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While Bell nonlocality can be explained through mechanisms such as retrocausality and superluminal
influences, it is not clear why such mechanisms do not manifest at an everyday macroscopic level. In this
paper, we show how measurement and nonlocality can be explained consistently with macroscopic realism and
no-signaling, and causal relations for macroscopic quantities. Considering the measurement of a field amplitude
X, we derive theorems that lead to an equivalence between a quantum phase-space probability distribution
Q(x, p, t) and stochastic trajectories for real amplitudes x(¢) and p(¢) propagating backward and forward in
time, respectively. We present forward-backward stochastic simulations that motivate a O-based objective-field
model of reality. Amplification plays a key role in the measurement. With amplification, similar to decoherence,
contributions due to interference become unobservable, leading to “branches” in x that correspond to distinct
eigenvalues XA. This elucidates how the system evolves from a superposition to an eigenstate, from which Born’s
rule follows. For superposition states, we find that the backward and forward trajectories are connected, leading
to “hidden loops.” We deduce a hybrid causal structure involving causal deterministic relations for amplified
variables, along with microscopic noise inputs and hidden loops for unobservable quantities. Causal consistency
is confirmed, removing grandfather-type paradoxes. The simulations allow evaluation of a state inferred for the
system, conditioned on a particular branch A, from which we deduce a model for projection and the collapse
of the wave function. The theory is extended to Einstein-Podolsky-Rosen correlations and Bell nonlocality. We
demonstrate consistency with three weak local realistic premises: (1) the existence of real properties (defined
for the system after operations that fix measurement settings); (2) a partial locality implying no-signaling;
(3) “elements of reality” that apply to the predictions of a system by a meter, once meter settings are fixed.
A Q-based hidden variable model and mechanism for Bell nonlocality is identified. Our work shows how
forward-backward stochastic simulations lead to a hybrid causal structure, involving both deterministic causal
relations and “hidden” stochastic loops, explaining measurement and entanglement, with paradoxes typically

associated with retrocausality avoided.

DOLI: 10.1103/qdyg-2nv4

I. INTRODUCTION

All local, strictly causal hidden variable theories are fal-
sifiable, since quantum predictions and experiments lead to
a violation of Bell inequalities [1-4]. However, it is known
that violations of Bell inequalities can indeed arise using
the advanced solutions of classical electrodynamics [5-8].
Classical electrodynamics with future boundary conditions
has been widely studied [9-14] and is essential to the the-
ory of radiating fields. Following Bohr [15], who considered
delayed-choice experiments [16], Wheeler speculated that
retrocausality due to future boundary conditions may explain
quantum paradoxes [17,18]. Bell’s work also motivated the
question of potential superluminal disturbances, leading to no-
signaling theorems [19]. These results have inspired analyses
of causality in quantum physics [16,20-82].
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Studies of causal structure are closely related to studies
of realism in quantum mechanics. Classical models as-
sume real properties that describe the system at a given
time; retrocausality supposes these properties to be influ-
enced by future events. Proposals to explain Bell violations
and wave-function collapse include superluminal causal in-
fluences [83-88], retrocausality [5,8,28,29,47,89-94], cyclic
causation [95,96], and unobservable loops [97-99], or su-
perdeterminism [100]—but an open question is why then are
such mechanisms not apparent at a macroscopic level? It has
not been clear how to reconcile Bell nonlocality with the
absence of superluminal signaling. Causal models based on
superluminal or retrocausal mechanisms require a fine-tuning
of parameters in order to explain no-signaling, which seems
undesirable [53-55]. The fine-tuning may not always be a
problem, however, and no-signaling does not rule out retro-
causal or cyclic causation [29,92,95,96].

As well as no-signaling, we argue that macroscopic re-
alism is a natural requirement for a model complying with
causality at a macroscopic level. Macroscopic realism (MR)
is the assumption that a system in a superposition of two
macroscopically distinct states, “will at all times be in one
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or other of these states” [101] (something that cannot be
changed by a future event). Yet, Schrédinger argued that MR
is inconsistent with the notion that quantum mechanics is a
complete description of reality (‘“realdings”) [102]: Quantum
causal models have been developed to address these problems
[56,57,59-63,76]. It is not clear, however, whether one can
present a unified framework combining causality and realism,
and there remains the fundamental question of the level (from
microscopic to macroscopic) at which causal concepts, or
MR, will hold.

In this paper, we show how quantum stochastic phase-
space theorems lead to stochastic simulations of real am-
plitudes x and p propagating in a backward and forward
time-direction, respectively, that may contribute toward a res-
olution of these questions. The amplitudes are based on the
well-known positive phase-space distribution, the Q func-
tion in quantum optics [103], and have been proposed as
a way to address the “measurement problem” [104-109].
The measurement problem is to understand how a system,
when being measured, evolves from a superposition to a sin-
gle eigenstate (the “collapse of the wave function™) [4,110-
113]. Questions arise, such as the timing of the “collapse”
(when can the system be considered to be in the eigenstate),
and Born’s question, of “what is the reality which our the-
ory has been invented to describe?” [113]. These questions
are closely related to the questions of cause and effect in
Einstein-Podolsky-Rosen (EPR) and Bell experiments [53].
What hidden-variable theories are possible that describe the
EPR and Bell correlations, and how would nonlocality be
achieved, when there is no-signaling? Bohm’s pilot-wave hid-
den variable theory for quantum mechanics is deterministic
[83], and the Pusey-Barrett-Rudolph theorem excludes most
epistemic models [114].

In this paper, we seek to resolve these questions in the
context of a model of reality motivated by the Q function.
We analyze the measurement of X on a superposition of eigen-
states |x;) of £, which we define as highly squeezed states in %.
Measurement of % is treated as amplification of %, by a factor
G = e* (g is real) modeled by a Hamiltonian H,m, [104]. In
the second part of the paper, we apply the model of reality to
deduce how hidden variables satisfying weak forms of local
realism put forward in Ref. [108,109] can explain EPR corre-
lations and Bell nonlocality, consistently with no-signaling.
This gives insight into a mechanism for Bell nonlocality,
which is consistent with causality at a macroscopic level.

The resolution we propose involves an equivalence be-
tween the quantum state of the system at a fixed time ¢, which
is given uniquely by the Q function Q(x, p,t), and a set of
amplitudes {x(z), p(¢)} that are solutions (“trajectories”) of a
pair of forward-backward stochastic equations (Fig. 1). In this
paper, we solve a pair of stochastic differential equations that
model the measurement as H,yp: one (for p) is solved in
the forward-time direction with a boundary condition at the
initial time fy; the other (for x) is solved in the backward-
time direction with a boundary condition (referred to as a
future boundary condition, FBC [12]) at the final time, ;. Put
simply, the initial-time boundary condition is determined by
the initial state of the system. The final-time boundary condi-
tion is determined by the final state of the system. However,
the use of an FBC to resolve problems about reality seems
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FIG. 1. Forward-backward stochastic simulation modeling quan-
tum measurement. Individual trajectories for x and p model a
measurement £ on a system prepared in a superposition |Vg,) =
%(lm} + il — x1)) [Eq. (3.7) with r = 2] of eigenstates of X. The
system is amplified by Hymp [Eq. (2.2)], where t, = 0. The variable
x is amplified (left) and p deamplified (right). The trajectories for x
propagate in the negative-time direction from a future boundary con-
dition at time ¢y = 3/g; those for p propagate forward in time. Two
branches for x are evident at time #,, when the system is macroscopic.
Here, x; = 0.8, G = ¢¥. (Refer to Secs. II and III.)

counterintuitive. The “paradox of the future boundary condi-
tion” is introduced—how can such a condition be consistent
with our understanding of cause and effect? How can we
determine what the FBC condition should be if we do not
know the solutions in advance? A similar paradox applies to
retrocausality, conventionally defined as the past affecting the
future.

It is often also speculated that a phase-space interpreta-
tion of quantum mechanics is not possible, since the obvious
candidate, the Wigner function W(x, p), can be negative
[115,116]. The Q function, being a Gaussian convolution of
W (x, p), has additional noise and is hence always positive—
but then the x and p do not correspond to directly observable
quantities. The Q function of an eigenstate |x;) of X is a Gaus-
sian distribution about a mean value of x;. The fluctuations
about the mean are at the level of the quantum vacuum, but
the physical significance is unclear, since (for the eigenstate)
these fluctuations must remain undetected in the measurement
process. In this paper, we clarify the role of this “hidden
noise” as part of the resolution of the FBC paradox.

The solutions we put forward resolve these paradoxes by
avoiding traditional notions of retrocausality, instead leading
to a different “hidden” type of causation, originating from
microscopic inputs §x at the future boundary [109]. In the
first part of this paper, we analyze the measurement problem
by considering the measurement of X on a system prepared in
a superposition [gp) = j¢jlx;j) (c; are probability ampli-
tudes) of eigenstates |x;) of x. We find that the future boundary
condition (FBC) for x has two parts: The first part originates
from a deterministic causal relation x; — Gx;, from the initial
time 7y to the final time ¢/, that describes the amplification of
X. The first part of the FBC is hence of a classical nature,
originating from the description of the state of the system
at the initial time. Moreover, we show (Result III.1 of this
paper) that the interference terms Znt that distinguish the
superposition [g,p) from a mixture of |x;) vanish in the
FBC. In other words, the amplification process plays a role
similar to decoherence: This works, because the preparation
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FIG. 2. Causal structure. (top) As for Fig. 1, with x; = 8 and
ty = 2/g. Here, the system starts in a superposition of macroscop-
ically distinguishable states. Each branch follows the causal relation
x(0) = Gx(0) (depicted by the solid blue line). (lower) Diagram
of the causal relations applied to the simulation. The Q function
Q(x, p, ty) describes the system at time #,. A future boundary con-
dition is determined by the marginal Q(x, ¢/) in x, after amplification
for a time #;. A deterministic relation (solid two-way blue arrow)
connects each x; at time £, to the amplified value Gx; at t;. Gaussian
noise dx = n(z;) enters at the future boundary 7. A connection
between forward and backward trajectories x(¢) and p(¢) at time
tp exists, which defines a distribution Qyuop(x, plx;), giving rise to
a “hidden loop” (orange dashed lines). (Refer to main text and
Secs. III-V for details).

procedure has implemented the particular choice of measure-
ment setting %, and to fully describe the initial state, it is
necessary that |,,) be expanded in terms of the eigenstates
of |x;), referred to as the measurement basis. This defines
particular interference terms Znt in Q(x, p, fy), which vanish
in the FBC.

The second part of the future boundary condition for x con-
stitutes a random microscopic input dx = n(t), the distribution
of which is a Gaussian G(0, oy,.), with a mean of zero and a
variance oy, at the level of quantum vacuum. The fluctuation
6x has a constant average magnitude with time 7, which hence
corresponds to and explains the hidden noise level in the O
function of the eigenstate |x;). The result is the emergence
in the simulations of macroscopic “branches” B;—distinct
bundles of amplitudes x(¢), appearing as “lines” with a width
~x that corresponds to a definite eigenvalue x; (Figs. 1 and
2). Extending previous work [104—-106,109], this leads to a
model of reality to explain quantum measurement, from which
Born’s rule follows.

The paradox of the future boundary condition is hence
addressed by the hybrid nature of the boundary condition
(Fig. 2). There is no genuine backward causation, because
the future inputs éx are randomly determined by the Gaussian
G(0, oyac), being independent of the time ¢4 at which the FBC

Hamp Q(x,p,t)
Q(plx) X X > X
p P p

Present, t,=0

[ () = e~ Hamet/M[y(0))

Future, t=t;

time,t

FIG. 3. Test of causal consistency. How can a future boundary
condition be consistent with the causal behavior of the Q function?
The diagram illustrates the equivalence of the probability density
of the forward- and backward-propagating p(t) and x(¢) to the Q
function Q(x, p,t), which defines the quantum state |y (z)). The
system evolves under amplification H,,,. The equivalence is true for
all ¢4, even when ¢ is far into the future. That the state at time ¢ does
not depend on the future inputs is explained by the causal structure
of the simulation. An experimental test is feasible (refer to Sec. V).

is placed, and not determined by any choice of setting or
outcome x; at the final time 7. As we show in the second
part of the paper, this model can explain Bell nonlocality.

A main conclusion of this paper is that macroscopic re-
alism (MR) as well as no-signaling follows naturally from
the stochastic solutions and the proposed model of reality.
The deterministic relation x; — Gx; that forms part of the
future boundary condition (FBC) dominates the dynamics
for the amplitudes x(¢), at the times #,, when the x(z,,) are
macroscopic. The branches have emerged at time ¢, (Fig. 1),
allowing definition of macroscopic variables A,(t,,), the val-
ues of which represent the measurable property x of a system
at a given time t,,, a property that can be detected. A main con-
clusion of this paper is that there is no actual retrocausality,
because A(%,) has a fixed value at the time #,,. A change to its
value requires a further local interaction, which changes A(t)
at a future time t,; > t,. Macroscopic realism and macro-
scopic causality [defined as causal relations for the variables
Ax(ty), refer to Sec. IB], hold (Fig. 2). This is despite the
first-glance apparent “retrocausality” of the model in the form
of the backward-in-time propagating solutions and the FBC.

Consistent with these results, we are able to prove causal
consistency, as in absorber theory [8,13,14] and theories
of closed timelike curves [117,118]. Causal consistency is
defined as the requirement that the joint density of the am-
plitudes {x(¢), p(¢)}, when averaged over the “branches,” is
given by the Q function Q(x, p, t), at any time ¢ during the
evolution (Fig. 3). The proof is based on a conditional con-
straint determined by Q(x, p, fo) at the initial time. For a given
branch B; (associated with the eigenvalue x;), the determin-
istic relation x; — Gx; when inverted implies a set of values
around x; at time fy. A correlation between the measured and
complementary variables x and p at time #; allows a connec-
tion between backward and forward-propagating amplitudes,
which we refer to as a “hidden loop.” The loop appears for
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FIG. 4. Schrodinger’s cat paradox. How can cat states be con-
sistent with macroscopic realism? A system is prepared in the
superposition [Yg,p) = %(pcl) +i| — x;) of eigenstates |x;) of X.
The measurement of “which state the cat is in” proceeds by ampli-
fication of %, via Hyn, (Fig. 2). The simulation enables evaluation of
Qloop(x, plx1), the postselected distribution inferred for the “cat” at
the initial time, given that the final outcome is x;. It can be shown
that Qjoep (X, plx;) is not equivalent to a quantum state [yr) (refer to
Sec. 1V), highlighting the argument for the incompleteness of
quantum mechanics put forward by Schrodinger [102]. Here,
X1 = —Xp = 1.

superpositions of |x;), but not for mixtures, and is hence a
distinguishing quantum feature.

Following from this, we show in this paper how a probabil-
ity distribution that we call Qjo0p(x, p, folx;) for x and p at the
initial time #, conditioned on a given branch B; (associated
with an outcome x; for %) can be defined and calculated.
Perhaps surprisingly, (since the properties of the inputs éx at
the FBC are unchanged with ¢) this postselected distribution
Oloop(x, p, 1olx;) is inferred by retrodiction (not retrocausal-
ity), by reversing the deterministic relation x; — Gx;, and
using knowledge of the initial distribution Q(x, p, ty). Calcu-
lation shows that the amplitudes x and p of the distribution
Oloop(x, p, 1olx;) are too precisely defined to correspond to a
quantum state. This leads to a hidden-variable (HV) model for
measurement on a superposition state, and an analysis of the
Schrodinger cat paradox (Fig. 4).

Entanglement. In Part II of this paper, the results are ex-
tended to treat Einstein-Podolsky-Rosen (EPR) entanglement
and Bell nonlocality. This enables the construction of a Q-
based hidden-variable (HV) model for nonlocality, and also a
full examination of quantum measurement. In particular, we
provide a model for projection (“collapse of the wave func-
tion”) by analyzing the coupling of a system to a meter. We
demonstrate forward-backward stochastic simulations of en-
tangled systems, A and B, described by a Q function Q(A, y)
where A = (x4, pa, Xp, pp) are phase-space amplitudes.

To examine entanglement, we allow for adjustable mea-
surement settings, 6 and ¢, by considering measurement of
quadrature phase amplitudes %y4 = X4 cos6 + p4siné and
X¢pp = Xpcos ¢ + ppsin¢@ at sites A and B, respectively. The
Xx and pg are quadrature amplitudes for the system K €
{A, B}, in analogy to position and momentum. The measure-
ment settings are adjusted by independent local interactions
H? and Hf . We show that these interactions correspond to
deterministic causal transformations of the local amplitudes
Xk, Pk, which precede the independent amplifications Hfmp

QA to) QA1)
HA Q(XAJPAMS) Héqmp jA
IR b Xopged—— "5 Xoa(t)
Pl Poa Poalt)
HE
A4 > PoB - Pya(t)

= B B
,pglAd Ham ’1¢
Present, t,=0 Qx5 Psls) L

' Future, t=t;
[p(t)) = e~/ (0))

time,t

FIG. 5. Causal consistency for Bell-nonlocal systems A and B.
The Q function Q(X,t) at time ¢ is determined by |y (¢)) which
evolves causally in the positive-time direction, in accordance with
Hamiltonians Hj' and H; that determine the measurement set-
tings, and Hj  and H, _ that amplify %, and %4z Here, i =
(x4, pa, xp, pp)- The probability density Q(, t) is equivalent to that
of the amplitudes x4 (¢), pa(t), xp(t), pp(t) [and xox (t), pox (?)], as
defined by the forward-backward stochastic equations. The xgx, pox
are deterministic functions of xg, px for each K € {A, B} (depicted
by two-way crossed blue arrows). The Q(, 1) exhibits local correla-
tion between xx and pg (short vertical black dashed lines), as well as
a correlation between A and B (vertical orange dashed line). Branches
denoted by A4 and 3:5 emerge on amplification, where here 1/ and
Xf; are variables that assume the values xj; and xj, representing the
outcomes of Xy, and %45, respectively. The distributions Q(x4, pa |Xg)
and Q(xg, p3|’)t§) determine the probabilities of outcomes at A given
the outcome P)tg at B, and the probabilities of outcomes at B given the
outcome Xg‘ at A. These are deduced from the backward trajectories,
using knowledge of Q(, tp) and deterministic relations, and explain
the Bell nonlocality. Being mutually consistent, Lorentz-invariance
paradoxes are avoided (refer to Sec. IX for details).

and Hfmp that complete the measurements of X4 and %43 made
on each system. For a Bell test, we consider binary outcomes
+1 and —1 defined by the sign of the quadrature phase am-
plitude (%94 or X4p), measured at each of site, with systems
A and B spacelike separated. We prove the equivalence of
the dynamics of the Q function Q(A,t) with the forward-
backward dynamics of the amplitudes A: Causal consistency
is demonstrated in the bipartite case (refer to Fig. 5 and
Result IX.7 of this paper).

Since the forward-backward simulations involve a future
boundary condition (FBC), it might appear that the Bell vi-
olations are “put in by hand”: The put-in-by-hand argument
is as follows: The final state at time #; that determines the
boundary condition of the backward stochastic differential
equation is a bipartite amplified state that already possesses
the correlations violating the Bell inequality. Hence, it would
seem that nothing can be learned about the origin of the Bell
correlations.

We explain in this paper that the violations (in the model
of reality proposed here) are not put in by hand at the time
t7, but emerge at an earlier time fg;, through the dynamics
of the interactions (Results VIL.5, IX.4, and IX.8). Similar
to the conclusions of Part I of the paper, the paradox of the
future boundary condition is avoided (Fig. 5) and a genuine
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retrocausality, where the future impacts the measurable past
properties, does not occur. Moreover, there is no “spooky
action” where the change of setting at one location (B) can
change the existing property at the other A. For entangled
states, the setting change at B can lead to correlations that
violate a Bell inequality for future outcomes at A, if there
is a further change of setting at A. Fine-tuning is explained
consistently with a hidden-variable model, which includes
hidden noise and interference.

These conclusions are arrived at from three different
perspectives, which we summarize below for the reader’s con-
venience. First, a hidden variable model can be constructed
based on the Q function (Result VII.9). The hidden variables
(HV) are the phase-space amplitudes A = (x4, pa, X5, pp); the
Q function Q(A, tp) is the associated probability distribution.
Using Bell’s formalism, the probability of an outcome +1 at
both sites is

Py (6,¢)= / O, t0)P(+ + 10, ¢, A)dA, (1.1)

where P(+ + |6, ¢, 1) is the probability of an outcome +1
at both sites conditioned on the values A. Since we prove
causal consistency, we can show that the distribution Q(A, #y)
is independent of the future settings, 6 and ¢ (Fig. 5). This
demonstrates there is no retrocausality, where the future af-
fects the present “state” of the system, as defined by the QO
function. In this Q-based HV model, we identify that the Bell
violations arise from a breakdown of Bell’s locality assump-
tion (Result IX.10).

The second perspective is to examine the macroscopic
properties A associated with the branches defined from the
solutions (trajectories) of the forward-backward stochastic
equations. We conclude that the Q-based HV model satisfies a
partial locality, which applies to the systems after the settings
are established. Such weak forms of local realism were pro-
posed in Refs. [108,109,119] and shown to be not contradicted
by Bell’s theorem. This leads to a main result of this paper,
that the Q-based model of reality is consistent with weak
local realism. We first demonstrate consistency with the three
premises of weak macroscopic realism (wWMR) [108,109,119—
122]. We consider both systems A and B to be at rest in a
frame F.

(1) The first premise specifies macroscopic realism:
Macroscopic properties A%(r) for a system A (say) ex-
ist once the local settings are fixed and after amplification,
at a time t = t,, (Fig. 1).

(2) The second premise specifies a partial locality: The

macroscopic value A% (z) cannot be changed by a spacelike-
separated event occurring after ¢, as in a subsequent change
of setting ¢ at B. Once the setting is fixed at A, only a further
change of setting at A can change the value of A%(¢), which
requires further dynamics.
_ (3) The third premise concerns projection: Once the value
Aﬁ (tna) of the outcome [as in (1)] for system A is determined,
at a time 1,,4, consistency with the initial state at time #y may
imply restrictions on outcomes at system B. Details are given
below in Sec. IB

Examination of the simulations reveals that the weak lo-
cal realistic premises can be generalized to apply to systems
after the measurement settings are implemented, but that are

not necessarily macroscopic. Hidden variables {Ag} can be
identified that define probabilities for outcomes at site K €
{A, B}. In this paper, we demonstrate the consistency of the
simulations with wLR [108], defined below in Sec. I B.

The weak local realistic premises are useful for under-
standing EPR correlations. We deduce a consequence for
the EPR paradox: there can be predetermined values (weak
“elements of reality”’) for measurements at B, prior to the
choice of setting ¢ at B, provided the settings are fixed at A.
In this paper, we demonstrate these elements of reality in a
forward-backward stochastic simulation of EPR correlations,
which illustrates the emergence of macroscopic correlated
EPR “branches.” The analysis may explain recent experi-
ments, which detect EPR correlations for macroscopic BEC
systems [123].

The third perspective given in this paper is to provide a
model for projection. This allows us to understand the work-
ings of a meter. Extending the analysis of the postselected
distribution defined in Part I of the paper, we evaluate the
probability distribution Q(xp, pglx;‘) inferred for system B

conditioned on a branch B; (with outcome x?) of a second

system A, correlated with B. The Q(xp, pp |x‘j‘-‘) describes the
“projected state” for system B, modeling the collapse of the
wave function at B. We show that the collapse arises as infor-
mation is lost about complementary variables of the meter A.
Limits on the timing of projection are deduced.

We ask the following question about a meter. If the mea-
surement at A allows inference of a state, or outcome, at B,
then does the measurement at A cause the outcome at B,
through some “spooky action-at-a-distance,” or is the pre-
dicted outcome at B due to correlations present at an earlier
time? We show, by constructing a local HV theory consistent
with the simulations, that, provided the settings of the meter
A are fixed, the latter is correct.

How then can a violation of a Bell inequality occur? The
mechanism relates to hidden interference that arises from
the entangled nature of the initial state. If the hidden-variable
amplitudes A given in (1.1) were directly measurable, there
would be no Bell violation, since the transformations HQK
and Ha’;p are local. However, the amplitudes are not directly
measurable: This is evident from the Q function Q(X, 1y),
which possesses hidden interference terms Znzap. These
terms are defined with respect to the initial measurement
basis, determined by the preparation of the state Q(X, 7). We
choose the initial basis so that & = ¢ = 0 at time #y. Extending
Result I1I.1 from Part I of the paper, we prove (Result VII.2)
that the Znt,p terms are not amplified by H,np, and are hence
not detected by measurement of X4 and Xz. Where changes
of settings take place however, the Q function changes:
The Zntsp terms change, and can contribute to measurable
probabilities, in a way that violates the Bell inequalities
(Result VIL.5). We show that this can only happen if certain
conditions are satisfied: The settings 8 and ¢ must change
at both locations A and B, mixing Xx with pgx (K € {A, B})
locally (Result VII.7), so that there is a “loop” between the
backward and forward trajectories of the same system K
(refer to definitions below).

More detail is evident from the stochastic solutions (tra-
jectories), where we find that the Bell nonlocality can be
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explained by the projection mechanism. A hidden interference
effect comes into play if we change the setting ¢ at B, to
measure X4, keeping the setting at A fixed. The projected
distribution Q(x4, pA|xgk) at A conditioned on a branch with

outcome xgk at B can be inferred, by retrodiction, at B, based

solely on a deterministic relation ka DES Gka, and a further
set of deterministic relations D that specify correlations be-
tween X4 and %4, as well as knowledge of the setting ¢ at
B and of the initial state Q(A, tp). This is surprising because
the projected state for A is sufficient to explain the Bell vio-
lations (Result IX.4). The Q(x4, pa |xgk) defines the state at A,
consistent with any future adjustment of setting 6 at A. For en-
tangled states, the projected state Q(x4, pa |xgk) contains extra
hidden interference terms 7,4, as in a quantum superposition,
if ¢ satisfies ¢ # nm (n is an integer)—but these terms are
undetectable, with the setting at A is fixed (6 = 0). Hence,
the predictions for outcomes of %4 and %4p are consistent
with a local HV model. We show there is consistency with
no-signaling: With the setting fixed at A, a change of setting
at B does not influence the outcome at A. The interference
T4 of system A can be detected, however, if there is a further
change of setting to 6 # nm at A, and this leads to correlations
that can violate a Bell inequality. The conclusion is that Bell
nonlocality emerges over the time span .y, as settings are
changed at both sites, consistent with the premises of weak
local realism.

A final question examined in this paper is how to resolve
an apparent inconsistency with Lorentz invariance, since for
spacelike-separated systems, the time order of setting changes
may be reversed, in a different frame. In one frame, the out-
comes for A for any setting are constrained conditionally on
the outcomes of B; in another frame, the outcomes for B are
constrained by those of A. We suggest this is resolved by the
symmetry of the setting changes, which must occur at both
sites, for Bell violations to occur. There are two projected
states, one for system A and one for system B, which are
each defined based on one setting-change, but are unchanged
by the time-order of the setting-changes. The projected states
are mutually consistent with each other and with the initial
distribution Q(X, ty) (Fig. 5).

To conclude, we explain how experimental tests of the
compatibility of the forward-backward simulations with quan-
tum predictions are possible, elucidating paradoxes (Figs. 1-
5). Below is a summary of the layout of the paper, followed
by a list of definitions associated with the main concepts.

A. Layout of paper

In Part I of the paper (Secs. II-V), we treat quantum mea-
surement. In Sec. 11, we review the measurement Hamiltonian
Hymp, the Q function equations of motion, and the equiva-
lent forward-backward stochastic dynamics. The path-integral
and stochastic equivalence theorems on which the paper is
based are derived in Appendix A, along with the numerical
verification of the computed distribution in Appendix B. In
Sec. 111, the equations modeling a measurement X on a system
in a superposition [Yg,,) of eigenstates of X are solved. The
(Q-based model of reality is explained in Sec. IV. Born’s rule is
derived, and the role of the Wigner function is explained. Jus-
tification of macroscopic realism and macroscopic causality

is presented in Sec. IV C. The derivation of the postselected
distribution based on an outcome of a measurement, and
explanation of a hidden loop is given in Secs. IVD and IVE.
Hidden-variable models Py, and Py, for measurement on a
superposition state and the justification of weak local realism
are presented in Secs. IVF and IV G. A causal model for
measurement and a proof of causal consistency are given in
Sec. V.

In Part II of the paper, we treat nonlocality and en-
tanglement. In Sec. VI, we present the simulation for
continuous-variable EPR correlations. The simulation of Bell
nonlocality is explained in Sec. VII A, along with an analysis
of the mechanism for Bell nonlocality based on the evolution
of the QO function in Sec.VIIB. The different sorts of hidden
loops that can occur for entangled states, and explanation of
the further hidden variable (HV) models Pasym.4, Ps, Pacis
and Pge that can be deduced from the simulation are given
in Secs. VIIC and VIID. A model for the projection and
collapse of the wave function is presented in Sec. VIII, with
causal relations for projection and Bell nonlocality given in
Sec. IX. It is shown through a series of results in Secs. VII,
VIII, VII, and IX that the simulations are consistent with three
premises referred to as weak macroscopic realism (WMR).
Based on the HV models, we extend (in Secs. IV, VII, and
IX) to explain consistency with weak local realism (wLR).
Proofs of the mutual consistency of the projected states and
of the causal consistency of the forward-backward stochastic
equations for the entangled system (as in Fig. 5) are given
in Sec. IXB, Sec. IXC and Appendix H. The distinction
between the hidden variables of the Q-based model and those
of Bell’s local hidden variables is analyzed in Sec. IX, along
with an explanation of how Lorenz-invariance paradoxes may
be resolved. Fine-tuning is explained in Appendix J. In the
Conclusion (Sec. X), potential experiments are outlined.

B. Definitions

In Part I of the paper, we consider measurement on a single-
mode field, and define in a rotating frame the quadrature phase
amplitude £ = @ + a' where @' and & are the standard boson
creation and destruction operators [124]. The complementary
observable is p = (& — a')/i. Measurement of % is treated as
amplification of %, by a factor G, modeled by the interaction
Hamiltonian Hypp = ’%’[&T2 — &%) [104].

In Part IT of the paper, we treat entangled systems A and
B described by a two-mode Q function. We consider quadra-
ture phase amplitudes fg4 = X4 cos6 + pasin€ and fyp =
Xpcos ¢ + ppsin ¢ measured at A and B, respectively. Here,
Xk and px (where K = A, B) are the % and p quadrature phase
amplitudes of the system K.

Definition (1): Q function. The Q function of a single-
mode field in a quantum state |¢) is defined as Q(x) =
%|(a|w) |> where |a) is a coherent state [103]. The Q function
uniquely defines the quantum state. The phase-space coor-
dinates A are the real coordinates x and p, given by o =
(x+ip)/2. In this paper, we denote the Q function of the
quantum state at a time ¢ as Q(x, p, t).

The Q function of a two-mode field (modes A and B)
is defined as Q(«, B) = #|(,3|(01|1ﬂ)|2 where |a), |B) are
coherent states for A and B, respectively. The phase-space
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coordinates A are the real coordinates xx and pg, given by
o = (x4 +ipa)/2 and B = (xg + ipp)/2. We denote the QO
function of the quantum state at a time ¢ as Q(X, ) where
A = (x4, pa, XB, DB)-

Definition (2): Forward-backward stochastic simulation.
Consider the equations % = —gp+§, and ;T)f =—gx+ &,
where 1_ = —t, and &,(¢), &,(¢) are Gaussian noise terms and
g is real [104,107]. The boundary conditions are determined
by distributions given by Q functions that are sampled. The
solutions x(#) and p(¢) differ for each run. We refer to the x(¢)
and p(t) as trajectories, and to the set of runs as a forward-
backward stochastic equation (FBSE) simulation.

Definition (3): Eigenstate of X. The eigenstate of X is de-
noted |x;) and is defined as the squeezed state |%, Tsqg =
D(%)S(r)lO) in the limit where r — oo, where x; and r are
real Here, |0) is the vacuum state of the field and D(8;) =

ePid" =Pi4 and S(z) = e> 5 (@ a*—za)

Definition (4): Hidden interference. Consider the expan-
sion |Yap) = jcilx)) of a quantum state in terms of the
measurement basis of X, i.e., the eigenstates of x. Here,
c¢; are probability amplitudes. The corresponding Q func-
tion Qgup(x, p, 1) is a sum of type Zj lc;I?Q;(x, p) + Int
where Q;(x, p) is the Q function of [x;). We refer to the
extra terms Znt as “hidden interference” terms. These terms
vanish in the marginal distribution defined as Qqup(x, 1) =
f dpQsup(x, p, 1), in the limit of r large where |x;) are eigen-
states of X, and are not amplified by Hyyp.

Definition (5): Branches and the time t,,. We consider the
forward-backward stochastic simulation of the amplification
Hiymp of X on the system prepared in the superposition [v/gp)
defined in Definition (4). With sufficient time of evolution
when the system has become macroscopic, at a time we denote
by t,,, distinct groups of amplitudes x(t,,) emerge. Each group
can be identified with a distinct eigenvalue x;. We refer to such
a group of amplitudes as the branch B; associated with the
eigenvalue x;. The group of amplitudes B of a single branch
will be associated with a single elgenvalue x;. In this paper,
the branches are labeled by a variable Ax, the value of which
indicates the eigenvalue associated with the branch. The value
represents a measurable property of the system at the time #,,.

Definition (6a): Weak macroscopic realism: First premise
[wMR(1)]. Consider a system A that has N (where N > 2)
macroscopically distinct states available to it, e.g., a system
prepared at a time f,, in a superposition of N macroscopically
distinct states. Suppose a measurement O with N discrete
outcomes can distinguish between the macroscopic states.
For example, where N = 2, we consider two outcomes, +1
and —1, which identify and distinguish the two states. The
measurement O can be macroscopically coarse-grained, as the
requirement is only to distinguish between the states.

Macroscopic realism (MR) posits that the system, prior to
the measurement O, is in one and only one of the macroscopic
states [101]. To be more specific, MR posits that the outcome
of the measurement O is determlned at the time #,,. The system
can be assigned a variable %, the value of which indicates the
outcome of O if the measurement O takes place. Where N =
2, the value of A can be +1 or —1.

To define weak macroscopic realism (WMR) [108,109,119-
122,125], we further qualify the definition of MR, to specify

that at the time ¢,,, any operations U needed to fix measure-
ment settings (e.g., 6 in the measurement where O = gy =
Xp = XcosO + psinf) have been carried out. In this paper,
we consider the system prepared in a superposition (|x;) +
| — xl))/\/f of eigenstates of X, where x; is real and |x;| —
00. Here, O is defined as the sign of the outcome of X. To
apply wMR, we assume that the operations U have been
implemented, so that & = 0. The amplification Hyyp of the
system will complete the measurement of X.

Comment. The terminology “weak” is used to distinguish
alternative definitions based on stronger assumptions, such as
in classical mechanics, where MR is defined for the system
as it exists prior to the operations U. This stronger assump-
tion of MR is falsifiable [122,126,127]. The definition is also
“weaker” than that of macro-realism, defined by Leggett and
Garg in Ref. [101], which makes the additional assumption of
noninvasive measurability.

Definition (6b): Weak macroscopic realism: Second premise
[wMR(2)]. Consider two spacelike-separated systems A and
B both stationary in a frame F. The two systems may be
entangled. Consider the macroscopic system A at the time
t,, described in Definition (6a) of wMR(1), which has N
macroscopically distinct states available to it. According to
the premise wMR(1), the outcome of the measurement 0 is
determined at the time ¢,,,. We denote the value of the outcome
by the symbol / 2. We assume all settings are fixed for system
A. The value 24 can be considered a property of the system
A at the time t,,, and denoted WA (tm). The premise wMR(2) of
weak macroscopic realism posits that the value of AA(tm) is
not changed by any interactions or measurements that might
take place at system B at a time after t,, [108]. The property
2 can only be changed if a local interaction takes place at A,
in which case the property is denoted by AA(t) and is defined
at a future time ¢ > t,,.

Definition (6¢): Weak macroscopic realism: Third premise
[wMR(3)]. Consider the system A described in Definitions
(6a) and (6b) at a time t,,4. For example, in this paper, we
take O = %, and assume that at a time f,, all operations
that determine the measurement setting for system A (e.g.
0 = 0) have been carried out. We may consider that the sys-
tem A was initially prepared in the superposition Y ;€ j|x?)
given in Definition (4), and has been amplified according
t0 Hymp, so that the system at time #,,4 is in the superpo-
sition Z Cj e"Hde’/h|xA) of macroscopically distinct states

e~ Hampt /1 |x’;‘) each with a definite outcome for %y.

According to wMR(1), the outcome for %4 is determined
at the time #,,4. The value of this outcome is denoted by a
variable 4. The outcomes correspond to eigenvalues of the
measurement, in this case, the eigenvalues denoted x’;‘ [refer
to Definition (3)]. Quantum mechanics predicts that the out-
comes of measurements at B conditioned on an outcome x;‘ at
A are determined by a projected quantum state that we denote
by (V).

The third premise wMR(3) of weak macroscopic realism,
introduced in Refs. [108,119,125], posits that the projected
state |Yg); (as defined by its predictions for B) is determined
for the local system B at (or by) the time #,,4. For example,
in the EPR paradox, the outcome of Xz for system B can be
inferred from the outcome of x4 at A. The premise wMR(3)
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posits that the outcome at B is determined at (or by) the
time t,4 when the system A has [according to wMR(1)] a
predetermined value for measurement %,. Hence, there is an
“element of reality” for the measurement at B defined at time
ta- There is no contradiction with Bell’s theorem because the
time t,,4 s after the settings at A have been fixed [108].

Definition (7): Macroscopic causality. As a consequence
of wMR [Definitions (6a) and (6b)], a variable XA is defined
at a time t, for a macroscopic system A in the frame F.
This variable signifies the predetermination of the outcome of
the measurement, i.e., O, that distinguishes the macroscopic
states of the system A. Macroscopic causality is the assertion
that such variables satisfy causality, i.e., the value of X is not
changed retrocausally by any future event and is not changed
by any spacelike-separated event at system B occurring after
time ,,,.

Definition (8a): Postselected state. Consider the system
described by a Q function Q(x, p,t) at time fy. A correla-
tion can exist between the values of x and p, as indicated
by the conditional distribution Q(p|x) = Q(x, p, t))/Q(x, to)
where Q(x, ty) = f dpQ(x, p, tp) is the marginal of x. Hence,
if we consider the solutions x(¢) that arise from the backward-
propagating trajectories of a given branch B; (corresponding
to an outcome x;, refer above), then there is a joint distri-
bution of variables {x(¢), p(¢)}, corresponding to the branch,
defined at the initial time #y. The values x(¢y) are consis-
tent with the deterministic relation x; — Gx; associated with
the amplification H,np, in the evolution of the Q function.
The joint distribution is denoted Qioop(X, p, f0]B;). We refer
to this distribution as the postselected distribution, or else
as the postselected state. The notations Qieop (X, p, folx;) and
Qo(x, plx;) are also used to denote Qioop(x, p, 1ol B;). The
notation Qeep (X, P, t0|k ) is also used, where the Vanable A
denotes a branch associated with a particular outcome A €
{x;}.

