as
the stochastic path. The discretized solutions are then given as
the simultaneous solutions of the equations, for k = 1, . . . , N ,

pk = pk−1 + ap(pk−1)ε + �
p
k ,

xk−1 = xk + ax(xk )ε + �x
k . (A23)

To obtain an equivalent path integral to the TSSDE, we
first obtain the N-step trajectory probability density, condi-
tioned on random noises [�]. This is a product of Dirac delta
functions,

G([λ]|[
] ) =
n∏

j=1

δ2M (εv j − � j ), (A24)

which gives a normalized probability conditioned on a specific
noise vector [�]. Solving for the resulting set of trajec-
tory values [λ] that satisfy the delta-function constraints is
straightforward in the parametric amplifier case, due to the
decoupling of forward and backward equations.

In a Fourier transform representation with k j ≡
(k1

j , k2
j , . . . , k2M

j ), one can expand the delta functions as

Gn([λ]|[
] ) =
n∏

j=1

∫
dk j

(2π )2M e−ik j (v jε−� j ). (A25)

The 2M real Gaussian noises �k at each step in time, for k >

0, are distributed as

P(�k ) = 1

(2πεd )M e−|�k |2/(2εd ). (A26)

On integration over k j one obtains the path probability result
as defined previously:

Gn([λ]) =
∫

Gn([λ]|[
] )P([
])d[
]. (A27)

By construction, the initial values of xN and p0 are sampled
according to the required joint and conditional probabilities.
Hence, the probability of a TSSDE solution is Qpi, which is
equal to the quantum average Q from Theorem I. Our defini-
tions are similar to those in the mathematics literature [137],
except for the use of a conditional probabilistic boundary.
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APPENDIX B: NUMERICAL χ2 TESTS

The analytic theorems obtained in Appendix A were ver-
ified numerically using χ2 tests in several cases described
here, with details that are given below. The forward-backward
stochastic equations were integrated by first propagating x
backward in time, generating a conditional sample, then prop-
agating p forward in time.

All trajectories plotted use 40 sample trajectories to pro-
vide an intuitive demonstration of how they behave. To verify
the quantitative accuracy of the trajectory probability distri-
butions, large numbers of samples were generated and plotted
using binning methods.

These samples were statistically tested with χ2 methods
[164,165] to compare them with analytic solutions. The test
cases used Ns = 2 × 106 sample trajectories to obtain good
statistics for the numerically sampled distributions,

psamp
i jk = Ni jk

Ns
. (B1)

Here Ni jk is the number of trajectories in the bin at xi, p j , and
sampled time tk . Such verification requires binning on a three-
dimensional (x, p, t ) grid to obtain numerical estimates of the
integrated analytic probabilities pi jk , where

pi jk =
∫

A
dδxdδpQ(xi + δx, p j + δp, tk ). (B2)

This was evaluated by numerical integration of the analytic Q
distribution, using a two-dimensional Simpson’s rule integra-
tor in each bin.

To treat the dynamics of the Q function, time averages
were evaluated to give a definitive overall result. Due to the
correlations inside each trajectory, the range of fluctuations
of time-averaged statistics is reduced compared with one-time
tests, which exactly follow the χ2 distribution. Individual tests
at each time-point are in agreement with χ2 statistics, and will
be reported elsewhere.

We therefore define

χ̄2 = 1

Nt

∑
i, j,k

〈[
pi jk − psamp

i jk

]2〉〈
σ 2

i jk

〉 , (B3)

where

σ 2
i jk = pi jk/Ns (B4)

is the expected probability variance for Ns total samples and
Nt time points, with a phase-space bin area of A.

As an example, the simulations described in Fig. 1 used 30
time-steps of gdt = 0.1, combined with a midpoint stochastic
integration method for improved accuracy [166]. No sig-
nificant discretization error improvements were found with
smaller time-steps. Comparisons were made between the an-
alytic and numerically sampled Q(x, p, t ) distributions with
dx = 0.02 and d p = 0.05. This gave an average of ≈55 100
comparison grid-points at each time step, after discarding bins
with nonsignificant sample populations of N < 10 [167].

In a typical test with 2 × 106 sample trajectories and A =
10−3, the time-averaged statistical error was χ̄2 = 55.2 ×
103, with 1.7 × 106 valid comparisons. There were an average

of k = 55.1 × 103 significant points per time step. This shows
that χ̄2 is within the expected range of 〈χ2〉 = k ± √

2k.
Hence, as expected from the path-integral and stochastic

theorems, there is excellent agreement between the ana-
lytic Q-function probability from quantum theory and the
ensemble-averaged stochastic trajectories.

APPENDIX C: CALCULATION OF PROPERTIES
AND Q FUNCTIONS

Q function of a squeezed state. The calculation of the Q
function [Eq. (3.3)] of a squeezed state uses

S(r)|0〉 = 1√
cosh r

∞∑
n=0

(− tanh r)n

√
(2n)!

2nn!
|2n〉

and 〈0|D(β − α) = 〈γ | where γ = α − β to deduce that

〈α|D(β )S(r)|0〉 = 〈0|D(−α)D(β )S(r)|0〉
= e(−αβ∗+α∗β )/2〈0|D(β − α)S(r)|0〉

= e(−αβ∗+α∗β )/2

√
cosh r

e−|γ |2/2e[(− tanh r)γ ∗2/2].

Q function of the amplified state. For the calculation of
Eq. (3.13), we use e−iHampt/h̄ = S(−gt ), implying squeez-
ing in p̂. Also S(r)D(β ) = D(α)S(r) where α = β cosh r −
β∗ sinh r. For β real, α = e−rβ. Hence S(−gt )D( x1

2 ) =
D( Gx1

2 )S(−gt ) and S(−gt )S(r) = S(−gt + r) where G = egt

is the amplification factor.
Properties of the eigenstates of x̂. It is easy to prove from

the identities above that the eigenstates |x j〉 defined by (3.2)
as highly squeezed states in x̂ satisfy |〈x j |xl〉|2 = e−|x j−xl |2e2r

,
becoming orthogonal (since r → ∞) for j 	= l . Completeness
is assumed in the limit where the eigenvalues x j form a con-
tinuous spectrum in analogy with the position representation
and noting that the overlap functions (i.e., 〈xA

j |α〉) approach
those (i.e., 〈x|α〉) of the position representation as r → ∞.