Definition (8b): Postselected state for system B conditioned
on an outcome x’; for A: the projected distribution. Consider
the postselected state defined in Definition (8a). For a given
branch Bj? that defines the outcome x‘j“ at A, the postselected
state as defined by the Q function of the bipartite system is
Oloop(A, t0|B;-‘) where we abbreviate A = (x4, pa, X, pa). To
obtain the distribution for system B alone, we define

O(x, palB;) = /dPAdxAQloop()»,tMBj),

which corresponds to the projected distribution (or state)
for B, given an outcome x;‘ at A. The bipartite distribution

Oloop(A, t0|B‘]‘-‘) is conditioned on the outcome xf at A, and
must be consistent with the deterministic relations that ac-
count for amplification (x;‘ — Gx?‘, x8 — GxP), and also the
deterministic relations D; that account for the correlations
between the outcomes x,’f at B and x‘J“ at A. Here, {x,f} denotes
the set of outcomes at B for the measurement of 5. According
to the causal model developed in this paper, the deterministic
relations exist for the system prepared at time #;, since the
measurement settings are fixed, as consistent with the assump-
tions of weak local realism defined below. Where the meaning
is clear, we denote Qjoop(A, t0|B;‘) as Quoop(A, t0|x;-‘).

Definition (9a): Hidden loop. Continuing from Definition
(8a), there is hence a connection between the backward-
propagating trajectories x(t) defining a branch 5;, and a
correlated set of forward-propagating trajectories p(t) that
are determined by the Qioop(x, p, fo|B;). This connection we
refer to as a loop. The loop is referred to as hidden, if the
associated distribution Qioop(x, p, 19| B;) cannot be equivalent
to a quantum state, or else if variables involved in the loop,
such as p, are not detectable in the model of measurement.

Definition (9b): Local and nonlocal loops. The local loop
is a loop [refer to Definition (9a)] that connects backward and
forward amplitudes of the same system, A or B. A nonlocal
loop connects backward and forward trajectories of different
systems A and B.

Definition (10a): Weak local realism: First premise
[wLR(1)]. We consider a system A at a time ¢, after operations
U needed to fix measurement settings have been carried out,
so that the system is prepared for a measurement O, i.e.,
in this paper O =24 = %4080 + pasing. In a spin-Bell
experiment, the time #, corresponds to the time after a system
(i.e., a photon or electron) has passed through an analyzer (a
polarizer or Stern-Gerlach apparatus), so that a final detection
will register the outcome of the polarization or spin along a
direction 6, determined by the analyzer. In the examples of
this paper, the measurement is of O = %54 and the “analyzer”
corresponds to a phase-shift device that determines 6. Unlike
the definition of wMR, the system need not be macroscopic.

For such a system, two versions of weak local realism
(wLR) can be defined: Deterministic wLR(1) and Probabilis-
tic wLR(1). In the deterministic version, it is posited that
the value for the outcome of O is determined by the time 7,
[108,120]. We denote the value for the outcome by A%, In the
probabilistic version, it is posited that a sef of hidden variables
{4} exists to describe the system, such that there is a definite
probability P(x|{A*}) for the outcome x of O, given a set of
values for {A4}.

Definition (10b): Weak local realism: Second premise
[wLR(2)]. Consider two spacelike-separated systems A and B
both stationary in a frame F'. Consider the system A at the time
114 after the measurement settings at A are fixed, as described
in Definition (10a) of wLR(1).

According to the deterministic version of premise wLR(1),
the value for the outcome x4 of the measurement O = %54 on
system A is determined at time #;4. We denote the value by )L’;‘e.
Premise wLR(2) posits that this value is not changed by any
interactions or measurements that might take place at system
B at a time after #14 [108]. Similar to premise wMR(2), the
value can only be changed if there is a local interaction at A.

According to the probabilistic version of wLR(2), one can
define a probability P(x|{A*}) for an outcome xg,4 of O, given
a set of values for the hidden variables of {A4} that describe
system A. The premise wLR(2) posits that these probabilities
are unchanged by the interactions at B that might take place at
atimet > t4.

Definition (10c): Weak local ealism: Third premise
[wLR(3)]. Consider the system A described in Definitions
(10a) and (10b) of wLR(1) and wLR (2). We consider the
measurement of Xg4. Unlike the Definition (5) for wMR, we
do not need to assume the system A is macroscopic.
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Consider the deterministic version of wLR, defined by
premise WLR(1) [Definition (10a)]. This premise posits that
the value for the outcome of Xy, is determined at (or by)
the time 714, after the operations that fix the measurement
settings for system A have been carried out. Consider the
projected state |/p); defined in the Definition (6¢c) wMR(3)
above. Premise of wLR(3) posits that this state (as defined by
its predictions for B) is determined at the time #;4 [108]. In
the EPR example given for Definition (6¢), this implies that
the outcome for X5 is determined at (or by) the time 14, after
the setting 6 is fixed at A. In other words, an element of reality
exists for B based on the prediction at A, at time #14.

Alternatively, we consider the probabilistic version of
wLR, defined by premise wLR(1) in Definition (10a). This
premise posits that probabilities P(x/|{A"}) for outcomes at A
are fixed at the time #,4. For any one of these outcomes x’?,
a projected state |y/5); for system B is defined by quantum
mechanics, as in Definition (6¢). Premise wLR(3) posits that
at the time 714, the system B is described by the projected
state |/p) ; (as defined by its predictions of outcomes of future
measurements at B) with probability P(x? [{AAD).

Definition (11): No-signaling. No-signaling is defined as
the conditional independence of the outcome at A and the
setting at B, given the setting at A [53].

II. MEASUREMENT MODEL

In this paper, the system dynamics is described by a uni-
fied stochastic model motivated by the Q function [103]. The
examples of this paper are restricted to bosonic fields. Our
approach requires the measurement process to be included in
the dynamics.

A. Measurement model: Parametric amplification

First, restricting our analysis to a single mode of the field,
we define the complementary quadrature phase amplitude ob-
servables

t=a+a',

p=@-a"yi 2.1)
in a rotating frame, where & is the boson destruction operator
[124]. Hence a = (& 4+ ip)/2. This implies the uncertainty
relation AXAp > 1 for any state |{) of the single-mode field,
where here we denote (AO)? = (0%) — (0)? as the variance
of the observable O.

We analyze the simplest measurement procedure that can
take place—that of direct amplification to a macroscopic sig-
nal. Measurement is modeled by a measuring device (a meter)
that produces macroscopic outputs, namely, the parametric
amplifier [104]. To measure %, the system prepared in a state
|) is amplified according to the Hamiltonian [128]
ihg ..o .,

> @ —al,
where g > 0 is real. The system evolves under Hyy,, for a time
tr, to give the final measurement output. The measurement
is completed simply by the fields being amplified to become
macroscopic, and hence detectable to macroscopic devices or
observers. The importance of amplification is explained by
Bohr, who regarded measurement as amplification [15].

Hamp = (2.2)

For g > 0, the dynamics of Hyyp gives solutions that
amplify the “position” X but attenuate the orthogonal “mo-
mentum” quadrature p. This is clear from the standard
operator Heisenberg equations, which give solutions

(1) = £(0)e”,
pt) = p0)e™*.

Hyyp induces squeezing in p [128]. The interaction Hymp
has been realized experimentally [129,130]. A related model
of measurement based on amplification was presented by
Glauber for a two-slit experiment [131,132].

(2.3)

B. Equation of motion for the Q function:
Generalized Fokker-Planck equation

To solve for single-mode evolution, we use the Q function
[103]

1
O(a) = —{a|y)

T

(2.4)

defined for a quantum state |1) with respect to the nonorthog-
onal basis of coherent states |o). The coherent state |o)
satisfies dlo) = a|la) where « is a complex number. The
phase-space coordinates A are the real coordinates x and
p, given by o = (x +ip)/2. In this paper, we denote the
Q function of the quantum state at a time ¢ as Q(x, p,t).
The single-mode Q function defines the quantum state |ir)
uniquely as a positive probability distribution. The moments
evaluated from the Q function distribution are antinormally
ordered operator moments [133]. The antinormally ordered
variances sz(t) and a[%(t) are precisely the variances of x and
p as defined by the Q function Q(x, p, t).

The dynamics for real variables x and p can be deduced by
deriving a generalized Fokker-Planck equation, which gives
an equation of motion of Q for a given Hamiltonian H.
In general terms, the Q function probability density Q(A,t)
for a phase-space coordinate A is defined with respect to a
nonorthogonal operator basis A (L) as

O\, 1) = Tr(AM)D (1)),

where p is the density operator of the system. As Q(X, t) is
normalized to unity, it is necessary to normalize the basis
so it integrates to unity, and the normalization condition is
that [ A(A)dA = 1. The basis satisfies A2(A) = N(A)AR),
which is different from the condition for projectors that P> =
P, because it is a continuous nonorthogonal basis.

From the Schrodinger equation, the dynamics of the
probability distribution is obtained from the usual equa-
tion ihdp/dt = [H, p]. As a result, one obtains an equa-
tion for the Q function time-evolution:

dO(\,t) i A
— = ﬁTr{[H, AM)]p ()}

This is equivalent to a zero-trace diffusion equation for the
variables A, of the form Q(A, 1) = L(A)Q(A, 1), where L(A)
is the differential operator for Q function dynamics. For the
single-mode, the phase-space coordinates A are the real coor-
dinates x and p.

For the system evolving according to the Hamiltonian Hypp
given by (2.2), a dynamical equation for the Q function can be

(2.5)

(2.6)

012210-9



M. D. REID AND P. D. DRUMMOND

PHYSICAL REVIEW A 113, 012210 (2026)

derived [104]. Applying the correspondence rules to transform
operators into differential operators, one obtains a generalized
Fokker-Planck type equation in terms of complex coherent-
state variables o:

d_Q__[Z) 0

. g0 g 9
ar - % T8

22—
8a*a 200?22 0da*?

]Q. 2.7)

Here the differential operators act on all terms to the right
[134-136]. Defining 9, = d/0p and 9, = 9/0x, we obtain in
real coordinates

Yy

— = [(en) = dulen) + (9 - )]0 28)

The above equation demonstrates a diffusion matrix which
is traceless and equally divided into positive and negative
definite parts, and a drift matrix:

=[]

C. Forward-backward stochastic equations

(2.9)

Next, we derive from the equation of motion (2.8) for
Q(x, p) the forward-backward stochastic equations that deter-
mine the dynamics x(¢) and p(¢) of the Q function amplitudes
A = (x, p). There is an equivalent time-symmetric stochastic
action principle for Q(, t), leading to probabilistic path inte-
grals [107]. These have sample trajectories A that define the
realistic path for all times.

In this paper, we derive two theorems generalizing these
results to the case of an initial superposition state, where a
conditional relation implies a feedback between the forward-
backward stochastic solutions. The theorems have a general
applicability and are hence presented as a distinct result in
Appendix A. We prove the equivalence between the averages
calculated from the trajectories A(¢) (x and p) and those cal-
culated from the Q function Q(x, p, t) (refer also to Secs. V B,
IXC, and Appendix H). This result is independently con-
firmed by statistical comparisons of the numerical simulations
with the Q function (Appendix B).

Using the equivalence theorems in Appendix A, we solve
the measurement dynamics for Hyy,p. Here, the x and p dynam-
ics decouple. However, to obtain a mathematically tractable
equation for the traceless noise matrix, we follow Ref. [104]
and the sign of ¢ is reversed in the amplified dynamics of x.
The corresponding integrated stochastic equations for g > 0
are

t t
P(f)=l7(fo|xo)—/ gpdt'+/ dw,,

to fo

i i
x(t) = x(tf) - / gxdt’ +/ dw,,
t

t

(2.10)

where the terms dw), and dw, are infinitesimal Gaussian noise
increments such that (dw,dw,) = 2g6,,dt [134-137]. Both
x(tr) and p(fo|xo) represent random boundary conditions with
a specified marginal and conditional probability, at the final
time ¢, and the initial time #, of the interaction, respectively.
Here, xo = x(ty).

Alternatively, in differential form, we obtain for p the equa-
tion [104,105]
dp

2= 8P EE

propagating forward in time, which has a boundary condition
determined by the Q function at the initial time 7o = 0. The
equation for x is

@2.11)

X
—_— = , 2.12
i gx + &, (2.12)
where t_ = —t. The equation is solved backward in time,

and therefore has a boundary condition in the future, defined
as the time 7, when the amplification is completed. Defin-
ing & = (§,, &), the Gaussian random noises &, () satisty:
(E.()&, (1)) = 2g8,,,8(t —t’), where the noise terms are de-
fined as &, () = limg, .o dw,, /dt [135].

Thus, there is a forward-backward stochastic differential
equation (FBSDE) for individual trajectories. This describes
two individual stochastic trajectories, such that the average
of the dynamical trajectories equals the Q-function averages.
The trajectories are decoupled dynamically, with decay and
stochastic noise occurring in each of the time directions. One
propagates forward, and one backward, in time. As there are
random noise inputs, and the boundary condition is a distri-
bution given by the Q function that is sampled, a series of
runs is required. The solutions x(#) and p(¢) differ for each
run, and averages are evaluated to determine moments at a
given time ¢. The x(¢) and p(¢) are trajectories of the forward-
backward stochastic equation (FBSE) simulation [Definition
(1) in Sec. IB].

In examples treated here, the trajectory in x depends on a
future marginal, Q(x, t;), while the trajectory in p depends on
a conditional distribution, Q(p|x) at the initial time #,, which
depends on x in the future (Figs. 1 and 2), giving a type of
cyclic causal behavior in the form of a “loop”. It is possible
to exchange these by time-reversal symmetry. There is an
apparent grandfather-type paradox arising from the present
seeming to depend on the future. This is resolved in Sec. V
by nature of the causal model.

Causal consistency, defined in the Introduction, follows
from the proofs and results in Sec. V B, Appendices A and H
(refer Fig. 3 for a depiction and proposed experiment): The
quantum state ) as determined uniquely by the Q function
Q(x, p,t) depends on the time ¢ of evolution, starting from
an initial time 7 = 0. The consistency ensures that the
trajectories at large time t; — oo satisfy the conditional
relations connecting x(¢y) and p(ty) for the amplified state,
which quantifies the end part of the loop (refer to Figs. 2 and
3). For the measurement interaction H,pp, we find that at the
final time ¢y — oo, the p decouples completely from x, and
there is no further feedback in the simulation from p to x: the
loop is hence incomplete, disconnecting at the end-time f;.

III. FORWARD-BACKWARD STOCHASTIC SIMULATIONS

A. Measurement on an eigenstate of X

We first consider the measurement of ¥ on an eigenstate
|x;) of £, where x; is the eigenvalue [Definition (3) in Sec. I B].
We resolve problems with normalization by defining the
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eigenstates in X as highly squeezed states. The squeezed state
is defined as [128]

1Bj 2)sq = D(Bj)S(2)]0).

Here, |0) is the vacuum state satisfying a|0) = 0, and D(8;) =
ePid'—Bja and S(iz) = e2@@ =) are the displacement and
squeezing operators, where z and f; are complex numbers.
For the state with squeezed fluctuations in X, we note that
z =r where r is a real, positive number, referred to as the
squeeze parameter. Hence (A%)? = e % and (Ap)? = €*.
The parameter r determines the variances and hence the
amount of squeezing in %. The mean values are given by
(a) = B;j where B; = (x; +ip;)/2 and x; and p; are real. The
eigenstate denoted |x;) is thus defined as the limiting squeezed

state
ﬁ , ’
2 >sq
with x; real and p; = 0.
The Q function of the eigenstate |x;) is the bivariate Gaus-
sian (refer to Appendix C)

(3.1)

|x;) = lim
; r—0o0

(3.2)

2 /92
e P /20,

2mo,0,

2 2
X=X 20,
o) /207

Oy, (x, p) = (3.3)

with variances axz =1+4¢? and 03 =1+ ¢¥, where r —
oo. In this limit, 02 = 1 and 013 is large. The mean value of
x is the eigenvalue x;. The variance in x is 0> = 1, which is
the level of the vacuum noise determined by the Heisenberg
uncertainty relation AXAp > 1. The measured variance of X
is zero (since for an eigenstate AX = 0), indicating that the
fluctuations given by o, are not detectable in the measured
output. We refer to these fluctuations where o> = 1 as hidden
noise, symbolized by n(t).

To solve the forward-backward stochastic equations, we
evaluate the Q function for the system at the final time ¢,
after the amplification Hymp. The state of the amplified system
is given by

[W (1)) = e Humt /D (3.4)

Xj Xjo
A~ = |G(t)= ) )

sq

(refer to Appendix C) where ' = —gt + r and G(t) = &% is
the amplification factor [Eq. (2.3)]. The Q function for the
amplified system at a time ¢ is hence

P20,

0P = e g G
with variances
ol(t) =142,
o,(t) =1+, (3.6)

It is convenient to write 02(t) = 1 + G(t)*[02(0) — 1] and
0, (1) =1+4[0,(0) — 1]/G(t)* where G(r) =e*. We then
see that as G(¢t) — oo, the hidden noise 7(¢) (with variance
O’XZ(O) = 1) associated with the eigenstate will not be ampli-
fied (but any noise above this level will be). The noise in p
decays to the hidden noise level (o, (1) — 1).

FIG. 6. Stochastic solutions x(¢) of the backward equa-
tion (2.12). Measurement of X on a system prepared in an eigenstate
|x;) of £. The mean of x(¢) is amplified to Gx; but the variance oy is
unchanged. r =2, x; = 1, and gt; = 3.

The forward-backward equations (2.11) and (2.12) can
now be solved [107]. The boundary condition for the for-
ward equation is the marginal of Q(x, p,fy) in p, which
is Q(p, ty) = e_pz/z"lg/(a,,\/ﬂ). The boundary condition for
the backward equation is the marginal Q(x, t7) of Q(x, p, tf)
in x, which is Q(x, ;) = e~ =G4 292(9) /(g (17)+/277). Solu-
tions are shown in Figs. 6 and 7.

B. Measurement on a superposition of eigenstates

To address the measurement problem, we need to consider
measurements on a system prepared in a superposition of
eigenstates. Here, we consider the superposition

hbsup) = cilx1) + c2|x2)
X2 >
_’ r
2 5q

of eigenstates of %, approximated as a superposition of
squeezed states with r — 0o. The ¢; are probability ampli-
tudes. Without loss of generality, we take c¢; to be real and

— N¢; 3.7

X1 > 4
- T (&)
27,

400

300k
2008y
100
0
-1004
-200%°

-300%~

-400
0
gt

FIG. 7. Stochastic solutions p(t) of the forward equation (2.11).
Measurement of & as in Fig. 6. There is attenuation of the comple-
mentary variable p to the undetected (hidden) vacuum level, where
alf = 1. Similar results are obtained for all values of x;.
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positive, and write ¢, = |c2|e™ where ¢ is a phase factor. The
0 function is

e 2 —(x—x1)2 /202
qup(x, p.to) =N (|C|| e /2o
2moy0,

+ |C2|2€7(xfxz)2/2<7x2) +ZInt, (3.8)

2952
P4 [20p

where Znt = N
e and 03 = 1+ ¢*. N is the normalization factor. We find

. 2
T 2|cic2|Z. The variances are o =1+

T = ol )2+(x—Xz)2]/4ﬂf]:, (3.9)
where
p
F = (cos @) cos [F(XI —xz)]
— (sing)sin [%(xl _ x2):|, (3.10)
_(xl—,v2)2{1+ﬁ} -1
and N = (1 + 2c¢q|ca|(cosp)e s %) . NB: N—1

as 01% — 00, in the limit of large r when the squeezed states
become eigenstates of X.

Taking the limit » — oo, we see that the Q function has
two Gaussian peaks with fixed variance axz =1, centered at
the eigenvalues x; and x,. There is an additional interference
term, which we symbolize by Znt, corresponding to a central
Gaussian peak at x = 0 modulated by a fringe pattern F. The
Q function of the superposition differs from the Q function
Onmix (x, p) of the mixture of eigenstates

Pmix = Y _ lej71x) (x| (3.11)
J
only by the addition of the third term Znt [138].

Forward solutions for p. The boundary condition for

the forward equation (2.11) for p is given by the marginal

qup([’, ) = f qup(x’ P, to)dx for p attp = 0. We find

—p*/20; (1-%)*

e _=n)

Qup(p, 10) = N———|1 +2|ciczle % F|. (3.12)
sup\D, 1o «/EO’I,[ 1€2 ]

Taking cos ¢ = 0 (¢, is imaginary) and x; = —x;, this reduces

to
e P20,
V2no,

Forward trajectories for the attenuated variable p are shown
in Figs. 8 and 9. From the solution (3.12), we see that with an
increasing separation of the two eigenstates |x;) and | — x;)
in the superposition |g,) (so that |x| increases), the fringes
become less prominent. The evolution of Qg (p, ) is shown
in Fig. 10 (top panel). The trajectories of p decay to the hidden
noise level o,%(tf) = 1 (Fig. 10, lower panel).

Backward solutions for x. The boundary condition for the
backward equation (2.12) determines the dynamics of the
amplified variable x, corresponding to the measured quan-
tity X, which is of most interest. The boundary condition is
determined by the state | (#)) = e~ Mt/ ) after am-
plification H,pp. We find

|1/jsup(t)) = N(c1|Gxy, r,)sq + 2|Gxa, r/>sq)a

{1 . e—x,z/zax2 sin (pxl /6)52)}

(3.13)

0 0.5 1 1.5 2 2.5 3
gt

FIG. 8. Emergence of branches with amplification: Measurement
of & on a system prepared in a superposition given by |v,,) of eigen-
states of £ [Eq. (3.7)]. We take ¢; = —ic; = 1/3/2, x1 = —x, = 1
and gf; = 3. The top figure gives individual stochastic solutions (tra-
jectories) of the backward equation (2.12), showing the emergence of
branches associated with each eigenvalue x;. Here, the measurement
is made on a microscopic superposition. We note the “width” of
each branch is constant. The lower plot shows individual solutions
of the forward equation (2.11) for the variable p. The values are
attenuated to an undetected (hidden) vacuum noise level, Uﬁ =1.
The superposition of eigenstates is approximated by (3.7) with r = 2.

where G = e¥ is the amplification factor, ' = —gr + r and ¢

is the time of evolution (refer to Appendix C). The Q function
of the amplified system is

—1*/205(0)

(Je1|2e (=GO 2020

Oap(x, p, 1) = sz

+eaPem (ORI L 9)ey 0| T(r)),
(3.14)
where G(r) = €%, N; is a normalization constant and Z(¢) is
given by 7 and F of Eq. (3.9), but substituting x; — G(¢)x;,
and o, — 0,(t), 0, = 0,(t). The variances o,(t) and o0,(7)

of the amplified state are given by Eq. ( 3.6). Importantly,
we note that the means x; and x, of the Gaussian functions
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gt

FIG. 9. Measurement on a macroscopic superposition. As in
Fig. 8, but with gt = 2 and x; = 8. The top and lower figures show
solutions of the backward and forward equations (2.12) and (2.11),
respectively. The solid blue line denotes the causal relation x; — Gx;
that amplifies the mean x; of the Gaussian terms, as evident in the Q
function [Eq. (3.14)] of |fp(?)). The individual trajectories propa-
gate in the backward-time direction, and are subject to input noises,
8x(tr) = n(ty) and &.(¢), as defined by Egs. (3.23) and (2.12). The
noise dx(¢) gives the width of each branch a time #, and is constant
in average magnitude throughout the amplification, as determined
by the variance o,. The orange dashed lines represent backward-
propagating (right to left) and forward-propagating (left to right)
trajectories for x and p. In the Q model of reality (Sec. IV), the value
given by x(t;) is the detected outcome. The inferred outcome for % is
x(1)/G giving either x; or —x; (G = e*f). The p and 8x(t;) are not
amplified and are hence not measured.

amplify according to

x; — X; = Gx;, (3.15)

where G = G(t) = ¢¥, which being a deterministic relation
can be reversed, so that Gx; — x;. By contrast, the variances
in x of the Gaussian distributions do not amplify. The vari-

N30

20

0 05 1 15 2 25 3
at

FIG. 10. Decay of the complementary variable. Solutions for the
complementary variable p, for measurement of X on the system in
the superposition |1/4,,) of two eigenstates of X. Parameters are as for
Fig. 8, with x; = 1. The top figure shows the distribution Qqu,(p, 1)
of the forward-propagating trajectories of p, as evaluated from 10°
trajectories, a sample of which is given in Fig. 8. Fringes are evident
att = 0. The lower plot confirms the reduction in the variance a[f )
to the hidden unobservable value of 1, as t; — oo.

ances are

olt)=1 (3.16)
throughout the evolution, the fluctuations hence remain con-
stant at the “hidden level.” This is evident in Figs. 8 and 9,
where the width of each band of trajectories, as associated
with each eigenvalue, is constant with ¢. By contrast, olf is
initially large as for an eigenstate |x;), but reduces to the hid-
den noise level aj(t) = l ast — 0o. We see that the Gaussian
functions become increasingly sharp as the system amplifies.
We must also examine how the interference term Z(¢) in the
Q function (3.14) behaves on amplification.

The future boundary condition for the backward equation is
given by the marginal

qup(x’t)Z/qup(xa p,1)dp. (3.17)

at the final time t = ;. This requires integration over the
variable p. To calculate the marginal, we evaluate Z(x,t) =
[dpZ, where T is given by (3.9), which requires the
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integration
00 /2070 p
dp————— ——G(t —
/m pZnax(t)op(t) (cosw)cos[z%z(t) (#)(xy xz)}

—(sin@)sin [Lc;(z)(xl - xz):| }

2020 (3.18)

The second integral proportional to sin ¢ is zero by symmetry.
The first term simplifies to

0 P20,
dp cos [
—o0 v2mo, 202(t)

~G(1)2 (1~ P (1)/802 (1)

cos @

(x1 —Xz)}

(3.19)

This term gives the contribution of the interference to the
marginal, and becomes important for the mechanism of Bell
violations in Secs. VII and IX. It depends on the variance o,
of p, which tends to oo at the initial time %y, since we have
considered a superposition [/gp) = Y i€ |x;) of eigenstates
of x. The solution for the marginal is

= (cosp)e

2
QSUP(x’ t) =N (|C| |28*(XfG(t)x1) /202(t)

1
V2mo.(t)

ey |2 GmGWRI 20 L ey T(x, 1)),

(3.20)
where
T(x, 1) = cos pe 16— GORP+a=GOm) 140t )
x e~ G tn—x)op(0/8a®) (3.21)
Here, ol(t)=1+4G@)*[07(0)—1] and o}()=1+

[a[%(O) — 1]/G(t)2 [Eq. (3.6)]. We see that 0,(0) - oo
and sz(t) = 1. Immediately, we see that the interference term
T will vanish at the initial time # = 0 in the marginal for x.
Hence Z(x,0) — 0 in the limit r — oo, which corresponds
to the expansion of |,,) in terms of the measurement basis,
as in Eq. (3.7).

The vanishing of the interference term Z(x,0) in the
marginal is an important result that is due mathemati-
cally to the integral (3.19), which vanishes when o,(¢) is
large. Regardless, on substituting o,(¢7) = ox(ty) = 1, we see
that Z(x, t;) rapidly de-amplifies with amplification G, with
I(x,tr) — (cos @)e /2G5t 5 0 for x; = —x,. In this way,
we see that amplification plays a similar role to decoherence
in attenuating the interference terms that distinguish the su-
perposition [,p) from the mixture pmix.

The generalization to expansions |Yep) =Y i cjlx;) is
straightforward (refer to Appendix C). This leads to the fol-
lowing Definition [given as Definition (4) in Sec. IB] and
result:

Definition: Hidden interference terms. Consider measure-
ment of x. The interference terms Z appearing in the Q
function Q(x, p, t) when the Q function is expanded in terms
of the Q functions of the eigenstates of % are referred to
as hidden interference terms. These terms are calculated by
writing |v) in terms of the eigenstates |x;) (i.e., expanding
|Y7) in the measurement basis) and calculating the Q function
directly from Eq. (2.4).

Result I11.1: Interference terms and the future boundary
condition. The hidden interference terms arising in the Q
function of a state [¢) do not contribute to the future bound-
ary condition, given by Eq. (3.17) (proved above). Consider
the measurement of & on the system |[qp) =D ;¢ ilxj)
[Eq. (3.7)] at time #y = 0. From Eq. (3.20) with Z(x,¢) — 0
and o,(ty) = 1, the future boundary condition for the back-
ward equation (2.12) reduces to (G = %)

1
wp(X, 1) = ——— Pem (=02 (322
Quplr.1y) =~ (tf);w e (3.22)

Solutions showing individual trajectories for the amplified
variable x are given in Figs. 8 and 9.

Comment. The interference terms Z(x, t) of the marginal
Q(x) vanish in the limit of large r, because the integral (3.19)
vanishes. However, the interference Z (¢ ) does not vanish in the
initial joint distribution Q(x, p, 0) [Eq. (3.14)]. Moreover, the
integral will not vanish where there is a change of basis so that
0,(0) is no longer large, which is relevant to Bell violations
(refer to Sec. VII). |

Comment. The future boundary condition (3.22) is the
same as that for the system prepared in the mixed state ppix
[Eq. 3.1D)].

Procedure of simulation. Result I11.1 defines the procedure
of the simulation. The interference terms in Q(x, t) are jus-
tified to be ignored provided we write in the measurement
basis as in Result III.1, where r — oo (or else for all r,
if Re{c,} = 0 [refer to Eq. (3.7)]). Then, the future bound-
ary condition for simulation of (2.12) is determined by the
marginal (3.22), which comprises a set of Gaussian peaks
(one for each outcome x;) with equal variance axz(tf) =1.To
model measurement, strong amplification is needed, and gf¢
is large.

We consider the superposition of two eigenstates |x;) and
|x2) as in Eq. (3.7). The initial condition for a given run of the
simulation of Eq. (2.12) is

x(t) = Gx;j + 8x(17), (3.23)

where the eigenvalue x; is selected to be x; or x, with prob-
ability |c;|*. The 8x(t/) is a noise term, which we also label
n(ts), sampled from the Gaussian distribution G(0, 1) of mean

0 and variance o> = 1. In this paper, we define the Gaussian
e*(x*i)z/ZUz

= , Where X

distribution using the notation G(Xx, 0?) =

is the mean and o is the variance of x.

Comment. Importantly, we see that value 8x(¢7) [denoted
by n(¢) in Fig. 2] is hence independent of the choice of
eigenvalue x; and independent of ¢y (Fig. 11). This is relevant
to understanding how grandfather paradoxes are avoided. The
sampling is determined by (3.22), which is identical to that
for the system prepared in a mixture of eigenstates, pPpix
[Eq. (3.11)]. We will see that the procedure of the simulation
defines the causal model depicted in Fig. 2, and explained in
Sec. V.

The simulations reveal branches, as gty — oo (Figs. 8 and
9). This leads to the following definition [given as Definition
(5) in Sec. IB].

Definition: Branches B; are defined as groups of ampli-
tudes x(¢), each associated with a distinct eigenstate |x;) in
the superposition |v,p) (Figs. 8 and 9).
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FIG. 11. Measurement on eigenstates showing branches have
constant width independent of eigenvalue. The solutions show the
amplification of % for the eigenstate |x;), for different values of x;:
The curves correspond to x; = 1 (top curve), x; = 0.25 (center top),
x; = 0.01 (center lower) and x; = 0 (lowest curve), with gt; = 4.
The curves x = 0.01 and x; = 0 cannot be distinguished with the
level of amplification given by gty = 4. The curve for x; = 0 is the
solution 8x of Eq. (3.25), validating the expansion x(t) = x;(t) +
éx(t) of Eq. (3.24) in which éx is a hidden noise term of constant
average magnitude independent of x;.

Result I11.2: Branches emerge with amplification.

Proof. The fluctuations with variance o, about the mean
xj, as associated with each Gaussian in the Q function
Oqp(x, p, 10) [Eq. (3.8)] of the initial state, are not amplified
[Eq. (3.14)] with the evolution. However, the mean values x;
are amplified according to x; — X; = Gx;, where G = 5/
[Eq. (3.15)]. Hence, as gt — oo, we see distinct peaks cen-
tered at Gx; with relative probabilities |c;|>. The eigenvalues
x; are amplified, but the hidden noise §x about these values
is not. Hence, branches emerge for x(¢) as ¢ increases. The
hidden noise represents the width w ~ §x of the lines that
form the branches, and is constant, independent of x;, as in
Fig. 8. |

Result I11.3: The hidden noise 8x (the width of the branch)
is independent of the eigenvalue x;.

Proof. The width w of each branch B; becomes indis-
cernible relative to the mean value Gx;, as gt — oo. The
hidden vacuum fluctuation §x(¢) does not lead to a macro-
scopic value. The amplitudes can be written

x(t) = x;(t) + 5x(2), (3.24)

where x;(1) = e®x;, the solutions for §x(¢) being independent
of x;, satisfying the stochastic equation

d[sx(t)]

with input §x(t7) = n(tf) given by sampling the Gaussian
G(0, 1). This is verified in Fig. 11, where the §x(z) can be
taken as the solution of (2.12) with x; = 0. The noise éx(t) =
n(t) adds equally to the exponential lines given for the differ-
ent eigenvalues x; in Fig. 11. ]

IV. 0 MODEL OF REALITY

A. Assumptions and basic results

The solutions for x(7/) in Figs. 8 and 9 show two branches,
associated with each eigenstate of the superposition [gyp).
The stochastic equations hence motivate a “hidden-variable”
model for quantum measurement, referred to as the Q-based
reality model (Q model of reality) or objective-field model
[104-106]. We regard the amplitudes A (i.e., x and p) of the O
function Q(x, p) as representing a realization of the quantum
state, immediately prior to and during the measurement. The
physical assumptions made for the meter Hyy,p that defines the
measurement of X are as follows:

(1) Measurement is identified as an amplification process
(after measurement settings are fixed).

(2) The amplitudes x and p are phase-space variables, with
distribution Q(x, p,t) at time . We denote the values of x
and p at time ¢ as x(¢) and p(t). Here, we denote x(¢) as the
amplified variable.

(3) The detected value is x(t;), when macroscopic. The
amplitudes at the hidden vacuum level (i.e., where the vari-
ances o2 or o2 are 1) are not observable. The inferred (or
“measured”) outcome is xo = x(t7)/G where G is the amplifi-
cation factor.

(4) The probability density function for the detection of
x(ty)is Q(x, tr) = [ Q(x, p, 17)dp where t; — oo is the time
of interaction with the amplifier.

(5) Amplified variables satisfy future boundary conditions
and attenuated variables satisfy past boundary conditions. The
amplifier does not couple amplified and attenuated quadra-
tures.

The last condition applies to the model of measurement
given by Hymp [Eq. (2.2)] but may be adjusted when the mea-
surement model includes a coupling to a separate system that
is a meter (refer to Ref. [109]). The condition is motivated by
the stochastic method (Appendices A and B) and by the causal
consistency proved in Secs. VB, IXC, and Appendix H. In
the model, the system evolves under Hyy, for a time #5 to give
the final measurement output. The measurement is completed
simply by the fields being amplified to become macroscopic,
and hence detectable to macroscopic devices or observers. No
special collapse is required, only standard physical processes.
The analysis is hence compatible with Bell’s requirement
[111] that there should be no “shifty split” between system
and measurement apparatus.

We present a series of results applying to the Q-based
model of reality.

Result IV.1: The inferred outcomes are the eigenvalues.
Consider measurement of X. After sufficient amplification,
the x(¢y) separate into branches each associated with a single
eigenstate |x;) of & [Definition (5) of Sec. I B and Result I11.2,
Fig. 8). The detected value according to the model of reality
is x(¢r), where 1y — o0 so that x(¢7) is macroscopic, and the
inferred outcome for % is x(¢y)/G. The inferred outcome will
always be one of the eigenvalues x;.

Proof. Since from Eq. (3.24) [based on the solutions of
(2.12)], we write x(t) = e¥x; + x(¢), we see that with suf-
ficient amplification, the inferred outcome is one of the
eigenvalues x;. The vacuum fluctuation §x(t) does not lead to
a macroscopic value and is undetectable, becoming §x(¢)/G.
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As 7 increases, each branch becomes identifiable as a thin
line, which represents a distinct value x; for . [ |

Result IV.2: Incompleteness. The amplitudes x and p of
O(x, p,t) at a time ¢ [along with the forward-backward
stochastic equations, (2.12) and (2.11)] are not sufficient to
completely define the state and future dynamics of the system.

Proof. Consider the measurement & on an eigenstate |x;) of
X where x; — 0. The measurement always yields the outcome
x;, which is the eigenvalue, but which is not identifiable from
the amplitudes x and p alone (refer Fig. 11). The value x;
is masked by the hidden Gaussian noise when x; is small
(Fig. 8). The future boundary condition for the backward
equation is required for the solutions x(¢). This requires
knowledge of the Q function Q(x, p, ty), or at least (in a
hidden-variable model, refer to Secs. IV G and V) knowledge
of the Gaussian-mean value x;. |

Comment. Our interpretation of the Q model of reality and
associated causal model for measurement (Sec. V) includes
that the system at time #; is defined as prepared with respect
to a measurement basis, such as |x;) of £ [39]. The Q func-
tion uniquely describes the quantum state |y) which can be
expanded as [) = ) i€ |x;), from which the Q function will
be of the form (3.8), a sum of Gaussian functions in x and
p with mean x;, as well as interference terms of type Int, as
generalized for an arbitrary number of states |x;). The means
x; and c; are hence in principle identifiable as part of the
description of the state at time #y (Appendix C). We show in
Sec. V A that the dynamics of x(¢) as implied by Hyyp can
be deduced from the backward stochastic equation (2.12), if
the x; and c; are known, based on the deterministic relation
x; <> Gx; (which assumes the system at time 7o once Hyyp is
implemented to be associated probabilistically with a particu-
lar x;, refer Secs. IVG and V A).

B. Derivation of Born’s rule

In the Q model of reality, the density of the ampli-
tudes x(t7) as gty — oo gives the probability for detection,
which leads to Born’s rule. The rule follows because the
measurement of X amplifies the variable x, but attenuates
the complementary variable p and interference terms Z
(Result ITI.1). We give a derivation below.

Result IV.3a: Born’s rule. Consider a general superposi-
tion |Ygup) = Zj cjlx;) of eigenstates |x;) of X, where c; are
probability amplitudes. Here, we define the eigenstates as the
squeezed states |%, 7)sq [EQ. (3.2)] in the limit where r — oo.
The final density Qg (x, ) given by the O function of the
amplified state e~ ume!/"[1g ) leads to Born’s rule, that the
probability of an outcome x; is |c;|*.

Proof. In the limit of gt — oo, the marginal distribution
for the amplified state is

Z |Cj| e_(X_G(I)Xj)Z/ZUXZ(t)

J

1
Oapx, 1) = «/E—Ux(l‘)

where G=¢¥ (g>0) and o2(t) =1+ ¢e* > [refer
Eq. (3.3)]. Considering the measured inferred variable
xo=x/G where G =e¢e%, the rescaled distribution

becomes

Ose(x0, 1) = — 2 |cj|2e™ o /2 He)

V2mo, (1) 5

1 - )2 —2r
- - |c.|26—(x0—kj) /(2e™) 4.1)
V2710, (1) XJ: !

on taking gr large. The eigenstates of X correspond to r —
oo where the Gaussian peaks become infinitely narrow. The
separation between peaks is much larger than the width of the
Gaussian distributions. Hence, in the Q model, the probability
of observing x; is given by the weighting |c j|2, in accordance
with Born’s rule. |

Result IV.3b: We demonstrate Born’s rule for measure-
ment of the rotated quadrature

R =%cosO + psin® = ae ¥ +a'e”. 4.2)
The complementary observable is pg = —Xsiné + pcosé.

Proof. We expand in eigenstates |xg;) of £¢ as [Wsp o) =
> ;djlxgj), where d; are probability amplitudes. The eigen-
states are defined similarly to |x;) [Eq. (3.2)] as highly
squeezed states in %y (Appendix C). We define real coor-
dinates xy and py as ae " = (xg + ipy)/2. Extending the
derivation of the Q function of a squeezed state as in Ap-
pendix C, the Q function Qgpe(xe, ps) can be derived for
[Vsup,0). Modeling the amplification of |Ygp.6) by applying

Hympo = ilig@™e* — a*e™%)/2 4.3)

[which gives %y (t) = e¥%4(0)] the result is proved by eval-
uating the marginal Qqupe(xg,?) of the O function of the
amplified state [following Egs. (3.14)—(3.20)], and applying
the same analysis as for Result IV.3a. |

Summarizing, the probability density for an outcome x;,
given gty — 00, is

P(x;) = Que(xj, ) = [ Wsup) |

in agreement with the quantum prediction (Born’s rule).
Here, Qy.(x;, 1) is the rescaled distribution, found by tak-
ing Qqup(x, 1), rewriting with respect to the scaled variable
xo = x/G, and taking the limit where G = ¥ — oc.

Role of the Wigner function. The realization of Born’s
rule for the continuous-valued measurements Xy can be best
demonstrated by the connection with the Wigner function,
W (x, p). We find this elucidates the nature of the backward
stochastic equation (2.12). It is known that the marginal

4.4)

Weo = [ Wepap (4.5)
of the Wigner function gives the distribution for observed
outcomes x of X.

To establish the connection with the Q distribution in the
model of reality, we write the Q function Q(A, fy) for |¢) at
time fy with respect to the measurement basis. We consider
measurement of ¥ and expand Q(A,?) in terms of the Q
functions of the X eigenstates [Definition (3), Sec. IB]. We
find the required form is obtained by writing the Q function
in terms of the Wigner function. The Q function of a state
|1) is the convolution of the Wigner function W (8): Q(«) =
%fW(ﬂ)e*”“*ﬂ'zdz,B [115,116]. Using o = (x + ip)/2, we
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find
1 2
00 10) = o= [ Wy e 0 s, )
T

where A = (x, p), A.o = (X(), po), d)»() = d)Codp() and W()\.Q) is
the Wigner function of the state ) at time fy. The convolu-
tion ensures the positivity of Q, given W can be negative. The
marginal Q(x, 10) = [ dpQ(X, 19) is

1 P
X, 10) = —— | dxoW (xp)e" 0 /2, 4.7
0.1) = = / oW (30) 47
which we can rewrite as
Ox, 1) = /dxoW(xO)on(X), (4.8)

22
where we note that Q, (x) = 7(;% s the marginal in x
of the Q function Q, (x, p) of the x eigenstate |x;) with
eigenvalue x;, given by Eq. (3.3) on putting o2 =1 as valid
for eigenstates of ¥ where r — co. Comparing Q(x) with
the marginal Qqp(x, 0) of Eq. (3.20), and using Result III.1
where we show interference terms Z do not contribute to
final probabilities for X, we identify W (x() as the probabilities
lc j|2 (taking the limit of a continuum of states |x;)). Hence,
W (xp) is the probability density for an outcome x of X. This
gives consistency with the earlier Result III.1, which ignores
interference in the future boundary. In summary, we arrive at
the following two results:

Result IV.4: The future boundary condition is determined
by the marginal of the Wigner function of the state defined at
the time ty. The Q function Q(x, p, fy) represents the quantum
state |v/) of the system at time #o. The marginal Q(x, tf) =
[ dpQ(x, p,t) of the Q function Q(x, p,t;) applies to the
state of the amplified system after interaction with Hypnp, at
a time ¢;. Rewriting Q(x, t7) in terms of the scaled variable
Xxo = x/G that represents the measured outcome, we establish
from Result IV.3a that the resulting function Qy.(xo, t) gives
the probability distribution for the outcomes xj. Hence,

[4

Osc(xo, 17) — W(xo) (4.9)

as G = &% — 0o, where W (xy) is the marginal of the Wigner
function defined by (4.5). Hence, the marginal W (x) of the
Wigner function defined at the time #, determines the future
boundary condition for x.

Result IV.5: Physical interpretation of the Wigner func-
tion: The simulation gives a physical interpretation of the
Wigner function. The quantum-optics relation (4.6) between
the Wigner and Q function can be derived from the simulation.

Proof. The Q function at time ?y is Q(x, p, ty) represents
the quantum state at time fy. The marginal W (x) of the Wigner
function corresponds to the marginal Q. (xo, t7) of the Q func-
tion of the amplified state, when rescaled so that the hidden
Gaussian noise is treated as indiscernible. The Wigner func-
tion determines the future boundary condition. The simulation
of the backward equation (2.12) proceeds by rewriting W (xg)
in terms of x’ = Gxo, where G = G(ty) = €%/, to obtain the
rescaled distribution W;.(x"), and convoluting with the hidden
Gaussian noise of variance o, = 1 that describes the input §x

0 0.5 1 15 2

FIG. 12. Macroscopic realism. Trajectories modeling the mea-
surement of £ on a macroscopic superposition |Yy,,) of two
eigenstates of %, as in Fig. 9. The solid blue arrow pointing forward
in time denotes the causal relation x; — Gx; that amplifies the mean
of the Gaussian peaks in the Q function of [v,). This relation
is deterministic, and hence can be reversed, giving a retrodiction
Gx; — x;, indicated by the backward-pointing arrow. For the macro-
scopic superposition depicted, the amplitudes x(0) and x(¢7) of x
at the initial and final times are on the same branch, ’Xx. The value
of x(0) predetermines the outcome of x* (Results IV.6 and IV.7).
The amplification, as in x; — Gx; represents a macroscopic causal
relation (forward-pointing arrow).

[refer to Eq. (3.23)]. This is given by

O(x, 1y) = dx' Wy (¥ )e =72 (4.10)

1
7=/
We have seen from the simulation of the backward equa-
tion (Figs. 8 and 9) that Q(x, fy) retains the same distribution
as Q(x, ty) over the Gaussian terms e~ (=Gx;/2 / \/E, except
that the means decay (x' = Gxo — xp) in the negative time
direction. Hence [since G(t) = 1 at ty implying W, .(x') =
W (x0)], we find from the simulation that

dxoW(xo)e_("_x“)z/z.

O(x, 1) = (4.11)

1
21 /
This explains the fundamental relation (4.6) used in quantum
optics, that gives the relationship between the Wigner and the
Q-function distributions. |

C. (Weak) macroscopic realism

Weak macroscopic realism is defined in Definition (6) of
Sec. I B. We summarize below, for application to the system
of Figs. 9 and 12, where there is a measurement of X.

Definition: Weak macroscopic realism (wMR). Consider
a system in a superposition of two macroscopically distinct
states ¢ and ¢, that are distinguished by a binary measure-
ment O. We assume that at a time f,, any operations U needed
to fix the measurement setting have been carried out. Weak
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macroscopic realism posits that the outcome of O is deter-
mined, at the time 7y [108,119].

In the simulation shown in Fig. 9, the macroscopically
distinct states are the eigenstates |x;) and | — x;), where
|x1| > 1. The binary-valued measurement O given by the sign
of the outcome of % distinguishes these states. We refer to
the outcomes of O as +1 and —1. The premise of wWMR
posits that the system at time #, has a definite value for the
outcome (denoted by A,) of the measurement O. That is, each
realization of the system can be regarded as either in a state
with A, = 1 or in a state with A, = —1.

Result IV.6: Weak macroscopic realism holds in the Q
model of reality: Premise wMR(1).

Proof. We consider the system described above and de-
picted in Fig. 12, which is prepared at time #, in the
superposition [v/g,p). There are two ways to carry out the
measurement of X (and hence of 0) on the system at time t.

(1) The first is to directly detect the value x(#y) of x at time
1o, since this value is macroscopic by definition of the macro-
scopic superposition state, i.e., we take fy = t7. According to
the assumptions of the O model of reality, the value of x(5)
determines the measurement outcome. For the macroscopic
superposition, the x(fy) is associated with one or other branch,
which implies the outcome of % is determined by the value
x(to) at the time #y, prior to detection. Hence, wMR holds for
the macroscopic superposition state at time ;.

(2) The second way to measure X is to further amplify the
system, by applying H,mp, as in Fig. 12, and to then detect
x(ty) where t; > t). According to the Q model of reality, the
macroscopic system is in one or other branch at time f, as
indicated by x(fp). From the Figure, we note that the trajecto-
ries propagating (backward) from a given branch A, at time #¢
are at time 7y on the same branch. This follows from the de-
terministic relation x; — Gx; of the simulation [Eq. (3.15)],
which, being deterministic, can be reversed, so that Gx; — x;,
and is hence indicated by the blue two-way arrow. Now, for
wMR to fail, we would require some instance where the value
x(ty) would not imply the outcome for X as measured by the
detection of x(ty). Since the branches are distinct at the time
to, this can only happen if the branch of x(#y) is different
to that x(¢y), which appears to contradict the solutions of
Fig. 12 which for macroscopic states are consistent with the
relation x; <> Gx;. We conclude consistency with wMR but
the following Result IV.7 is needed for clarity. ]

Result IV.7: Assumption of branch continuity. Consider the
system described by the macroscopic superposition |g,p) at a
time #,, (Fig. 12). According to the Q model of reality, the
system is, at time #,, in one or other of the branches A,
which we denote by A,(t,). Suppose a unitary operation U =
e~ Ham! /1 then takes place, with Hamiltonian Hypp. In quantum
mechanics, the initial state for the operation U is |s,,) (both
branches). In the Q model, we define the assumption of branch
continuity in the macroscopic limit, that the initial state for
the operation U is given by the set of amplitudes of the
same branch, A, (#,,). This assumption allows consistency with
wMR in Result IV.6, part (2).

Proof. We prove that the assumption allows consistency
with wMR. Suppose for a system in a macroscopic superpo-
sition state |/qp) at time fp = 1, as in Fig. 12, we consider

successive N — 1 operations U that give further amplification,
to a time #; = Nt,,. In the Q model of reality, the amplitude
x(ty) would give the outcome of X if measured at time #y. For
the macroscopic superposition we see from Fig. 12 that an
individual system is on one or other branch. If we assume
branch continuity, then the individual macroscopic system
will remain on the same branch throughout the successive
applications. If there is a detection of x(tf) indicating the
branch Xx(tm) corresponding to an eigenvalue x; at time ty,
then this implies the system was on the same branch at the
earlier times (N — 1)t,,, ..., t,,, which gives consistency with
wMR. ]

Comment. In the assumption of branch continuity, the pre-
dictions for the probability of an outcome of X are the same
as for the quantum state [,p). Consider the state at time
tn. We see from the Results IV.3a that in the Q model, the
probability for outcome x; is given by the probability density
of amplitudes x(¢;) at time ¢7, which gives |c;|*> as correct
for |Yqp). The prediction is based on the marginal Qg (x, t7)
(Result III.1) which is not changed over the ensemble if we
apply the assumption.

For an analysis of EPR correlations (Secs. VI-IX), we
extend the assumption Result IV.7.

Result IV.8: Branch continuity for spacelike separated sys-
tems A and B stationary in a frame F. Suppose system A
has been amplified so that branches )L;‘ of amplitudes x4 (¢,,4)
emerge at time #,,4. An operation U or interaction H then takes
place at B attime t,,» > t,,;. An individual system A at time #,,4
is associated with one or other branch, as determined by the
value x4 (t,,4 ). It is assumed that the branch for A is unchanged
by the operations or interactions at B. We give a justification
of this Result in Part II of the paper, based on the properties
of the bipartite Q function (refer to Results IX.2 and [X.3).

D. Postselected state

As part of analyzing the measurement problem, we seek
to understand the collapse of the wave function. With this
motivation, we evaluate the postselected state that is inferred
at the initial time 7, given a particular branch (with outcome
x;) at the later time #; [Fig. 13 and Definition (8a) of Sec. I B].

Definition: The distribution postselected on_a given out-
come x;: The trajectories x(¢ ) for a given branch A, (associated
with eigenvalue x;) can be tracked from time #; to time #,.
This defines a set {x(¢)} of values of x at time 7y, which we
symbolize by B;. Associated with this set for x is a distribution
for p(ty), as determined by the conditional distribution

Qo(plx) = Q(x, p, 10)/Q(x. 10)

evaluated from the Q function Q(x, p,ty) at tp = 0. Here,
O(x,t9) = f dpQ(x, p, ty). This defines a set of coordinates
{x(t0), p(to)} and an associated distribution

Oloop (X, p, 10]Bj) = O(x(to), p(to)|x(to) € Bj)
= Qloop(xs ps t0|xj)-

4.12)

4.13)

We define Qioop (X, p, t0|B;) as the post-selected state or post-
selected distribution, inferred on the outcome x;.

Notation. Where it is clear that we restrict to the initial
time #p, and refer to the branch associated with eigenvalue
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Time t, Time t; Time tg
Q(x,p,to) Measurement Readout of
|lpsup) of X meter X
H (discard P)
amp
bed I +
T T ——
mode a
_l_’fi)_ o or -
Q(xq) + Int, Q(x1) = |x1)

FIG. 13. Measurement by amplification. Diagram of the mea-
surement of X on a superposition of eigenstates |x;) and | — x;) of
%. The measurement proceeds at a time fy with the interaction Hypy,
which amplifies X by the factor G. The final stage of measurement
is the irreversible readout at time #z, which gives the detected value
x(tf) as either Gx; or —Gx;, discarding information about p. The
measured outcome for ¥ is x(¢;)/G, implying outcomes of either
x; or —x;. The solid black arrows show the conditioning on the
outcome xp, to infer |x;) for the macroscopic superposition at time #;.
However, tracing the trajectories back to the initial time #, (reverse
dashed arrows) the postselected state carries a contribution due to
interference (denoted Int, ), as evident by the fringes in Fig. 14.

x;j, we abbreviate to write Qioop(x, p, f0|B;) = Qoop(x, plx;),
or else Qo(x, plx;). Since the branch is symbolized by Xx,
with valueE Xx € {x;}, we sometimes write Qloop(X, plx;) =
Qloop(xs P|)\x)

Result IV.9: The postselected state is not equivalent to
the eigenstate associated with the outcome. The postselected
distribution Qjoop(x, p, tolx;) for a superposition |vg,p) =
> i cklxk) of eigenstates |xi) of £ (where c; # 0) contains
a sinusoidal term. Hence, the postselected state is not the
eigenstate |x;).

Proof. We prove by evaluating the postselected distribu-
tion for [Yp) = ci1lx1) + c2lx2) of Eq. (3.7), where we take
c1 to be real and positive, and write ¢, = |cale®. We trace
the trajectories of x() from time #f to to, for each x(zy) that
is on the branch with eigenvalue x;. The superposition has
just two branches (Fig. 8). We take x, = —x; and x; > 0. For
sufficiently large gf, each x(t7) is either positive or negative,
associated with the outcome x; or —x;, which we denote by
+ or —. We first consider just one branch, B; (of eigenvalue
x;). The simulation starts at the future boundary. At time t;,
the distribution of the values x(¢) of the branch B; is given as

—=e" a2 o . .
. \/27] (to <t < ty). The distribution of B; at time £y is
T2

0j(x) ==
and B_, respectively.

At time fy, there is a connection of the values B, with a set
of values for p determined by Qo (p|x) [Eq. (4.12)]. Denoting

—(xFx)2/2
the distribution of the branch By at ty by Q+(x) = i U

. It is convenient to denote B, and B, by B,

m )
we find [using Eq. (4.13)]
Qloop(x, ps tolx € Bx) = 0+ (x)Qo(plx).  (4.14)

FIG. 14. Postselected

state. The postselected distribution
Oioop (X, P, folx1) at time #o = 0, given the branch x, at time #;, for
the state |vq,) of Eq. (3.7) considered in Fig. 8, where x; = 1. In
practice, we trace back the trajectories x(¢) with a positive value for
x(t f).

Calculation gives

2 2
e P /%% 2 20 F
X)) = Ne——( 1+ 2|cicp|e ™ P2
Qo(plx) mdp( lcical So

7p2/202
-~ nNE p<1+ a ) (4.15)

V2rao, cosh (xxp)

where Q(x, p, ty) is given by Eq. (3.8), O(x, 0) is given by
Eq. (3.20), and

F = (cos @) cos (x1p) — (sin @) sin (x1p) 4.16)

is given by Eq. (3.10). The sinusoidal function F depends on
p but not x, and is independent of the branch. Also, Sg =
V27[)e12Q4(x) + |e21*Q—(x)] and N is a normalization fac-
tor; NB: N — 1 as r — oo for (3.8)]. Fringes are evident,
becoming finer for large x; (when the superposition is macro-
scopic) and also increasingly damped, provided x % 0. The
last line of Eq. (4.15) gives the special case where |c|| = |c3].
From (4.14), the postselected distribution is

Qoop(x, p, fo| £x1) = N[Q(£x1) + Int], (4.17)
where we take |ci| = |cp| for simplicity. Here Q(+£x;) =
’Pz (72 . . .
%e’(ﬁxl /2 is the Q function of the eigenstates | & x;),
and
—p*/202
Tty = e /20 it 20 al
20,0, [1+ 0+(x)/Q+(x)]
e P20, F

26—)(2/2(73 e—x%/Z(sz

(4.18)

2noy0), (1 4 eF2ax)’

We confirm the Result IV.9: For example, Qioop(X, p, folx1),
which is conditioned on the positive branch, includes a contri-
bution from the bivariate Gaussian Q(x;) with positive mean,
as well as a sinusoidal term Znt (Figs. 13 and 14). |

A plot of the distribution as evaluated numerically for the
state |Ygp) of Eq. (3.7) is presented in Fig. 14. The fringe
pattern arising from F is evident. The fringe distribution is
independent of the outcome (whether x; or —x;) because the
conditional Qy(p|x) is independent of sign of x. The marginal
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1.1

05 I I I I

FIG. 15. Uncertainty product for the postselected distribution.
We plot the uncertainty product AXAp associated with the postse-
lected distribution Qjoep (X, p, folx1) conditioned on the outcome x;
for %, for the state |y,,) of Fig. 14. Here, tp = 0. Here, Ax and
Ap correspond to the observed uncertainties if Qioop (X, p, folx1) Were
the O function of a quantum state (we drop the operator hats in
AX and Ap and write AXAp = AxAp for convenience). The upper
dashed-dotted line is for the superposition |1/q,,) of two eigenstates
of %, with » = 2. The dashed line is for [y, (7)) with r = 1. The
solid line is for r = 0. In each case, gt = 4. The two parallel lines
indicate the upper and lower error bounds from sampling errors, with
1.2 x 107 trajectories.

of the distribution hence corresponds to that given by Fig. 10
attimet = 0.

Comment. The fringes decay as the separation between the
eigenstates is larger, so that |x;| >> 1. Hence, Qioop (X, P, folX1)
becomes the O function of the eigenstate |x;) in the limit of a
macroscopic superposition.

Result IV.10: The postselected state does not (generally)
correspond to a quantum state. The distribution Qyoop (X, plx;)
at the time fy, associated with the branch x;, is not equivalent
to the Q function of any quantum state. Hence, the postse-
lected state is not a quantum state.

Proof. Let us assume Qio0p(X, p, fo]x1) to be the O function
of a quantum state |y). The measured variances for X and
pare (A%)* =0?,(0)— 1 and (Ap)* =0, (0) — 1, where
o2, =07, (0)and a[iJr =
p as given by Qioop(x, p, folx1) (refer to Sec. II). The variance
product AXAp is given in Fig. 15 versus x; (the separation
between the states of the superposition) for large gf. From
Fig. 15, see that AXAp < 1 for all x; (and «g) (although
AXAp — 1 as |x;| = 00). A contradiction is obtained with
the Heisenberg uncertainty relation AxAp > 1. Hence, the
distribution Qjeep (X, p, folx1) is not a Q function and cannot
represent a quantum state. |

In summary, the postselected distribution Qyoop(x, p, folx1)
does not reflect a quantum state |¢). The variables x and
p are hence “hidden variables.” This is depicted in Fig. 4,
with reference to the Schrodinger-cat paradox. The simulation
shows how macroscopic realism can be consistent with quan-
tum mechanics for the system in a macroscopic superposition.

aﬁ 1 (0) are the variances of x and

FIG. 16. Connected trajectories forming a hidden loop. The tra-
jectories x(¢) of one branch for X can be traced backward in time
to the initial time 7, = O (left figure), where they couple to certain
forward-going trajectories for p (right figure). Plots are for the sys-
tem prepared in a superposition |v,,) of eigenstates |x;) and | — x;)
of % as in Fig. 9, conditioned on an outcome x; for measurement
of X, with x; =8 and gt; = 2. The resulting distribution for p is
independent of the branch-value, whether x; or —x;.

Yet, the postselected state for the macroscopic superposition
is not a quantum state, which highlights the argument for
the incompleteness of quantum mechanics, as put forward
by Schrodinger [102]. However, the uncertainty product ap-
proaches 1 with increasing separation |x;| of the eigenstates
(Fig. 15), where one has a true macroscopic superposition—a
“cat state.”

E. Hidden loop

At the initial time #(, there is a link between the backward
trajectories x(¢) of one branch and those going forward in time
for the complementary observable p. The link is determined
by the conditional distribution Qy(plx) [Eq. (4.12)]. This
enables definition of the joint distribution Qieep(x, p, tx;)
throughout the evolution, which is used to confirm causal
consistency (refer to Secs. VB and IX C and Appendices B
and H).

Definition: Hidden loop. For the set of values of x(t5) at the
time ¢y on a given branch with outcome x;, we have defined
the set {x(#)} at the initial time #;, found by tracing the back-
ward trajectories x(¢). The set {x(#)} is denoted B;. The B;
defines a set of connected forward-going p trajectories, found
by propagating each p(fy) at time #y = O from the sample gen-
erated by Qo(plx), where x € {x(#y)}, back to the future time
ty. We define the sets of variables {x(tr), x(to), p(to), p(tr)}
and all intermediate values on the trajectories. We refer to
such a set of trajectories as a loop. The distribution of the am-
plitudes {x(¢), p(¢)} at a given time ¢ (fp < t < ty) is denoted

Qloop(x, P, tlx € Bj). (4.19)

Such a set of trajectories is plotted in Fig. 16. The definition
is summarized as Definition 9(a) in Sec. I B.

Comment. The term hidden is used because the loop arises
from a distribution such as Qjoop(x, p, tolx;) which cannot
correspond to a quantum state |¢) (Result IV.10, Fig. 4). The
loop involves the unobserved variables dx and the deamplified
p. We note the term “hidden causal loop” might also be
used [97]. However, we avoid this term, because there is no
backward information transfer of the value x;. The input at
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time 77 is the stochastic noise, while the observed value e%'x;
is governed by the (causal) deterministic relation x; — e¥x;.

Result IV.11: The coupling of the p trajectories with those
for x is determined by Q(pl|x), which is independent of the
sign of x and is not sensitive to the outcome x;. This is evident
in Fig. 16 which plots trajectories of p conditioned on the
outcome x;. The distribution of trajectories for p is the same
for both branches x; and —x;, and is hence given by Fig. 9
(lower panel).

Result IV.12: Hidden loops occur for superpositions, not
classical mixtures. The conditional distribution Qy(p|x) for
the mixture pmix (3.11) of eigenstates of |x;) is given by

e V120
Qo(plx) = = 0(p),
o,V 21
which implies complete independence of the trajectories for x
and p. There is no interference term Z, and the Q¢ (p|x) factor-
izes. Hence, the hidden loop occurs only for the superposition
(not mixtures) of eigenstates |x;).

(4.20)

F. Hidden variable models

We have seen how the amplitudes x and p themselves do
not give a complete description (Result IV.2). Hidden variable
(HV) models can be deduced from the simulation, however,
which is useful in developing a causal model for measurement
(Sec. V) and for justifying weak local realism [Definition
(10a)]. Consider the system in the superposition [gp) of
eigenstates |x;) of X, as in Eq. (3.7). The system is prepared
with respect to the measurement basis X at the time #.

Result IV.13a: Hidden variable model Pq,p. A hidden vari-
able model Py, exists such that for any given amplitudes x
and p at time fo, there is a definite probability P(x;|x, p) of an
outcome x; of the measurement %.

Proof. The Q function of |Ygp) is Osp(x, p,to) of
Eq. (3.8). We take x; = —x; > 0. From postselection, we can
determine the distributions Qie0p (X, p, fo| & x1), since there is
a well-defined set of x and p at the time 7y, given the branch
x1 or —x;. Using that for events A and B, the conditional
probabilities satisfy

P(AUB)  P(BIA)P(A)

P(A|B) = PB) PB) , “4.21)
it follows that
P(+xilx, p) = Qloop(xv D, lol :':)C])P(:l:)’ (4.22)

qup(xv ps tO)

which can be evaluated from the simulation, where P(+)
and P(—) are the respective probabilities of the positive
and negative outcomes. Using (4.14) and that Q(p|x) =
Oup(x, p,10)/ Osup(x, fo), where from (3.20) we see that
because we consider superpositions of eigenstates of X
Osup(x, o) = [Q4(x) + Q- (x)]/2, we find

0:(x)

—_—, (4.23)
0+(x)+0-(x)

P(£x|x, p) =

e—GF?/2

where Q4 (x) = . Hence, P(x;|x, p) + P(—x1|x, p) =
1, as required. We note the distribution is derived accounting

for interference, but the final result is the same as that obtained
for the mixed state ppix. |

Result IV.13b: (Deterministic) Hidden variable model Pge,.
There is another interpretation possible from the postse-
lected states (4.17) as derived for the superposition state
[Wsup) = c1lx1) + c2lx2) of Eq. (3.7). Here, we take for sim-
plicity c; to be real and positive, ¢, = |cz|e'?, |c1] = |cz| and
Xy = —X1.

It can be posited that the system prior to measurement is in
a probabilistic mixture of the postselected states, i.e., is either
in the state with distribution Qjoop(x, p, fol + x1) with proba-
bility 1/2, or in the state with distribution Qjeop (X, p, fo| — x1)
with probability 1/2. Defining Znt = Znt, + Int_, we see

- )20} .
that Znt = N §o—"2e*"/2%0 =127 F where F is given by
<0
(4.16). Hence, since

0Cx1)  Q(—x1) ZInt
> T T

the probability distribution for the mixture of postselected
states is indeed given by the Q function Qg (x, p,fo), as
required for the proposed model.

In the model, we note that for a system that could be de-
scribed as being in the state Qloop(X, p, fo| + x1), the marginal
Qloop(xa folx1) = fdleoop(xv folx;) in x is

qup(xv p; tO) = (424)

N / dplQ(x1) + Int,].

Applying the techniques of Eqs. (3.18) and (3.19) in Sec. III,
we see that the contribution due to Znr, will vanish. Hence,
the marginal Qjoop(x, folx1) is as for the eigenstate |x;). Simi-
larly, the marginal in x for the state Qioop(X, p, fo| — x1) is as
for the eigenstate | — x;). In the proposed model, we make the
assumption that the backward stochastic equation (2.12) ap-
plies to describe the measurement of X on the system, which is
in the state given by either Quoop(x, fo|x1) 07 Qloop(X, to] — X1)
at the time #y. Then, the conclusion is that the state
Oioop(x, p, olx1) will always give the outcome x;; and the
state Qloop (X, p, tol — x1) will always give the outcome —x;.
Hence, the system is at time #; in a state with a predetermined
outcome for X, meaning either definitely x| or definitely —x;.
For this reason, we refer to the model as “deterministic.”

G. Weak local realism (WLR)

The concept of weak macroscopic realism (WMR) intro-
duced in Result IV.6 can be generalized to weak local realism,
as given by Definition (10a) in Sec. IB. Consider measure-
ment of X on a system at time #y (Fig. 13). The system is
prepared with respect to the measurement basis X at ty, mean-
ing that the operations U that fix the measurement settings
[i.e., the sign of g in Hyyp; Eq. (2.2)] have been performed.

Result IV.14: Weak local realism: Premise wLR(1). The
Q-based model of reality is consistent with the assumption of
weak local realism (WLR). There are two versions of wLR,
deterministic and probabilistic [refer to Definition (10) in
Sec. IB]. The first assumes a deterministic hidden variable
(HV) model: there is a predetermination of the outcome of %
at the time 7, (after settings are fixed). The second assumes a
probabilistic HV model: hidden variables exist for the system
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FIG. 17. Causal model for quantum measurement. Diagram of
the model inferred from the simulation of measurement X on a su-
perposition |g,) of eigenstates |x;) of %. The relation x; — Gx;
(blue line) is deterministic and causal. Branches emerge after suf-
ficient amplification when the system is macroscopic, at a time #,,,
as depicted by the value Xx that determines the outcome of the
measurement X (Figs. 8 and 9). The retrocausality present in the
model is embodied in the noise input 8x(¢;) = n(t;), generated at
the future boundary #;. The properties of the input dx(t/) = n(ty)
at time ¢, are independent of the value ¢; and of the eigenvalue x;,
and similarly for £,, which is determined by H,,. Furthermore, the
properties of the stochastic term x(¢) remain unchanged with time
t. A hidden loop (orange dashed lines) is present for superpositions
[¥sup), but not mixtures, of |x;). The value x; can be inferred from
Gx; (depicted by the two-way blue arrow).

at the time #, (after settings are fixed), which imply definite
probabilities for outcomes of X.

Justification. In the Q-based simulation and model, the
means x; of the Gaussian functions in Q(x, p, t) are amplified
to Gx; [refer to Egs. (3.8) and (3.14)]. The interference terms
and directly implies the premise wLR(1). Hence, the proba-
bility of an outcome x; of £ for the system, when prepared
with respect to the measurement basis, is the same as for the
mixture, pnix, defined by Eq. (3.11). For the mixture, the sys-
tem can be viewed as being (with probability |c; ) in a state
with a definite outcome x;. Hence, a deterministic HV model
for the observed probabilities exists. Similarly, the HV model
given by Result IV.13b is a deterministic HV model deduced
from the simulation, which accounts for the interference terms
and directly implies the premise wLR(1).

Alternatively, the probabilistic HV model Py, can be de-
veloped from the simulation (Result IV.13a). At time 7y, the
system is in an HV state given by variables A = (x, p), with a
probability density function Q(A, fy). For a given set of values
A, there is defined a probability P(x;|x, p) for an outcome x;,
as given by Egs. (4.22) and (4.23). |

V. CAUSAL MODEL FOR MEASUREMENT, CAUSAL
CONSISTENCY, AND THE MEASUREMENT PROBLEM

The simulations involve classical-like amplitudes x and p
and individual realizations, and hence we can identify “cause
and effect” relations for quantum measurement, referred to as
a “causal model.” A causal model is constructed based on the
procedure of the simulation (Sec. III), as depicted in Fig. 17.
This elucidates why retrocausality, defined as the future

affecting the past (as in a transfer of information backward in
time), is not present despite the use of future boundary condi-
tions. The causal model also explains how causal consistency
is achieved, and why there are no grandfather paradoxes.

A. Causal model

A causal model is deduced to explain quantum measure-
ment. We denote the measurement by X, where X is either
X or p or g =Xcosf + psin6. The model parameters are
the measurement setting 6, and the variables that describe
the state of the system, at the initial time ¢+ = 0 and at the
final time ¢ = t¢, as well as the noise inputs &(¢) and &(¢)
defined by (2.12) and (2.11), and the noise input §x(zy) = n(t)
defined by the future boundary condition (3.23) at time f.
Where we measure X, the notation implies &;(t) = &,(¢) and
£2(1) = &,(1).

In the simulation, the setting 6 is in principle adjustable, as
in the Hamiltonian (4.3). Experimentally, this corresponds to
a unitary operation Uy = e~f!/" where Hy induces a phase
shift. In the analysis below (Fig. 17), we assume that at time
to, the operation Uy has been carried out so that g > 0, and the
measurement is to be of X.

Prepare with respect to the measurement basis. The system
variables at time #y = 0 are x and p, with a distribution given
by the Q function Q(x, p, ty). The Q function for a state of the
system is unique but can be written as a superposition of the
eigenstates |xp;) of %9, for any choice of 6. In an experiment,
at the time ¢, after the operation Uy where we choose 6 = 0,
we assume that the system is prepared for the amplification
Hymp (with g > 0) to finalize a measurement of %.

Assumption (1). It is assumed as part of the Q model that
the physical state for the system at the time 7, after the settings
are determined, is given by the Q function written with respect
to the coordinates of the measurement basis, meaning in this
case that Q is expanded in terms of the Q function of the
eigenstates |x;) of X [as in Eq (3.8)]. Denoting the Gaussian
with mean ¥ and variance o by G(X,0) = ¢ t}/z” the QO
function Q(x, p, 1p) for the superposition |Vgyp) = ) ; ; cjlxj)
is the sum of terms involving the Gaussians G(x;, o) asso-
ciated with each eigenstate |x;), where o, = 1, plus hidden
interference terms Znz.

Assumption (2). The simplest causal model is based on the
procedure of the simulation (Sec. III) and the models Pgyp
and Pye; (Result IV.13). The state of the system at the time #
is identified by x and p, along with one of the mean values,
x;. Model Py, identifies a distribution P(x;|x, p) for each x
and p.

Future boundary condition. The simulation begins with the
future boundary condition of the backward equation (2.12).
The boundary condition is a probabilistic mixture of Gaus-
sians G(Gx;, oy) with o, = 1 and an amplified mean Gx;, with
relative probabilities |c j|2 (Result III.1), which is identical to
that of a mixed state

Pmix = le1*1x0) (i | + leal*| = x1) (=i . 5.1

Each individual trajectory (or run) is specified by a value of
xj, the value being one of the set of eigenvalues {x;} of the
measurement £. The relative weighting for x; in the simula-
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tions is determined by the probability amplitudes, as in (5.1).
The future boundary condition at time ¢, includes the input
fluctuation 8x(t), which we depict by the stochastic symbol
n(tr) in the figures, and is not measured the amplification
Hyp. The value of 6x(t5) is sampled using a random Gaussian
function G(0, 1) with mean 0 and variance GXZ =1 at time
tr (refer to the procedure of the simulation, Sec. III). The
backward equation (2.12) involves the noise inputs &,(¢), as
well as the decay. Remarkably, there is no change to the
properties of the fluctuations 6x(z;) as the amplitudes evolve
according to Eq. (2.12).

Causal deterministic relation. The future boundary con-
dition is hence determined by an initial condition at time #,
which probabilistically specifies the value x; [according to
(5.1)]. More generally, where the eigenvalues x; form a con-
tinuous set, we denote the set of outcomes by the continuous
variable xy. The future boundary condition is then determined
by the marginal W (xy) of the Wigner function W (xg, po)
(Results IV.4 and IV.5). W (xp) is the probability distribution
for possible outcomes forming a continuous set {xy}, which in
Fig. 17 is symbolized by the set {x;}. The amplification of the
value x; is given as a deterministic causal relation

x; — Gx;j, 5.2)
where by causal we mean forward in time. This causal de-
terministic relation is represented by the blue forward-going
solid arrow in Fig. 9. This is also justified, based on the models
Psup and Pyer (Results IV.13a and IV.13b): for any x, p, a
value x; can be selected for the initial state at time #p, with
probability P(x;|x, p). We have noted that being deterministic,
the relation x; — Gx; gives a retrodictive, backward relation,
Gx; — x;. This is depicted by the solid blue two-way arrows
in Fig. 17.

Stochastic retrocausality and hidden loops. We express the
amplitude as x(t) = x;(t) + éx(¢), where x;(t) satisfies the
causal deterministic equation

dx;i(t)
c;t = gx;(1).

with boundary condition x;(0) = x;, and solution x;(t) =
x;(0)ef (solid blue line in Fig. 17). The exponential ampli-
fication with respect to ¢ is evident in the trajectories for x
plotted in Figs. 6-9.

The retrocausality of the process is embodied stochas-
tically, in the noise term &x(z) [Eq. (3.24)]. The noise 6x
satisfies the stochastic equation

disx()]
o = 8+ E&),

(5.3)

54

with input 8x(¢¢) given as a Gaussian G(0, 1), at the vacuum
level. This is depicted by the orange reversed dashed arrows
in Fig. 17. We have seen in Sec. III that §x(#7) is added to the
mean macroscopic value x;(z) in a way that is independent
of the final time 77, and independent of the branch value x;.
Solutions for dx alone are given in Fig. 11. Similarly, the
properties of the noise &, do not depend on #f or x;.

The stochastic behavior is also independent of the setting
0, i.e., whether X or p is measured. In considering the mea-
surement of p where 6 = —mr /2 [Eq. (4.3)], we would solve

for trajectories p(t) = p;(t) + dp(t), where p; satisfies

dp;jt)
T gp;j(t), (5.5
and the ép(t) satisfies
d[s
DOPOT _ _ospe) + £,0) (56)

dt_

with input 8p(t;) given as a Gaussian G(0, 1), at the vacuum
level. The dp(t) has the same initial condition §p(t;) and
trajectory equations as §x(t).

The hidden loop for measurement of % is depicted in
Fig. 17 and is based on the conditional distribution Qg (p|x)
[Eq. (4.12)], which is determined from the initial Q function
O(x, p, ty). The value of x(#) is given as x; + dx(#). The
joint distribution for {x(#y), p(fo)} is given by Qieop(X, p, folx;)
[Eq. (4.13)] as in Fig. 2. The values p(#) propagate forward
in time according to (2.11), depicted by the orange dashed
arrows in the forward-time direction. Since they are at the hid-
den vacuum level at time 7, both p and éx are unobservable.