The Q function and quantum coefficients. We note that the
quantum state |ψ (t0)〉 can be expanded in terms of the eigen-
states |x j〉, as |ψ (t0)〉 = ∑

j c j |x j〉, where c j are probability
amplitudes, and the Q function is derived accordingly. The
values x j are an important part of the description of the model,
since they are amplified by Hamp. The |ψ (t0)〉 and hence the
c j are defined uniquely by Q(λ, t0) and can in principle be
determined by Q(λ, t0). For example, for a given Q(λ, t0),
the |c j | and x j can be determined by applying Hamp in the
limit of t . From Sec. III, we see that the Q function is of
form Q = ∑

i |ci|2G| + Int , where G j are the known Gaussian
functions involving x j , and Int is an interference term, which
can hence be deduced from knowledge of |c j | and x j . For a
simple two-state superposition as in Eq. (3.7), this implies the
phase for c j .

Eigenstates of rotated quadratures. The Q function of a
rotated squeezed state can also be calculated. We consider

|β j, z〉sq = D(β j )S(z)|0〉, (C1)

where D(β j ) = eβ j â†−β∗
j â and S(z) = e

1
2 (z∗â2−zâ†2 ) are the dis-

placement and squeezing operators, where z and β j are
complex numbers. We define the rotated quadrature phase
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amplitudes as x̂θ = âe−iθ + â†eiθ and p̂θ = (âeiθ − â†e−iθ )/i
i.e., x̂θ = x̂ cos θ + p̂ sin θ and p̂θ = −x̂ sin θ + p̂ cos θ . For
the state with squeezed fluctuations in x̂θ = âe−iθ + â†eiθ , we
note that z = re2iθ where r is a real, positive number. Hence
(
x̂θ )2 = e−2r and (
p̂θ )2 = e2r . We choose the direction
of β j to be along the direction of squeezing, so that β j =
xθ jeiθ /2. The eigenstate of x̂θ is denoted |xθ j〉θ and is thus
defined as the limiting squeezed state

|xθ j〉θ ≡ lim
r→∞

∣∣∣∣xθ j

2
eiθ , z

〉
sq

. (C2)

Where the meaning is clear, we abbreviate the notation to
|xθ j〉. The Q function of |xθ j 〉 is Q(α) = 1

π
|〈α|xθ j 〉|2 where

α = (x + ip)/2 but we can calculate in the rotated axis, with
amplitude αnew = (xθ + ipθ )/2 and xθ = x cos θ + p sin θ ,
pθ = −x sin θ + p cos θ . Hence, the Q function Qxθ j (xθ , pθ )
of the eigenstate |xθ j〉 is

Qxθ j (xθ , pθ ) = e−p2
θ /2σ 2

pθ e−(xθ −xθ j )2/2σ 2
xθ

2πσxθ
σpθ

,

where σ 2
pθ

= 1 + e2r and σ 2
xθ

= 1 + e−2r .
Extensions to general superpositions. The results of

Eqs. (3.7)–(3.21) can be extended to the superposition∑
j c j |x j〉 where |x j〉 are modeled as highly squeezed states.

The Q function is

Q(x, p, t ) = N
e−p2/2σ 2

p (t )

2πσx(t )σp(t )

( ∑
j

|c j |2e−(x−G(t )x j )2/2

+
∑

P∈{ j,k}
2|c jck|I jk (t )

)
, (C3)

where we sum over the pairs P given by all sets
of the nonordered pair j and k. Here I jk (t ) =
e−[(x−xk )2+(x−x j )2]/4F jk (t ) and (c j = |c j |eiθ j )

F jk (t ) = cos(θ j − θk ) cos[pG(t )(x j − xk )/2]

+ sin(θ j − θk ) sin[pG(t )(x j − xk )/2]. (C4)

We see that the calculation of the marginal Q(x, t ) will involve
the integrals over p as given by Eq. (3.18), so that the interfer-
ence terms will not contribute to Q(x, 0). Result III.1 follows.
The extension to mixed states is straightforward.

Similarly, the proof of Result VII.5 in Sec. VII can be
generalized to hold for any arbitrary state |ψ〉 at time t0,
by expanding in terms of the measurement basis, as |ψ〉 =∑

jk c jk|xA
j 〉|xB

k 〉. Here, we assume the {|xK
j 〉} form a com-

plete orthogonal set for the states of system K (proved in
Appendix C). The Q function of |ψ〉 is a sum of Gaussians and
an interference term IntAB. Similar to Eq. (C3), the IntAB is a
sum of terms IntAB,P each involving a pair P of product eigen-
states, labeled by P ∈ {{ j, k}, { j′, k′}}, where either k 	= k′,
j 	= j′, or both. The calculation of the marginal Qm(xA, xB, t )
involves integrals over pA and pB as in Eq. (7.31), for each
pair. The integral is zero, so that the interference terms do
not contribute to Qm(xA, xB, t ). The same result applies when
there is a rotation of setting at B, as in Eq. (7.32). With a
rotation of setting at both A and B, each of the interference
terms IntAB,P can contribute a nonzero value to the marginal

Q(xθA, xφB, t ) because the integration over pθA and pφB is
not necessarily zero. This can only occur for the specified
rotations, as evident by Eq. (7.36). The extension to mixed
states is straightforward.

APPENDIX D: TRANSFORMATION IN Q FUNCTION DUE
TO MEASUREMENT SETTINGS

The Q function Q(λrot, t1) of the new state at time t2 after
the interactions due to the Hθ and Hφ is that obtained by rotat-
ing the coordinates xA, pA, xB, pB in the original Q function,
to new coordinates xθA, pθA, xφB, pφB. We see that

αeiθ = (xA + ipA)eiθ = x′
A + ip′

A, (D1)

where x′
A = xA cos θ − pA sin θ and p′

A = xA sin θ + pA cos θ .
To obtain the Q function at time t1, we hence trans-
form an initial Q function Q(xA, pA) by substituting α

for αeiθ , which means substituting xA and pA for x′
A and

p′
A, i.e., xA → xA cos θ − pA sin θ and pA → p′ = xA cos θ +

pA sin θ i.e., xA = xθA cos θ − pθA sin θ and pA = xθA sin θ +
pθA cos θ . The xA and pA in the rotated Q function are identi-
fied as xθA and pθA, so that in terms of the original coordinates,

xθA = xA cos θ + pA sin θ,

pθA = −xA sin θ + pA cos θ, (D2)

consistent with Eq. (7.1). Similarly, the change of setting at
B induced by the interaction Hφ amounts to a rotation of
coordinates

xφB = xB cos φ + pB sin φ,

pφB = −xB sin φ + pB cos φ, (D3)

consistent with (7.2). Hence, the adjustment of measurement
settings is carried out in the simulation by changing the Q
function Q(λ, t0) to obtain a newQ function Q(λrot, t2) where
λrot = (xθA, pθA, xφB, pφB).

APPENDIX E: TRANSFORMATION
OF COORDINATES IN Q

The system interacts with the device so that the amplitudes
are transformed as above in Appendix D. The transformation
proceeds by substituting xB = xφB cos φ − pφB sin φ and
pB = xφB sin φ + pφB cos φ. (Note the Jacobian of the trans-
formation is unity.) To transform the Gaussian QG(xB, pB) =
e−p2

B/2σ2
p

2πσxσp
e−(xB−xB

k )2/2σ 2
x with variances σ 2

x = 1 + e−2r and σp =
1 + e2r where r → ∞, we note that the term 1

σx
√

2π
e−(xB−xB

k )2/2

dominates. Since xB
k = xB

k (cos2 φ + sin2 φ), this term
becomes, after some manipulation,

e−(xB−xB
k )2/2

→ e
− (xφB−xB

k cos φ)2

2σ2
xφB e

− (pφB+xB
k sin φ)2

2σ2
pφB e

− (xφB−xB
k cos φ)(pφB+xB

k sin φ)

σxφB σpφB ,

where σ 2
xφB

= 1/ cos2 φ and σ 2
pφB

= 1/ sin2 φ. The variances

σ 2
xφB

and σ 2
pφB

of the transformed bivariate Gaussian are such
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that neither is now necessarily infinite. Hence, provided φ 	=
nπ/2, where n is an integer, it is possible that neither the
variance of σpφB and σxφB will approach ∞. We note that
we have written the expressions (7.35) as above, in the limit
of r → ∞, which leads to functions that are not normaliz-
able. The full correct solutions take into account the term

1
σp

√
2π

exp(−p2
B/2σ 2

p ), allowing for the finite variance of p. To

illustrate, we consider the transformation fxB
k
(xφB, pφB) of the

full Gaussian QG(xB, pB) = e−p2
B/2σ2

p

2πσxσp
e−(xB−xB

k )2/2σ 2
x distribution,

as it is passed through the phase-shifter HB
φ , modeling the

rotations from xB, pB to xφB, pφB. The evolution of the xB(t )
and pB(t ) is plotted in Fig. 21, where the equalization of the
variances in the xB(t ) and pB(t ) is evident for certain times t .
The joint probability density of the xB(t ) and pB(t ) in Fig. 21
is given by the transformed function fxB

k
(xφB, pφB).

The coefficients of transformation can be calculated. We
rewrite the eigenstate |xA

k 〉 is the new basis {|xA
θ l〉} as |xA

k 〉 =∑
l dkl |xA

θ l〉 where dkl = 〈xA
θ l |xA

k 〉 since the eigenstates are or-
thogonal and complete. Then for any single-mode state |ψ〉 =∑

k ck|xA
k 〉, we find |ψ〉 = ∑

l fl |xA
l 〉 in the new basis, where

fl = ∑
k ckdkl . The 〈xA

θ l |xA
k 〉 are readily calculated.

APPENDIX F: RESULT VII.3 AND ASYMMETRIC
LHV MODEL Pasym,A

Following the text, we consider the system prepared with
respect to basis θ = φ = 0, and consider that there is then
a change of measurement setting at one site, B, only. We
hence rotate the basis at B, so that the system is prepared
for the final coupling to the meter (along with amplification)
to give the outcomes for a new measurement B̂φ (φ 	= 0).
Here, the predictions show no inconsistency with Bell’s local
hidden variable condition. The simulation is consistent with
the premise that there is no impact on the observed value of
λ̃A

x at A by a change of setting at B.
We prove as follows: The initial system is expressed in

terms of the prepared basis:

|ψBell〉 =
∑

i j

ci j |i〉A| j〉B

→ c11|+〉|+〉 + c12|+〉|−〉
+ c21|−〉|+〉 + c22|−〉|−〉. (F1)

Here |i〉 and | j〉 are eigenstates of measurements Â and B̂,
respectively, with eigenvalues λA

i and λB
j , and the ci j are prob-

ability amplitudes. We have generalized our notation to allow
that the measurements may be (for example) of spin, as in
the standard Bell formulation. The last line gives the example
of the expansions for a spin Bell state = 1√

2
{|+〉A|+〉B +

|−〉A|−〉B} written in the basis of Pauli spins σ A
z and σ̂ B

z ,
the |±〉K being the Pauli spin-z eigenstates with outcome ±1
for system K ∈ {A, B}. For convenience, we denote |sA〉A|sB〉B

where sK = ± by |sA〉|sB〉, dropping the subscripts where the
meaning is clear. In the Result VII.3, the eigenstates of Â are
|i〉 ≡ |xA

i 〉. We denote generally the eigenstates of the rotated
measurement B̂φ to be |k〉B with eigenvalues λB

k .