In summary, although retrocausality is present in terms
of Egs. (2.12) for x(¢), the causal model for the measure-
ment shows that this reflects only in the way the backward
equation is solved, at a microscopic stochastic level. There is
no genuine retrocausality in the sense of a backward-in-time
transfer of information about the outcome x; or the setting 0,
whether X or p. The trajectory for éx has a stochastic solution
involving the noise &,, but the noise inputs 6x(ty) and &, do
not depend on x;(¢) or the setting 6.

B. Causal consistency and causality at a macroscopic level

The Q function, which represents the quantum state
[y (1)) = e Ham!/R eyolves causally, forward in time. The
causal model must explain how consistency is achieved be-
tween the causal evolution of the Q function and the intrinsic
retrocausality implicit in the forward-backward stochastic dy-
namics.

Definition: Causal consistency. We demonstrate the causal
consistency of the measurement model by showing that the
joint distribution for x(¢) and p(¢) at a given time ¢ (fp <t <
tr), as provided by the hidden loops averaged over all branches
B;, is equivalent to the Q function Q(x, p,t) at the time ¢.
This must be true for all choices of #; (the time of the future
boundary). The test of causal consistency is depicted in Fig. 3.

Result V.1: Causal consistency of the Q model. The Q-
based model of reality is causally consistent.

Proof. Verification that the numerical solutions from the
simulations are causally consistent is given in Appendix B.
Here, we prove this analytically.

The simulation for the state ) i€ |x;) begins at the future
boundary at time f;, with a value x(f) emanating from a
particular branch B; (associated with the eigenvalue x;), with
probability |c;|?. For each branch, the distribution of x(t)

. . . —(—Gxj)2/2 )
is given by the Gaussian —— where G = %/, We first

g
consider just one branch, x;. At time ¢, the distribution is
—(x=G(t)x ;)2 /2
e J

V2r
time 7o = 0 is Q;(x) =

e

(fo <t < ty) where G(t) = e*'. The distribution at
ef(xijﬂ/z

NGz

, a set of values for x that we
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denote by B;. At time #y, there is a connection with a set of
values for p determined by Qy(p|x) [Eq. (4.12)]. For simplic-
ity, in this paper, we consider the superposition of |x;) and
|x2) where there are just two branches, and take |c|| = |c2],
¢y = |cale®, and x, = —x; with x; > 0, and denote the two
branches by B... Following on from Eq. (4.17) of the proof of
Result TV.9, denoting the distribution of the branch 5. at #

T2

by Q:t(-x) = on
x; = #£x1, and find

Oloop(X, p, folx € By) = 0+ (x)Qo(plx),

where Qy(p|x) is given by Eq. (4.15).

Continuing, we examine the forward evolution of the dis-
tribution of the p amplitudes. The forward and backward
equations are separable, so that trajectories for p propagate
independently of those for x. The marginal of pis Qg (p, t) =
[ dxQgup(x, p, 1) where Qqup(x, p, 1) is given by Eq. (3.14).
We find

, we consider the branch with eigenvalue

(5.7)

P 205(t)

Noe—— (1 + e % 1)), (5.8
OJEap(r)( +e ®), (5.8)

qup(p» t) =

where
F(t) = (cos ) cos [pG(t)x;] — (sin @) sin [pG(t )x1],

G(t) =e¥, a]f(t) =1+ [03(0) — 11/G(¢t)?, and N, is a nor-
malization factor. The distribution is evaluated from the
trajectories of p as shown in Figs. 8 and 9, and, notably, is
independent of the branch, whether B, or B_.

The joint densities for x(¢) and p(¢) at a given time #y <
t <ty can now be evaluated for each branch, by examining
the distribution Qioep(X, p, t1x € By), as in Eq. (4.19), which
is the evolution of (5.7) (refer to Fig. 3). The value of x; is
deterministically amplified to G(¢)x; as the system evolves
from the time ¢y, so that

o~ (TGO /2

0+(x) = Qg+(x) = T

Hence, denoting Qioop(x, p,t|x € B+) by Qioop+ (¥, p, 1)
for simplicity of notation, we find Qoop+(x, p,t) =
N, Q+(x)Q;(plx) where QO (plx) = O(x, p,1)/Q(x, 1) is
the conditional of the evolved Q function at time #, and
[noting Eq. (3.14)] is obtained from Qy(p|x) of Eq. (4.15) by
replacing /' — F(t), x; — Gx;, 0, — 0,(t). Hence,
€7p2/26/§(’)
V2mwop(t)
F(1)

1+ ————, (5.10

X( * osh (xG(t)x1)> (5.10)

where N, is a normalization factor. The Q@ function
Osup(x, p, 1) for the state |Pqy(t)) = e Ham!/T at time ¢ cor-
responds to the joint density given as the average of that for
the branches. Hence

(5.9)

Qloop (X, p, 1) = N; Qg+ (x)

e P 1200

su| s :Nt—
Quup (X, . 1) 227 0,(1)

(Qc+(x) + 06— (x)

F()

5.11)

which [on noting that o,(¢) = 1], reduces to the Q function
Osup(x, p, 1) given by Eq. (3.14), as required. We note the
proof follows because of the independence of the forward-
distribution for p on the branch, and because of the simple
deterministic relation x; — Gx; for amplification. The proof
for a superposition with more branches follows along the same
lines. |

Several related Results for the Q model of reality apply.

Result V.2a: Causality for macroscopic variables: No
retrocausality at a macroscopic level. As the system am-
plifies, the superposition Y ;¢jlx;) becomes a macroscopic
superposition ) e~ "me!/%|x ;) of amplified states [Eq. (3.13)
and Fig. 8]. The x(¢) becomes macroscopic and associated
with one of the branches A,, for which the outcome of the
measurement X is specified, as one of the eigenvalues x;,
consistent with the premise of weak macroscopic_realism
(Result IV.6). The causal relation is that the value A, deter-
mines the measurement outcome subsequently, if there is to
be a final detection, assuming there is no change of settings
(Result IV.6). The branch-value A, is not changed retro-
causally by the future boundary condition.

For such a macroscopic system, the deterministic relation
x; — Gx; applies fully to macroscopic variables x(t), since
for the macroscopic superposition, the x; are macroscopically
distinct at the initial time #,. Hence, we obtain causal relations
at the level of macroscopic amplitudes x;. This is illustrated in
Fig. 12, where the system is in a macroscopic superposition at
time 7. Each branch (symbolized by X,) is distinct throughout
the evolution, and shows exponential amplification forward in
time (solid blue arrow in Fig. 9). |

We extend this Result in Secs. VII and IX to include that
the model is consistent with no-signaling.

Result V.2b: No grandfather paradoxes. The causal model
explains why there is no grandfather-type paradox arising
from the solutions. The grandfather paradox is where the
state of a system at time ¢ is apparently affected by a future
event. If we define the state of the system as being deter-
mined by Q(x, p, t), then we have verified causal consistency
(Result V.1), that Q(x, p,t) is not changed by the future
boundary condition. If we define the state of the system by the
variable A, that denotes the branch for a physical observable
X, and hence defines a measurable physical property for the
system, then we have verified (Result V.2a) that this value is
not changed retrocausally.

C. Measurement problem

The solutions of this paper give a model for measurement,
contributing an explanation of the measurement postulates. In
the O model, amplification plays the key role in the quantum-
to-classical transition. From Result III.1 (Sec. III), we see
that amplification attenuates the interference terms that distin-
guish the superposition from a mixed state. The macroscopic
properties A, (given by the branches) emerge as the system
is amplified and the inferred outcome x(¢;)/G is one of the
eigenvalues x;. Born’s rule is derived in Sec. IV B.

Amplification also contributes to an explanation of the
collapse of the wave-function. As the system is amplified, the
superposition |¥s,,) €volves into a macroscopic superposition
(Fig. 8). The results from Sec. IV D (Fig. 15) show that for a
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macroscopic superposition, the postselected state conditioned
on the branch with outcome x; approaches the eigenstate |x;).

However, the amplification H,y, that creates the macro-
scopic superposition state is a reversible process. The
complete collapse to the eigenstate must occur when the pro-
cess is not reversible. We see that this corresponds to when
information about the complementary variable p is removed
at the final detection (Fig. 13). In the calculations (Sec. IV D),
this corresponds to averaging the distribution Qieop (X, p, folx;)
for the inferred state (given an outcome x;) over p. A better
model of the collapse allows for a coupling to a meter [109].
A model for projection (and the collapse of the wave function)
when a measurement is made on a system B by a meter A is
given in Sec. IX.

VI. CONTINUOUS-VARIABLE EPR ENTANGLEMENT

The stochastic equations can be applied to treat bipartite
systems. In this section, we examine EPR entanglement as
detected using measurements of X and p.

Einstein, Podolsky, and Rosen (EPR) presented an argu-
ment for the completion of quantum mechanics in 1935 [139].
The argument can be realized for two separated field modes
A and B [140,141]. Two modes prepared in a two-mode
squeezed state

Wepr) = (1= 7)'2 ) tanh" ry [nyln)p - (6.1)

n=0

at time 7y = 0 possess EPR correlations. Here n = tanh r,
where r; is the two-mode squeeze parameter, and |n)4/p are
number states. boson operators a, b and quadrature phase
amplitudes X4, pa, Xp and pp are defined for each mode, where
fa=a+at, 25 =b+b", pp = (a—a")/i, pg = (b—b/i.

The Q function for the two-mode quantum state [i) is
defined as Q(«, B) = #|(o¢|(,3|w)|2 where |«) and |B) are
coherent states of modes A and B, respectively. Introducing
real coordinates x4 =« + o*, pa = (¢ —a®)/i, xp = +
B*, p = (B — B*)/i, the Q function of |rep,) is

1 - 712) Ly —xp)? _1 2
—_ —_— 8 8
err(x 1) e (xa—xp) (1+rl)e (pa+pp)-(1+n)
’ 1672

< e—§<xA+xB>2<1—n>e—g(m—pwz(l—n)’

6.2)

where A = (x4, X, pa, pp). As 13 — 00, |Yepr) 1S an eigen-
state of X_ = X4 — Xp and p. = p4 + pp, giving a realization
of the EPR paradox [141].

Following Sec. II, a measurement of X4 or ps is modeled
as a direct amplification, given by the Hamiltonian

H?mp — ihg(&TZeZtG _ &26—210 )’

6.3)

where g is real and positive. The choice & = 0 or 7 /2 allows
measurement of %4 or p,, respectively. Similarly, Hfmp =
ihg(h™e*® — b?e29)/2 with ¢ = 0 or 77 /2 allows measure-
ment of Xz or pp.

First, we consider joint measurements of X4 and xp. Fol-
lowing Sec. I1I, the stochastic equations for the measurements

X4 and xp are (K € {A, B})

dx
—= = —gwc + & (1), (64)
dt_

with a boundary condition at the time 7, and % = —gpk +

&ko(t) with a boundary condition at time #,. We find
(ku(1)Exy (1)) = 288,,8(t —1'). The noise terms for A and
B are independent.

The equations can be solved by transforming to x; = x4 £
Xp, p+ = pa £ pp. The equations are

dxi

e (6.5)

= —gxs +&11(),

with boundary conditions at the future time ¢;. Those for p

and p_ are ‘% = —gp+ + &4 (¢t) with boundary conditions at
the initial time 7y = 0. Here (£,4+(1)&,+(t")) = 4g8,,,8(t —1')
and (&,-(t)&,_(t")) = 4g8,,6(t —t') and cross-terms are
zero. We examine the solutions for x4, since these are
of most interest to us, representing the amplified, or mea-
sured, quantities. As in previous examples, the dynamics
for the x and p separate, so that the amplification of x is
determined by the marginals for x4 and xz. The original
distribution (6.2) is a function of x,, x_, py, and p_. Trans-
forming Qepr (A, 7o) to these variables to obtain the function
Qepr,+(X+, p+, fp), the marginal for x; and x_ at time ¢ [de-

fined as f err,:l:(x:tv P+, t)dvadpf ] is

€7x3 /202 (t)e.fxi/Zafr )

err,:t(XJr» X—, t) - (66)

2no(t)o_(t)

Here the gain is G(t) = e¥ and the variances are
Gi =2+ Gz(t)[ai (0) — 2], which we rewrite as

ol (t) =2(1 4 *'e*m), (6.7)
The function Qepr,+ (x4, X_, t) is separable with respect to x_
and x. The value a}[ (t) = 2 is the hidden vacuum noise level
associated with the Q function. The boundary condition for
the backward trajectories of x4 is determined by the marginal
QOepr,+ (x4, x_, 1) of the system at time ;.

The results of the simulations for x are shown in Figs. 18
and 19. The solutions for x_ reveal the correlation for the EPR
state between x4 and xp. The variances o3 (¢) increase with gt
due to the gain associated with the measurement. However, the
trajectories when scaled according to the amplification fac-
tor G = ¥ reveal a reduced variance O’i t)/G* =2(e™ +
e*?2). We note that o_(t) — 2(e % + ¢722) — 0, as con-
sistent with the prediction of zero variance in the measured
quantity X_ = X4 — Xp, when r; is large. On the other hand,
there is an enhanced variance in x;. beyond that of the vacuum
state (as the x4 and xp are uncorrelated), which becomes larger
with the measurement, which amplifies the field.

The agreement of the predictions from the simulations
with quantum mechanics can be demonstrated by introducing
the scaled variables Xy = x4 /e® and Xa;p = xa//€* . These
scaled variables correspond to the measured outcomes in the
O model of reality (Result IV.1, Sec. IV), which we denoted
by xp in the single-mode case. In the large-amplification limit,
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FIG. 18. EPR simulation. Simulations for the joint measurement
of X4 and X3 on the EPR state |, ). The top figure shows trajectories
of x_. The lower figure shows trajectories scaled according to (x4 —
Xg)m = X_ = x_/e¥ which is the inferred (measured) outcome of the
measurement X_ = X4 — Xp, as gt — oo. Here r, = 2.

07 (1) — 2¢**22 The marginal (6.6) at time ¢; becomes

o/ Ae 2 e ,—F2 4™

Qs (X, X, 17) = 25 (11)G-(tr)

— L o/ 4eTI) R A
4

where we take gt — 0o and 54(f7) = 2¢*>"2. Once the ampli-

fication factor G is accounted for in the measurement, the final

distributions for x_ and x are

(6.8)

Ouc(Fg, tf) = AL/ (4T, (6.9)

1
2eFnr \/E
These distributions have variances of 2¢¥22. The hidden vac-
uum noise terms associated with the Q function, as given
by 02(t) = 2 in the expression (6.7) for o (t), have become
indiscernible. The limiting distributions give precisely the
distributions predicted from quantum mechanics. The two-
mode squeezed state |Yep) predicts [A(£1)]* = 2¢*272, where
X4 = X4 £ X, consistent with the result given by Eq. (6.9).

The EPR argument is based not only on the perfect correla-
tion between %4 and &g, but also on the perfect anticorrelation
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FIG. 19. EPR simulation. Measurement of 4 and Xz on the EPR
state |epr). The top figure shows trajectories of x,.. The lower fig-
ure plots trajectories of the scaled value (x4 + x), =X, = x /e¥,
which becomes the inferred (measured) outcome of the measurement
Xy = X4 + Xp, as gt — oo. Here, r, = 2.

between ps and pg [139]. The stochastic equations for joint
measurements of p4 and pp are

dp
=5 = —gpx + £ (1), (6.10)
dt_

and de = —gxx + &k»(¢). The equations of interest are those

for pK since these give solutions for the amplified variables

that are measured. The marginal for p. for the initial state

(6.2) is

e~ P2/2030) p=1% /202(0)
2m04(0)o_(0)

where Ji (0) = 2(1 + €¥%2). The fluctuations are decreased
in p. The marginal used for the backward equation (6.10) is

err,:l:(pfv P+, 0) = ,  (6.11)

e~ P2/12030) =P /202 (t5)
. (6.12)

_,lf) =
err,i(p+v P—; f) 27TO'+(l‘f)OL (tf)
where the gain is G(r) = ¢¥ and the variances are ai(t) =
2(1 + %' e*27). The Qepr,+(p—, p+,tr) is obtained from
Qepr,+ (x4, x_, 1) by replacing x; with p_, and x_ with p..
The stochastic solutions for p+ are hence given by those of
X4, but with p, replacing x;. The results are in agreement
with those of quantum mechanics, showing an anticorrelation

012210-26



FORWARD-BACKWARD STOCHASTIC SIMULATIONS: ...

PHYSICAL REVIEW A 113, 012210 (2026)

40

30 T

10+

XA' XB

0 0.5 1 15 2
o]

FIG. 20. Model of EPR correlations and weak elements of re-
ality. We consider joint measurement of X, and Xz on the EPR
state [Wep), With 1, = 2. The figure shows trajectories for x4 and
xg. Distinct branches emerge as the system is amplified. The pair
(xa, xp) corresponding to the same run is shown with the same color
and symbol. The outcome of %, is the value x,(¢)/e* . Similarly, the
outcome for &z is xp(¢)/e. For large r and G = e¥, the correlation
between x4 and x;p is perfect so that the outcome for x4 can be inferred
from %p. The trajectories ps and —pjp for the joint measurement of
pa and —pg show the same behavior as for x4 and x, satisfying the
same equations.

between the outcomes of p4 and pp, as r, becomes large. The
simulation leads to the following conclusions.

Result V1.1: Branches show EPR correlations. Branches
emerge as both systems are amplified, consistent with the
prediction of EPR correlations.

Proof. First, we note that the interactions H;“mp and HE
[Eq. (6.3)] that induce the choice of settings and amplification
at A and B are local, acting only on the sets of variables
{xa, pa} and {xp, pp}, respectively. In the Q model, when the
fields A and B are spatially separated, we identify amplitudes
{xa, pa} with field A, and amplitudes {xp, pg} with field B.

The solutions for x4 and xp are found as x4 = (xy + x_)/2
and xp = (x4 — x_)/2. For large amplification gf, the solu-
tions are dominated by those of x,. In Fig. 20, we plot x4
and xp, using the same symbol (and color) for the same run
of the simulation. As the amplification due to measurement
increases, the branches (denoted Aﬁ and Af) emerge, given
by the lines in the Fig. 20 (Secs. IIIB and IV A). With
amplification, at a time 7,, when the values x4(¢) and xp(?)
are macroscopic, the premise of weak macroscopic realism
applies (Result IV.6, Sec. IV C) and the result of the mea-
surements X4 and Xp are assumed to be determined. The value
x4(t)/G or x(t)/G given by the “line” as gt — oo represents
the outcome, if a detection is to be made. We see that x, (1) —
xp(t) — 0 as r, becomes large, implying perfect correlation
between the outcomes of X4 and X, in the Q model of reality.
Similarly, for measurements of p4 and pg, we find branches
(which we label A% and A7) emerging for amplitudes p4(¢) and
pp(t) (Fig. 20). The amplitudes satisfy ps(¢) + pp(t) — 0 as
ry — 00, implying perfect anticorrelation between outcomes
ﬁA and ﬁB. |

Result VI.2: EPR correlations are consistent with (weak)
macroscopic realism: Weak elements of reality.

Proof. This follows from the proof of Result IV.1 and from
the definition of weak macroscopic realism [refer to Definition
6(a) of Sec. I B]. If we consider measurement of X4 and xp, the
trajectories separate and show distinct branches as gt — oo,
at a time we refer to as t,,, consistent with the emergence of
macroscopic superposition states as the system is amplified
(Result V.2a). Applying Result IV.6, weak macroscopic real-
ism holds: the outcomes are determined at the time ¢,,, denoted
by the value indicated by the lines in the Fig. 20. We refer to
these values as “weak elements of reality.” |

The existence of the weak elements of reality does not con-
flict with the known failure of the EPR elements of reality as
shown by Bell’s theorem. This is because the weak elements
of reality are defined for the system after the local settings
are fixed, at the time #,,. Results VI.1 and VI.2 are hence
consistent with proposals that elements of reality exist for the
EPR experiment, after the settings are fixed, in a way that does
not conflict with Bell nonlocality [108,119,142].

VII. CV BELL NONLOCALITY

The demonstration of Bell nonlocality involves a choice of
measurement settings 6 and ¢ for systems A and B, respec-
tively. In this paper, we examine measurements of x and p,
for which the outcomes are continuous variables (CVs). It is
known that certain states will violate a Bell inequality for such
measurements [143—146]. We define the rotated quadrature
phase amplitudes

Xga = X4 €080 + Py sinb,

Poa = —Xasin6 + py cos O (7.1)
for system A and

Xpp = Xpcos¢ + ppsing,

Py = —Xpsin¢d + ppcos ¢ (7.2)

for system B. In the proposed Bell test, the amplitudes Xy4 and
Xpp are measured, and the outcomes are binned to be +1 or
—1, according to the sign S of the outcome. Binary outcomes
S = %1 apply at each site, for given settings 6 and ¢. The
joint probability P48 (6, ¢) for positive outcomes at A and B,
given 6 and ¢, can be determined experimentally. Bell’s local
hidden variables (LHVs) assumption is that this probability is
given by

P60, ¢) = /d)»p()»)PA(H)», 0)P(+A. ¢),  (7.3)

where p()) is the distribution for a set of hidden variables
A that describe the hidden-variable state of the system, and
Py(+|X, 0) and Pg(+|A, @) are the respective probabilities for
an outcome +1 at A and B, given the values A, 6, and ¢
[1-3,147]. The locality assumption is the independence of
Ps(+]A, 0) on ¢, and of Pg(+]|A, ¢) on 6. The condition (7.3)
allows a Bell inequality to be derived as for spins [143,144].
The Clauser-Horne (CH) Bell inequality S < 1, where

S =
PL(O") + PE(9)

(7.4)
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follows, where Pj: (8)and Pf (¢) are the marginal probabilities
of obtaining +1 at site A and B, with the settings fixed at 8 and
¢, respectively. The Clauser-Horne-Shimony-Holt (CHSH)
Bell inequality

|E©.¢)—E@©.¢)+E® . ¢)+EWO,¢) <2

can also be derived, where E (0, ¢) is the expected value of
the product of the outcome S at each site.

An example of a state that will violate the Bell inequalities
is the two-mode-squeezed cat state [145]

(7.5)

[Wpen) = Nge 11/ (|ag) 4 lato) g + |—ato) sl —cto) ), (7.6)

J

NZe—pi/4—p§/4—lanh ropaps/2

Ogen(a, B) = 2

1672 cosh? ry

where H; = ixli(ath" — ab), N} = 1/[2(1 + e**)] and ay
is real. Violation of the CH-Bell inequality (7.4) with § =
1.008 for g ~ 0.9 and «#; = 0.6 has been predicted, for cer-
tain choices of 6 and ¢. For example, letting §; = 6 — 6" and
8, = ¢' — ¢, the authors of Ref. [145] report violations for
0=¢=042rand §;, =6, =8 =0.7x.

A. CV Bell simulation

We next outline the simulation of the CV Bell violations.
The system is prepared in a bipartite state, such as |ge), at
a time 1. The Q function Qpen(e, f) = 7 [(tl(Blypen)|* for
the state |Ygen) is (ro = kty)

ef(xA —20pe0)? /4ef(xB72aoe’0 )2/462(lanh ro)[(xa—2ape” ) (xp—2ape’0) /4]

+ o~ (xaF2x0e /4 o~ (2000 )2 /4 g2 (tanh 70)[(xa+200e"0) (x5+2er0¢0) /4]

" 1
+ 26—2(1—tanh ro)ade? oe—x§/4e—x§/4e§(tanh r0)[xax5] cos [(1 — tanh ro)aoe’(’ (pA + ps )l

This function has the form

Ogeil(X, o) ~ G(pa, pp){G1 (x4, xp) + Ga(x4, xp) + 1},
(7.8)

where we denote the real variables x4 = a + o*, py = (@ —
a*)/ist = :8 + ﬂ*s PB = (13 - ﬁ*)/lby)v = (-XA’ PA, XB, PB)
as in Eq. (6.2). Here, G denotes a bivariate Gaussian function
and / is a sinusoidal interference term arising due to entangle-
ment.

Measurement settings. After preparation of the state at time
to, the field modes A and B are spatially separated. Each field
then interacts locally with a device that determines the mea-
surement setting. The amplitudes {x4, p4} represent field A,
and amplitudes {xp, pp} represent field B. For measurements
X4 and X4p given by (7.1) and (7.2), the device that deter-
mines the measurement settings 6 and ¢ is a phase-shifter,
modeled by the interaction Hamiltonians

Hj =3ha, Hj =3hg (7.9)
for systems A and B, respectively (g > 0). Here, /14 and i
are the number operators for modes A and B. Straightforward
solutions of the operator equations of motion yield for H
that X4 = Zpa/hi and ps = —ga/h, and similarly for H. The
solutions are

24(t) = £4(0)cos 6 + pa(0)sin6,

Xp(t) = xg(0)cos ¢ + pp(0)sin ¢, (7.10)

where 0 = gty /h and ¢ = gtg/h, the t4 and 73 being the times
of interaction. This gives the required transformations (7.1)
and (7.2). The interactions H9A and Hf correspond to the
unitary operations Us(0) = e~ Hia/h = ¢~ and Uy(¢) =
e~ H51s/h — ¢=i9h5 We may consider that the operations act
simultaneously, or consecutively, in which case one interac-
tion only may be completed at a time #;. We denote the time
at which both interactions are completed as the time 7, > 1.

(7.7)

(

After interaction with both the phase-shifters, at a time 1,,
the state of the system initially in state i) is

[ (1)) = e Hitalhg=iHjim/h (7.11)
The corresponding Q function at time #, is
1 . o
Ohror, 12) = ;|<oz|<ﬁ|e—’9"f*e—‘¢"ﬂ|1/f>|2
1 ) .
= —(ae”|(Be|¥)|%, (7.12)
T

where Aot = (X4, Poa, X¢B, Ppp) represents the rotated
coordinates: xg4 = e’ +a*e™, pgy = (e —a*e ) /i,
xpp = Be'® + B*e™, and pyp = (Be' — B*e'?)/i. The last
line follows since e¢®%|a) = |ae). From this result, it is
shown in the Appendix D that the Q function Q(XAio, t2) of
the new state at time #, is that found by substituting the
coordinates A = (x4, pa, Xg, pg) in the original Q function
Ogen (X, to) for the new coordinates Ao, given by the rotation
transformation

Xoa = Xa €080 + pasind,

Poa = —Xa SIn6@ + p4 cosb, (7.13)
and

XgpB = XpCOS ¢ + ppsing,

Dyp = —XpSin¢ + ppcos . (7.14)

This is a general result, valid for arbitrary two-mode states.
Alternatively, we see that the Fokker-Planck equation of type
(2.8) corresponding to the interactions H}' and Hdlf contains
drift terms only, without diffusion terms. The equivalent equa-
tions for the amplitudes are hence deterministic (without
stochastic terms) [135]. Consistent with the above analysis,
the evolution of the amplitudes A associated with the dynamics
of the Q function is hence given by

xa(t4) = x4(0)cos O + p4(0)sin6,

pa(ta) = —x4(0)sin 6 + pa(0)cos b, (7.15)
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FIG. 21. Evolution of amplitudes xz(¢) and pg(t) as the system
B interacts according to Hf [Eq. (7.9)], which induces a change of
measurement setting ¢ = gt /i at B. The amplitudes evolve as (7.16).
Here, the initial distribution of x5 and pjp is given by the Q function
(3.3) of the squeezed state with x; = 4, r = 2 (which approximates
an eigenstate |x;) of X3). For this approximate eigenstate, the variance
of pp is large, that of xp is small. After a time ¢ = fig/g, the system
is prepared for measurement of X,5. Note that at the intermediate
times such as ¢ &~ 0.7, where ¢ # nm /2 (n is an integer), neither the
variance of x nor pp is large.

and
xp(tg) = xp(0) cos ¢ + pp(0)sin ¢,
pe(tg) = —xp(0)sin® + pp(0) cos @, (7.16)

where 0 = gt4/h and ¢ = gtp/h. The final amplitudes are
denoted xp4 = xa(ta), poa = pp(tp), x4 = xp(tp), and pyp =
pa(tg). We depict the dynamics in Fig. 21. There is a change
of setting at B, for a time 7z = ¢. If the distribution of the
amplitudes at time t) = 0 is given by Q(x4, pa, Xs, P, t0),
then the evolved amplitudes at time ¢ have a distribution
QO(xa, pa, Xp, pp, t) obtained by substituting x5 — xg cos¢ —
ppsing, pgp — xpcos¢® + ppsing in accordance with Eq.
(7.16) (refer Appendix E).

The transformations (7.15) and (7.16) corresponding to the
setting changes are local and deterministic. They give a causal
relation, from time #( to time #, > fy, but are reversible. Being
deterministic, there is a two-way relation (depicted by thin
two-way arrows in Fig. 22), since the values A Of coordi-
nates at time 7, allow a retrodictive inference of the values A
at o. Here, time 1, is the time at which both settings have been
adjusted.

Amplification. After both settings are fixed, at a time #,, the
measurements of %y4 and X4z proceed by amplifying xs4 and
x4 according to Hy, - and H}}  [Eq. (6.3)] followed by a final

amp

Q(krot'tz) -> Qm (xHA' X/ tf)
At 54
Q(A,to) xé‘lj(- Ag X§4=Gx§1j L~
xft Ho Xoa 1y \&J
J Ox
—————"“”’——;” \7 oA // )
o Poal{= = == = > 8pgy  [(M0)
xA'pA' H @ B A8 [vB_c,B]| —
B MR ¢ x(ak - (0] X@ =Gx¢ké \
7 X¢Bi 1 OXyp =
k 4-====b 5 (MB )
PyB Pop [\~
) t

FIG. 22. Steps in the simulation of the measurement of CV EPR
or Bell nonlocality. The entangled state given by Q(4, f,) is generated
at time fo. The settings are changed according to H;' and Hf , which
give causal local reversible deterministic relations (thin blue two-way
arrows). The state at time #, is given by Q(A.o, 12). Note that while
the amplitudes transform locally, the means x} — x7; and x{ — x5,
do not. After the settings are fixed, the measurements %p4 and %4p
are carried out by amplification, according to H;‘mp and anp, giving
stochastic forward-backward dynamics, with branches Xi} and Xg
emerging at time t#,,. There is a discontinuity at this stage for the
forward-time dynamics. The solid thick blue two-way arrows denote
the deterministic relations (x);, — Gxj;, x5, — Gx},), in which the
means xj; and xj, of the Gaussians in Q(Arw, 1) are amplified to
Gxj; and Gxj,. The microscopic noise inputs na(7;) and np(t;) at
the boundary at time ¢, give the reverse-time trajectories xps(¢) =
xg; + 8xga and x5(1) = x5, 4 8x4p (orange dashed lines). Q(Aror, 12)
and Q(, tp) determine the correlations giving links between trajec-
tories (indicated by the faint brown lines at fy). Local loops between
Xga and pys and between x5 and pyp, are depicted by dashed black
vertical lines.

detection. The equations for the amplitudes xp4 and x,4p are
local, stochastic, and retrocausal, given by

dxoa

DR 1),

e 8o + a1 (1)

CtX¢5

7, = &% + &g (1), (7.17)

with a boundary condition at the future time #7, where 7_ =
—t. Here, we use the term retrocausal only to imply the

propagation in the negative time direction f_. The equa-

tions for p are dfl'fA = —gpoa + &a2(1) and deB = —gpsp +

&po(t), which are causal with a boundary condition at the
time #,. The Gaussian random noises satisfy (£4,,(t)4,(t)) =
2g6,,8(t —t') and (£p, (1 )Ep, (t')) = 286,,8(t — t') with cross
terms zero. Here, we are imposing a new initial boundary
for Eq. (7.17) at time t,, where a discontinuity is introduced.
The backward nature of the propagation of the stochastic
amplitudes clearly implies a discontinuity at the time £, in
the forward-time direction. The amplitudes do not propagate
continuously in the forward-time direction.

Procedure of simulation. There is hence a two-step process
in the forward-time direction. At the time f,, the system is
specified with respect to a particular measurement basis, in
this case X4 and g (6 = ¢ = 0), as determined by the prepara-
tion of the system. This implies that the Q function Q(A, fy) is
expanded with respect to this basis, in terms of the Q function
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of [x}) and |x7), the eigenstates of %4 and £, as explained in
the causal model of Sec. V. The deterministic transformations
associated with H' and Hdlf rotate the amplitudes, so that the
Q function Q(A.q, 1) at time 1, is expressed in the coordinates
Arot = (X94, Poa, XgB, Ppp) Of the new measurement basis, £54
and )’5¢ B-

O(Aot, 12) is unique for the quantum state and is equiva-
lently expressible as an expansion in terms of the Q functions
of the eigenstates |xj;) and |x},) of £ and %45 (Appendix C).
This expansion Q(A.y, t;) involves bivariate Gaussian func-
tions G with means x; and x7,, and interference terms
Intap, similar to Eq. (3.8). The future boundary condition for
Eq. (7.17) is determined by the marginal

Om(xoa, XpB, 1) = /dpeAdquBQ(}vmlst) (7.18)

of the Q function Q(A., t) of the amplified state, where ¢ >
t,. NB: This function is defined for the bipartite system and
hence differs from Q(x, p, t) defined for a single system, in
Part I of the paper. We use the subscript m to avoid confusion.
We confirm below in Result VIL.3 that the interference
terms of the marginal (7.18), as for (3.20) in Part I of the
paper, vanish, and, as for Result III.1, the future boundary
condition for Eq. (7.17) is the sum of Gaussian terms. Extend-
ing the analysis of Results IV.3 and IV.4 of Sec. IV B to two
modes, the final distribution P(xy4, x4p) for the probability of
outcomes of Xg4 and %yp is given by the rescaled marginal

P(x9a, xpB) —> Osc(Xoa, X¢B, If) (7.19)

as ty — oo, which in turn is given by the marginal
W (xg4, x¢p) of the Wigner function of the state |g.). The
Wigner function for |Ygey) is derived in Ref. [145], revealing
a violation of the Bell inequality for certain choices of 8 and ¢.

Paradox and projection. Questions and paradoxes arise.
As in Result I1I.1, the amplified quantities that appear in the
scaled distribution Qy. (x4, X¢8, tf) at a time ¢, are the means
(denoted xgj and xgk in Fig. 22) of the bivariate Gaussian
functions. These means are amplified by each H,y,, and cor-
respond to the final detected outcomes, but are not directly
determinable from the values of the amplitudes x4 (¢) and
Xpp(t) at time 1, (Result IV.2).

Moreover, we show below that the transformation of the
Gaussian means x§ — xj; and x{ — x3, from time 7, to time
1, is nonlocal. In Part I of this paper, we show consistency with
an HV model where there is a probability for the xgj given

values for the amplitudes x4 and py4, so that the mean xg‘j can
be considered part of the description of the state at the time
11, after the setting is fixed locally at A. The interaction H:

amp
is assumed to “extract” and amplify the mean. But the H;“mp is

local, as is H'. How then can the change of mean, x’J“ — x4 o
be determined, if knowledge of ¢ is required? It seems that
there is no mechanism provided for the Bell nonlocality by the
simulation, other than that the violations are put in by hand as
a future boundary condition (FBC) (Sec. I).

In the following two Secs. VIII and IX, we counter this
argument and elucidate the paradox by considering projection.
While there is a discontinuity in the forward-time direction,
the amplitudes propagate backward in a continuous way. This
puts a constraint on the possible states for one system (for

future measurements), given the setting of the other. This
also leads to a demonstration of the consistency of the Bell
nonlocality with the premises of weak macroscopic realism
and weak local realism, as defined by Definitions (6) and (10)
in Sec. I B. These premises posit that real properties exist,
prior to the time #; at which the future boundary condition
is applied.

B. Role of hidden interference: Mechanism for Bell nonlocality

How does the simulation produce the Bell nonlocality? We
examine this in two parts. First, in this section, we examine the
dynamics of the Q function, as it evolves through each step of
the measurement in the simulation, showing the role of the
hidden interference. In Sec. IX, we examine the trajectories
of the forward-backward amplitudes, emphasizing the role of
projection.

The term [ that appears for |¥gen) [Eq. (7.6)] includes a
detectable type of interference which will contribute a mea-
surable central “spot” in the final detected joint probability
P(xg4, xyp) for outcomes xp4 and xgp of measurement fps
and %yp. We hence distinguish between the measurable in-
terference I present for a superposition of coherent states,
and the hidden interference Znt present in the superposition
of eigenstates |x;) of %, as in Eq. (3.8) with r — oo: The
hidden interference is not detectable when the system under-
goes amplification H,pyp (Result II1.1). The role of the hidden
interference terms is clarified by the simulation, from which
we deduce a mechanism for Bell violations.

Definition: Hidden interference terms. We consider mea-
surements of g4 and %gp. The Q function is expressed in
terms of the “measurement basis,” i.e., as a summation of the
Q functions of the eigenfunctions |xg4) and |xgp) of Xg4 and
X48. These are defined as for the squeezed states (3.3) but with
rotated axes 6 and ¢ (Appendix C). The interference terms
appearing when the Q function for the state |i) is written
with respect to the measurement basis are referred to as hidden
interference terms. These are denoted by Znt4p in the bipartite
case.

Result VII.1: Mechanism for Bell violations in the sim-
ulation. While the transformations x4, pa — Xpa, pea and
XB, DB — X¢B, Pep Of the amplitudes are local [refer to (7.13)
and (7.14)], the transformation of the means x’;‘ — xg‘j and

x8 — x& of the Gaussian functions is nonlocal (Fig. 22).
This is explained by the dynamics of the amplitudes in the
simulation, as we show below.

Proof. The transformations xa, pa — Xga, pea and
XB, DB —> X¢B, P¢p given by (7.13) and (7.14) that arise
due to the adjustment of measurement settings are local and
deterministic. Hence, if the amplitudes xg4 and x4,z were
directly detectable in the final measurement, a violation of
the Bell inequality would not be possible. A Bell LHV theory
would hold, where x4, pa, xg, pp are the hidden variables
given by A in the expression (7.3). In fact, the detected
outcomes of the measurements (based on the amplifications
Hj,, and HJ ) are given by the means xj; and xj, of the
Gaussians comprising the Q function Q(A, t;), when this O
function is written with respect to the measurement basis.
Since the means x;; and x3, lead to the outcomes via the

deterministic relations xg‘j — Gxg‘j and xgk — Gxgk, it is this
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stage that leads to any violation of the Bell model (and which
is hence “nonlocal”). [ |

Result VIL.2: Bipartite hidden interference and the future
boundary condition. The hidden interference terms Zntsp do
not contribute to the measured probabilities (as modeled by
the measurements Hy,,, and HJ ). This is a bipartite exten-
sion of Result I1I.1.