With the rotation at B, we expand in the new basis: | j〉 =∑
k d jk|k〉. Thus, the state becomes

|ψBell〉φ =
∑

i j

ci j |i〉A

[∑
k

d jk|k〉B

]
,

which simplifies to

|ψBell〉φ =
∑

i

∑
k

∑
j

ci jd jk|i〉A|k〉B

=
∑

i

∑
k

eik|i〉A|k〉B, (F2)

where eik = ∑
j ci jd jk . Looking at the example of the Bell

state, the Q function for this rotated state can be written as
a sum of the four new terms plus new interference terms
IntAB(φ). The joint probability for outcomes λi and λk for the
system in state |ψBell〉 is

|eik|2 =
∣∣∣∣∣∣
∑

j

ci jd jk

∣∣∣∣∣∣
2

= |c11d11 + c12d21|2 + · · ·

= |c11d11 + c12d21|2 + · · · . (F3)

We compare this result for |ψ〉 with the system prepared
in a certain mixed state ρmix,A, in which A can be viewed as
being in one of the eigenstates |i〉A with a definite probability
| fi|2 = ∑

j |ci j |2. This means that A can be viewed as having

a definite outcome λ̃A for measurement Â. We define the joint
probability for outcomes of λi and λk to be Pik . We show that
after the change of setting at B, there is no difference between
the probabilities Pik as predicted by |ψBell〉 and ρmix,A. The
system is consistent with the interpretation of having a definite
value λ̃A for the outcome of Â throughout an interaction Hφ

giving a change of setting at B.
To show this, we rewrite (F1) as

|ψBell〉 =
∑

i

fi|i〉A

∣∣ψB
i

〉
, (F4)

where |ψB
i 〉 = ∑

j[ci j/ fi]| j〉B. We note that
∑

j |ci j |2/| fi|2 =
1. We consider the mixed (nonentangled) state

ρmix,A =
∑

i

| fi|2|i〉
∣∣ψB

i

〉〈
ψB

i

∣∣〈i|. (F5)

The rotation φ at B for the state |ψB
i 〉 gives∣∣ψB

i

〉
φ

=
∑

j

ci j

fi

∑
k

d jk|k〉B =
∑

k

∑
j

ci j

fi
d jk|k〉B

≡
∑

k

gk|k〉B. (F6)

Hence

ρmix,A,φ =
∑

i

| fi|2
∑
k,k′

gkg∗
k′ |i〉|k〉〈i|〈k′|. (F7)
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The joint probability of outcomes λA
i and λB

k for the mixed
state ρmix,A is

| fi|2|gk|2 =
∣∣∣∣∣∣
∑

j

ci jd jk

∣∣∣∣∣∣
2

,

in agreement with (F3), those of |ψBell〉.
Now we ask what happens to the Q function, as the change

of setting occurs at B? The Q function for ρmix,A,φ includes in-
terference terms Imix(φ) (arising from off-diagonal elements
in the new basis) but the |ψBell〉 has extra interference terms,
since its density matrix has extra terms arising from the fact
that the system A is in a superposition (i.e., originally en-
tangled with B). Hence (even though the probabilities for
outcomes λA

i and λB
k on rotation of basis at B are the same

for |ψBell〉 and ρmixA,φ), there is a difference between the hid-
den interference terms IntAB of |ψBell〉 and ρmixA,φ . However,
because the change of setting at B induces only changes to the
hidden terms IntAB of Q (which are not amplified by Hamp),
we see that the simulation is consistent with the premise that
there is no impact on the value of λ̃A

x at A by a change of setting
at B (no-signaling).

LHV model. The result leads to an LHV model, which we
denote by Pasym,A. We assume amplification HA

amp at A, so that

there is the branch given by λ̃A
x . Here, we designate the branch

value as λA
x ≡ λA

i . We can track the amplitudes back to the
origin, as in Sec. IV D. This models projection as explained
in Sec. VIII. The state for B can be inferred, as Q(xB, pB |̃λA

i )
(Fig. 24). The HV model is that of the mixed state ρmix,A, in
which the system is in a state with a definite outcome λ̃A

i ≡
xA

i with a fixed probability | fi|2 (in the above |i〉A ≡ |xA
i 〉 and

Â ≡ x̂A). The state at A with outcome λ̃A
i ≡ xA

j is coupled to
the state |ψB

i 〉 at B, which can be a superposition state for B.
In the Q-based model, this state |ψB

i 〉 is given by the variables
xB, pB and the Q distribution Q(xB, pB |̃λA

i ).

APPENDIX G: STANDARD BELL EXAMPLE

Bell violations require adjustments of measurement
settings θ and φ. It is worth reviewing the role of
the measurement settings in standard Bell experiments.
The choice of settings θ at A and φ at B involves interacting
the systems locally with a physical device, i.e., a Stern-
Gerlach analyzer is orientated so that the spin component
σ̂θ is measured at A and σ̂φ is measured at B. After passing
through the analyzers, the systems A and B are prepared with
respect to the measurement basis, for measurements σ̂θ and
σ̂φ , respectively. The Bell state is

|ψBell〉 = 1√
2
{|+〉A|−〉B − |−〉A|+〉B}, (G1)

where |±〉K , K = A, B, are the spin eigenstates of σ̂z for
the system denoted K . The probabilities for outcomes are
calculated from (G1), by rewriting |ψBell〉 in terms of the
measurement basis, corresponding to the eigenstates of σ̂θ,A

and σ̂φ,B (we take σ̂θ = σ̂z cos θ + σ̂x sin θ ). For example, the

state after a single rotation φ at B is

|ψBell〉φ = 1√
2
|+〉A

{
cos

φ

2
|−〉φB + sin

φ

2
|+〉φB

}
− 1√

2
|−〉A

{
− sin

φ

2
|−〉φB + cos

φ

2
|+〉φB

}
,

(G2)

where |+〉φB = cos φ

2 |+〉 + sin φ

2 |−〉 and |−〉φB =
− sin φ

2 |+〉 + cos φ

2 |−〉. The probabilities for outcomes
+−, ++, −−, −+ are 1

2 cos2 φ

2 , 1
2 sin2 φ

2 , 1
2 sin2 φ

2 , and
1
2 cos2 φ

2 , respectively. We may compare with predictions for
the nonentangled mixed states

ρ
(AB)
mix = 1

2 {|+〉A|−〉B〈−|B〈+|A + |−〉A|+〉B〈+|B〈−|A}. (G3)

The state after the rotation φ at B is

ρmix,φ = 1
2

{
ρ

(A)
+ ρ

(B)
−φ + ρ

(A)
− ρ

(B)
+φ

}
, (G4)

where ρ
(A)
± = |±〉A〈±|A and ρ

(B)
±φ = |±〉φB〈±|Bφ , which gives

the same predictions for the probabilities as |ψBell〉φ .
However, after a further change of setting (basis) to θ at A,

the predictions between the entangled and nonentangled states
diverge. For the Bell state, the state in the measurement basis
becomes

|ψBell〉φ,θ

= cos

(
θ − φ

2

)
1√
2
{|+〉θA|−〉φB − |−〉θA|+〉φB}

− sin

(
θ − φ

2

)
1√
2
{|+〉θA|+〉φB + |−〉θA|−〉φB}, (G5)

which gives probabilities cos2[(θ − φ)/2] (and sin2[(θ −
φ)/2]) for outcomes ++ and −− (and +− and −+), re-
spectively, which are different from those of the mixed state
ρmix,AB. This is seen by writing both |ψBell〉φ and ρmixA,φ in the
new basis for A, and is evident by the fact that |ψBell〉 violates
a Bell inequality, whereas ρmix,AB does not. The interference
terms that are present in the density operator (when written
in the original basis) for the Bell state |ψBell〉, but not for the
mixed state ρ

(AB)
mix , do not manifest as a difference in predic-

tions between |ψBell〉 and ρ
(AB)
mix when there are no changes of

settings, or only one change of setting. The violation of the
Bell inequality requires a change of settings at both sites A
and B.

APPENDIX H: CAUSAL CONSISTENCY
(BIPARTITE CASE) AND PROJECTION

1. Causal consistency

Result AH:1. We give the proof of causal consistency as
stated in Result IX.9 and depicted in Fig. 5 (Secs. I and IX).

The simulation for the general superposition state |ψ〉 =∑
j,k c jk|xA

j 〉|xB
k 〉 begins at the future boundary condition, with

values xA(t ) and xB(t ) emanating from particular branches xA
j ,

xB
k with probability |c jk|2. For each branch-pair xA

j , xB
k , the
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distribution of x(t f ) is given by the Gaussian

e−(xA−GxA
j )2/2

√
2π

e−(xB−GxB
j )2/2

√
2π

where G = egt f . We first consider just one branch-pair, xA
j and

xB
k . At time t , the distribution is

e−(xA−egt xA
j )2/2

√
2π

e−(xB−egt xB
j )2/2

√
2π

(where t0 < t < t f ). The distribution at time t0 is

Qjk (xA, xB) = e−(xA−xA
j )2/2

√
2π

e−(xB−xB
j )2/2

√
2π

,

a set of values for xA and xB that we denote by B jk . At time t0,
there is a connection with a set of values for pA, pB determined
by Q0(pA, pB|xA, xB) [Eq. (4.12)]. The joint distribution as-
sociated with the branch-pair λ̃A

x ≡ xA
j , λ̃B

x ≡ xB
k is (refer to

Sec. IV D)

Qloop(x, p, t0|x ∈ B jk ) ≡ Q0(x, p|x ∈ B j ), (H1)

where x = (xA, xB) and p = (pA, pB).
We take the simple case of the superposition of |xA

j 〉|xB
k 〉

and |xA
l 〉|xB

m〉 [Eq. (7.27)] where there are just two branch pairs.
We take |c1| = |c2| and xA

j = xA
1 , xB

k = xB
1 , xA

l = −xA
j , xB

m =
−xB

k . Hence, it is convenient to denote B jk and Blm by B+ and
B−, respectively. Denoting the distribution of the branch B±
at t0 by

Q±(x) = e−(xA∓xA
1 )2/2

√
2π

e−(xB∓xB
1 )2/2

√
2π

,

we consider B+ and find

Q0(x, p|x ∈ B+) = Q+(x)Q0(p|x). (H2)

We use Q0(p|x) = Q(x, p, t0)/Q0(x) where Q0(x) =∑
± Q±(x). Here Q(x, p, t0) is given by (7.28) which here

simplifies to

Q(x, p, t0) = N
e−p2

A/2σ 2
p

√
2πσp

e−p2
B/2σ 2

p

√
2πσp

{Q+(x) + Q−(x)

+ 2g(x)FAB}, (H3)

where g(x) = e−(xA
1 )2/2e−(xB

1 )2/2e−x2
A/2e−x2

B/2 and FAB =
cos[pA
A/σxA + pB
B/σxB ], 
A = xA

1 /σxA and 
B = xB
1 /σxB .

A similar expression can be obtained for B−. We note that (on
extending the calculation of Eq. (3.14) to two modes, refer to
Appendix I below), the Q function Q(x, p, t ) of the amplified
system is given by Q(x, p, t0) on substituting σpA → σpA (t ),
σpB → σpB (t ), xA

1 → G(t )xA
1 , xB

1 → G(t )xB
1 .