Proof. To clarify the role of the hidden interference Zntsp,
we express the Q function in terms of the measurement basis.
We take the case where the system is prepared for measure-
ments %yp4 and X4p (as at time #, in Fig. 22), and expand the
state for the system as

W) =Y cilxd)|x5e):

Jjk

(7.20)

where |xgj) and |xgk) are the eigenstates of £4 and %45 (refer
to Appendix C for definitions). The Q function Q(«, ) =
#(al(ﬁ|p|,8)|oz) can be written as

1
Q. ) = —(@l{Bl(op + pop)IA)le).  (721)

where the density operator p = |¥){(¥| = pp + pop is di-
vided into a sum of diagonal and off-diagonal terms,

Pp = Z lejil® g ) gl begu | (66 (7.22)
Jk
and
pop = Z CkCin |x9j)|x§k)(x§kf (xgj| (7.23)

JEJ kFEK
The Q function is hence

1
0= 5 D lenVal{ple gl + Zotan
jk
= N( Z |Cjk|2{g0,ap% (POA)QXQIYI (-XOA)
jk
X G0.0,,, (P¢B)gx§k’1(X¢B)} + IntAB>. (7.24)

Here we denote the Gaussian function of x with mean X and
variance o, by

-2
o~ /20,

Gr.o,(¥) = (7.25)

o2
We have taken the variance of x, for the eigenstate |xg) of
Xy to be 1. Equation (7.24) is a two-mode generalization of
Eq. (3.8). The summation involving the Gaussian functions G
arises from the diagonal part of the density matrix pp. Zntsp
is the hidden interference term arising from pgp.

In the simulation, the joint measurement of %p4 and %43
is modeled by Hfmp and Hfmp acting independently on each
system. As in the single-mode case, the means of the Gaussian
functions of xyp4 and x4p are amplified, but their variances
remain at 1, while amplitudes pgs and pyp deamplify. It
is shown in Result III.1 (Sec. III) that hidden interference
terms are not detected in the amplified field, a result that
can be straightforwardly generalized to apply to (7.24). The
probabilities P(xj;, x5,) for joint outcomes xj; and xp of
X4 and Xyp are known (in quantum mechanics) to be given

by the coefficients |cj|*> in the diagonal expansion of p
[Eq. (7.22)]. This is in agreement with the simulation, where
the detected probabilities correspond to the coefficients of the
Gaussians in the expansion (7.24), which are given by |c jk|2
(Sec. IV B). |

To summarize, the observed probabilities are given by the
mixed state pp defined by the diagonal matrix (7.22). The
hidden interference terms /nt4p correspond to off-diagonal
terms that are not detected with amplification.

Result VIL.3: Changing the setting at one location. No
observable nonlocality. Changing the setting at one location,
say B (leaving the other setting fixed) can change the hidden
interference, but not the observed probabilities, relative to a
nonentangled state. Hence, Bell nonlocality is not observed
with a change of setting at just one site. There are, however,
changes to the hidden interference terms.

Proof. The analysis in Appendix F shows what happens to
the system prepared in |{) [Eq. (7.20)] when we change the
measurement setting at one location, say B. The transformed
state of |) (i.e., of p = [¥)(¥]) is compared with the trans-
formed state of the partially mixed state ppix A given as

Pmix A = Z {(xgz‘phgz)} |x31>(x31|

)
= Y IAPIE e (wf]. a26)
1

To understand the meaning of ppix A, We express the state |)
of the system as |y) = Y, filxa)|¥F), where Y, |fi|> = 1
and leB) are normalized states for B. From the last line
of (7.26), we see that ppix o represents a system whereby
a collapse to the eigenstates at A has occurred. The ppix A
is hence not entangled, although local superposition states
remain possible for B.

To model the change of setting at B in the simulation, we
transform to the new basis of B. This changes the expansion
of p (and of the Q function of the state |y)), since in the
O model we write with respect to the measurement basis
(Secs. V A and VII A). However, the changes to the diagonal
part of p [pp of Eq. (7.21)] are the same for |¢/) and Pmix.A
(refer to Appendix F). The new expansions of p as given
for |¢) and pmix o are different, but the difference is only
in the off-diagonal terms ppp. This difference will affect the
hidden interference terms Znt,p in the Q function but do
not contribute to the observable probabilities (Result VII.2).
Hence, the observable joint probabilities for |i) are the same
as given for the nonentangled state Opix - |

Result VIL4: Bell nonlocality. After a change of setting at
both locations A and B, the hidden interference terms can
contribute to measurable probabilities. This can lead to Bell
nonlocality.

Proof. That changes of settings at both A and B can lead
to Bell nonlocality is illustrated by the spin Bell state (Ap-
pendix G). We explicitly demonstrate how this occurs for the
CV-Bell example below (Result VIL.S). [ |

Result VIL.5: Dynamics of the mechanism for Bell non-
locality. We trace the dynamics of the amplitudes in the
simulation depicted in Fig. 22 to demonstrate how Bell non-
locality arises in accordance with Result VIL.4.
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Proof. We consider first for simplicity that the state at time
to is prepared, for measurements X4 and X, in the entangled
state

e )+ )

Here, |x?) and |x,lf ) are eigenstates of X4 and Xp, respectively,
which we define as highly squeezed states in X4 and Xp
[(Eq. (3.2)]. The Q function is

QG 10) = N(Go.0,, (P4)G0.0,,, (P Gor 1(x4) G 1 ()

(7.27)

+ gxf,l(xA)gx,l;,L(XB)} + Iniag), (7.28)
where
_ @ @p?
Intap =2e" 2" € 2 Gay l(xA)g(xgH,'f,) 1(JCB)
/AR o)
% G0,5,, (P4)90,5,, (PB)F AB, (7.29)
with the sinusoidal component
Fap = cos [paAa/oy, + psAs/oy,].  (1.30)

The G are the Gaussian functions defined by (7.25). Here
Ax = (x} —x")/20,, and Ap = (x} — x})/20,, are the sep-
2

arations between the states of the superposition. The o and
2

o, are the variances of x4 and p, in the Q functions of the

squeezed states that approximate the eigenstates |xj-‘) and |x}').
The o, and o, are defined similarly for eigenstates |x) and
|xZ) of system B. Hence, 02 =02 = lando?, — oo, U[fg —
oo. The fringe term is modulated by Gaussian functions with
peaks at the average position of the means x} and x' (x¢ and
xB) and is damped by the separation A4 (Ap) between them.

From Results III.1 and VII.2, we know that the hidden
interference term Znt,p does not contribute to the marginal de-
fined as the integral Q,,(x4, xp, t)) = f dpadppQO(X, ty). This
is evident here as follows: When the cosine function in F 45
is expanded, the integral reduces to a combination of integrals
over ps or pp individually. Those involving a sine function
are zero due to symmetry. Those involving the cosine function
reduce to integrals of the type

1

am

o0
f e 7% cos (kp)dp = e /4, (7.31)
—0Q

as used in (3.19), which vanish since we take a = oIfA (or
aﬁB) to be large for the eigenstate. The vanishing of the
ZIntsp terms in the marginal Q,, (x4, Xg, tp) is consistent with
Result VII.2, that the hidden terms Znt,z do not contribute to
the probabilities measured directly under Hy,, and H, .

If we change the setting at B to ¢, then (following
Sec. VIIA) we substitute xp — Xx4pCc0s @ — pgpsing and
DB —> Xgpsind + pgpcos¢ in the expression for Q(A, 7).
The Q(A, ty) is transformed to give a new function (refer to
Appendix E):

Qo 11) = NG00, (PA){ngA,l (Xa)fep (X9, PyB)
+ Gor 1 () fr (X9, pep)} + Iniap(9),
(1.32)

where N; is a normalization term. The bivariate distribu-
tions Go,q,, (Pp)G,s 1 (xp) and Go o, (Pp)Gys,1(xp) in (7.28) are

transformed to the new coordinates, as depicted in Fig. 21.
These transformed distributions are denoted by fxf (XpB, PgB)
and fiz(xpp, ppp), respectively. The transformed interference
is

ag)?

_ey?
Tniag(@) =2¢" > Gupup) l(xA)go,a,,A (pa)

_@p?
xe 2 fupg (XpB, Pep)Fap(@),

2

(7.33)

where the fringe term is

Fap(@) = cos [%(x;‘ —x') + @(xf —xf;)}. (7.34)
The fringe term JFyp(¢) involves the rotated coordi-
nate pp(¢) = xgpsing + pgpcos¢ for B. However, the
pa is unchanged. We evaluate the new marginal defined
as Q,(xa, xgp, 1) = fdpAdp¢BQ(ArotB, t1). We can expand
both terms in Fyp(¢) as the sum of two terms, one involving
sin[pa(x} —x')/2] and the other cos[pa(x} —x{')/2]. The
sine integration vanishes due to symmetry. The cosine inte-
gration vanishes in the limit of aﬁA — oo [as for Eq. (3.19)],
justified for the eigenstates |x}) and |x;'). Now, we see that
the integration over p, ensures that Znt4p vanishes from the
marginal Q,,(xa, X4, t1): Hence, the change of basis in B
changes the hidden interference term Znt,p, but this change
remains hidden, since it does not contribute to the marginal
Om(xa, XpB, t1) (consistent with Result VIL.3).

However, if there is a change of setting at both sites A
and B, then both p4 and pp transform as in (7.13) and (7.14),
meaning that both p, and pp are rotated. The final transformed
function Q(A, 12) is given by

Opor, 1) = Nz{fx;.* (Xoa, Poa) fr (XpB, PyB)
+ fus (Ko, Poa) fu5 (XpBs PgB)

+ Iniap(60, $)}, (7.35)

where N, is the normalization constant. The interference term
is

Intap(0, ) = firrpy Xoa, Poa)f oot XpB> PpB)
AL

2

_p? _ap?

xe e Fap(6, ¢), (7.36)
where
Fun0.9) = cos | 252t ) 4 PP ot )|
(7.37)

Here, pa(6) = x4 Sinf + pga cos 6 and pp(P) = x4p sin ¢ +
DPypcos¢. To determine the marginal Q,,(xpa, X¢p, 1) =
f dpoadpypQ(Aror, 12) at time 1y, it is necessary to integrate
over ppa and pyp. With both transformations, the integrals
over ppa and pyp involving the cosine function no longer nec-
essarily vanish, since with 6, ¢ # nm (where n is an integer)
the variances o and o7, are no longer restricted to be very
large. This is evident in Fig. 21 and by Eq. (7.31), where a
need not be large (refer to Appendix E). Hence, we require
0, ¢ # nm to observe nonlocality. This implies that the rotated
state after a change of setting is a superposition of the original
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eigenstates. In conclusion, with such a selection of settings,
the interference term Znt4p(9, ¢) is no longer hidden and can
contribute nonzero terms to the marginal Q,,(xpa, X¢8, 12). We
conclude that the interference terms may contribute to the
measurable probability distribution P(xg4, x¢p) for outcomes
Xga and xyp of joint measurements Xp4 and Xy435.

This result can be generalized to an arbitrary state prepared
at time 7y by considering [) = > cjilx})|xf) (refer to Ap-
pendix C). ]

Comment. It is the interference term Zntsp present in the
original Q function Q(A, o) that leads to the Bell nonlocality.

Proof. The marginal Q,,(xg4, X¢p, t2), defined by (7.18)
and used in the above proof, can be expressed as the sum
of three terms, Qy, Q,, and Q3. These are defined as the
integration over pys and pyp of the three terms appearing in
O(Aror, 12) in (7.35). The integration of the first two terms
in Q(Aot, 1) gives QO and O, which lead to peaks in the
distribution Q(x4, X4, t) corresponding to the states |x?) |xf
and |x')|x3), respectively, as in a mixture of the |x;-‘) |x5) and
|xf)|xﬁ). The expressions Q; and Q, are expressible as a
product of a function of xy4 and a function of x4p. The xy4 is a
function only of local variables x4, ps, and €; xyp is a function
only of local variables xg, pg, and ¢. We see that any mixture
of the |x)[x?) and |x}')[x}) would satisfy a Bell LHV model,
where x4, pa, xg and pp play the role of hidden variables.
The third term given by Q3 = [ dpoadpysZntap(6, ¢) does
not factorize in this way, and hence leaves open the possibility
to violate a Bell inequality. |

Result VIL6: Nonlocality. Consistent with Results VII.1
and VIIL4, the effect due to the interference term Zntsg(6, ¢)
on the observed probabilities is nonlocal, implying it can lead
to a violation of a Bell inequality.

Proof. The proof follows from the above comment. We
note that the impact of the change of setting 6 at A on any
observed probability that is due to Znt4p is only present if
there is also a change of setting ¢ at B. This is evident by
the mathematical form of Znzsp in Eq. (7.36). If ¢ = 0, there
is no change to observed probabilities due to any change of
setting 6 at A that can be attributed to Zntap; if ¢ # 0, such
a change becomes possible (Result VIL.5). Hence, the effect
due to Zntsp at A depends on ¢ at B. |

Result VII.7: The CV Bell nonlocality requires the settings
to mix x and p locally. The constraint 6, ¢ # nm (where n is
an integer) is derived above in Result VILS5 as a requirement
for the Bell nonlocality. This implies the settings need to be
changed (relative to the initial settings, denoted x4, ps and
Xp, pp) so that both the measured quadratures 2‘9“ and )%g are
rotated to combine the local amplitudes x4, ps and xp, ps,
respectively (so that the rotated states are superpositions of
the original eigenstates in X4 and Xp). This is consistent with
quantum predictions.

C. Local loops, nonlocal loops, and correlation

We see from Sec. IVE that the hidden interference term
ZInt can contribute to a hidden loop, which distinguishes the
superposition from the mixed state (Figs. 16 and 17). The
correlations are more complex in the two-mode case. How-
ever, we see that the term Znt4p present in the Q function
(7.28) of the superposition |x})|x?) + |x;') [x5) implies that the

ahty) QA onty)  Qhout) > Qy (X4, X, ty)
Lo
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FIG. 23. Nonlocal loops and EPR states. Diagram as in Fig. 22,
depicting the special case of the simulation of the measurement of the
CV EPR entanglement for [v/,). The system is prepared for mea-
surements X4 and Xp at time #y. The top figure depicts measurement
of X4 and Xz, where x and p trajectories are not connected. The lower
figure depicts measurement of X4 and pp, showing nonlocal loops.
The local loops evident in Fig. 22 for the Bell state are absent for the
EPR state |epr).

conditional distribution Q(pa|x4) (unlike that of a mixture of
le})x¢) and |x') [x2)) does not factorize to give Q(palxa) =
Q(pa). Hence, a local loop connecting variables x4 and py
will be present.

Definition: Local loop. We define a loop as local, if it
connects backward and forward-propagating variables for a
single system (A or B).

Result VIL.8: Local loops are associated with the Bell
violation. We see from Result VIL.5 (Comment) that the
Bell nonlocality arises from hidden interference terms Znt4p.
These terms [as for Znt in Eq. (3.8)] lead to a correlation
between the local coordinates. We see that Q(palxa) # Q(pa)
and Q(pglxg) # Q(pp). There are hence local loops for each
system A and B. The local loops are depicted in Fig. 23. Being
a consequence of Znt,p, they are present for the Bell nonlocal
system.

Comment. This is consistent with the observation that a
local loop does not exist for the CV EPR entangled state [ep;)
given by Eq. (6.2) (Fig. 23), for which a local hidden variable
theory (LHV) exists to explain measurements of %54 and %gp
[148].

For the two-mode case, it is possible to consider
other correlations, i.e., we see that Q(pp|xa) # QO(pp) but
also Q(palpg) # Q(pa) and Q(xalxg) # Q(xa). The latter
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correlations, between x4 and xp (say), imply a correlation
between X4 and Xp that can clearly also have a classical nature.

Definition: Nonlocal loop. We define a loop as nonlocal if
it connects backward and forward-propagating variables for
systems at separated sites.

Correlation. There are constraints that exist between the
trajectories of different systems, due to the correlation be-
tween the two systems, as defined by Q(A, #p). This occurs
in the EPR case [ve) [Eq. (6.1)], when both %4 and Xp are
measured, since Q(xalxg) % Q(x4) and x4 and xp are corre-
lated (Fig. 23, top panel). These constraints ensure certain
backward trajectories are correlated between the two systems
in a given run, as in Fig. 20, but can create nonlocal loops,
for example, in the EPR case where X4 and pp are measured.
This is depicted in Fig. 23 (lower panel) for [epr), Where
the existence of the perfect correlation between x4 and Xp,
and perfect anticorrelation between p4 and pp, allows for two
nonlocal loops, and is also a signature of entanglement [149].

The above correlations and connections between the tra-
jectories of the simulation are determined by the Q(Ao, 12),
which are in turn determined by Q(A, fy), at the initial time,
since the transformations (7.13) and (7.14) that change the
measurement settings are deterministic (refer to Appendix H).
This is depicted in Figs. 22 and 23 by the vertical dashed lines
at both times, #; and ;.

D. Hidden-variable (HV) models Pz, Paciz, and Pgen

In Sec. IVF, hidden-variable model Ps,, was developed
from the simulation involving [/sp). A similar approach can
be applied to the Bell simulation. In the proposed Bell test,
the amplitudes %y4 and %4p are measured, and the outcomes
binned to be 41 or —1, according to the sign S of the outcome.
Binary outcomes S4 = £1 and Sg = %1 apply at each site,
for given settings 6 and ¢.

Result VII.9a: Hidden variable model Pg. Unlike the for-
ward trajectories, the backward-propagating trajectories are
continuous. Hence, for any given joint “spin” outcomes S 4 =
+1 and Sgp=+1 at A and B, respectively, we can de-
duce a distribution P(A;o|Sa, Sp) for the amplitudes Ay =
(X904, Poa,> X, Ppp) at time tp. Here, 1, is the time by which
both the settings 6 and ¢ are fixed (Fig. 22). The distribution
can be found by tracing the backward trajectories from #; to
the time #,. Using that for events A and B, the conditional prob-
abilities satisfy P(A|B) = P(B|A)P(A)/P(B), it follows (refer
to Result IV.13, Sec. IV F) that for a given set of values for the
variables Ayoq = (X4, Poa, X¢B, PgB), there exists a probability
distribution

Pp(Sa, SplAror) (7.38)

for joint outcomes at A and B. Hence, a probabilistic HV
model Pp exists, in which the system given by amplitudes A,
can be viewed as being in a state with a certain probability for
outcomes Sy and Sp at A and B.

Proof. Following Sec. IV F, we identify A with outcomes
xgj, xgk, and B with variables A. Following Sec. IV D, we

define the distribution Qieop (Arot, 21X i xgk) for the variables
Aror defined at time ,, given the amplitudes xg4 (1), x4p(¢) that
are traced back from the branches Bs; and Bp associated

with outcomes x}; and xj,. The probability distribution for

outcomes xj;, X, given A is

Qloop ()“I‘Otv t2|xgj7 xgk)P(xgj, xgk)
Q(}‘-rotv t2) ’
Extending Eq. (4.14) in Sec. IV D to bipartite case, we write

Qioop (hrot 1915 Xgx) = Qi (04, Xp5)Q(haot [X04, X,

where Q1 (xga, Xpp) is the distribution at the time #, associated
with the branches By; and Bgy, and

O(Arot|x0a, X¢B) = O(Aror, 12)/ Om(Xoa, XgB, 12)

is the conditional distribution [similar to Qy(plx) in
Eq. (4.12)], defined from the initial state QAo ).
Here, we define the marginal Q,,(xp4, X¢p, 12) =
f dpoadpesQ(Arot, 12), which (extending Result III.1) is
the summation of the P(x},, x4,)Qim(Xoa, Xpp) over all [ and
m. Hence,

Py (X, X [Aror) =

Ok (Xpa, Xg)P (X5, X5, )
Om(xg4, XpB, 12)
IVF, we find

Py(xf . x| hror) = (7.39)

Following  Sec.
e*(’CgA*fs‘j)z/z e*(—V¢B*ng)2/2 iy

N = T'he prOb.i:lbl]lty of outcomes Sy
and Sp given the set of hidden variables Ay can be found by
summing the Pg(xj;. X Arot) Where outcomes xg;, xg, have
the appropriate sign.

Comment. In Sec. IVF (Result 1V.13b), the deterministic
model Py was also put forward, based on the postselected
state. A similar model Pye5 can be constructed in the bipartite
case, to describe the predetermination of the outcomes x; ;and

xgk of %64 and X4p as given by the system defined at the time
t; in Fig. 22, which is the time by which the measurement
settings have been fixed. The postselected states are derived
in Appendix H.

Result VIL.9b: Hidden variable model Pgey. A second
model Pgei traces back from branches at time #; to the time
to, prior to the unitary operations that determine the setting
choices 6 and ¢. This is possible because the relations (7.13)
and (7.14) are deterministic, allowing an algebraic transfor-
mation of variables (Appendix H). Hence, we define the HV
model

Qjk(xpa, Xpp) =

Pen(Sa, SglA, 0, @), (7.40)

where A = (x4, pa, Xg, pp) are the variables defined for the
state of the system at the time fy, prior to the interactions
that determine € and ¢. Hence, a probabilistic HV model
Pgen exists, in which the system given by amplitudes A =
(x4, pa, xp, pg) can be viewed as being in a state with a certain
probability for outcomes Sy and Sp at A and B.

Proof. We define

_ Qloop()‘ﬂ t0|x3j’ xgk)P(xgj’ xgk)

P(x2 xB 1) = (7.41)
(i ) Q. 10)

and evaluate the transformed probability density function
from Qloop()\rota t2|x2ja xgk)‘ n

Result VIL.9c: Asymmetric local hidden variable model
Phasym,a- A third HV model is deduced from Result VIL3.
Suppose we fix the setting at system A but allow a change of
setting ¢ at B. We consider measurements X4 and %,5. We see
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from Result VIL.3 that an LHV model exists based on ppix B
to correctly describe the outcomes of 4 and %yp. Details are
in Appendix F.

E. Weak macroscopic realism and weak local
realism for bipartite systems

We now extend the premises wMR(1) and wLR(1) of weak
macroscopic realism (WMR) and weak local realism (wLR),
given by Definitions (6) and (10) in Sec. I B, and by Results
IV.6 and IV.14, so that they apply to bipartite systems. Con-
sider the system of Fig. 22 prepared generally at time #, for
measurement of £g4 and %4z, so that an independent ampli-
fication H,pp for each system will finalize the measurement.
The possible outcomes at A are denoted by the set {xg ,-}. The

possible outcomes at B are denoted by the set {xgk}.

Result VIL.10: Weak macroscopic  realism:  Premise
wMR(1). The simulation (and Q model) of the bipartite
system is consistent with the premise wMR(1) of wMR
[Definition (6a) in Sec. I B], which posits that both the values
x’]‘.‘ and x? for the outcomes at A and B are determined at
a time t,, after the settings are fixed, and after sufficient
amplification, Hy, and Hy, .

Proof. Where there is a joint measurement as in the am-
plifications Hfmp and Hfmp, distinct branches emerge at a time
t,, (as in Fig. 20, at time 1,, = 2/g where G = €/ — 00). In
the O model, the measured outcomes (if detection takes place)
are given by Xpa = xpa(t)/G and Xpg = x4p(t)/G (Result IV.6
in Sec. IVC). We symbolize the predetermined values by
variables Aj and A%. [ |

Result VIL.11: Weak local realism: Premise wLR(I). At
the time #,, the system of Fig. 22 has undergone the uni-
tary transformations Ug' and U that fix the settings to be
0 and ¢. There are two versions of WLR(1), deterministic
and probabilistic, defined in Definition (10a) (refer also to
ResultIV.14, Sec. IV G). The bipartite simulation is consistent
with the premise wMR(1) of both versions of wLR, which
posit that both the outcomes at A and B are determined (at
least with a certain probability) at time 7.

Proof. The deterministic version of wLR posits consis-
tency with a hidden variable (HV) model in which the
outcomes are determined at the time #,. In the Q model as
applied to Fig. 22, the means x?i and xgk of the Gaussian
functions in Q(X, ;) are amplified to Gxgj and Gxgk, and
the correlation between the outcomes is hence determined by
O(Aor, 12). The interference terms Zntag in Q(X, t;) are not
amplified (Result VIL.2, Sec. VIIB). Hence, the prediction
for joint probabilities of outcomes %4 and Xp is the same as
for the mixed state, pp defined by Eq. (7.22), for which the
outcomes xgj and xgk can be viewed as determined for an
individual realization of the system. Hence, a deterministic
HV model consistent with wLR(1) exists. The model Pyep
outlined above in Sec. VIID provides a more detailed deter-
ministic HV model consistent with wLLR(1), and also accounts
for the interference terms in the Q function.

Alternatively, for the probabilistic version of wLR, a hid-
den variable (HV) model Pg [Eq. (7.38)] can be developed
from the simulation. At time #,, we consider the system to
be in an HV state A.oc = (X9, Poa, XgB, Ppp) With probability

O(Aor, 12). It is possible to construct a joint probability for the
outcomes x/ ; and xgk (and hence of S, and Sp) at the sites, for
any given values of A, [Result VII.9a, Eq. (7.39)]. Hence, a
probabilistic HV model satisfying the probabilistic version of
wLR(1) exists. |

Result VII.12: Deterministic relations D for correlated
outcomes. The results specify the outcomes xgj and xgk to
be determined at the time t,,, or else, for Result VII.11 (at
least probabilistically) at time #,. Hence, the results imply
certain deterministic relations D that specify the correlations
between the outcomes x‘e“j and xgk, at these times. For Re-
sult VII.1, the deterministic relations D will apply to the
system at time f,, because the settings at A and B are fixed
at 0 and ¢ at this time. The system has been prepared by
the appropriate unitary operations with respect to the mea-
surement basis %4 and X4p. Specifically, examining state
) 1xg) + 1) [x2) of Eq. (7.27), the Q function (7.28) shows
that the outcomes x/} and x/ are correlated, as are those of x/
and x5,

Result VII:13: Deterministic relations D for correlated
outcomes after a single setting change. Suppose we fix
the setting at system A but allow a change of setting ¢
at B. We consider measurements £, and X55. We see from
Result VII.3 that a local hidden variable (LHV) model Pysym 5
exists based on ppix g to correctly describe the outcomes of
X4 and %yp (Result VII.9c and Appendix F). We hence de-
duce a set D of deterministic relations implied by Pygym 5. In
the weak local realistic model (which is implemented by the
Q-model of reality), the values for the outcomes for x4 and
%4 are determined (at least probabilistically) as x‘? and xgk,
at a time #; once the settings are fixed at & = 0 and ¢. The
purpose of the relations D is to give the correlation between
the (hidden) variables, x;‘ and xgk.

Proof. The Q(A,t)) denoting an initial state | (t))
prepared in the measurement basis with 6 = ¢ = 0 is trans-
formed to Q(AB, t15) at the time 7,5, after the setting change
¢ at B, where Ao = (X, Pa, X¢B, PgB)- The Q(AroB, 15) Can
be written in the new measurement basis (Appendix E) using
(7.14). We can reexpress in the form (7.24): a sum of Gaussian
functions and interference terms Zntsp(¢). This is done by
noting that the initial quantum state |y (o)) = Y_; ; calx?)[xF)
is determined by the c;. The |Y (%)) is defined uniquely
by O(, tp) and can in principle be determined by Q(A, ty)
(Appendix C). Hence, we can write in the new basis, using
) = 3"y dix|xj,) where dy; are transformation coefficients
given in Appendix E, as functions of ¢. Hence | (¢15)) =
>k eiklxi)Ixh,), where ejr =3, cjidy can be determined
solely from the ¢; and ¢, which defines Q(A;, f15) in the
form (7.32).

This also defines the joint probabilities of outcomes x;‘ and

xgk, as |e jk|2. The deterministic relations D; that determine

the correlations between outcomes x4 and ka can hence be
established from knowledge of the initial state Q(X, fy) and ¢
at B. These are x# <> x5, with probability |e|*. [ |

Result VII.13b: Compatibility between wMR and wLR, and
the deterministic relations. It is remarked that weak macro-
scopic realism (WMR) is compatible with weak local realism
(WLR), and vice versa. In particular, the Q model of reality
supports both wMR and wLR, as evident from the simu-
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FIG. 24. Projection in the Q model. The system is prepared
at time f, with respect to the measurement basis of %4 and %p,
so that 6 = ¢ = 0. The field A is amplified (at time t,4) with
the setting fixed at & = 0. The trajectories x4(¢) conditioned on
the branch ’)t;‘ corresponding to an outcome x}‘ trace back to
time #, (orange dashed and solid blue line), where they correlate
with certain amplitudes, to determine the postselected distribution
Oloop (A, 10|XA) = Qloop(A, t0|x ) (accounting for the deterministic
relations D that constrain correlatlons with outcomes xF). The distri-
bution Q(xs, psA?) = O(xg, pslx}) for system B alone [Eq. (8.2)]
corresponds to the projected state of B given the outcome x at A.
The projected state is determined at (or by) the time 7,4, which can
be prior to a setting change H,, and final detection at B. The projected
state is consistent with the marginal Q,, (x4, X4z, tug5), Which gives the
joint probability density of amplitudes x4 (f,,3) and x4z (Z,5).

lations, which show consistency with wLR as well as the
emergence of branches. Hence, the causal model and the
above deterministic relations D are compatible with wMR.

VIII. MEASUREMENT WITH A METER:
STATE PROJECTION

For the EPR system (6.1), it is well known that the Wigner
function provides a local hidden variable (LHV) theory which
explains the correlation between spacelike-separated systems
A and B [148]. However, the LHV model cannot explain other
correlated systems, such as |Ygen) of Eq. (7.6).

In this section, we use the Q-based simulation to analyze
measurement by a meter, hence analyzing projection, where
a measurement on one of two entangled systems “collapses”
the state of the second system. We show consistency with the
premises wWMR(3) and wLR(3) of weak local and macroscopic
realism [Definitions (6¢) and (10c) in Sec. I B] which leads
to conclusions about the mechanism and the timing of the
collapse of the wave function.

A. Model for projection

Figure 24 shows a two-mode system prepared at time
for measurements X4 and xp (where 6 = ¢ = 0). The sys-
tem is described by a two-mode Q function Q(A, #y), where
A = (X4, pa, X, pp)- We use the symbols A and A interchange-
ably to represent the phase-space coordinates, which can also
symbolize hidden variables in the Q-based model. The system
might be in an EPR state such as given by Eq. (6.1), or in a
two-mode cat state similar to |ge)) of Eq. (7.6). We consider

quadrature phase amplitude measurements Xyp4 = X4 cos 6 +
pasinf and Xyp = Xpcos @ + ppsin .

If there is a change of setting ¢ at B, then there are con-
straints imposed on system B by the configuration at A. This
gives a model for projection.

In Fig. 24, the setting at A has been fixed at 6 = 0, ready
for a measurement of X4 (Fig. 24). Let us suppose that sys-
tem A at the time #,,4 has been amplified according to H, amp
[Eq. (6.3)]. The bipartite postselected distribution at the time
tp conditioned on a branch symbolized by AA with outcome xf
for &4 at A is denoted by [refer Eq. (4.13) and Definition (8)
in Sec. I B]

Qloop ()\» To |)5]4)

The bipartite distribution Qjoop(A, t0|xA) originates from the
backward-propagating trajectories that trace back to the initial
time 7y, from a given branch x’j“ for A. The initial state Q(X, ty)
implies a restriction (red dashed lines) on the state of system
B, as depicted in Fig. 24.

The Qiq0p is an explicit function of A = (x4, pa, xp, pp) but
is derived within the framework of the Q model of reality, and
Results VII.10-VII.12. Hence, its derivation must take into
account the possible outcomes x,’f at B, as given by the deter-
ministic relations D that specify the correlations between the
outcomes at A and B for the specified measurement basis. The
bipartite postselected distribution must be consistent with any
known deterministic relations D that determine the correlation
between any of the possible outcomes x¢ at B, and x/ at A
(Results VII.10-VII.12).

The state for system B alone conditioned on the branch x’?
of Ais

8.1)

Q(xp. pslx}) = /dxAdpAQloop()‘w folx7), (8.2)
as calculated by integrating Qloop (A, fo |x’]‘-‘) over x4 and p,. The
distribution (8.2) constrains the outcomes for B, including for
any future changes of settings at B. Figure 24 depicts a future
change of setting at B to ¢, as induced by the Hamiltonian Hy.

Result VIII.1a: Retrodiction not retrocausality. The distri-
bution function Q(xg, pp |x‘;) for the projected state for system
A is derived based on knowledge of the setting and outcome
x? at A and of the initial distribution Q(A, #p). No knowledge is
required about the setting ¢ at B. Hence, we claim the distri-
bution is deduced by retrodiction (not retrocausality), based
on the relation xA — GxA [Eq. (5.2)], and the deterministic
relations D that spec1fy the correlations between outcomes xA
and x? (assuming weak local or macroscopic realism, as in
Results VII.10-VIIL.12). Here, we assume the setting is fixed
atA.

Proof. The proof follows since Q(xg, pB|x‘j‘.‘) is derived

directly from Qjoop(A, tolx_‘;‘). The method of derivation of
Oloop(A, tolx;‘) involves tracking the trajectories x,(¢) for the
branch xf back to the original time £y, but the nature of the
backward simulation means the distribution Qloop()»,t0|x;‘)
can be deduced by retrodiction, by reversing the determinis-
tic relation xA — GxA and similar deterministic relations D
between xA and xk (refer below). This is because there is no
change to the properties of the noise x4 = na(ty), whichis an
input at the future boundary, as the system propagates in the

012210-36



FORWARD-BACKWARD STOCHASTIC SIMULATIONS: ...

PHYSICAL REVIEW A 113, 012210 (2026)

backward-time direction, from time 77 (which determines the
future boundary) to time £y (refer to Secs. [[IBand VA). N

The projected distribution at B, however, gives more in-
formation than just the outcome for the current measurement
Xp at B, given an outcome at A. This is determined by the
relations D as fixed by the current setting at B (Result VII.12).
The projected distribution gives information about the state
for B, and hence information about future measurements at
B after further setting-changes. This is because the projected
distribution is derived not only from xA but from the Q func-
tion Q(A, ty), which includes noise and interference terms. We
clarify with the following result.

Result VIII.1b: Future settings at B. The distribution

O(xg, p3|x?) determines the probabilities of outcomes at B,

conditioned on the outcome x? of Xa at A, for any future

choice of setting ¢. The predictions are consistent with the
correlations between outcomes at A and B as predicted by
the Q function Q(x4, x¢p, tnp) of the system at time t,,5, after
the setting-change and amplification at B (refer Fig. 24).

Proof. The proof is given in Appendix H (Result AH.3)
and follows because the change of setting at B is a local
transformation (D3) corresponding mathematically to chang-
ing coordinates in the distribution Q(xp, pglx;‘). u

Hence, as expected, the distribution Q(xp, p3|x‘;‘) will cor-
respond to the projected state, given quantum mechanically.
This models the “collapse to the projected state” for bipartite
systems.

Result VIII. Ic: Projected state. The probability distribu-
tion Q(xg, p3|xj-‘) corresponds to the Q function of the
projected state for B in quantum mechanics, given the out-
come x/} for system A.

Proof. Consider the general state Y, cjx|x})|x¢) as in
Eq. (7.20). We consider that the systems A and B are prepared
with respect to the measurement bases of X4 and Xg. We first
take the simplest case of

AR )

asin (7.27) where j # [, k # m, for which according to quan-
tum mechanics the projected state at B given the outcome
x} at A is |xg). (This follows because the eigenstates are
orthogonal, proved in Appendix C). Applying Results VII.11
and 12, the correlations between the outcomes at A and B
define a set of deterministic relations D in the Q model, in this
case

(8.3)

o xf, xb o xb. (8.4)

J

We consider the outcome xf Following the procedure of
Sec. IVD and Appendix H, we trace back the branch
B*.‘, to obtain the distribution for x4, at time #;, as

(VA Yj‘) /2
QxA (xa) = T
at to,

This gives for the inferred distribution

Oloop (A t0|xf?) = Q1 (xa)Q(pa, Xp, PplXa)
B Qx;.‘(xA)Q()L,tO)
 Oulxa, to)

where Q(X, fy) is the Q function of the system at time f
[Eq. (7.28)] and Q,, (x4, ty) = fdpAdedeQ(A, tp) denotes

, (8.5)

the marginal distribution for x4. However, a direct evaluation
does not fully define the projected state, due to the overlap
of the distributions of the eigenfunctions |x?) and |x') for
small separations |x‘J‘-‘ —x}'| £ 1. The correct procedure also
takes into account the deterministic relation D that defines the
correlation that x* implies xf for B, which is embedded in the
causal model, based on the fixed settings at #y. This relation
rules out the bivariate Gaussian in Q(A, fy) with means xA
and x8. The interference term Zntsp as given by Eq. (7. 29)
is shared between the two states of the superposition (8.3).
This term is a function of p4 and cannot be inferred from the
outcome being x’]“ or xf: this term is not ruled out. However,
the projected state for B is deduced by integrating over ps. We
see from Result VIL5 that the integration over p4 leads to a
vanishing of the term involving Zntsp. The projected state in
the O model is hence

Q.1 (8, PB) = G0.0,, (PB)G2,1(XB), (8.6)

corresponding to the Q function of state |x,f) as required.
Here G are the Gaussian functions defined by Egs. (7.28) and

(7.25).
Generalizing, the projected state of |f/) = 3 ¢ il [xg)
given x/} is found by rewriting |) = >, fj|x})|¥}) where
BY = %", djx|xP) is normalized as in Eq. (7.26). The pro-
jected state is |1ﬂf). Hence, we consider a superposition of

type

i (o) + dipfes) ) + [ )len). - 8.7
The Q function Q(A, #y) is of the form
O(A, tg) = N(go,a,,A (pA)gx;‘,l(xA)QBj(va PB)
+ G0.0,, (PA)G 3 1(xa)%0,0,, (PB)Gx5.1(xB)
+ Tntag). (8.8)

where Op,(xa, p) is the Q function of the superposition
dilxB) +dj|xB) + - - -, so that

go“{’g(pB)“dJl' gxl" l(xBy PB)
+ |dj2| gxfz,l(va pB) +--- +IB},

where here the interference term Zp is a sum of terms such
as Znt given for a single-mode two-state superposition, in
Eq. (3.8). The projected state conditioned on x4 rules out the
second Gaussian in (8.8), and the bipartite interference Zntsp
vanishes over the integration with respect to p4. Integrating
over the coordinates of A, the projected distribution given the
outcome x7 at A is hence

Os, (xp, pp) =
(8.9)

O (xp, pg) = O8;(X8, PB), (8.10)

in agreement with the Q function of the projected state IwB ).
The projected distribution QXA (xg, pp) describes the prOJected
state at time 7. The predlctlons for the outcomes if there is
a change of setting is given by the transformation (D3) at B,
which corresponds to the change of coordinates in QAJj\ (xB, pB)
(refer to Appendix H). ]

The projection models the collapse to the projected state
for bipartite systems. What does this tell us about the process
of the collapse of the wave function in the Q model of reality?
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Result VIII.1d: Wave-function collapse. The conditioned
state (8.2) for B alone has reduced information. For exam-
ple, fringe terms involving p4 vanish in Q(xp, p3|x‘]‘.’) (refer
above). Hence, in the Q-based simulation and model, the final
collapse to the projected state occurs when an inference about
the state of the system B is made, deduced from the detected
outcome xf at A. There is a loss of information about the
complementary variable p4 of system A. The projected state
does not fully reflect the state of the system B prior to the
measurement at A (Fig. 13).