The densities for xA(t ), xB(t ) and pA(t ), pB(t ) at a given
time t0 � t � t f can be evaluated, for each branch B+ and
B−, by examining Qloop(x, p, t |x ∈ B±). The value of x j de-
terministically amplified to G(t )x j , so that

Q±(x) → QG±(x) = e−(xA∓G(t )xA
1 )2/2

√
2π

e−(xB∓G(t )xB
1 )2/2

√
2π

, (H4)

and, similarly in IntAB, we replace x1 → Gx1, and
σp → σp(t ). Hence, denoting Qloop(x, p, t |x ∈ B±) by

Qloop±(x, p, t ) for simplicity, we find

Qloop±(x, p, t ) = Nt QG±(x)
e−p2

A/2σ 2
p (t )

√
2πσp(t )

e−p2
B/2σ 2

p (t )

√
2πσp(t )

×
(

1 + 2gG(x)
FAB(t )∑
± QG±(x)

)
, (H5)

where gG(x) = e−[G(t )xA
1 ]2/2e−[G(t )xB

1 ]2/2e−x2
A/2e−x2

B/2, G(t ) =
egt , FAB(t ) = cos[pA
A/σxA + pB
B/σxB ] where 
A =
G(t )xA

1 /σxA and 
B = G(t )xB
1 /σxB and Nt is a normal-

ization factor. The Q function Q(x, p, t ) for the state
|ψ (t )〉 = e−iHA

ampt/h̄e−iHB
ampt/h̄|ψ〉 at time t corresponds to

the joint density given as the average of that for the branches.
Hence,

Q(x, p, t ) = 1

2

∑
±

Qloop±(x, p, t ). (H6)

Evaluating,

Q(x, p, t ) = Nt
e−p2

A/2σ 2
p (t )

2
√

2πσp(t )

e−p2
B/2σ 2

p (t )

√
2πσp(t )

× [QG+(x) + QG−(x) + 2gG(x)FAB(t )] (H7)

reduces to the Q function Q(x, p, t ) defined above (refer to
Appendix I) as required. The extension to the more general
superposition |ψ〉 = ∑

j,k c jk|xA
j 〉|xB

k 〉 follows along the same
lines. Assuming the eigenstates {|xK

j 〉} form a complete set for
a single-mode system K ∈ {A, B}, this completes the first part
of the proof.

In the second part of the proof, we consider the dynamics
of the measurement settings. Figure 5 illustrates the opera-
tions that adjust the measurement settings θ and φ, prior to
amplification. Here, causal consistency follows because the
associated dynamics is deterministic and reversible, given by
equations (D2) and (D3). To give details, we consider two
scenarios (refer to Fig. 5).

Case I. First, we consider that the changes of settings
occur at each site between the times t0 and t2, as in Fig. 22,
where amplification takes place after time t2. We wish to
prove causal consistency between these times. The dynamics
in terms of the amplitudes is given by the transformations
(7.15) and (7.16) (Fig. 21) as explained in Appendix E.
Different sequences for the setting changes are possible,
but the amplitudes in each case are defined by the de-
terministic transformations, or as a sequence of them. For
successive deterministic transformations, it is assumed that
the trajectories flow continuously, so that the output of one
transformation is the input of the other. This defines ampli-
tudes xA(t ), pA(t ), xB(t ), pB(t ) at a time t0 � t � t2. For each
transformation, the amplitudes are the variables of a proba-
bility density function. The probability density function for
such transformed variables is known (from ordinary calculus)
to be found by expressing the xA, pA, xB, pB in terms of the
xA(t ), pA(t ), xB(t ), pB(t ), and substituting in the initial density
function, which is given by Q(x, p, t0) (the Jacobian is unity,
refer to Sec. VII and Appendix E). Since this corresponds
to the procedure used to evaluate the evolved Q function
(Sec. VII), we confirm causal consistency.
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This concludes the proof for the system depicted in Fig. 22.
We note that we prove the equivalence at any one time t ,
where we consider two time intervals, from t0 to t2, and then
from t2 to t f . We place the boundary condition at time t2,
just prior to amplification, and hence define the hidden loop
at the time t2 [Qloop(x, p, t2)]. We note that a distribution
Q(xθA, pθA, xφB, pφB) at a time t2 defines a unique distribution
Q(xA, pA, xB, pB) at time t0 (and vice versa) in accordance
with the transformations (7.15) and (7.16). We could also give
a proof where the hidden loop is at the time t0, prior to the
setting dynamics.

Case II. The second scenario is to consider where a setting
change occurs at one site (B say), while amplification occurs
simultaneously at A from time t0 to t f . The system at time
t0 is prepared in the state Q(λ, t0). The interactions given by
Hamiltonians HB

φ and HA
amp are then applied, up to a time t f .

We consider a time t , such that t0 < t < t f . The Q function
is given by Q(x, p, t ) defined above but we put G = 1 in the
expressions relating to B, and the amplitudes of B are rotated
(refer to Sec. VII and Appendix E). We find

Q(x, p, t ) → Nt
e−p2

A/2σ 2
pA

(t )

2
√

2πσpA (t )

e−pB (t0 )2/2σ 2
pB

(t0 )

√
2πσpB (t0)

× [
QGA+(x) + QGA−(x) + 2gGA (x)FAB0 (t )

]
,

(H8)

where [G(t ) = egt ]

QGA±(x) = e−(xA∓G(t )xA
1 )2/2

√
2π

e−(xB (t0 )∓xB
1 )2/2σ 2

xB
(t0 )

√
2π

,

gGA (x) = e−(G(t )xA
1 )2/2e−(xB

1 )2/2σ 2
xB

(t0 )

× e−x2
A/2e−xB (t0 )2/2σ 2

xB
(t0 )

,

and FAB0 (t ) = cos[pA
A + pB(t0)
B0/σxB ] where 
A =
G(t )xA

1 and 
B0 = xB
1 /σxB (t0). The variances σ 2

xA
(t ), σ 2

pA
(t ),

σ 2
xB

(t0) and σ 2
pB

(t0) are given below in Appendix I [σ 2
xA

(t ) = 1].
In the expression above for Q(x, p, t ), we use

xB(t0) = xB(t ) cos φ − pB(t ) sin φ,

pB(t0) = xB(t ) cos φ + pB(t ) sin φ (H9)

[noting that we simplify to write xB(t ) ≡ xB, pB(t ) ≡ pB in
the final Q function Q(x, p, t )]. We consider the branches
emanating from t f , as in Eqs. (H1)–(H7) above, but here, for
a branch pair xA

j , xB
k , the distribution of x(t f ) is given by

e−[xA−G(t )xA
j ]2/2

√
2π

e−[xB (t0 )−xB
j ]2/2

√
2π

.

The solution for Qloop±(x, p, t0) is as above, where we
note σp ≡ σpA (t0) = σpB (t0). Using the deterministic relations
xA

1 → G(t )xA
1 , σpA → σpA (t ), and (H9) as above, the distribu-

tion for the Qloop±(x, p, t ) becomes

Qloop±(x, p, t ) = Nt QGA±(x)
e−p2

A/2σ 2
pA

(t )

√
2πσpA (t )

e−pB (t0 )2/2σ 2
pB

(t0 )

√
2πσpB (t0)

×
(

1 + 2gGA (x)
FAB0 (t )∑
± QGA±(x)

)
. (H10)

Following the proof above, averaging over both branches, we
deduce equivalence to the probability density Q(x, p, t ). �

2. Projection

Figure 5 also depicts certain results about the projected
states. We explain and prove these results.

First, note that for the bipartite system with Q function
Q(λ, t0), the Q function for the system A is given by the
marginal Q(xA, pA, t0) = ∫

Q(λ, t0)dxBd pB. To illustrate, the
bipartite state can be expanded as |ψ〉 = ∑

i j ci j |xA
i 〉|xB

j 〉,
where ci j are probability amplitudes, where the |xB

j 〉 form an
orthogonal set (Appendix C). The reduced state for system
A is |ψA〉 = ∑

i di|xA
i 〉 where di = ∑

k cik , for which the Q
function is

Q(xA, pA, t ) = 1

π

∑
i

∑
k

did
∗
k

〈
α
∣∣xA

i

〉〈
xA

k

∣∣α〉
. (H11)

The Q function of the bipartite state is Q(λ, t ) =
|〈α|〈β|ψ〉|2/π2, which simplifies to

Q(λ, t ) = 1

π2

∑
i

∑
k

〈
α
∣∣xA

i

〉〈
xA

k

∣∣α〉
×

∑
j

ci j
〈
β
∣∣xB

j

〉 ∑
l

c∗
kl

〈
xB

l

∣∣β〉
. (H12)

Integrating over xB and pB, we find
∫

Q(λ, t )dxBd pB →
Q(xA, pA, t ) as required.

Result AH 2. The postselected and projected distributions
defined before and after settings are fixed are related by a
simple transformation of coordinates.

Proof. We examine Fig. 22, where the system is prepared
in state Q(λ, t0) at time t0. Let us assume the measurement
setting is changed to φ at B first, and then at time t1, is changed
to θ at A. At time t2, both settings are fixed at φ and θ , respec-
tively. A postselected distribution Qloop({xB

φk}, λrot2, t2|xA
θ j )

can be defined at time t2, from a branch BA
j based on the out-

come xA
θ j for system A. Here, λrot2 ≡ (xθA, pθA, xφB, pφB) are

the variables defined after the transformations that determine
the settings. We recall that the postselected distribution must
be consistent with the deterministic relations D that determine
the correlation between outcomes xB

φk for system B and the
outcome xA

θ j at A, which are defined in the causal model at the
time t2, given the fixed settings θ and φ (refer to Sec. VIII).
With this specified, we simplify the notation as in the main
text, denoting Q({xB

φk}, λrot2, t2|xA
θ j ) ≡ Q(λrot2, t2|xA

θ j ). From
Qloop(λrot2, t2|xA

θ j ), a projected distribution Qφ (xφB, pφB|xA
j )

can be determined for system B at time t2, where

Qt2

(
xφB, pφB

∣∣xA
θ j

) =
∫

dxθAd pθAQloop
(
λrot2, t2

∣∣xA
θ j

)
. (H13)

Mathematically, it is always possible to transform to different
coordinates xA, pA for system A, and to xB, pB for system
B, as defined by (D2) and (D3) (Jacobian factors are unity).
A coordinate transformation for A corresponds to the am-
plitudes xA(t1) being combined with pA(t1) according to the
inverse deterministic transformation (D2), which physically
is due to the setting interaction HA

θ . Hence, the trajectories for
the branch BA

j can be traced back to the time t1, prior to
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the setting change at A. This defines a probability density
function Qloop(λrot1, t1|xA

θ j ) in terms of amplitudes λ at time t0,
so that λrot1 = (xA, pA, xφB, pφB). The projected distribution
for system B is (refer to Result VIII.1e)

Qt1

(
xφB, pφB

∣∣xA
θ j

) =
∫

dxAd pAQloop
(
λrot1, t1

∣∣xA
θ j

)
. (H14)

Yet, we can mathematically transform the coordinates for B to
define

Qt0

(
xB, pB

∣∣xA
θ j

) =
∫

dxAd pAQloop
(
λrot1, t1

∣∣xA
θ j

)
, (H15)

hence making a variable change from (xφB, pφB) to (xB, pB).
Hence Qt1 (xφB, pφB|xA

j ) can be transformed to a density
function Qt0 (xB, pB|xA

j ) for coordinates (xB, pB). Since the
transformation corresponds to the dynamics of the amplitudes
as given by HB

φ , given by the inverse of (D3), this corresponds
to the projected distribution for amplitudes at time t0 prior to
the change of setting from φ = 0 to φ at B.