B. Measurement by a meter
We illustrate projection as applied to the measurement
problem with the example of the entangled Schrodinger-cat
state

1
—{lao)|x1) +il—ao)|—x1)}. (8.11)

7
Here, | £ «p) are macroscopic coherent states for the field
mode A with ¢y > 0 and large. | & x;) are eigenstates of %p
with eigenvalues +x;. As in Part 1 of the paper, we model
the eigenstates |x;) as highly squeezed states in Xz. The state
(8.11) becomes

W/ent >M

[Ven) 1{|>’“‘>+'| >’”>}
ent/ M — =\ IX0)| =T ll—Qy)| — —,F .
\/z 2 sq 2 sq
(8.12)
where |7, r)y, is the squeezed state for mode B defined by

Egs. (3.1)=(3.3). For r large, the squeezed state |7,
comes the eigenstate |x;) of X.

When o« is large, the entangled state (8.12) models the
state created when a macroscopic meter (field A) has coupled
to a system B. The outcome of a measurement X4 on system
A gives (for o real and large) the outcome of the sign of Xp
for system B. According to the measurement postulate, if the
outcome for %4 at A is positive (4) then, for this superposition,
the system B collapses to the eigenstate |x;) (for r large).

We evaluate numerically from the simulation the distribu-
tion for system B conditioned on the branch corresponding
to the positive outcome (where x4(ff) > 0, denoted by the
symbol +) for x4 of system A i.e., Q(xp, pg|+). Here, be-
cause the system A is macroscopic, given by macroscopically
distinct states |o) and | — &) that become orthogonal as
oy — 00, the projected distribution Q(xg, pg|+) for B given
the outcome + at A is deduced directly by integration of
Oloop(XB, pB, pal+) over p,, without the need for direct im-
plementation of the deterministic relations D. The function
Q(xp, pgl+) is plotted in Fig. 25, verifying equivalence to
the O function of the squeezed state (modeling the eigen-
state |x;)), as expected from the meter-system state (8.11)
and consistent with the measurement postulates of quantum
mechanics.

I)sq be-

C. Projection after a change of setting

The projection procedure for one system, say B, condi-
tioned on an outcome at the second system A, can be applied
even when there has been a change of setting at the system A
after the time £y at which the bipartite states are prepared. We

0.04

O~(XBI pB | +)

FIG. 25. Projected distribution and collapse of the wave func-
tion. The projected state for system B entangled with a meter A, as in
Eq. (8.12). We plot Q(xp, pplx1) = Q(xz, pg|+) for B conditioned on
the positive outcome x; of X, on the meter A i.e., we trace back trajec-
tories with x4 (¢) > O at the time ¢, where ¢/ is large (refer to Fig. 24).
Here, we take g = 2, x; = 2 with 7 = 1.5and 1.2 x 10° trajectories.
The Q function Q(xp, pg|+) corresponds to that of the squeezed
state |x; /2, r), which approximates the eigenstate |x;), modeling the
collapse of system B to eigenstate |x;) after measurement.

examine this case, in order to understand the violation of Bell
inequalities in the next section.

Result VIII.1e: Projected state at B conditioned on A after
a change of setting at A. A projected state and distribution
O(xa, pglxg‘j) can be defined for the system B at a time £,
given an outcome xg‘j for a measurement fcg (Fig. 26). Here,
we are allowing that there has been a change of setting to 6 at
A after the initial preparation time #y. The time t,,4 is the time
after sufficient amplification at A, so that the outcome for fcg‘

Q2 to) time QA rorartsn) QAroty) QmXoaXys tma)
H
/~ xA\ — = ’
&

P
Q|00(7\.,t0|1‘g) I

:’/x'? )

u\iB’py;‘ e — — A Hd)

— —
A > /13

Q(xgpgl Ag) 0 tia toa t] -

FIG. 26. Depiction of projection where there has been a set-
ting change 0 at A. The projected state Q(xg, p,;ﬁg) is defined to
describe the system at time 7y, based on the setting change 6 at
A and the Q function Q(A, fy). The distribution Q(xp, p3|1'g‘) de-
fines predictions for the system B for further changes of setting ¢
that might take place, or have taken place, after the time #,. The
derivation is explained in Result VIII.1e and depicted in Fig. 27,
involving the derivation of Qjoop(Aroa, 114 |x) ) followed by a change
of coordinates, equivalent to tracing trajectories back through the
interaction due to the setting-change Hy (red dashed line). The pro-
jected state Q(xp, pB|K3) is consistent with the marginal distribution
O (Xpa, X¢8, tup) that defines the systems after both setting changes.
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is defined according to the assumptions of weak macroscopic
realism (WMR).

Proof. We allow for a setting change 6 at A, but consider
system B prior to any setting change at B. The Q(A, 1) is trans-
formed to Q(Arota, 14) at the time 14, after the setting change
at A, where Aot = (X4, Poa, X, PB). The OQ(Arou, t14) can
be written in the new measurement basis as explained in
Result VII.13 (exchanging the roles of A and B). From
Result VII.13, the deterministic relations D; that determine
the correlations between outcomes xgj and x,lf can hence be
established from knowledge of the initial state Q(X, #y) and 6
at A. This is justified because the local hidden variable model
Pasym, given by the partially mixed state, in this case denoted
Pmix.B> as in Result VIL.3 and Appendix F, applies to correctly
describe the outcomes of Xy4 and Xp.

Applying the technique given in proof of Result VIII.Ic,
the inferred distribution Qioop(Arota, f14 |x§j) conditioned on

the branch By; with outcome xgj will comprise the relevant
Gaussian functions that are consistent with deterministic rela-
tions Dy, as well as relevant interference terms Znt g (Which
will vanish over integration of pya). This allows evaluation
of the projected state Q(x, pp|x};). The outcomes x4; and x¢
may not be maximally correlated, and the projected state can
be a superposition of eigenstates of X, as in Result VIII.1c.
There is consistency with the projected state that can be
evaluated by tracking the trajectories of the branch By ; back to
the initial time #, (Fig. 27). To obtain the inferred distribution
Oloop (A, T |x2j) at time #y, the amplitudes xp4(t1), poa(t1) of
By; are transformed according to (7.15) to x4 (¢) and pa(?),
corresponding to a change of setting, but which is equivalent
to changing coordinates in Qioop(Arota t14 |x3j). Mathemati-

cally, the distribution for B conditioned on x/ ; does not change
under a coordinate transformation, and hence the projected
distribution is Q(xp, pp |x‘9“ j) (refer to Appendix H). |

We illustrate the proof below by calculating the projected
state at B where the initial state of the system at time 7, is the
entangled state [x*)[x5) + |x!')[x5) given by Eq. (8.3). This
leads to the following comment:

Comment (1). Entangled states give projected states that
are superpositions. Where there is entanglement, the projected
state at B given an outcome at A is a superposition, at least for
one of the outcomes and for particular choices of setting 6.
For an entangled state, this is also true for the projected state
at A given an outcome at B. The result would not hold for a
nonentangled state, i.e., consider |x*)(|xf) + |x5)) for which
the projected state at B given an outcome X s IxF) + x2) but
the projected state for A given an outcome xg , after a setting
change ¢ at B is |x;-“).

We demonstrate by considering the initial state |y) at time
fo to be [x4)|xB) + |x')|x2). Changing the basis at A to 6 gives
Ixty =3, dislxy,), Ixt) = ", dir|xg,) so that the expression
for the state becomes

W) = > i (dirlef) + dir|3)) (8.13)

where dj, are defined in Appendix E. This state is given
by the Q function Q(Aoa, t14) in Figs. 26 and 27, which is
derived from the initial state Q(A, ty) using knowledge of the
coefficients ¢; and 6, as explained in the proof above. The

Time t, —> Timet,, tma Time t;5
Q4 to) Q (Aot tra) e

| 7 3 \e
Qoo (K,toll‘gﬂé Quoop(Mrotwrty Ag)\XeA(t) \TIA)

J/qu N\ UB

183 Hamp

| Y |
v |
Q(xp,PslAg) = _)I Q(xs,p5l15) I_)IQ(XQ)B'Pq)BMS)I

FIG. 27. Derivation of the projected state with a setting change 6
at A. The diagram depicts the inference of the projected distribution
O(xp, pglxg‘j) for system B, conditioned on an outcome x’;‘r, symbol-

ized by a branch XA, defined after the rotation Uy and amplification
Hmp. The system is prepared at time #, for measurements %, and
Xp in the state Q(A, tp). The derivation requires only knowledge of
0 and the initial state, Q(A, fy) (given by the cj; defined in Result
VIIL.13) and is based on deterministic relations (blue arrows). The
change of setting 0 as given by the deterministic transformation (D2)
at A is consistent with deterministic relations D, that account for the
correlations between x? and x, in Q(Aou, f14). Result VIIL1e and
the associated Comment (1) explain the calculation of Q(x3, pB|x§‘j),
based on tracking trajectories x4 () associated with the branch X{} =
xy; to deduce Qioop(Arowas 1141%4;), where deterministic relations are
accounted for. The projected distribution Q(xg, pglxgj) is evaluated
by integrating over coordinates of A, from either Qjoop (Aroua, f14 |x3 /.),
or by converting to the distribution Qjop (2, to|xg‘j) at time 7. The
probabilities of outcomes x2, conditioned on the outcome A} = xf, at
A, for a setting-change ¢ at B are given by Q(x4p, psslxi ), consistent
with the coordinate transformation (D3) for B.

deterministic relations D; are (Result VII.13)
ool (8.14)
where x? <> xj) occurs with probability |d;.|%, and x5 < x{),

occurs with probability |d;,|>. From (8.13), the projected state
given an outcome x; at A for &) is the superposition

[Vs) = dij|x) + dij|x,,)
provided d;j,d;; # 0. This corresponds to the projected
distribution Q(xg, p3|x§‘j) derived from the distribEtion
Oloop (rrota s t1A|x§j), which is deduced from the branch 2§ =
x;; associated with outcome x4; (red double dashed lines in

Fig. 27), as explained in the techniques of Result VIII.1c. The
projected distribution Q(xp, p3|x‘3j) is derived on integrating

B
X, <> Xg,.,
|2

Qloop(kmm,tmxg‘j) over coordinates x4 and pgs (vertical
dashed lines in Fig. 27). The same projected distribution
O(xp, pglxgj) is derived, if we transform the coordinates of
A to x4 and p, (top horizontal red dashed lines in Fig. 27).
This corresponds to the tracing of the trajectories of A through
the reversible transformation (D2) given by the measurement-
setting adjustment Hy.

Considering the projected state of A given an outcome x”
at B, we find the projected state at A is the superposition of
type |¥a) = dks|xiA> + dms|x}4)

Comment (2). The inference of the projected state at A
requires knowledge of the setting 6 at A, and the determin-
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istic relations. The inference is based on retrodiction. The
postselected state Qoop(Arota tlAlx(‘jj) is derived solely from

knowledge of x7; and the relation x}; <> Gx;;, where G is the
amplification factor from H,yp, as well as the deterministic
relations Dy, and the setting transformation (D2). The specific
value of the noise inputs 1 or & is not required. This is be-
cause there is no change to the noise properties as the system
propagates in the backward-time direction.

Comment (3). The appearance of the superposition |g) in
Comment (1) above is consistent with Result VIL.5. A change
of setting at A changes the interference term Zntsp in the O
function of |x})[x?) 4 |x;')|x) at time 1o, so that the integra-
tion over xg4 and pya leads to a contribution that need not
be zero. This means that the interference term can contribute

to the projected state calculated from Qloop(krom,tmxgj),

and the resulting Q function Q(xg, p3|x3j) can contain an
interference term Zg, thus allowing for the superposition
|Yg). Similarly, in reverse, going from time #14 to g, the
projected distribution Q(xz, pB|xgj) calculated by integrating
Oloop (A, tolxg j) over x4 and p4 can contain interference terms
IB in B.

Comment (4). Analogy for spin systems. The procedure can
be illustrated by an analogy with basis changes for the system
prepared at time #; in the spin Bell state

1
ﬁ

which corresponds in the analogy to Q(, ty). Here |£),x are
the eigenstates of &, for system K € {A, B}. We take 65 =
6K cos6 + 65 sin6. At A, a change of setting from spin z to
spin 64 changes the basis: the new basis states are |+)ps =
cos §|:I:)ZA =+ sin %H:)m- The state at time #;4 is

1 0 )
[VBen, tia) = E[|+>0A (COS §|_)zB — sin 5|+):3>

0 .0
_l_)9A COS§|+>18+SIHE|_>13 5

(8.16)

corresponding in the analogy to Q(XAcoa, t14). This gives the
expression in terms of the measurement basis for spin ;' at A
and spin z at B. The state conditioned on the + outcome at
A'is [ +)0a1Wbap) Where [Wpap) = cos §—)zp — sin §+).5.
The projected state at B given a 4+ outcome at A is the super-
position [/gsp), in analogy with the Q function Q(xg, ps |x£j).

[VrBell» to) = (8.13)

(IH+)eal=) g = 1=)al+)28),

There is no direct analogy with Qioop(Arota, t1A|x3j). The
change of basis back to spin U;‘ at A gives

0 .0
(COS §|+)ZA + sin §|—>m>|1ﬁ3sup>, (8.17)
which corresponds to Qioop(A, o |x‘3 j). The projected state for
B is unchanged, given by |y¥ps,p) and hence Q(xs, pB|x§j).
The projected state describes the predictions at B, for future
setting changes, i.e., if there is a change of setting to ¢ at B,

then the state at B is
0—¢ . (0—¢
|¥Bsup.¢) = cOs < > )l_)¢B + sin (T>|+)¢By

where |1)4p = cos %H:)Zg =+ sin %H:)ZB. The expected value
of the spin product given 4+ at A is hence E (0, ¢) =
—cos(8 — ¢). The expected value conditioned on a negative
spin 6 at A can be similarly calculated, to give agreement
with the overall expected value, E(6, ¢) = — cos(0 — ¢).
We consider the case where A and B are reversed, so that
a setting change ¢ takes place first at B. The projected state
for A given a positive spin outcome for 65 is the superposition

[Vasup) = (cos %l—)ZA — sin %H—)ZA). There is hence a mutual
consistency of the projected states with respect to the initial
state |yrgenr) (refer to Result IX.3).

We compare with the mixed state p22 defined as the 50-
50 mixture of |+),4|—).z and |—),a|+).p. In the analogy, the
initial state Q(A, tp) has no interference term. At A, a change
of setting from spin z to spin ;' changes the basis to |[+)ga =
cos %|:I:)2A =+ sin glq:) .4, but the projected state for B given a
positive spin outcome at A is a mixture of up- and down-spin
states at B.

D. Timing of the projection

In the Introduction, we raised the question as to the timing
of the collapse of the wave function. From the results, we see
there is consistency with premises (3) of weak macroscopic
realism (WMR) and weak local realism (WLR), defined in
Definitions (6¢) and (10c) in Sec. I B, which imply a constraint
on the time of projection.

Result VIIL.2: Weak macroscopic  realism:  Premise
wMR(3). Consider the systems A and B prepared at time
to with respect to a particular measurement basis which,
without loss of generality, we assume to be %4 and Xp as
in Fig. 24. Suppose the measurement setting at A has been
fixed and the system A amplified, so that distinct branches
symbolized by )L? have emerged at a time t,,4 (Fig. 24). The
first premise of weak macroscopic realism asserts that the
outcome x? for %4 at A is specified at time #,,4 (Result IV.6).
The Q model of reality and simulations are consistent with
the third premise of wMR, premise wMR(3), defined below.

The premise wMR(3) of weak macroscopic realism posits
that the constraints given by the projected distributions
O(xp, pBM?) = QO(xp, pBIx‘J‘-‘) on the outcomes for B describe
the system B at (or by) the time #,,4, after sufficient amplifi-
cation at A has taken place so that weak macroscopic realism
[premise wMR(1)] can be applied. Q(xg, pp |xj-‘) implies pre-
dictions for B, for any future setting change ¢ at B that might
take place.

Proof. This follows from Result VIIL1a. The trajectories
for x4(t,4) associated with the branch )Lf corresponding to
outcome x/ are defined at time #,,4. NB: The noise properties
8x(t) are unchanged with the reverse propagation and the
branch has fixed width due to the noise §x(¢) (Results III.2
and II1.3). The Q function Q(A, #y) for the entangled system
is defined at the earlier time #y. The distribution Q](,Op(Mx;.‘)
can be deduced from Q(A, #y), and hence so can Q(xg, pp |xf).
Hence, Q(x3, p3|x’}‘) is determined at time t,,4. The second
statement of premise wMR(3) follows from Result VIIL.1b.

If a setting change 6 has taken place at A at a time #, be-
tween the times 7y and t,,4, then the distribution Q(xg, p3|x2 j)
can be deduced from the Qioop(Arotas t2|x§j) where A =
(xpa, Poa, X, pp) or else equivalently by tracing the
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amplitudes x4 () back to the time 7y, to deduce Qjoop (A, o |x§‘ j),
as explained in Result VIII.1e. |

Comment. The projected state Q(xz, pglx?) is defined at
the time #,,4, and it has been assumed that no setting change
has taken place at B, as in Fig. 24. Hence, the last statement
refers to predictions for future changes at B. In fact, the
projected distribution Q(xp, pB|x‘j‘.‘) is defined to describe the
system B at the time ty. We see from Result VIII.1b (and
Appendix H) that this distribution Q(xg, pp |x‘;-‘) then defines

the predictions at B conditioned on outcome x’j“ at A for any
time t > #;, which may be prior to #,,4.

We generalize the result to apply to weak local realism
(wLR), as introduced in Definition 10 in Sec. IB and in
Sec. IV G (Result IV.14).

Result VIII.3: Weak local realism: Premise wLR(3). Sup-
pose the measurement setting at A has been fixed at a time 714,
meaning that the unitary operations U that fix the setting as
0 have been carried out. In Fig. 24, the time #;4 corresponds
to time #y;. There are two versions of weak local realism,
deterministic and probabilistic, as explained in Result IV.14
(Sec. IV G), for which the third premises are defined below.
The Q model of reality and simulations is consistent with
premises wLR(3).

(i) Premise wLR(3) of the deterministic version of weak
local realism is based on premise wLR(1), that the value xg].
for the outcome of Xy, is determined for system A at time
t14. Premise wLR(3) asserts that the system B is accordingly
constrained according to Q(xz, pB|x§‘j) at (or by) the time 7,4,
when the setting at A is specified (provided the setting at A
remains fixed).

(i1) Premise wLR(3) of the probabilistic version of weak
local realism assumes that hidden variables {Ag‘} exist to de-
scribe the system A at time ¢4, after the settings at A are fixed.
There exists a projected distribution Q(xp, pBI{A/g}) defined
for system B given that system A is specified by {A7}. The
probabilistic version of premise wLR(1) [Result V.14, Defi-
nition (10a)] asserts that there exists a probability P(x{;|{%4})

of an outcome xgj for Xp4 at A, given the system A is de-

scribed by {A}. The projected distribution Q(xp, pgl{A4}) is
the mixture of projected distributions Q(xg, ps|x) ;) weighted
by P(xg;|{Ag})-

Proof. (i) First, we consider the deterministic version of
wLR(3), where the outcome xg‘]- at A is assumed to be deter-
mined at time #;4 [Result IV.14 for premise wLR(1)], after
the setting at A is fixed. Provided the setting at A is fixed,
we know from Result VII.3 and Appendix F that the quantum
predictions (and hence those of the Q model and simulation)
are consistent with an LHV model Pysym 4, based on the par-
tially mixed state pmix,a given by (7.26). In the model Pasym 4,
each realization of the system A is in a state with a definite
predetermined outcome xﬁ ; for x4 at A at time #;4. The state of
system B is the projected state for B, as correlated with a given
outcome xg‘.: Hence, in the model Pygym 4, the predictions for
B are defined at the time 7,4, consistent with premise wLR(3).
The result follows, since the predictions of the Q model (and
of quantum mechanics) do not contradict those of the model
Pasym,a When the setting at A is fixed. The HV model Pyes
suggested as a Comment in Result VIL.9 directly supports the
validity of the premise wLR(3), and motivates further study.

(i1) Second, we assume the probabilistic version of wLR.
This version is directly verified by the Q model. The probabil-
ities P(x3j|{kg‘}) for system A at time f,4, where the variables

)\‘3 correspond to xg4, pga, can be deduced (by integration over
variables for B) from Result VII.9a, Eq. (7.39), where an HV
distribution P(x; i xngmt) is derived consistently with the Q
model and the predictions of quantum mechanics. Here, A;oc =
(x4, Poa» X8, pB), as we take ¢ = 0. Hence, considering the
system A at time t14 as defined by the distribution Q(A;oa, t14),
the probability of an outcome x4 at A is known from the
values of the local hidden variable, xg4 and pgs. For each
x}, the projected distribution Q(xp, pp|x}) can be deduced
at A based on knowledge of the initial state Q(A, ty) and any
local setting change 6 at A (Result VIII.1a). Hence, the overall
projected distribution for system B can be deduced by Alice
at A given {Ag‘} at time #14 (within the framework of wLR) as
the weighted mixture given by ZXJA. P(x?l{k/g})Q(xB, pB|x;-‘).
The total probability distribution P(xgj) for an outcome
x’]‘-‘ at A is fdngdpgAP({kg})P(xgj|{X‘g}) where P({A}) is
the probability of variables {5} = {xpa, poa} as given by
the marginal Q,,(xg4, poa) = fdedeQ(Arot, t14). This cor-
rectly describes the projected state at B given outcome x‘j“ atA,
according to quantum mechanics. Hence, the premise wLR(3)
applies. |

Result VIII.4: Distinction between cause and correlation
in projection. We consider correlated systems, where the state
of system B can be determined by a measurement X4 at A. The
measurement of X4 at A involves, after the setting is fixed at
a time fy, an amplification given by Hfmp, followed by, at a
time after 7,4 (as depicted in Fig. 24), a final detection. If we
assume weak local or macroscopic realism (WLR), as in the O
model, it is not the case that either the amplification Hyp, or
final detection at A cause the outcome, or the projected state
O(xp, psl{Ay}), at B.

Proof. From Results VII.12 and VII.13, we see that the
deterministic relations D that give the correlations between
the outcomes at A and B are determined at, or by, the time #,
which is before H4 = and the final detection at A. According
to wLR (Result VIIL.3), the projected state is specified for
system B, at (or by) the time fy, when the settings at A are
fixed. ]

Comment. No nonlocality of the meter. A meter is de-
fined as a system, such as A in the Schrédinger-cat example
[Eq. (8.11)], which is correlated with B so that the outcome at
A gives information about the outcome of a measurement at
B. The meter may be spatially separated from B. The meter is
configured so that its settings are fixed. Prior interaction with
the system B has generated a state such as (8.11), where the
measurement basis for A is fixed at X4. The meter A is also
macroscopic. Hence, the systems A and B are analogous to
those described in Fig. 24 at the time ¢,,4. Result VIIL.4 implies
that the final part of the measurement to detect the outcome at
A does not cause the outcome at B.

IX. CAUSAL MODEL FOR BELL NONLOCALITY

In the Q model of reality, the x4, x5, pa, pp are hidden
variables. The simulation can be examined to identify a causal
(cause-and-effect) model consistent with Bell nonlocality.

012210-41



M. D. REID AND P. D. DRUMMOND

PHYSICAL REVIEW A 113, 012210 (2026)

time

Q(}«rotrtz) > Qm(XQA,X(I)B'tm)
. ~A
S xh 1
@y\ amplification of xgj
B
xh L

FIG. 28. Weak macroscopic realism (WMR) and weak local re-
alism (WLR). At time 1,, the system is prepared for measurement of
Xoa and %gp. The distribution Q,,(xga, X¢5, ) gives the probability
density of amplitudes x4 (t) and x,4p(¢) at time #,, after amplification
H,p at each site. The blue two-way arrows denote the causal deter-
ministic relations in which the means xj; and xJ, of the Gaussians
in Q(Aror, 1) are amplified to Gxj; and GxJ,. The interference terms
Intap in Q(Acor, 12) do not amplify. Weak macroscopic realism posits
that after sufficient amplification, at time 7,,, the outcomes of %y4
and X,p are determined. We symbolize these values by Xf} and 3:2.
According to wLR, the values exist probabilistically as in the hidden-
variable model Pg of Eq. (7.38) at the earlier time #,, after the settings
are fixed.

amplification of xgk

—
t

15

m

We have demonstrated in the previous section how the pro-
jected state is deduced by retrodiction based on deterministic
relations, and knowledge of the initial state Q(A, %), only
(Results VIII.1a and VIIlL.e). Yet, as we show in this section,
the projected state is sufficient to explain Bell violations in
the O-based model, where the measurement is carried out by
amplification Hypyp.

The test of a Bell inequality involves the preparation of
the Bell state. The fields are then spatially separated and the
settings locally adjusted as in Fig. 22, in four sets of runs, to
measure E(0, ¢), E(0', ¢), E(0,¢’), and E(0', ¢') as given
in (7.5). To gain insight into the dynamics that leads to the
Bell nonlocality, we first analyze the simulation where one
adjusts the settings at the two locations, A and B, sequentially.
This corresponds to an alternative Scenario II for a Bell test,
where the system is prepared with respect to the measurement
basis 6 and ¢ at a time #;. Then there are three types of runs:
(1) where settings remain fixed at 6 and ¢; (2) two sets of runs
with a change of setting at one site only, to measure E (6, ¢')
and E (6, ¢); (3) a set of runs with a change of setting at both
sites, to measure E (6, ¢').

A. Preparation: Measurement basis of ¥, and Xp

In the Bell test, we consider first that the system is prepared
at time #, with respect to the measurement basis X4 and Xp.
We ask what the Q model indicates if there is measurement of
X4 and Xp, without a change of settings. This corresponds to
Fig. 28, with 6 = ¢ = 0 (and #p = 1).

In Sec. VIIE, Results VII.10 and VII.11, we have extended
the premises wMR(1) and wLR(1) of weak macroscopic
realism (WMR) and weak local realism (WLR), given by Defi-
nitions (6) and (10) in Sec. I B, and by Results IV.6 and IV.14,

Q(Aty)  time o
QX4 Pal Zg)
(xR g

| XA'p/I I(

Q(}\'rotBltl) Qm<XA’X¢BIth)

____—>

\B'p/ T T
=

Qo] ) oL
mA tig [

FIG. 29. Mutual projection and no-signaling. Depiction of the
constraints on the system A of Fig. 24 due to the change of setting at
B to ¢ at time 1,5, while the setting at A is fixed at x. At the time t,,5,
after amplification at B, the value Xf;’ determines the outcome for %4p.
The amplitudes at B conditioned on branch Xg correlate with certain
amplitudes for A at £y, as determined by Q(A, #p). This ensures (blue
dashed arrows) the projected state at A is given as Q(x4, pa /Xg ).
There is also a projection from A to B (red dashed arrows) as in
Fig. 24. The mutual projection is consistent with the density of
amplitudes at 7,3, as given by the marginal Q,,(xa, Xy5, t,z) of the
Q function of the amplified state. The change of setting at B induces
a change (blue dashed arrows) to the hidden interference terms Zntqp
of the Q distribution Q(Awm, t15), but does not change the observed
probabilities [given by Q(xa, pa /3:2)] over what can be explained
by a local transformation at B. Hence, in the Q model, the value ')tﬁ
giving the outcome of %, is unchanged, which implies no-signaling.

so that they apply to the bipartite system. This implies that
once the measurement settings are fixed, as in Fig. 28 at time
f, and an amplification H,ny, has taken place at each site, then
the values for the outcomes of fg4 and %4p (given by x‘g ; and
xgk) are determined, as in the branches of Fig. 20. Assuming
wLR, the system is viewed as being in an HV state where
there is a certain probability for outcomes, at the time #, when
settings are fixed.

B. Changing the setting at one location:
Projection and no-signaling

Figure 24 shows the system prepared at time #, for
measurements X4 and Xz, where 6 = ¢ = 0. Suppose the mea-
surement setting is then changed at one location, B, to ¢ # 0,
with the setting at A fixed. We ask: does the change of setting
at B influence the system, or outcome, at A i.e., is there a
nonlocal effect at A? We show that the simulations modeling
the Bell violations are consistent with no-signaling.

1. Mutual consistency of projection

First, we note that there are mutual constraints on the
two systems, due to projection, depicted by the red and blue
dashed lines in Fig. 29. If there is a change of setting to ¢
at B, then there are constraints imposed on system B by the
fixed setting at A (Result VIII.1, Sec. VIIT A) as depicted in
Fig. 24, and by the red dashed 11ne in Fig. 29. The state for
system B conditioned on the branch AA of A is the projected
state, distribution Q(xg, pBMﬁ), given by Eq. (4.12).

012210-42



FORWARD-BACKWARD STOCHASTIC SIMULATIONS: ...

PHYSICAL REVIEW A 113, 012210 (2026)

Q(A,t,) _tims, Qhopts)  Uhouta)  Qp(XoaXpsitma)
jB HG — "

S ——5®
— —

//X p\\ -:’ — —

| XaPa )

N2 |

N |

| Xg,Pg |

\\?,?B/' |t‘ e —

] =
XgPsl Ag) || t, t, Y,

FIG. 30. Depiction of the mutual consistency of projection.
There is a change of setting ¢ at B and a change of setting 6 at A.
The Q function changes after each change of setting, as described
in Egs. (7.32) and (7.35). The projected states Q(xA,pA|xg) and
O(xp, p3|3\'3) are mutually consistent with the Q function Q(A, ).
Each is derived based only on the knowledge of the local setting (and
outcome) and the initial state Q(, ). The distributions Q (x4, pa |X§)
and Q(xp, p3|’Xg‘) are hence independent of the time order of the
setting-changes, Hy and Hy. Any Bell-nonlocal effect is demon-
strated after changes of setting occur at both locations. This avoids
time-order paradoxes, which arise when in one frame of reference
the setting is changed at B first, and in another frame of reference the
setting is changed at A first (refer to Sec. IX.C).

However, there is also a constraint to A from B (blue dashed
line in Fig. 29). After amplification at B, at time #,,p, there is
a value, symbolized by Ag, for the outcome of measurement
Xyp. The state at A conditioned on the outcome associated
with Xg at B is determined by the initial Q function and any
relevant deterministic relations, as explained in Sec. VIII C.
This defines the projected state

O(xa. pAli'ﬁ)

at A, which is the Q function for the reduced state of A given
the outcome A7 at B (Result VIIL Ic).

0(x4, pA|Xg) and Q(xz, p3|xg‘) are mutually consistent
with Q(, o) and the Q function at time t,,5. Figure 29 depicts
the mutual consistency.

Definition: Mutual consistency of projection. The mu-
tual consistency of the projected probability distributions
O(xa, pA|Ag) and Q(xg, pBMf), as depicted in Fig. 29, means
that they coexist for the same system, independently of the
time-order of the setting changes 6 and ¢ at A and B. The
distributions are defined consistently with the Q function de-
scribing the bipartite system at all times of the dynamics,
including at time 7.

Result IX.1a: Mutual Consistency of projection. The
projected probability distributions Q(x4, pAMg) and
O(xp, p,ﬂXﬁ) depicted in Fig. 29 are mutually consistent.
We can generalize the consistency to the case depicted in
Figs. 5 and 30, where a setting change 6 has occurred at
A after time #o and prior to time 7,4 depicted in Fig. 29,
so that the projected distribution Q(xp, pBMQ) is defined
(Result VIII.1e).

Proof. From Results VIII.1a and VIIL1le given Sec. VIII,
we see that the evaluation of Q(xs, pslAj) = O(xs, pslxg;)

0.1

requires the knowledge of the setting 0 at A and of the initial
Q function Q(, tp). The evaluation does not require knowl-
edge of ¢, the setting at B. It is hence established locally
at A, independent of whether a setting change ¢ has already
occurred at B. The distribution Q(xp, pg|A4) gives predictions
of probabilities at B conditioned on the outcome x; ;» for all
choices of setting ¢ at B that may occur after time f,,4, or
that have occurred after time #y. This is because the proba-
bility distribution for the measurement £45 at B is given by
transforming from coordinates xp, pp to xgp and pyp, as ex-
plained in Results VIII.1b and AH.2. A similar result applies
to Q(xa, pAI?»g) = Q(xa, pA|xgk) where xgk is the outcome
at B.

The proof of causal consistency (Results IX.9 and AH.1)
demonstrates how the projected distributions are consistent
with Q(A, fp). Details are given by Results AH in Ap-
pendix H. |

Comment. From the above, we see how the Q-based model
allows a mutual consistency of projected states, where the
initial state at time 7 is given as a probabilistic distribution
over variables A = (x4, pa, XB, PB)-

Result IX.1b: Paradox of the mutual consistency of pro-
Jjection. A paradox seemingly arises. Consider Fig. 30, where
there are two changes of settings, 6 at A and ¢ at B. We see
from Result VIIL.1e and the related Comments that the pro-
jected distribution Q(xp, p3|)¢3) = Q(xp, ps |x‘3j) conditioned
on an outcome xg. at A is based on a set D; of deterministic
relations implied by the asymmetric local hidden variable
(LHV) model Pysym g given by pmix g as in Result VIL.3, which
correctly describes the outcomes of Xy4 and Xp (refer Result
VII.13). These deterministic relations determine the correla-
tions between outcomes of Xg4 and X, but assume one setting
change only, in this case at A. The deterministic relations D,
are reversible, allowing inference of the Q(xp, pB|x‘3j) at the
initial time.

The paradox is the following: how can the second projected
distribution Q(xa, palx},) be consistent with Q(xg, plx};),
since the derivation of Q(x4, pa |xgk) assumes an LHV model
Pasym.a based on ppyix A defined by Result VIL.3, which also
assumes a change of setting at one location, in this case B,
only? A second set D, of deterministic relations is used for
deriving Q(x4, pa |xgk), but both sets of deterministic relations
are consistent with LHV models. How is the existence of
the mutually compatible projected states consistent with the
violation of LHV models, as implied by Bell’s theorem?

Resolution of the paradox. The resolution is that the pro-
jected state for B given the outcome at A is inferred for
the system B as it is defined at the initial time ty, prior to
any change of setting at B (Fig. 31). Similarly, the projected
state of A given an outcome at B is inferred to describe the
system A at the time #y. The deterministic relations D; and D,
(Results VII.13) provide a set of relations for outcomes in the
O model, but the relations connect only the initial outcomes
(x‘j‘»‘ or xf ) of one system to the final outcomes (xg or x?)
of the other, and are hence defined consistently over both
setting-changes. They provide relations that are weaker than
what could be deduced from the full LHV models Pyym 4 and
Paym, s, because they do not distinguish between mixtures and
superposition states.
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FIG. 31. Deterministic relations and the mutual consistency of
projection. The diagram depicts the evaluation of the projected dis-
tribution Q(xp, pglx;.) for the system B conditioned on an outcome
xg‘], as in Fig. 27, and how this is consistent with evaluation of
O(xa, pa |ng) at B. We consider that Q(X, f) represents the entangled
state [x?)[x?) + [x!')[xB). For certain 6, outcomes x? and x2 can
both be consistent with a specific outcome x4, at A, according to
deterministic relations D; depicted by the solid thick blue arrows
(Result IX.1). The relations D) are xf <> x{, with probability |d;,|*;
xB < x4 with probability |d;,|>. Hence, retrodiction implies the
outcome at B given outcome x4, at A would be either x? or x2.
Knowledge of Q(A, fp) and Q(Ayoa, 114) allows inference that the pro-
jected state Q(x, pglxg‘j) is a superposition |yg) = d;;|x5) + dj;1x5).
Similarly, deterministic relations D, imply that for certain choices of
¢, the projected state Q(xa, palx5.) for system A given an outcome
xf;x at B is a superposition |4) = di|x?') + dyslxi'). Each projected
state is deduced from deterministic relations, and knowledge of the
initial state Q(X,1y) as well as the setting at the other site, and is
sufficient to explain Bell violations.

We illustrate by considering that Q(A, fy) represents the
entangled state | () = ¢1|x!) ) + 2l 1x7) (c1, €2 # 0)
defined in Comment (1) of Result VIII.1e. Changing the basis
at A gives

o 3 e )+ cad 1),

where the d;, are defined in Appendix E, implying a projected
state at B of (cid;;|xP) + c2d),|x5)). Taking ¢; = c», the rela-
tions D; are x? < x} with probability |d;,|*; x5 < xj with
probability |d, |2. The relations are based on the model Pasym, B
(Result VII.3) where system B is in a mixed state and cannot
account for superpositions states at B. For certain choices
of 6, the outcomes x,’f and xﬁ can both be consistent with a
specific outcome xgr at A. Hence, simple retrodiction implies
the outcome at B could be either x? or x5.

The relations D) can also appear for a state ppix ap Which
is a mixture of |x/')[xf) and |x')|xZ). Knowledge of Q(A, 7))
and Q(Aroa, t14) allows inference that the projected state
O(xp, pplxy,) is a superposition |yg) = c1diy|xf) + cady,|x5),
rather than a mixture of |xf) and |xﬁ), where here we assume
d;,, d;, are nonzero for the choice of 6. The deterministic
relations D, themselves provide a weak framework only, and
do not provide the distinction between the superposition and
mixture.

If we consider a change of setting to ¢ at B, then we would
write

)= D (s} + cad o)) )

Given an outcome xgs at B, the possible correlated values x/*
and xf at A, at the initial time #y. The deterministic relations
D, are x;' <> xj, with probability |dy|*; x' < x5 with prob-
ability |d,,s|%. For certain choices of ¢, such that dy, d # 0,
the projected state Q(x4, pa |gi) for system A given an out-

come x at B is a superposition [Y¥4) = di; |x?) + dms|xf).
The prOJected states are mutually consistent, and consistent
with Q(X, #p): This is evident since the |i) can be written
simultaneously with respect to both bases [refer to Comments
(1) and (3) of Result VIII.1e], and the deterministic relations
do not specify the full nature of the projected state. The
superposition nature of the projected states that arise for an
entangled state Q(A,fy) ensures the correlations for future
choices of setting can differ from those predicted, for exam-
ple, by a nonentangled mixed state pmix A Or P22 defined in
Comment (3), allowing a violation of Bell inequalities.