This result is used in the diagrams of Fig. 5 and in
Sec. IX, where the projected distributions Q(xA, pA |̃λB

φ ) and

Q(xB, pB |̃λA
θ ) are drawn in at an unspecified time t , but with

reference to system A and B, respectively. The time t is
unspecified because the distribution, i.e., Q(xA, pA |̃λB

φ ) that
applies at time t0 can be readily transformed to apply to
the amplitudes at a later time, i.e., t2, by transforming the
variables xA, pA in the density function. �

Result AH:3. The projected distribution, for example
Q(xA, pA |̃λB

φ ), defines the predictions for outcomes at A for
any future setting adjustment θ at A. This follows from the
proof above, since one can make a transformation to coordi-
nates xθA, pθA based on knowledge of Q(xA, pA |̃λB

φ ), and this
defines the projected distribution for outcomes of x̂θA given
the outcome defined by λ̃B

φ .
Mutual consistency. Result IX.3 is stated in Sec. IX.
Proof. Following the proof for Result IX.3, the evaluation

of Q(xA, pA |̃λB
φ ) requires the knowledge of the setting φ at B

and of the initial Q function Q(λ, t0). The evaluation does
not require knowledge of θ , the setting at A. The distribu-
tion Q(xA, pA |̃λB

φ ) gives predictions of probabilities for all
choices of setting θ at A, as explained in Result AH.2 above.
The proof of Result AH.2 shows how the projected distribu-
tions defined from Qloop(λrot2, t2|xA

θ j ) and Qloop(λ, t0|xA
θ j ) are

evaluated consistently with each other. The proof of causal
consistency (Result AH.1) shows how Qloop(λrot2, t2|xA

θ j ) and
Qloop(λ, t0|xA

θ j ) are consistent with Q(λ, t0). �

APPENDIX I: CALCULATION OF Q FUNCTION:
AMPLIFIED BIPARTITE STATE

Consider the state

|ψ〉 = ∣∣xA
j

〉∣∣xB
k

〉 + ∣∣xA
l

〉∣∣xB
m

〉
→

∣∣∣∣∣xA
j

2
, r

〉
sq

∣∣∣∣xB
k

2
, r

〉
sq

+
∣∣∣∣xA

l

2
, r

〉
sq

∣∣∣∣xB
m

2
, r

〉
sq

. (I1)

Here, |xA
j 〉 and |xB

k 〉 are eigenstates of x̂A and x̂B, respectively,
which we approximate by highly squeezed states in x̂A and x̂B

[Eq. (3.2)]. With amplification at each site, the state becomes

|ψ (t )〉 = e−iHA
ampt/h̄e−iHB

ampt/h̄|ψ〉. Applying the techniques of
Appendix C, we find

|ψ (t )〉 = N

(∣∣∣∣∣G(t )
xA

j

2
, r′

〉
sq

∣∣∣∣G(t )
xB

k

2
, r′

〉
sq

+
∣∣∣∣G(t )

xA
l

2
, r′

〉
sq

∣∣∣∣G(t )
xB

m

2
, r′

〉
sq

)
(I2)

(N is a normalization constant). Hence, the calculation of
the Q function is as for that of (I1), on substituting in the
final result xA

j → G(t )xA
j , xA

l → G(t )xA
l , xB

k → G(t )xB
k , xB

m →
G(t )xB

m, and σx → σx(t ), σp → σp(t ). The variances are given
by (3.6): σ 2

xK
(t ) = 1 + e−2r+2gt = 1 + G(t )2[σ 2

xK
(0) − 1] and

σ 2
pk

(t ) = 1 + e2r−2gt = 1 + [σ 2
pk

(0) − 1]/G(t )2 (K ∈ {A, B}),
from which we see that σ 2

xK
(t ) = 1 given the system is initially

in the eigenstate of x̂K .

APPENDIX J: FINE-TUNING

The simulations of this paper give a model in which no-
signaling is explained consistently with the observation of
Bell nonlocality. The result does not, however, conflict with
results that exclude classical causal models that are not fine-
tuned: In Ref. [53], it is stated that an “observed statistical
independence between variables should not be explained by
fine-tuning of the causal parameters. …. In other words, all
conditional independences (CIs) should be a consequence of
the causal structure alone, not a result of the causal–statistical
parameters taking some particular set of values.” The authors
of Ref. [53] showed that in order for a causal model to explain
Bell violations consistently with no-signaling, it is necessary
that there be a fine-tuning of the causal parameters. The causal
parameters include the measurement settings θ and φ.

We have seen that the simulations of this paper support Re-
sults IV.9 and IX.3, which imply no-signaling. An interaction
HB

φ (as in a change of setting) at B can change unobserv-
able hidden terms in the Q function, without changing the
outcome λ̃A

x for the setting θ ≡ 0 (Fig. 29). This implies
no-signaling.

However, with an interaction HA
θ at A so that θ 	= 0 (i.e.,

over two rotations), Bell nonlocality can emerge (Fig. 32).
Thus, no-signaling does not rule out Bell nonlocality. We see
from the analysis of interference terms for the Bell state that
specific values of θ and φ contribute to the observable prob-
abilities that violate the Bell inequality. The value of θ needs
to be adjusted from zero in order to observe the nonlocality,
consistent with the conclusions of Ref. [53]. It is not the case
that there can be assumed to be no impact on A due to the
change of setting at B, in the sense that there is a change to
the interference term in the Q function. We summarize with
the following result.

Result A: Fine-tuning. There is a fine-tuning of the causal
parameters (the measurement settings) in order to observe the
violation of the Bell inequality consistently with the observa-
tion of no-signaling.

Proof. No-signaling is defined as the condition that there is
no change to the outcome of A due to a change of setting at B,
with the setting at A fixed [53]. This corresponds to fixing the
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setting of θ at A, which we take without loss of generality to
be θ = 0 so that we assume x̂ is measured at A (as in Figs. 28
and 29). Result IX.4 states that the outcome given by λ̃A

x in
the model is unchanged as the setting φ at B is changed. To

detect Bell nonlocality, the simulations (Results VII.4–VII.7)
show that we require adjusting to a nonzero setting θ 	= 0 at
A (Fig. 32). Hence, a fine-tuning of the causal parameters is
required. �
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