Comment. The choice of setting-change that enables the
distinction between the entangled and nonentangled state
requires d;;, d;j # 0, diy, dng # 0. This is to create a super-
position of the eigenstates in the original measurement basis,
consistent with Results VIL.5, VII.7, and VII.8.

2. No-signaling

The following Result complements the earlier Result V.2a
(“no macroscopic retrocausality”) of Sec. V. It shows consis-
tency with the second premise of wMR [Definition (6b) in
Sec. I B], completing the earlier Results IV.6 and VIIIL.2 for
wMR. We assume spacelike-separated systems A and B.

Result IX.2: Weak macroscopic realism: Premise wMR(2):
No-signaling. Without loss of generality, we assume that the
system is prepared for measurements X4 and Xp at time fy,
as in Fig. 29. The system A is amplified, so that at time #,,4
the value )tA gives the outcome for A if &4 is to be measured.
The second premise of wMR posits that the value )tf for the
outcome at A is not changed by interactions or dynamics that
may then occur (after 7,4) at system B. Hence, a change of
setting ¢ at B does not change the measurable outcome A% for
Xpa- (NB: We can generalize to consider the system prepared
for measurements g4 and %yp at time f.)

Proof. We assume the frame F in which both systems
are stationary. The setting at A is fixed, so the simulation is
consistent with the outcome )tA of A being unchanged if we
apply the assumption of Result IV.8. It has been shown in the
literature (i.e., refer to Ref. [108]) that this assumption, which
applies after measurement settings are fixed, is consistent with
Bell nonlocality. The Result can also be proved directly, as in
the Corollary of Result IX.3 below. |

Comment. The Result IX.2 explains no-signaling: No-
signaling is defined (Sec. I B) as the conditional independence
of the outcome at A and the setting at B, given the setting at

A [53]. We consider the setup in Fig. 29. In the simulation
and O model, weak macroscopic realism holds, and the value
of A% gives the outcome for measurement %4. This value is
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not changed by the change of setting at B. Hence, there is no
signaling. -

Comment. While the branch value )»f does not change,
there can be changes in hidden interference terms. The de-
tailed mechanism for nonlocality in the Q model is explained
in Result IX.4 below.

Result IX.2 can be generalized to hold at the earlier time 74
(which corresponds to time 7 in Fig. 29), just after the unitary
operation determining the setting at A [108,120]. We hence
complete Results IV.14 and VIII.3 for weak local realism,
by showing consistency with the second premise of wLR
[Definition (10b) of Sec. I B].

Result IX.3: Weak local realism: Premise wLR(2). We con-
sider the system at the time #,4, when the unitary operation U9A
that determines the setting to be 6 at A has been carried out.
In Fig. 29, this corresponds to the time ¢4 = £y, and it is taken
that 6 = 0, so the system A is prepared for the measurement
Xpa = X4. We assume there is subsequently a change of setting
¢ at B. There are two versions of weak local realism (WLR):
deterministic and probabilistic. The Q-model simulation of
the Bell nonlocality is consistent with both versions of the sec-
ond premise wWLR(2) as given by Definition (10b) in Sec. I B.

(i) For the first version, Premise wLR(2) posits that at time
t14 the value xg. for the outcome of the measurement Xy, is
determined, and this value is unchanged by any subsequent
interactions such as Hy occurring at B.

(i1) The second version of Premise wLR(2) posits that the
system A is described by hidden variables {14} at the time
t14. There is a probability P(x/ j|{kg}) for an outcome xgj of

the measurement at A, given the hidden-variable state {)\2}.
For the second version, Premise wLR(2) posits that these
probabilities are unchanged by any subsequent interactions at
B occurring after time #,4.

Proof. Consider the first version of wLR: Result VIIL.3
(Sec. VII) shows that the probabilities for the joint outcomes
of X4 and %yp are indistinguishable from those of a nonen-
tangled state pmix.a [Eq. (7.26)], for which there is a fixed
predetermined value A4 for the outcome of system A which
is unchanged by a local change of setting ¢ occurring at B.
The quantum predictions (and those of the simulation) arising
from a change of basis at the single location B only can hence
be modeled by an LHV theory, denoted model Pygym 4, the
details of which are given in Appendix F. Hence, there is
no inconsistency with the deterministic version of Premise
wLR(2), as given by the prediction for the joint probabilities.

Consider the second version of wLR: The consistency with
the probabilistic version of Premise wLR(2) is illustrated for
an entangled state in Result VIL.5. Without loss of generality,
we consider 8 = ¢ = 0. The hidden variables {\} for both
systems are the x4, pa, x5, pg of Q(A, #p). We define {Ag‘} as
Xa, Pa, since here 6 = 0 (refer to Results VII.11 and VIIL.3).
For the given {A}} at time 1), the probabilities of outcomes
at A are defined by the Q function for system A, which
is the marginal Q (x4, pa,ty) = fQ(k,to)dede (refer to
Appendix H). The HV model Pg,, can be developed as in
Sec. IVF, to define a probability P(x}|{A3}) of an outcome
x} given {xg}. The change in setting to ¢ at B induces a
new Q(Aos, t1) [i.e., as in Eq. (7.32)] with a change in Zntap
[Eq. (7.33)] but which does not transform the variables x,,

pa. The change of setting at B is equivalent to a change of
coordinates from xp, pp to x4p, pgp, but this does not change
Q(xa, pa), and does not change the probabilities for A, if the
setting at A is fixed. Hence, there is consistency with Premise
wLR(2). |

Corollary. Proof of consistency with Premise wMR(2). We
prove consistency of the Q model with Premise WMR(2). The
above proof for probabilistic wLR is general and applies to
any system, including where Premise wMR(1) can be applied.
We can hence consider the time ¢, at which the system A
has been amplified, so that the branches corresponding to
the amplified eigenvalues Gx* are distinct, as in Figs. 2 and
9, so that any given amplitude x4 (z,,) is associated with just
one of the branches (note Results IV.6 and 7). In the proof
above, we define the variables {Ag‘} = {xa(tn), pa(tn)}, where
we assume 6 = 0 without loss of generality, and note that
for each pair, the value of x,(#,) defines a particular branch
By, ), and hence a particular outcome, which we denote by
x}(xa(tm)). Hence, the P(x|{A3}) is either 1 or 0, depending
on whether x} = x/ (x4 (#,)). This is a special case of the
above proof, which implies the probability P(x}|{A;}) does
not change when a change of setting ¢ is implemented. Hence,
in the Q model, the branch and outcome does not change
atA. ]

3. Projection as a mechanism for Bell nonlocality

Result IX.4: Microscopic mechanism for Bell nonlocality,
in the presence of no-signaling. In the Q model, the change of
setting to ¢ at B (while keeping the setting at A fixed) leads
to changes in the unobservable hidden interference terms of
the reduced Q function for A. There is no immediate observ-
able nonlocal effect. The simulation, which accounts for the
forward-backward trajectories, is consistent with the above
results and those in Sec. VII B. The hidden interference terms
for the state at A can lead to an observable Bell nonlocality, if
there is a further change of setting at A.

Proof. The mechanism is depicted in Figs. 32 and 30. The
state at time fy is given by the Q function Q(R, fy) written
with respect to the measurement basis, for 4 and Xz. There
is then a change of setting at B to ¢. Assuming the system
B is then amplified, since the X4p is to be measured, the
trajectories xgp(#,1) conditioned on a branch symbolized by
X{g can be traced to the time 7y (blue dashed arrows in Fig. 32).
This requires first tracing to time #;, to infer distribution
Oroop(ArotB» 11 |Ag) (refer to Result VIII.1e and Fig. 27). A de-
terministic transformation then combines the x45(;) with the
Dge(t1) according to the inverse of (7.14) to infer the postse-
lected distribution Qjoop(A, mi’g), where A = (x4, pa, Xz, PB)

at the initial time #. The projected distribution Q(xy4, pﬂ%ﬁ)
for system A can be evaluated by integrating over x4 and
pg. This corresponds to the projected state for A given the
outcome Ag and gives the predictions for future measure-
ments at A, with the setting fixed at ¢, at B (Results VIII.1b
and VIIL.1c). Where there is entanglement, we find that this
distribution Q(x,, pAIAg) for the state A can contain hidden
interference terms that can lead to Bell nonlocality.

First, to explain the no-signaling, we know from Sec. VII
(Results VII.3 and VIL5) that the change of setting at B
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FIG. 32. Mechanism for Bell nonlocality. Depiction of Bell non-
locality, when there is a change of setting at B to ¢, and then a change
of setting 6 at A. The change of setting ¢ at B induces a change to
the state, given by Q(XA,qs, f1). However, the observable correlations
if made at the time #; can be explained as a local transformation at
B [as induced for the nonentangled state ppix.a Of (7.26)]. However,
the Q function Q(A, fy) for the entangled state is different to that of
Pmix.a- This difference can appear as unobservable interference terms
Intap(p) in Q(Aos, 1) [refer to Eq. (7.33)], and also in the projected
distribution Q(x4, pa |3:g ) which describes the state for A conditioned
on the outcome Xf; after the setting change at B (blue reversed dashed
lines): For certain ¢, the Q(xa, pAﬁg) is a superposition state, with
hidden interference terms Z,(¢) not present for the system prepared
in Pmix.a- The difference can manifest with a further change of setting
6 at A, for certain choices of 6, when Bell nonlocality can arise,
detectable in the joint correlations <X3’X§> at time #,,,.

changes the hidden interference term Zntsp [Eq. (7.33)]. This
change, however, does not manifest in the measured probabil-
ities, if the setting at A is fixed. The new state Q(A.y5, t1) has
predictions for joint probabilities P(x4, x4p) identical to those
of a nonentangled state pmix o [Eq. (7.26)] for which an LHV
model Pysym 4 (Appendix F) is possible. Consistent with this,
measurements of X4 on the system A given by the reduced state
O(xa, pa |AB ) will give results indistinguishable from the state
Omix.A- Th1s explains consistency with no-signaling: There is
no observable Bell nonlocality at this stage.

However, different to pmixa, the projected distribution
O(xa, pA|AB ) for the Bell state has extra interference terms
that reflect the system A is in a superposition, rather than a
mixture, of eigenstates |x;) of £4. We see from the analysis of
Eq. (7.33) that the integration over pg can lead to nonzero
integrals if the rotation of coordinates due to the change
of setting ¢ combines both xz and pp. Hence, different to
Pmix.A» interference terms arising from Zntsp can be present
in Q(xa, pa |AB) This occurs for certain choices of ¢ only.

In short, the system A as given by the projected distribution
O(xa, pA|A ) is a superposition rather than a mixture. How-
ever, in order to distinguish the superposition from the
mixture, a further change of setting at A is required. This is
because the Q function (which is a probability distribution for
the hidden amplitudes A) for the superposition differs from
that of the mixture only by the presence of the hidden inter-
ference terms (refer to Result I11.1). Hence, the superposition
effects ultimately give different predictions to those of the
LHV model Pysym 4, leading to Bell nonlocality, but only if
a further change of setting at A occurs. ]

Comment. The projected distribution Q(x4, pA|Xg ) is
sufficient to determine the Bell nonlocality, for future mea-
surements at A. From Result VIII.1a, we see that the projected
distribution Q(x4, pa |AB) is evaluated based on knowledge of
the initial Q function Q(k tp), using continuous individual
backward trajectories, applying first the deterministic relation
Xp < Gxb due to HY  (refer to Appendix H), ensuring
consistency with deterministic relations D due to correlations
(Result VII.13), and then the deterministic transformation
(7.14) due to the setting change at B. This continuity cannot
apply in the forward direction, however, where there is a
discontinuity at the time 7.

Comment. As depicted in Flg 29, the trajectories and
projected distribution Q(x,, pA|k ) are consistent with the Q
function Q(A;s, t1) for the JOlIlt system at time ¢;, after the
change of setting at B. This leads to the following results:

Result IX.5a: Forward-backward stochastic simulation of
Bell nonlocality. The Bell nonlocality can be described by
the forward-backward stochastic trajectories consistently with
the dynamics of the Q function summarized by the results
in Sec. VII. The proof of causal consistency for the bipartite
system is given in Result IX.7 below.

Result IX.5b: Consistent with Result VII.4, based on the
dynamics of the Q function, the stochastic solutions show
that the Bell nonlocality emerges when there is a change of
measurement setting ¢ and 6, at both locations A and B,
respectively.

C. Bell nonlocality, causal consistency,
and resolution of paradoxes

In summary, the Bell nonlocality arises because of changes
to the interference terms Znt4p when there is a change of set-
ting at both locations. A careful study of the final joint prob-
abilities as in Sec. VIIB after changes of settings at A and B
shows there is a conversion of hidden interference terms Zntap
into terms Zntsp(6, ¢) which contribute to the observable
probabilities on measurement [i.e., Egs. (7.35) and (7.36)]. We
summarize the following results about nonlocality.

Weak local reality. The Bell simulation is consistent with
the assumptions of weak local realism and weak macroscopic
realism, presented as the three premises in Definitions (6) and
(10) in Sec. IB. The consistency has been demonstrated in
the earlier Results (IV.6, IV.14, VIIL.10, VIIL.11, VIIL.2, VIIL.3,
IX.2, IX.3) and is summarized in Figs. 33 and 34.

Result IX.6: Causal order in the Bell experiment: There is
no retrocausality, where the future affects the past. This is an
extension of Results V.2a and V.2b. Suppose the change of
setting ¢ at B occurs at time #;, illustrated in Figs. 33 and 34.
The change of setting at B does not change the value of the
macroscopic variables AA or AB that are defined prior to or
at time t;. There is hence no genuine retrocausality, where a
future change of setting affects past macroscopic properties.
We have seen from the dynamics outlined in Result IX.4 that
the impact on A of the change of setting at B occurs only for
future events, after further setting changes at A. A change of
setting at A is required for any change to macroscopic values
(i.e. AA) at A. This is illustrated in Flgs 33 and 35, where
we see that the macroscopic values A%, A2, 34, and AB only
change when there is a local interaction.
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FIG. 33. Bell nonlocality is consistent with the three premises of
weak macroscopic realism. The diagram sketches the relations based
on the trajectories of the simulation of measurements X4 and %4z on
spacelike-separated systems A and B, with all systems stationary in a
frame F. Here, Uy and Uy represent the unitary operations that deter-
mine the settings 6 and ¢. The meter corresponds to the amplification
H,p. The first premise [premise wMR(1)] asserts that the outcome of
the measurement X, is determined at time #,,; (vertical black dashed
line), after the amplification due to the meter at B. The value for
the outcome is denoted Xg. The second premise [premise wMR(2)]
asserts that this value is not changed by any later interaction at A
(i.e., due to the meter at A) at a time ¢t > f,, (indicated by a faint
blue horizontal arrow). The third premise [premise wMR(3)] asserts
that, at time 7,1, a projected distribution Q(x4, pA|”Xg ) is defined for
system A, which determines the outcomes of xg4 of system A (for any
future change of setting 6 at A) conditioned on the outcome 3:3 at B
(indicated by dashed blue arrows).

Result IX.7 :Causal consistency. This is the bipartite ex-
tension of Result V.1 (Sec. VB). At any given time ¢, the
Q function Q(X,t) is defined as a probability distribution,
which uniquely represents the quantum state and which hence
evolves causally in the forward-time direction. The distribu-
tion Q(A,t) is consistent with the probability densities of
the forward-backward trajectories. The causal consistency
is depicted in Fig. 3. We extend the proof presented for
Result V.1 to bipartite systems in Appendix H.

Result IX.8: Resolving the paradox of the future boundary
condition: Timing of emergence of Bell nonlocality. The Bell
violations are not put in by hand, as part of the future boundary
condition: In the causal model (proposed in Sec. V), the cor-
relations that lead to detection of Bell nonlocality do not arise
from the future boundary condition at the time 7/, as indicated
in Fig. 35. They are determined at a time gy prior to #;.

So, when do the Bell correlations emerge? We see from
Result VII.12 that the correlation between the outcomes Xgx4
and X4p is determined at the time fge; = #p, after the inter-
actions Hj' and Hj (refer to Fig. 22). This follows from
Results III.1 and VIL.2, and the proposed causal and HV
model, Pp (Sec. VIID), which apply after both settings 6
and ¢ are fixed. The correlation between the outcomes Xy4
and %gp is directly determined by the correlation between
the means, xgj and xgk, of the Gaussians in the Q function
O(ot, 1), defined at time 1,. We refer to this time as the “time
of emergence of Bell nonlocality.”

However, we also see that, if the setting changes are se-
quential, a hidden Bell nonlocality emerges at an earlier time,

Time t, Time t; Timet,, Timet, Timet,,
System prepared wrt
measurement
basis o % TN ——
A
A\ {Ax} e Ue

meter
B

FIG. 34. Bell nonlocality is consistent with the three premises
of weak local realism. The first premise [premise wLR(1)] asserts
that the outcome (or, at least, the probabilities for outcomes) of the
measurement fcg at B is determined at time #,, after the operation Uy,
(vertical light blue dashed line at time ;). In the simulation, based
on the hidden variable model Pg [Eq. (7.38)], the probabilities of
outcomes for fcg are determined by variables {x4g, pgp} Which we
symbolize by {Aﬁ}. The second premise [premise WLR(2)] asserts
that the outcome (or else, the probabilities of outcomes) are not
changed by any later interaction (i.e., Uy) at A. The third premise
[premise WLR(3)] posits that at time #;, a projected Q function
O(x4, pAl{Ag}) is defined, which determines the state of system A
(for any future change of setting 6 at A) conditioned on the variables
{»3} at B (blue dashed arrows).
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after the change of just one setting (Result IX.4). This is
evident by Eqgs. (7.24)—(7.35) (Sec. VIIB) and is depicted
in Fig. 35. First, we assume wMR. According to premise
wMR(3), the distribution Q(x4, pAMg) for outcomes at A

given an outcome Ig at B is determined at (or by) the time #,,,1,
when system B has been amplified (and hence a branch Xg and

Time t, Time t; tm1 t ty
System prepared wrt ~————>
measurement
basis Xa,Xg é

Q(xp, s |/1§1)

FIG. 35. Resolving the paradox of the future boundary condition:
The timing of the emergence of Bell nonlocality. The system is as
described for Fig. 33. A hidden nonlocality emerges at (or by) the
time #,,; (vertical black dashed line), prior to the specification of
the future boundary at time ¢¢ > £,,5. According to premise WMR(3),
the Q function Q(x4, pa |AB) which determines the state of system A
(for any future change of setting ¢ induced by Uy at A) conditioned
on the outcome Ag, is determined at (or by) time t,,; (blue dashed
lines). Hence, the nonlocality is determined at time t,,,, when the
conditional state Q(x,, pA|3:g ) is specified, but only over both op-
erations U, and Uy at time ¢,, does an observable Bell nonlocality
emerge. The values for the outcomes that demonstrate the nonlocality
are hence determined at (or by) the time #,,, < t;.
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outcome specified). Since Q(x4, pA|Xg) fully determines the
outcomes for A, which will exhibit the Bell nonlocality after a
further setting change 6 is made, it can also be argued that the
nonlocality has emerged at (or by) this time ey = #,,,1. On the
other hand, if we assume wLR, the distribution for outcomes
at A can be defined earlier, at the time #; when the setting at B
is fixed, so that tge = #;.

This leaves us with two final results.

Result IX.9: Paradox of time-order: Lorentz invariance. At
first glance, the concepts of weak macroscopic realism and
weak local realism appear paradoxical. In Figs. 33 and 34,
we have considered that the setting of A is changed to 6,
after that of B, but for spacelike-separated systems such as
A and B, there is no specified time order of events, which can
change in different frames. According to wMR, the value of
outcome at B is fixed and determined (as )Lg) at time t,,1, and
this conditions the outcome at A at the later time t,,, after the
setting change 6 at A. But in the different frame, the outcome
at A is fixed and determined first, prior to that of B. Hence,
there is a paradox.

The paradox may be explained by the symmetry and mu-
tual consistency allowed by the projected states of the Q
function (Fig. 30). The outcome at A (say) is determined not
only by the nonlocal setting change at B, but by the local
setting change at A (and vice versa). The projected states given
by Q(xa, palA}) and Q(xa, pa|r3) (blue and red dashed lines)
in Fig. 30 are mutually consistent, being independent of the
time order of the setting interactions Hy and Hy. They are
consistent with each other and the initial state Q(A, ty), and
with the final joint probabilities determined by the marginal
O(xpa, XpB, tma) of the final Q function of the amplified state,
which is also independent of the time order of the settings.

Result IX.10: Breakdown of Bell’s assumptions: Failure of
statistical independence or local causality? In the Introduc-
tion, we ask what assumptions of Bell’s local hidden variable
(LHV) model break down, according to the Q-based model?
Bell’s local hidden variable condition is

PO, ¢) = / drpO)PA(+|A, O)Ps(+|A, ¢),  (9.2)

as defined by Eq. (7.3), where Pj‘:i(@, ¢) is the probability
of obtaining +1 at both sites with settings 6 and ¢; p(})
is the distribution for hidden variables A, and P4(+|X, 0)
[Ps(+]|A, ¢)] is the probability for +1 at A [B], given A and 6
[¢]. Bell nonlocality is the breakdown of the condition (9.2).

Bell’s assumption may break down due to a failure of the
existence of a distribution p(A) that defines hidden variables
A for the system, as it exists at a time #, prior to the imple-
mentation of the setting transformations. Such a distribution is
statistically independent of any future choice of measurement
settings. Another possibility is a breakdown of the assumption
of the factorization in the integrand (local causality).

In the simulations, the hidden variables A are the coordi-
nates x4, pa, X, and pp of the Q function. The interactions
Hpy and Hy that determine the measurement settings at A and
B, respectively, are local and deterministic. The amplitudes
x4, xg of the simulation, if directly measurable, would lead
to moments satisfying Bell’s condition, with p(1) = Q(A, 1)
where A = (x4, pa, X, pp). However, this is not the case, be-
cause of the hidden noise, which is not measured, associated

with noise inputs at the future boundary, and also because of
the hidden interference (Sec. III B).

The Bell violations require changes of settings 6 and ¢
at both sites, so that the Bell HV state {A} is considered
with respect to rotations to two different bases, one for each
system A and B. After both unitary rotations, we have seen
from Results VII.5 and IX.4 that interference terms that are
hidden at the original time #; can contribute to probabilities for
observable outcomes. For certain conditions, the contribution
can be nonlocal (Result VIIL.6), implying

PO, ¢) # / drQ(h, 10)Pa(+|A, O)Pg(+[1, ). (9.3)

It is possible to deduce the reason for the breakdown of
the condition (9.3) in the Q model, by evaluating from the
simulation a probability P45 (%, 6, ¢) for outcomes given the
settings 6 and ¢, and given a set of values of the hidden
variables A, where A = (x4, pa, xg, pp) are defined by the O
function. We can write

PO, ¢) = /de(x, t0)PE (1,0, ). (9.4)
The evaluation is explained in Sec. VIID (Result VIIL.9b),
where a probability Pge(Sa, Sgli, 8, ¢) is deduced for spin
outcomes Sy and Sp at A and B, given the hidden vari-
ables A = (x4, pa, xg, pg) and settings € and ¢. We obtain
PAB (X, 0, ¢) = Pgen(1, 1|2, 6, ¢). This provides a nonlocal
model Pgj to explain the violations, with a statistically inde-
pendent distribution p(1) = Q(}, fy) that describes the system
at time 7y, prior to the dynamics associated with the choice of
settings. The causal consistency of the model is depicted in
Fig. 3 and proved in Appendix H. At any time ¢, the Q function
is defined as a fixed distribution, consistent with the forward-
backward trajectories. The locality assumption implies that
it is possible to write P{2 (X, 0, ¢) = Ps(+|A, 0)Pp(+|A, ).
Hence, the Q-based model implies a breakdown of the locality
assumption.

X. CONCLUSIONS

A summary of the main results of this paper has been given
in the Introduction. The simulations we present are motivated
by the Q function in quantum optics and contribute toward
an explanation of how a hidden variable theory may com-
plete quantum mechanics, while remaining consistent with
the predictions of quantum mechanics, in particular, allowing
violation of Bell inequalities. In the model used in this paper,
the measurement proceeds as amplification, which we show
plays a role similar to decoherence: The interference terms
that distinguish a superposition from a mixed state decay
with amplification, and hence do not contribute to directly
measured probabilities (Results III.1 and VIIL.2).

In Secs. II-1V, we prove and demonstrate an equivalence
of the evolution of the Q function Q(x, p, t) (which represents
the quantum state) to a forward-backward stochastic dynamics
of amplitudes, x and p. The Q-based model is presented in
Sec. 1V, with a derivation of Born’s rule and the role of
the Wigner function. We treat entangled systems, modeling
EPR and Bell correlations, in Secs. VI-IX. A causal (“cause-
and-effect””) model for the dynamics is given in Secs. V and
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IX, along with a proof of causal consistency and explana-
tion of why there is no retrocausality at a macroscopic level
(Results V.1, V.2, IX.6-1X.9, and Appendix H).

The collapse of the wave function is analyzed by examin-
ing a postselected state conditioned on an outcome x; (Results
IV.9 and IV 10). We include in Sec. VIII a treatment of
projection, analyzing a Schrédinger-cat state where a system
is entangled with a meter. We conclude that the system is
inferred to be in an eigenstate, because the observer records
the value of an amplified variable x, losing information about
the complementary variable p (Result VIII.1). We examine the
forward-backward dynamics of the variables associated with
a given branch and outcome x, thus deducing “hidden loops™
(Result IV.12).

The simulations are consistent with a Q-based model of
reality in which three weak local realistic premises (weak
local realism, wLR) hold (Results 1V.14, VIL.11, VIIL3,
IX.3). There is a partial relaxation of EPR’s and Bell’s lo-
cal realistic premises so that elements of reality exist but
are defined for the system as it exists affer interaction with
devices (i.e., a polarizer or phase-shifter) that adjust measure-
ment settings. Based on the observation of branches in the
simulation, there is also consistency with weak macroscopic
realism (WMR): predetermined values for outcomes emerge
at a time t,,, after sufficient amplification (Results IV.6-1V8,
V.2, VIL.10, VIII.2, IX.2, and Results VI.1-VI.2). The sim-
ulation demonstrates how the weak local realistic premises
are consistent with Bell nonlocality (Figs. 33 and 34). By
analyzing the dynamics of the Q function and of the trajec-
tories (Secs. VII B and IX), a mechanism for Bell nonlocality
is given in terms of hidden interference terms that contribute
to measurable probabilities only after a change of measure-
ment setting 6 and ¢ at both sites (Results VIL.5, X.4). For
certain conditions on 8 and ¢, the contribution can lead to a
failure of Bell’s local-hidden-variables assumptions (Results
VII.6—VIIL.8). The mechanism explains how Bell nonlocality
can be consistent with macroscopic realism and no-signaling
(Results IV.6-1V.8, V.2, IX.2-1X.4). The solutions of the
forward-backward equations for entangled systems show con-
sistency with the mechanism for Bell nonlocality, based on a
model for projection (Sec. IX).

The theory presented in this paper explains why there
is no genuine retrocausality, which implies that a system is
changed by a future event. The realist variables A defined for
a macroscopic system are (according to the wLR and wLR
premises) unchanged by a future event, and unchanged by a
spacelike-separated event (Results IV.6-IV.8, V.2, IX.2, and
IX.3). The causal consistency as depicted in Figs. 3 and 5
explains the mechanism by which this is possible. The QO
function Q(X,t) evolves causally in the forward-time direc-
tion, and yet is consistent with the future boundary condition
and counterpropagating trajectories (Figs. 33 and 34). The
paradox of the future boundary condition (Fig. 35) is resolved
by the nature of the causal (cause-and-effect) model based on
the simulation, which involves causal deterministic relations
for amplified variables (once settings are fixed) and a type
of retrocausality (meaning “backward-in-time” propagation)
for random noise inputs at the vacuum level (Secs. V, VII,
and IX).

Interpretations. An interesting question is whether the Q-
based model of reality favors any particular interpretation
of Bell nonlocality. There are real values A posited for the
outcome of the measurement that are defined for the sys-
tem as it exists at the time affer the measurement settings
have been adjusted and after amplification, which supports
a macroscopic-realist viewpoint. There is no contradiction
with the known violation of Leggett-Garg inequalities because
the derivation of those inequalities makes the additional as-
sumption of noninvasive measurability [101]. There is also no
contradiction with the existence of macroscopic superposition
states, because the Q-based reality model defines distributions
of amplitudes (“states”) for the systems that are not defined as
states for the system in standard quantum mechanics. More-
over, we have constructed (nonlocal) hidden-variable (HV)
models based on the simulation (Results V.13, VIL.9). The
hidden variables A in these models are defined for the system
at a time #, after preparation of the state of the system but
before the choice of settings which are considered indepen-
dent of A, similar to Bell’s model (but apparently different to
explanations of nonlocality based on superdeterminism).

A possible explanation of Bell nonlocality is that the
hidden-variable distribution p(1) in the Bell model (9.2) is not
statistically independent of future settings. The causal consis-
tency provided by the Q model (refer to Results V.1, IX.7,
and Appendix H) shows that the distribution p(A) = Q(X, ty),
where A = (x4, pa, Xg, pp) is fixed at time ¢y (Figs. 5 and 35),
contrary to this explanation. The hidden-variable model Pg
(Result VII.9, Sec. VII D) gives predictions for the outcomes,
conditioned on a set of hidden variables A = (x4, pa, X5, PB)
that describe the system at the time # (prior to selection of the
measurement settings). We conclude that in the Q model, the
violation arises due to a failure of the Bell-locality assump-
tion.

Experiments. Finally, we consider experimental tests that
might be performed. The interaction Hyyp of Eq. (2.2) is that
of parametric amplification [128], which has been experimen-
tally realized [129,130]. The states studied in this paper are
superpositions of squeezed or coherent states which have also
been realized experimentally [150-158]. Hence, the measure-
ment model can be verified experimentally. A feature would
be to demonstrate the vanishing of the interference terms in
the Q function, as the system is amplified.

The prediction of causal consistency can be tested, as de-
picted in Figs. 3 and 5. It is feasible to perform a simulation
that matches boundary conditions given by the experimental
Q functions, which are measurable by tomography [159]. The
density of amplitudes x(¢) and p(¢) in the simulation must
match the distribution given by an experimentally measured
Q function Q(x, p, t), regardless of the choice of time #; of
the future boundary condition.

A second experiment might illustrate a hidden loop and the
cat paradox (Fig. 4). A hidden loop is defined so as to involve
amplitudes that are not amplified (and hence not observed) in
the measurement, and a distribution Qoo that cannot be de-
scribed by a quantum wave function (Sec. IV E). The Qjocp for
an individual branch of the superposition can be constructed
from the simulation that is based on experimental Q functions.
If Q1o0p shows a reduction of variances below the Heisenberg
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uncertainty bound, then, within the constraints of the model,
this signifies a hidden loop.

The simulations give an explanation of the EPR paradox,
in terms of the “weak elements of reality” that exist after
sufficient amplification, as calculated in Fig. 20 [109,142].
The simulations might be useful to analyze questions raised
by Schrodinger about the EPR argument, as in the recent ex-
periment of Colciaghi et al., which reported EPR correlations
for Bose-Einstein condensates [123].
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APPENDIX A: STOCHASTIC PATH
INTEGRAL THEOREMS

1. Definitions and notation

We make use of methods that were first used for diffu-
sive path integrals [160,161], here generalized to forward-
backward trajectories. For M bosonic modes, the phase-space
vector A is a 2M-dimensional real vector, and p,x are
M-dimensional real vectors with A = (x, p). For the mea-
surement interactions treated in this paper, the generalized
Fokker-Planck equation (GFPE) satisfied by a Q function is

O\, 1) = LAWQOM, 1). (A1)

The differential operator £(A) has first- and second-order
differential terms £;(A) and L£,()X), each with forward and
backward components L,,(p), L;.(x), so that

LO) = Li(A) + Lo(b), (A2)
=Y [Lip(P) — Lux®)], (A3)
where L, . are defined as

Liy=-Y_ %al(p), (A4)

J

1 .

Lop =7 Z aroldl. (AS)

J

Here L, is identical to £, except for the substitution of x for
p, and we define 97 = 3/dp’, 8 = 3/dx/. For the Hamilto-
nians in this paper, we have a, = a,(p) and a, = a.(x), with
diagonal diffusion d.

For use in the theorems proved below, we define a phase-
space trajectory and stochastic path integral as follows: First,

the trajectory is a sequence [A(%), ..., A(ty)] = [Ao, ..., An],
with a total action of
Sen =S, +S =D Su (A6)

m=k+1

The “one-step” action for the nth step is given by S, = S% +
S*, with S¥ having the same form as S* except for the changed
superscripts, where:

S,F,’ = Sp()\nfh An)

= [P e nA]
J

2dJ

This includes a path-integral normalization factor, N/ =
(2wed’), and relative velocity fields v = (v”, v*) which are
functions of neighboring coordinates:

1
v = —(py = Pur) — @ (P,
1
v, = g(xn—1 —x,) —a*(x,). (A8)

The N-step total path probability P for a path A =
(Ao, ..., Ay)attimesty =ty + ke, withk =0, ...,N,is

PIA] = e 5. (A9)

The two-time propagator G is then defined as
G, X, f) = lirr(l)/5(>~ — 28X — Aov)PIAIdL. (A10)

Here, i = [Thodhn = [T)_o [Tie, dxidpt,
(xn, pg), while A=(x ., P;) gives the initial momentum
p; and final position x, at times f = (t;, 1) = (to, ty).

Marginals have the notation P(x,?) = fQ(X, t)dp, with
the variables that are integrated removed from the argu-
ments. Boundary conditions are imposed on the final marginal
P(x, ty) and initial conditional, P(plx, ;) = Q(A, P (x, 1;).
The remainder of this section shows the equivalence of the
differential and path-integral approaches, both analytically
and numerically.

Aoy =

2. Path-integral equivalence theorems

Theorem Al. Any path-integral Q function Q,; obtained
from multiplication by the joint probabilities at the boundaries
satisfies the Q function dynamical equations, where

Qpi(k,t) = / G\, t|k,H)P(X, T)dA. (A1)
The quantum Q function solution Q = Q,; is found upon

solving simultaneous equations for the joint distribution
P(A,f), and hence for Q,;, where

/Q,,i(l,tf)dp = P(x.1;), (A12)
and:
Opi(A, 1;)
—_—— =P ). Al3
TOpth iydp — 1) (A1)

Proof. We wish to show that O, = Q, by proving that
Qi satisfies the GFPE (A1), and has an initial condition that
corresponds to the Q function for the initial quantum state.
From linearity, proving that Q,;(X) satisfies the GFPE (A1) is
achieved by verifying this for the propagator, G(, t|X, 7). To
show this, define advanced and retarded propagators for A at
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t=t;withp=pyatt; =19 and ¥ = xy atty = ty, as
n—1
r = N 1; —SP.
G (p,»,t|p,t,>—grg)fe "Taw.
n=

N-1
a . ¥ D) — | =Sty
G (x_,,tlx,tf)—!lir(l)/e i 1_[ dx,. (A14)
n=j+1
Due to its path-integral construction, G satisfies a forward
Kolmogorov equation in p [162,163]. By reversing the sign
of ¢, we find that G* also satisfies a forward Kolmogorov

equation in x, but in the negative time direction:
G (p.t|p.1;) = LPG (p. 11p. 1;),
Go(x,t|¥,t;) = — LG (x, t

®17). (A15)

The normalization of the advanced Gaussian propagator
terms in the path integral for x,, with n < j means that all these
past time factors integrate to unity. Similarly, the retarded
propagator is independent of p, for future time points n > j,
as these also integrate to give unity. As a result, we can write
that

G p.tlpt) = limy [ ¢S5~ o ~ pordp.

G (x, ul#, 17) = lim / eSS (x — x3)8(F — xy)dx.
(A16)

From these results and the definitions above, it fol-
lows that the total propagator factorizes as G(A,t|X,7) =
G (p,t|p, 1o)G(x,t|%, ;). Hence, using the chain rule for
differentiation and Eq (A15), the required time-evolution can
be written as

G\, tIX) = G (p, tIp, 10 )G" (x, t|%, 17)
+ G (p, tIp, , 10)G(x, t|%, 17)

= (L7 — LG, t|X, D). (A17)

Due to linearity, any integral of G over its boundary values
also satisfies the GFPE. Therefore, the path integral construc-
tion must obey the required GFPE,

Opi(h, 1) = [Ly(p) — L (x)]Qpi(A, 1).

Provided the joint probability P(X, f) satisfies the boundary
equations, one can verify that at the initial time, Q,;(X, 1)) =
Q(A, ty). Due to the uniqueness of the solutions to a first-order
differential equation, Q,, is equal to the quantum-mechanical
Q function solution for all times.

As a further check, in the short-time limit of 7y = 7 we find
that

(A18)

lim G, t|A) =8(A — 1), (A19)
to,tr—t
hence, as ty, ; — ¢, one has that
tltith,,,»(x,z) = /a(x — VPR, tHdk
0,1 —>
= P(p|x,t)P(x,1). (A20)

From the definition of the conditional probability, this is the
initial Q function.

Theorem A2. The path-integral solution corresponds to a
time-symmetric stochastic differential equation (TSSDE) or
forward-backward SDE, with a conditional initial distribution
in p and final marginal distribution in x:

t

t
Pj(l)=pj(lo)+/ a;;(t’)dt’+/ dw},
0 0

. . o ty )
x/(t) :xf(tf)~|—/ a){(t/)dt’+/ dwl. (A21)
t t
Here x(t/) is distributed as P(x, t7), while p(t) is distributed
conditionally as C(p|x(t), ty), and [dw"] = (dw,, dw)) are
independent real Gaussian noises correlated as

{dw"*dw"’) = " d" e, (A22)

where w =1, ...,2M and d/tM = d/.

Proof. The TSSDE is obtained by discretizing the equa-
tion for times f, =1ty + ke, with k=0,..., N, and then
taking the limit of ¢ — 0. We define [A] = [Ag, A1, ..., Ay]as
the stochastic path. The discretized solutions are then given as
the simultaneous solutions of the equations, fork =1, ..., N,

Pi =Py +a’(p_y)e + AL,
X1 =X + ax(xk)e + Ai (A23)

To obtain an equivalent path integral to the TSSDE, we
first obtain the N-step trajectory probability density, condi-
tioned on random noises [A]. This is a product of Dirac delta
functions,

GAMIAD) =[5 (ev; — A)),

Jj=1

(A24)

which gives a normalized probability conditioned on a specific
noise vector [A]. Solving for the resulting set of trajec-
tory values [A] that satisfy the delta-function constraints is
straightforward in the parametric amplifier case, due to the
decoupling of forward and backward equations.

In a Fourier transform representation with k; =

(k}, ka-, ..., kM), one can expand the delta functions as

g.onian =7 [ Ak tea) (a2s)
=1

(271, )2M

The 2M real Gaussian noises A at each step in time, for k >
0, are distributed as

oA/ 2ed)

P(Ay) = (A26)

Q2med™
On integration over k; one obtains the path probability result
as defined previously:
Gn([AD = [ Gu(MI[ADP([ADE[A]. (A27)
By construction, the initial values of xy and p, are sampled
according to the required joint and conditional probabilities.
Hence, the probability of a TSSDE solution is Q,;, which is
equal to the quantum average Q from Theorem I. Our defini-

tions are similar to those in the mathematics literature [137],
except for the use of a conditional probabilistic boundary.
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APPENDIX B: NUMERICAL x2? TESTS

The analytic theorems obtained in Appendix A were ver-
ified numerically using x2 tests in several cases described
here, with details that are given below. The forward-backward
stochastic equations were integrated by first propagating x
backward in time, generating a conditional sample, then prop-
agating p forward in time.

All trajectories plotted use 40 sample trajectories to pro-
vide an intuitive demonstration of how they behave. To verify
the quantitative accuracy of the trajectory probability distri-
butions, large numbers of samples were generated and plotted
using binning methods.

These samples were statistically tested with x> methods
[164,165] to compare them with analytic solutions. The test
cases used N; = 2 x 10% sample trajectories to obtain good
statistics for the numerically sampled distributions,

Nijk
samp _ 1Vij
P = ®1)
Here N;ji is the number of trajectories in the bin at x;, p;, and
sampled time #;. Such verification requires binning on a three-

dimensional (x, p, t) grid to obtain numerical estimates of the
integrated analytic probabilities p;jx, where

Pisk = f dxdspQ(x; + 8%, p; +5p,10). (B2)
A

This was evaluated by numerical integration of the analytic O
distribution, using a two-dimensional Simpson’s rule integra-
tor in each bin.

To treat the dynamics of the Q function, time averages
were evaluated to give a definitive overall result. Due to the
correlations inside each trajectory, the range of fluctuations
of time-averaged statistics is reduced compared with one-time
tests, which exactly follow the x? distribution. Individual tests
at each time-point are in agreement with x 2 statistics, and will
be reported elsewhere.

We therefore define

samp2
U e = Pi*T)
X==) —F—: (B3)
N ;;; <0i3'k)
where
ok = Pijk/Ns (B4)

is the expected probability variance for Ny total samples and
N, time points, with a phase-space bin area of A.

As an example, the simulations described in Fig. 1 used 30
time-steps of gdr = 0.1, combined with a midpoint stochastic
integration method for improved accuracy [166]. No sig-
nificant discretization error improvements were found with
smaller time-steps. Comparisons were made between the an-
alytic and numerically sampled Q(x, p, t) distributions with
dx = 0.02 and dp = 0.05. This gave an average of ~55 100
comparison grid-points at each time step, after discarding bins
with nonsignificant sample populations of N < 10 [167].

In a typical test with 2 x 10% sample trajectories and A =
1073, the time-averaged statistical error was 2> = 55.2 x
103, with 1.7 x 10° valid comparisons. There were an average

of k = 55.1 x 10° significant points per time step. This shows
that 2 is within the expected range of (x2) = k + +/2k.
Hence, as expected from the path-integral and stochastic
theorems, there is excellent agreement between the ana-
lytic Q-function probability from quantum theory and the
ensemble-averaged stochastic trajectories.

APPENDIX C: CALCULATION OF PROPERTIES
AND Q FUNCTIONS

0 function of a squeezed state. The calculation of the Q
function [Eq. (3.3)] of a squeezed state uses

1 ind V)l
> (~tanh ry’ 2(’?
\/coshrn:0 n!

and (0|D(B — «) = (y| where y = a — B to deduce that

(@|D(B)S(r)]0) = (0|D(—a)D(B)S(r)|0)
= D2 (0|D(B — a)S(1)]0)
e a2 ,
_ e*\yl /26[(7tanhr)y* /2].

+/coshr

QO function of the amplified state. For the calculation of
Eq. (3.13), we use e Ham!/h = §(—gt), implying squeez-
ing in p. Also S(r)D(B) = D(«)S(r) where o = B coshr —
B*sinhr. For B real, @ =e™"B. Hence S(—g)D(%)=
D(%)S(—gt) and S(—gr)S(r) = S(—gt + r) where G = ¥
is the amplification factor.

Properties of the eigenstates of X. It is easy to prove from
the identities above that the eigenstates |x;) defined by (3.2)

x|
9

S(r)|0) = 12n)

as highly squeezed states in £ satisfy |(x; lx))> = e W
becoming orthogonal (since r — 00) for j 7% [. Completeness
is assumed in the limit where the eigenvalues x; form a con-
tinuous spectrum in analogy with the position representation
and noting that the overlap functions (i.e., (x’?|(x)) approach
those (i.e., (x|a)) of the position representation as r — o0.

The Q function and quantum coefficients. We note that the
quantum state | (#p)) can be expanded in terms of the eigen-
states |x;), as |V (%)) = Zj cjlx;), where c; are probability
amplitudes, and the Q function is derived accordingly. The
values x; are an important part of the description of the model,
since they are amplified by Hynp. The |1/ (%)) and hence the
c;j are defined uniquely by Q(A, fp) and can in principle be
determined by Q(A, 7). For example, for a given Q(X, ty),
the |c;| and x; can be determined by applying H,yp in the
limit of ¢. From Sec. III, we see that the Q function is of
formQ =), |c[|2Q| + Int, where G; are the known Gaussian
functions involving x;, and Znt is an interference term, which
can hence be deduced from knowledge of |c;| and x;. For a
simple two-state superposition as in Eq. (3.7), this implies the
phase for c;.

Eigenstates of rotated quadratures. The Q function of a
rotated squeezed state can also be calculated. We consider

1B, 2)sq = D(B;)S(2)|0), (ChH

where D(B;) = P8 P4 and S(z) = 3@ @4 are the dis-
placement and squeezing operators, where z and B; are
complex numbers. We define the rotated quadrature phase
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amplitudes as &y = ae™ + a'e and py = (ae” —ate™)/i
i.e., Xg =Xcos@ 4 psinf and py = —Xsin6 + pcos. For
the state with squeezed fluctuations in & = ae™ 4 a'e, we
note that z = re*? where r is a real, positive number. Hence
(A%g)? = e % and (Apy)* = e*. We choose the direction
of B; to be along the direction of squeezing, so that 8; =
xgje" /2. The eigenstate of £ is denoted |xp;)¢ and is thus
defined as the limiting squeezed state

X900 = lim "ﬂe”,z> . (€2)
r—oo| 2 s

Where the meaning is clear, we abbreviate the notation to
|x¢;). The Q function of |xg;) is Qo) = ﬁ|(o¢|x@j)|2 where
a = (x 4 ip)/2 but we can calculate in the rotated axis, with
amplitude opew = (X9 +ipy)/2 and xy = xcosé + psinb,
ps = —xsin6 4 pcos 6. Hence, the Q function Q,, (x5, ps)
of the eigenstate |xy;) is

7[73/202

9 o~ ¥ —x0;)* /205,

e

’

Oy, (X9, po) = pr—
where o, =1+e¢” ando] =1+e?.

Extensions to general superpositions. The results of
Egs. (3.7)—(3.21) can be extended to the superposition
> i€ jlx;) where |x;) are modeled as highly squeezed states.
The Q function is

e P20,

,pt) =N—m—— 2o~ @=G0)x))*/2
O, p,1) me(t)ap(t)(;we

+ Z 2|Cjck|Ijk(t)>v (C3)

Pe{j,k}

where we sum over the pairs P given by all sets
of the nonordered pair j and k. Here Z;(t)=

e M0 VA T (1) and (¢; = |cjle®)
Fir(t) = cos(0; — O) cos[pG(t)(x; — xi)/2]
+ sin(9; — 6) sin[pG(t)(xj — x)/2]. (C4)

We see that the calculation of the marginal Q(x, ¢) will involve
the integrals over p as given by Eq. (3.18), so that the interfer-
ence terms will not contribute to Q(x, 0). Result II1.1 follows.
The extension to mixed states is straightforward.

Similarly, the proof of Result VILS5 in Sec. VII can be
generalized to hold for any arbitrary state |y) at time #,
by expanding in terms of the measurement basis, as |{) =
> ciklxf)1xg). Here, we assume the {|x¥)} form a com-
plete orthogonal set for the states of system K (proved in
Appendix C). The Q function of |i) is a sum of Gaussians and
an interference term Znt4p. Similar to Eq. (C3), the Zntsp is a
sum of terms Znt,p p each involving a pair P of product eigen-
states, labeled by P € {{j, k}, {J’, k'}}, where either k # k/,
Jj # j, or both. The calculation of the marginal Q,,(x4, x5, t)
involves integrals over p4 and pp as in Eq. (7.31), for each
pair. The integral is zero, so that the interference terms do
not contribute to Q,,(x4, x, t). The same result applies when
there is a rotation of setting at B, as in Eq. (7.32). With a
rotation of setting at both A and B, each of the interference
terms Zntap p can contribute a nonzero value to the marginal

O(xpa, Xpp, 1) because the integration over pys and pyp is
not necessarily zero. This can only occur for the specified
rotations, as evident by Eq. (7.36). The extension to mixed
states is straightforward.

APPENDIX D: TRANSFORMATION IN Q FUNCTION DUE
TO MEASUREMENT SETTINGS

The Q function Q(X., 1) of the new state at time #, after
the interactions due to the Hy and Hy is that obtained by rotat-
ing the coordinates x4, pa, Xg, pp in the original Q function,
to new coordinates x4, poa, X¢B, Ppp. We see that

ae’ = (xq +ipa)e” = x, +ip, (D1)
where x, = x4 cos6 — pasin6 and p/, = x4 8in6 + ps coso.
To obtain the Q function at time #;, we hence trans-
form an initial Q function Q(x4, ps) by substituting o
for ae”, which means substituting x4 and p4 for x, and
Dy 1€, x4 = xacos0 — pysin® and py — p' = x4cos6 +
pasSing i.e., x4 = Xga COSO — pga sinf and ps = xga Sin 6 +
poacosO. The x4 and p, in the rotated Q function are identi-
fied as xp4 and py4, so that in terms of the original coordinates,

Xpa = X5 €080 + pasing,

Poa = —XaSin6 + pa cosO, (D2)
consistent with Eq. (7.1). Similarly, the change of setting at
B induced by the interaction Hy amounts to a rotation of
coordinates

XpB = XpCOS @ + ppsin g,

Pos = —xgsing + ppcos . (D3)
consistent with (7.2). Hence, the adjustment of measurement
settings is carried out in the simulation by changing the Q
function Q(2, #p) to obtain a newQ function Q (A, t2) Where

Arot = (XoA, PoA> XgB> PpB)-

APPENDIX E: TRANSFORMATION
OF COORDINATES IN 0

The system interacts with the device so that the amplitudes
are transformed as above in Appendix D. The transformation
proceeds by substituting xp = xgpcos¢$ — pgpsing and
DB = X¢p Sin @ + pyp cos ¢. (Note the Jacobian of the trans-

formation is unity.) To transform the Gaussian Qg(xp, pp) =
~p}/20% B2 2 . .
€22 o= w=5)"/20¢ with variances 02 = 1 + ¢~ and 0, =

1 ,—C—xp)?/2
2

2moy0p

1 + ¥ where r — 0o, we note that the term

x

dominates. Since xF = xP(cos’ ¢ +sin’¢), this term
becomes, after some manipulation,
o~ Cs—x)’/2
_ ("IDB*"IS cosg)? _ (/’453“2? sing)? (nﬁkﬁf COS¢)(I’(I)B+X1§ sin ¢)
N e 205 e 2hs N 8P eE ,
where 02 = 1/cos’¢ and o> = 1/sin’>¢. The variances
XoB P¢B :

axi . and O"ZM of the transformed bivariate Gaussian are such
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that neither is now necessarily infinite. Hence, provided ¢ #
nm /2, where n is an integer, it is possible that neither the
variance of o,,, and o,, will approach co. We note that
we have written the expressions (7.35) as above, in the limit
of r — oo, which leads to functions that are not normaliz-
able. The full correct solutions take into account the term

L = exp(—p3/ 263), allowing for the finite variance of p. To

illustrate, we consider the transformation f.s(xys, pys) of the

2
e—]}é/Zd%

full Gaussian Qg (xg, pp) = Soo— e~ C=)*/297 distribution,

as it is passed through the phase-shifter Hf, modeling the
rotations from xg, pp t0 xgp, pyp. The evolution of the xp(t)
and pp(t) is plotted in Fig. 21, where the equalization of the
variances in the xz(¢) and pp(t) is evident for certain times 7.
The joint probability density of the xg(¢) and pp(¢) in Fig. 21
is given by the transformed function fxg (XpB, PeB)-

The coefficients of transformation can be calculated. We
rewrite the eigenstate |x{') is the new basis {|xj)} as [x}) =
>, dulxy;) where dyy = (x4, |x;!) since the eigenstates are or-
thogonal and complete. Then for any single-mode state |) =
Yopcklxd), we find |[¢) = 37, filx}') in the new basis, where
fi = X", ckdi. The (x4, 1x{') are readily calculated.

APPENDIX F: RESULT VII.3 AND ASYMMETRIC
LHYV MODEL Pjgym,a

Following the text, we consider the system prepared with
respect to basis § = ¢ = 0, and consider that there is then
a change of measurement setting at one site, B, only. We
hence rotate the basis at B, so that the system is prepared
for the final coupling to the meter (along with amplification)
to give the outcomes for a new measurement 1% (¢ #0).
Here, the predictions show no inconsistency with Bell’s local
hidden variable condition. The simulation is consistent with
the premise that there is no impact on the observed value of
AA at A by a change of setting at B.

We prove as follows: The initial system is expressed in
terms of the prepared basis:

=Y cijlidali)s
ij

— culH)+) +cl+)-)
+cul=) ) + el =) ). (FI)

[VBen)

Here |i) and |j) are eigenstates of measurements A and B,
respectively, with eigenvalues A and A%, and the c;; are prob-
ability amplitudes. We have generalized our notation to allow
that the measurements may be (for example) of spin, as in
the standard Bell formulation. The last line gives the example
of the expansions for a spin Bell state = %{H‘)AH‘MQ +

|—)al—)p} written in the basis of Pauli spins aA and a

the |+)x being the Pauli spin-z eigenstates with outcome :I:l
for system K € {A, B}. For convenience, we denote |sa)4|sg) 5
where sy = £ by [s4)|sp), dropping the subscripts where the
meaning is clear. In the Result VIL.3, the eigenstates of A are
li) = |x;“). We denote generally the eigenstates of the rotated
measurement E¢, to be |k)p with eigenvalues Af .

With the rotation at B, we expand in the new basis: |j) =
> i djklk). Thus, the state becomes

o]

[¥Ben)y = Zcu|l

ij

which simplifies to

Weandg = D > > cijdilidalk)g
i k J
=Y elidalk)s, (F2)
i k

where e =Y jCi jdjx. Looking at the example of the Bell
state, the Q function for this rotated state can be written as
a sum of the four new terms plus new interference terms
ZIntap(¢). The joint probability for outcomes A; and A, for the
system in state |Yge) iS

= lend + cndu ) + - -

2
e = | cijdjc
J

lendn + cda > + -+ - . (F3)

We compare this result for |¢/) with the system prepared
in a certain mixed state pmix A, in Which A can be viewed as
being in one of the eigenstates |i)4 with a definite probability
Ifi? = Z |ci j| This means that A can be viewed as having

a definite outcome A4 for measurement A. We define the joint
probability for outcomes of X; and A to be P;. We show that
after the change of setting at B, there is no difference between
the probabilities Py as predicted by |ypen) and pmix.a. The
system is consistent with the mterpretatlon of having a definite
value A% for the outcome of A throughout an interaction Hy
giving a change of setting at B.
To show this, we rewrite (F1) as

[Ween) = Y filida]¥f), (F4)

where |%) = 3 [cij/ fi1lj)s- We note that 3 |c;;1*/| fil* =
1. We consider the mixed (nonentangled) state

prix.a = D AP [N vl (F5)
The rotation ¢ at B for the state [/f) gives
Z Zdﬂclk Z Z S dlkg
= Z 2lk)p. (F6)
k

Hence

Prisag = Y IFP D skgblOGIK]. (F7)

i k. k'
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The joint probability of outcomes A# and A? for the mixed
state Pmix, A 1S

2

§ Clj Jjk|

| fil*1gel* =

in agreement with (F3), those of |{¥gey).

Now we ask what happens to the Q function, as the change
of setting occurs at B? The Q function for ppix a,¢ includes in-
terference terms Zp,ix(¢) (arising from off-diagonal elements
in the new basis) but the |yge;) has extra interference terms,
since its density matrix has extra terms arising from the fact
that the system A is in a superposition (i.e., originally en-
tangled with B). Hence (even though the probabilities for
outcomes A% and AP on rotation of basis at B are the same
for [yrgen) and pmixa,¢), there is a difference between the hid-
den interference terms Zntyp of |Ypen) and pmixa,¢. However,
because the change of setting at B induces only changes to the
hidden terms Zntsp of Q (which are not amplified by Happ),
we see that the simulation is consistent with the premise that
there is no impact on the value of AA at A by a change of setting
at B (no-signaling).

LHYV model. The result leads to an LHV model, which we
denote by Pysym 4. We assume amplification H, A at A, so that

amp
there is the branch given by 3:? Here, we designate the branch
value as A% = 2%, We can track the amplitudes back to the
origin, as in Sec IV D. This models projection as explained
in Sec. VIII. The state for B can be inferred, as Q(xz, pB|AA)
(Fig. 24). The HV model is that of the mixed state ppix 4, in in
which the system is in a state with a definite outcome A%

x/ with a fixed probability | f;|? (in the above |1)A = [x) and
A = %4). The state at A with outcome AA = x is coupled to
the state [yf) at B, which can be a superposmon state for B.
In the O-based model, this state |5) is glven by the variables
xp, pp and the Q distribution Q(xg, p3|AA)

APPENDIX G: STANDARD BELL EXAMPLE

Bell violations require adjustments of measurement
settings 6 and ¢. It is worth reviewing the role of
the measurement settings in standard Bell experiments.
The choice of settings 6 at A and ¢ at B involves interacting
the systems locally with a physical device, i.e., a Stern-
Gerlach analyzer is orientated so that the spin component
6p is measured at A and 6,4 is measured at B. After passing
through the analyzers, the systems A and B are prepared with
respect to the measurement basis, for measurements &, and
G4, respectively. The Bell state is

1
—={Hal=)p — | (G1)

/2

where |+)x, K = A, B, are the spin eigenstates of &, for
the system denoted K. The probabilities for outcomes are
calculated from (G1), by rewriting |¥ge) in terms of the
measurement basis, corresponding to the eigenstates of &y 4
and 64 p (we take 6y = 6, cos 0 + 6 sin6). For example, the

[VBen) = —)al+)8}

state after a single rotation ¢ at B is

_ 1 ¢ . ¢

[¥Ben)y = EH’)A cos §|_>¢B =+ sin §|+)¢B
1

——|—)A{—Sin(;—b|—)¢3+cos§|+)¢3},

V2
(G2)

|+)pB _cos—|+) +sm¢|—) and
—sin %|+) +cos >|—). The probabilities

2¢ 120 1320 d
+—, +4+, ——, —+ are Ecos 5, 38107 35, 5SIn” 5, an
%cos2 ¢ , respectively. We may compare with predictions for
the nonentangled mixed states

where |=)¢B =

for outcomes

PP = L) al=)p(=la+ls + |=0alH)p(+lp(—14}. (G3)

The state after the rotation ¢ at B is

(A) (B)+,0(A) (B)} (G4)

pmix,¢ - {;0+ 1% ¢ /0+¢

where p(A) |£)a(E]s and p(B) |£)¢5{E|py, Which gives
the same predictions for the probabllltles as |Vgell) g

However, after a further change of setting (basis) to 6 at A,
the predictions between the entangled and nonentangled states
diverge. For the Bell state, the state in the measurement basis
becomes

[¥Ben) g0

=cos(
— sin(

which gives probabilities cos’[(6 — ¢)/2] (and sin’[(8 —
¢)/2]) for outcomes ++ and —— (and +— and —+), re-
spectively, which are different from those of the mixed state
Pmix,AB- This is seen by writing both |/gei1)¢ and pmixa,¢ in the
new basis for A, and is evident by the fact that |yg;) violates
a Bell inequality, whereas pmix ap does not. The interference
terms that are present in the density operator (when written
in the original basis) for the Bell state |ge) ), but not for the
. (AB) . . . .
mixed state p,..’, do not manifest as a difference in predic-
tions between |{ge) and ,or(n B) When there are no changes of
settings, or only one change of setting. The violation of the
Bell inequality requires a change of settings at both sites A
and B.

>— [+)0al=)pp — |—)oal+)gn}

7

) {I+)oal+)pp + 1—)oal—)gp}, (GS5)

APPENDIX H: CAUSAL CONSISTENCY
(BIPARTITE CASE) AND PROJECTION

1. Causal consistency

Result AH:1. We give the proof of causal consistency as
stated in Result IX.9 and depicted in Fig. 5 (Secs. I and IX).

The simulation for the general superposition state |y) =
>k Ciklx}) 1) begins at the future boundary condition, with
values x4 (t) and xg(¢) emanating from particular branches x4,
xf with probability |c;z|*. For each branch-pair x/, x¢, the
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distribution of x(z5) is given by the Gaussian

o~ (a=Gx})*/2 ,—(x5—Gx})}/2

Var o J2m

where G = ¢¥/. We first consider just one branch-pair, x? and

xp. At time 7, the distribution is
o —e /2 (g a2/

Var o Vam

(where fg < t < tr). The distribution at time 7y is

—(a=x})?/2 p—(p—xf)?/2

V2w V2n

a set of values for x4 and xp that we denote by Bj;. At time #;,
there is a connection with a set of values for p,, pp determined
by Qo(pa, palxa, xg) [Eq. (4.12)]. The joint distribution as-
sociated with the branch-pair A} = x/, A% = x7 is (refer to
Sec. IVD)

e

Qjk(xa, xp) =

Qloop(xs P, t0|-x € Bjk) = QO(Xv p|x € B])’ (Hl)

where X = (x4, xp) and p = (pa, pp)-
We take the simple case of the superposition of |x/)|x/)

and |x}')|x5) [Eq. (7.27)] where there are just two branch pairs.
We take |c;| = |cz| and x‘;‘ =xf, xB=xF x = —x?, xB =
—x2. Hence, it is convenient to denote B, and B;,, by B and
B_, respectively. Denoting the distribution of the branch B,

at ty by

e~ CaFx] /2 p—(pFx()’/2

0:(x) = Nt Nl
we consider B, and find

Qo(x, plx € By) = 0+ (x)Qo(pIx). (H2)
We use  Qo(plx) = Q(x,p,70)/Qo(x) where Qy(x) =

Y . 0+(x). Here O(x, p, 1) is given by (7.28) which here
simplifies to

e,pi/2a’3 e*Pé/%ﬁ

x,p,t0) =N———{0:(X) + 0-(%)
o p.1o V2o, /2mwo, Q2+ Q
+28(x)Fas}, (H3)
where  g(x) = e~ (1 2e=GIP20=50/20=30/2  and  Fyp =

cos[paQa/oy, + pAg/oy,], Ax = x{ /oy, and A = xB /o,
A similar expression can be obtained for B_. We note that (on
extending the calculation of Eq. (3.14) to two modes, refer to
Appendix I below), the Q function Q(x, p, ¢) of the amplified
system is given by Q(x, p, o) on substituting o, — 0, (t),
Opy = 0, (1), X = G(t)x}, x¥ — G(t)xB.

The densities for x4(¢), xg(¢t) and pa(?), pp(t) at a given
time fy <t <ty can be evaluated, for each branch B, and
B_, by examining Qieop(X, P, t|x € B4). The value of x; de-
terministically amplified to G(¢)x;, so that

e~ TGN /2 o= (pFGOx) /2

0+(x) — Qg+(x) = (H4)

21 2T '
and, similarly in Znt4p, we replace x; — Gx;, and
o, = 0p(t). Hence, denoting Qioop(X, P, tlx € B+) by

Oioop+ (X, P, t) for simplicity, we find
o PAI20R0) = Ph/2030)

V2710,(1) V270, (1)

j'.'
+

Qloop:i:(xs P, t) = N;Qg+(X)

where gG(X) — e*[G(t)x/]‘IZ/ZeflG(t)xf]2/267):/2&/267)%/2’ G([) —
e¥, Fap(t) = cos|paAa/oy, + ppAp/oy] where Ay =
G(t)x!/oy, and Ap=G(t)xP/o,, and N, is a normal-
ization factor. The @ function Q(x, p,t) for the state
[y (1)) = e Hamo! /Mg~ Hamp!/H |4y at time ¢ corresponds to
the joint density given as the average of that for the branches.
Hence,

1
Q. p.1) = 5 3 Quoop (X, P, 1). (H6)
+

Evaluating,
o—PA20R0) = P3/202(0)
M 2V270,(t) V270, (1)
X [Qa+(X) + Q6 (%) + 2g6(x)Fap(®)]  (HT)

reduces to the Q function Q(x, p, t) defined above (refer to
Appendix I) as required. The extension to the more general
superposition [¢) = >, cjx|x})|x7) follows along the same
lines. Assuming the eigenstates {|x§{ )} form a complete set for
a single-mode system K € {A, B}, this completes the first part
of the proof.

In the second part of the proof, we consider the dynamics
of the measurement settings. Figure 5 illustrates the opera-
tions that adjust the measurement settings 6 and ¢, prior to
amplification. Here, causal consistency follows because the
associated dynamics is deterministic and reversible, given by
equations (D2) and (D3). To give details, we consider two
scenarios (refer to Fig. 5).

Case 1. First, we consider that the changes of settings
occur at each site between the times #, and #,, as in Fig. 22,
where amplification takes place after time #,. We wish to
prove causal consistency between these times. The dynamics
in terms of the amplitudes is given by the transformations
(7.15) and (7.16) (Fig. 21) as explained in Appendix E.
Different sequences for the setting changes are possible,
but the amplitudes in each case are defined by the de-
terministic transformations, or as a sequence of them. For
successive deterministic transformations, it is assumed that
the trajectories flow continuously, so that the output of one
transformation is the input of the other. This defines ampli-
tudes x4 (), pa(t), xp(t), pp(t) at a time ty < ¢ < 1,. For each
transformation, the amplitudes are the variables of a proba-
bility density function. The probability density function for
such transformed variables is known (from ordinary calculus)
to be found by expressing the x4, pa, X, pp in terms of the
xa(t), pa(t), xg(t), pp(t), and substituting in the initial density
function, which is given by Q(x, p, #p) (the Jacobian is unity,
refer to Sec. VII and Appendix E). Since this corresponds
to the procedure used to evaluate the evolved Q function
(Sec. VII), we confirm causal consistency.

0, p.1) =
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This concludes the proof for the system depicted in Fig. 22.
We note that we prove the equivalence at any one time f,
where we consider two time intervals, from fy to #,, and then
from , to ty;. We place the boundary condition at time 1,
just prior to amplification, and hence define the hidden loop
at the time 7, [Qoop(x, p, 12)]. We note that a distribution
QO(xpa, Poa, X8, DpB) at a time 1, defines a unique distribution
Q(xa, pa, xp, pp) at time fy (and vice versa) in accordance
with the transformations (7.15) and (7.16). We could also give
a proof where the hidden loop is at the time #y, prior to the
setting dynamics.

Case I1. The second scenario is to consider where a setting
change occurs at one site (B say), while amplification occurs
simultaneously at A from time #, to #;. The system at time
to is prepared in the state Q(A, #p). The interactions given by
Hamiltonians H B and H;‘mp are then applied, up to a time ;.
We consider a tlme t, such that 1o <t < ty. The Q function
is given by Q(x, p, t) defined above but we put G = 1 in the
expressions relating to B, and the amplitudes of B are rotated
(refer to Sec. VII and Appendix E). We find

—Pi/205, (1) ,—pp(t0)* /207, (10)

ZrOpA (t) \/_O'pg (t())

X [Q6,+(X) + Q,— (%) + 286, (X)Fap, (1)),
(H8)

O, p,t) —

where [G(7) = %]

e~ TG /2 e—(x;;(to)wf)z/m?ﬂ(to)

0¢,+(x) = ,
! N2 V21
26, (x) = e~ OO 2g=GP 1205, @)

X e~ ¥a/2gxul00)* /20, (10)

and Fyp,(t) = cos[paAa + pp(to)Ap,/0x,] where Ay =
G(t)x{ and Ap, = x¥ /oy, (o). The variances o} (1), UI%A @),
GXZB (ty) and ogg (tp) are given below in Appendix I [UXZA (t)y=1].
In the expression above for Q(x, p, 1), we use
xg(tg) = xp(t)cos ¢ — pp(t)sing,
pa(to) = xp(t) cos ¢ + pp(t) sin
[noting that we simplify to write xg(t) = xp, pp(t) = pp in
the final Q function Q(x, p,t)]. We consider the branches

emanating from ¢, as in Egs. (H1)-(H7) above, but here, for
a branch pair x?, xp, the distribution of x(¢7) is given by

(H9)

¢~ =GO /2 p—Lxa(to)—xI /2

Var o Vam

The solution for Qioop+(X, P, %) is as above, where we
note o, = 0y, (t) = 0p,(to). Using the deterministic relations
= G@)xt, 0,, — 0,,(t), and (H9) as above, the distribu-
tion for the Qjoop+ (X, P, 1) becomes

—Pi/205, (1) ,—P510)* /20, (1)

map,q (l) \/Effpg (IO)
Fap, (1)

> 1 06,+(x)

Qloop:l:(xa P, t) = NtQGA:t(X)

x (1 +2g6,(x) ) (H10)

Following the proof above, averaging over both branches, we
deduce equivalence to the probability density Q(x, p, 7). W

2. Projection

Figure 5 also depicts certain results about the projected
states. We explain and prove these results.

First, note that for the bipartite system with Q function
O(A, ty), the O function for the system A is given by the
marginal Q(x,, pa, ty) = f O(A, ty)dxpd pp. To illustrate, the
bipartite state can be expanded as ) = ), c;jlx!)|xF),
where c;; are probability amplitudes, where the |x ) form an
orthogonal set (Appendix C). The reduced state for system
A is |Ya) = Y, dilx?) where d; = Y, ci, for which the Q
function is

O(xa, pa. 1) = % ;Xk:did;(aw)(xﬂa). (H11)
The Q@ function of the bipartite state is Q(A,7) =
l{a|(B]¥)|?/m?, which simplifies to
000 = 55 - S lebe i)
(H12)

X Z c,-j<ﬁ|xf) Z c}:l(xf ,3)
J [

Integrating over xz and pp, we find f QO(A, t)dxgdpp —
QO(xa, pa, t) as required.

Result AH 2. The postselected and projected distributions
defined before and after settings are fixed are related by a
simple transformation of coordinates.

Proof. We examine Fig. 22, where the system is prepared
in state Q(X, fp) at time fy. Let us assume the measurement
setting is changed to ¢ at B first, and then at time #;, is changed
to 6 at A. At time 1,, both settings are fixed at ¢ and 6, respec-
tively. A postselected distribution Qloop({xgk}, Arot2s b |xg‘j)
can be defined at time #,, from a branch B‘]‘.‘ based on the out-
come xgj for system A. Here, A2 = (X4, Poa. XgB, PyB) are
the variables defined after the transformations that determine
the settings. We recall that the postselected distribution must
be consistent with the deterministic relations D that determine
the correlation between outcomes xgk for system B and the

outcome xg‘ ; at A, which are defined in the causal model at the
time #,, given the fixed settings 6 and ¢ (refer to Sec. VIII).
With this specified, we simplify the notation as in the main
text, denoting Q({x3,}, Aoz, 2217;) = Q(hro2, 121%5;). From
Oloop (rroi2s 12 |xgj), a projected distribution Q4 (x5, p¢3|x’j‘3)
can be determined for system B at time 7,, where

Q1. (xp5. Ponlxg;) = /dxeAdpeAQloop()\rotz,12’x3;)~ (H13)

Mathematically, it is always possible to transform to different
coordinates x4, py for system A, and to xg, pp for system
B, as defined by (D2) and (D3) (Jacobian factors are unity).
A coordinate transformation for A corresponds to the am-
plitudes x4(f;) being combined with p4(f;) according to the
inverse deterministic transformation (D2), which physically
is due to the setting interaction H'. Hence, the trajectories for
the branch B/; can be traced back to the time #;, prior to

012210-57



M. D. REID AND P. D. DRUMMOND

PHYSICAL REVIEW A 113, 012210 (2026)

the setting change at A. This defines a probability density
function Q1oop (Arott » 11 |x‘9“ j) in terms of amplitudes A at time 7y,
so that Aroi1 = (x4, pa, XgB, Pes)- The projected distribution
for system B is (refer to Result VIII.1e)

0 (o poaly) = [ dxudpsQuop(htoiby).  (H1LS

Yet, we can mathematically transform the coordinates for B to
define

O (va P3|x3j) = / dxAdpAQloop()\rotla h |X3j), (H15)

hence making a variable change from (x¢5, pgg) to (xz, pg).
Hence @, (x43, p¢3|x‘;‘) can be transformed to a density
function Qy,(x3, p3|x;‘) for coordinates (xp, pg). Since the
transformation corresponds to the dynamics of the amplitudes
as given by H, f , given by the inverse of (D3), this corresponds
to the projected distribution for amplitudes at time #, prior to
the change of setting from ¢ = 0 to ¢ at B.

This result is used in the diagrams of Fig. 5 and in
Sec. IX, where the projected distributions Q(x4, pA|Ag ) and

O(xp, pgle) are drawn in at an unspecified time ¢, but with
reference to system A and B, respectively. The time ¢ is
unspecified because the distribution, i.e., Q(x4, pA|k ) that
applies at time #y, can be readily transformed to apply to
the amplitudes at a later time, i.e., t;, by transforming the
variables x4, p4 in the density function. |

Result AH:3. The projected distribution, for example
O(xa, pA|AB ), defines the predictions for outcomes at A for
any future settmg adjustment 6 at A. This follows from the
proof above, since one can make a transformation to coordi-
nates x4, ppa based on knowledge of Q(x,, pA|AB ), and this
defines the projected distribution for outcomes of Xoa given
the outcome defined by A2.

Mutual consistency. Result IX.3 is stated in Sec. IX.

Proof. Followmg the proof for Result IX.3, the evaluation
of O(xa, palX ¢) requires the knowledge of the setting ¢ at B
and of the initial Q function Q(A, fy). The evaluation does
not require knowledge of 0, the setting at A. The distribu-
tion Q(xu, pA|A¢) gives predictions of probabilities for all
choices of setting 6 at A, as explained in Result AH.2 above.
The proof of Result AH.2 shows how the projected distribu-
tions defined from Qjoop(Aror2, t2|xgj) and Qioop(A, t0|xgj) are
evaluated consistently with each other. The proof of causal
consistency (Result AH.1) shows how Qjoop(Aror2, t2|xgj) and

Oloop (A, tolxg‘j) are consistent with Q(A, to). [ ]
APPENDIX I: CALCULATION OF Q FUNCTION:
AMPLIFIED BIPARTITE STATE

Consider the state

= [ld) + ) )

2N L |
— |L,r =.r) +|=,r) |Z,r) . dD
2 2 2 2
sq sq sq 5q

Here, |x;‘) and |x,f) are eigenstates of X4 and Xp, respectively,
which we approximate by highly squeezed states in X4 and %p
[Eq. (3.2)]. With amplification at each site, the state becomes

Y (t)) = ~iHinpt /1 g Hit | "14). Applying the techniques of

Appendlx C, we find

(1) = N(

X
+ ‘G(r)? r>

)CA _xB
G(t)=+,r ‘G(t)—k, r’>
2 27 [y
sq

)CB
G-+, r'> ) 12)
2 s

(N is a normalization constant). Hence, the calculation of
the Q function is as for that of (I1), on substituting in the
final resultx’}‘ — G(t)x;‘, = Gx}, xB — G@t)xP, xB —
G(1)xB,and o, — 0,(1), o, — 0,(t). The variances are given
by (3.6): oxzk(t) =142 =1+ G(t)z[afK(O) — 1] and
o, (1) =147 =140, (0) = 11/G@t)* (K € (A, B)),
from which we see that osz (t) = 1 given the system is initially
in the eigenstate of Xx.

Sq

APPENDIX J: FINE-TUNING

The simulations of this paper give a model in which no-
signaling is explained consistently with the observation of
Bell nonlocality. The result does not, however, conflict with
results that exclude classical causal models that are not fine-
tuned: In Ref. [53], it is stated that an “observed statistical
independence between variables should not be explained by
fine-tuning of the causal parameters. .... In other words, all
conditional independences (Cls) should be a consequence of
the causal structure alone, not a result of the causal—statistical
parameters taking some particular set of values.” The authors
of Ref. [53] showed that in order for a causal model to explain
Bell violations consistently with no-signaling, it is necessary
that there be a fine-tuning of the causal parameters. The causal
parameters include the measurement settings 6 and ¢.

We have seen that the simulations of this paper support Re-
sults IV.9 and IX.3, which imply no-signaling. An interaction
H(f (as in a change of setting) at B can change unobserv-
able hidden terms in the Q function, without changing the
outcome ) for the setting 6 =0 (Fig. 29). This implies
no-signaling.

However, with an interaction HeA at A so that 6 # 0 (i.e.,
over two rotations), Bell nonlocality can emerge (Fig. 32).
Thus, no-signaling does not rule out Bell nonlocality. We see
from the analysis of interference terms for the Bell state that
specific values of # and ¢ contribute to the observable prob-
abilities that violate the Bell inequality. The value of 6 needs
to be adjusted from zero in order to observe the nonlocality,
consistent with the conclusions of Ref. [53]. It is not the case
that there can be assumed to be no impact on A due to the
change of setting at B, in the sense that there is a change to
the interference term in the Q function. We summarize with
the following result.

Result A: Fine-tuning. There is a fine-tuning of the causal
parameters (the measurement settings) in order to observe the
violation of the Bell inequality consistently with the observa-
tion of no-signaling.

Proof. No-signaling is defined as the condition that there is
no change to the outcome of A due to a change of setting at B,
with the setting at A fixed [53]. This corresponds to fixing the
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setting of 6 at A, which we take without loss of generality to
be 6 = 0 so that we assume % is measured at A (as in Figs. 28
and 29). Result IX.4 states that the outcome given by A% in
the model is unchanged as the setting ¢ at B is changed. To

detect Bell nonlocality, the simulations (Results VII.4-VIL.7)
show that we require adjusting to a nonzero setting 6 # 0 at
A (Fig. 32). Hence, a fine-tuning of the causal parameters is
required. ]
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